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Proofs and additional examples

The EC is organized as follows: In EC.1, we present the proofs of the main results Theorems 1 -
3. EC.2 serves to illustrate the wide applicability of the tail modeling framework with examples
and sufficient conditions for Assumptions 2 - 3. Proofs of the results relating to portfolio credit
risk applications, namely Proposition 4 and Theorem 6, are presented in Section EC.3. Proofs
of technical results (Lemma 1 - 2, Proposition 3 and Theorems 4 - 5) are given in EC.4. EC.5
presents the proof of efficiency when kK = k5 is used in Algorithm 1. EC.6 outlines the verification
of Assumption 1(b). EC.7 explores how the IS Algorithm 1 with the choice kK = k; is well-suited

for use in stochastic optimisation.

EC.1. Proofs of main results

The following definitions and notational convention are used in the proofs: For r > 0 and = € R?,
let B,(x) ={y €R?: ||y — x| <r} denote the metric ball of radius r around @. Unless specified
explicitly, ||x| = max;—;__4|z;| denotes the ¢ -norm. Let S ! = {x € R?: ||z|| = 1} denote the

unit sphere and R%, = {x € R?: & > 0} denote the interior of the positive orthant. For M > 0, let
By i={x e R} :|z| <M} For ACRY let cl(A) denote its closure, int(A) denote its interior,

if A :
Xa(@) = {0’ other and  [A]"":={z+yeRi:ze A |y|<r}

400, otherwise,

respectively denote the characteristic function and the set of points in R% lying within a distance

r€(0,00) from A. For f:R?— R, a € R, M >0, let
levz(f):{mE]Ri:f(m)Za} and EQ}M(f):levI(f)ﬂBMﬂRi+

denote the super-level sets of f restricted, respectively, to the positive orthant and to the bounded
subset By NRY, . Recall that Y = A(X), the component-wise inverse q(t) = (A7 (¢),..., Ay (1)),
and q* = lim; . [q(t)/qs0(t)], if the limit exists. Throughout the proofs, we suppose u > xy as
specified in Assumption 1(a). Define L, : R%, - R and fip:R% — R as,

Lu(@)i=u ' Lig(tw=)),  fin(y) =L (g"y"/*), where (EC.1a)
t(u) := Amin (ul/”) and  goo(t) == [|q(t)| 0, (EC.1b)
Write Diag(a) for a diagonal matrix with diagonal entries a4, ...,a; and sgn(x) for the vector of

signs of . To avoid clutter in the expressions, define

Y, :=t(u)'Y, ¢, =AoT 'oq, and cp(u) = (1/u)/.
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where the parameter u in the symbol ), is explicitly indicated to remind the role of u in T '
Proof of Theorem 1. A sufficient condition (see (Dembo & Zeitouni 1998, Theorem 4.1.11)) to
verify the existence of LDP is to show that for all © € R

++9
Y Y
—I(x) = 1nfhmsupflogP —€B5( ) mfhmlnfflogP —EB(;( ) (EC.2)
0>0 400 >0 t—o0

Fix any ¢, M € (0,00) and x € (0, M)?. Since fy(y) =p(y)exp(—¢(y)),
P(Y /te Bs(xz)) = / p(y) exp(—¢(y))dy = td/ p(tz)e )z,
y/t€Bs(x) z€Bg(x)
Recall that the continuous convergences in Assumption 3 imply the following uniform convergences

over compact sets not containing the origin (see (Rockafellar & Wets 1998, Theorem 7.14)):

1

n~to(nx) 2= I(x) and n~ ' log p(nx) 2= 0. (EC.3)

Due to this local uniform convergence and the continuity of I, there exist dy, ¢y € (0,00) such that,

‘<p(tZ)
t

- I(az)' < ‘ @(:z) - I(z)‘ +|I(2) = I(z)| < /2, for all z € Bs(z)

and exp(—et/2) < p(tz) < exp(et/2), whenever t > ty, 6 < dy and B, (x) does not contain the origin.
Thus, given e, M and = € (0, M)?, there exist &y, € (0,00) such that for all ¢ > ¢, and § € (0,5),

exp (—t(I(x) +¢)) < fy(tz) <exp(—t(I(x) —¢)), uniformly over z € Bs(x); (EC.4)

Then t?Vol(Bs(x))exp(—t(I(x)+¢€)) < P(t7'Y € Bs(x)) < t?Vol(Bs(x)) exp(—t(I(x) —¢€)). Since
P(Y /t € Bs(x)) is increasing in § and these bounds hold for any 6 < dy,

1
—I(x )—e<1nfhm1nfglogP( 1YGB(;(a:))<1nfhmsup log P(Y /t€ Bs(z)) < —I(x)+e

6>0 t—oo 6> t—00

Since the choices £, M € (0,00) are arbitrary, (EC.2) holds. O

EC.1.1. Proof of Theorem 2
For functions f and g, let f A g (resp. fV g) denote their point-wise minimum (resp. maximum).

LEMMA EC.1. Under Assumption 2, we have g, (t(w)) = ul/?. Therefore when Assumption 1 addi-
tionally holds, the events {L(X) >u} and {Y, €lev{ (L,)} coincide.

Proof. Consider increasing real valued functions fi, f2. By the definition of left-continuous inverses,
(fivf)©(y)=inf{u: fi(u) >y} Ainf{u: fo(u) >y} = fi" (y) A f3 (y). From induction, (Vi fi) =
AL, ff, given increasing functions fi,..., f4. Since {A;:i=1,...,d} are continuous, ¢~ = A; (see

(de Haan & Ferreira 2010, Excercise 1.1 (a))). Consequently,

¢ = min g~ (1) = Auinld). (EC.5)

i=1,...d
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Then oo (Amin(z)) =z for all x € (zg, 00) due to the strict monotonicity in Assumption 2. Since q =

A" isinjective, {Y, € A} ={X € q(t(u)A)}, for any measurable A. With L, (x) :=u"'L(q(t(u)x)),

{a(t(w)y) -y €lev] (L)} = {q(t(u)y) : L(q(t(u)y)) > u} = {z: L(z) > u} Nsupp(X). m

LEMmMA EC.2. If Assumptions 1 and 2 hold and the limit q* exists, the sequence of functions
{L,:u>0} converge continuously to f.p on R% . Consequently, for any o,e, M, K >0, there exists
ug large enough such that for all u > uy,

1+e/2

Eam(Ly) C [Ea,M(fLD)] and  Eqiem(fup) C [Ea+s/2,M(Lu)]1+E/K

Proof. 1) Consider any sequences {u,} C Ry, {x,} CR% satisfying u, 1 0o, z, — > 0.We rewrite,

Ly, (x,) = uglL (Q(t(un)wn)/Q(t(un)l) -q(t(uy,))u l/p)

Consider any § > 0 such that Bs(x) does not include 0. As A; € RV(«a;), we have ¢; € RV(1/«;)
(see Part 9 of (de Haan & Ferreira 2010, Proposition B.1.9)). Due to the uniform convergence
lim; . q(ty)/q(t1) = y*/= over y € B;(x) (see (de Haan & Ferreira 2010, Proposition B.1.4)),

q(t(u,)x,)/q(t(u,)1) — 2>, and q(t(u,)) — q*,
Applying triangle inequality, p, = q(t(u)x,)/q(t(u)1)gq(t(u)) — x'/*g*. Continuous convergence

Ly, (®a) =1, ' L(w/*"p,) = L*(g"z"/*) =: fip(x)

follows from Assumption 1(b).

2) We next prove the claims on the set inclusions using the notions of lim sup, liminf of a sequence
of sets defined in the Kuratowski sense (see (Rockafellar & Wets 1998, Chapter 1)). Taking the
ambient space X =R¢, in (Beer et al. 1992, Theorem 3.1), we obtain

limsup Z5(L.) € Z5(fup), hmlnfug (Ly) D E5(fup) for some B, ' f, (EC.6)

u

as a consequence of above verified L,,, (€,) — fup(x). Refer the construction in the proof of (Beer
et al. 1992, Theorem 3.1) for using fixed level § in the first set inclusion and considering increas-
ing sequence f3, in the second set inclusion in (EC.6). Now, setting = « in (EC.6), using the
equivalence between (v), and (vii), in (Salinetti & Wets 1981, Theorem 2.2),

14+€/2 14+€/2

Eant(Lu) € [Zam(fip)] NRY, C [Zam(fip)]

Set B =a+¢, and let B, " a+ € be selected as in (EC.6). Therefore, for all large enough wu,
EBu,M(Lu) g Ea+5/2’M(Lu). FI'OI’I] (EC6), Ea+5)M(fLD) g llmll'lfu Eﬁu (Lu) g hmlnfu Ea+€/2,M(Lu)‘
Further, from the equivalence between (vii), and (v), in (Salinetti & Wets 1981, Theorem 2.2),

EaJre,]\/[(fLD) g [Ea+e/2,M(Lu)]l+€/K N R_dt,.+ g [Ea+€/2,M(Lu)]1+E/K' D
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COROLLARY EC.1. Suppose that Assumptions 1 and 2 hold and the limit q* exists. Then for any

a,e, M >0, there exists ug large enough such that for all u > ug,
—_ 1+e —_ —_
lev (L) N By C [Eanr(fin)] ~ and  Eagenr(fin) C Zaar(La)- (BC.7)

Consequently, liminf, o X0, + (1, )(a:n) > Xlevj;(fw)(m)’ for any x,, = x and u, — oco.

Proof. Notice that for € > 0, lev) (L,) N By C [Ea.ar(Ly)]' /2, as a consequence of the definitions at
the beginning of Section EC.1. The first set inclusion now follows from the definition of the [A](+7)

for a set A C R%. For the second set inclusion, observe that for K >0 (to be chosen imminently),

E’aJrs,]W(fLD) g [EaJrs/QJVI (Lu)]1+6/K N Ri-ﬂ,—

for all large enough w. Further, for any x, vy,

|Lu(2) — Lu(y)| < [Lu(y) — fro (W) + [ fuo(y) — fuo(@)| + [ fup(z) — Lu(z)].

Recall that L,, — fip uniformly on R%, N Bsy (see for example, (Rockafellar & Wets 1998, Theorem
7.14)). Hence the first and third terms above may be made less than ¢/6 for a large enough u for any
choices of &,y € [Eate/o,m (L)) /K NR?, . Next, fip is uniformly continuous over Bsys. Therefore,
there exists a k > 0, such that for @,y € Bays, whenever ||z — y|| <k, |fup(x) — fup(y)| < /6.
Consider any K > &/k. For any y € [Eqc/onm (L) /K NRY, , there exists @ € Eqc/2,1(Ly) such

that ||« — y|| <k, and consequently,
|Lu(x) — Lu(y)| <e/6+e/6+¢/6<e/2.

Therefore, whenever y € [E,4c/0m (L))" /K NRE,, L,(y) > a. Hence Zqic 0 (fin) € Zaar (L)

To verify the conclusion on characteristic functions, we proceed as follows: The bound in the
statement is immediate if & € lev] (fip), as Xievt (fp)(®) =0 in that case. Consider the case where
x, — x ¢ lev) (fup). Then for a suitably small § >0, Bs(z) N [lev) (fup)]'™® = @, because of the

continuity of frp and lev) (fup) being a closed set. Fix M > ||| + . With u, — oo, we have

IGVI(Lun) M BM g [anjy[(fLD)] 1o Q [IGVI(fLD) N BM] 1+5, n > Un
for sufficiently large ng, due to the first inclusion in (EC.7). For n; chosen large enough to ensure
{@n}nsn, € Bs(x), we have {z,, :n >n,} N[lev? (fip)]'+? = @. Consequently, z,, ¢ lev) (L., )N B,
for all n > ny ;= max{ng,n, }. Since M > ||z|| + ¢ and ||z,|| < ||z| + & for n > ny, , ¢lev}(L,, )N

(R4\ Byy) either. Therefore x, ¢ lev, (L,,) and Xiovi (L, ) (@n) =00 for n.>ny. O
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LeEMMA EC.3. Suppose that f,g:R% — R are continuous. For any o, d, M positive,

inf g(x) > inf glx)—0 and

zE[Eq, M (F)]1He  welev (f)NByy
inf )< inf  g(z)+4,
z€int(Eq4e, 1 (f)) @elevy (f)NBy

for all £ suitably small.

Proof. Observe that the sequence of sets X, := {[Za.a(f)]**/"},>1 are uniformly bounded in n
and U;>1 &; is relatively compact. Further, X, N\ lev, (f) N By, in the Kuratowski sense. Therefore,
from (Langen 1981, Theorem 2.2 (iii)), for all small enough e,

inf x)> inf x)—0.

wE[Ea,M(f)]H_E g ) o wElevgﬂB]w g( )

In a similar spirit, due to the continuity of f(-), one has Zoi1/n,m(f) / ZEa,m(f). Then, upon an
application of (Langen 1981, Theorem 2.2 (iii)),

inf x) < inf x)+ 9.

weEa+s,]\{(f)g( wEEa,M(f)g( )

The statement then follows from the continuity of g(-). O
Proof of Theorem 2. Fix any ¢, M > 0. Observe that I(-) and L*(-) are continuous. As a conse-

quence of Lemma EC.3, there exists € > 0 suitably small such that

inf I(p)> inf I(p)— 0, and EC.8a
PE[E1 p (fLp)]ite (p)= peE; M (fLD) ) ( )
inf I(p) < inf I(p)+o. (EC.8Db)
PEINt(E14.,m (fLD)) pelevf(fLD)ﬂB]M

Large deviations upper bound. Due to Lemma EC.1,
P(L(X)>u) < P(Y, €lev{ (L,) N By) + P(Y, € B,). (EC.9)

From Corollary EC.1, P(Yu clev (L,) OBM) < P(Y; € [ELM(fLD)] 1+6), for all u sufficiently large.
Since the expansion set [A]'*" is closed for any A CRY, the set [Zq 1 (fup)]' < is closed. Therefore,

1 1

limsup — logP(Y; elevi (L,)N BM) < limsup — logP(t(u)_lY S [51,M(fLD)] 1+E)
u—oo  t(W) u—oo  t(u)
<-— inf I(p
PEE1, M (fLp)] e
<-— inf I(p)+9,

pelev (fup)NBu
where the second inequality follows from the Tail LDP in Theorem 1 and the third inequality is a

consequence of the choice of ¢ satisfying (EC.8a). Since 0 > 0 is arbitrary,

1
limsup — logP(YL clev(L,)N BM) <-— inf I(p) < -TI7,

u—oo  t(u) pelev (fLp)NBy
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where I* :=inf elevi (fip) I(p). A similar application of Theorem 1 results in

1
lim sup oY logP(Y,€Bj,)<— inf I(p)=-M, (EC.10)

U—00 (u) pecl(BY,)

where the latter inequality follows from Lemma 2d and the continuity of I(-). Combining these

conclusions with that in (EC.9) and (Dembo & Zeitouni 1998, Lemma 1.2.15),

1
limsup —log P (L(X) > u) < —min {M, I"}.

oo B(11)
Since M can be made arbitrarily large, we have limsup, . t(u) " log P (L(X)>u) < —I*.
Large deviations lower bound. We have from Lemma EC.1 and the definition of Z, ), that
P(L(X)>u)>P(Y, €Z1m(Ly)). For € satisfying (EC.8b), it follows from the second set inclusion
in Corollary EC.1 that P(L(X) > u) > P(Y, € int (E11-m(fup))), for all sufficiently large enough
u. Then as an application of the tail LDP in Theorem 1,

1
liminf — log P(L(X) >u) > — inf I(p)>— inf I(p) -6,

U—00 (u) peint(51+e,M(fLD)) pelevy (fip)NBas

where the latter inequality is a consequence of ¢ satisfying (EC.8b). Since M, d are arbitrary,

lim inf 1 logP(L(X)>u)>— inf I(p)=-I". O

u—oo t(u) pelevy (fLp)

REMARK EC.1. In the case where L, as defined in (EC.1a) is independent of u, it can be seen
that for a fixed map Q : R — R}, Q(levi (L,)) =lev{ (fip). Thus, in such a case, Theorem 2 may
be derived as a consequence of the contraction principle, rather than utilise the more elaborate
machinery developed in Lemmas EC.2-EC.3. The former holds for example, if (i) L(nx)=n’L(x)

for all n,x and (ii) A(x)= x> for some a > 0.

EC.1.2. Proof of Proposition 1 and useful bounds on the inverse of T'(-).

Proof of Proposition 1: First consider the case k = k. Let k,(u) := log(u/l). It is sufficient
to show that the determinant of the Jacobian of the map x +— T'(x) equals J(x). In that case,
the density of Z, denoted by fz(-), is fz(T'(x)) = fx(x)/J(x); consequently, the likelihood ratio
between the distributions of Z and that of X (or the Radon-Nikodym derivative evaluated at the
samples Z; ... Z,) is given as in Algorithm 1. So the rest of the verification is devoted to checking

that J(-) indeed equals the determinant of the Jacobian Jacr(-) = 0T /Ox. To this end, define
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P(x) =log|x| + k,(u)k(x) and observe that T'(z) = Diag(sgn(x))e?®. Now, following the chain

rule for Jacobians,

Jac(z) = Diag(sgn(z))Diag(e¥®)Jac, (z), for almost every x, and

(@Y T sen(x)  log(ila) L
Jacy(w) =D g( z )*” ol >[D g<<1+|wr>ulog<1+\w|>||oo> Tog(L 1 =% ¢ /4 F! M

= Diag | sgn(x 1 P~ ky(u) —p Yk, (u log(1 + |z]) e’ x|))T
=D g<g ( )Lm*<1+|w|>|rlog<1+\m|>||oo]> okl )Llog(mwnnz@( /A '”]

where e} =sgn(z;) if |z;| = ||z||«, and e =0 otherwise. Notice that for this component, ||| =

|z;|. Now, recall that if M = A+ uvT, then |M|=(1+uTA 'v)|A|. Set

w=1log(1 + [z])/log(1 + |&))|%. v =—(k,(we'/(1+x]))T, and

A=Ding (sw00@) |+ (g TS )

Then, almost everywhere,

_ p~ k()| o
11+ |2 oo [ 1og (1 + [a2]) [ oo + K (1) ||

Al = ﬁl N ﬁ (1 n p~ k()] )
el 2| R (14 |zi]) [ Tog (1 + [2]) ||

1Tk (x) .

1+u"A =1 and

To complete the verification, observe |Diag(e¥®))| = Hle || - (u/l)
We next show that T'(-) is onto. Fix a y € R%. Let I = {i: y; = ||y||~ }. Define the set,

S={x:2;=|y||wc,(u) forall ie I, z; € [0, ||y|lc,(u)], i ¢ I}, (EC.11)
where recall ¢,(u) := (I/u)'/?. Notice that for all x € S,

—log(14x;)
T () = ile,(u)] P Tls)  for i ¢ T,
Y]] oo foriel.
Restricted to @ € S, T;(x) is only a function of x; for i ¢ I. Fixing ¢ ¢ I, see that T;(x) < y,, if
x; <yicy(u); and Ty(x) = ||Y]leo > yi if ;i = ||Y|loC,(u). Since T'; are all continuous maps, by the
intermediate value theorem, there exists some @' € [yc,(u), ||y|looc,(u)]? such that T'(z’) =y. The
above argument also shows that if ¢, # &', T'(z,) # T'(x’) =y, that is, T'(-) is 1 <> 1. Since T'(-) is
symmetric about the origin, one can similarly extend the proof to the case where y € R9.
Now suppose that x = k(?). Here, observe that by a direct application of the chain rule,

{82;(5)] — Diag (k’ifg l/l) igi(yZD '

Substituting in the expression for the Jacobian in (9) completes the proof. ([l

In Lemmas EC.4 and EC.5 below, assume that & = k(!):
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LEMMA EC.4. For any y € R% satisfying ||yl > 1/c,(u),
lo,
ye,(u) < T~ (y) < min {yle, ()] == V1, |y e, ()} (EC.12)

Proof. We verify the bounds by exhibiting @’ sandwiched component-wise between the left and

right hand sides of (EC.12) and satisfying T'(x’) = y. For any y as in the statement, we first set

log y; .
g, = dvilep(w))eetvloe iy, > 1, (EC.13)
1 otherwise,
fori=1,...,d. See that Z; € [1, ||y||coc,(w)]. This is because of the following two observations: 1)

logZ; = (1+1logc,(u)/log ||yl ) logy; > 0, when ||y|loc >1/c,(u) >1; and 2) likewise,

log ¢, (u)
log ||
Set I ={i:y; = ||yllo}. With the set S defined as in (EC.11), we thus have & = (Z1,...,%4) € S

and Z; > 1 for all 7. Since log(1+t)/log(t) is decreasing over ¢ > 1, we have

log Z; — log(||y|cocy(u)) = <1+ ) (logy; —log||yl[) < 0.

—1 .
log(14x;) K

TZ(;I;) =x; [cp(u)]_ Mog(1+a)lloc > J;i[cp(u)] log l=lloo , (EC]_4)
for any @ such that z; >1,i=1,...,d. With & defined via (EC.13), we obtain the following from
the bound in (EC.14) and the observation (logz;)/(log ||Z||«) = (logy:)/(log |y« ) :

log y; . .
T,(%) = T (yilc,(u)lelvl=) if y; > 1, S JVi if y, > 1,
(1) otherwise, 1 otherwise.
For i ¢ I, the map T;(x), when restricted to € S, is a function only of x; and satisfies T;(&) > y;
(regardless of whether y; > 1 or y; < 1). Applying the intermediate value theorem component-wise,
we see that there exists some 2/ in the interval [y;c,(u), ;] containing y; such that T;(z}) =y; for

all i & I. Setting x! = ||y||¢,(u) for i € I, we obtain T'(z’) = y. Hence the bounds (EC.12) hold. O

LEmMA EC.5. Suppose that Assumptions 2 - 3 hold, l(u) is slowly varying in u, and lim,,_,. l(u) =

00. Then for any v >0, the below convergence holds uniformly over p in compact subsets of R, :

|V (t(w)P)||l oo = 0o(t(w)), as u— co.

Proof. Recall 1, := AoT " oq, c,(u) := (I(w)/u)"/* and qo. (t(u)) := ||q(t(w))||oe- Fix any M > 0,7 €
(0,M) and p € By \ B,,. As lim, . [(u) = +00, g € RV, and ¢ (t(u)) =u'/? (see Lemma EC.1),
lg(t(w)p)]|s
q(t(w)p)||soc,(u) = 1 (u) /P2l EC.15
Jaft(u)p)ly() = 1) /oL EEE (EC.15)
Then from (EC.12), T7 (q(t(u)p)) < [g(H(w)p)lloccy () < q(t(u)MD)|cy(w), for i=1,...d, as
q is monotone and ||p||oc < M. With g (t(u)) = u'/?,

alt(M1) q(t(w) g, At
a(t(@) axt@) = W)

q(t(u)M1)c,(u) = ().
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Since g € RV(1/a), we have q(t(u)M1)c,(u) < MY *[(u)/?(1 + o(1)). Therefore,

T (q(t(w)p) < llg(t(u)M1)]lwc,(u) < max MY*1(u)'/?(1+0(1)),

.....

uniformly over p € By, \ B,(0). Recall A € RV(ax) is monotone. Write & = max; c;. Then for 6 >0,

14, (t@)p))lloo = max A; (T (q(t(w)p))) < (1+6) Mol (u)™/*,

77777

for all u sufficiently large (see (de Haan & Ferreira 2010, Proposition B.1.9 (7))). Here My >0 is a
suitably large constant. Since (u) = Ay, (u!/?), noting I(u)*/#% = o(t(u)) completes the proof. [J

EC.1.3. Proof of Theorem 3 with kK =k,

Here, we demonstrate the proof of Theorem 3 in the case where kK = k. The proof for kK = K, is
outlined in EC.5. Unless explicitly specified, the only assumption made in the proofs below is that
X has a probability density fx(-). As a consequence, the hazard rates

are well-defined. In the above, fx,(-) denotes the probability density of the component X;.

LEMMA EC.6. The second moment M, ,, =Elexp(—t(u)F,(Y,))], where F, : R? - RU {400} is,

Fup) = au(p) + bup) 205 0)

foru>0, and a, :RL =R, b, :RY - R are defined as follows:

au(p) = t(lu) log f (1, (t(u)p) — og fy ((u)p)

bu(p) = t(lu) [Z [log \i(T; (q(t(u)p))) — log Ai(q: (t(u)p:))] —log J (T~ (q(t(u)p)))

Proof. Since the change of measure is effected by the map Z =T(X),

N 4 4
_ /L . >UMJ(T_1@)) fx (@) da. (EC.16)

Changing variables from @ to y =¢q ' (x), we have fx(x)= H?Zl Ni(z:) fy (g (x)), where \;(z) =
fx,(w)/Fx,(z) is the hazard rate of X;. Thus,

T Aal) ) o
e / Hatw) HA T, () By QW W)y

_ i) (twp)  y1 _ Nat@p)) o y
=t [ttt L gt @ (@m) e,

K2

~—
=

~—
~—
~—

(a) (b)
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Since Y, = t(u)"'Y, fy (t(u)p) =t(u)? fy, (p). Checking the terms labeled (a) and (b) in the above
expression equal exp(—t(u)a,(p)) and exp(—t(u)b,(p)), respectively, we obtain

MZU = t(u)QdE |:eXp {_t(u) |:au(Yu,) + bu(Yu) + XleVi”(Lu)(Yu)} }i| . |:|
Thanks to Lemma EC.4 - EC.5, the terms in Lemma EC.6 enjoy the following bounds.

LEMMA EC.7. Suppose that Assumptions 2 - 3 are satisfied and l(u) is slowly varying in u. Then

a.(p) > I(p) +o(1), as u— oo, uniformly over p in compact subsets of R
Proof. Under Assumption 3, uniformly over ¢ :=y/||y|| on S**NRY,

_log fy (llyllg)

T — I(y), as ||y|| = oo (replacing n there by [|y||) . (EC.17)
Yy

Fix any M > 0,7 € (0,M) and € € (0,1). From the monotonicity of A, the lower bound in (EC.12),

and (EC.15), b, (tw)p)llo = [T (@(t()p)))lloe > A (@(t()p)ey(w)) oo — o, for any p e
By \ B, as u— oo. Then due to (EC.17) and the upper bound in (EC.12),

—log fy (Y(t(w)p)) < llP(t(wp)ll[  sup I(y))+e] <et(u)(M +e)),

il d—1 d
yeSs ﬁJRJr

for all sufficiently large u; here M; :=sup{I(g):y € S*'NR?Z} is a finite positive constant (due
to the regularity properties of I in Lemma 2). Observe that from the upper bound in (EC.4),

—log fy ((t(u)p)) = t(u)(I(p) —¢€),

uniformly over p € By, \ B, and all u sufficiently large. Combining the above displayed bounds on
—log fy (-) terms, we obtain from the definition of a,(-) that a,(p) > I(p) —e —e(M; +¢). O

LEMMA EC.8. Suppose that Assumptions 2 and 4 are satisfied and l(u) is slowly varying in u.

Then liminf, ., b,(p) > 0, where the convergence is uniform over p € Ri.

Proof. Recall the definitions of J(z) and J;(z) in Table 1. Since k(z) in (4) satisfies (x) € [0,1]¢,

we have 17k(x) < d. Next observe that for all t >0, t/[(1+4¢)log(1+t)] <e. Therefore for x e R? |

ﬁj- ﬁ p_log(u/l) _|zi] < (1+ep’llog(u/l))d.
P il Pl log1+|:z:|)1+]xi| -

Moreover, max{J;(z),...,Jy(x)} > 1. Combining these observations we obtain that

J(@) < [1+eplog(u/D] (w/l)?, @eR%,. (EC.18)
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To bound the terms involving hazard rates A;(-), we proceed as follows: Due to Assumption
4, X\;(+) is eventually monotone for any i. From Lemma EC.4, if \; is eventually decreas-
ing, \;(T; " (q(t(v)p)) > \i(q;(t(u)p;)). If \; is eventually increasing, the bound T~ '(q(t(u)p)) >
q(t(u)p)c,(u) from (EC.12) implies A (T " (q;(t(w)p;))) > Ni(q: (t(w)pi)c,(u)). In either case,

(2

log \i (T';" (q(t(uw)p))) —log Ai (i (t(w)p:)) > log Ai(ai(t(u)pi)c,(u)) —log Ai(a:(t(w)pi)).  (EC.19)

Since A; € RV(a;) and A; = A} is monotone, A\; € RV(a; —1) (see (de Haan & Ferreira 2010, Propo-
sition B.1.9 (11))). Given € > 0, an application of Potter’s bounds (de Haan & Ferreira 2010,
Proposition B.1.9 (7)) yields X;(q;(t(uw)p;)e,(w))/Ni(q;(t(w)p;)) > ¢,(u)*~1F¢, for all w sufficiently
large. Then from (EC.19), log\;(T; ' (q(t(u)p))) — log \i(q:(t(u)p:)) > (a; — 1 + €)logc,(u), for
i=1,...,d. Since c,(u) := (I/u)*/*?, we obtain the following by combining this bound with (EC.18):

d -1
inf b, (p) > _p_llog(u/l) (- 11)— Jlog(1+eplog(u/1)) _ log(u/l) 0.
tu) 2 tw) )
where the convergence follows from noting #(u) := A, (u'/?) and log(u/1) = o(t(u)). O

LEMMA EC.9. Suppose that Assumptions 1 and 2 are satisfied. Then for all sufficiently large u,
lev) (L,) CRL\ B,, for some v > 0.

Proof. Recall the definition fip(y):= L*(g*y*/*). The function fip(-) is therefore continuous and

bounded on the unit sphere S ' NR%. Since ¢; =0 if a; > min; a;, we have for all ¢ >0,
fin(ey) = L*(q" (cy)"/*) = L* (¢ q*y"/*) =/ L* (qg"y"/*) = ¢”/* fip(y) >0,

from the homogeneity of L*. Combining these observations, we obtain that for any ~ >

0, supycp, fup(y) < 4?/**M,, where M, > maxycp, fup(y). Choosing v < (2M;)~**/? ensures

supyep, fun(y) <1/2. Thus [E,(fup)]'** N B, =0, if £ > 0 is chosen suitably small. Then from

the inclusion levy (L,) N B, C [Z;,(fup)]*™® from Corollarly EC.1, we have lev{ (L,) N B, =0, for

all u sufficiently large. O
Recall from Lemma EC.6 that the second moment M, , = E [exp ( —t(u)F,(Y,))] .

LEmMA EC.10. Suppose that Assumptions 1 - 4 are satisfied and l(u) is taken to be slowly varying

in u. Then there exists u; sufficiently large such that for all u > uq, inprRSir F.(p)>0.

Checking this non-negativity in Lemma EC.10, while is executed along similar lines as in the proofs
of Lemma EC.7 - EC.8, is technically more involved. Its proof is therefore given later in Section
EC.4, which is devoted to technical results that are repetitive in terms of the key ideas involved.

We now prove the key variance reduction result, namely, Theorem 3.
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Proof of Theorem 3. From Lemma EC.6, we have M,, = E[exp{—t(u)F,(Y,)}]. Define the
function F':R% —RU {400} as,

F(p) :=1(P) + Xievt () (P)-

Since levy (fip) is closed and I(-) is continuous, F(-) is lower semi-continuous. Consider sequences

{u,} CR,,{p, } C R? satisfying u, — oo and p, — p. Due to Lemma EC.9, there exists v,nq >0

such that lev{ (L,, )N B, = @, for all n. > n,y. Suppose p ¢ B, ». Then from the uniform convergences

of a,(-),b,(:) in Lemma EC.7 - EC.8 and that of Xlevj(Lu)(') in Corollary EC.1,

log t(uy,)
t(un)

On the other hand, if p € B, /5, we have {p,, : n>n,} C B, for some n; > ny. Since lev{ (L,,, )N B, =

liminf F, (p, ) :=liminfa,, (p,) + b, (p,) — 2d
n—oQ

n—oo

+ Xler—(Lun)(pn) 2 F(p) (ECQO)

@ for all n > n,, we obtain inf,>,, F,, (p,) = co. Thus, regardless of the membership of p (in the

ball B, /5), (EC.20) holds. From Lemma EC.10, we deduce that there exists n, >n; satisfying that

the family {F,, :n > no} comprises non-negative valued functions. Recall from Theorem 1 that

the sequence {Y,, :n > 1} satisfies LDP with rate function I(-). Then due to a general version of

Varadhan’s integral lemma (see (Varadhan 1988, Theorem 2.2)), we obtain from (EC.20) that
lim sup log E [exp { — t(u,)F., (Y,,)}] < — inf {F(p)+I(p)}=-2 inf I(p).

n—o00 (un) peR? Pelevf(fLD)

Since My, = E[exp{—t(u)F,(Y,)}], combining this conclusion with the bounds M, > p? and
liminf, . [t(u) 'logp?] > —2I* from Theorem 2, we obtain (23). O

EC.1.4. Proofs of Propositions 2-3 and Corollaries 1-2
Proof of Proposition 2: Recall that Y, =Y /t(u). Observe that A(Z})/t(u) has the distribution
of Y, given L,(Y,) > 1. Now, notice that for any p, 6 >0,

P(Y., € Bs(p) N {Lu(Yu) > 1})

> = .
The numerator in (EC.21) can be upper bounded invoking the LDP for Y,:
1
inflimsup —— log P(Y, € By(p) N {Lu(Y.) > 1}) < ~[I(p) +x1(p)] (EC.22)

550 yyoo t(u)
To see this, notice that if p € {fup(p) > 1}, (EC.22) follows from the continuity of I(-) and the
LDP upper bound for Y. Now suppose, p & { fup(p) > 1}. From the continuous convergence of L,
to fup, following the proof of Corollary EC.1, there exist o, ug, such that Bs(p) N\ {L.(Y.)>1}=
0 V6 < 8y and u > ug. Thus, for all § < §p,u > ug, the probability in (EC.22) evaluates to 0. The
bound in (EC.22) now follows. Using the tail asymptotic (Thm. 2) in the denominator of (EC.21),

inf li 1
inf limsup —
5>0 u_mp (u)

log P(Y, € Bs(p) [ {Lu(Yu) >1}) < —[I(p) — I" + x1(p)]
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Fix an arbitrary € > 0 and let M > 0 sufficiently large so that B;(p) C Bj;. Recall that as a
consequence of Corollary EC.1, =y, 1(L,) € Z1 p(frp) Clevy (L,) for all u large enough. Then,

P(Yu € Bé(p) N {Lu(Yu) > 1}) > P(Yu € Bé(p) N {Yu € Int(El-i-a,M(fLD)))})’

Apply the LDP lower bound for Y, to the left hand side above, and use the continuity of I(-)
(refer to the proof of Theorem 1)

inf liminf —log P(Y, € Bs(p) N{L.(Y ,) >1}) > —[I(p) + e+ Xler’Jrg(fLD)(p)] (EC.23)

>0 u—oo t( )

From Theorem 2, observe that

Noting that € >0 in (EC.23) is arbitrary,

inf liminf —log P(Y', € Bs(p) | {L.(Y.) >1}) > —[I(p) — I" + x1(p)]

>0 u—oo t(u)
The LDP required in Proposition 2 follows as a consequence (Dembo & Zeitouni 1998, Theorem
4.1.11). To see the last statement observe that as u — oo,

z: ZQ(t(u)At((i;i)) and q(t(wp.)
a(t(w)) a(t(w)) q(t(u))

An application of the approximate contraction principle (Dembo & Zeitouni 1998, Theorem 4.2.23)
to the sequences {A(Z})/t(u) :u> 0} shows that {Z; /q(t(u)) : u > 0} satisfies an LDP with rate

— p'/* whenever p, — p.

function I;(p) = I(p®) — I* + x1(p*). The last statement now follows as a consequence of the
definition of the LDP (see Dembo & Zeitouni 1998, Section 1.2). O
Proof of Proposition 3: Let g, A and ¢(u) be defined as before. Under the assumptions of the

proposition, uniformly over p in compact sets of R% \ {0},

T, oq(t(u)p)
q(t(u))
T, o q(t(u)p) = q(t(u))([ps*/"1V* + o(1)) =
AoT,oq(t(u)p)
t(u)

For convenience, denote [t(u)]™*A o T, o q(t(u)p) = ¢,(p). Observe that ¢, (-) converges uni-

= [ps* /"] [1+0(1)] =

=ps*/?[1+0(1)] (apply A € RV(cx) to both the sides of the above).

formly over compact sets to s*/?Id, where Id is the identify function. Then, from the approximate
contraction principle (see (Dembo & Zeitouni 1998, Theorem 4.2.23)), and the homogeneity of I(-),
¢,(Y ) satisfies an LDP with rate function I,(x) = s~**/?I(x). Observe next that [t(u)]"'A(Z.,)
has the distribution of ¢, (Y ,) given L,(¢,(Y.)) > 1. Then,

P(¢,(Y.) € Bs(p) Nlevy (L.))

P(¢,(Yu) € Bs(p) [ {Lu(¢,(Yu) = 1}) = P.(Y.) € levi (L))

(EC.24)
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The limit of the numerator of (EC.24) can be evaluated by invoking the LDP of ¢, (Y ,) and
proceeding as in the proof of Proposition 2, replacing I(-) there by s=*/?I(.):

1 1
inf limsup — log P(¢,,(Y.) € Bs(p) Nlev] (L,)) = inf liminf ——

5>0 4o t(u) §>0 u—oo t(u)
=—s"*/?1(p) + x1(p)

=—s*/?[I(p) + x1(p)]

log P(¢,(Y ) € Bs(p) Nlevy (L))

where the last statement follows since x;(p) equals either 0 or +oo. The denominator can be
evaluated by noting that

1
lim —log P(Ly(¢,(Y,))>1)=— inf s */?I(p)=—s/PT"

u—voe t(u) pelev (fLp)
Combining everything together and observing that s=*/?t(u) = t(u/s)(1 + o(1)), {A(Z,)/t(u) :
u > 0} satisfies LDP with rate I — I'* + x; and speed ¢(u/s) as a consequence of (Dembo & Zeitouni
1998, Theorem 4.1.11). Finally, to verify condition (ii), observe that from the above calculation,
log P(L(T(X) > u) = —t(u/s)[I* +o(1)] = [1 + o(1)]log P(L(X) > u/s). 0
Proof of Corollary 1: Consider {p, },>1 CR{ such that p, —peR%\ {0} as n— oc.
1) Suppose p > 0. Since with g € RV(1/a), from the definition of k(-) in (4), with (u,/l,,) — s,
lim,, 00 £(q((t(n)P,, ) = ./ (pex);. which proves the first part of the corollary.
2) When p > 0 from the definition of T in (4),

T, (a(t(un)p,)) = a(t(u,)p,) (s +0(1))7% (1 +0(1)) = q(t(u,)) (s™/*"p"*) (1 + 0(1)) as n— oo.

Suppose p = (p1, ..., pa) is such that the subset of indices I := {i: p; =0} is non-empty. Since p # 0,
I is a strict subset of {1,...,d}. Since p; =0 for ¢ € I, we have ¢;(t(u,)piw,) = 0(q:(t(u,))). Then,
T.,.i(q(t(u,))py/®) = 0(gi(t(uy))) for all i € I. Then, the sequence of functions
T.,(q(t(un)p,,)
q(t(un))

From (Rockafellar & Wets 1998, Theorem 7.14) and the above continuous, uniformly over compact

subsets of R% \ {0}, T',(g(t(u)p)) = q(t(u)p)s™/*P. Thus, the statement in (20) holds uniformly

N pl/asa*/ap — [T* (p)]l/a.

S

over compact A CR%\ {0}} and {T""},- is therefore rate function preserving. O
Proof of Corollary 2: Suppose that p, — p > 0. Observe that

log(1+q(t(u)py))
q(t(u)pu) (8 + 0(1)) log u—log(s+o(1))
10g(1+uo‘*/0‘P)

q(t(w)p/*[s+0(1)] Pev  (140(1)) since g € RV(1/a)
q(t(w))p*/*[s*/** 1 o(1)] (EC.25)

T (q(t(u)p,))

The case where the set {i:p; =0} # () can the handled similar to the proof of Corollary 1. O
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Table EC.1 Examples of some marginal distributions satisfying Assumption
2 and their right tail parameter . Larger the parameter «, the lighter the
respective tail is.

Distribution families Tail parameter «
Exponential, Erlang, Gumbel, Logistic 1

Gamma, Chi-squared, phase-type 1

Gaussian, Chi, mixtures of Gaussians, Rayleigh 2

Weibull with shape parameter k k
Generalized-gamma with shape parameter k k

Table EC.2 Examples of some heavy-tailed marginal distributions satisfying

Assumption 5 and the respective right tail parameter a. Larger the parameter a,
relatively lighter is the respective tail.

Distribution families Tail parameter v
Lognormal 2
Generalized Pareto, Student’s ¢, Regularly varying 1
Log-Laplace, Frechet, Lomax, Log-logistic, Cauchy 1

EC.2. Sufficient conditions and examples for the tail models considered

This section serves to illustrate the variety of multivariate distribution families which come under
the tail modeling framework considered and to provide sufficient conditions. In Tables EC.1 -
EC.2 below, we provide some examples of uni-variate distribution families which satisfy either the
marginal assumptions in Assumption 2, or its heavier-tailed counterpart in Assumption 5.

The notion of multivariate regular variation turns out to be convenient in understanding the
condition in Assumption 3 in terms of the probability density of X. We say that a function

[ :R% — Ry is multivariate regularly varying if for any sequence @, of R% satisfying x,, — x # 0,

lim n~'f(h(n)xz,) = f*(z), (EC.26)

n—ro0
for some limiting f*:R% — (0,00) and a component-wise increasing h(t) = (hi(t),...,hq(t)) sat-
isfying h; € RV(1/pi), pi > 0,i=1,...,d. It follows from (EC.26) that f*(-) satisfies f*(s'/Pz) =
sf*(x). In the above, the notation s'/# is to be interpreted as the vector s'/? = (s'/r1 ... s'/rd),
When referring to (EC.26), we write f € MRV, or more specifically, f € MRV(f*, k) if there is a
need to explicitly specify the scaling functions h(-) and the respective limit function f*(-).

For instance, the function f:R% — R, defined as in, f(x) =27°(1 — exp(—x2)) + 257, satisfies
fEMRV(f*, h) with f*(x) = 22° +29° and h(t) = (t'/%°,12). See Table EC.3 below for some useful
examples which arise in the context of tail modeling and Resnick (2007) for a detailed treatment.

The following result on MRV functions is required in the subsequent proofs. Let Id(x) = x.
LEMMA EC.11. Suppose g:R% —RY is such that g; € RV(;) is monotone, for i€ {1,...,d}. For
5> 0, define g,(t) := g(st) and v, g(z) := sx'/P. Then for f:RL =R, we have fog € MRV(u*,1d),
so long as f e MRV(u* o v, g,g,) for some s> 0.
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Proof. Consider any M > 0. Since g; € RV(8;),i=1,...,d, and are monotone, we have g;(tz)/g;(t) —
2P, uniformly over z € [0, M]. Consequently for s >0 and x, — = € [0, M]?, we obtain g(sn -
s~ 'x,)/g(sn) = (s7'x)P(1 + o(1)). Therefore,

1

ns-s~tx s lx)P ) ns
g 1)) ST oy

weg)nen) =
n

where the last equality follows from f € MRV(u*owv,g,9,). 0.
Suppose that the support of X contains R%. Propositions EC.1 - EC.2 below give sufficient

conditions under which Assumption 3 is satisfied.

ProposiTION EC.1 (Sufficient conditions on the density of X). Suppose that the marginal distri-
butions of X satisfy either Assumptions 2 and 4, and the density of X when written in the form,

fx(x)=exp(—y(x)), forxzeR], (EC.27)

satisfies 1 € MRV(¢*,h). Then X satisfies Assumptions 3. In particular, the hazard functions
A= (Ay,...,\y) in Assumption 2 and the limiting function I1(-) in Assumption 3 are related to h

and 1 as follows: there exists c € R% . such that
I(@)=v*(ca’™) and h(z)=q(@)(c +o(1)),

as ||| — oo, and av= (a1, ...,aq) € RY, is such that h; € RV(1/e;),i=1,...,d.

Proof. Since Y = A(X) and X = q(Y'), we have (12) satisfied with ¢(y) =¥ (q(y)) and p(y) =
[L[Xi(gi(y:))] ™", as a consequence of change of variables. Observe that A;(t) = ffoo Ai(z)dz, for
monotone \;. Therefore using (de Haan & Ferreira 2010, Proposition B.1.9(11)), tA;(t)/A;(t) — o
and \; € RV(a; —1). This implies log A; 0 g; € RV(0). Since the support of X contains RY, whenever
y, —>y ERY, n~logp(ny,) =o(1) for all € > 0. Therefore Assumption 3 holds if p € MRV(I,1d).

To see the latter, recall that ¢(y) = ¢¥(q(y)). Substituting g(y) = q(y) and 8 =1/« in
Lemma EC.11, a sufficient condition for ¢ € MRV(I,1d) is that ¢ € MRV(I © v,1/a,4q,), for
some s > 0. Under the proposition assumptions, 1) € MRV(¢*, h). Equating parameters, I(x) =
Y*(cx/*), and h(z) = q(x)(c™' +0(1)), where c=s /> €R? . O

To identify sufficient conditions in the presence of heavier tailed distributions, let £ denote the
collection of indices of the components (X7,..., X;) which satisfy the lighter tailed assumption in
Assumption 2. For i ¢ £, we have the respective X; satisfying the heavier tailed assumption in

Assumption 5. Let Z = (Z3,...,Z,) be defined as follows:

(EC.28)

7 log(1+X,;) if X;>0andi¢CL,
X, otherwise.
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ProprosiTiON EC.2 (Sufficient conditions in the presence of heavier tails). Suppose  that  the
marginal distributions of X satisfy Assumptions 4 and 5. Let the probability density of
Z =(Zy,...,Zq) in (EC.28), when written in the form,

fz(z) =exp(—(2)),  for z>0,

satisfy 1@ € MRV(¢*, h). Then X satisfies Assumption 3. In particular, hazard function A and the

limiting I(-) in Assumption 3 are related to h and * as follows: there exists c € R%, such that

gi(x:)(c; " +0(1)) ifieL,

I(x)= ¢*(c331/0¢) and  hi(x;) = {log(qi(xi))(ci_l +0(1))) otherwise,

as ||z|| — oo, and av= (ay,...,aq) € RY, is such that h; € RV(1/a;),i=1,....d.

Proof of Proposition EC.2. For i € {1,...,d}, let A; and \: denote the hazard function and hazard

rate of Z;, respectively. Let ¢; := /NXf To rewrite the density of Y in terms of that of Z, see that

Ai(z) = A;(exp(z) — 1), when i ¢ £. Using a change of variables,

_ 1

= NN
[Tici Ail@i(y:))

Recall that under the assumptions of the proposition, A; € RV(«;) and the support of Z contains

fr() exp (~d(a(w))).

RY. Since A;(z) ~ A;(exp(z)) as © — oo, we obtain the desired conclusion following the steps in

the proof of Proposition EC.1 with p(y) = 1/1_[?:1 i@ (y) and o(y) = (q(y)). O
REMARK EC.2. If the density of X is written in the form (EC.27) in the positive orthant, then
the respective density for Z in the positive orthant is given by fz(z) = exp(—i/;(z)), where

b(z) =10 E(z) — 1}z,

with the map E: (z1,...,24) — (Ei(21),..., Eq(zq)) and the vector 1 € R% defined as follows:

T ifiel 0 ifiel
Ei i) = ! . ’ d 14 = . ’ EC29
() {exp(xi) -1 ifi¢L, o " {1 ifid¢L. ( )

Then one can restate the condition in Proposition EC.2, directly in terms of density of X, as

follows: If )(z) =1 0 E(z) — 11,z € MRV(4)*, h), then the conclusion in Proposition EC.2 holds.

ExaMPLE EC.1 (MULTIVARIATE ¢ DISTRIBUTION). Suppose X is distributed according to multi-

variate ¢ distribution with density, fx (x) = c,exp(—(x)), where

_p+d ADIE
vle) =5 og (14 725,
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p is a suitable positive integer and c, is the respective normalizing constant. Since the marginals of
a multivariate ¢ distribution are heavy-tailed, we have E(x) =exp(x) — 1. With Z =log(1+ X),
fz(z)=e7I=li fx (e — 1), due to change of variables. Then in this case,

zﬁ(z) — izl + p—;—dlog <1+ (e 1)2/:1(ez 1)> '

Thus ¢ € MRV (¢*, h), where ¢*(2) := (p+d)| 2| — ||2]|1 and h(t) = t1. O

Example 4 in Section 3 and Example EC.1 above serve as illustrations for the sequence of steps
involved in verifying memberships of commonly used multivariate distributions and copula models
in the considered tail modeling framework. Table EC.3 below is intended to serve as a reference
for identifying the limiting function I(-) in Assumption 3 (or) the respective function ¢*(-) which
arise in the characterizations in Propositions EC.1 - EC.2. Thanks to standardization, the limiting

function I(-) is unique despite 1*(-) depending on the specific scaling function h(-) employed.

EC.3. Proofs of results on application to credit risk

Let [J] denote the set {1,...,J}. For any € >0, j € [J],I C [J], and & € R?, we define,

1

Ca:s =11 W, i , Uy 1-— € = Qs ECSO
e =i €[m]: Wy (m,v:) >v(1—e)} s:() m; e (EC.30)

1 _

em(I)::a Z €i, eoo(I)::ch,

i€[m]:t(i)el jeI

w,(x):= min W, (x,v;), and er, =maxe,,(I). EC.31
wy (@)= _min Wi(.v) max e, (1) (EC.31)

LEMMA EC.12. P(&,, | X) < exp(—0.5mye eyt (qm — s.,, (X)) +exp(—0.5ve,,)), almost surely,
where s., (+) is as defined in (EC.30).

Proof. For any « € R, let P,(-) denote the conditional law of the default variables (Y1,...,Y,)
given X = x; let E,[| denote the associated expectation. For any A > 0, we obtain from Markov’s
inequality, Py(L,, > qé,,) < exp(—mMgé,, +log E.lexp(mAL,,)]), due to the independence of the
default variables Yi,...,Y,, given X. Letting ¥,,(\,z) := = >"" log E, [exp(Xe;Y;)] and g, (x) =
SUPy>0 {AGE€m — U (A, )}, we obtain

P,(L,, > qé,,) <exp(—mgn(x)), (EC.32)

as a consequence. With P, (Y; =1) given as in (27), we have

1 & exp(Ae;) — 1 >
mA )= log {1+
V(A ) m;og< L +exp(y — Wy (,v;))

1 1 exp(Aeg) — 1
< — ) — —
< E log (1 +exp(Xe;) — 1)+ p” E log (1 + ) ;

i€Cqp, e 1¢Cq,e 1 ‘l‘eXp(’Y—’Y(l _6))
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Table EC.3 Some commonly used density families which satisfy Assumptions 2 - 3, along with their limiting
functions I(-) and *(-) (where applicable). Certain constants are written as c or ¢ (if ¢ € R?) to minimize clutter.
Density families Limiting function Respective Limiting I(x)

Y*(x) copula family in Assumption 3b
Elliptical densities given by X < p+ RYV2U :
1) Multivariate normal: SADIR Gaussian (x1/2)TR~1x1/? with
mean = p, covariance X copula R = correlation matrix
2) Multivariate t— (p+d)||x|loo — |1 Student-t (1+%)||w||oo—%||w||1
distribution: R ~ Fy , copula
3) R is light-tailed with (xT8tx)k/2 Elliptical ((!/*)TR-1gl/F)k/2,
p.d.f. fr(r) =exp(—g(r)), copula family with R = correlation
for ge RV(k), k>0 matrix
4) R is heavy-tailed with ll||%. Elliptical || oo
p.d.f. fr(r) =exp(—g(r)), copula family

for goexp € RV(k), k> 1

Exponential family with p.d.f. fx(z) xg(x)exp (7T (z))

Minimal, light-tailed: T (x) - T (cx'/*) with
n'T € MRV(T,n1) kasin feRV(k)
for some Ty (-), g € RV for f(n) =n"T(nl)

Generalized linear models: € = (X,Y) with fy | x(y|z) ocb(y)exp (¢ (8" x)T, (y))

X with p.d.f in exponential family

beEMRY, fu(x)=e*®) P* oyt with
¥ +ue MRV, (h,7)) v (z,y) - ™ (x) = (2%, y?)
u(z,y) =L (8" 2) T, (y),

hi € RV(ev;), r; € RV(5;)

Logconcave densitieswith p.d.f. fx(x)=exp(—y(x))

convex ¢ € MRV ¥*(+) limit with cp*omrt
scaling h(t) = A" (1)

Archimedian copula family with C'(u) = ¢! (¢(u1) +...+ ¢(uq))

- - Gumbel Izl
¢(u) = (—logu)’
- - Clayton, (1+0d) |||l — 0|
—6_
b(u) = =

- - Independence llz||1
Mixtures of K normal min® | 278t - (x/2)TR /2,
variables with where k* minimizes
covariances X1, ...,%; {2 R '2'/? k< K}

1, are the location, scale parameters, U is uniformly distributed on the unit sphere in R¢ and is independent of R; includes
the special cases of factor models if ¥ = I'"T" + 021, for some factor matrix I' € R**¢ with k < d, and graphical models where
R is Gaussian and the inverse covariance matrix is sparse.
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where we have used that Wy (x,v;) <v(1 —¢) for every i ¢ C, . and that e; < (0, eo]. Then,
wm()U $) < )‘Se(m) + log (1 + eXP()\eo - 75)) )

from the definition of s.(x). If gé,, > s.(x), we obtain a lower bound for g,,(x) by considering the

specific value A = \* () := 0.5¢; 'v¢ as below:

gm(x) > A (x)gem — A, (x)s-(z) —log (1 + exp(A;, (z)eo — ve))

> 0.5ey ' ve (g€, — s.(x)) — exp(—0.57¢).

If ge,, < s.(x), a trivial bound g,,(x) > 0 is obtained by letting A = A* (x) = 0. Thus, g,(x) >
0.5¢5 ' ve (q€m — 5:(x))" — exp(—0.57&,,). Combining this with (EC.32) yields the desired result. [J
Recall from the definitions that 7, :={I C[J]:en() > q¢é,} and J :={I C[J]: e (I) > ge}.

LEMmMA EC.13. There exists a positive integer mg such that J,, = J for all m > mgy. Consequently,

inf (g€, —e;,)>0 and inf  (en(I)—qén)>0.

m>mg m>mg,l€Tm
Proof. Notice that under the model assumptions stated in Section 6, €,, — € and ge & {e(I): I C
[J]}. The latter implies that there exists some d; > 0 such that

min |e, (1) — gé| > 0;. (EC.33)

1€[J]

Further, for all j € [J], m™' 37, _, e = ¢;. Consider any ¢ € (0,01/2). Due to these convergences,

there exists my suitably large such that for all m > my,
em(I) € (ex(I) = b,e00(f) +6), and €,, € (€ — 9,4 6). (EC.34)

uniformly over I C [J]. Since ¢ € (0, 1), the above bounds imply that e, (I) > ge —2¢ for any I € J,,,.
With § < 6,/2, e (I) > qgé — 6§y, or equivalently, e, (I) > gé (due to (EC.33)). Therefore 7, C J
for all m > myg. Similarly if I € J is such that e, (I) > ge, we automatically have e, (I) > ge + 0,
(due to (EC.33)). Similarly from (EC.34), e,,(I) > ¢€,, + d1 — 20 > gé,,. Therefore J C 7, for all
m > mg. Combining the two inclusions result in the desired conclusion that J = 7,,.

With e}, defined as in (EC.31) and 7,,, = J for all m > my, we have e, = max;¢ 7 e,,(I) for all m >
myg. Again for 6 € (0,6;/2), we obtain from (EC.34) that e}, = max g7 e,,(I) < max;gs €oo(I)+01/2
for all m > mg. However max;¢ 7 e (I) < g€ — 01 due to (EC.33).Therefore e, < gé — d;/2. Since
g€ < qé,, + 9, we arrive at the conclusion that ¢é,, — ek, > d;/2 — 9, for all m >my. Recalling that
d < 41/2, the first inequality in the lemma statement stands verified. Observing that e,,(I) > gé,,

for any I € J,,, the second inequality follows from completely analogous arguments. O
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Proof of Theorem 6: We treat the terms in the bound, P(€,,) < P(A,,)+ P(E., \ An), separately.
Step 1) To obtain an upper bound for P(A,,): Define L?, () := max;c s minge; W) (q*x/®).
For any sequence {z,} C R? satisfying @, — x # 0, we first show that n™?Ley(nx,) — L, (z). To
see this, recall the definition of L () in (29). From the continuous convergence of W;(-,v) in
Assumption 7, sup;c iy pyer [0 " Wi(n@n,, v;) — Wi, ()| — 0 as n — oo. Consequently, for any I C

[J], min.ern"Wi(na,,v;) — min;e; W) (). Since J,, = J for all m >my (see Lemma EC.13),
n~?Leg(na,) — LY, (x), (EC.35)

for any x,, — x # 0. Since A,,, := {Lx(X) > ¢(1 —¢,,)m"} and €, \( 0, this continuous convergence

implies that one can apply the asymptotics from Theorem 2 to evaluate P(A,,) as below:

; > n
fm — LA g o PLa(X) 2em?) (EC.36)

m—oo Apin(ct/Pmn/pP)  m—oo Apin (c2/Pmn/p)

where Iy is defined as in (31).
Step 2) To show P(&,,\ A,,) =0(P(A,,)) : Recall that A,, = {Lcx(X) > ¢(1 —e,,)m"}. For any
x € R? such that Ly (z) < c¢(1 —e,,)m", we have from the definition of L, (-) that,

inw. (x) < c(l— .
%%iglel?yj(w)_c(l Em)M

For such @, the collection J := {j € [J]: w;(z) > ¢(1 —&)m"} is not a member of 7,,. Hence,
@ 3 e Y e
’LECm Em ]EJ {e:t(i)=5}

where e, is defined as in (EC.31). Thus we have from Lemma EC.12 that
P&\ Ay) <exp (—0.5m76megl (q8m —e:)" + exp(—0.575m)> . (EC.37)

Recall that v =cm”(1+0(1)) and &,, is chosen such that m7(1=e«/P)*le s o0, Therefore,

. mYEm m'te,
ml—I>noo Amm(mn/p) o ml—I>noo ma*"i/P(lJﬂ’(l)) = oo

Since inf,,5m, (¢€m — €5,) > 0 for my large (see Lemma EC.13(b)), we obtain from (EC.37),

logP (&, \An) .. mexp(—0.5ve,) — 0.5mye eyt (gm —er,)™ B
R W D R Ko (277 T (e

Combining (EC.38) and (EC.36), we arrive at P(&,, \ A..) =0o(P(A,,)).
Step 3) To obtain a matching lower bound: Choose 4,, such that §,, \, 0 and §,,7 — oc.

Consider any fixed @ € B,,, := {Lcx(x) > (1 +9,,) }. Notice that there exists a set I € 7,,, satisfying

gr(u)n Wiy (@, v;) > (14 6,).
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For the chosen & and the resulting index set I, we have for all i € I,

1 1
P(Yi=1| X =a)= > >1—9,
( | z) 1 +exp(y — Wy (z,v;)) — 1+exp(—y6m) —

where 0 > 0 is suitably small. The resulting conditional loss for the chosen x is given by,
1
m| X = PY,=1|X=x)>— PY,=1]| X = 1-6 1).
E[Ly, | ] Ze | -’E)mt(z):de( | x) > (1-0)en(])

Since I € Ty, infy,5m,(€m(l) — g€,,) > 0 as a consequence of Lemma EC.13. As a result, E[L,, |
X =1z] > ¢é,, + k, for some k > 0. Given a realization of X, L,, => " ¢;Y; is the sum of m

independent random variables. So for any € >0 and « € B,,,
P(L,>qt, | X=2)>P(L,,>E[L, | X=x|—-k|X=2)>1—c¢,

for all m sufficiently large due to concentration properties of independent sums (see, for example,

Cantelli’s inequality). Therefore,

P(&,NBy,) :/ P, | X =x)dF(x)> iI}Bf P&, | X =x)P(B,,)>(1—¢)P(B,,).
xE€Bm rELm
To conclude the proof, notice that P(&,, N B,,) < P(&,) < P(A,,) + o(P(A,,)), where A,, :=
{Lex(x) > em"(1 —¢,,)} and define B,, :={x : Lex(x) > v(1 + d,,)}. Since €,,,6,, — 0 and v =
em”(1+o(1)), log P(B,,) =log P(A,,)(1+0(1)) as m — co. Combining this with the observation

n (EC.36), we obtain the following from A,;, € RV(a) :
10g P(E) = —Amin (c"/?m"?) (I + 0(1)) = ¢/ Ain (") (I +0(1)). O

Proof of Proposition 4. First, we write the second moment of the IS estimator as (see (Glasser-

man et al. 2008, Appendix, Pg. 1) for details on how to arrive at the first expression below),

[x(X)
fz(X)

H(An»] ‘E [exp{—mqum o (X A (X))

M, =E [exp {=mLp (X)) + M, (X, M0 (X))} I(En)

fx(X)
fz(X)

g

Il,’m I2,m

fx(X)
fz(X)

gE[ €\ Au) |,

where we use the non-positivity of the term in the exponent and drop I(&,,) in I(€,, NA,,) to
arrive at the term labelled I, ,,. Note that I, equals the second moment of the IS estimator
in Algorithm 1 when used for the problem of estimating P(A,,). Here A,, = {Lcx(X) > u,,} and
Uy, i =cem(1 —g,,) — 0o as m — oo. Recall the specific choice u = cm” employed in Algorithm 2; in

addition, [ is taken to be slowly varying in m. Due to the continuous convergence in (EC.35) and
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these choices of [ and u, all the requirements in Theorem 3 stand satisfied under the assumptions
stated in Proposition 4. Therefore,

. log I ,,
lim

=1 EC.
e Tog P(A)E (EC.39)

due to Theorem 3. To bound I, ,,, we obtain the following from the steps leading to (EC.37):

fx(X)

mJ(Tfl(X))H(gm\Am) :

(EC.40)

I, <exp {—m’ysmeal (g€ — efn)+ + exp(—0.5’y€m)} E [

Since u = em"(1 + o(1)) and [ is slowly varying in u, we have (u/l)Y/? < (1 + §)m"/P(1+9 as a
consequence of Potter’s bounds (de Haan & Ferreira 2010, Proposition B.1.9(7)). Then from the

uniform bound for the Jacobian J(-) in (EC.18), we have J(T ' (z)) < m’X, for some suitably large

fx (=)

constant K € (0, 00). Since fx(-) is bounded below on compact subsets of R%, we have o Ta@y <

M, for some M large enough. Combining these observations with (EC.40),

log I, < mexp(—0.57em) — myemey ' (qém —e2,)" +log M + K logm +1log P(E, \ Am)

.
vt B (/) = A (m177)
< 2mexp(—0.57e,,) — 2myemest (qem —e,) " +log M + K logm
= —00
- A i (m2/7) ’

where the last inequality follows from (EC.38). Together with (EC.39) and the asymptotic for

log P(&,,) in the statement of Theorem 6, we thus arrive at

. . log M2 m
1 f——— > 1.
i P

Since the second moment M, ,, also satisfies My, > P(E,,)?, we obtain the desired limit. O

EC.4. Proofs of Technical Results

Proof of Lemma 1. Since Y; := A;(X;) and A;(z;) :=log(1 — F(x;)), we obtain P(Y; > y) =
PA(X)>y)=P(Fi(X;)>1—e¥)=e""v. O
Proof of Lemma 2. a) Observe that I(-) is the limit of continuously converging functions
n~'¢(nx). Therefore, from (Rockafellar & Wets 1998, Theorem 7.14), I(-) is continuous. Parts b),
c), d) of the lemma statement follow directly as a consequence of Theorem 1 and (de Valk 2016,

Proposition 3). O

EC.4.1. Proof of Lemma EC.10

Step 1- Develop an asymptotic upper bound for v, (t(u)p): Define the function G,(x) =
u~'L(zu!/?). Then, under Assumption 1, lev] (G,)N By, C [lev] (L*) N By]'*¢ for all large enough

u. Notice that from the continuity and p-homogeneity of the limit L*, the 1-level set of L* is disjoint
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from By, _.(0), for some small enough d;,e. Thus, for all large enough u, G, () > 1 = ||z| > 01

Loty = (S8 g, ()Y,

ul/p ul/p

for some §; > 0. Write

Then for all large enough w, levy (L,) C {p: |lq(t(w)p)|s > d1u'/?}. Since (u/l) = o(u), for all

large enough u, ||g(t(u)p)||s >1/c,(u). Recall that from Lemma EC.4, whenever ||y|/. >1/c,(u),
lo,

T ' (y) <yle,(u)] e fulf= /1. Therefore for all u > uo where ug is sufficiently large, T~ (q((t(u)p)) <

exp(log g(t(u)p)r.(p))V1, where

= log c, (u) since u c,(u
)= (14 o) € (0.1), since la(t(wp)l > 1/e,(0).

From the monotonicity of A, it follows that 1, (t(u)p) < A (eeatWPIru®)) v A(1).

Step 2 - Derive partial upper bounds: To this end, for k € [d], define the set
_ {p ( log g, (t(u)P)Tu(P) ) > Aj (elogqj(t(U) P)Tu p)) Vi # k} ﬁlevl )

This is the set of all p, such that the kth component of A(e'°e@a*(WPIru(P)) is the largest, and
therefore achieves the maximum in [|A (e8¢ (WP)ru(®)) || - Therefore, Uy Ej,, = levy (L,) (since
the maximum in the || - || norm is achieved for some k € [d]). For p € Ey ., [|[¥,(t(w)P)]e <
Ay (elOng(t(“)P)T"(p)) V maxy, Ax(1). By definition, over E ,, for all j € [d],

A, (elog%(t(U)pk)m(P)) > Aj (elogqg'(t(u)pj)m(p)) (EC.41)

Step 3 - Establish a lower bound for e'°8%(t(Wrx)ru(P): Given p, let i(p) be the index which
achieves the maximum in g(t(u)p) (if there are multiple, select one arbitrarily). Then, we have
that qi(p) (E(w)pigp)) > 61u'/?. Recall that c,(u) = (I/u)'/?. Therefore,
log ¢;(p) (H(w)P;(p))
Gito) (H()Pimy) oI (1) = G (H(w)piw) ), (1) = 62117
Let x be such that xmax; a; < min; ;. Then, notice that for all &
min; oy s, (EC.42)
897
Since A € RV(ax), an application of (de Haan & Ferreira 2010, Proposition B.1.9 (1)) shows that for
all > 0, there exists an x; such that for all x > x;, A, (A;(x)) > x%/*~*, Further since [ — oo as
u — 00, there exists a uy x, such that for all u > ug, for & selected as in (EC.42), §,1'/7 > max; x;.

Therefore, for all u > ug g, Ay (A;(6,117)) > (6,11/°)*i/*x=* for all j € [d]. Now, for all p € E, ,, for

all uw>wugVuyVugy,

(eloqu(t(u)mr u(Pp )) Y(Aip) (Gigp) (W) Picp))) since p € Ej .,

> A,
> A (Nipy (0:117)) > (6,117) T by choice u > max{u;,us}. (EC.43)
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Notice that since | — 0o as u — oo, the RHS above can be made arbitrarily large by appropriate
choice of w.

Step 4 - Evaluate and combine partial bounds: Fix § > 0. Observe that due to the mono-
tonicity of A;, (EC.41) implies that for all p € Ey,, for all j, Aj_1 (Ak (eloqu(t(“)pk))ru(p))) >
exp(logq;(t(u)p;)r.(p)). Next, observe that from an application of (de Haan & Ferreira 2010,

ay (1+9)
Proposition B.1.9 (1)), A;'(Ag(z)) < %79 whenever z > x;;. Now choose u large enough

min; o

J _
(say u > ugy) so that (6;0"?)"* ~" > max;x;;. Therefore, for u > ug V uy V ugy V ugp,

infpem, , exp(log(qy(t(w)pk)r.(p)) > max; z; . Then,

ak(]- + 5) — o u Tu ;
o <a<1—a> log gi(t(u)pe)ru(p) | 2 A;* (Ax (eFoCPIm))) , for all j € [d]

Thus, for all 7,

exp <log qr.(t(w)pr)ru(P) — jzj—i_—g; log g; (““)Pﬂ%(l’)) > 1L

With r,(p) > 0, this requires that for all j,

log gi.(t(u)px) > a;(1-96)
logq;(t(u)p;) — ap(1496)

Upon selecting the j which achieves the maximum in ||q(¢(u)p)||«, notice that

log i, (t(u)pr) < mina; (1 —9)
logllq(t(w)p)llse —  x(1+9)

and therefore, since c,(u) = o(1),

log g, (t(u)py) min a;(1-5)

gu(t(u)pe) e, () TT03m e < g (t(w)pi)le,(w)] 07 < qu(t(u)pi)e/** where e s arbitrary.

Therefore, Ay (et WPe)raP)) < A (qp(t(u)py)et/ ) < et(u)pi. Now, whenever u > uy, for p € By,
|, (t(w)p)]|oo < et(u)pr < et(u)||p||c, uniformly over p € Ej ,,. By symmetry, for u > maxy (uo V

Uy Vug g V usz ), uniformly over p € lev (L,),

1%, (t(u)p) |l < et(u)[pllee (EC.44)

Step 5 - Establish non-negativity: With the bound on ||4,, (t(u)p)]||~ established, from (EC.17)

and Lemma EC.8 respectively, for € > 0 for all large enough u,

logt(u)

t(u)

From Lemma EC.9, p € lev] (L,) = ||p|loc > 7. Thus, F,(p) >0 over p € lev{ (L,) for all large

au(p) = t(u)||pll (1 —€), <e and b,(p) > —ct(u).

enough u. Finally, notice that Xiev( )(p) = o0, for p &lev] (L,). This completes the proof. O

Ly
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EC.4.2. Proof of log-efficiency in the presence of heavier tails

Recall that L is the collection of indices of components (X, ..., X,;) which satisfy the lighter tailed
assumption in Assumption 2. Then H :={1,...,d} \ £ denotes the heavy-tailed components.

Proof of Theorem 4. Under Assumption 5, A; € RV(«;) for i € H. Its respective inverse is,

gi:=A =logq, e RV(1/a;),

due to (de Haan & Ferreira 2010, Proposition B.1.9(9)). Let q(y) := (¢1(v1), - - - ga(ya)). Define the

following counterparts to quantities L., fip,t(u) and g (t) used in the proof of Theorem 2:

_ _log L(eé(t(u)w))

L(x): log and  fup(x):=L*(q"x"*), (EC.45a)
where t(u) :=min A;(logu) = Apin(u), and  Guo(t) := max qi(t). (EC.45Db)

Since @ = min; A;, we have . (t(u)) = logu (see Lemma EC.1 and (EC.5)). Letting Y, :=
t(u)~'Y =t(u)"*A(X), we have the following equivalence of events,

{L(X)>u}={Y, €lev{ (L.)},

from the definition of L, and injectivity of g= A" .

As before, we proceed by showing continuous convergence of L, to fip, as u — oo. For this
purpose, consider sequences {u,},>1 C Ry, {,} C R%, such that u, — oo,x, — @ > 0. Since
Joo(t(u)) =logu, g; € RV(1/c;) for i € H, and ¢; € RV(0),§;x=0 for i € L,

q(t(un)zx,) _ q(t(un)zn)
log u, q(t(us)1)

q(t(u,)) = z'/*q" (EC.46)

from (24) and (de Haan & Ferreira 2010, Proposition B.1.9(4)), as n — co. Consequently,

Lo (@) = log L (exp{q(t(u,)x,)}) logL (exp{q*ajl/a log u, (1 +0(1))})
R log u,, B log u,,

9

uniformly over @ in compact subsets. Letting e(n,x) :=€"*/||e"*||« be the unit vector, we have
L(e"™) = L([|e"*" [lce(n, zn)) = [le"* (|5, L7 (e(n, )) (1 + (1)) = L" (") (1 + o(1)),

where the second equality follows from the compact convergence of L(-) in Assumption 1 and the

last equality is due to the homogeneity L*(cx)=c’L*(x). Then from Assumption 6,

Lo (@)= log L* (exp{q*z*/*logu,}) (1+ o(1))

T % * 1/ . F
oz u, — L (q x )—.fLD(az).
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Then as a consequence of the continuous convergence L, — fip above, we obtain the following
from exactly the same reasoning in the proofs of Lemma EC.2 and Corollary EC.1: given ¢, M > 0,
there exists ug large enough such that for all u > uy,

= —_ = 14¢ .
levf(Lu) N By C [:1,M(fLD)] , and inf chvf(iun)(w") > chvf(fLD)(w), (EC.47)

nun>u

for any @, — x and u,, — co. Thanks to these set inclusions, the conclusion in Theorem 4 follows
by repeating the steps in the proof of Theorem 2 with L., fip replaced by L., fip. O

To analyse the variance of the IS estimator, we have the following Lemma.

LEMMA EC.14. Suppose that Assumption 5 holds, the parameter 1 in (4) is taken to be slowly
varying in u, and p=1 in (4). Then uniformly over compact subsets of R% \ {0},
¥, (t(u)p)
t(u)

where the vector 14, is the indicator vector (for the heavy-tailed components) defined as in (EC.29).

1 (a4
=ply (1 — Hq*pl/a\> (I1+0(1)), as u— oo, (EC.48)

Proof. With p =1, we have c¢,(u) = (I[(u)/u). For x € RY, T(x) < T(x) = (14 x)[c,(u)] =),
component-wise. Note that T o T(x) =z for x € R? when we take T (x) = z[c,(u)]** ) — 1.
This yields T~ (z) > (x[c,(u)]*®~ Y — 1)*. Combining this with the upper bound in (EC.12), we

arrive at the following: For any p € R%, > 0 there exists u, large enough such that for all u > uy,

lexp{g(t(u)p)r.(p)} —1]" < T '(q(t(w)p)) < exp{q(t(w)p)r.(p)}  pE€ Bs(p),

loge,(u) 14+0(1)
where r,(p) =14+ —— " =1 — 1 due to (EC.46)]|.
P =1t Grwple ~ L pegl, e to (EC46)]

Since 1, ;== Ao T 'oq and A is increasing component wise,
A([exp{a(t(wp)ru(p)} —1]7) < 9, (t(w)p) < A(exp{a(t(u)p)r.(p)}). (EC.49)
As Ajoexp=A; € RV(q;) for i € H and g := A, the term
Ai (exp{q;(t(u)pi)ra(pi)} ) = ru(pi)* As o Gi(t(w)p;) (1 + 0(1)) =75 (ps)t(u)pi(L +o(1)),  forieH,
On the other hand when i € £, we have A; € RV(«;) and ¢; € RV(1/a;). In this case,
Ai(exp{@i(tpa)ra(p)}) = A (a:(twp) ) = O(t(u) =1 "a x40 forje £

Due to the above deduction that r,(p) =1 — ||p/*q*||2} (1 + o(1)). Since the above convergences

uniformly over compact subsets, (EC.49) results in,

Jim t(u) "4, (t(u)p) =

pi (1= |pY>q*(|})™  forieH,
0 forie L.
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Proof of Theorem 5: Following the reasoning in the proof of Theorem 5, notice that the second

moment of the IS estimator may be written as My, = t**(u)E [exp { —t(u)F,(Y ,)}], where

Fu(p) = au(P) + bu(P) + Xievs (£, (P)- (EC.50)

Here, a,(p) and b,(p) are as defined in Lemma EC.6. Following Lemma EC.14 and the proof of
Lemma EC.7, we obtain a,(p) > I(p) — I (p1y (1—1/||g*p*/*|)") +o(1). uniformly over compact
subsets of RY,. We have from Assumption 5 that for i € H, Aoexp € RV(q;), for some «; > 1.
Therefore, A; € RV(0) whenever i € L. Now, since \;(-) are monotone, (de Haan & Ferreira 2010,
Proposition B.1.9 (7)) implies that A; € RV(y; — 1). Here, ; =0 if i € H. Following the steps in the
proof of Lemma EC.7, bound the product (for large enough u) in (b) as

d

11 X();“ f_qf((;((zzig)lz))) J(T; (q(t(u)p))) < exp (log(U/ ) [Z Yiri(q(t(w)p)) +o(1)

Whenever £ # [d] and i € L, it is easy to see that g7 = 0. For all such i, k;(g(t(u)p)) = o(1). Further,
for all i € H, ~; = 0. Finally, observe that with A; € RV(«;) for i € H, we have logu = O(t(u)). Now,

> (EC.51)

(EC.51) suggests b,(p) > —t(u)e for all large enough u. Noting the convergences in (EC.47), and
repeating the arguments from the proof of Theorem 3, replacing F,(p) there by F,(p),

lim sup[Apin (u)] log My, < —  inf  2I(p)+1 <plu (1-1/llg* -pl/"‘\loo)a> + 2.

uU—00 pElev{r(f_LD)

Due to the homogeneity of I(-) (see Lemma 2(b)), it can be seen that the above infimum occurs

o =1, and therefore, limsup,,_, ., 7= log My, < —2I* + 2¢. O

min (u)

Verification of Remark 1: For any f,g € RV(p) that are eventually strictly increasing and

at the boundary, ||g* - p*/*

satisfying lim, . f(z)/g(z) = c € (0,00), we first show that lim, ., g~ (x)/f (x) = ¢*/P. For this
purpose, observe lim,_,., g~ (tx)/g* (t) = /P uniformly over = € (¢/2,2¢c) as t — oo. Setting t =

g(f<(x)), we have t — oo and f(f*(x))/g(f* (z)) — c as © — oo. Therefore,

-
s (@) =g (o0 @) L) g,

This verifies the claim g (z)/f< (z) — ¢*/P. To see (17) as a consequence, fix any i € {1,...,d}

such that ¢ exists and ¢;(x) > 0. Setting f =¢; and g(-) =|q(*)||, We have f< =A;, 9" = Anin

(see (EC.5)). Since Apin € RV(cw), ¢ = (lim, 0o Apin(z)/As(2)) . If ¢f =0, the conclusion is

immediate from the differing rates of growths of the numerator and the denominator. Finally to

verify the sufficient condition on the derivative, consider any sequence {z,} C R increasing to

infinity. Since |r}(x)| < Mx~(+9) for suitable constants M,e > 0,
Tm+n
i) = rlan) < [ ri(o)lde <& M

for all sufficiently large m. Therefore the sequence {r;(x,):n >1} is Cauchy and is convergent.
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EC.5. Proof Theorem 3 with Kk = ks

To avoid complicating notation, we omit the dependence of Tf) on u and in the subsequent proof,
simply use T instead. Observe that T'(x) = (11 .(z1),...,T1..(xq)) for a 1-1 onto function 77 .
(defined imminently) and therefore itself 1-1 and onto. Define the function %, , = Ao T 'oq. To
proceed, we check that the conditions required in the proof of Theorem 3 hold. As in that case,

first, we bound T~" from above. Observe that T'(z) = (T .(x1),. .., T1..(24)), where

og logu/logl
Ti(y)=y [u/l]l glglg+1y> > { Y Whenev.er y>1
Y otherwise
Therefore
logl/logu h > 1
T (y) < { Y whenever y > I
’ Y otherwise.

Denote ¥, , = Ao T 'ogq. The bound on T " established, we now proceed to check the technical
conditions required for log-efficiency. This amounts to verifying (EC.44) with 4, replaced by 1, |,
and bounding the Jacobian determinant of T'. With these bounds established, the rest of the proof
is similar to case when Kk = K.

Step 1: Verifying condition (EC.44): Observe that given (EC.52),
A(T (q(t(w)p))) < A (q:(t(w)pi) ™= 1o= ) v A, (1)

With [ being slowly varying in u, ||, ; (t(u)p)]l < [[A[(g(t(u)p))]°™ ||« and therefore, one has the
bound ||, ; (t(u)p)|e < et(u)||pl|s for all u large enough. This further implies that uniformly over
compact subsets of RY, ||4,, ,(t(u)p)|l = o(t(u)), and establishes an equivalent of Lemma EC.5,
but with ) replaced by & in the definition of T.

Step 2: Bounding the Jacobian determinant: We establish that log J(q(t(u)p)) = o(t(u)). To

this end, recall that for & € R% (the case where @ is allowed to be in R? can be handled similarly),

uy 1@ e og(u/l) - stttz T () log(u/1)
= | — — Tog! ?
I (@) (l) §<1+ log 1+xi> [Il [(u/l) o 1+xz; logl ]
Therefore,
d log (14T} (g3 (t(w)p;))) 4 ,
B o qi(t(u)p;) log(u/1)
log J(T *(q(t(u)p))) =Y log |(u/l TogT -
(T altp) = 2_log | (/1) A+ 7, altwp)) log!

The rate of increase of the right hand side above is determined by the larger of

log(1+Ty ! (4;(t(w)p;)))

y Togl qi(t(u)pi) log(u/l)
;log [(u/l) g ] and log [(1+T1_701(qi(t(u)p¢)))) log| ] . (EC.53)
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Since [ is slowly varying in u, the bound in (EC.52) yields

log(14+T7 ! (4 (t(w)py))

lim sup -~ Zlog [ u/l) log!

uU—r 00

<limsup log(u/1)

WP ) To Hu)log  19¢ECWP Nl =0

Similarly, the second term of (EC.53) may be bounded as

qi(t(u)p;) log(u/1)
(1+ T (qi(t(u)p:))))  logl

log Ji (T ' (q(t(u)p))) = o(t(u)) (see for e.g. (Dembo & Zeitouni 1998, Lemma 1.2.14)).

lim su
e t(u)

log { ] =0, and consequently,

Step 3: Combine the bounds: Note the expression for the second moment of the IS estimator
with T'® instead of TV is given by replacing ¥, by v, ; and substituting the appropriate Jacobian
as given in Table 1. From Steps 1 and 2, the consequences of Lemmas EC.7- EC.10 continue to

hold, and the rest of the proof follows from the proof of Theorem 3. g

EC.6. Verifying Assumption 1(b)

Recall that a random vector Y is said to be multivariate regularly varying with index p if for any
set A not containing the origin,

tp {Y € A] u(A), (EC.54)

for some non-zero radon measure p. An equivalent formulation (Resnick 2007, Theorem 6.1) is that

for some probability measures ,,, on the line and M on the sphere,

KHYH ”;;H) EA} — (p1y, x M)(A), (EC.55)

for any set A not containing the origin. Here p,,, is taken to be p,(c,00] = ¢~/#, without loss of
generality, for any ¢ > 0. To verify Assumption 1(b), we develop the following characterisation of
Assumption 1(b) based on multivariate regular variation: Let S := {& € RL : | z| = 1} denote

the intersection of unit sphere and the positive orthant.

ProprosiTiION EC.3. Let R be a random variable satisfying P(R<r)=1-—1/r, r>1 and ©
be uniformly distributed on ST, independently of R. Then L(-) satisfies Assumption 1(b) with
p € (0,00) if and only if the random vector L(R®) - © is a multivariate regularly varying random

vector with index p.

Verifying regular variation of a random vector is well-studied and continues to be a topic of active
research (see Einmahl et al. 2021, and references therein). As a consequence of Proposition EC.3,
one can obtain independent samples of L(R®)® and use the statistical test developed in (Einmahl
et al. 2021) to verify if L(-) satisfies Assumption 1b merely from oracle queries to the evaluations

of L(-). The rest of this section sketches the proof of Proposition EC.3.
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REMARK EC.3. Suppose that L(-) has an approximation L(-) which satisfies either (i) |L(n8) —
L(n@)| = o(L(n@)), or more generally, (ii) L(n@) = c(8)L(n@)(1 +o(1)), uniformly over 8 on S¢*
and for some continuous ¢(-). Then it is sufficient to verify Assumption 1(b) for the approximate
functional L. Such a verification is useful if, for example, [:() is either available in explicit form

(or) if its evaluations are computationally less expensive than those of L(-).

Proof for Proposition EC.3: a) First suppose that L(-) satisfies Assumption 1(b). Recall that
as a consequence of (Resnick 2007, Theorem 6.1, Lemma 6.2), to verify the multivariate regularly
varying property, it is sufficient to verify that for all > 0,

nP(L(R@)-G)

oy € [O,w]c> — u]0, x|,

for some measure u. Let R,, = R/n. Using the independence of (R, ®), the probability above equals
L (7]
kd/ P <(an)0 €o, w]5> de = kd/ P(R,€S,.6.)d0, (EC.56)
0e5%° ne 0€53,

where k, equals the 1/(volume of S{°') and the set S, ¢, = {r: 0L(nr@)/n* € [0,z]°}. Notice
that owing to the convergence of L(nr@)/n” to 7*L*(0), the set S, g, converges to Sp, = {r:
r?L*(0) - 6 € [0,x]} in the Painlevé-Kuratowski sense (Rockafellar & Wets 1998, Section 4.B).
Consequently, nP(R, € Sy.0.2) — 110(S4 ) where the density of jio(dr) = r~?dr on the line (note
that the measure g is a Radon measure, and not a probability measure). Plugging this back into
the integral in (EC.56), it can be seen that whenever L(-) satisfies Assumption 1(b), L(R®)-© is
multivariate regularly varying (with limiting measure u[0,®]° = kq [, s | to(Se.)dO ).

b) Now, suppose that L(R®) - © is multivariate regularly varying with index p. Let Lg (1) =
L(nr@)/n?. Then, as a consequence of representation (EC.55), with ® and R,, being independent,

for any ¢ > 0 (the limits below being taken in an appropriate sense),

nR,©)

nP(R, €lev) (Lg,))=nP (L( € [c,0), O € d0> — ¢ YPm(6)de, (EC.57)

nr

for some m : S{' — R, . Define the function L*(x) = (||z||/m(z/|x|))” and let Lj(r) = L*(r6).
Observe then that {r: Lj(r) > c} = [c"¥/*m(0),0). Now, (EC.57) implies that for every 8 and
c>0

nP(R, €lev (L)) — c"/*m(0)d8 = ess-inf lev (L, ¢) — ess-inf lev, (L}).

Since the above holds for every ¢ > 0, the level sets themselves must converge, that is for every

c¢>0,levi(L,q)—levi(L}). Further, observe that

levi(Ly)= |J {(r6):relev)(L.e)} and lev (Ly) = | {(r,0):r€lev.(L)}.

oesdt pesil
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Now, use the uniformity of convergence in (EC.57) over @ (refer to (Resnick 2007, Theorem 6.4))
to observe that for all ¢ > 0, lev) (L,) — lev) (L*). An application of (Rockafellar & Wets 1998,
Proposition 7.7) implies that since L, converges epigraphically to L*, it converges uniformly on
compact subsets. Finally, from (Rockafellar & Wets 1998, Theorem 7.14) uniform convergence

implies the continuous convergence in Assumption 1(b). O

EC.7. Application to CVaR Minimisation

Suppose that ¢(X,0) denotes the loss associated with a decision choice 8 under a random vector

X. Let v3(0) denote the (1 — §)-th quantile of /(X ,8). Then its CVaR at the tail-level g € (0,1) is
Cs(0) = E[((X,0) | ((X,0) > vp(0)],

Minimizing CVaR Cj(0) over a compact set © enjoys the following variational representation (see
Rockafellar & Uryasev 2000),

inf u+B’1E(€(X,9)—u)+]: inf  f(u,0), (EC.58)

u€R,0€0 u€R,0€0

If ¢(X,-) is convex, then f(-) is convex. As a result, CVaR minimization has become the most
prominent vehicle in a number of applications for arriving at decisions with low tail risks. To
perform the minimization without expending exorbitant computational effort in problems with
small 8, one can consider minimising the following IS weighted Sample Average Approximation:

n

1
utoz > (UZui,0)—u) L

=1

A~

fisn(u,0) = , (EC.59)

where, as before, £ is defined to be the likelihood between X and Z, =T, (X) := X [u/]]*X):

_ fx (X [u/1))
fx(X)

Notice that since £ depends on u through the factor [u/I]*%). Therefore even if f(-) as defined

L

J(X) where J(x) = Det[0T,(x)/0x]| is as defined in (9). (EC.60)

in (EC.58) were convex in (u,8), the IS weighted objective (EC.59) need not be convex. In turn,
such lack of convexity due to the introduction of likelihood ratio and absence of efficient change of
measure prescriptions which hold uniformly well simultaneosuly over feasible (u,0) have been the
primary bottlenecks in using IS, in general, for optimization.

Since the loss structure is explicitly known in optimization settings, the growth rate p in Assump-
tion 1b is typically readily known and the IS transformation T in (4) employed with kK =k, is
particularly well-suited to overcome the above difficulties. In particular, by (i) changing variable
as in [u/l] = s where s € [1,00), and (ii) using kK = k" in (7), the resulting IS weighted objective

(EC.61) remains convex in (u,0) when ¢(X,0) is convex in 0. Except for the knowledge of p,
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the model agnostic nature of the change makes the change of measure induced by T to possess
low variance at every feasible (u, ). Parameterizing the stretch factor s as s = hloglog(1/53), the
selection of hyperparameter h at any given feasible (u,0) can be accomplished by minimizing the
second moment as in Step 2 of Algorithm 3. Algorithm 4 below incorporates this selection in every
stage of Retrospective Approximation of the CVaR objective. We refer the readers to a follow-up
work Deo et al. (2022) for further implementation details.

Algorithm 4: IS based CVaR Optimisation
Input: Tail probability level 8, samples X ,..., from fx(-), initializations ug, g, h.

For k > 1, do the following steps until stopping criterion is met
Step 1( IS-Weighted CVaR optimisation): With a sample size of m, and error tolerance ey:

a) Transform the samples: For each sample i =1,...,m;, compute the transformation,
Z,=T(X,) = X,[s]=" X0,

with s = hy_;loglog(1/5).
b) Minimize the IS weighted CVaR objective

inf {u+ ! ; Z [€(2.,0) —u]%,m} , (EC.61)

m
ki im1

with the initial solution iterate set to (ug_1,0;_1) and h=h;_;. Let (uy,0}) denote the
1/2

optimiser returned after reaching an error tolerance e, =m,
2 Update the cross validation parameter: With the initial solution iterate set to
hi_1, minimize the sample second moment estimate as in

inf —Z{I (Th(X,),0i) > wi) Lni},

h>0 My

where T',(X ;) = X ;[hlog log(l/ﬁ)]"m(xi). Let hj denote the solution obtained by solving

. . —-1/2
until reaching error-tolerance e, =m, 2,

Numerical results: Consider the constrained minimum CVaR portfolio optimisation problem:
Here {(x,0) =0"x and the set ©={60:0"1=1,0"p >}, where p denotes the expected returns.
The marginals of the loss realizations X are taken to have the c.d.fs Fi(z)=P(X; <z)=1—e*"
where a; = 0.5 Vi. Dependence is modelled through a Gaussian copula whose covariance matrix
R is designed to capture a realistic degree of correlation among various asset returns. In order to

compare the effort required to obtain a desired out of sample accuracy, we give (i) the number of
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samples required by each method to obtain 1% relative regret (relative error between the optimal
CVaR and CVaR computed at the solution proposed by the respective algorithm) and (ii) the out-
of-sample regret when the number of loss evaluations used by each algorithm is restricted to 2500.
For the former case, with 8 =0.037, for IS, this is ~ 600, while SAA requires ~ 5500 samples. This
difference is even more pronounced when 8 = 0.003, where SAA requires roughly 28000 samples,
while IS only requires 1175. For the latter, at 8= 0.037, IS gives a regret of 2% while SAA gives a
regret of 5%. We refer the reader to Deo et al. (2022) for more details on the numerical experiments
and the explicit specifications for {my, e : k> 1}.

Code availability: Python implementations for importance sampling using self-structuring trans-

formations are available at https://github.com/ananddeo161093/BBIS_Source_Codes.


https://github.com/ananddeo161093/BBIS_Source_Codes
https://github.com/ananddeo161093/BBIS_Source_Codes
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