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Appendix A. First order conditions (3.3)-(3.4)

Consider the population version of the DRO problem (3.1)

max
x,c

G(x, c)

where

G(�, x, c) = �
1

�
EP
h
�⇤
⇣
� �

⇥
f(x, Y ) + c

⇤⌘i
� c. (A.1)

Di↵erentiating with respect to x, the first order conditions are

rxG(�, x, c) = EP
h
[�⇤]0

⇣
� �

⇥
f(x, Y ) + c

⇤⌘
rxf(x, Y )

i
= 0, (A.2)

rcG(�, x, c) = EP
h
[�⇤]0

⇣
� �

⇥
f(x, Y ) + c

⇤⌘i
� 1 = 0

with solutions (x?(�), c?(�)). We eventually wish to show that (x?(�), c?(�)) is continuously dif-

ferentiable in a neighborhood of � = 0, which depends on the properties of the convex conjugate

�⇤(⇣). Under Assumption (3.1) (see Theorem 3.2 in [12]) �⇤(⇣) is twice continuously di↵erentiable

in the neighborhood of ⇣ = 0 and satisfies

�⇤(⇣) = ⇣ +
1

2!

⇣ 1

�00(1)

⌘
⇣2 + o(⇣2). (A.3)

It follows that [�⇤]0(⇣) is continuously di↵erentiable in a neighborhood of ⇣ = 0 and

[�⇤]0(⇣) = 1 +
⇣

�00(1)
+ o(⇣), (A.4)

so by (A.2)
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⇥
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and we can write the first order conditions as

rxG(�, x, c) = EP
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This does not change the solution of (A.2), but allows us to use the Implicit Function Theorem

to establish level of smoothness for (x?(�), c?(�)) in Proposition 3.2 (in particular, that (B.3) is

invertible in the proof in Appendix B). It follows that  (x, c, Y ) is given by (3.5). First order

conditions for the sample DRO problem, and the DOO problems can be derived similarly.
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Appendix B. Proof of Proposition 3.2

We use the Implicit Function Theorem to show existence of the solution (x?(�), c?(�)) of (3.4)

and to characterize its smoothness. (Existence and smoothness of (xn(�), cn(�)) can be shown in a

similar way). With a mild abuse of notation, let

g(�, x, c) ⌘

2

4 g1(�, x, c)

g2(�, x, c)

3

5 := EP[ (x, c, Y )].

The first-order conditions for the population problems (3.4) are

g(�, x, c) =

2

4 0

0

3

5 . (B.1)

Since [�⇤]0(⇣) is continuously di↵erentiable in a neighborhood of ⇣ = 0 (Theorem 3.2 in [12]),

g(�, x, c) is continuously di↵erentiable in � in some open neighborhood of � = 0 for every fixed

(x, c). By (A.4)
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and

g
�
0, x?(0), �EP[f(x

?(0), Y )]
�
= 0, (B.2)

where x?(0) is the solution of the empirical problem. Since f(x, Y ) is twice continuously di↵eren-

tiable in x, g(�, x, c) is continuously di↵erentiable in a neighborhood of
�
0, x?(0), �EP[f(x?(0), Y )]

�
,

and
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is invertible. It follows from the Implicit Function Theorem that (x?(�), c?(�)) exists and is con-

tinuously di↵erentiable in an open neighborhood of
�
0, x?(0), �EP[f(x?(0), Y )]

�
so we can write

x?(�) = x?(0) + �⇡ + o(�)

c?(�) = �EP[f(x
?(0), Y )] + �+ o(�)
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where ⇡ 2 Rd and  is a constant. Substituting into the first equation in (B.2), a Taylor series

expansion around � = 0 gives

EP
⇥
rxf(x

?(0), Y )
⇤
+ �⇡0EP

⇥
r

2
xf(x

?(0), Y )
⇤

�
�

�00(1)
EP
h⇣

f(x?(0), Y )� EP[f(x
?(0), Y )

⌘
rxf(x

?(0), Y )
i
+ o(�) = 0.

Optimality of x?(0) for the population problem implies EP
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Smoothness of (xn(�), cn(�)) and the expression (3.6)-(3.7) can be established in a similar manner.

Appendix C. Proof of Proposition 3.6

We begin with some preliminaries. Let  (x, c, Y ) be defined by (3.5), and

r (x?(�), c?(�), Y ) =
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4 rx1 1 . . . rxm 1 rc 1

rx1 2 . . . rxm 2 rc 2

3
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be the Jacobian of  (x, c, Y ) and the matrices

eA(�) = EP[r (x
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We also define the Rd+1 valued random vectors
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Ĩn(�) = eA(�)�1

2

6664

fWn(�)0EP
⇥
r

2 (1)(x?(�), c?(�), Y )
⇤fWn(�)

...

fWn(�)0EP
⇥
r

2 (d+1)(x?(�), c?(�), Y )
⇤fWn(�)

3

7775



32 GOTOH, KIM, AND LIM

Here,  (i)(x, c, Y ) is the ith component of the d+ 1 dimensional function

 (x, c, Y ) =

2

6664

 (1)(x, c, Y )
...

 (d+1)(x, c, Y )

3

7775

that was defined in (3.5), and r
2 (i)(x?(�), c?(�), Y ) is the Hessian r

2 (i)(x, c, Y ) evaluated

at (x?(�), c?(�)). Note that condition (2) of Assumption 3.5 implies that �⇤(⇣) is three times

continuously di↵erentiable3 in a neighborhood of ⇣ = 0. Together with condition (1), it follows that

the Hessian  (i)(x, c, Y ) evaluated at (x?(�), c?(�)) above is well defined.

The following result characterizes the distribution of (xn(�), cn(�)) and is obtained by applying

Theorem 5.21 in [27] and Lemma 1 from [17] to (3.5).

Proposition C.1. Suppose that data {Y1, · · · , Yn} is drawn iid from P, f(x, Y ) satisfies Assump-

tion 2.1, �(z) satisfies Assumption 3.1, and � is such that Assumption 3.5 holds. Then there is

a unique solution (x?(�), c?(�)) of the first-order conditions (3.4), the matrix eA(�) is invertible,
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fWn(�) has mean 0 and covariance matrix
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Proposition 3.6 is largely a restatement of Proposition C.1 for the xn(�) component of (xn(�), cn(�)).

In particular, expression (3.12) for xn(�) holds because we can extract the Rd valued random vectors

3It can be shown, along the lines of the Proof of Theorem 3.2 in [12], that

�⇤(⇣) = ⇣ +
⇣2
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⌘
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⇣3
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where �(i)(z) is the ith derivative of �(z) with respect to z.
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Wn(�) and Vn(�) of (C.1) corresponding to xn(�) in (C.2)

fWn(�) =

2

4 Wn(�)

Un(�)

3

5 2 Rd+1, eVn(�) =

2

4 Vn(�)

Tn(�)

3
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(�)0 ⌘(�)
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5 .

⇠(�) and V (�) are continuously di↵erentiable in a neighborhood of � = 0 because the pair (x?(�), c?(�))

is continuously di↵erentiable in a neighborhood of � = 0 (Proposition 3.2) and the conditions im-

posed on  (x, c, Y ) in Assumption 3.5.

Appendix D. Assumptions 4.1 and 4.2

We know from (3.10) that the solution of the SAA problem has an expansion of the form

xn(0) = x?(0) +
1
p
n
Wn(0) +

1

n
Vn(0) +Hn(0) (D.1)

where the error term Hn(0) is Op(n
� 3

2 ). Assumption 4.1 holds if supn EPkn
3
2Hn(0)kp < 1 for

p = 1, 2. We now derive an expression for Hn(0) to determine conditions under which this holds.

To ease notation, we assume x is scalar. Our derivation shows that n
3
2Hn(�) is a product of

derivatives of f(x, Y ) with respect to x of up to order 4, and Assumption 4.1 holds if the first two

moments of n
3
2Hn(�) are finite.

Our approach generalizes to the case where the decision variable is multi-dimensional, which is

required for DRO and DOO (Assumption 4.2) where the pair (x, c) is the decision and SAA with

vector-valued x, at the cost of even uglier equations and tensor notation. Not surprisingly, the

same insight, that products of (partial) derivatives of order up to 4 have finite first- and second

moment, holds. The equations are long but not particularly insightful (beyond this observation)

and the derivation is arduous. We outline how this can be done and leave details to the reader.
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To derive the expansion (D.1), we embed the first order conditions for our sample problem in a

family of fixed-point equations G(y, ") = 0 parameterized by " 2 [0, 1] where

G(y, ") = EP[rxf(y, Y )] + "
1

n

nX

i=1

n
rxf(y, Yi)� EP[rxf(y, Y )]

o

= EP[rxf(y, Y )] + "
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ef(y, Yi).

Here

ef(y, Y ) = f(y, Y )� EP[f(y, Y )]

is the deviation of the random reward f(y, Y ) from its expectation EP[f(y, Y )], while rx
ef(y, Y )

is the derivative of the centered random variable. We denote the solution of G(y, ") = 0 as y(").

(We change the argument in G from x to y to minimize the chance of confusion between xn(0), the

solution of the SAA problem, and the solution y(") of the fixed point problem). The case " = 0

G(y(0), 0) = EP[rxf(y(0), Y )] = 0

corresponds to the population problem with solution y(0) = x?(0); " = 1 is the SAA problem with

solution y(1) = xn(0)

G(xn(0), 1) =
1

n

nX
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rxf(xn(0), Yi) = 0.

To begin, we find the derivatives of y(") with respect to ", or A("), B(") and C("), such that

y("+�) = y(") +�A(") +
�2

2
B(") +

�3

3!
C(") + o(�3).

Since G(y(" +�), " +�) = 0 we do this by expanding G(y(" +�), " +�) around G(y("), ") and

choosing A("), B(") and C(") to ensure the first-order condition holds.
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Specifically, a Taylor series expansion around " gives (after some work)
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Since G(y("+�), "+�) = 0, the coe�cients of the powers of � must be zero and hence
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where
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which gives us the derivatives of y(") we are looking for. This gives the Taylor series expansion

y(") = y(0) + "A(0) +
"2

2
B(0) +

"3

3!
C(⌘)

where ⌘ is a random variable taking values in [0, 1] that depends on the data. In particular, with

" = 1 and noting that y(") = xn(0) when " = 1
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and ⌘ is a random variable taking values between 0 and 1. Observe that ⇤n(0) = Wn(0) and �n(0) =

Vn(0), as defined in (3.10) and that the error term in (D.1) is Hn(0) = n� 3
2⇥n(⌘). Assumption 4.1

holds if EPk⇥n(⌘)kp < 1 for p = 1, 2. This will be the case if there is a constant � > 0 such that
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r
2
xf(x, Y ) > � for every (x, Y ) and the derivatives krk

xf(x, Y )k of order k = 1, 2, 3, 4 are uniformly

bounded, though this is not the mildest assumption.

In the case of DRO/DOO, we have first-order conditions
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for the solution (x?(�), c?(�)) of the population problem, and
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for the solution (x?n(�), c
?
n(�)) of the empirical version. Analogous to the case of SAA, we can define

(y("),!(")) as the solution of G((y("),!(")), ") = [0, 0]0 (" 2 [0, 1]) where
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This allows us to embed (D.2) and (D.3) in the problem of solving G((y("),!(")), ") = [0, 0]0.

Expressions for ⇤n("), �n(") and the remainder term ⇥n(") such that
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where ⌘ is a random variable between 0 and ", can be derived, though equations are long and

unwieldy. Setting " = 1 we get
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with respect to y and ! of up to order 4, evaluated at y(⌘) for some random ⌘ 2 [0, 1] that depends

on the data. Assumption 4.2 holds if supn EPk⇥n(⌘)kp < 1 for p = 1, 2. Again, this will be the

case if, for example, the partial derivatives up to order 4 are uniformly bounded.

As a final note, [22] provides conditions for the error term in an M -estimation problem to

converge in Lp for every p � 1. It can also be used to derive conditions for supn EPkn
3
2Hnk

p < 1

for every p � 1, and hence for Assumptions 4.1 and 4.2 to hold.

Appendix E. Proof of Proposition 4.3

Recall from (4.4) that

EP[xn(0)] = x?(0) +
1

n
V (0) + o(n�1) (E.1)

and hence
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2
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?(0)) +O(n�1). (E.2)

From Proposition 3.6, the DRO/DOO solution

xn(�) = x?(�) +
1
p
n
Wn(�) +

1

n
Vn(�) + oP (n

�1)

where x?(�) = x?(0) + �⇡ + o(�). Taking expectations gives

EP[xn(�)] = x?(�) +
1

n
V (�) + o(n�1) (E.3)

VP[xn(�)] =
1

n
⇠(�) + o(n�1).

Using (E.1) we can write (E.3) as

EP[xn(�)] = EP[xn(0)] + [x?(�)� x?(0)] +
1

n
[V (�)� V (0)] + o(n�1)
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We now expand g(EP[xn(�)]) around g(EP[xn(0)]):
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where the second equality follows from (E.2) and (E.4). It now follows that the expected reward

at the mean of the robust solution

g(EP[xn(�)]) (E.5)
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Impact of robustness
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In the case of the loss from Jensen’s inequality, recall that the variance of the solution
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It now follows from a Taylor series expansion that
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(E.6)

+
1

n
O(�2) +O(n�3/2)

where the second equality follows from (E.3), the fourth is a Taylor series expansion of the function

tr
n
r

2
xg(x

?(�))⇠(�)
o
around � = 0, and the last equality follows from (4.7). Proposition 4.3 follows

after substituting (E.5) and (E.6) into the decomposition (4.9).


