e-companion to F. Enikeeva and O. Klopp: Change-Point Detection in Dynamic Networks with Missing Links ecl

Proofs of Statements and Numerical Experiments

EC.1. Upper bound results

In this section, we provide the Lemmas that control the type I and II errors of the tests for problems

(P1) and (P2).

EC.1.1. Testing at a given point
LEmMMA EC.1. Forany a € (0, 1) the type I error of test (9) is bounded by «a.
Proof. We have a(y;,) = sup P(@O’H){”ZT(T)HQ_)Q > Ha,n}. Recall that Zr(t) =

(@p.IT)eS, (wn)
—ur(H)IT © A®T + £(t), where

t

T
G (EZWS—L Ws)

T t T-1t

s=1 s=t+1
and that under the null hypothesis A®" =0 and W* = (Wlsj) € [-1, 1]™" are independent centered
?I.} with the success
probability I1; J-®?J.. Consequently, applying Lemma EC.9 with ||TT © |1, < w, to bound

Bernoulli matrices with independent entries taking values in {1 —II; j®?j, ~I1;;0

2n
oWip= s Proym]{IlE) b > 2V2(1 + Ve, + Cclog( )}
(©,IT)€Sy(wn) o

we get (Y, r)<a. 0O

Lemma EC.2. Let @, B €(0,1) and Hy,,, be given by (10). Suppose that

R,r> 4V2(1 +e)\/?+%(log(za—n)+log(%)). (EC.1)

Then the type Il error of test (9) is bounded by p.

Proof. For ease of notation we denote
(0,AOQ7) ={(0+AO",1),(6,I1)} .

By definition, the type II error is (¢ 1, Rur) = sup Ponror) {I1Zr(1)llh—2 < Haun}-
’ (O.00N)eW? (. Ror)
Using the triangle inequality, we can show that

Po.nror) {I1Zr(T)lh—2 < Hop} < P(@,A@’){”f(T)HZ—Q > ur(T)||AO 2 — Ha,n}~
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The choice of H, , and the fact that ur(7) = VT g(7/T) imply that for any (®, A®@) € (W;:T(‘“n’ Rnz)
the above probability is bounded from above by

2
P(@,A@T){Hf(T)IIz_Q > VTR, —2V2(1 + €)vw, - C. 10g(£)}.

For R, satisfying (EC.1), this bound implies

2
B Rue) < Proson {I€0) 2 > 2V2(1 + vy + Celog( )|

Applying Lemma EC.9 and using ||TT © @°||;.co < wy, [T ® (@° + A®7)||1.c0 < w, We obtain the
bound B(y; ) <B. O

EC.1.2. Testing at an unknown change-point

LEmMA EC.3. Forany a € (0, 1) the type I error of test (13) is less than a.

Proof. Using the union bound we can bound the type I error

(W) = Prag{max |2} (0122 > Hour

as

W)=Y sup Peom{IZF )l > Hanr,
teT (@0,1_[)68,,((4)")

where

4nlog,(T)
Pon {12} 0lla2 > Hor} = Poo {102 > 2V2(1 +€)Vadn + Clog (=2 ) .

Using Lemma EC.9 with ||IT, © @°||;.co < w,, we immediately get for every ¢ € 7~

(4nlog2(T))} - a
a

1/2 _—
up  Poom {0z > 2VE(1 + )+ Colog = Ziogs )

(®O,H)€Sn (wn)

Using the fact that |77| < 2log,(T'), we obtain a(y,,7) <a. O

LemmA EC.4. Let o, B €(0,1) and Hy 7 be given by (14). Suppose that for some € € (0,1/2]

1/2 4nlog,(T
Ruoy > 4V6(1 + €) (%) N V3C, (log nlog,(T) +10g2—n),

\T

Then, the type Il error of the test Y, 1 is bounded by p.
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Proof.  For ease of notation we denote W .. := W _.(w,, Ry, p,) and
(0,AQ7) = {(®+ AO",II), (G, I1)}
The type II error

Bt Rup)= sup  sup_ Pioser) {max |12} (0)lla-2 < Honr
T€Dr (0.A07)eWT, €T

can be bounded from above by inf sup sup P(@,A@r){IIZ}/ (O)|—2 < Ha,n,r}. Applying the
1€T 1eDr (0.A07)eWT,

triangle inequality as it was done in Lemma EC.2, we get the bound

BWnr,Ryp,) <inf  sup P(@A@’){”&O)”Z—Q > ur(®|IIT O AOT |20 - anT}
lET(@ A@T)E(WT
TG@T

If T <T/2, there exists a t* € 7 such that 7/2 < t* < 7. It is easy to see that

S NC= I N R

since 7 <T/2iff (T —7)/(2T —7) > 1/3.If 2 T /2, noting that uZ.(t) = ,u;_T(T —1), we can reduce

the estimation of u7.() to the previous case: there exists T —¢" € 7~ R such that (T —7)/2<T -t <

T—7and up(t') = ,ug‘T(T -t')> %\/T q(t/T). Thus, the type II error can be bounded as

B Rup) < sup  Pronen {I€()Ikoz > (I ©AO |-z = Honr .
(©.A07)eWT,
T€Dr

Since uz.(t*) > 1V3VTg(7/T) and ||T1© AO7|| > Rn,pp, We get

BnrRun) S sup  Piosor| I6( )amn > <= NTqx /TR0, ~ Honr ).
(@,A@T)EW ‘/_

TEDT

Using the definition of the threshold H, ,r and Lemma EC.9 together with ||IT1 © O||; « < w, and
IO (O +AB) |10 < wy,, We get

. 2n
Bt Rin) S sup  Posen{IE0 )b >2V2(1+ /> + Clog < p. o
(©.A0T)eW, B

TEDT
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EC.2. Lower bound results
EC.2.1. General idea of the lower bound construction

Let Y = (Y1,...,Yr) be the observations of the dynamic network following the inhomogeneous
random graph model defined on a probability space (Q, A, P). Using (8), we can see that a lower
bound on the type II error can be obtained by bounding from above the total variation distance
between the measures of Y under the null and the alternantive hypotheses. The total variation
distance is usually hard to bound and we can use instead the chi-squared or the Kullback-Leibler
divergences as ||P; — Pyllrv < m and ||P; — Polltv < \/m. Thus, the problem of
bounding the TV-distance is reduced to the problem of bounding one of these two divergences.
This is can be done using the second moment method or the fuzzy hypotheses method as follows.
Let 7,0 and m,; be some prior distributions on the set of parameters (0,AQ") = {(® +
A®T,I1),(0,I1)} of the network under Hy and Hj, respectively. Define the mixture distributions
py oY) = En.r]l"’OP(Y ) and p! | (Y) = EFLP(Y ), where P is the probability measure of Y. The expec-
tations w.r.t. to the measures pﬁi are denoted by EZ; i =0, 1. For the type II error of testing at a
given change-point 7, B(Y" ., Ry ) = sup P, A@T){lﬁ;j = 0}, the following bounds

T (@.A07) W, (WnRor)
hold true (see, for example, (Ingster and Suslina 2003)):

1
inf BT Rur) =1 =|IpL s —pLollry -
lﬂ;}TIlE‘I’(Yﬁ(wn’T’R R )— 2||P,,,1 pn’0||TV % ( )
1
21~ 5 XZ(Pn,I,Pn,o)—af
2 1/2
-3 (B dpilﬂ@ 1
Y Rl ) - —a.
2 dpn,O

Let « € (0,1) and B € (0,1 — a]. Set n = @ + B. To establish a non-asymptotic lower bound

inf  B(Yur, Rnz) = B and the corresponding (@, §)-minimax detection rate, we need to find the
n,T a

conditions on R,, » such that

2

T
2 <1+4(1-a—-B)F=1+4(1-n)

dpn
“L(y)

n,0

T
En,O
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In the case of problem (P2) of unknown change-point T € D7, bounding the type II error can be

reduced to the case of a given change-point location provided in (EC.2):

inf ﬁ(¢’n,T7 Rn,DT)

lﬁn,T ElPa/
= inf sup P(@,A(&)T){Wn,T = 0}
Yn1€¥a (@00 )eW T (wnRn, p)
TEDT
> inf sup P(@,A@T){i/’n,T = 0}’

UnThe (@ A7) W) (WnRyr)

where 7° € Dr is any possible change-point from the set of alternatives. Thus, we can reduce the
construction of the lower bound for the case of an unknown change-point to the case of a given

change-point 7*.

EC.2.2. Auxiliary lemma

Let p, € (0,1/2] and g € [-1, 1]. Denote by pg and p, the Bernoulli measures with the parameters
pn and p,(1 + g) with the corresponding densities dpy and dp, with respect to some dominating

measure A. The following simple formulas will be useful in the proof of the lower bound.

LemmA EC.5. Let p, € (0,1/2], q,q1,q> € [-1, 1]. The following relations hold true for a Bernoulli

variable X ~ py:

Jo. 12

Eo[ﬂ] X)=1+-L g,
de l_pn

dpo dpo

](X)=1+lp" q19>-

EC.2.3. Lower bound for Inhomogeneous Random Graph Model

We will establish the lower bound for the case of the known change-point location 7. Let I1,, be
the sampling matrix with the unit entries on the diagonal, diag(I1,) = 1,, and with non-zero entries,
min;; IT;; > 0. In case of min;; I1;; = 1 there is no missing links. Recall that & € (0, 1), B € (0,1 — ]

andnp=a+p.
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Proof of Theorem 2. In what follows we denote by ¢, the Dirac measure concentrated at x,
where x can be a real or a matrix value. Denote by P(Y) = H,T:1 P(Y") the measure of the observations
Y=",...,¥") from (1).

Denote by ®' =TI, ®© ®' the parameter of the observed adjacency matrix. We will impose the
following priors on the matrix parameters @’ of the dynamic network ¥ = (Y, ..., ¥7).

Step 1. Priors on the transition matrices.
Wn

Set p, = (1 —¢&,) 7 for some g, € (0, 1) that will be chosen later. Assume that under the null

n —_—
hypothesis Hy all the observed connections occur independently with the same probability p, for
all 1 <t <T.SetVy=p,(1,1}, —id,) and define the prior under Hy on the sequence of the sampled
connection probability matrices @ (1 <t < T):

T T
o@...00 = [6w@®) = ] ] 95.®).
t=1

=1 i#j
Here 6y, stands for the Dirac measure concentrated at Vj and defined on the set of matrices I1, © ®
such that (®,11,) € S,(w,). The prior is indeed concentrated on S, (w,), since ||Vo|l1.co = (n—1)p, =
(1-&)w, < wy.
Let us define the prior under Hy. Let £ = ({3, . . ., {») be a vector of i.i.d. Rademacher random vari-
ables taking values in {—1, 1} with probability 1/2. Assume that the sampled connection probability

matrices before and after the change are defined by

T T
Vl,{ = V() — (1 — f)/\n,(, Vz’é* = V() + T An,é',

rl’l,T

where A, ; = (¢L" —id,) is the change matrix with 7, = %. Note that the operator norm

n—1
of A, is equal to r, - and the energy of the change-point is g(7/T)||Az|l2—2 = Ry .
To define the prior concentrated on “W(w,, R, ), we need to show that ||V, 7[|1,c0 < wp, i =1,2 for

sufficiently large n. We have that for all n > 2 and for i =1, 2,

T™V(T-1)
D e

™V (T-1)
T

=(1—-&yp)w, + q(%)rm T-1

< (1 - 8n)wn + Rn,‘rﬁ~

IViglleo < IVoll1e0 +

=(1 —&p)wn +1nz
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Let &, = (2C,)" /4w, /%, then for all w, > \/2C, we have &, € (0, 1). It will be shown later in (EC.5)
that R, . VT < &,w, and, consequently, IVitll1,00 < wp. Thus, the prior under H; is well defined and

is given by
(@07 = ﬂavl,;((af) ﬂ Sv, ,(©).

t=7+1

Step 2. Likelihood ratio of mixtures.

To shorten the notation, denote

(1 T) nt T n,t
e ="\ )=/ 2T T e . -
1 T/ pn(n—1) 1 T pn(n—1)

Let po be the Bernoulli measure with the parameter g, and p, denote the Bernoulli measure with
the parameter p,(1 + g), as in Lemma EC.5, Section EC.2.2. We can now calculate the mixtures

under Hy that are given by

T
Pro(¥) =Egr PO = || [pop) =] | ﬂﬁn”(l —pn)! 1
i>j t=1 i>j t=
and under Hy, that are given by
Pp1(Y) =E;r P(Y) =E; “_[(l_[ Pz, 1—[ l_[ Parriigi( ,J))]

i>j t=1 i>j t=1+1

where E; stands for the expectation w.r.t. to the distribution of { and

~ ~ YL ~ ~ 1-YL
qu,TJi{j(Yi;') =(Pn + Pan,r{iéVj) i(1 = pp _PnC[k,T{ifj) i, k=1,2.

Denote by Z = {—1,+1}" the set of all sequences ¢ =({j,...,{,) taking values in {—1,+1}. Then

the likelihood ratio of mixtures is given by

n, Pgi-4ig; APop-tity g
o= (1o [] o).

[eZ i>j 1 t=1+1

Step 3. Second moment of the likelihood ratio.
Let / be an independent copy of the vector £. Then the second moment of the likelihood ratio can

be written as

1_[ l_[ dpqlT(lgj qurg,(J .t.) ﬁ dpth,réifj dpq2,‘rfié:j (Y’)
1 i dpo dpo Y

i>j t= t=1+1

dp*
Eo [dp 0] ¥ )_22n %leO




ec8 e-companion to F. Enikeeva and O. Klopp: Change-Point Detection in Dynamic Networks with Missing Links

Using Lemma EC.5, we obtain

B = X [](1+72

{LeZ 2]
The product in the last display can be written as

—gta608) 1+ TEada0dd)

D“::exp (Zﬂog(1+ Ipp qlT{lgjglgj)+(T T)log(1+1 p qug,g,(:,g,))

i>j

Note that

Pn T¢*(t/T)rs,  TR:, 1
T2 [T+ 0006, ) = e s = T =

2
nt
Wp

and denote the last quantity by u, =

(l—ﬁn)(nl =" Applying the inequality log(1 + x) < x
and using the fact that the distribution of Y, ; £;;{; is the same as the one of 3, ; ij, we obtain

the upper bound

T

dp; |
E, [ ] (¥) = — D,

Sﬁ Z eXP(%ﬂnZé‘inZj)

{.0eZ i#]

=B exp( 50 Y. 66))

i£]

1
—E, exp(5 (il "(171, — id,,)g). (EC.3)

Step 4. Upper bound on the second moment.

Using Theorem 2 in (Cortinovis and Kressner 2021), we can bound the Laplace transform of the
Rademacher chaos };,; ¢;{; as follows. Let A € R™" be a symmetric matrix with zero diagonal.
Then, VO < u<1/4,

(L2 22
1 4y~ 1-4u

logEE (¢4'4¢) < gl A} 1o

Using this inequality, from (EC.3) we obtain that for any u, < 1/2
a’pT
dpn,O

b= 1)

Eo|
0 1—2u,

a (Y><Egexp{ el (51, —id,)2 } < exp
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This bound implies that the second moment of the likelihood ratio is less than 1 +4(1 —)? if

2
I+
2C,

where C,, = log(1 +4(1 - 17)%). Note that this condition will imply u, < 1/2. Now, (EC.4) is satisfied
TR; . 1
L < (1= )1 =) (1= )V2G,

if
N
" n? n? |

Noting that Vx + 1 —v/x > (1 +24/x)~!, we get that this inequality is satisfied if

2,

o < — : (EC4)
n

2

TR

2
AT < \2C(1 - )1 - 5,)

2+/2C
x(l—l)(1+ il

n n

-1

(EC.5)

It means that all the signals with energy R,, ; satisfying (EC.5) are not detectable by any a-level test
with the type II error smaller than . Therefore the lower bound on the minimal detectable energy

for an a-level test with type II errors bounded g is given by

R;.o > (2log(1+4(1 - 77)2))1/4 =
and the theorem follows. O
EC.3. Proof of result on the change-point localization
Proof of Proposition 1. Lemma EC.9 implies that for any s € [T], with probability at least 1 — %
1€(5)|l—2 < 2V2(1 + €)@, + Cclog (2nT [y) . (EC.6)

By the definition of 7, we have || Z7(7,)|l—2 = || Z7(7)|l2—2 which implies that

pr(DA = [1E(T) -2 < p(T)A + 116(T0) 22

Using (EC.6) and the union bound we get that with probability at least 1 —vy

(H7(T) = u7(T) A < 4V2(1 + )y,
+ Celog(2nT /y). (EC.7)
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First, consider the case 7, < 7. Using the definition of u7.() (6), we compute
(7)) = pp(Tn)
1 _ %k
=T (q(x*> — 4= )
1-Xx
VTl ( o) _ o )

1 *

_\/_(1—x*)( \/ )
VT(I_x )\/x(l—xx):;x *(1-X)

> T =) X

1.5

where we use that for any x € (0, 1), x(1 — x) < 1/4. Plugging this calculation into (EC.7) we get
6V2(1 + e)vwn 1.5Cclog (2nT /y)

T—X)A < EC.8
N T S B (Eeo
Now assume that 7, > 7. Then, using the definition of ,uT(t), (6), we compute
15(7) — i (7y) =NT (q(X*) - q(f)%)
Ty (q(x ) q()?))
T (\/ - \/ - )
X
V'E \/x(l —x*) + \/x*(l -X)
> \T(1 —x*)xl_s :
which implies
(F—x)A < 6V2(1 + OV, 15C log (21T [y) ECH)

Tx* Tx*
Combining (EC.8) and (EC.9) and using ¢%(x*) < x* A (1 — x*) we get the statement of the Propo-

sition 1. O
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EC.4. Proofs of results for the sparse graphon model

We start by summarizing the notation that we use in the proofs.

Given a matrix © € [—1, 1], we define the empirical graphon associated with © as follows:

fo(x,3)=Onm1, (1) €[0,1]% (EC.10)

In the same spirit, given a vector v = (vy, ..., v;), for any x € [0, 1], we define the following piecewise

constant function

%(X) = \/ﬁvl'nx'la X € [O, 1]

and set
= vl <1},

We have that ||v||,, < 1 implies

10 1l200,11 =

S| =

n
vaiz <1.
i=1

We will need to work with a difference of two graphons, so we extend the definition of graphon
space. In what follows W refers to the collection of bounded symmetric measurable functions

W:[0,1]> —=[-11].

EC.4.1. Proofs of upper bounds

Proof of Theorem 4. We have to find a threshold H, , . such that

T

oWnr)= sup Pylynr=1}<a
WGWO

and show that

BWnr,6unr) = sup ( sup Py wrs {lﬂn,T = 0}) <p.

7€Dr \Wr, W+l eWo(n.1)

Under Hy there is no change in the graphon function W but it can be a change in the features €. Let
01 = (o W(eie j))(ij) e[nIx[n] denote the matrix of connection probabilities before the time point T

and ®; = (an(glf, s’.)) the matrix of connection probabilities after 7. Let
77 jelnix[n]

T t T—1

s=1 s=t+1

t T
ey [0 (1ZWS_L Wsoﬂ) EC1D
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denote the centered random matrices of noise corresponding to the permutation 7 . We have
Zr(t) = =1L (OAOT + &7 (1), t=1,...,T—1,

where AOT =0, — 0, o™ and

(T —1)
T

T T-71
(;1{T+1Sl‘ST} + ﬁl{lstsf})'

pr(t) =
Let 7’ be a permutation of {1,...,n} such that
n’ € argmin||®; — O o |2—0.
T

Using the definition of 7* and the triangle inequality, we have that

1ZE (0)las2 < 1 ZF (1)]la—2
< P (O)1O1 = Oy 0 a2 + |17 (1) a2

<VTq(t/T)]|01 = Oz 0 7’22 + (17 (1)l l2-2-
Now, using Lemma EC.7, we have that with probability at least 1 —4/n

101 — @0 7’||3_,, < n*63(fo,, fo,)

<20 (33(for. paW) + 53 fors W)

K
<32n° pﬁ N - log(n),

where fg, is the empirical graphon associated with ©,;. Note that, for any x > 0,
Pw(l€” (D)ll—2 > %) = Blepey)oey [P(“‘fﬂ,(t)HZ—Q>x|{5ﬁ,5:9}ﬁe(v)]- Now, we can bound
P(||§”'(t)||2_>2>x|{8,9,8:9}19€ry) using Lemma EC.9: for every 6 € (0,1), conditionally on

{&9, €4 }9ev, we have

» (T-0p1 -, 1 &, ]2
1" (Olh-z <2V2(1 + €) EP G CN

r s=1 s=t+1
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with the probability larger than 1 — &, where @' = p,, (W'(e;, €/)) . Note that [|®]|}.c0 < npy

(i,j)€[n]x[n]
and we get

’ 2n
1€ (1)l < 2(1 + €)y/2np, + Ce log (F)

with the probability larger than 1 —¢. Taking 6 = @/(2|7|), using the union bound and a > 8/n, we

obtain

oWnr) = sup Pylmax||ZF (Ol > H},p} <a.
WeW, teT

Let us turn to the type II error. The proof is close to the proof of Lemma EC.4 but, compared to
the case of inhomogeneous random graph model considered in Lemma EC.4, we need to account
for possible change in the latent variables £. The key point is to link the change in the operator
norm of the matrix of parameters to the operator norm of the corresponding empirical graphon.
Following the proof of Lemma EC.4 we can show that, if 7 < T/2, there exists t* € T~ L such that

T/2<t"<Ttand

VTq(z/T)

BWnr,0n1) < sup Py wesi {llfﬂ* ()22 > 101 =@z 07 |22 — H,, 1» }
W W €W r) V3

By the triangle inequality,

‘o VTq(/T) \ )
IET ()]la—2 > T”®l —0@y0n'|am2 —Hy o
Applying Lemma EC.6 to the right-hand side of the last display we obtain the bound
* g I’l\/T T T ~ % nﬁ T T ~ ~ y
€7 (t)]la—2 2 #”]p@l—@zoﬂ*'b—ﬂ _Ha,n,t* = #”f@l — Josorrll2—2 _Ha,n,t*'
Finally, using (EC.10) we get the bound
) mNTq(t)T)  ~ -
1€ (1) |2 > ———=—06(fe,, fo,) = Hp e
\/§ 1 2 a,n,t
Now, using twice the triangle inequality, we get
- nNTq(t/T . =
I 0= T (6, Wi W)= 8y 1) = 0 W o)~ Hor-

Note that Lemma EC.7 and 6( fo,, 0, Wi) < 62( fo., pn W;) imply

~ KiIO n 1/4
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with probability at least 1 —2/n. Take 8 > 6/n. Using Lemma EC.10 with § = /3 we obtain

* 3k E 12n
167 ()ll—2 < sup [[€7(t)]l2—2 < 2(1 + €)y2np, + Ce log (_,8 ) :
T

with probability 1 — /3. This implies that S, 1, 0, 1) < B if

Tq(r)T Ky +K>)logn)'/* 12
nTq(/T) puS(Wy, W) — dp, | KL EDIBM T o e 01+ 0y + Celog [ 12
V3 n B

Combining this condition with the threshold H . . defined in (19) and the facts that g(¢*/T) <

q(t/T)fort* <7 <T/2and K|, K, < K, we obtain the detection condition (20). The case of 7 > T/2

(L’I’ll’

is analogous. O
Proof of Theorem 6. Theorem 6 follows from combining the bounds obtained in Lemma EC.6,

Lemma EC.8 and Theorem 3. O

LEmmA EC.6. Let © = (0;;) € [-1, 1]™" be symmetric matrix. Then
1@ll22 = nll foll2—2.

Proof. By definition of the operator norm,

ola=  sup | [ foteywmindra|

¢€L2[0,1],||¢||L2 <1
[0.1]2

Then we have

@i+1)/n G+D)/n
lfolbwz=  sup 0, / v [ uea
weLal0 11wl <114 s

that can be written as

| folla—2 = sup
weLl0 1yl , <117

Z@,]v v, |

where vd' \n / (1) Y(x)dx and v/ = (v;l');?:l. Note that the Cauchy-Schwartz inequality implies

(i+1)/n 2 | (i+1)/n
/t//(x)dx < - / l//z(x)dx
n

i/n i/n

and we get that ||/ ||, < 1 for ¢ such that |||z, < 1. Now we can write

vi| = 11812

ij
vl <1

and the statement of Lemma EC.6 follows. O
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Lemma EC.7. For any K < i assume that W € Wy. Let © = (0;;) € [0, 11" be symmetric
matrix with entries ©;; = W(&;,&;) for i < j, where &; are i.i.d. uniform random variables on [0, 1].

We have that, with probability large than 1 —2/n,

. K 1/4
6(fo, W) S4(—10gn) .
n

Proof. Following the proof of Proposition 3.2 in (Klopp et al. 2017), we get

K
- 1 —~
5 (faer, AWT) < — + E |Aq — Al
n —_

a=1

with
~ 1<
A=+ Z; )
1=

and A, = A(¢~'(a)), where A stands for the Lebesgue measure. Since &1, . .., are i.i.d. uniform
random variables, n/Ta has a binomial distribution with parameters (n, 1,). We have n;l\a —nd, =
2 (Y; = A4), where Y; ~ Bernoulli(4,). Applying the Bernstein inequality we obtain that for any
t>0

|n;l\a —ndy| <

X 1/2
ZIZ (1 - /la)) +2t/3

a=1

with probability 1 —2e~". Taking ¢ = log(nK) implies that with probability 1 —2/(nK)
N 12 2
|nd, —nd,| < (2nd,log(nk))'~ + 3 log(nK).

Using K < n and the union bound we obtain that, with probability 1 —2/n,

4K log(n) - 1 ) (Klogn)l/Z N 4K logn

3n n 3n

K
N 1 2
S fW) < —+2 Z (nd.logn)'/? +
n n o n

where we use Zle Aq =1 and the Cauchy—Schwarz inequality. Using @ < 1 we complete the

proof of Lemma EC.7. O

Lemma EC.8. Assume that W € 2(y, L). Let © = (©;;) € [0, 1]™" be symmetric matrix with entries
Q;; = W(ej, g)) for i < j, where &; are i.i.d. uniform random variables on [0, 1]. We have that, with
probability at least 1 —2/n,

yAl

logn)T

§(fo, W) <2 (
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Proof. Following the proof of Proposition 3.6 in (Klopp et al. 2017), we get

m
n+1

2, 2 1x 2y
o (f@,W)S;+;Z:1‘ —S(m))

where ¥y’ =y A 1 and g, stands for the m-th largest element of the set {1, ..., &,}. Note that, the
random variable g, follows B-distribution with parameters (m, n+1-m), &.,) ~ Beta(m,n+1—-m).
The B-distribution is sub-Gaussian and the proxy variance o> for Beta(m, n + 1 — m) is bounded by
m (see, for example, (Marchal and Arbel 2017)). By the exponential Markov inequality (see,
for example, (Vershynin 2018), Lemma 5.5) we get

P {‘S(m) - i‘ > t} <2e7" /),
n+1
Taking ¢ = (logn/(n + 2))'/? implies that, with probability at least 1 —2/n?,

1/2
‘ m|_ logn
Em) — —— .
1 (n+2)

Now, applying the union bound we obtain

logn)"’

~ 2
(fo,W)< =
(Jo, W) n+(n+2

and Lemma EC.8 follows. 0O

EC.4.2. Proof of the lower bound for K-step graphons

We will start with the definition of a class of K-step graphons used throughout the proof. Let u =
K

(uy,...,ug) € (—%, %)K be a given vector satisfying >} u; = 0. Define the partition [T=|J Il
k=1 1<kl<K
of the set [0, 1]? into K2 blocks:
k-1 k I-1 !
k-1 k -1 [
Hkl(u):[7+ M,‘,E+Zui)><[7+ Mi,E+ZM,‘) V1<kIl<K.

i=1 i=1 i=1 i=1
Let Q = (Qx)1<ki<k € [0, 115K be a matrix of connection probabilities. The K-step graphon W,

is a blockwise constant function defined by

Wax,y)= D Qul{(x,y) € My (w)}. (EC.12)
kl€[K]?
Lete =(&y,...,&,) €[0,1]" be the vector of i.i.d. features uniformly distributed over [0, 1]. Note

that the community assignment of each vertex 1 is defined by the corresponding variable gy:

k-1 &8 k< 1
P{ﬁ belongs to the block k} = P{Sﬂ € [T + 1 u;, X + ;ul)} = X + ug.

i=
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We can introduce a new random variable &y = &y(u), ¥ € [n] of the block assignment following
multinomial distribution M(K, p1, ..., px) with parameters p; = 1/K + uy. Denote the correspond-
ing vector of i.i.d. multinomial variables by &, = (£1(u), ..., &,(n)) € [K]". Given &,, the connection
probabilities are given by
01(&) = PnQeu).&y L]

0, i=j.
Denote by Py, z, (A") the conditional distribution of the dynamic network at time 7 given the node

assignment &,:

Py, (A1) = [ | 060" (1 -6 .
i<j

Note that it can be written as

Al 1-AL
Pw, ¢, (A") = 1—[ Z (Pn Qi) (1 = pnQit) "I V(w0 =(k.D)}
i<j kie[K]

In what follows we denote by A = (Al,..., AT) the full set of observations and by AST =
(Al,...,A7) and A>" = (A™*!, ..., AT) the realizations before and after the time 7. We denote by
P®7(A=7) and P®7~7)(A>7) the corresponding product measures.

A K-step graphon depends on two main ingredients: the partition ITg of [0, 1]> and the connection
probability matrix Q. We will see that choosing different prior distributions on Q and IT will lead to
two different lower bounds. The first lower bound, that we call agnostic error lower bound, will be
derived from the uncertainty of sampling vector of features &. The second one, that we call network
sampling lower bound, comes from the uncertainty of random realizations of the network.

Without loss of generality, we will prove the result for K = 2. Indeed, for any K > 2,

inf sup Pyyr e {w = 0} > inf sup Py e {¢/ = 0},
Ve¥a we worleWy (5,1 Ve¥a e worteWn(s,1)
and the boundary for the case of two blocks will imply the one for K blocks.
Proof of Theorem 5.
1. Agnostic error lower bound. The first lower bound is related to the error coming from the sampling
of €. We start by choosing a prior distribution on the graphons and the assignment vectors. Based
on the prior, we will bound the Kullback-Leibler divergence between measures under the null and
the alternative hypotheses. Note that it follows from (EC.2) and the inequality %llPl — Pollrv <
,/%KL(PO,Pl) that the type II error is bounded from below by g if KL(Py,P;) <2(1 —a — )? =
2(1 —n)?. Thus, we need to provide an upper bound on the Kullvack-Leibler divergence that will

imply the corresponding lower bound on the minimax detectable distance between graphons.
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Step 1. Choice of priors. We will use W, graphons defined in (EC.12). We suppose that the
1 1

1 0/
1. Prior under Hy: we choose vector u = 0 and get a partition I1 with blocks of a constant size 1/2.

connection probability matrix Q is the same under Hy and under H; and is defined as Q =

The corresponding graphon is denoted by Wy. Let & and &) be two independent block assignment
vectors following the multinomial distribution with class probabilities py = 1/2, k = 1,2. Since
matrix Q does not change, the corresponding conditional distributions Pw, ¢, and Py, ¢ coincide.
Then, the measure under Hy be given by
PoA)=( D Péo=aPi, o (A=))( D P& =bPyLT,47)).
ae{1,2)n be{1,2)n

2. Prior under Hy: fix some 0 < A < 1/2. Letu =(4,-1),v = (=4, 1) and W,,, W, be the correspond-
ing graphons with the probabilities of classes 1/2 + A4 and 1/2 — A. The only difference between
these two graphons is a slight disequilibrium around (x, y) € [1/2 — A, 1/2 + A]%. It is not difficult to
see that 62(W,,, W,) > 2.

Let&, € {1,2}" and &, € {1,2}" be two independent class assignment vectors before and after the
change in the graphon such that P(&;(u) = k) = % +ug, P(&(v) =k) = % +vw Vi=1,...,n k=12.
Note that the prior with two different assignment vectors and the same the connection probability
matrix Q takes into account the case of a possible label mismatch before and after the change. The
measure under H; is defined as

Pia)=( D PE=aPy,_(a=)( D P& =Py T, a7).
ae{1,2}n be{1,2}n
Step 2. Bounding the divergence. Denote for brevity P(¢ = a) by P¢(a). Since the matrix Q is the
same for all graphons, the conditional probabilities generating the networks under Hy and under H;
are the same. Denote

Po(A="|a) := P%’&):a(AST) = P%’é_‘u:a(AST)

and

PQ(A>T|b) = Pa(::é%‘;)b(A>T) = Pﬁ/(‘z;;‘;)b(A>T)'

Then, we have

KL(Py, Py) = KL="(Py, Py) + KL”" (P, P})

where <r
2, Pg(a)Po(A=T]a)
ae{l,2}"

2 Pg(a)Po(A=T|a)
ae{l1,2}"

KLE"(Po,P)= > > Py (a)P(A="|a)log
AST ge{12}"
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and
, {%} P (b)Po(A™7|b)
KL"(Po.P1) = ) > Py (b)Po(A7"|b)log| — |
o be{%}hP‘fv(b)PQ(A> 1)

Taking into account that the function f(x,y) = xlog(x/y) is convex, we can apply the Jensen’s

inequality and obtain that

P P, (b
KLBoP)< Y Po(@log w(@) | > Pgé(b)logpiogb;:n(KL(Pgo,Pscu)+KL(P§6,P§V)).

ac{12}n Pe,(a) be{l2)"

The last equality follows from the fact that Ps(a) are product probabilities. Thus we have to
bound the Kullback-Leibler divergence between two binomial distributions. Using the inequality

log(1+x) > x/(1+x) Vx> —1, we obtain

1 1/4 202
KL(PgO,Pfu):Elog(lM_/lz) <=

which implies KL(Po,P;) < 4n4%/(1 — 44%). Recall that §*(W,, W,) > 21. Consequently, if § =

o(W,, W,), we can write
4

1_5432(1—;7)2

KL(Py,Py) < g

if

54 < 4n~'(1-n)? '
T 1+4n71(1-n)?
The last inequality is true if 6* < $n~1(1 — ) for all n > 8. It implies the lower bound condition on

the distance between graphons:
8\1/4
Wi W) < (3) " (1=m) 2V,

II. Network Sampling lower bound. In this part we will suppose that the transition matrix Q changes
but the partition IT does not change. In order to bound the type II error by 8 from below, we need
to show that the chi-squared divergence between the mixtures under Hy and H; is smaller that
4(1 -n).

Step 1. Choice of priors. 1t will be sufficient to show the result for the case of K = 2, since as we
will see the lower bound on the separation rate is independent of K. We will work with 2-step

graphons with fixed partition IT into 4 equal blocks I1; = [k —1/2,k/2)x [l —1/2,1/2),1 < k,[ < 2.
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Prior under Hy. We suppose that under Hy the connection probabilities are all equal to 1/2, that

1/2 1/2
isQ = / / and ©;; = p,/2, Vi # j. The corresponding graphon is denoted by Wj. Denote
1/2 1/2

Po = pn/2. Then, independently of the feature vector € = (g4, ..., &,),

T T t
=144 -7 AL
=T

i<j i=1
Prior under H;. Denote by Q1 and Q; the connection probability matrices before and after the

change-point. Let 4 > 0. We assume that

4| pP1 D2 1l P3 P4
01 =p,' and Q) =p;’
b2 D1 P4 D3
where
=oul3+(1=7)1) m=eulz-(1-7)1) m=sl5-F1) pi=e(3+7)
P1 = Pn > T ) P2 = Pn > T ) D3 = Pn > T ) P4 = Pn ) T .

Denote the corresponding graphons by Wi and W, and the corresponding matrices of connection
probabilities by @;, i = 1,2. Let & = (¢1,...,&,) be the class assignment vector of i.i.d. variables
taking values {1, 2} with probability 1/2. Then

Pi(A) = P%T(AST)P%(ZT—T)(A>T)

where
N Att‘j 1-AL, _ Afj 1-Al
Pw, (A = [ (" =p0) ™ 1{&E = £} + p, (1= po) 1 # £}
i<j
and

Pu(A) = [ (P31 =) 14 = &) + 1,1~ po)' e % 67))

i<j
Step 2. Bounding the y*-divergence. To prove the lower bound, we will need an upper bound on

the chi-squared divergence

dPp\2
X (PP = Ep (Gt )~ 14010 = ) =40 -n)"

This bound will follow from the upper bound on the second moment of the likelihood ratio:

Ep,L*(A) < 1 +4(1 -n)>,
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where L(A) = Z—R(A). Define the set S = {{a, byen*>: a<b, &= fb} and its compliment S¢.
Denote by N = n(n—1)/2 the cardinality of S U S¢ and by u the distribution of S. Denote for brevity
gi = (1= p)/(1 = po), i = 1,2,3,4. Then, L(A) = [ Ls(A)du(S), where Lg(A) = Ls(A)Lse(A) with

T T

IS (T—=7)|S] D1 ZIAEJ' D3 ZIA’t’

T -7 t= t=T+

= ] (2] (2
(iyes \Pod Pog3

and

t

gt T (L2 £ ( py \EA

N - 1= t=r+

LSC(A):q2 q4 (p_q) (p_q) .
{ijyese \FO92 094

We need to find the second moment of L(A). Let S| and S, be two independent copies of S, then
Epy[L*(A)] = [ Ep,[Ls, (A)Ls,(A)1du(S1)du(S). We can write

Ep,[Ls,(A)Ls,(A)] = Ep,[Ls, ns,(A) Lsenss (A) Ls, a5, (A)]

where
SinSy| (T-7)ISiNS: Py =t p3 =+
LSlﬁSZ(A):q? 1 2|qg 7)|S1NS2| n ( - 2) ( 2 2) ,
{i.j}esins; Po4; P43
T T
(I8¢nSS| (T-7)(ISENSE) P> EIAEJ‘ P2 ,EHA;J‘
T . 5 = 1\
Lsnss)=q, ' gy | (ﬂ) (ﬂ)
{i.jyesenss \Po92 Pody
and

Lseasc(A) = (q1q2) 4% (g3ga) T 715145 ]—[

Y > 4
( plpz )t—l ( p3p4 )r_-r+l
{i,j}€S1A8;

Piai1q2 Pia3qs
Taking into account the relations p; — po = (1 — 7/T)pud, p2 — po = —-(1 = 7/T)pud, p3 — po =
—(t/T)pnd, ps — po =(t/T)ppA and Lemma EC.2.2, we obtain

Ep,[Ls, (A)Ls,(A)] = (1, po)lS" 115105 g (7, pyy)ISia52

where ) - r
2 2 T 2 2 -
f(T,PO):(l"'(l—:) #) (1+(:) ¢)
T/ po(1-po) T/ po(1-po)
and

g(T,po)—(l (1 T) po(l—po)) (1 (T) po(l—Po)) .
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We have

Ep, [Ls, (A)Ls,(A)] = exp{|S1 N 2| + |57 N S3|1og f (7. po) +[S1 452 log g(7. po)}-

Using the bounds

\2 \2\ %0}

1 Ae(1= 2V e (T)) AP

ogf(T,Po)—(T( T) +( T)(T) )Po(l—Po)
and 2p2
2 T\2\ Ap

1 (1T 7o) P

0g g(7, po) < (T( T) * T)(T) )po(l—Po)’

and the fact that [S1AS:| +[S1 N 2| +|ST N S5| = N, we obtain

TA%p;

Er,[Ls, (A)Ls,(A)] < exp [QZ(%)M

(2181 N S| +2|S¢ N 85| - N)] .

Note that pg = p,/2 < 1/2. Thus, in order to bound the second moment likelihood ratio, we need to

control the exponential moment

T

Ep,[L%(A)] < Es,.s, {exp [(2|Sl N Sy|+2|8¢ N 5] - N)4Tq2(T)/12pn] } .

We need to control the exponential moment of the random variable U = |S1 N S| +[S] N S5, where
S1 and S, are independent random variables distributed according to u. Following the last lines of
Lemma 4.9 in (Klopp et al. 2017), denote by ¢V = (¢,...,&,) and €@ = (&, .. ., &,) the assignment
vectors corresponding to the variables S; and S, respectively. For any (i, j) € {1,2}? introduce the
random variable that counts the number of nodes in the classes i and j according to the first and the

second assignement:

Ny=|{aetm: &)= &=} G.peq2p

Then 2|S; N Sy| +n =N}, + N}, + N3, + N3, and 2|S¢ N S§| = 2Nj 1 Noa + 2N12Ny;. Hence, 2U +n =
(N1 + N22)2 +(Npp + N21)2. Note that Nij + Nop + Nip+ Ny =n. Let Z:= Ny + Ny —n/2. Itis a

centered binomial random variable with parameters (n, 1/2) and
QU-N=n/2+ZY+n/2-Z)Y -n-N=2Z>-n/2.
Consequently, we need to control the exponential moment of Z2:

Ep,[L%(A)] < Eexp [STqZ(%)/lzanZ] .
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Using Hoeffding’s inequality, we can show that P(Z? > 1) < 2¢~%/", thus Z? is subexponential with

the moments E[Z?¥] < n*k!. Consequently, for any v, such that 0 < ny, < 1 we have

Ee"Z' <1+ Z y" < Z.o(im)k

k=1

l_nyn

Set y, = 8Tq2(1)/12pn. We can see that if ny, < 4(1—7)(1 +4(1 —)?)~" < 1, then Ep,[L?(A)] <
1 +4(1 —n)>. Since 6%(Wy, W») = 442, we have v, = 2Tnp,q ( )(52 and the above condition on ny,
implies the lower bound

V2(1-7n) 1
(1+4(1=mH'2 \np,T

and the second part of the theorem follows. O

Q(%)é(Wl,Wz) <

EC.5. Auxiliary results
EC.5.1. Concentration inequalities for matrix processes

The first result is the concentration inequality for the operator norm of a random matrix with

independent entries (see Bandeira and van Handel (2016), Corollary 3.12 and Remark 3.13):

ProrosiTION EC.1 (BANDEIRA AND VAN HANDEL, 2016). Let W be an m X m symmetric matrix
whose entries W;; are independent centered random variables bounded (in absolute value) by some

0 > 0. Then, for any 0 < € < 1/2 there exists a universal constant c. such that, for every x >0

ceo?

2
P{||W||2—>222\/§(1+6)0'+x}Smexp(_ X )’

where o = max; [Zj Var(Wl-j)] 1/2

Next we apply this concentration inequality to the Matrix CUSUM statistics.

Let X" e [-1,1]™" (1 <t < T) be a sequence of matrices with independent entries Xi’j for any
1<i,j<nandforanyr=1,...T. Assume that Xl.tj are centered Bernoulli random variables taking
values in {1 — Bl?j, —Bl?j} with success probability Bl?j. Let 7 denote a permutation of {1,...,n}.

Consider the following centered matrix processes defined for 1 <¢ <7 — 1 in (7) and (EC.11):

a0 =" (%2 sz
2

£ =L (%
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LEmMA EC.9. Forany € € (0, 1/2] there exists an absolute constant C, such that, for every ¢ € (0, 1)

we have
1/2

T - 2
( +C610g§

€022 <2V2(1 +€)

|| e + 5 [1B*[[1.00
(T 0,

=t+1

with the probability larger than 1 — 6.

Proof. The result follows from the direct application of Proposition EC.1. Since X* are inde-

pendent, we can easily estimate o = max; 3, j Var[&;;(7)] from above. Indeed,

Var(&;;(1)] = t(T ( ZBS(I—BS)+ ZBs(l—Bs)

s=t+1
Therefore, since 0 < B;; <1,

t(T s
o’ < (t2 DB e + (T 7

We will show now that the norm [|£(?)||« is bounded by some o-* with high probability. Consider

Z [ S||1w).

s=t+1

the entries of the matrix £(¢) defined by

_ t(T_t) 1 . s 1 o s | $ s
&)= —F (;sz’j‘ﬂsglxﬁ =)V

s=1 S=

Since —Bl.sj < Xl.sj <1- Blf‘j we have a; < Vlj < by with

HT —1)
T

1 1
by —ag < ( <5< + 1{z<s<T})

Since X;; are independent, applying the Hoeffding inequality, we obtain for any x > 0 that for any

1<i,j<n,

2x2 e
P{|fij(t)| > x} < Zexp{—m} — 2720

Using the union bound, we get that

Pl > x} <Pl (1) > x} = 2022,

Consequently, for any & € (0,1) we have [|£(¢)]l < log'/?(2n/V6) < log'/?(2n/5) with probabil-
ity larger than 1 — §/2. Applying Proposition EC.1 given the event {llf(t)lloo < 0'*} with o, =
log!/?(2n/5) we get

x? } 0

Pl 2 2V20 + ) +2f mexpl - o)+ 5

Choosing x = v/cclog(2n/6) and C, = ci /2 we obtain the statement of the lemma. O
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LEmMA EC.10. Forany € € (0, 1/2] there exists an absolute constant C, such that, for every ¢ € (0, 1)

we have

sup €1 -2 < 2V2(1 + 9 ZnBsnm] g T t)[z 18] ) + Cetog 2

=t+1

with probability larger than 1 — 6.

Proof. Using the triangle inequality, for any fixed permutation 7, we get

T
. HT - 1
€70l </ "= (H x|+ = D, Ko
s=t+

The invariance of the operator norm under permutations implies

wonas s TR S ], 3 )

Applying Proposition EC.1 to each term of the rlght—hand side of the above inequality as it is done

‘2—>2)'

in the proof of Lemma EC.9 we get the result.

EC.5.2. Result on the Hadamard product of two matrices

LEmMMA EC.11. Let A =(A;j) € [0,00)™" and B = (B;;) € R™". Assume that diag(B) = 0. Then,

min A;;
@ij):i#j

|A® Bll2—2 2 | Bll2—2, (EC.13)

rvli
where r =rank(A © B). Moreover, if A and B are symmetric, we have that

1A© Bl > Tt 2y, (EC.14)
2Vr v 1
where

= M—(MU)~M,fI:Ig\1@B),J foriz jrank(M)'

Proof. If (rr)nn A;j = 0, then the statement of the Lemma is trivially true. Now assume that
ij)i#]
min A;; > 0. We have that
(ij):i#]

2 2
I1Bll>—,, < lIBll¢

2 a-1\2p2
= ZAij(Aij ) Bij

i£j

<max(A;')’[|A@ BI|;
£

—1\2 2
< rmax(Aij ) IIAGBl5_,,
1#]
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which implies (EC.13). On the other hand, let M be a solution to

M e arg min rank(M).
M:(M,'j): Mij:(AOB)ij fori#j

Let rank(M) = r* < r. We have that

2 2
I1Bll>—,, < lIBllr

2 A-1\2R2
= D ALAG B
i#j

- 2
< I?%-X(Aijl)z{z (AijB)ij + Zl: Mﬁ}

i£j

—1\2 2
:max(Aij )M ||z
1£]

* —-1\2 2
<r rglgx(A,-,- )Mz,

which implies

1Bllo < Vremax(A;HIIM |-
1#]

< 2Vr'max(A;;")||A© Bl (EC.15)
1#]

where in the last inequality we use that ||M|—2 < 2||A ® B||>—2. To prove it, using the triangle
inequality, itis enough to prove that || M — A® B|l2—2 < ||A® B||2—2. Let denote by 41(X) < A2(X) <

-++ < A,(X) the eigenvalues of a symmetric matrix X. Then, using Weyl’s inequality, we have that

Ajikn(AOB) < Aj(AG B— M)+ (M)

<A 1(AGB). (EC.16)

Note that r* < r implies that there exist a k such that A;(M) =0 but 1,(A © B) # 0. Assume first
that ||M — A® Bllr—» = —=11(M — A® B). Then, taking in (EC.16) j =1 we get —4;(M — A@ B) <
A(A® B) < ||A ® Bl|2—2. Now, if |M — A® B|—2 = 4,(M — A ® B), taking j = n we also get
A (M-AOB) <-4 (AOB)<||AO® B||r-2.

To conclude the proof, note that (EC.15) implies (EC.14). O
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EC.6. Numerical experiments

In this section, we provide the study of numerical performance of our method. For each setting we
applied three tests: the test - at the given change-point 7 defined in (9), the test y,,7 over the
dyadic grid 7¢ defined in (13) (we add the point | T /2] to the grid in our simulations) and the test
w,{ ;”(Y ) based on the maximum over the whole set D7 = {1,...,T — 1}. Each test is calibrated to
the significance level @ =0.05.

The test defined in (9) is based on the threshold (10) depending on some given value € € (0, 1/2]
and an unknown universal constant C.. To overcome this difficulty, we use a slightly different

threshold obtained from the matrix Bernstein inequality (see, for example, Theorem 1.4 in (Tropp

2011)). The threshold for the test ¢ . is given by

g 1 log(n/a) o 1log*(n/)
T 3\Tq(r)T) \9Tq*(x/T)

For test over the dyadic grid ,,7(Y) and the test 1//:: ;”(Y) we use the same threshold

1/2
+2k, log(n/a)) .

I:Ia,n,T(t) =

Llog(n|T|/a) ( 1log*(n|T/a)
3 NTqt)T) \9 Tq*t/T)

In order to compare the performance of the tests under different regimes (n, T, 7), we introduce

12
+2K,,10g(n/a)) . teT.

“energy-to-noise ratio" defined by
q(7/T)||AO" |22
Vkn/T
This ratio provides a numerical upper bound on the minimax testing constant (see Theorem 1).

We denote by ENR", ENRY, ENR/ the minimal detectable ENR for the tests w;T, Ynr, and whf ””,

ENR := ENR, 7(7/T, A®7) =

respectively. Here “detectable" means that the average power of the corresponding test is equal to 1
over 100 simulations. Note that the lower bound constant for any test of level @ with 8 =0 is equal
toc* = 10g1/4(1 + (1 —a)?)/(4V2) (see Theorem 2).

EC.6.1. Results for Stochastic Block Models

In this section, we apply our method to four different scenarios of Stochastic Block Models (SBM).
Recall that for an SBM model with K communities and connection probability matrix Q between the
communities the matrix of connection probabilities ® is defined as ® = ZTQZ , where Z € {0, I}K xn
is the membership matrix. Each row i of the matrix Z contains only zeros except one entry Z;; that
is equal to 1 if the node i belongs to the community j. We suppose in these simulations that the

membership matrix Z does not change.
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Scenario 1: SBM with 2 communities, change in connection probability between communities.
We suppose that the network follows the Stochastic Block Model with two balanced communities
(block sizes are |n/2] and n — |n/2].) The probabilities of connection between the communities
change at some point and are given by the following matrices Q; (before the change) and Q- (after
the change point):

0.6 1 06 o
Q1= pn . 02=pn . 0€[0,1].
1 0.6 6 0.6

Scenario 2: SBM with 2 communities, change in connection probability within one community.
As in the previous scenario, we assume that the network follow the stochastic block model with
two balanced communities. In this scenario, the matrices Q| (before the change) and Q; (after the

change point) are defined by

1 0.5 o 0.5
Q1= pn . O2=pn . 0€[0,1].
0.5 0.6 0.5 0.6

Scenario 3: SBM with 2 communities, change in connection probability within two communities.

Same setting as before, but now connection probabilities inside of both communities change:

I 0.2 o 0.2
Ql :pn > Q2:pn > 56[0’ 1]
02 1 02 o6

Scenario 4: SBM with 3 communities and change in connection probability between communities.
We suppose that the network follow the stochastic block model with three balanced communities
(the block sizes are k| = ko = |n/3] and k3 = n — k| — k3). The probabilities of connection between
the communities change at some point and are given by the following matrices Q; (before the

change) and Q, (after the change point)

06 1 06 0.6 1-6 0.6
Qr=ps| 1 06 05| Q2=py 1-6 06 05+6 | ¢€[0,0.5].
0.6 05 0.6 0.6 05+6 0.6

This scenario was considered in (Yu et al. 2021) with the constant parameter 6 = 0.5. In our study

we vary ¢ and report the test power in terms of the change in the energy.
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Scenario 5: SBM with 2 communities, change in connection probability within communities.
We suppose that the network follows the Stochastic Block Model with two balanced communities
(block sizes are |n/2] and n — [n/2].) The probabilities of connection within the communities
change at some point and are given by the following matrices Q; (before the change) and Q- (after

the change point):

06 1 o 1
lepn g Q2:pn y 66[0,1]
1 0.6 1 ¢

The sparsity p, is set to n~!/2. The sparsity parameter «,, is set to &, = %npn(HQl 1.0 V 1O2]l1.00)
for Scenarios 1-3, 5 and to «, = %npn(llQl l1.00 V [|Q2]]1.00) for Scenario 4. In all the scenarios we

have «, < \/n.

EC.6.1.1. Varying n and 7. In this part we study the dependency of the energy-to-noise ratio
ENR on n and 7. We report the results of simulations for five scenarios in Table EC.1. We see that
globally the ENR decreases when the number of observations T increases. Some changes cannot
be detected by our tests. For example, for Scenarios 1, 2 and 4 the change-point is undetectable for
T =20 and n = 100 by any test. It can be explained by the small number of observations 7" implying
the threshold that is systematically greater than the value of the test statistic. Scenario 4 seems to be
more difficult than the other ones, it might be, in particular, due to the fact that the allowed changes
are within the interval [0, 0.5] that is smaller than in Scenarios 1-3.

The ENR of the test i . is always smaller than the ENR of two other tests. Concerning the tests
over the dyadic grid and over the whole set of observations, the test ¢, 7 outperforms the test lﬁ,{ ;”

in the majority of parameter settings and scenarios.

EC.6.1.2. Estimating the sparsity. In this section, we study the performance of our tests
with the thresholds based on the estimated sparsity parameter k,. Taking the maximum of 1, co-
norms max, max; Afj as an estimator will systematically overestimate «,. Indeed, since Emax; &; =
\/@(1 +0(1)), for &; ~ N(0, 1) i.i.d., using the Gaussian approximation for binomial variables
we can show that E(max; Afj) = Ky + 2k, logn/n. To estimate «,, we first calculate Afj =2, Afj
foreachz =1,...,T. Then, we obtain a robust estimator of the sparsity taking the 0.9-level empirical
quantile of Afj. The final estimator of k, maximizes the obtained estimated sparsities k!, over ¢:
K, = max; Q({Z?: 1 Al’.j, j=1,.. .,n}, 0.9). Here Q(Z, a) denotes the a-level empirical quantile of

the sample Z. The relative risk of estimation of «;, is shown for different values of n and sparsity
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Table EC.1 The results of simulations for four proposed scenarios for n = 100 and 150.

n | T | ENR? | ENR? | ENR/ n | T | ENR® | ENRY | ENR/

Scenario 1 | 100 | 20 NA NA NA Scenario 2 | 100 | 20 NA NA NA
7/T=0.5 | 100 | 50 |2.1546 |2.4397 | 2.6298 || 7/T =0.5 | 100 | 50 | 2.1550 | 2.4766 | 2.7018

100 | 100 | 2.0612 | 2.4197 | 2.6885 100 | 100 | 2.1834 | 2.5018 | 2.7292
100 | 250 | 2.0546 | 2.4089 | 2.6923 100 | 250 | 2.0857 | 2.5172 | 2.8049
150 | 20 |2.1928 | NA NA 150 | 20 | 2.2389 | NA NA

150 | 50 | 2.1363 | 2.4515 | 2.6266 150 | 50 | 2.1812|2.5387 | 2.7175
150 | 100 | 2.0801 | 2.4763 | 2.6745 50 | 100 | 2.1239 | 2.5284 | 2.7812
150 | 250 | 2.0360 | 2.4276 | 2.7408 150 | 250 | 2.1588 | 2.5586 | 2.7984

Scenario 3 | 100 | 20 | 2.2098 | NA NA || Scenario4 | 100 | 50 | NA NA NA
7/T=0.5 | 100 | 50 |2.1253 | 2.4495 | 2.6296 || /T =0.5 | 100 | 100 | NA NA NA

100 | 100 | 2.0377 | 2.4452 | 2.6999 100 | 150 | 2.0235| NA NA
100 | 250 | 2.0137 | 2.4146 | 2.7386 100 | 250 | 2.0483 | 2.3748 | 2.7013
150 | 20 | 2.2528 | NA NA 150 | 50 | NA NA NA
150 | 50 |2.1212 | 2.4814 | 2.6815 150 | 100 | NA NA NA
150 | 100 | 2.1508 | 2.4904 | 2.7168 150 | 150 | 2.0664 | 2.4236 | NA
150 | 250 | 2.0583 | 2.4163 | 2.7743 150 | 250 | 2.0420 | 2.3713 | 2.2007

0, in Table EC.2. We can see that the choice of the quantile Q = 0.9 guarantees k, > k, which is
important to maintain the test significance at level smaller than « and it also has a good estimation

precision for a large range of graph sparsity regimes.

Table EC.2 Approximation of the relative risk of estimation R(k;,) = E(ky; — k. )/kn
over 100 simulations for T = 10, 7 =T/2, n € {100, 200, 500, 1000, 1200}, three different
levels of sparsity p, and the quantiles Q € {0.7,0.8,0.9}.

Sparsity Q ||n=100 | n=200 | n=500 | n=1000 | n=1200

0.7 || -0.0334 | -0.0352 | -0.0407 | -0.0294 | -0.0212
pn=n"""10.81-0.0018 | 0.0070 |-0.0082 | -0.0200 | -0.0067
0.9 || 0.0586 | 0.0545 | 0.0230 | 0.0029 | 0.0154

0.6 || 0.0239 | 0.0090 | -0.0008 | -0.0066 | -0.0114
pn=n"%210.8 || 0.0350 | 0.0823 | 0.0460 | 0.0310 | 0.0269
0.9 0.1342 | 0.1631 | 0.1029 | 0.0746 | 0.0677

0.7 ]| 0.1299 | 0.1412 | 0.0837 | 0.0806 | 0.0850
pn=n"" 1108 || 02712 | 0.2189 | 0.1800 | 0.1489 | 0.1486
0.9 ] 0.4892 | 0.3719 | 0.3396 | 0.2623 | 0.2577

In Fig. EC.1 we compare the performance of the test adaptive to the unknown sparsity level
with the test where we use the true value k;,,. We consider Scenario 1 with n =100, T = 100 and
Scenario 4 with n = 100, T = 250. For Scenario 1, «, ~ 0.8np, and, for Scenario 4, x, = 0.77np,,. In
our simulations the change-point is located in the middle. For Scenario 1 with 7 = 100, our estimator
kn slightly overestimates the true value «,, = 7.94 with the average value k, = 12.9129 calculated

over 100 simulations and over all values of the parameter ¢. For Scenario 4 and 7' = 250 we obtain
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Figure EC.1 The test powers with known (tests ) and estimated sparsity parameters (tests z’ﬁ) for n =100, 7/T = 0.5 and
T =100 for Scenario 1 (on the left) and 7 = 250 for Scenario 4 (on the right).

Scenario 1: test power for 7' =100, n =100, 7 =50 Scenario 4: test power for T' =250, n =100, 7 =125
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a better estimation that is equal to k,, = 11.6858 while the true value k, = 7.26. For Scenario 1, the
tests adaptive to the unknown sparsity level behave quite well with a reasonable power and with
the ENR that is about 1.25 times greater than the ENR of the corresponding test with known «;,.
For Scenario 4 the proportion between the ENRs is about 1.07 times. Better performances of the
adaptive test for Scenario 4 is expected as in this case the change in the sparsity level of the network
is less important than in the Scenario 1. Our test construction is based on the upper bound for the
sparsity level for all ¢ and naturally gives better results in the case of the change which is more

homogeneous in terms of sparsity.

EC.6.2. Coping with missing links

EC.6.2.1. Change-point localization in the case of uniform sampling. We have simulated
the networks of size n = 100 from Scenario 1 with 7 = 100 and a change-point located at 7 €
{5,25,50}. The networks have missing links generated according to the uniform sampling matrix
I1 = p, (1,1}, — id,) with the sampling rate p, € (0, 1]. We compute the average absolute error of our
estimator 7 defined in (16) over N = 100 simulations normalized by the number of observations 7':
Ry(T,7)=(NT)! Zf\i | ITi — 7|. We present the dependence of this risk on the sampling rate p, and
on the norm of the jump AG®T.

In Fig. EC.2 we observe the dependence of the risk on the location 7: the closer 7 is to the
middle of the interval, the easier the estimation is. The dependence of the rate of convergence of 7
on the norm ||I1 ® A@7 |22 = p,||AO7 |- is represented by the level curve p,||A@' ||, ~ const
separating the black area corresponding to a low change-point localization error from the light one

with the higher error.
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Figure EC.2 The risk of the change-point estimator under Scenario 1 for 7 = 100, n = 100 and the change-points 7 € {5,25,50}
(left to right). The links are observed at the constant sampling rate p, € (0, 1]. The estimation is easier when the

change-point is located in the middle (the graph to the right).

The risk Ry(7,7), 7 =5, T =100, n =100

The risk Ry(7,7), 7 =25, T =100, n =100 The risk LE[7 — 7|, 7 =50, T =100, n =100

2 3 2 3
1AO7 (|22 |A07[l2-2

2 3
[N

EC.6.2.2. Change-point localization for non-uniform sampling patterns. We have simu-
lated the networks of size n = 100 with the change point in the middle of 7 = 100 observations
following three different sampling patterns:

Setting A. Change-point in missing communication.
The networks before and after the change follow Scenario 1. The sampling matrix IT = Z'T1Z has

the same community structure as the networks before and after the change and follows “missing in

L ~ p . . . .
communication" pattern: I1 = . This example was considered in Section 3.4.
p 1
Setting B. Change-point in communication, within groups missing values.

The networks before and after the change follow Scenario 1. The sampling matrix IT = Z'T1Z has
the same community structure as the networks before and after the change and follows “missing
p 1

L p
Setting C. Change-point and missing links withing communities.

within groups" pattern: I1 =

The networks before and after the change follow Scenario 5. The sampling matrix IT = Z'T1Z has

the same community structure as the networks before and after the change and follows “missing in
1

1 1-p
In Fig. EC.3 we present the results of the simulations that show the dependence of the risk of

communication" pattern: II =

estimation on the sampling probability p and the jump norm ||A®|>—;. Under Setting A, the
distortion parameter is &,(IT, ®) = p/V2 and we see that the level curve is given by p||A® [, =
const since the links between the communities with a change-point are sampled at the uniform rate
p- Under Setting B, the missing links do not affect the change-point estimation since ||[II©®A®||,—, =

||A®||2—2, the level curve is constant and the change-point estimation risk is independent of the link
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Figure EC.3 The risk of the change-point estimator under three different patterns of missing links for 7 = 100, n = 100 and

7 =50 (Settings A—C, from left to right).
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sampling. Finally, under Setting C, the distortion parameter is equal to 6,(IT,®) = (p A 1 — p)/V2
and we see a different level curve (p A 1 — p)||A®7||>—7 =~ const with the change in connection

probabilities within blocks and links observed with different sampling probabilities p and 1 — p.

EC.6.3. Change-point detection under temporal dependence

Following the reviewer’s suggestion, we study the robustness of our testing procedure to the temporal
dependency in the observations. We observe a realization of the network A = {A’, 1 <r < T}
without missing links and with temporal dependence for given nodes 7, j. We suppose that the
process A;J. is a Markov chain with values in {0, 1} and the stationary connection probabilities ®?j
for 1 <t <7 and G)l.lj for 7 <t <T. The Markov model for Bernoulli trials that we will use was

proposed and studied by Klotz (1973). Let 4 € (0, 1) be some given value and

0y 0y
1-(1- Vg (1= V=g

1-4 A

ij=
be the transition matrix of the Markov chain (Aij) for given i,j with the connection probability
Q= ®?jl{1sz57} + @}jl{K,g}. Note that for 4 = ®;; we have II;; = ©;; and the observations Alfj
are independent. We have P{ AZ?JJF‘ = 1|Al?j = 1} = A and

®;:

1 ij
P{arr! =114, =0} =(1 Vg
It can be easily seen that if 1 > ©;; the probability to observe a link between i and j given the presence
of a link in the past is greater than ©;; and the probability of absence of link given the absent link in
the past is greater than 1 — ©;;. Thus, in this case we will have the observations {A! i 1<t<T}of

zeros and ones that form clusters. Vice versa, if 4 < ©;;, it will be less probable that the observations



ec34 e-companion to F. Enikeeva and O. Klopp: Change-Point Detection in Dynamic Networks with Missing Links

Figure EC.4  The test power for the Markov dependent networks with n = 100 vertexes and A = 0.6 following Scenario 1 (on the
left) for T = 100, and Scenario 4 (on the right) for T = 250.
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form clusters. The correlations between X; and X,,j, are given by p;;(X;, X;45) = o, | ° heZ

and decrease exponentially with 4. It suggests that for small values of A, when the dependence
becomes weak, the testing procedure would give better results rather than for the values of A that
are close to one.

We will use the Matrix CUSUM test statistic for detection of a change-point at a given location
for different degrees of dependency. In order to check the test behavior under the dependency, we
will trace the ROC curves for A € {27%, 1 < k < 5} and compare them to the ROC curve obtained
for the independent case. We have performed 250 simulations of networks with and without a
change following Scenarios 1 and 4 for n = 100, 7' = 100, and with the change-point located in
the middle. Then, according to the values of the test statistic, we calculated the True Positive Rate
(TPR), corresponding to the correctly detected alternative hypothesis of presence of a change and
the False Positive Rate (FPR) that corresponds to incorrectly rejected null hypothesis. In Fig. EC.4
the ROC curves are presented for the SBM networks following Scenario 1 and 4. It turns out that
for A = 1/2, when the dependency is high, the test behaves almost as a random guess. On the other
hand, for small values of A =1/32,1/16 (the blue curves), the test statistic works better on the
dependent data than for the independent case. It is known that the testing procedure can benefit
from the presence of dependency, see, for example, (Enikeeva et al. 2020) where the influence of
dependency on the change-point detection was studied in the case of Gaussian time series. Finally,
we obseve that for 4 = 1/8 the test statistic have the same performance as in the independent case.

We have also tested the influence of the dependency on the estimation procedure. We performed

100 simulations of networks following Scenarios 1, 4 and 5 for 7 = 100, n = 100 and the change-
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Figure EC.5 The risk of the change-point estimator for 7' = 100, n = 100 and the change-point in the middle, T = 50 for Scenarios
1,4, and 5.

The risk Ry(7,7) for Scenario 1 The risk Ry(7,7) for Scenario 4 The risk Ry (7, 7) for Scenario 5
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point in the middle. In Fig. EC.5 we present the empirical risk of the change-point estimator 7
depending on the norm of the jump [|A®||>—, and on A € (0,1). We see that the results for all
scenarios show the same dependence of the risk on A and ||A®||,—,>. In the detectability zone (deep
blue and blue zones), we see that the performance of the estimator increases if A decreases, as in
the case of testing. If we compare the result for Scenario 1 to the one for the independent case
presented in Fig. EC.3 in the middle (there is no influence of the missing links here), we see that
beyond the detectability zone when [|A®||,—> < 0.5, the change-point estimation benefits from the
dependency if A increases. Overall, the Matrix CUSUM statistic shows a pretty good performance

for this model of dependency both in terms of estimation and testing.

EC.6.4. Results for graphon model

In this section, we simulate a dynamic network from graphon model with the graphon function in

Holder classes with
Wi(x,y)=xy before the change and Wg (x,y)=(xy)?” after the change.

Here y > 1 is the smoothness parameter that defines the impact of the change. We suppose that the
assignment vector & does not change. The sparsity parameter is set to p, = 1/4/n. The smoothness
parameter y varies from 1 to 5, the change-point is at the middle of the interval, that is 7 =72,
and the number of observations is 7 = 100. The matrix size varies from 50 to 400.

On the left hand side of Fig. EC.6 we see the dependence of the power of three tests w;T, YnT,
wr{ ;” on the smoothness parameter y. The results are similar to those obtained for the SBMs, the
test over the dyadic grid outperforms the test over the whole grid and both are less powerful that
testing at a given change-point 7. The change in graphons with smoothness y > 3 can be detected

with power close to 1. The graph on the right hand side of Fig. EC.6 shows the power of the
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Figure EC.6 Power of testing the change in the Holder class graphons at 7 =7/2, T = 100. The graph to the left displays the
power for three different test for n = 200. The graph to the right shows the power of the test l//; r for different

values of y depending on the matrix size n.
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test 7 . for different sizes of networks n € {50, 100,200, 300,400} and for different values of the
smoothness y. We can see that the detection power grows with n that confirms the detection rate
1/+/np,T. On the other hand, the smaller is the smoothness 7, the harder the detection will be. For

example, if y = 4, the detection power is 1 starting from n = 100 and for y = 2, the detection power

becomes close to 1 only for n = 400.



