
ec2 e-companion to Zu, Iyer, and Xu: Learning to Persuade on the Fly

Learning to Persuade on the Fly: Robustness
Against Ignorance

Online Appendix

You Zu, Krishnamurthy Iyer and Haifeng Xu

Appendix A: Examples of Persuasion Instances

In this section, we provide examples of instances that illuminate various aspects of our theoretical results.

A.1. Failure of the Regularity Condition

We begin with an example of an instance I1 in which the regularity condition does not hold, and in which

any β-robustly persuasive algorithm incurs a linear regret. We establish this by proving that in this instance,

the cost of robust persuasion Gap(µ∗,B1(µ
∗, ϵ)) is a constant independent of ϵ for all ϵ > 0.

In the persuasion instance I1, the state space is given by Ω= {ω0, ω1, ω2} and the receiver has four actions

A= {a0, a1, a2, a3}. The receiver’s utility is given by u(ωi, aj) = I{i= j}+ 1
3
I{j = 3} for i∈ {0,1,2} and

j ∈ {0,1,2,3}. The sender’s payoff is given by v(ωi, aj) = I{j = 3}; in other words, the sender strictly

prefers the receiver choosing action a3 over any other action in all states. The sender’s initial knowledge

regarding the underlying state distribution is captured by B0 = B1(µ
∗, ϵ0) for some ϵ0 > 0, where µ∗ =

( 1
6
, 2
3
, 1
6
).

The receiver’s preferences can be depicted as in Fig. EC.1, with sets Pj for j ∈ {0,1,2} denoting the set

of beliefs for which the receiver finds it optimal to choose action aj . On the other hand, the set of beliefs for

which it is optimal for the receiver to choose the sender’s preferred action a3 is given by P3 = {µ̄} where

µ̄ = ( 1
3
, 1
3
, 1
3
) (the orange central point in the figure). Since P3 has an empty interior, the first regularity

condition fails for the instance I1.

Figure EC.1 The persuasion instance I1.
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If the distribution µ∗ is known, the sender can use a signaling mechanism that induces µ̄ as the posterior

belief with positive probability, causing the receiver to choose action a3 leading to a positive payoff for the

sender. Formally, under the distribution µ∗ = ( 1
6
, 2
3
, 1
6
), the optimal signaling mechanism is given by

σ∗(ω1, a3) = 1−σ∗(ω1, a1) =
1

4
,

σ∗(ω0, a3) = σ∗(ω2, a3) = 1,

σ∗(ω,a) = 0, otherwise.

Under this mechanism, the sender’s utility is given by OPT(µ∗) = 1
2
.

However, for any ϵ > 0, the only recommendations that are robustly persuasive for all distributions in

B1(µ
∗, ϵ) are a0, a1, a2. Thus, any signaling mechanism that is persuasive for all distributions in B1(µ

∗, ϵ)

can never recommend the sender’s preferred action a3, leading to the sender’s payoff of zero. Hence, the

difference in the sender’s expected utility between using the optimal persuasive signaling mechanism for the

distribution µ∗ and using the optimal signaling mechanism that is persuasive for all distributions in B1(µ
∗, ϵ)

is given by

Gap(µ∗,B1(µ
∗, ϵ)) = V (µ∗, σ∗)−V (µ∗, σ̂) =

1

2
.

Thus, Gap(µ∗,B1(µ
∗, ϵ)) is a constant independent of ϵ > 0. Using this bound on the cost of robust persuasion

and an argument similar to the proof of Theorem 3, one can show that the regret of any β-robustly persuasive

mechanism is of order Ω(T ) with probability at least 1/3.

A.2. Linear regret for 0-robustly persuasive mechanisms

In this section, we establish the necessity to consider β-robustly persuasive mechanisms with (small) β > 0

for obtaining meaningful regret bounds. This is demonstrated by a simple example of the persuasion instance

I2 in which any 0-robustly persuasive algorithm necessarily incurs a linear regret.

In the persuasion instance I2, the state space is given by Ω= {ω0, ω1} and the receiver’s action space

is given by A= {a0, a1}. The receiver’s utility is given by u(ωi, aj) = I{i= j} for i, j ∈ {0,1}, i.e., the

receiver desires to “match” the action with the state. On the other hand, the sender strictly prefers the receiver

choosing action a0 over action a1 in all states, i.e., v(ωi, aj) = I{j = 0} for all i, j ∈ {0,1}. The sender’s

initial knowledge regarding the distribution is captured by B0 = {( 12 −α, 1
2
+α) : α∈ [− 1

4
,+ 1

4
]}.

For each i∈ {0,1}, the set of beliefs for which it is optimal for the receiver to choose action ai is given by

Pi where P0 = {(a,1− a) : a∈ [ 1
2
,1]} and P1 = {(a,1− a) : a∈ [0, 1

2
]}. Note that the persuasion instance

I2 satisfies both the regularity conditions.

Now, since all the distributions in B0 are absolutely continuous with respect to each other, any algorithm a

that is 0-robustly persuasive must select at each time t∈ [T ] a signaling mechanism σt in the set Pers(B0).

However, it is straightforward to verify that among all mechanisms that are persuasive for all distributions
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in B0, the one that maximizes sender’s payoff is given by σ̂(ω0, a0) = 1 − σ̂(ω0, a1) = 1, σ̂(ω1, a0) =

1− σ̂(ω1, a1) =
1
3
. For the distribution µ∗ = ( 1

2
, 1
2
)∈P0 ∩B0, it follows that the sender’s payoff under σ̂ is

V (µ∗, σ̂) = 2
3
.

On the other hand, since µ∗ ∈P0 ∩B0, the signaling mechanism that recommends action a0 in both states

is persuasive for µ∗, and thus achieves an expected payoff of OPT(µ∗) = 1. Thus, we deduce that for the

distribution µ∗, any 0-robustly persuasive algorithm must incur a constant regret of at least 1
3

at each time

leading to an overall regret linear in T .

Appendix B: Proofs from Section 3

This section provides the proof of Theorem 1, along with a helper lemma establishing the concentration of

the empirical distribution around the (unknown) distribution.

Proof of Theorem 1. If µ∗ ∈ Bt for each t ∈ [T ], then since σ[ht] is persuasive under all distributions

in Bt, we deduce that σ[ht] is persuasive under the distribution µ∗ for all t∈ [T ]. Thus, we obtain that the

Rai-algorithm is β-robustly persuasive for

β = sup
µ∗∈B0

Pµ∗
(
∩t∈[T ]Bt ̸∋ µ∗) .

Now, for any µ∈B0, using the union bound we get

Pµ

(
∩t∈[T ]Bt ̸∋ µ

)
=Pµ

(
∪t∈[T ]Bc

t ∋ µ
)

≤
∑
t∈[T ]

Pµ (Bc
t ∋ µ)

=
∑
t∈[T ]

Pµ (∥γt−µ∥1 > ϵt)

=
∑
t∈[T ]

Pµ

(
∥γt−µ∥1 >

√
|Ω|
t

(
1+

√
ΦlogT

))
.

For t < 1
4
ΦlogT , we have√

|Ω|
t

(
1+

√
ΦlogT

)
> 2
√
|Ω|
(
1+

1√
ΦlogT

)
≥ 2.

Hence, Pµ

(
∥γt−µ∥1 >

√
|Ω|
t

(
1+
√
ΦlogT

))
= 0. On the other hand, for t ≥ 1

4
ΦlogT , we have

√
ΦlogT ≤ 2

√
t, and hence from Lemma EC.1, we obtain∑

t≥ 1
4ΦlogT

Pµ

(
∥γt−µ∥1 >

√
|Ω|
t

(
1+

√
ΦlogT

))
≤

∑
t≥ 1

4ΦlogT

exp

(
−3Φ logT

√
Ω

56

)

≤ T− 3Φ
√

Ω
56

(
T − ΦlogT

4

)
≤ T 1− 3Φ

√
Ω

56 .

Setting Φ> 20 implies that the final term is at most T−0.5. □
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The following lemma provides a bound on the ℓ1-norm of the deviation of the empirical distribution from

its mean.

LEMMA EC.1. For each t∈ [T ], and for any µ∈∆(Ω), we have for all 0<Φt ≤ 2
√
t,

Pµ

(
∥γt−µ∥1 ≥

√
|Ω|
t

(1+Φt)

)
≤ exp

(
−3Φ2

t

√
Ω

56

)
I

{√
|Ω|
t

(1+Φt)≤ 2

}
.

Proof. Let Xt ∈ {0,1}|Ω| denote the random variable with Xt(ω) = I{ωt = ω}, and define Yt =Xt−
Eµ[Xt]. Let Zt = ∥

∑
τ∈[t] Yτ∥

1
. Since ∥Yt∥1 ≤ ∥Xt−Eµ[Xt]∥1 ≤ 2 for each t∈ [T ], by Foucart and Rauhut

(2013, Corollary 8.46), we obtain for each t∈ [T ],

Pµ (Zt ≥Eµ[Zt] + s)≤ exp

(
− 3s2

4 (6t+6Eµ[Zt] + s)

)
.

Next, letting Zt,ω = |
∑

τ∈[t] Yτ (ω)| for ω ∈Ω, we obtain

Eµ[Zt] =
∑
ω∈Ω

Eµ[Zt,ω]

=
∑
ω∈Ω

Eµ[
√
Z2

t,ω]

≤
∑
ω∈Ω

√
Eµ[Z2

t,ω]

=
∑
ω∈Ω

√∑
τ∈[t]

Varµ[Yτ (ω)]

=
√
t ·
∑
ω∈Ω

√
µ(ω)(1−µ(ω))

≤
√
|Ω|t,

where the first inequality follows from Jensen’s inequality, and the third equality follows from the fact that,

since Eµ[Yt(ω)] = 0, we have E[Z2
t,ω] =

∑
τ∈[t]Varµ[Yτ (ω)]. The final step follows from a straightforward

optimization. Thus, we obtain

Pµ

(
Zt ≥

√
|Ω|t+ s

)
≤ exp

− 3s2

4
(
6t+6

√
|Ω|t+ s

)
 .

Choosing s=Φt

√
|Ω|t for 0<Φt ≤ 2

√
t, and noting that Zt = t∥γt−µ∥1, we obtain

Pµ

(
∥γt−µ∥1 ≥

√
|Ω|
t

(1+Φt)

)
≤ exp

− 3Φ2
t |Ω|t

4
(
6t+6

√
|Ω|t+Φt

√
|Ω|t

)


≤ exp

(
−

3Φ2
t

√
|Ω|

4
(
12+Φt/

√
t
))

≤ exp

(
−3Φ2

t

√
Ω

56

)
.

The lemma statement then follows after noticing that for all t∈ [T ], we have ∥γt−µ∥1 ≤ ∥γt∥1 + ∥µ∥1 ≤
2. □
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Appendix C: Proofs from Section 4

This section provides the proofs of the propositions in Section 4. Throughout, we use the same notation as in

the main text.

Proof of Proposition 2. Observe that for ϵ > p20D

4
, we have 4ϵ

p20D
> 1, and hence the specified bound is

trivial. Hence, hereafter, we assume ϵ≤ p20D

4
.

To begin, let σ ∈ argmaxσ′∈Pers(µ) V (µ,σ′) denote the optimal signaling mechanism under the distribution

µ. Let A+ = {a∈A :
∑

ω∈Ω σ(ω,a)> 0} denote the set of all actions that are recommended with positive

probability under σ. For each a∈A+, let µa denote the receiver’s posterior belief (under signaling mechanism

σ) upon receiving the action recommendation a. Note that since σ is persuasive under µ, we must have

µa ∈ Pa. By the splitting lemma (Aumann et al. 1995), it then follows that µ can be written as a convex

combination
∑

a∈A+
waµa of {µa : a∈A+}, where wa ∈ [0,1] is given by wa =

∑
ω∈Ω µ(ω)σ(ω,a).

We next explicitly construct a signaling mechanism σ̂. To simplify the proof argument, the signaling

mechanism σ̂ we construct is not a straightforward mechanism, in the sense that it reveals more than

just action recommendations for signals in S. Using revelation principle, one can construct an equivalent

straightforward mechanism σ̄ by coalescing (Anunrojwong et al. 2020) signals with the same best response

for the signal. We omit the details of this reduction. We start with some definitions that are needed to construct

the signaling mechanism σ̂.

Let ηa ∈Pa be such that B1(ηa,D)⊆Pa. For δ = 2ϵ
p0D
∈ [0,1], define ξa = (1− δ)µa+ δηa ∈Pa for each

a∈A+ and let ξ =
∑

a∈A+
waξa. Furthermore, since µa ∈Pa and B1(ηa,D)⊆Pa, the convexity of the set

Pa implies that B1(ξa, δD)⊆Pa.

Since µ ∈ B0 ⊆ relint(∆(Ω)), we have 1
1−ρ

(µ − ρξ) ∈ ∆(Ω) for all small enough ρ > 0. Let ρ̄ ≜

sup
{
ρ∈ [0,1] : 1

1−ρ
(µ− ρξ)∈∆(Ω)

}
be the largest such value in [0,1], and define χ as

χ≜

{
1

1−ρ̄
(µ− ρ̄ξ) , if ρ̄ < 1;

µ, if ρ̄= 1.

Then, we obtain µ= ρ̄ξ+(1− ρ̄)χ. Furthermore, if ρ̄ < 1, we have

ρ̄=
∥χ−µ∥1

∥χ−µ∥1 + ∥µ− ξ∥1
≥ p0

p0 + δ
,

where the inequality follows from ∥µ− ξ∥1 ≤
∑

a∈A+
wa∥µa− ξa∥1 = δ

∑
a∈A+

wa∥ηa− ξa∥1 ≤ 2δ and

from the fact that χ lies in the boundary of ∆(Ω), which implies ∥χ−µ∥1 ≥ 2minω µ(ω)≥ 2p0.

With the preceding definitions in place, we are now ready to construct the mechanism σ̂. Let aω be a best

response for the receiver at state ω ∈Ω, and let S = {(ω,aω)∈Ω×A : χ(ω)> 0}. Consider the signaling

mechanism σ̂, with the set of signals A+ ∪S, defined as follows: for each ω ∈Ω, let

σ̂(ω, s)≜


ρ̄waξa(ω)

µ(ω)
, for s= a∈A+;

(1− ρ̄)χ(ω)

µ(ω)
, for s= (ω,aω)∈ S;

0, otherwise.
(EC.1)
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We now show that the signaling mechanism σ̂ is persuasive for all distributions in B1(µ, ϵ), in the sense that

for all signals s∈A+ it is optimal for the receiver to play s, and for all signals s= (ω,aω)∈ S, it is optimal

for the receiver to play aω. To see this, for any γ ∈B1(µ, ϵ), let γ(·|s) denote the receiver’s posterior under

signaling mechanism σ̂ upon receiving the signal s ∈A+ ∪ S. For s= (ω,aω) ∈ S, we have γ(·|s) = eω,

where eω is the belief that puts all its weight on ω ∈ Ω. Thus, upon receiving the signal s= (ω,aω) it is

optimal for the receiver with the distribution γ to take action aω. Thus, it only remains to show that signals

s= a∈A+ are persuasive.

For a∈A+, we have for ω ∈Ω,

µ(ω|a) = µ(ω)σ̂(ω,a)∑
ω′∈Ω µ(ω

′)σ̂(ω′, a)
= ξa(ω)

γ(ω|a) = γ(ω)σ̂(ω,a)∑
ω′∈Ω γ(ω

′)σ̂(ω′, a)
=

γ(ω)

µ(ω)
· ξa(ω)∑

ω′∈Ω
γ(ω′)ξa(ω′)

µ(ω′)

.

Then, using triangle inequality and some algebra, we obtain

∥γ(·|a)−µ(·|a)∥1 =
∑
ω∈Ω

|γ(ω|a)− ξa(ω)|

≤
∑
ω∈Ω

∣∣∣∣γ(ω|a)− γ(ω)

µ(ω)
· ξa(ω)

∣∣∣∣+∑
ω∈Ω

∣∣∣∣γ(ω)µ(ω)
· ξa(ω)− ξa(ω)

∣∣∣∣
≤ 2 · sup

ω∈Ω

ξa(ω)

µ(ω)
· ∥γ−µ∥1

≤ 2ϵ

p0
,

where in the final inequality, we have used minω µ(ω)≥ p0 to get supω∈Ω
ξa(ω)

µ(ω)
≤ 1

p0
. Since µ(·|a) = ξa,

this implies that γ(·|a) ∈ B1

(
ξa,

2ϵ
p0

)
= B1(ξa, δD) ⊆ Pa. Thus, the signal a ∈ A+ is persuasive for the

distribution γ ∈ B1(µ, ϵ). Taken together, we obtain that the signaling mechanism σ̂ is persuasive for all

γ ∈B1(µ, ϵ).

The persuasiveness of σ̂ for all γ ∈B1(µ, ϵ) implies that

sup
σ′∈Pers(B1(µ,ϵ))

V (µ,σ′)≥ V (µ, σ̂)

=
∑
ω∈Ω

∑
a∈A+

µ(ω)σ̂(ω,a)v(ω,a)+
∑
ω∈Ω

∑
s∈S

µ(ω)σ̂(ω, s)v(ω,aω)

≥
∑
ω∈Ω

∑
a∈A+

ρ̄waξa(ω)v(ω,a)

= ρ̄
∑
ω∈Ω

∑
a∈A+

wa ((1− δ)µa(ω)+ δηa(ω))v(ω,a)

≥ ρ̄(1− δ)
∑
ω∈Ω

∑
a∈A+

waµa(ω)v(ω,a)

= ρ̄(1− δ)OPT(µ).



ec8 e-companion to Zu, Iyer, and Xu: Learning to Persuade on the Fly

Thus, we obtain

Gap(µ,B1(µ, ϵ)) =OPT(µ)− sup
σ′∈Pers(B1(µ,ϵ))

V (µ,σ′)

≤ (1− ρ̄(1− δ))OPT(µ)

≤
(

4

p20D

)
ϵ,

where the final inequality follows from ρ̄≥ p0
p0+δ

, δ = 2ϵ
p0D

and OPT(µ)≤ 1. □

Proof of Proposition 3. It is straightforward to verify that the following signaling mechanism σ∗ ∈

Pers(µ∗) optimizes the sender’s expected utility among all mechanisms in Pers(µ∗):

σ∗(ω0, a1) = σ∗(ω0, a2) =
1

2
,

σ∗(ω1, a1) = σ∗(ω2, a2) =
1

2
+

D

2(1− p0)
,

σ∗(ω1, a2) = σ∗(ω2, a1) =
1

2
− D

2(1− p0)
,

σ∗(ω,a) = 0, otherwise.

Since the action recommendations are always in {a1, a2}, we obtain OPT(µ∗) = 1.

Recall that µ̄1 = µ∗ + ϵ
2
(e1 − e2), µ̄2 = µ∗ + ϵ

2
(e2 − e1). By the linearity of obedience constraints and

µ∗ = (µ̄1 + µ̄2)/2, it follows that Pers({µ∗, µ̄1, µ̄2}) can be obtained by imposing the obedience constraints

at distributions µ̄1 and µ̄2. The optimization problem maxσ{V (µ∗, σ) : σ ∈ Pers({µ̄1, µ̄2})} can be solved

to obtain the following optimal signaling mechanism:

σ̂(ω0, a1) = σ̂(ω0, a2) =
1

2
,

σ̂(ω1, a1) = σ̂(ω2, a2) =
X

Z
,

σ̂(ω1, a2) = σ̂(ω2, a1) =
Y

Z
,

σ̂(ω1, a3) = σ̂(ω2, a4) = 1− σ̂(ω1, a1)− σ̂(ω1, a2),

σ̂(ω,a) = 0, otherwise,

where

X = 2p0(1− p0− ϵ)(1− p0 +D)D2 + p0(1− p0 + ϵ)(1− p0−D− 2D2),

Y = p0(1− p0− ϵ)(1− p0− 3D+2D2)+ 2p0(1− p0 + ϵ)(1− p0−D)(1− 2D)D2,

Z = (1− p0 + ϵ)2(1− p0−D)(1− 2D)(1− p0−D− 2D2)

− (1− p0− ϵ)2(1− p0 +D)(1− p0− 3D+2D2).
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The difference in the sender’s expected utility between using the optimal persuasive signaling mechanism for

the distribution µ∗ ∈B and using the optimal signaling mechanism that is persuasive for all distributions in

{µ∗, µ̄1, µ̄2} is given by

Gap(µ∗,Pers(µ∗, µ̄1, µ̄2)) = V (µ∗, σ∗)−V (µ∗, σ̂)

≥ ϵ

2

1/2+Dp0(1+ ϵ/2−Dp0−D)

Dp0 + ϵ

≥ ϵ

8Dp0
. □

Appendix D: Proofs from Section 5

D.1. Proof of Theorem 2

In this section, we provide the proof of Theorem 2. In the process, we also state and prove several helper

lemmas used in the proof.

Proof of Theorem 2. In Lemma EC.2, we obtain the following bound on the regret:

RegI(Rai, µ∗, T )≤
∑
t∈[T ]

Gap(µ∗,B1(µ
∗,∥µ∗− γt∥1))+

∑
t∈[T ]

Gap(γt,Bt)

+
∑
t∈[T ]

∥µ∗− γt∥1 +
∑
t∈[T ]

(Eµ∗ [v(ωt, at)|ht]− v(ωt, at)) .

Now, from Proposition 2, we have

Gap(µ∗,B1(µ
∗,∥µ∗− γt∥1))≤

(
4

p20D

)
· ∥µ∗− γt∥1.

Thus, we obtain

RegI(Rai, µ∗, T )≤
∑
t∈[T ]

Gap(γt,Bt)+

(
4

p20D
+1

)∑
t∈[T ]

∥µ∗− γt∥1

+
∑
t∈[T ]

Eµ∗ [v(ωt, at)|ht]− v(ωt, at).

Finally, in Lemma EC.5, we show that on the event {µ∗ ∈Bt}, we have Gap(γt,Bt)≤
(

16

p20D

)
ϵt. Thus, on

the event {µ∗ ∈∩t∈[T ]Bt}, we obtain

RegI(Rai, µ∗, T )≤
(

20

p20D
+1

)∑
t∈[T ]

ϵt +
∑
t∈[T ]

Eµ∗ [v(ωt, at)|ht]− v(ωt, at)

≤
(

20

p20D
+1

)(
2+

T−1∑
t=1

√
|Ω|
t
(1+

√
ΦlogT )

)
+
∑
t∈[T ]

Eµ∗ [v(ωt, at)|ht]− v(ωt, at)

≤ 2

(
20

p20D
+1

)(
1+

√
|Ω|T (1+

√
ΦlogT )

)
+
∑
t∈[T ]

Eµ∗ [v(ωt, at)|ht]− v(ωt, at),
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where in the final inequality, we have used the fact that
∑T−1

t=1 1/
√
t≤ 2

√
T .

From Theorem 1, we have Pµ

(
∩t∈[T ]Bt ̸∋ µ

)
≤ T 1− 3Φ

√
Ω

56 . For t ∈ [T ], let Xt ≜ Eµ∗ [v(ωt, at)|ht] −

v(ωt, at). Observe that Eµ∗ [Xt|ht] = 0 and |Xt| ≤ 1. Thus the sequence {Xt : t ∈ [T ]} is a bounded

martingale difference sequence. Hence, from Azuma-Hoeffding (Boucheron et al. 2013), we obtain for z > 0,

Pµ∗

∑
t∈[T ]

Eµ∗ [v(ωt, at)|ht]− v(ωt, at)≥ z

< exp

(
−2z2

T

)
.

Choosing z =
√
αT logT with α> 0, we have

Pµ∗

∑
t∈[T ]

Eµ∗ [v(ωt, at)|ht]− v(ωt, at)≥
√
αT logT

<
1

T 2α
.

After choosing α= 4Φ|Ω| and taking the union bound, we obtain with probability at least 1−T 1− 3Φ
√

Ω
56 −

T−8Φ|Ω|,

RegI(Rai, µ∗, T )≤ 2

(
20

p20D
+1

)(
1+

√
|Ω|T (1+ 2

√
ΦlogT )

)
. □

LEMMA EC.2. The Rai algorithm satisfies

RegI(Rai, µ∗, T )≤
∑
t∈[T ]

Gap(µ∗,B1(µ
∗,∥µ∗− γt∥1))+

∑
t∈[T ]

Gap(γt,Bt)

+
∑
t∈[T ]

∥µ∗− γt∥1 +
∑
t∈[T ]

(Eµ∗ [v(ωt, at)|ht]− v(ωt, at)) .

Proof. From the definition (3) of regret, we have

RegI(Rai, µ∗, T ) =OPT(µ∗) ·T −
∑
t∈[T ]

v(ωt, at)

=OPT(µ∗) ·T −
∑
t∈[T ]

Eµ∗ [v(ωt, at)|ht] +
∑
t∈[T ]

(Eµ∗ [v(ωt, at)|ht]− v(ωt, at))

=
∑
t∈[T ]

(OPT(µ∗)−V (µ∗, σ[ht]))+
∑
t∈[T ]

(Eµ∗ [v(ωt, at)|ht]− v(ωt, at)) , (EC.2)

where in the last equality, we have used the fact that Eµ∗ [v(ωt, at)|ht] = V (µ∗, σ[ht]). Moreover, note that

OPT(µ∗)−V (µ∗, σ[ht]) =OPT(µ∗)−V (γt, σ[ht]) +V (γt, σ[ht])−V (µ∗, σ[ht])

= (OPT(µ∗)−OPT(γt))+ (OPT(γt)−V (γt, σ[ht]))

+ (V (γt, σ[ht])−V (µ∗, σ[ht]))

= (OPT(µ∗)−OPT(γt))+Gap(γt,Bt)

+ (V (γt, σ[ht])−V (µ∗, σ[ht])) ,
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where in the final equality, we have used the fact that OPT(γt)−V (γt, σ[ht]) =Gap(γt,Bt). Substituting

the preceding expression into (EC.2) yields

RegI(Rai, µ∗, T ) =
∑
t∈[T ]

(OPT(µ∗)−OPT(γt))+
∑
t∈[T ]

Gap(γt,Bt)

+
∑
t∈[T ]

(V (γt, σ[ht])−V (µ∗, σ[ht]))

+
∑
t∈[T ]

(Eµ∗ [v(ωt, at)|ht]− v(ωt, at)) .

Now, in Lemma EC.3, we prove OPT(µ∗) − OPT(γt) ≤ Gap(µ∗,B1(µ
∗,∥µ∗− γt∥1)) +

1
2
· ∥µ∗− γt∥1.

Furthermore, in Lemma EC.4, we show that V (γt, σ[ht]) − V (µ∗, σ[ht]) ≤ 1
2
∥µ∗− γt∥1. Putting it all

together yields the lemma statement. □

LEMMA EC.3. For any µ1, µ2 ∈∆(Ω), we have

OPT(µ1)−OPT(µ2)≤Gap(µ1,B1(µ1,∥µ1−µ2∥1))+
1

2
· ∥µ1−µ2∥1.

Proof. Fix µ1, µ2 ∈∆(Ω). For i ∈ {1,2}, let σi ∈ argmaxσ′∈Pers(µi)
V (µi, σ

′). By definition, we have

OPT(µi) = V (µi, σi).

Next, among all signaling mechanisms that are persuasive for all µ∈B1(µ1,∥µ1−µ2∥1), let σ3 maximize

V (µ1, σ). Since σ3 is persuasive for µ2, we have OPT(µ2) = V (µ2, σ2)≥ V (µ2, σ3). Thus, we have

OPT(µ1)−OPT(µ2) = V (µ1, σ1)−V (µ2, σ2)

≤ V (µ1, σ1)−V (µ2, σ3)

= V (µ1, σ1)−V (µ1, σ3)+V (µ1, σ3)−V (µ2, σ3)

≤Gap(µ1,B1(µ1,∥µ1−µ2∥1))+
1

2
· ∥µ1−µ2∥1.

Here, the inequality follows from the definition of Gap(·), and from Lemma EC.4. □

LEMMA EC.4. For any µ1, µ2 ∈∆(Ω) and any signaling mechanism σ, we have

|V (µ1, σ)−V (µ2, σ)| ≤
1

2
· ∥µ1−µ2∥1.

Proof. Fix µ1, µ2 ∈∆(Ω). For any signaling mechanism σ that is persuasive under µ1, we have for any

x∈R,

|V (µ1, σ)−V (µ2, σ)|=

∣∣∣∣∣∑
ω∈Ω

(µ1(ω)−µ2(ω))

(∑
a∈A

σ(ω,a)v(ω,a)−x

)∣∣∣∣∣
≤ ∥µ1−µ2∥1 · sup

ω∈Ω

∣∣∣∣∣∑
a∈A

σ(ω,a)v(ω,a)−x

∣∣∣∣∣ ,
where we have used the Hölder’s inequality in the last line. Optimizing over x, together with the fact that the

sender’s valuations lie in [0,1], yields the result. □
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LEMMA EC.5. For t∈ [T ], on the event {µ∗ ∈Bt}, we have

Gap(γt,Bt)≤
(

16

p20D

)
ϵt.

Proof. On the event {µ∗ ∈Bt}, we have

γt(ω)≥ µ(ω)−∥γt−µ∗∥1

≥ p0− ϵt.

Thus, for ϵt <
p0
2

, we have minω γt(ω)≥ p0
2

. Using the same argument as in Proposition 2, we then obtain

Gap(γt,Bt) =Gap(γt,B1(γt, ϵt))≤
(

4

Dminω γt(ω)2

)
ϵt ≤

(
16

p20D

)
ϵt.

For ϵt > p0/2, the bound holds trivially since 16ϵt/p
2
0D> 1. □

D.2. Proof of Theorem 3

We conclude this section with the proof of the lower bound in Theorem 3.

Proof of Theorem 3. For a distribution µ∈B0, define the event ET (µ) as

ET (µ) = {hT : σa[ht]∈ Pers(µ), for each t∈ [T ]} .

In words, under the event ET (µ), the signaling mechanism σa[ht] chosen by the algorithm a after any history

ht ∈ ET (µ) is persuasive for the distribution µ. Since the algorithm a is βT -robustly persuasive, we obtain

Pµ (ET (µ))≥ 1−βT , for all µ∈B0.

Fix an ϵ ∈ (0, 1−3p0
2

) to be chosen later, and consider the distributions µ∗ = (p0,
1−p0

2
, 1−p0

2
) and µ̄1 =

µ∗ + ϵ
2
(e1− e2) and µ̄2 = µ∗ + ϵ

2
(e2− e1), where ej is the belief that puts all its weight on state ωj for

j ∈ {1,2}. Observe that Pµ∗ (ET (µ∗)) ≥ 1− βT since µ∗ ∈ B0. Note that for each j ∈ {1,2} and for all

ϵ∈ (0, 1−3p0
2

), we have µ̄j ∈B0 and hence Pµ̄j
(ET (µ̄j))≥ 1−βT .

Now, on the event ET (µ∗)∩ET (µ̄1)∩ET (µ̄2), the signaling mechanism σa[ht] chosen by the algorithm after

any history ht is persuasive for all the distributions µ∗, µ̄1, µ̄2. Thus on the event ET (µ∗)∩ET (µ̄1)∩ET (µ̄2),

we have

T ·OPT(µ∗)−
∑
t∈[T ]

V (µ∗, σa[ht])≥ T ·Gap(µ∗,{µ∗, µ̄1, µ̄2})≥
ϵT

8Dp0
,

where the first inequality follows from the definition of Gap in (4), and the second inequality follows from

Proposition 3.
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Now, we have

2
∣∣Pµ∗ (ET (µ̄1))−Pµ̄1 (ET (µ̄1))

∣∣2 ≤∑
t∈[T ]

KL (µ∗||µ̄1)

=
1− p0

2
log

(
(1− p0)

2

(1− p0)2− ϵ2

)
T

=
1− p0

2
log

(
1+

ϵ2

(1− p0)2− ϵ2

)
T

≤ 1− p0
2

(
ϵ2

(1− p0)2− ϵ2

)
T,

where the first inequality is the Pinsker’s inequality, and the first equality is from the definition of the

Kullback-Leibler divergence, and the final inequality follows from log(1 + x) ≤ x for x ≥ 0. Thus, for

ϵ < 1−p0
2

, we obtain

2
∣∣Pµ∗ (ET (µ̄1))−Pµ̄1 (ET (µ̄1))

∣∣2 ≤ 2ϵ2T

3(1− p0)
≤ ϵ2T,

where we have used p0 ≤ 1
|Ω| =

1
3

in the final inequality. Thus, we obtain that

Pµ∗ (ET (µ̄1))≥Pµ∗ (ET (µ∗))−
∣∣Pµ∗ (ET (µ̄1))−Pµ̄1 (ET (µ̄1))

∣∣
≥ 1−βT − ϵ

√
T

2
.

By the same argument, we obtain Pµ∗ (ET (µ̄2))≥ 1−βT − ϵ
√

T
2

.

By the linearity of the obedience constraints, we obtain that if σ ∈ Pers(µ̄1)∩Pers(µ̄2), then σ ∈ Pers(µ∗).

Thus, we have ET (µ̄1)∩ET (µ̄2)⊆ET (µ∗), and hence

Pµ∗(ET (µ∗)∩ET (µ̄1)∩ET (µ̄2)) =Pµ∗(ET (µ̄1)∩ET (µ̄2))

≥Pµ∗(ET (µ̄1))+Pµ∗(ET (µ̄2))− 1

≥ 1− 2βT − ϵ
√
2T .

Finally, by the Azuma-Hoeffding inequality, we obtain

Pµ∗

∑
t∈[T ]

V (µ∗, σa[ht])−
∑
t∈[T ]

v(ωt, at)<−
√
T

< e−1/2.

Taken together, we obtain that with probability at least 1− 2βT − ϵ
√
2T − e−1/2, we have

RegI(a, T,µ
∗) = T ·OPT(µ∗)−

∑
t∈[T ]

v(ωt, at)≥
ϵT

8Dp0
−
√
T .

For T ≥ T0 =
1

(1−3p0)
2 , choosing ϵ= 1

32
√
T
≤ 1−3p0

2
, we obtain, with probability at least 1

3
− 2βT ,

RegI(a, T,µ
∗) = T ·OPT(µ∗)−

∑
t∈[T ]

v(ωt, at)≥
√
T

(
1

16Dp0
− 1

)
≥
√
T

32Dp0
,

for Dp0 < 1/32. □
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