A Proof of Theorem 2.1

We are reduced to compute :
E(h) = E[(Pp — Pra)*[€)]

When N™™ be a Poisson process with intensity p and = {N™" > 0}. We are reduced to compute
1
E(h) = E[(P.qa — Pflﬁl)2|Q].

Thus, recalling that 7{” + h = 7!, we get
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A direct computation gives
v
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We now turn to the computation of the function g. We have the following lemma.
Lemma A.1. We have for anyt > 0
t2 1 t3 1
t) =02 —pE[—u—— 2 PE[——— . 10

Proof. Note that

Womm — Wy \ 2 ¢ (WTmm — Wt)(WTmm — Wt)

2 2
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Consider X; the Poisson scatter made of the event times of N""" between time 0 and ¢. Then we

have

_ (Wr — Wt)2 (Ww - Wt)(Wy — Wt)
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Since P; = oyW; is independent of N, we get

9 (t — ) 2 (t—2)A(t—y)
o0 = 3 g Tl X Gt on)

Finally using Palm’s Formula, see for example Coeurjolly et al. (2017), we get

m] /0 (t — u)pdu + UJ%E[M] /0 /0 (t —u) A (t — v)pdudw,

and (10) follows.

To compute explicitly f, ¢ and g from Lemma A.1, we need the following additional results.

Lemma A.2. Let N be a general inhomogeneous Poisson process with intensity measure A. The

following equalities hold:

1 mes 1 My en 1
E[-2ex0) = efmt/ ¢ ds, and E| Nt2>0} =e ™ / */ ‘ duds, (11)
Nt 0 S Nt 0 S Jo u
1 e~ Mt [T es — ] 1 1 mtes — 1
E = ds, and ]Ezl—e_mt—e_mt/ ds),
[(1+Nt)2] me /0 s [(2+Nt)2] m%( 0 s )
(12)
with my = fot A(ds).
Proof of (11). Note that
+oo +oo
1n,>0 Imy _ 1n,>0 1 mi _
E[i]\tf = EF@ m and ]E[ ]\;2 ] = Z EW@ mt.
t n=1 t n=
The functions e; and es defined by
+o00 +00
1z" 1 z"
ei(z) = Z -] and ey(z) = Z i
n=1 n=1
are continuously differentiable function, so that
100 n-1 x too n
, - T et —1 , - Ta™
ei(x) = Z:l R and wey(z) = Z:l i e1(x).
n= n—=

By integrating these functions, we get (11).
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Proof of (12). Note that

1 R s 1 X1 om
El—=] = ————c "™ and E[——+=] = —_— e ™,
(A Y e R oy e Y ey
Consider, for ¢ > 0, the functions
400 i +o0 i
1 xn—i—z 1 xn—&-z
i) = 2 G @) = 2
n=0 n=0
We have .
. .
1 gprtict ¥ si(s)
’ _ . - AT
ri(z) = Z P hence r;(z) = /0 . ds.
n=0
Since
+oo $n+i71 ) zq s
si(z) = Z — = e we get ri(x) = / 7/ u et duds.
=0 n. o SJo
Taking ¢ = 1 and i = 2 we get (12). O

Injecting Equations (11) and (9) into f and ¢ and Equation (12) into g in view of (10), using (8)

we obtain the formulas stated in Theorem 2.1.

B Computation of the expected square imbalance in the Poisson

case

We want to compute ]E[If_op +h] when N® and N? are independent Poisson processes with intensity
1
v/2. We have

a a a 2
JE[IZlop+h] = UQE[((NTIWM — Niop + Nifon) — (Nj_’f% - szfp + szfp)) ].

Using the strong Markov property of Poisson process and taking conditional expectation with respect

to Tlop we get
E[szerh] = v*(vh+1),

where we use E[N%,] = E[(Nfop)Q} =1/2.

1 1

C Existence of a Nash equilibrium

In this section, we set h > 0 as a terminal time of the auction to investigate the game played by

the market takers.
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C.1 Nash equilibrium
We are interested in finding a Nash equilibrium to the game between buyers and sellers. Starting
at (N, N}) = (a, B) € N2, we set®

Vi (g ) = BT (NG (NG — )] (13)

VOB (Mg, Ap) = EF P IND(ND — N, (14)

Formally, we can thus compute the optimal P&L of market takers for buy orders and sell orders by

solving the following coupled system

nf Vi (g, Ap) = EFU NN - VD))
. oAb
nf VIRIOG N = BT NG(NG - V)

; (15)

where A\j and A} are simultaneous optimizers of (13) and (14) respectively (depending on the action

of market takers having the opposite behavior).
We now investigate theoretically the existence of a Nash equilibrium associated with (15). First we
introduce some notations.

e Let O be the set of piece-wise constant functions with jumps of size 1. Consider’ X =
(N% N T be the canonical processes in Q% and F = (F;)o<s<; the smallest filtration for
which X is adapted.

e Let P be a probability measure on (22, F3,) such that
M, = X, — sLo, with Lo := (Ao, X)), 0< Ao < Ay, s €[0,h],

is a local martingale. A proof of the existence of such measure P is given in Jacod (1975). We
set M® := My, (resp. M? := M) the first (resp. the second) component of M. Moreover

to any pair (A%, \’) € U? of admissible controls we associate P**X" the measure defined by

dpr’
dP

h \@ " u /\b
= exp(/o tog (35)ANS — (X = do)ds + Tog (§2)aNY — (A, - Xo)ds).

a b
Hence, under the measure PAA’,

(x. - /0 X Tdu) o

SRigorously speaking we should write Vy"®”(Xa, Ap, k) instead of V;"*?(Xa, \p) with i € {a, b}, since we define here
the value function of each market taker at time 0 and h is a time horizon. Since we consider only value functions of
market takers at time 0, we make this slight abuse of notation.

"Here for the notation T denotes the transposition of a vector to identify as usual any element of N? with a column
vector.
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is a martingale.

e For (E,| - ||) a normed space, any 0 < s <t < h and p > 1, we define
t P
H(E) ={Y, E — valued and F — adapted process s.t.,E[(/ | V5 ||?dr)2] < +oo}

S?,(F) ={Y, E — valued and F — adapted process s.t., E[sup||Y;|Pdr] < 400}
’ s<t
LP(E) = {¢, E — valued Fj, — measurable random variable, s.t. E[||¢||”] < +o0}.

When s = 0 we omit the index s in the previous definitions. If E = R2, we set | - ||2 and || - |1
the classical Manhattan norm and Euclidean norm on R? respectively. For any R?—valued
process Y := (Y;.)o<r<p, we denote by Y, ; and Y, 5 its first and second coordinates respectively

for any time r € [0, h].

e For any z € R? and %,£% € [A_, \{], we set

(L) Aa(2,6%) = 1500 + 1 <A +6%12, 20
/\g(z,eb) = 122>0)\_ + 122<0)\+ + €blz2:0.

Note that both z1A%(z,£%) and 22)\%(z,£%) do not depend on £ and £’. To alleviate nota-
tions, when one of these products appears, we will denote it simply by 21} (2) and 22);(2)

respectively.

e For any z,Z € R? and any ¢ € [A_,\4], we set H¥*(z,Z,e) = 21\5(2) + 22A;(Z,¢) and
HY*(2,2,€) = 2005 (2) + 2105(Z, €).

e for x € N? we define ¢%(z) = z1(21 — x2) and ¢®(x) = 2o(x9 — 21).

e Let U be a map from [0, h] x N? into R. For any (s, a, 3) € [0, h] x N? we set

D,U(s,a,8) = U(s,a+1,8) = U(s,a, )
(D)4 DyU(s,a,8) = U(s,a,B+1) —Ul(s,a, 5))
DU (s,a, ) = (DaU(s,a,ﬁ),DbU(s,a,ﬁ))T.

We first provide a very general result by associated to the existence of a Nash equilibrium for (15)

a system of coupled ODE on N2, as a direct extension of (Dockner et al., 2000, Theorem 8.5).

Proposition C.1. Assume that there exist two maps €%, ¥ from [0, h] x N2 into [A_, \y] such that
the following coupled system

sV + H**(DV*, DV’ ") =0, s¢€[0,h), (a,8) € N?
Ve(h,a, B) = g*(a, B),
OsVP + H¥*(DVP, DV?,e%) =0, s€[0,h), (o, ) € N?
Vb(h, a, ﬁ) = gb(a> ﬁ)v

(S)
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has a continuously differentiable (in time) solution denoted by (V,V®) on [0,h] x N? and assume

moreover that
DV(-,N% Nb) € H}(R?), i = a,b.

Then, (\5(DV®,%), \s(DV?,eb)) is a Nash equilibrium for (15).

Proof. The proof follows a standard verification argument. Notice however that we need feedback
control for the thresholds (g%, £%) in order to have classical HJB equations. See for instance (Dockner
et al., 2000, Theorem 8.5). O

Although the previous result provides sufficient conditions to get a Nash equilibrium for the stochas-
tic differential game (15), it is quite hard to justify such existence in practice. Note indeed that
the optimizers A; and A} are singular in view of their definition (L). Thus, the main difficulty en-
countered in this proposition is to solve the bang-bang type system (S) of ODEs on N? for relevant

thresholds €2, eb. As far as we now, we have no PDE results ensuring the existence of a solution to
(S).

Inspired by Hamadéne and Mu (2014), we thus propose to study a smooth approximation of (S)
and then to build a sequence of processes converging (up to a subsequence) to a Nash equilibrium

for the game (15).

Let n € N. We consider the smoothed control functions for any z € R

/\+ if z S —%
AM(z)=1¢ A if 2> 1
n)";)‘*z—i— A*g/\’ if z € (—%,%)

The functions A" and z —— 2zA"(z) are Lipschitz continuous. Also consider ®,,, the truncation

function defined for any « € R by
D, () = (xAn)V (—n).

Hence, we introduction the smoother of H* denoted by H*™ and defined by for any (z1, 29, 2) € R3
by

H*’"(zl, 29, 2) = <I>n(zl)\"(z1)) + q)n(ZQ)An(g)

Theorem C.1. For any n € N, there exists a unique (viscosity) solution denoted by V™ to the

following system of integro-PDEs
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AV 4 H*™ (D, V™, D Van Dy V™) =0, s € [0,h), (o, B) € N2,
Ver(h, a, B) = g*(a, B),
A Vo H*™ (D, V" D, VO™ D, V") =0, s € [0,h), (a, ) € N2,
Vo (h, a, B) = g*(a, B).

(S)

Moreover,
e The system (S™) admits a unique viscosity solution.

e There exists a subsequence (ng)r>0 and two measurable applications V, V° from [0, h] x N2
into R such that for any (s,a, B) € [0, h] x N?

lim Vi (s, a,8) = Vi(s,a,p), i € {a,b}

k——+o0

and

lim DV""(s,a,) = DV(s,a, (), i € {a,b}.

n—-+00

o Moreover "™ (Do V"™ (-, N N°))1p va(. na nty—o and A (DyVO™ (-, N NP) 1y v nva nvy—g
converges weakly in H%(RQ) to some progressively measurable and [A_, A\T]-valued processes

denoted respectively by 0 and 9.

Thus, (A5, Ar) = (A5(DV (s, N3, N?),05), \;(DV(s, N&, N?),95))o<s<t is a Nash equilibrium for
the game (15) and V}f’a’ﬁ()\z, ) = V0,0, 8), i € {a,b}.

We give here the sketch of the proof of this result. The details are postponed to Appendix C.2.

Sketch of the proof of Theorem C.1 The proof will be divided in three steps. The main tool
used is the theory of BSDE with jumps (see Tang and Li (1994); Buckdahn and Pardoux (1994);

Barles et al. (1997)) and their representations through integro-partial differential equations.

Step 1. We associated to the system (S™) a two dimensional BSDE for which it is well-known that

there exists a unique solutions in appropriate spaces.

Step 2. By mimicking the proof of Theorem 2.5 in Hamadéne and Mu (2014) extended to the case of
counting processes, we prove that the solution of the BSDE associated to (S™) converges up

to a subsequence to a solution of a two-dimensional BSDE associated with the system (S).

Step 3. We prove that this approximation provides a Nash equilibrium for the game (15) with well-
chosen thresholds obtained in Step 2 as limits of functions of the components of the solution

to the approached BSDE considered, see Proposition C.2 below.

We conclude thanks to semi-linear Feynman-Kac formula for BSDEs and the system (S™)

established in Step 1, together with convergence results.
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C.2 Proof of Theorem C.1

For the proof we follow the methodology of Hamadéne and Mu (2014). First we introduce a series of
smoothed BSDE with Lipschitz generator by smoothing the controls A}, A;. Then we show that the
solution of the smoothed BSDE converges (up to a subsequence) almost surely towards a solution
of Equation (28).

We have the following a priori estimates results which is a consequence of the BDG inequalities and

of the Gronwall Lemma.

Lemma C.1. For (s,z) € [0,h] x N2 let X*% be the process in ) defined onto [s, h] by
Xt =x+ X, — X
We have for any s € [0,h] and p > 0

E[ sup [[X57(7] < Cp(1+ |a1] + [2]”)

s<u<h

and for any (A, \p) € U?

Aa A
E iughllXZ’xll’ﬂ < Cp(1+ |21]” + [22]7)
s<u<

We now turn to the proof of Theorem C.1.

C.2.1 Step 1: Approximation, existence and uniqueness

From now, s € [0,h). We recall the definition of smoothed control functions

At if z < —%
AM(z)=1¢ A if z > %
nA_;’\J’ + A+;/\_ if z € (—%, %)

Consider ®,,, the truncation function
O, (x) = (x An)V (—n).
Now we define the system of smoothed BSDEs for any u € [s, h:

a,n;s,r a,n;s,r a,n;s,r b,n;s,r a,n;s,r a,n;s,r
—dv;; = (H*™M( 20057, Zyn™® Zyw™T) = Lo - Zu™%)du — Zg™>T - dAM,,
a,n;s,x g S,T
Y, =g (Xh )
b,n; b,n; b,n; ; b,n; b,n;
—dYu’n’s’x — (H*’n(ZQ:Z’S’z VA ,138,X Za,n,s,:r) _ £0 A Zu’n’s’x)du _ Zu’n’s’x . dﬂ[uy

'y “lu [ K 7)
bn;s,x b S,x
Yh =g (Xh )a

(J%)
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with Z,"5% = (Z70% 25T for any i € {a,b}.

From Proposition 2.1. in Buckdahn and Pardoux (1994) since ®,, is Lipschitz continuous there

exists a unique solution to (J™) such that
a,n;s,r a,n;s,r n;s,xr n;s,r 2
((yomse zomse) (yhmst zbmst)) e (§2,(R) x H2,(R?))".

Moreover (Proposition 3.8. in Buckdahn and Pardoux (1994)) there exist measurable deterministic
functions V", V®" defined on [s, h] x N2 with values in R such that:

Vu € [s,h], Y5 = V' (s, X37) and Z,"*" = DV (u, X2¥), for i = a,b. (16)

From Theorem 3.4. in Barles et al. (1997), we know that the unique solution of (J™) provides a

unique viscosity solution denoted by (V%™ V?7) to (S™) and given by (16).

Before going to the convergence of Y™ and Z%", notice that by considering the generator functions

{ Ho™(u,x) = (@n(DaV“’”(u,a:))\"(DaV“’”(u,3:))) + @n(DbV‘l’"(u,x)))\"(Dbe’”(u,ac)))
HO(u,z) = (@p(DyVO" (u, 2) A" (Dp VO (1, 2))) + 0 (Do VO™ (1, 2)) A" (Dg V" (u, 2))),

we deduce from (16) that

)

a,n 8, X\ __ prx,n( r7a,1;8,T a,n;s,r b,n;s,r
HO™ (u, X55) = H™(Z0005", 2505, Zy s

and
Hb’n(u,XiiE) _ H*,n(Zgjz;s,z Zb,n;s,:r Za,n;s,x),

'y “lu [l K 7)

so that (J™) becomes

(Jm) =AYyt = (HY(s, X)0) — Lo Zu" ) du — 2T - dM, VP = gf(XG00)
—dY T = (H(u, X5T) — Lo - Z0™5)du — Z0™5 - dAM,, Y = gt (XPT).

C.2.2 Step 2: Convergence to the solution of a bang-bang system of BSDEs

From now, we consider any index i equals to a or b, we set x € N? and s € [0, h).

Step 2a. Uniform estimates.

In order to use dominated convergence we give some uniform a priori estimates for processes
1,18, 1,138,
(Y A ).

We first aim at using a comparison principle to control the upper bound of Y™ and introduce the
following BSDE
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u

. ) h L h .
Y, = gl (X)) + / ANTZ hdr — / Z;" dM,, s <u < h. (17)
u u

Once again according to Buckdahn and Pardoux (1994) there exists a unique solution (7i’n;s’z,7é’n;s’m)
of the above BSDE in the space 8827 n(R) x ’Hg »(R?) and there exists deterministic measurable func-
tions V""" such that for any u € [s, h]:

?i,n;s,z _ Vz,n(u XS7I)

u ) u N

By comparison theorem for BSDE (see for instance® Theorem 2.5 in Royer (2006)), for any time
s <u < h we get

1,N;8,T
u )

YT < P — a.s. (18)

?i,n;s,w

We now give a uniform estimates of to get a uniform estimates for Y*™%% in view of the

previous relation. Consider the bi-dimensional process:

*’i,n;s,;r)
)

ME™ = M, — 4\, sign(Z,)

where the sign is taken coordinate by coordinate. The process M*" = (Mf",M;") is a bi-

dimensional martingale under the probability P»" equivalent to P with density given by

h i,n @,n
\n ry, a i,n 7, @,n
gin = exp(/o log(—=)dN — (371 — Ao)dt + log(—~2)dN} — (775 — Ao)dt)

)\0 >\0

with
fi,n;t,x)

7;]" = Ao + 4\ ¢sign(Z

Consequently we get
V" (s,2) = EP"" [g: (X))

By polynomial growth of g; we deduce that there exists a positive constant C such that
V" (s, )] < CEF" (11 X377 3]
Note that there exists a positive constant & such that

E (1157 13] < All2]13 + 1)

The previous equation implies the following polynomial growth bound

V" (s,2)] < O+ |l2l13),

8To be more accurate, we identify our pair of processes as a compound Poisson process with jumps in {-1,1}, so
that we are in the framework of Royer (2006) for a compensator A(dx) = Xo(d1(dz) + d—1(dx)).
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where C' := C& > 0.
According to the comparison result (18) together with (16), we deduce that there exists some

positive constant C, which does not depend on n, such that

Vit (s,2) < C(L+ |o1f? + |a2f).

Similarly, by considering a BSDE similar to (17) but with a minus sign in the generator, we get
Vi (s,2) 2 —=C(L+ |21 + [a]?).

We thus deduce that for any (s,2) € [0,h] x N? and p > 1 the following estimate holds for some
positive constant C,

E[ sup [YVp™5%P] < Cy(1+ |21 + |22]). (19)
s<u<h

Moreover, the characterization (16) allows to transfer the prior estimates of Y&Ws® to ZimsT In

particular we get that for any p > 1

E[ sup [Z;"*7[P) < Cp(L+ [a [P + |22f*P). (20)
s<u<h

Note that the constant C), does not depend on 7, so that Estimates (19) and (20) are uniform with

respect to n.
Step 2b. Convergence of the solutions of the smoothed BSDE.

We now turn to the convergence of (Y% Zums®) in §2 (R) x H2, (R?). For any q < 2, there

exists a positive constant C which does not depend on n such that
h . h . ~
B[ 1 XPOdr < B[ [ 20,2700 far) < €.
0 0

The sequence (H"™),>0 is bounded in L?([0, h] x N2, dr x 14(0, 0; r, dz)) where p(0,0; 7, dz) is the law
of XB’_O under P. Thus there exists a subsequence (nj)g>o such that (H“");>q converges weakly
in L2([0, k] x R, 11(0, 0;7,dx)dr). We omit the index k and still write n instead of ny, to reduce the

notations.

We now prove that for any (s,z) € [0,h] x N2, (V¥"(s,2)),>0 is a Cauchy sequence. We set
the function A" (t,x, 2, 2m) 1= H"(t,z) — H"™(t,2) — Lo - (2 — 2m) with (n,m) € N and
(t, 2, 2n, 2m) € [0,T] x N2 x R? x R2. Let § € [0,h — s] and k € N, we have

h
|V7,,TL(S’1,) _ V’L,?’)’L(S"r)| — |E[/ Az,n,m(T7 X;iU’ Z’,Z,,TL;S,QZ,Z’,Z‘,T)’US,.T)dTH

S

< BSTOM 4 B 4 peetd (21)
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with h
BN i |E[/ 5 Lo <D (o, X, ZPSE ZE ) dr]
s+ T

h
B i B[ Ay o A X 210, 2 )
s+

and
s+0 . . .
Essto . |E[/ A, XOT Zlmsa | Zimise)qp]|
S

We obtain from (20) that there exists some constant C' independent of n and m such that
B0 < O,

We now turn to Ef&’h. By using Cauchy Schwarz and Markov inequalities together with the prior
inequalities (19) and (20), there exists a positive constant C' again independent of n and m such
that for any positive integer k

h

h
Ei+§’h < |IE[/ ) 1|\X:f\|oo>kdr]|%|E[ 6Az,n,m(7’, X:;ﬂff’Zﬁm;s,w,Zﬁ,m;syw)erH%
S+ S+

<

slo

Finally, we note that

h
B = M A p g, DV (t,p, q), DVP™(t,p, q))P(XE 0 = (p, ) b5, (r, p, q)dr|
(p,q)EN2 ' ?

with ,
P(X:" = (p,q))

P = (p.0)

¢s,z(7“7p7 Q) = 1p§k1q§k1r25+6

Since

1 - Dplg!
P(X?(O’O) =(pq) = e (Aor)Pta

is bounded for p and g lower than £ and r lower than h. The function ¢, is bounded and thus in
IL2([0, h] x N2, 1(0,0; s,dx) x ds)) consequently by weak convergence of H*" we have that Eotoh
goes to 0 when m,n go to infinity. Hence, taking the limit when ¢ goes to 0 and k,n,m go to
infinity, we deduce from (21) that (V" (s, z)),>0 is a Cauchy sequence. We thus denote by Vi(s, x)

the limit of (V" (s,)),>0. We recall that V? depends on the subsequence (n)x>0

We have the P-almost sure convergence (up to the subsequence) of Y"%% since Yo" = Vin (u, X5%).

We denote by Y% the almost sure limit of Y*™%%, Notice moreover that in view of (D), we have

lim DV®"(s,x) = DV'(s,x), (s,2) € [0,h] x N2, (22)

n—+00
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By Equation (19) and Lebesgue dominated convergence theorem we have for any p > 1

Pdr] - 0. (23)

n——+00

h
E[/ |Yi,n;s,z _ Yi;s,z
B r T
Let now n,m be two positive integers. From Ito’s formula applied to (Y% — Yimis2)2 we get,

for any s <u <h

|Yi,n;s,x o Yi,m;s,m|2
ho . h . )
— _/ |Zi:¢;s,x _ Z;:T;S,:r|2d(M;z + /\OT) _/ |Z;:7;;s,x _ Z;:T;Smﬁd(Mf + /\OT)
u u
h
+ 2/ (YTz,n;s,x . er,m;s,x)((Hz,n _ Hz,m)(r’ Xﬁf) _ EO . (Z;,n;s,a: _ Z;,m;s,x))dr
u
_ 2/ (W,R;S,I _ }/Tz,m;s,w)(Zqzﬂ,n;s,w _ Z;,m;S7I) . er (24)
u

Using Young’s inequality and the definitions of H™ and H™ we deduce that there exists a positive

constant ¢ (independent of n and m) such that for any € > 0

|§dr

h
|Yé,n;s,wiyj,m;s,m|2+/ )\0|‘Z£’n;s’$7z7i,’m;s’z
u

h ) ) 1 (b )
<aeln [ (IZimea g+ | zimeeBar 4 L [ i - yimsapar
u € Ju
h
_ 2/ (}/;i,n;s,x _ Y;i,m;s,z)(Zi,n;s,z _ Zqz;,m;s,x) . er
u
ho o h o
- [Nz - zigepay - [z - zgeepa.
u u

For u = s, by taking the expectation and by choosing n,m large enough, we obtain from (20) and

(22), (23) and the fact that € is arbitrary small that the following convergence holds

h
lim sup E[ / | Zyms® — Zp™5%|[5dr] = 0. (25)
S

n,m—-+00

Hence, (Z%™%),ey is a Cauchy sequence (along the subsequence) and thus converges in 2, (R?)

1,8,
to some process (Zy"")s<u<h-

Similarly, by using (24) and by noting that — ff |Zizf;s’lei”T;s’x|2d(Mﬁ+)\or) <0and — qu |Z;”7T“s’xf
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Zé’)T;s’de(Mf? + Aor) <0 since M® + \o- = X. is a non decreasing process for a € {a, b}, we have

]E[ sup |Yi,n;s,x _ Yi,m;s,a:|2]
u€ls,h] “ “

h h
< 5€|)\+|2]E[/ (HZﬁ,n,s,z |§ + ||Zf;m,s,m||%)dr] + EE[/ ‘Y;,n,s,x _ Y;},mysvl"Zdr]
s s

h ) )
+ 2B Y| 0 245 (AN 4 Do)

h . .
+ 2B Y| 50 = 245 AN+ Do)

< E€|>\+|2]E[/h (”Zi,n;s,m |§ + ||Zf;’m;8’$||%)dr] + iE[/h ‘Wﬂ;s,z . E/Ti,m;s,w 2d7"]
S S
+28( [ "y yimise| 2050 _ Z5 AV + 2dr)]
Oh ) )
4 2B [ [y - Y| 2y < Z (A6 + 2hodr)
’ h A , 1 ho A
< 56|)\+|2]E[/ (”Z:’,n;s,r |§ + ”Z?z‘,m;s,zng)dr] + &_E[/ ‘Y‘Tl,n;s,m _ YTz,M;s,m er]
S S

h
+ 4)\0E[/0 D/Ti,n;s,z o W,m;s,$||‘Zi,n;s,$ o Z:,’m;s’IHldT].

By using again Young inequality for the last term in the previous inequality with the same ¢, we

deduce that there exists a positive constant ¢ > 0 independent of n, m and ¢ such that

E[ sup |Yi,n;s,$ o Yi,m;s,x|2]
u€[s,h] “ “

h h
1,158, 1,M;8,T 1 1,M;8,T 1,M;8,T
Sc(smFE[/ (12813 + || ZEm ||§)dr1+EE[/ Y yimiss 2yl

Since ¢ is arbitrary and because of Equations (19), (20) and (23) we deduce

limsup E[ sup Y,/ — yimse|2] = (,

n,m—+00  ugls,t]

So we have the convergence of (Y%™%%), o in 82, (R) towards a process (Y,'"")s<u<p up to a sub-

sequence.
Step 2c. Convergence of the generator

We study the convergence of (Hi’n)nzo, for i € {a,b} (still along the subsequence introduced in
Step 2b.). We focus on (H%"),>q, the proof is identical for (H*"),>o. Recall that

HOMu, X07) = @ (230N (Z10750) + @ Za "IN (25775

2u
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First note that
(I)n(Za,n;s,:r)\z (Za,n;s,z)) - Za;s,x)\z(za;s,m)

1u 1u n—s+o0 1u 1u

with convergence taking place P-a.s. and in ’Hg’u(RQ) by dominated convergence and uniform
integrability of (||Z%™%||2),>0. We split the remaining part in a continuous and a non continuous

parts

2u

Bu(Zy I (Zyy™ ) = ®u(Z3 "IN (231 g + P Zao )N (257,71

bis,x__ -
Z2,u =0

We have the convergence of cbn(Z;’;”s’”)A”(ZS’Z?S’x)1Zb;s,z#0, ds x dP a.e and the convergence also
? ’ 2,u
holds in ’H,ih(Rz). Moreover, ()\n(Z;’:Z;s,x)122;S,z:0)n20 being bounded we denote by ¥ a weak limit

in Hih(RQ).

Now we show that for any stopping time 7 € [s, h] we have in the sense of weak convergence in
L2(R):

T T
/ B, (Z8T W ZEINN e du / 25579, e (26)
. |

s 2u 2u 20 — n—-+oo u

We have
T . b . T . . b .
/ <I>n(Zg:;z,s,x)m(ziz,s,x)1Zg;s,x:0du = / (Pn(Z577) — Zgji,x)m(ziz,sw))1Z2b,.g,m:0du
s U s U

-
+/ Z;y;i,w,\n(zgzz;s,x)1Zz,;s,m:0ds.
S

2,u

The first term in the previous equality converges to 0 in L.2(R) by dominated convergence therefore
it converges weakly. Now we show that the second term converges weakly. We prove that for any

random variable ¢ € L?(R) and JFj-measurable the following convergence holds

T T
E[f/ Z;ji,mn(Zgjz;s,z)lzg;i,zzodu] o E[g/ Zgjzvmulzgqi,z:odu]. (27)
S ’ S ’

——+00

Using a martingale decomposition result for martingales associated to jump processes, see Davis

(1976), to the conditional expectation of £ with respect to the filtration F we have

E[¢|,] = Elg] + / " Ay - dM,

S

for some A € 2, (R?). Consequently

T T T
E[{/ ZS,;Z””A”(ZS,’Z;S’“)1Z§;Z,z:0du] — E[/ Ay - dMu/ ZS}Z’“/\"(ZS;ZW)1Z
S ’ S S

+E[¢]E| / ZyS NN (ZY 5 ) s e dlu].

s 2,u
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Notice moreover that

n—-+oo

E[¢]E] / “mA”(ZSZ’S’””)lzg;i,z:Odu] —  E[]E] / Z I TR 1

since )\”(ZS:Z;S’J”)I

we get

converges to Uy1 jvs2_, and since Z4** € ’Hg h(]RQ). Using Ito’s formula,
2,u ’

Zb;s,z:O

2,u

=0

E[ / Ay - dM, / ZS,ﬁ”"(ZS:Z“)1z3;=f;z:odu]
—E[/ ([ 252 gy _gdr) A o]
/ / A dM Zas:tAn(ansa:) stz du}

The first term is equal to zero. Concerning the second term, we set 1, = fsr Ay - dM,. Hence, for

any k> 0
T . b .
E[/ %Zga,’j’x(A"(Zng’S’””)lzg?s’f:o — ¥y)du]
s su
2u

r
- b,n;s,
= E[/ ¢uzg7i xllwuzgz'z|<fi(>\n(z27z s QZ) — ﬁu) Zb S, __ du}
S

i
3, b,n;s,
B[ a2 LoV (ZB) = 001yl
s 5

The first term in the previous expression converges to 0 since /\”(Zb i I)].Zbgs,zio converges weakly
binw

towards ©J. The second one goes to zero when  goes to infinity as || Z%%%|y is in H2, (R). We

have proved the convergence (27). Hence, the convergence (26) holds weakly in L2(R).

We deduce that [7 H*™(u, X;")du converges weakly to [ H**(Zy™" , 755 9,)du in L2(R) along

the subsequence (ng)r>0-
Step 2d. Convergence to the solution of a bang-bang BSDE
If we write the first BSDE in the system (J™) in a forward way, we get
T T
YTa,n;s,x _ }/Sa,n;s,az _/ Ha7n(u,XZf)du+/ Zz,,n;s,deu'
S S
We recall that we write n instead of nj so that all the convergence that we obtain has to be under-
stood up to a subsequence. Thus, from the almost sure and 82, (R) convergence of (Y*™5%),~( to

Y 8% together with

/ ZomST M, = Z%5% . dM,, in L*(R),

n—-+0o0
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and the convergence of the generator H*" proved in Step 2c, we deduce that
T T
Yt = ymse —/ HY (Z35", ZZ;S’I, Py )du —I—/ Z59*dM,, P — a.s.
S S

This result being true for any stopping time 7 € [s, h], the processes on both sides are indistinguish-

able and we have

P—a.s. Y55 = Y557 _ / HO* (7957 708 9 )dr + / Z95CdAM,, Yu € [s, h].

S

Finally we have
h h
P —a.s. V3% = g*(X;") +/ HY*(Z&55% fo;s’g”,é‘r)dr — / ZE5AM,, Yu € [s, h].

with Y#5% ¢ S‘f’h(R) and Z%5% ¢ Hih(RQ). We have the same result by considering the index b
and by denoting 6, the almost sure limit of (A\"(Zy"™"*")1 ganis.a_g)n>0 which holds also in H2 , by

the dominated convergence theorem.
Step 3: Nash equilibrium and conclusion.

We have seen in the previous step that we can build ¢ and €, which are functions of (u, Nf, Ng)
ensuring the existence of a solution a solution (Y, Y? 72 7%) ¢ (‘S‘ih(R))2 x (M2, (R?))? to the
following coupled BSDE (by taking s = 0),

{ Y = HO(Z3,Z.0) — Z3-dM,, Y = gt (X00) 28)

Ay = HY*(22,20,0,) — Zb - dM,, Y} = g*(XP0).

We could rely this BSDE to the system (S) and use Proposition C.1. However, we are not able to
prove the continuous differentiability of the functions V* with respect to the time variable. It is
why we use the theory of BSDEs similarly to Hamadéne and Mu (2014) with the proposition below

to conclude.

Proposition C.2 (Extension of Theorems 2.5 and 2.6 in Hamadéne and Mu (2014)). There exist
a pair of deterministic functions V, V° and some adapted processes ¥ and 0 with values in [A_, 4]
such that

e BSDE (28) admits a solution (YY", 2% 7% € (S3(R))? x (H32(R?))2,

o V? and V® are two deterministic measurable functions with polynomial growth from [0, h] x R?
to R such that P—as, Yu < h, Y% = V(u, X,) and Y? = V®(u, X,,).

e The pair of controls (\5(Z2,0,), Ni(Z5,94))u<t defined by (L) where ¥ and 0 are obtained as
an almost sure (up to a subsequence) and H3(R?) limits of /\”(Zz’n)lzgzo and N'(Zy™)1za—0
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respectively is a bang-bang type Nash equilibrium point of the non zero-sum stochastic differ-

ential game (15).

Proof. Properties 1. and 2. are direct consequences of the proof made in Step 2. Property 3. is
obtained by adapting the proof of Proposition 2.4 in Hamadeéne and Mu (2014) to the jump case,

with minimizations instead of maximizations. O

Hence, Step 1 provides that the system (S™) admits a unique viscosity solution given by the unique
solution of (J™) which approaches the solution of (28) so that A"(ZZ’")lzgzo and A"(Zy")1za—o
converge almost surely up to a subsequence (and in fact in H3(R?)) to a Nash equilibrium for the

game (15) by using Proposition C.2. This concludes the proof of Theorem C.1.

C.3 Proof of Corollary 3.1 and numerical method

In Theorem C.1 we only get convergence results up to a subsequence. However numerically we
observe that the sequence (Vi’n)nz(] converges for i = a or b. Therefore to approach the solution
of the system (S) we solve the approached system (S™) for n large. To implement the numerical
method we need to bound the domain. In practice this means that there is only a limited number

of orders in auctions. Thus we consider the new system

d,ven 4+ Hom(DIven DIyen DAyhny =0, s € [0,h), (o, B) € {0,...,Q}>,
Vaenr(h,a, B) = g*(a, B),
8, vbm + Hbn(DPVbn DIV DEVEn)) =0, s € [0,h), (o, B) € {0, ..., Q)
VP (h,a, B) = g*(e, B),

(Sq)

on the domain [0, ] x {0,...,Q}2 The operators (D, DI?) are defined similarly to (Dg, Dy) with

the following boundary conditions
ngV(s, Q@,m) =0 and D,?V(s,n,Q) = 0 for any (s,n,m) € [0,h] x {0,...,Q}%

Interpreting (Sp) as an ordinary differential equation in R(@+D)? according to Cauchy-Lipschitz

Theorem we have existence of a solution (V;;", VQb”) for the system (Sg) which is unique.

Remember that in our model the auction starts at time 7 = inf{s > 0 s.t. N® + N® > 0}. Con-
sequently market takers optimize their behavior by controlling the processes (N2 +,,N£ +.). Now

remark that
b b b
I n = NEon(Nfp = Np) + N2y (N2, — Niyy).

Consequently, the symmetry of the problem with respect to a and b leads to
E[IZ,,] = P(N® =1)(V*(0,1,0) + V*(0,1,0)) + P(N? = 1)(V*(0,0,1) + V*(0,0,1)).

Now we assume that market takers controls their intensities using a pair of Nash Equilibrium
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controls (A}, A\;) obtained in Theorem C.1 as limit of the smoothed problem. According to the
first point of Theorem C.1 and since V(0,0,1) = V?(0,1,0) and V*(0,0,1) = V(0,1,0), we get
Corollary 3.1 so that
E[If] = lim V*"(0,1,0) + V*"(0,1,0) = V*(0,1,0) + V*(0,1,0).
n—+o00
Let V@™ (resp. V%™ be defined as the backward form of the solutions V@™ (resp. V®") of (S?),

more precisely
Viﬂ(sv E ) = V’L’n(h =5 ')7 s € [07h‘}7 for i € {a’ b}

In the same way, we denote by (Vé’", ch’n) the backward versions of the solution (VS’", VCS’") of
(SQ)- The functions (Vg”, chn) are computed by solving the backward system (Sg).

Finally note that

. ira,n i rbn T ra,n b,n
E[I7] = lim v (h,1,0) + V"™ (h,1,0) = V5" (h, 1,0) + V" (h, 1,0).
Hence we use the quantity VS’n(h, 1,0) + Vé’n(h, 1,0) for n = 1000 and @ = 100 to approach more
accurately E[I?].

D Model extension: Market makers can cancel their limit orders

We can extend our model and allow market makers to revise their position before the auction
clearing by cancelling their limit orders. Formally a market maker arrived at time 7 < Tfl will
maintain its position until the auction clearing at time ¢ with a probability (¢ — 7¢'), where 6 is a
[0, 1]-valued decreasing function such that 6(0) = 1. Hence, the number of market makers present
at the ¢ — th auction clearing is

N‘"L7TL
rel

(3

N =N, with No= D> Ly, cpir_retys
j=Nmm 41
Ti—1
where (X;);>0 is a sequence of i.i.d. random variables with uniform law on [0, 1]. We can show that
during auction time (Ng)o<s<p = (NTpp 1s)s>0 has the same law than an inhomogeneous Poisson

process with intensity
A(s) = pl(t — s).

Moreover we still have an explicit formula for E.

E™id(p) = (1 — emmn YV y~levh /+OO 1/@‘”((02E + o2)e ™ /mt ¢ - lds + O'QE(l - e_m‘))dt
v+ p h 76 0 s 3
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. I,[.O:D } +o0 me 1 s e _ 1
EMJ=Em“m»+——Liﬂu—eﬂ%—ﬂ—wJHh/’ uamwﬂm/’ f/ = udsat
K? v+p A o sJto u

t
mt:/ 10(s)ds.
0

E Proof of Lemma 2.1

cl
s

Consider for any s > 7!, X, = (P; — P;)?. We show that (X )s>re1 18 a Tegenerative process with

renewal times given by (7¢);>1.

Consider 78! < s < 7¢! 11 we have

NZ ,mm Nz ,mm

—u 1
Pi - i,mm imm)—’_ Z gk +
Tt i,mm

N k=1 r N k=1

IZ
KNG

(29)

According to Assumption 1 the process (N}, I});> is independent from Fra with same law as
(N, It)¢>0. Same results holds for (P PTgil)tZO and (P — FPp)t>0 since P is a Brownian

o with

cl +t
motion. Consequently N3, I A, and (PT_Z1 ++ — Pra )izo are independent from (Xj)

same law as Ngjlm, ITlcl and (Pt — Py)>0-

s<T;

Thus according to (29) and since X is piecewise continuous with jump at times (7¢');>1, for any

« and has the same distribution than X _ ol Thus X is

T8 < s <78, X, is independent of (X. )S<T

regeneratlve with renewal times equal to ( il)12>1

Thus according to Theorem 3.1 Chap VI in Asmussen (2008) we have the almost sure convergence

Tcl
ngst E[IQ Xsds]
i — % e
Cote ER A
B B[
~ TR A

E[X 1] = E[(Prp — Pp)?)

Thus we get the stated result.
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