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Appendix: Assortment Optimization and Pricing under the
Multinomial Logit Model with Impatient Customers:
Sequential Recommendation and Selection

Appendix A: Maximum of Independent Gumbel Random Variables

Let X and Y be independent Gumbel random variables with location-scale parameters (i, 1) and
(n,1), respectively. So, the probability density function of X is f(z) = exp(—(z — u+e~ ")) and

the cumulative distribution function of Y is G(x) = exp(—e~®~™). Thus, we have

P{1(X>Y)=1, max{X,Y}>u} = P{X>Y, max{X,Y}>u} = P{X>Y, X >u}

= /OO IF’{Y < :U} -IP’{X € dx} = /OO exp(—e~ @) exp(—(z _MJre—(m—u))) da

= 6“/ exp(—(z+e " (e +e")))dx = e“/ exp(—(z + e~ @los(e+eMy) gy
1 oo .
= #€+ - / eXp(_(:E_log(elt+en)+e—(m—log(el‘+e"))))d$ (@ P{X >Y} -P{max{X,Y} > u},
et +en J,

where (a) holds because P{X > Y} = and max{X,Y} has the Gumbel distribution with

et
ren
location-scale parameters (log(e” +¢€"), 1) by the first and second properties in the proof of Theorem

2.1. Thus, P{1(X >Y) =1, max{X, Y} >u}=P{1(X >Y) =1} -P{max{X,Y} > u}, as desired.

Appendix B: Proof of Lemma 3.2

In (3), we have one term for each stage. Considering II(Si,...,Sk_1 U{i}, Sk \ {i},...,Sn) and
I1(Sy,...,Sm), the terms for stages other than k — 1 and k are identical. Thus, fixing (Si,...,Snm)
and letting /Wk =W(Sy), gk = 25:1 V(S¢) and }Afk = Ry(S1,...,Sm), we have

I(Sy, ..., Sk Ui}, S\ {i}, ..., Sm) —(S1,...,Sn)
(a) A1 (W1 +vm) n A (Wi —w;ry) B A1 Wi B A Wi

(1+0,2) 1+ 01 4+v:) (40 140v) (1460, (140,2)(1+05_1) (1+05_1)(1+0)
_ Uil ( )\k:I B Ak/\ > n >\k71:W7k71 < ,\1 B £ )
1460 1+v;, \ 146, o 1464 146 - 1460, 1+v;, 146,
1 VV} ( ! 1 )
140, \14+0,1+v; 1404,
where we follow the convention that f, = 0. In the chain of equalities above, (a) uses the fact

that W (S, U{i}) =W (Sk_1) +v;r; and W (S \ {i}) = W(Sy) — v; ;, along with 25;12 V(S +
V(Se1U{i}) = S0 VI(Se) + v and Y57 V(Se) + V(Ska U {i}) + V(S \ {i}) = Xb_, V(o).
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Arranging the terms on the right side of the chain of equalities above, the right side of the chain

of equalities above is equivalent to

U T Ae—1 . Ak o Akflwkfl_{_)\kwk Uy
140, 1 +v \ 140, 140, 1400 140, ) \(1 401 +v,)(1+6,_1)

®) Uil k-1 Ak v; (R + By
= = = - = - = -1
1+9k_1+'l)¢ 1+0k—2 1+9k 1+9k—1+vi

)\1171 Y'Y E n E >\kA—1 _ Mk
1+0p_o 140, k—1 k 140, o 140y
— ;| T — = v; (ri = 1, (S5, Sm))s

140,y +0; s A 140, +v;

1+§k—2 1+§k
where (b) uses the definition of Ry (S1,...,S,). The two chains of equalities above show that the

first identity in the lemma holds. The proofs for the second and third identities are similar. |

Appendix C: Nonnegative Optimal Prices

In the next lemma, we show that the prices are nonnegative in any optimal solution to the PRICING

problem, which allows us to use first-order conditions to characterize the optimal prices.

Lemma C.1 Letting p* be an optimal solution to the PRICING problem, the prices in the optimal
solution satisfies pi >0 for alli e N.

Proof: Using p* to denote an optimal solution to the PRICING problem, let A" and N~ be such
that pf >0 for all i e N and p; <0 for all i € N~. To get a contradiction, assume that N~ # &.
Let p be defined as
pi=p; VieNT and p;=0 VieN ™.

We claim that the choice probabilities corresponding to the prices p satisfy ¢F(p) > ¢¥(p*) for all
i € SxNNT, k € M. In particular, by the definition of p, we have p; > p! for all i € N/, so e*~FPi <
e® PP for all i € N. Thus, we get Vi (p) < Vi(p*) for all k € M. In this case, since p; = p! for all
' + h k(p) = i~ FPi > ihri = ¢F(p*
i€ N7, we have ¢} (p) )"“((1+§;§;11 Ve®) 1435, Ve®) — A 1+ Vo) A+5_, Vo)) 0 (p")
for all i € Sy NN*, k € M. Thus, the claim holds. Letting S;” = S, "A* and S, =S, NN~ for

notational brevity, we have p; = p; for all i € S}, as well as p; =0 > p; for all i € S, . Furthermore,

since N~ # &, we have S, # & for some k € M. In this case, we obtain

N =3 S mee)+ > S ree) 9 S S nde) < S Y 5iék®)

kEMjesF k€M ies,- keMiest keMiest
=Y > mier@)+ D D pi¢k(p) =1(p),
keM iES:_ keMm iESk_

where (a) holds since pf <0 for all i € S, and S, # @ for some k € M, whereas (b) holds since
p; =p; and ¢F(p*) < ¢¥(p) for all i € S, NN, k € M. The chain of inequalities above contradicts

the fact that p* is an optimal solution to the PRICING problem. |
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Appendix D: Additive Performance Guarantee for Optimal Prices under Fixed Assortments

In this section, we give a dynamic programming approach to obtain a solution to the PRICING
problem with an additive performance guarantee. Letting 7* be the optimal objective value of the
PRICING problem, for any 6 > 0, our approach comes up with a solution that provides an expected
revenue of at least 7* —# and the number of operations required to obtain this solution is polynomial
in 1/60. At the end of this section, we explain that we can easily use a lower bound on the optimal
expected revenue to numerically evaluate the multiplicative performance guarantee of the solution
that has an additive performance guarantee. To construct a solution with an additive performance
guarantee, fixing an integer K > 0, we construct the grid points Grid ={¢/K : £ =1, ..., K} over the
interval [0, 1]. Noting the expected revenue expression in (5), we use the no-purchase probabilities
over different numbers of stages as the decision variables in the PRICING problem. We focus on
only the values of the no-purchase probabilities that take values in Grid. Let ©(gqx_1) denote
the maximum expected revenue that can be obtained from stages k,k+1,...,m, given that the
no-purchase probability over the first k — 1 stages is gx_;. In this case, letting ©,,.:(-) =0 and
recalling that ¢o =1, by (5), for all k € M and ¢;_, € Grid, we have the recursion

Ok(gr-1) = max {/E (@r-1— ax) {log (Z e‘”) —log <qlk - q:_1> } +@k+1(qk)}- (14)

qr € Grid : ‘
k-1 = qk €Sk

Thus, ©1(qp) = ©1(1) corresponds to the largest expected revenue provided by no-purchase
probabilities of the form q = (q1,...,¢x) with ¢; € Grid and ¢,_; > ¢, for all k € M.

In the next theorem, we show that we can use the dynamic program above to come up with a

solution to the PRICING problem with an additive performance guarantee.

Theorem D.1 Letting ©* be the optimal objective wvalue of the PRICING problem and
{©k() : k € M} be obtained through (14) with Grid={¢/K :{=1,...,K} and K >3, we have

0:(1) > W*_BlK(Z logZeai

keM i€S),

—|—m—|—3mlogK>.

Proof: Let g* be an optimal solution to problem (6). By Theorem 4.2, we have 7* = ﬁ(q*), where
Ii(g) is as in (5). As discussed immediately before the theorem, ©;(1) corresponds to the largest
expected revenue provided by no-purchase probabilities of the form q = (q,...,q,) with ¢ € Grid
and gy_; > g, for all k € M. Thus, we have ©,(1) > ﬁ(&) for any q that satisfies g, € Grid and
Qi—1 > qy for all k € M. We show that there exists some ¢ = (q1,...,q,) that satisfies g € Grid
and Gy_1 > @i for all k € M such that II(g) > II(g*) — 51 (ke 11082 g, €[ +m+3mlog K),
in which case, the desired result follows by noting that ©;(1) > II(q) and 7* =1II(g*). Define q
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as g = min{qy € Grid : ¢ > ¢;} for all k € M, so @, is obtained by rounding ¢; up to the nearest
point in Grid. In this case, since 1 >¢; >...> ¢}, >0, we have 1 > g; > ... > ¢, > 0. Furthermore,
since g, is obtained by rounding ¢; up to the nearest point in Grid, we have 1 > g, > ¢; and
g > 1/K for all k € M. Lastly, since the two successive points in Grid are separated by 1/K, we
have 0< g, —¢q; <1/K and —1/K < ¢;_; — qr—1 <0, in which case, adding the two yields —1/K <
(¢i_y—q;) — (@s—1 — @) < 1/ K. For notational brevity, let A% = gi_, —q; and Ay, = g1 — Gi, S0 We
write the last chain of inequalities as —1/K < A} — Ay < 1/K. Noting that ¢;_, > ¢; and q._1 > qx,
we have A7 >0 and A, > 0. By the definition of II(q) in (5), we have

~ ~ Ak ~ , Ak A o~

fila) 1@ = Y a1~ Butos (e ) + 2 {aiogar - By loxais

keM €Sy keM

+3 A;{az logg; — A logdi p — > &{AZ log &~ Ax log A} (15)

keM keM ﬁ

We bound each one of the four sums above separately. To bound the first sum, noting that

|Ar — Ak\ < 1/K by the discussion at the beginning of the proof, we obtain

(AL —Ay) 10g<ze°‘i> < \A}Z—ﬁk!‘logze‘” < %(logze“"

1€Sy 1€Sk 1€Sk

. (16)

To bound the second sum, note that A; >0 and g;_; <gr_1, so A} logq;_; < Aj loggy—1. Also,
Af— Ay > —1/K and log gy, <0. Lastly, since g* > 1/K, —log g, <log K. Thus, we get
Ay logqp_ 1 —Aglogqr—1 < (Af—Ay) loggr-1 < — I loggr—1 < glog K. (17)

Similarly, we have A} log gy — ﬁk log g, < % log K, bounding the third sum. To bound the fourth

sum, consider the case Ek >1/K. Since zlogx convex in z, the subgradient inequality yields

—~ ~ (a) -~ ~
A log A — Ay log Ay > (1+1logAy) (A — Ay)

R U O T PO R
= A} —Ap+log A (A —Ag) > —?—i—?logAk > —?—ElogK, (18)

where (a) holds since the derivative of zlogx is 14 logz, (b) holds since Ay, < 1, so log Ay, < 0 and
~1/K <A;— A, <1/K, and (c) holds since A, > 1/K, so log Ay > —log K.

Consider the case Ay, < 1 /K. Since @, and g, are, respectively, obtained by rounding ¢;_, and
gy, up to the nearest point in Grid, if Ay = Jr—1— qr < 1/K, then we must have Ay = Qu—1—q: =0, in
which case, we must have q;_, —¢; < 1/K. Furthermore, zlogz is decreasing in x for z € (0,e7!), so
since K >3, we have e™' > 1/K >q;_, — q; = A}, which implies that —+ log K’ < A} log Aj. Thus,
noting that lim, ,ozlogx =0, we get Aj log A} — ﬁk log ﬁk = A} log A} > —% log K, indicating
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that the inequality in (18) holds under the case A, < 1/K as well. Adding up the inequalities in
(16), (17) and (18), recalling that we also have A} logq; — Ay, log i < ~log K for the third sum

and noting that A, < 1, by (15), we get II(g*) — I1(q) < 3K kem 108 s, e“i|+2—T{logK+ 7+
G log K = 52 (Y e 1108 Y, i +m+3mlog K). |

We can follow the optimal state-action trajectory in the dynamic program in (14) to obtain
the no-purchases probabilities g = (qi,...,@n) that provide the additive performance guarantee of
57 (ken 11082 ,cq, %[ +m+3mlog K). In particular, after computing {O4(-) : k € M} through
the dynamic program (14), we set gy = 1. For each k € M, we compute g as an optimal solution
to the problem on the right side of (14) when we solve this problem with g1 = g;_1. Once we

have these no-purchase probabilities, noting the expression right before (5), we can compute the

corresponding stage-specific prices p = (p1,...,Pm) as pr = %{ log (Zz’esk e*) —log (£ — =)} for

ak Gk
all kK € M. These stage-specific prices yield the same additive performance guarantee.

The number of operations to obtain an additive performance guarantee of # > 0 is polynomial in
1/6. By the theorem above, to get an additive performance guarantee 6 > 0, we need to choose K
such that @%(Zke/w [log > ics, €% +m+3mlog K) <6, but since 1/K <1/VK and logK/K <
1/V K for K >3, it is enough to choose K such that ﬁ(zkeM [log ) _cq, €% +m+ 3m) <0,
so we can set K = ﬁ(ZkGM [log e, €[ +m + 3m)2. The dynamic program in (14) has
K possible states, K possible actions, and m decision epochs. Thus, we can solve this dynamic
program in m K? operations, so noting the choice of K, we can obtain a solution that provides
an additive performance guarantee of 6 in i (Y e |log Dics, €7l +m+ 3m)4 operations. Our
analysis for the number of operations is rather loose. For any € > 0, we have 1/K <1/K'~¢ and
log K/K <1/K'* for large enough K. In this case, following the same line of reasoning in this
paragraph, we can obtain a solution that provides an additive performance guarantee of 6 in
(9/?)2% (Y e |log Dics, €+ m+ 3m)2/(1_6) operations, so the number of operations scale a
bit faster than quadratically in 1/6 as long as the number of points K in Grid is large, which is

more aligned with our experience with the dynamic program in (14), as we report shortly.

If we have a lower bound on the optimal objective value of the PRICING problem, then we
can always use the theorem above to numerically obtain a multiplicative performance guarantee.
In particular, for any § € (0,1), letting @ be a lower bound on the optimal objective value of
the PRICING problem, we can use Theorem D.1 to obtain a solution that provides an additive
performance guarantee of § 7. In other words, using 7* to denote the optimal objective value of
the PRICING problem, this solution provides an expected revenue of at least 7* — § 7. Noting that
7™ — 07w > (1 —0)n*, the solution that provides an additive performance guarantee of d 7 also

provides an expected revenue of at least (1 —9) 7*, corresponding to a solution with a multiplicative
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m, C) =(6,3) m,C)=(6,5) (m,C) =(10,3) (m,C) = (10,5)
Avg. CPU Avg. CPU Avg. CPU Avg. CPU
a Gap Secs. a Gap Secs. a Gap Secs. a Gap Secs.
+oco | 7.2-107°%| 34 +oo | 1.5-107%4%| 43 +oo | 3.9-107°%]| 423 +oo | 7.5-107°%]| 520
0.5]9.6-1075%| 30 0.5]1.6-107*%| 31 0.5 |5.3-1075%| 358 0.5|6.4-1075%| 426
0.0]1.2-107*%| 31 0.0 | 1.8-107%%| 30 0.0 | 5.0-1075%| 278 0.0 | 1.0-1074%| 340
—0.1|1.4-107*%| 33 —0.1 | 1.7-10~*%| 32 —0.1|8.0-107°%| 260 —0.19.2-107%%| 336

Table EC.1 Optimality gaps of the prices obtained by using the dynamic program in (14).

performance guarantee of 1 — ¢. To obtain a lower bound on the optimal objective value of the
PRICING problem, we can, for example, charge the same price for all products in all stages, in which
case, we have a single decision variable in the PRICING problem. We can carry out a numerical

search to find the best single price to charge in all stages.

Computational Experiments: We give a small set of computational experiments to

understand the quality of the additive performance guarantee given in Theorem D.1. We randomly
generate a number of test problems. For each problem instance, we use the approach in Section 4.1
to compute the optimal prices, as well as the dynamic program in (14) to compute prices with an
additive performance guarantee. To choose the number of points K in Grid, we compute a lower
bound on the optimal objective value of the PRICING problem by charging the same price for all
products in all stages and finding the best single price to charge through numerical search. Letting
7 be this lower bound, we choose the value of K such that we obtain an additive performance
guarantee of %% By the discussion in the previous paragraph, this approach yields a multiplicative
performance guarantee of 50%. The approach to generate our test problems closely follows the one

in Section 6.2. We briefly describe our approach and refer to Section 6.2 for details.

The number of products is n = 20 and the price sensitivity is S=1. We come up with the
parameters {«; : i € N'} as follows. We have C' product clusters. We randomly assign each product
to a cluster. If products ¢ and j are in the same cluster, then the values of «; and «; are close.
Specifically, cluster ¢ has the centroid .. We set the centroid of cluster ¢ as v.=c— 0.5 for all
c=1,...,C. If product 7 belongs to cluster ¢, then we generate x; from the normal distribution with
mean 7. and standard deviation one. We set o; = rx; — A, where A=log} ., e —log9. Thus,
if all products were offered in the first stage at zero price, then a customer would leave without
a purchase with probability 0.1. We randomly assign each product to one of the assortments
(S1,...,Sm). Letting the random variable Y be the patience level of a customer, the probability

ak

mass function of YV is P{Y =k} = m, where a is a parameter that we vary.
1S [

Varying m € {6,10}, C € {3,5}, and a € {+00,0.5,0.0, —0.1}, we get 16 parameter configurations.
In each parameter configuration, we generate 25 problem instances. For each problem instance, we
compute the optimal expected revenue by solving the convex program in (6) through the fmincon

routine in Matlab. In Table EC.1, we show the average percent gap between the optimal expected
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revenue and the expected revenue from the prices obtained through the dynamic program in (14),
averaged over the 25 instances in a parameter configuration. The second column in the table shows
the runtime to solve the dynamic program in (14). Note that we choose the value of K for a
performance guarantee of 50%, but the optimality gap of the prices that we obtain is less than
1.8 -107%%. Although we report average optimality gaps, each optimality gap deviates from the
average by no more than 0.2-107*%. For our problem instances, the runtime to solve the dynamic
program in (14) ranges between half a minute to nine minutes. For comparison, although we do
not report in Table EC.1, the runtime to solve problem (6) through the fmincon routine in Matlab
takes a few seconds. Thus, solving (14) does not require convex optimization tools, but solving

problem (6) through convex optimization software is faster.

Appendix E: First-Order Conditions for Optimal Prices

The proof of Theorem 4.3 uses the following lemma, which gives a characterization of the optimal

stage-specific prices for the PRICING problem by using first order conditions.

Lemma E.1 Letting p* = (p3,...,p%,) be the optimal stage-specific prices in the PRICING problem
and qi = qr.(p*) for all k € M with ¢; =1, we have

m

n *Z p€+)\ * ok pk Ak{(qk—1)2_<qk)2}:0'
B4 e Qo1 , 57

Proof: Since V;,(p) = e=# ZZGS e, we have a‘;’“(” =—BVi(p )andm:Ofor all £ # k. In this

case, noting that gx(p) = for k> ¢, we get aq’“ p) ﬁVg( )qx(p)?. Also, we have

1+z§:1 Ve(p)’

1 1 _ Vi(p)
L+ Ve 1+50,Vip) (1+X V) 1+ X, Vi(p)

ar-1(p) —ar(p) =

SO Qi1 —qp = ‘A/k (p*) ¢i_ q;- Lastly, the optimal prices are finite, since decreasing all infinite prices

to the largest finite price charged in any stage improves the expected revenue.

By (5), IL(p) = >_1.c i Mk Pk (@k—-1(P) — a1 (p)) is the expected revenue as a function of stage-specific
prices. Note that g, (p) depends on p, only if k > £. Thus, differentiating II(p), we get

oll(p)
Ope

— A (aa(p) — )~ M e BT )+ 3 M BTp) {ams (0 — (o)),

k=0+1

where we use the fact that 8%7(”) = BVi(p) qi(p)? for k> £, but ¢i(p) does not depend on p, for

9ax(p)
Opy

*

k </, so we have =0 for k < L. The optimal stage-specific prices p* satisfies the first order



ec8 e-companion to Multinomial Logit Model with Impatient Customers

Ol (p)
Opy

Vi(p*) a; 1 a7, we get

condition o = 0. Therefore, using the equality above, along with the fact that ¢;_, —¢; =

oll(p 7 (%) % 1 @ . 1 - * * *
8( ) = XBVP) G T 5 — *e Pe T+ \, ot pk/\k{(qkfl)z_(qky} =0
pZ p=p* 6 q@-l éqﬁ qé—l k=0+1

Since the optimal prices are finite, m(p*) # 0, along with ¢; , =q,_1(p*) #0 and ¢; = q,(p*) #0,

in which case p* satisfies the equality in the lemma. |

Appendix F: Proof of Theorem 4.4 and Tightness of the Performance Guarantee of 87.8%

The proof uses a chain of upper bounds. Setting A, = 1 for all £ € M enlarges the objective function
of the PRICING-ASSORTMENT problem. By (5), we can express the expected revenue as a function

of the no-purchase probabilities. So, setting A\, = 1 for all K € M in (5), as a function of no-purchase

probabilities g and assortments (Sl, ..+ySm), we can upper bound the expected revenue by
~ _ 1 1
II(q,Si1,...,5m) Z (qr— 1—qk){log<26“2>—log <— )} (19)
”8 keM 1€S Tk Te—1

So, we can upper bound the optimal objective value of the PRICING-ASSORTMENT problem by
maximizing ﬁ(q,Sl, ...ySy) over all (q,S1,...,S,) € R} x F such that g,y > ¢, for all k€ M.

Throughout this section, we set 8 =1 for notational brevity, which simply scales the expected

revenue by 3. Also, recall that go = 1. Letting T'=},_\-e*, we define RO(qy,...,q) as

1 _Tq). (20)

We have the superscript (¢£) in R (qy, ..., q,) since we will work with different numbers of stages. In

4
ROqy,....q) = D (qe—1 — ) log(qu— 1Qk)+(1_q5)10g<

k=1

the next lemma, we show that R™(qi,...,q,) is an upper bound on ﬁ(q, SiyeeySm).

Lemma F.1 If (q,5,...,5,) € R} x F satisfies q—1 > qi for all k € M, then we have
R(m (q17"'7Qm) ﬁ(q7517 7‘9 )

Proof: 1f (Si,...,8,) € F, then we have 3, (> ;s €* < T. Thus, noting the definition of

ﬁ(q, Si,...,S,) and using the decision variables @ = (z1,...,%,,), we get
~ 1
I(q,Si,...,Snm) < max Z (Qe—1 — qx) {logxk — log ( )} Z x, <T (21)
PR em EL LA kEM

Since q_1 > q;, for all k € M with ¢y =1, if ¢,, = 1, then we have ¢, =1 for all kK € M, so using the
fact that lim,_,ozlogz =0, we get ﬁ(q, S1yeeiyS)=0=R"™ (q1,...,qm).

In the rest of the proof, we consider the case ¢,, < 1. We can solve the problem on the right

side of (21) by using Lagrangian relaxation. For (as,...,a,) € R}, the optimal solution x* to



e-companion to Multinomial Logit Model with Impatient Customers ec9

the problem MaXgepy {ZkeM aplogxy i ) e Tk < T} is obtained by setting z}, = ay, for

T
Xeemae
all k € M. To show this result, we can relax the constraint ), _, @, <T by using a Lagrange
multiplier and compute the optimal value of the Lagrange multiplier by noting that this constraint
must be tight at optimality. Using this result with a, = gx—1 —qx, since >, . v (qe—1—Gk) = G0 — Gm =

1 — gy, the optimal solution x* to the problem on the right side of (21) is obtained by setting

T
1—gm

_ T 11
(g, 51, 8m) < Z(le_Qk){log<1_q >+10g(qk1—qk)—10g<qk—qk 1)}

I T A (S

e (qx—1 — qi,) for all k € M. Plugging this optimal solution into (21), we get

m e qr—-19k
= (1—gn) log<1 — qm> + k%;(qkl — @) log(qr-1qr)-

The desired result follows by noting that the expression on the right side of the chain of inequalities

above corresponds to R™(qy,...,qm). [ |
To get an upper bound on the optimal objective value of the PRICING-ASSORTMENT problem,
we can maximize the upper bound on the objective function, yielding the problem

9 = max {R“)(ql,---,qn : 12Q1Z---2Qe20}- (22)
(q1,--,q0) ERY.

In the next lemma, we show that an optimal solution to the problem above occurs in the strict

interior of the feasible set and the optimal objective value in (22) is strictly increasing in /.

Lemma F.2 Letting (qi,...,q;) be an optimal solution to problem (22), for all { =1,2,..., we
have 1> q; > ...>q; >0 and 29 > 2~V with the convention that (¥ =0.

Proof: We show the result by using induction on the number of stages. For £ =1, we have R (q;) =
(1)

(1—-qu)loggqs + (1 —q1)log %, so that R (0) = —oo, RV (1) =0 and aRqul) 411 = —00. Thus,

the value of RV (q;) at 1 — e is strictly greater than zero for small enough € > 0, which implies that

zW > 0=2" and the maximizer of R (q,) over the interval [0,1] is in the strict interior of the

interval [0, 1]. Therefore, the result holds for £ =1. Assuming that the result holds for ¢ stages, we

show that the result holds for £+ 1 stages. We have
RV (g, q1,.-.,q) = (1—q)logg+(¢—a1) log(qa)

¢
T
+ Z(qu —qx) log(qr—1qx) + (1 — q¢) log (1 — qz> )

k=2

which follows by using the definition of R*)(qy,...,q,). In this case, subtracting the expression
above from R (qy,...,q), we have RV (q,q,...,q) =R (q,...,q)+ f(q,q1), where f(q,q.) is
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given by f(¢,q1) =(1—¢q)logq+ (¢ —q1) log(gq1) — (1 — ¢1) loggqy. By the subgradient inequality,
we have logx <2z —1 for all x € (0,1). Also, using the definition of f(g,q:), we have f(1,¢:) =0

9f(9,91)
and dq |q 1

_,=1—q +logq. Let (r{,...,r;) be an optimal solution to problem (22) when we
solve this problem with ¢ stages. By the induction assumption, we have 1 >} >...>r; > 0. Since
ry € (0,1), we get f(1,r77) =0 and %{’;D‘q:l =1—1r} +logr; < 0. Therefore, letting ¢* be an
optimal solution to the problem maxyep s 1) f (g,77), the objective value of this problem at ¢ =1 is
zero, but since the derivative of the objective function at ¢ =1 is strictly negative, the objective
value of this problem at ¢ =1 — € is strictly greater than zero for small enough € > 0. Therefore, it

follows that f(q*,r}) > 0. In this case, we get
(a)
20 = ROGT,...rp) < RO(ry,...omp) + f(a",ri) = RV (g i, o) < 20000,

where (a) holds since 1 >¢* >ri>...>r; >0, so (¢*,r],...,r;) is a feasible, but not necessarily

an optimal, solution to problem (22) with £+ 1 stages. Thus, we have z(‘+1) > 29,

Let (¢f,...,q;,,) be an optimal solution to problem (22) with ¢+ 1 stages. We show that

1>q;>...>q;., >0. To get a contradiction, assume that ¢7_, = ¢} for some 7 </ +1, so

U+ — Rp+1) (g7, qr41)

£+1 T
= > (i~ ) Toxlai i)+ (1 i) tos (1)

— ot

T /41
= E(Qk—l —qy,) log(gi_1 q1,) + Z (@h-1 — @) log(q4—1 i) + (1 —qj4q)log <)

1 ok
k=1 k=7+1 Qetr
(d)
*

= RO @ G G) < 29,

where (b) and (c) hold since ¢_; = ¢} and (d) holds since (q7,...,q;,,) is a feasible solution to
problem (22) with +1 stagesso 1> ¢ > ... >¢;,, >0, in which case, (¢7,..., ¢ _1,q} 1,1 q74) I8
a feasible, but not necessarily an optimal, solution to problem (22). The chain of inequalities above
contradict the fact that 2+1) > 2. Therefore, we have ¢; |, > ¢} forall k=1,..., ¢+ 1. Noting the
convention that g =1, we get 1> g7 > ... > q;,,. Lastly, if we have ¢;,, =0, then there must exist
some k=1,...,£+1 such that ¢g;_, > ¢g; =0, which implies that (¢;_; — ¢;) log(¢i_; ¢t) = —0.
Thus, by the definition of R (qy,...,q,), we get 2+ = R (g, ... q;,,) = —oc, contradicting
the fact that 2+1 > 20 > ../ > 2(0 = 0. Therefore, we have 1 >¢; >... > g;,; > 0. In the previous
paragraph, we also had 2D > 2| so the result holds for £+ 1 stages. |

In the next lemma, we build on the lemma above to give a simple expression for the objective

function of problem (22) when evaluated at its optimal solution.
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Lemma F.3 Letting (q;,...,q;) be an optimal solution to problem (22), this solution satisfies the

two identities given by

*

9o

9y
1_ * *
g QZ* exp <Qe*1> -7
19 q4

Proof: Using the definition of R (qy,...,q,) in (20), directly by differentiating this function, we

RY(q},....q;) = logqi — (1+¢q7) + =+ —log(g;_, a;) + g

have the partial derivatives

qr+1 Qk—1 — Qk+1 .
lo + ifk=1,...,4—1
8R“)(q1, e 7%) _ & <qk_1> gk (23)
Oqy, Qe—1 log(qe_1 q¢) — log ( ) otherwise.
qe L—q

By Lemma F.2, (¢j,...,q;) is in the strict interior of the feasible set of problem (22), so it
0RO (a..-00) =0 for all k=1,...,¢. By (23), we

qz)‘
Oqy, (q15--,q0)= (q1 ,,,,, a;)

get log ( k“) = —% forall k=1,...,¢ =log (% 4;_1q;). Solving for T in the
last equality yields the second identity in the lemma. By the definition of R“)(qy,...,q), we get

satisfies the first order condition

£
ROg,....q) = qu 1log(g 1 a7) = D ai log(ai 1 i) + (1 - g7 log (457

k=1 k=1
-1 4
= loggi +_ai10g(gi gi) — D ai log(ai 1 i) + (1 - q7) log (57
k=1 k=1
-1
- 10gq}‘+;qz (3) — 4 log(g; 1 47) + (1 g7) log (27
-1
- 10gq}‘+;qz (42) — g { tog(gi_y a7) +10g (+2:) } +log (+2-)
(a) -1
= logqi =Y (gi 1 —Gr) — G (41 47)
k=1 ¢

*

* * * qy_ * *
= logq; —(1+q})+q; + fl*l —log(q;_, q),
¥/

where (a) holds since log ( ’““) = —q’t’lqﬂ for all k=1,...,¢ = =log (Zx 4/ 47),
k—1 k 44

and (b) follows by cancelling the telescoping terms, so the first identity in the lemma holds. |

In the next lemma, we give a simple inequality that will allow us to upper bound z¥.

Lemma F.4 If 5,t > 1 satisfies log(st) + 1 —s =0, then we have s >2— 1.

Proof: Letting h(s) =2(1 — s) +logs —log(2 — s), we have h/(s) = -2+ 1 4+ ;L = 23(2 S) Thus,

h(s) is strictly increasing in s for all s € (1,2), which implies that h(s) > h(1) =0 for all s € (1,2).
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Also, letting f(x) =2 —logz, we have f'(x) =1— 21, so f(z) is strictly decreasing in x for all

x€(0,1). To get a contradiction, assume that s,t > 1 satisfies log(st) + 1 —s =0 and we have
1 . 1 e . . .

5<2— 1. Since 0<<2—s<1 and f(x) is is strictly decreasing in x for all 2 € (0,1), we get

f(3)> f(2—s). Noting the definition of f(z), the last inequality is equivalent to

1
g—i—log(st)—s > (2—5)—log(2—s)+logs—s = h(s).

Since 1 < s <2— 1, we have s € (1,2). Noting that h(s) >0 for all s € (1,2), the inequality above

yields log(st) + 1 — s >0, which contradicts the fact that log(st) + 1 —s=0. [ ]

In the next proposition, we use Lemmas F.3 and F.4 to upper bound z*) with a closed-form.

Proposition F.5 Defining the function Gr(z) = 1 (\/1+4T/e* + 1) and noting that 2\ is the

optimal objective value of problem (22), we have

1 Gr(1)
20 < 2log(Gr(1)) + -1+ 22,
Proof: Let (q7,...,q;) be an optimal solution to problem (22). First, we give an upper bound on

1/q;. Letting f(z) = ; exp(z/q;), we have f'(z) = f(z) (;x — ;). Therefore, f(x) is increasing in z
14
for all = > g;. Since q;_; > q;, we obtain q*l exp(q;_1/aq;) = f(q;_1) > f(q;) = e/q;. In this case,

£—1

since (g, ...,q;) satisfies the second identity in Lemma F.3, we have

1—qg* 1 » 1—q} 1 1
T = *qe { * eXp (qz*l)} 2 € *qQE = e{ *)2 _*}
q, dp_q 4, (@) (a) 4,

For fixed x € R, the only positive root of the quadratic equation 22 — z — e% =0 is Gr(z). Since

ﬁ - q% — L <0 by the chain of inequalities above, we get q% < Gr(1).
4 ’4 ']

Second, we give a lower bound on 1/¢;. Letting t; = q;_,/q; for all k=1,...,¢, by Lemma

F.2, t; > 1 for all k=1,...,¢. Also, we can write the first order condition in the first case in
(23) as —log(tpty,,) +t; —#— =0 for all k=1,...,4—1. In this case, by Lemma F.4, we get
k+1
tp>2— 45— forall k=1,...,0—1. Thus, letting V" = l_Tq* (g;_, — q;), we obtain
k+1 4
V| diaa_ il
Viia dr — Q41 1- G

where the last inequality holds since ¢ > 2 — =1—. Thus, we get V7 > V;*,. By the definition of
k+1

V,f, we have 22:1 Vi =T. Since V* > ... >V} and Zizl Vi =T, it follows that V;* <T/¢.

1
)

1+ 4 <1498 where the

Zqz‘ — 4

We have V) = L (¢; , —q;) < %, which implies that ¢;_,

lfqz<

1 . .
—q; <= (q;_, —q;) < 4, in which
9y
@ =

S %

case, dividing both sides of the last inequality by ¢;, we get
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last inequality holds due to the fact that &+ < Gr(1). Since (g7, ..., q;) satisfies the second identity

qp

q‘;:l <1+ LTZ(I), we have
4

T= 1*_%* exp <qe*1) < 1_*q; exp(l—I—GT(l)) = exp<1+GT(1)> { 1 2 _1*}
Q19 4y (QZ ) ¢ ¢ (C.Iz ) 4y

Since the only positive root of the quadratic equation 2?2 — z — L = 0 is Gr(z), noting that

in Lemma F.3, noting that ¢;_, > ¢; and

3]

1 1

T
(q;)Z qu el+Gr(1)/¢

> 0 by the chain of inequalities above, we get = > Gr(1+ % Gr(1)).

*
24

)

By the subgradient inequality, we have logz < x —1 for all z > 0. Noting that (¢j,...,q}) satisfies
the first identity in Lemma F.3, we get

* * * * q*7 * * *
29 = ROq,....q)) = loggi —(1+4¢) + g*l—log(qz—l%)*%

¢
(@) . . Gr(1 ; !
< loggy —(144q7) +1+ o )_210g(q€)+GT(1+1GT(1))
¢

b) Gr(1) 1
< -1+ T +2 IOg(GT(l)) + GT(l +%GT(1))’

—~

where (a) holds since we have qé—? <1+ GTK(l), q;_, > q; and é > Gr(1+4 1 Gr(1)), whereas (b)

holds since log ¢} < ¢; — 1 and é <Gr(1). |

If we offer all products in the first stage, then the PRICING-ASSORTMENT problem reduces to
the standard pricing problem under the multinomial logit model with the same price sensitivity
for all products. In this case, using W (-) to denote the Lambert-W function, it is a standard result
that the optimal price to charge for all products is % (L+W(T/e)), yielding the optimal expected
revenue %W(T/e); see Proposition 3.2 in Zhang et al. (2018). Recalling that we set 8 =1, if we
offer all products in the first stage, then the optimal expected revenue is W(T'/e). In the next
theorem, we compare the optimal expected revenue that we obtain when we offer all products in

the first stage with the optimal expected revenue in the PRICING-ASSORTMENT problem.
Theorem F.6 Noting that I1(p, S1,...,S,) is the objective function of the PRICING-ASSORTMENT
problem as a function of the prices p and the assortments (Si,...,S,,), we have

maxpegn II(p, N, &, ..., Q) > min (1+2)W(z(l+2z))
maX(p,Sl ..... Sm)GR"x}'H(paSh“'vSm) 2t 2(1+l’) 10g(1+$)—l’ .

Proof: Let m be the optimal objective value of the PRICING- ASSORTMENT problem, corresponding
to the denominator of the first fraction in the theorem. Note that ﬁ(q,Sl, ...ySm) in (19) is an
upper bound on the expected revenue from the no-purchase probabilities g and the assortments
(S1,--.,Sm). Thus, we have 7* < max(%sh___’Sm)eRTX;{ﬁ(q,Sl, cosSm) i Qe—1 > qr Yk € M}, so by
Lemma F.1, we obtain 7* < max(qh,__,qm)eRT{R(m)(ql,...,qm) CQro1 > qp Yk € M} = 2™ where



ecl4 e-companion to Multinomial Logit Model with Impatient Customers

the equality uses the fact that (™ is the optimal objective value of problem (22) with £ =m. By

the last chain of inequalities, for all £ > m, we get

(a) 0) 1 Gr(1)
< o2m 220 2 9 100(Gr(1)) + —14 2
™ < 2 < 20 < 2log(Gr(1) Gra+ic)) e

where (a) holds since 2(¥ > z(™) for all £ >m by Lemma F.2 and (b) uses Proposition F.5. Thus,

—1+ Szl

for any ¢ >m, we have 7* < 21og(Gr(1)) + g-rra-m70

The last inequality holds for all £ > m. Taking the limit as £ — oo and noting that Gz(z) is

continuous in x, we can upper bound 7* as

1 GT(I)}

ﬁ-)6
A

+ ~1+
Gr(1+7Gr(1)) l

1L 210g<\/1+4:r/e+1>Jr 2 L (24)
Gr(1) 2 V1+4T/e+1

where the last equality uses the definition of G (z) in Proposition F.5. Also, we know that if we

< lim {2 log(Gr(1))

< 2log(Gr(1)) +

offer all products in the first stage, then the optimal expected revenue is W (T'/e).

The function f(z)=ex (1+x) is strictly increasing in = for x > 0. Making the change of variables

T =ex(x+1), we have 1(\/1+4T/e+1) =1+ x. Therefore, we obtain

maxpepn I(p, N, 2, ..., Q) ~ W(T/e) (;) W(T/e)
maX(p,s,..., Sm)GR"X}'H(pasb"'?Sm) ™ o 210 \/ 1+4T /e+1 + 2 _
& 2 \/144T Je+1

@ f Wearn) | Q) Wets)
~ w20 | 2log(1+ @)+ 5 — 1 220 | 2(1+2) log(l+z)—2 [’

where (c) follows from (24), and (d) follows by making the change of variables T'=exz (1 + z) and

minimizing the lower bound over all x > 0. |
Here is the proof of Theorem 4.4.

Proof of Theorem 4.4: We argue that the optimal objective value of the minimization problem
on the right side of the inequality in Theorem F.6 is at least 0.878. Let H(z) = %. In
Figure EC.1, we plot H(z) as a function of x over the interval [0,1827], which is at least 0.878. It
remains to demonstrate that min, g7 H () > 0.878. For two functions f(-) and g¢(-) that take
nonnegative values over the interval [1827,+00), fixing § = 0.878, we have min,>1sa7 % > B if and
only if f(x) — B g(x) >0 for all z > 1827. So, having min,>1s27 H(x) = 0.878 is equivalent to having

I+x)W(zx(l+2z)—-F(2(1+2z)log(l+z)—2x) >0 for all z>1827.

For z > e, we have W (z) >log(z) — loglog(x); see Hoorfar and Hassani (2008) Therefore, it is
enough to argue that (1+ ) (log(z (1+x)) —loglog(z (1+x))) — B (2(1 +x) log(1+x) —x) >0 for
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Figure EC.1  Plot of H(z) as a function of z.

all x > 1827. We use F'(x) to denote the expression on the left side of the last inequality. By direct
computation with §=0.878, F'(1827) > 0.31. Next, we check that F’(z) >0 for = > 1827. We have

/ L+
F'(z) = logz+log(l+x)+ Tx +1—loglog(z (1+x))

1 11
+$1+x) <x+ )—5—2ﬁlog(1+x)

~ logz + log( 1+
3655/3654
> 210gx—|—2—log2—loglog(l+az)—logx—ﬁ—2ﬁlog(1+x)
3655/3654
= (2— 2ﬂ)10gx+2610g< _T_ >+2—log2—loglog(1+ x)— ng—ﬂ, (25)

where the first inequality holds since loglog(z (14 x)) <log(2 log(1+z)) and £ +1 < 3835 for all

x > 1827. We split the expression on the right side above into two expressions.

First, consider the function P(z)=28log(57) +2 —log2 — %

in z. Thus, for all z > 1827, we have P(x) > P(1827) > 0.29, where the second inequality is by

— 3, which is increasing

direct computation. Second, consider the function Q(z) = (2 —25) log:c —loglog(1 + x). By direct
computation, we have QQ(1827) > —0.19. Also, noting that 2 — 25 — 1828 >0.11, for all x > 1827,
we have Q ( ) (2 2/8) m = 1+w (2 25 m) = 1+w (2 26 log 1828) > 0. ThUS
Q(z) is increasing in x for all > 1827, so Q(x) > Q(1827) > —0.19. The expression on the right
side of (25) is P(z) + Q(x), so F'(x) = P(z)+ Q(z) > 0.29 — 0.19 > 0 for all x > 1827. [ |

Tightness of the Performance Guarantee of 87.8%:

Intuitively speaking, we can reverse-engineer the sequence of steps in our proof of the performance
guarantee of 87.8% to come up with a problem instance to demonstrate that this performance

guarantee is tight. In particular, we use the following steps. First, we find the value of z* that
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minimizes the function H (z) in the proof of Theorem 4.4. This value is approximately 58.83. Noting
the change of variables T'= e x (14 z) in the proof of Theorem F.6, we set T* = ex* (14 z*), which
is approximately 9567.33. We fix the number of stages m to any positive integer. Second, setting
T =T in (20), we solve problem (22) with £ =m. We let (¢7,...,¢},) be an optimal solution to this
problem. Third, noting that the optimal value of z} in problem (21) in the proof of Lemma F.1

is z} = ﬁ (qe—1— q1), we set T} = % (gi_; —q;) for all k=1,...,m, where T* is as obtained
in the first step and (¢7,...,q},) is as obtained in the second step. Once we compute the values of
(Ty,...,T*), we construct our problem instance as follows. We have A; =...=\,, = 1. The price

sensitivity is 8 = 1. There is one product associated with each stage, so we index the products by

{1,...,m}. The parameter «; for product i is such that e* =T}.

Noting that zZ{™) is the optimal objective value of problem (22) with £ =m, by Lemma F.1, 2(™
is an upper bound on the optimal objective value of the PRICING-ASSORTMENT problem. In this
case, for the problem instance that we constructed as in the previous paragraph, we can follow the
proof of Lemma F.1 line by line to show that if we offer product ¢ in stage ¢ and optimize only over
the prices of the products in the PRICING-ASSORTMENT problem, then the optimal objective value
that we obtain is equal to 2", achieving the upper bound of 2. Thus, for the problem instance
that we constructed, the optimal solution for the PRICING- ASSORTMENT problem involves offering
each product 7 in stage 7. In other words, for the problem instance that we constructed, we can
solve the PRICING- ASSORTMENT problem efficiently. We offer each product ¢ in stage ¢ and use the

approach in Section 4.1 to find the optimal prices to charge for the products.

In this case, we can follow the proofs of Proposition F.5 and Theorem F.6 line by line to show
that the performance guarantee of 87.8% is tight for the problem instance that we constructed, as
long as the number of stages m gets arbitrarily large. The number of stages needs to get arbitrarily
large due to the limit in (24). In Figure EC.2, we numerically verify the tightness of the performance
guarantee of 87.8%. For each m € Z_, we construct a problem instance as described in this section.
For each problem instance that we construct, we solve the PRICING-ASSORTMENT problem to get
the optimal objective value, which we denote by 7™ . Also, we offer all products in the first stage
and compute the optimal prices to charge for the products. We denote the corresponding optimal
objective value by 7(™. In the figure, as a function of the number of stages m in the problem

instance that we construct, we plot the ratio =™ /7™,

Naturally, by Theorem 4.4, 7(™ /ﬁ(m) never falls below 87.8%. For smaller values of m, the ratio
E(m)/ﬁ(m) can be noticeably far from 87.8%, but m does not need to get too large for the ratio to
be close to 87.8%. Once m reaches about 15, 7™ /ﬁ(m) gets remarkably close to 87.8%, verifying
that our analysis in the proof of Theorem 4.4 is tight for the problem instances constructed by

using the approach discussed in this section, as long as m gets large.
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Figure EC.2  Plot of (™) /7(™) as a function of m.

Appendix G: Performance Guarantee of 50% and its Tightness

In the following lemma, we give a 50% performance guarantee for the ASSORTMENT problem by

offering a nonempty assortment only in the first stage.

Lemma G.1 Letting © be the optimal objective value of the ASSORTMENT problem, we have
maxscy (S, 9,...,0) > 7.

Proof: Let (S7,...,S},) be an optimal solution to the ASSORTMENT problem and 73} =S} U...US;
with T = @. Noting the definition of II(Sy,...,S,,), we get

)=y AW - W)
" S U V(T) (L VI(TR))

(@) o= W(Ty) A B Ak+1 " A W(T;,)
1+ V(Ty) 14+V(I,) | A+ V(T ) L+ V()

1 +
_ W(S) s A e L
SRR T V) [\ & T V(TL)  1eV(Ty) [ 1HV(TL )

- 1 1
<A1 * ;A’“{ 1+V(Ty,) 1+V(Ty) }>
- 1 1
2 { 1+V(Ty,) 1+V(Ty) })

1 1
— — <
g&%‘{ﬂ(s’g’ ’@)} <1+1+V(T1*) 1+V(T;;;)) —22&%{{H(S’®’ ’g)}’

where (a) follows by by arranging the terms and (b) follows by noting that I1(S,2,...,9) =

W (S)
A1 1+V(S)

and A\; =1, as well as arranging the terms in the sum on the left side of the equality. W
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(S1,52) Exp. Rev
1 U1 1+1 e)e:1 =0

1}, @ = 1
2 =
T2 V2 _ € _ e—0
({2.2) 14w 1+1/e 1+e€
({1,2},2) 7”1v1+7“2U2:(1+1/e)e+1/e:1 =0, 4
14 v +v2 14+e+1/e
r1U1 T2 V2 (1+1/e)e 1/e 1 o
1), {2 _ . ,
A Lo (Lo (1 o1+ 02) 1te T AFa0+et1/o +(1+e)(1je+52)
({2}7{1}) 202 "o 1/6 (1+1/E)E 1 € (1+€) e—0 1

14v2  (14w)(1+v2+wv1) T 1t1/e (1+1/e)(Q1+1/e+e) T lte (1+e)(1+e+e€?)
Table EC.2 Expected revenue from non-dominated assortments.

Tightness of the Performance Guarantee of 50%:

We give a problem instance to demonstrate that the performance guarantee of 50% that we give
for the ASSORTMENT problem in Lemma G.1 is tight. We consider a problem instance with two
products and two stages. The revenues and preference weights of the products are r; =1+ 1/e,
ro =1, vy = ¢, and v, = 1/e. The distribution of the patience level is given by A\; = A\, =1. In Table
EC.2, we give the expected revenue from each non-dominated solution, along with the limit of
the expected revenue as € — 0. If we offer the empty assortment in all stages except for the first
one, then the largest expected revenue that we can obtain is the expected revenue from one of the
solutions ({1},9), ({2},9) and ({1,2},2), all of which get arbitrarily close to one, as we choose €
arbitrarily small. On the other hand, as we choose € arbitrarily small, noting the solution ({1},{2}),
the largest expected revenue from any solution is arbitrarily close to two. Thus, the performance
guarantee of 50% that we give for the ASSORTMENT problem in Lemma G.1 is tight. To make
the contrast, for the PRICING-ASSORTMENT problem, offering the empty assortment in all stages
except for the first one and finding the revenue-maximizing prices in the first stage provides a
tight performance guarantee of 87.8%. On the other hand, for the ASSORTMENT problem, offering
the empty assortment in all stages except for the first one and finding the revenue-maximizing

assortment in the first stage provides a tight performance guarantee of 50%.

Appendix H: Complexity of Joint Pricing and Assortment Optimization

We consider the PRICING-ASSORTMENT problem when the prices of the products take values only
over a finite set. We show that the problem is NP-hard even when we have only two possible
price levels for the products and the choice process of the customers involves only two stages with
A1 =Xy = 1. Consider the following instance. The set of products is N ={1,2,...,n}. We have two
stages with A; = Ay = 1. We have two price levels, which we denote by py and p; with pg > pr.
For each product i, if we offer it at price ¢ € {py,pLr}, then its preference weight is given by v;,.
We want to find the sequence of assortments to offer in the two stages and the prices to charge

for the products to maximize the expected revenue. Using the vector p = (p,...,p,) to denote the
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prices that we charge for the products and (S;,5;) to denote the assortments that we offer in the
two stages, noting the expected revenue expression in (3), we want to solve the problem

Ziesl PiVip, n ZiGSQ PiVip, }

max
(P,51,52){pL P} XF { 1+ Eiesl Vi,p; (1+ Ziesl Vip,) (14 Ziesl USs Vip;)

(26)

In the next lemma, we give a structural property of an optimal solution to the problem above to

express it in a simpler fashion. We defer the proofs of auxiliary lemmas to the end of this section.

Lemma H.1 There exists an optimal solution (p*,S7,S5) to problem (26) such that all products
are offered; that is, ST US; =N. All products in the first stage have the high price and all products
in the second stage have the low price; that is, p; =py for all i € S7 and p; =pr for allie S;.

By Lemma H.1, the critical decision is the assortment offered S in the first stage, in which case,

we offer the assortment A\ S in the second stage. Thus, problem (26) is equivalent to

max PH ZieS Vi,H X bL Zi¢5 Ui, L , (27)
SCN | 143 s vin (L4 esvim) T+ 2 cgvin + Zigs viL)

where we let v; y = v;,,, and v, , = v;,, for notational brevity. To establish the computational

complexity, we will consider the following decision-theoretic version of the problem above.

Two Stages and Two Price Levels:

Inputs: A set of products index by N'={1,...,n}, two price levels py and p;, with py > p >0,
two preference weights v; i and v; 1, for each product i € N/, and an expected revenue target 7'
Question: Does there exist a subset of products S C N that provides an expected revenue of T'

or more in problem (27)7

The main result of this section is given in the following theorem, showing that the Two STAcEs

AND Two PRICE LEVELS problem is NP-complete.

Theorem H.2 The Two STAGES AND Two PRICE LEVELS problem is NP-complete.

We will use two auxiliary lemmas in the proof of the theorem above. The first lemma focuses on

the complexity of the following variant of the subset sum problem.

Three-Quarters Subset Sum:

Inputs: A collection of weights wy,w,, ..., w, such that w; € Q. foralli=1,... n.

Question: Does there exist a subset S C{1,...,n} such that >, _qw;=323""  w;.

In the following lemma, we show that the THREE-QUARTERS SUBSET SUM problem is NP-complete.

We give the proof of this lemma also at the end of this section.
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Lemma H.3 The THREE-QUARTERS SUBSET SUM problem is NP-complete.

Lastly, in the next lemma, we characterize the maximizer of a function that is crucial in our

NP-completeness proof. The proof of this lemma is at the end of this section as well.

Lemma H.4 For each 7> 1 and a>1 such that 1 < 2= < (1+«)?, define frq:[0,1] >R, as

LE a(l—1)
14z (I+z2)1+a—(a—1)z)

1+a7\/(a71)/(7rfl).

—1t+at+/la-1)/x-1)

fW,oc(x) =

Then, fr.o achieves its unique maximum at * =

Here is the proof of Theorem H.2.

Proof of Theorem H.2: We will use a reduction from the THREE-QUARTERS SUBSET
SuMm problem, which is NP-complete by Lemma H.3. Consider an arbitrary instance of the
THREE-QUARTERS SUBSET SUM problem with the weights wy,ws, ..., w,. Without loss of generality,
we assume that ) "  w; =1, because we can normalize all of the weights by dividing them by
>r, w; without changing the answer to the problem. The THREE-QUARTERS SUBSET SUM problem

asks whether there exists a subset S C {1,...,n} such that ), cw; =32,

We construct an instance of the Two STAGES AND Two PRICE LEVELS problem as follows. The

set of products is {1,...,n}. The two price levels are py = g and p; =1 with the corresponding

preference weights v; g = w; and v; , = Tw; for each product i. Considering the function f., in

5

Lemma H.4 with © = 5

and a =7, we set the expected revenue target as T' = f3 ;(3/4). Let

REV(S) be the expected revenue in this Two STAGES AND Two PRICE LEVELS problem. Noting that

Zi¢S Wi = Wi — Y eg Wi =1—3,cgwi, by (27), we have
5
Rev(s) — (222ies | SRR
1+ cswi (14> cswi) (1+Zieswi+7zz‘¢swi)
5 D ies Wi 4 T = ieswi) _
143 cswi (142 cswi) (8=63,c5wi)

We will show that there exists a subset A C {1,...,n} such that >, ,w; = 2 in the

THREE-QUARTERS SUBSET SUM PROBLEM if and only if there exists a subset S C {1,...,n} in the

TwO-STAGES AND Two PRICE LEVELS problem such that REV(S) >T.

By the definitions of REV(S) above and f; , in Lemma H.4, REV(S) = f5 (3,5 w;). Also, our

5
choice of m =2 and a =7 satisfies 7 > 1, a>1 and 1 < 2= < (1 + @)?, so by Lemma H.4, the

2
N T

VDG s Thus, for any subset

—L+T/ (-0 /(3-1) 4

SCA{l,...,n}, we have REV(S) = f5 (3 ,cswi) < f3,,(3/4) =T and the inequality holds as an

equality if and only if ), o w; = 3/4. Therefore, there exists a subset S C {1,...,n} such that
REV(S) > T if and only if there exists a subset S C {1,...,n} such that ), _cw; = [ |

function f3 ; achieves its unique maximum at z* =

3
I
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Proofs of Auxiliary Lemmas:

In the rest of this section, we give the proofs for the auxiliary lemmas that we used to show

Theorem H.2. Here is the proof of Lemma H.1.

Proof of Lemma H.1: Let (p*, S;,S;) be an optimal solution to problem (26). If i € S7 U S;,
then offering product ¢ in the second stage at price level py does not degrade the expected revenue,
so we can assume that ST US; =N. Considering the prices p*, let H* ={i € N :pf =py} and L* =
{i € N : p;f = pr} be the sets of products for which we charge the two price levels. Fixing the prices at
p* and optimizing over the sequence of assortments (S, S;) € F, problem (26) becomes equivalent
to the ASSORTMENT problem. Thus, by the revenue-ordered property in Theorem 3.1, one of the
three solutions (H*UL*, &), (H*,L*), and (H*,) is optimal to this problem. In particular, we
have two stages, so noting the revenue thresholds 4+-o0o =t} > t5 > ¢ in Theorem 3.1, the solutions
(H*UL*, @), (H*,L*), and (H*, ), respectively, correspond to the cases +oco =1t} > py > pr >
ty > 15, +oo=1t;>py >ts>py,>th, and +oo=1t; >py >t5>t5 > py. The solution (H*,L*)
does not degrade the expected revenue from the solution (H*, @), since offering some product at
the second stage provides additional expected revenue without changing the expected revenue from
the first stage. Thus, it is enough to show that the solution (H*, L*) does not degrade the expected
revenue from the solution (H*UL*,@). Let Vg« =3, v g and Vi« =", /. v; 1, SO

P Vi +pr Vis _ Pr Vi pr Vi _PH Vi
1+ Vg 4+ Vi 14+ Vi« 14 Ve + Vs 14+ Vi«
pr V= pr Vi pr Vi
+ + —
(1+VH*)(1+VH* +VL*) 1+VH* +VL* (1+VH*)(1+VH* +VL*)
_ bu Vi P Vi Vi
1+Vy (14 Vi) (14 Vs + Vis)
pr Vi pr Vis Vs
+ +
(1+VH*)(1+VH*+VL*) (1+VH*)(1+VH*+VL*)
pu Vi pr Vs

+ )
T 1+ Ve (14 V) (14 Vg + Vie)

where the inequality uses the fact that pj > p;. The first and last expressions above are,

respectively, the expected revenues from the solutions (H* U L*, &) and (H*, L*). |
Next, we give a proof for Lemma H.3.

Proof of Lemma H.3: We use a reduction from the standard PARTITION problem, which is a
well-known NP-complete problem; see Garey and Johnson (1979). Consider an arbitrary instance
of the PARTITION problem, where we have a collection of n items with weights {s1, s2,...,5,} € Q4.
Letting T'= 3" | s;, the question is to determine whether there exists a subset S C {1,...,n}
such that )

of the THREE-QUARTERS SUBSET SUM problem with n + 1 items, where w; = s4,...,w, = s, and

.csSi = T'/2. Given an instance of the PARTITION problem, we construct instance
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wWpe1 =T. We will show there exists a subset S C {1,...,n} in the PARTITION problem such that
Y icsw; =T/2 if and only if there exists a subset A C {1,...,n,n + 1} in the THREE-QUARTERS
SUBSET SuM problem such that °,_, w; =32 37" w;

Assume that there exists a subset S C {1,...,n} such that ) . _ss; = T/2. In this case, the
subset A=SU{n+1} C{1,...,n} satisfies 3,y w; =wp1 + > ,cqwi =T+(T/2) =3T=3(2T) =
Z"H w;. On the other hand, assume that there exists a subset A C {1,...,n,n+ 1} such that

S ieawi = 33" w, = 3T In this case, note that we must have n+1 € A, because 3", w; =T, but
> ieaw; =3T. Since w,11 =T and n+1 € A, it follows that the subset S=A\{n+1} C{1,...,n}
satisfies Y, qwi =Y, W — Wyy1 =T =T =T)/2. [ |

Here is the proof of Lemma H.4.

Proof of Lemma H.4: Letting G(z) =1+ o — (o« — 1)z for notational brevity, we have
G(z)—2a=(1—-a)(1+ $) and G(x) — a (1l —z) =1+ z. Furthermore, we can express f,.(z) as
fra(®)={% +a 72 G( ;- Noting that G'(z) = —(a — 1), differentiating frq(z), we get

, _ T 2 1 l—-2 a-—1

Jral@) = (1+z)? (1+2)2 Gz )+a1+x.G(x)2

_ { —20G(x) + (a—l)(l—x)(l—i—x)}
(1+2x)?
_ { (r—1)G +G(x)(G(x)—ga)+a(a—1)(1—x)(1+x)}
(1+2)?
(2 {77—1 +(1—a)(1+x)(G(:p)—a(1—x))}
(1+a)

® 1 (r—1)G +(1—a)(1+42)?
- G(x)? 1+a:)

: 2&92{(1@) ) ¢ ] (i) )

where (a) holds since G(z) —2a = (1—«) (1+z), (b) holds since G(x) —a (1 —z) =14z and (c) holds
by the definition of G(z). Therefore, defining the function g: [0,1] = R as g(z) = (14 a1 )2 .

T—17

1+T
the sign of f; ,(7) is determined by the sign of g(x).

We have ¢'(z) = (1+w
the interval [0, 1]. Also, since 1 < 2= < (1+)?, we get (1+a)>—2==g(0)>0>g(1)=1—2=

1 71'1’

2 (1+ oz—) <0 for all z € [0,1], so g(x) is strictly decreasing in x over

which implies that g(z) crosses zero at a unique point over the interval [0, 1].

By the discussion in the previous paragraph, f. . (z) is strictly increasing, then strictly decreasing

in = over the interval [0, 1], so it has a unique maximizer over this interval. To find the maximizer

z* of fra(z), we set g(z*) = (1+a Hx*)z — 2= =0, yielding o {7% = /2= — 1. For constants
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a and b, the value of x that solves a% =bis Z—;Z Thus, setting a =« and b=, /j—j — 1 in the last

equality, we get x* = romy/e-D/r-1) , as desired. Lastly, we check that this value of z* is in the
—14+a+4/(a—1)/(n—1)

interval [0,1]. Noting that /%=1 <1+« and a > 1, we get 2* > 0. Also, 1 — /2= < -1+ /%=1
so adding « to both sides of this inequality and dividing by —1+a+ /2=, we get 2* < 1. |

Appendix I: Proof of Lemma 5.1

For i€ S} and j € S}, we must have r; > t;,1(S7,...,S;,) > r;. In particular, by the first part of
Lemma 3.2, if r; > t41(ST, ..., S}, ), then we can move product j from stage k+1 to stage k without
degrading the expected revenue provided by the solution (S7,...,S? ), which contradicts the fact
that (S5,...,S? ) is non-dominated. By the second part of Lemma 3.2, if r; < t11(S7,...,S%), then
we can move product i from stage k to stage k + 1 to obtain a solution strictly better than the
solution (S},...,S% ), which contradicts the fact that (S},...,S}) is an optimal solution. Thus, if

r; € S; and j € S; ., then we must have r; >r;. [ |

Appendix J: Proof of Lemma 5.3

In this section, we give a proof for Lemma 5.3. We need the next intermediate lemma, where we

show a monotonicity property for the value functions computed through (10).

Lemma J.1 If the value functions {©!(x,y): (z,y) € DoM®, i=1,...,04+1} are computed through

the dynamic program in (10), then ©%(x,y) is increasing in x and decreasing in y.

Proof: We show the result by using induction over the decision epochs. By the boundary condition,
Of,,(z,y) is increasing in = and decreasing in y. Assuming that O, (z,y) is increasing in z and
decreasing in y, we proceed to showing that ©%(z,y) is increasing in z and decreasing in y. Since
|a] and [a] are increasing in a, |z — v;7;u;] and [y — v;u;] are increasing in x and y, in which
case, by the induction hypothesis, O, (|z —v;r;u;], [y —v;u;]) is increasing in = and decreasing
in y. Thus, for a fixed value of u;, the objective function of the minimization problem in (10) is
increasing in  and decreasing in y. So, the optimal objective value of this minimization problem,

which is equal to ©%(z,y), must be increasing in x and decreasing in y as well. |
Here is the proof of Lemma 5.3.

Proof of Lemma 5.3: Throughout the proof, let S C {j+1,...,¢} be such that W(S) >z and
V(S) <y. Our proof proceeds in three parts.

Part 1: First, assuming that such an assortment S exists, we show that @ﬁ‘- +1(x,y) < 4o0. For

notational brevity, we let S*= SN {i,...,¢}. Also, we define u; € {0,1} as u; =1 if and only if
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1 € S. Since u; is a feasible but not necessarily an optimal solution to the minimization problem on

the right side of (10) with z =W (S?) and y =V (S?), we have

O;(W(S%),V(5) < et +O7([W(S") —viriw ], [V(S') —viw,])
= U+ O (W (S™ ], [V(S™)])
< ¢t + O, (W(S™),V(57),

where the last inequality uses the fact that ©,,(z,y) is increasing in = and decreasing in y by

Lemma J.1, along with the fact that [W(S*™!)| <W(S**!) and [V(S™T1)] > V(S*H).

Since S C{j+1,...,£}, we have S7T! =S and S*"! = & by the definition of S* in the previous

paragraph. Thus, adding the chain of inequalities above over all i =j+1,...,¢, we obtain

¢
0L (W(S),V(S) < Y et +0,,(W(2),V(2))=C(5),
i=j+1

where the equality uses the fact that ©7,,(0,0) = 0. Since W(S) >z, V(S) <y, using Lemma J.1
once again, we get ©%, (z,y) <04, (W(S),V(S)) <C(S) < +oc.

Part 2: Second, we show that C' (§my) < C(S). Noting the last chain of inequalities at the end
of the previous paragraph, it is enough to show that ®§+1(x,y) = C(gxy)

Consider executing the candidate construction algorithm with (x,y) € DoM®. By Steps 2 and 3

in the candidate construction algorithm, along with the dynamic program in (10), we have
@f(‘/x\iv Z/\z) =G ai + @f+1(&'\i+17 @-H).

Adding this equality over all i =j +1,...,£, we get O, (Z;11,Jj+1) = C(S’\Ty) + O (Tes1,Yer1)-
Since we start the candidate construction algorithm with Z; 1 =z and y;;1 =y, the last equality
yields @?H(x,y) = C(gxy) + ®§+1(@+1,§4+1). By Part 1, @?H(w,y) < 4o00. Also, ®§+1(§g+1,§g+1)
takes the value +oo or zero. If ©f,, (Z¢s1,Ye+1) = +00, then we get a contradiction to the fact that
@§+1($,y) < +o00 and @ﬁﬂ(:p,y) = C’(gz,y) + 00,1 (Tes1,Ye1)- Thus, we have @ﬁﬂ(@ﬂ,@g“) =0,
in which case, having ©°, | (z,) = C(S,,) +O%,, (Ter1, Jer1) yields O (z,y) = C(S,,).

Part 3: Third, we show that W(S’\wy) >x/(1+ p)". Letting §;y = S’;y N {i,..., 0}, we use
induction over the decision epochs to show that W(giy) >7;/(1 + p) 7% where T; is as in
the candidate construction algorithm. By the discussion in the previous paragraph, we have
04, 1(Ze11,Ye+1) =0, in which case, by the boundary condition of the dynamic program in (10),
we must have Z,, <0. Also, §£*; = . Therefore, we get W(§£*;) = 02> 241, so the result holds

for decision epoch ¢+ 1. Assuming that W(S'\;*yl) > Zi1/(1+ p)t=F, we proceed to showing that
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W(:S'\;y) >7;/(1+p)*1=% Since Ty = |T; — v; 7 U; |, we have Ty > ﬁp (Z; —v;r;0;). Noting that
la] =0 for a < 0, the last inequality holds when Z; — v; r; 4; < 0 as well. The last inequality yields
(L+p)Zip1 +vimiw; > &;. Since §;y \{i} = §;Zl and U; = 1 if and only if i € S

Y’

we get

~ ~ Z;
W(SE,) = W(SHD +uirt; > —— v,
( wy) ( wﬁy)+vru > (1+p)€_1+vru

. N 7
(14+p) 21 +Uﬂ“iuz} >

1
> - o
= (14 p)ti— { - _}_p)ulﬂ"

where the first inequality uses the induction hypothesis. Thus, the induction argument is complete.
Since 5,{,21 =8, and T, =z, we get W(S,,,) = W(:S'\gzl) >Z1/(1+p) 7 >x/(1+ p)". Lastly,

~

we can follow a similar argument to also show that V(S,,) < (14 p)"y. [ ]

Appendix K: Bounds on the State Variable for Constructing Candidate Assortments

To construct the collection of candidate assortments as in (11), we need the value functions ©%(x,y)
through the dynamic program in (10) for (z,7) € DoM® such that = € [[Wmin |, [7 Wmax]] U {0},
Y € [|Vmin s [7Vmax |]U{0}, and i € N, £ € {0,...,n} with i </+ 1. Therefore, the largest values of
x and y in the state variable (z,y) are, respectively, [nwWyax| and [N vyay|. Since |a —b] <a and
[a—b] <a for a € DoM and a,b € R, from one decision epoch to another, the values of z and
y in the state variable (z,y) in (10) go down. Moreover, the boundary condition in (10) depends
only on the sign of x and y. Thus, if the value of the state variable x goes below |w;,| but it is
still strictly positive, then without loss of generality, we can bump the value of the state variable x
up to |wmi, |, because offering any of the products would immediately turn the value of the state
variable = to negative. Similarly, if the value of the state variable y goes below |vy, | but is still
strictly positive, then we can bump the value of the state variable y up to |vmi,|. Lastly, once the
value of = and y in the state variable (x,y) turns negative, we do not need to keep their exact
values, since each component of the state variable can only go down and the boundary condition
at state (x,y) with y <0 always yields a value function of +oco. Thus, the smallest nonzero values

of x and y in the state variable (z,y) € DoM? are, respectively, |wmin | and [V |-

Appendix L: Proof of Lemma 5.5

In this section, we give a proof for Lemma 5.5. We need the next intermedia lemma, where we give
two monotonicity properties of the value functions {U (¢, u,2): £=0,...,n, (u,z) € DoMm*, k€ M}
computed through the dynamic program in (13). Intuitively speaking, the second one of these
properties states that we can compensate for an increase by a factor of (1+ p)? in the state variable
z by an increase by a factor of 1+ p in the state variable u. This result becomes critical in ultimately

proving the performance guarantee of our FPTAS.
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Lemma L.1 If the value functions {¥,(j,u,z):5=0,...,n, (u,z) € DoM*, k€ M} are computed
through the dynamic program in (13), then Wy (j,u, z) is increasing in j, u and z. Furthermore, we

have Wi (4,14 p)u, z) < Vi (j,u, (14 p)?2).

Proof: The fact that Wy (j,u,z) is increasing in j, v and z follows from an induction argument
that is similar to the one in the proof of Lemma J.1. To show that W.(j,(1 + p)u,z) <
U (j,u, (14 p)? 2), we use induction over the decision epochs. Since ¥,, 1 (j, (1 + p)u, z) depends
only on the sign of z and the signs of z and (1+ p)? z are the same, we have ¥, (j, (14 p)u,2) =
U1 (d,u, (14 p)?2). Assuming that Uy, (7, (1 + p)u,2) < Wiyi(4,u, (14 p)?2), we proceed to
showing that W,.(7, (1+p)u,2) < V. (j,u, (1+p)?z). We have (1+p)u+V(S) < (1+p)[u+V(9)].
Since (1 4+ p)[u + V(S)] € Dom, the last inequality implies that [(1 + p)u + V(5)] <
(14 p)[u+V(S)]. In this case, we have

A W (S)
C(S)+\Pk+1(& [(A+p)ut V() [z‘ (1+(1+p)u>(1+(1+P>U+V(S)>D
- A W (S)
gC(S)+fok+1(£,(1+p>[u+V(5ﬂv{Z (1+(1+p)u)(1+(1+p)u+V(S))D

ATV (S)
<1+<1+p>u><1+<1+p)u+v<s>>D’ (28)

where the first inequality follows from the fact that Wy (¢,u,z2) is increasing in u and the second

<CO(S)+ Uy (z, [u+V(S)], (1 +p)2[z -

inequality follows from the induction argument.

Note that (1 + p)*[a] < [(1 + p)*a]. If a <0, then the inequality is trivial. For a > 0, a <
@i | (1+p)%al. Since [toal « Do, the last inequality yields [a] < 5 [(1+p)?al. So,

(14p)?
g ATV (S)
(1+p) [Z (1+(1+p)u)(1+(1+p)u+v(5))-‘
) (14 p)* A W (S) : A W(S)
< |00 g s ey | <O ar G v |

where the second inequality uses the fact that [a] is increasing in a. Note that [a]| is increasing in

a even with the convention that [a] = —oo for a <0.

Using the chain of inequalities above and the fact that W, ,(j,u,2) is increasing in z, we can

bound the expression on the right side of (28) as

2 Ak W(S)
)+ (8t VO 042~ (G (04 e 77T )
<C(S)+ Wy (e, fu+V(S)], [(1 ol M)A(’i‘ffi) V(S))W ) (29)
By (28) and (29), we have C(S) + Weyr (¢, [(1+ p)u+V(S)], [2 - gramrm ot |) <
C(S)+ W (0, [u+V(9)],[(A+p)*z— %}) for all S and ¢. In this case, minimizing
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both sides of the inequality over (¢, S) with £ > j and S € CAND(j, £), the inequality is still preserved,
but noting (13), the left side of the inequality gives (4, (1 + p) u, z), whereas the right side gives
Uy (4,u, (14 p)? z). Thus, we have Wy (¢, (1+ p)u,z) < U (L,u, (14 p)?2). ]

Next, we give a proof for Lemma 5.5.

Proof of Lemma 5.5: Let (§1, ey §m) be the output of the candidate stitching algorithm, z be
the optimal objective value of problem (9), and Zjp = max{z € DoM: ¥,(0,0,2) < b}. Our proof

proceeds in three parts.

Part 1: First, we show that ), ., C(§k) < b. Noting Steps 1 and 2 in the candidate
stitching algorithm, along with the dynamic program in (13), we have Uy (j, U, %) = C(Si) +
\IJ,CHG,QH, Ugt1, 2ke1)- Adding this equality over all &k € M and noting that we start the candidate
stitching algorithm with 31 =0, u; =0 and Z; = Zypp, we obtain Vi(0,0,Zam) = D 1o C(gk) +
\IJmHGmH,amH,EmH). By the initialization of candidate stitching, we have (0,0, Zxpp) < b,
in which case, the last equality implies that >, _,, C(gk) + \Ilm+1(3m+1,@m+1,3m+1) <b. By the
boundary condition of the dynamic program in (13), \I!m+1(;m+1,ﬂm+1, Zma1) takes the value 400
or zero. If we have \Ijm+l(3m+l,am+lugm+1) = 400, then we get a contradiction to the fact that
> ent CS6) + Uiy Gontr, i1y Zmst) < b. Thus, we must have W, 41 (i1, Gty Zmrt) = 0, 50

having 3 v C(Sk) + Wit (G 1, U1y Znga) < b implies that 3, C(Sk) <b.

Part 2: Second, we show that REV(§1, . ,§m) > Zapp- By Step 2 of the candidate stitching
algorithm, we have @y, > U + V(§k). Adding this inequality over all k=1,...,¢— 1 and noting
that @; = 0 in the initialization of the algorithm, we get @, > S 7 V/ V(5. For notational brevity,

we let ]/%k = Z;”:k eSS V(%i;d)l(figﬁzl vED with the convention that Rmﬂ 0. We use induction
over the stages to show that R, >z, for all k=1,...,m + 1. By the discussion in the previous

paragraph, \Ilm+1(}.\m+lgam+17gm+1) =0, in which case, by the boundary condition in (13), we
must have Z,,,; <0. Thus, we have §m+1 =02>Z,1. Assuming that Ekﬂ > Zr41, We proceed
to showing that Ry > Zi. Noting Step 2 of the candidate stitching algorithm and using the
A W (Bk) > 5 o
(1+ﬁk)(1+ak+v(§k))§ Zrr1 < Rpy1. Also, if 21 <0, then

> A W (Sg) B ~ D Ap W (S5) .
2k T (Lt VB <0< Rpy1. S0, 21, < Rp 1 + o0 (a4 VE0) in both cases. Thus, we get

induction hypothesis, if ;1 > 0, then z;, —

N W (S) - W (S1) 5
1 2 = > Ry + — — — > Zp,
(1432521 V(S)) (L4 34, V(5,) (1+a,) (1 4@, +V(Sk))
where we use the fact that u, > 25;11 V(gq). The induction argument is complete, in which case,
we have ﬁl > Z,. Noting that ﬁl = REV(§1, e §m) and Z; = Zape, the result follows.

Rk = Rk+1

Part 3: Third, we show that Zxp > Z/(1 + p)*™ L. Let (§1,...,§m,}1,...,5m) be an optimal
solution to problem (9). For notational brevity, we let C), = Py C(S,), T Zk 'V(S,) and
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Zr = Z;’;k% with the convention that ém+1 =0, uy =0 and Z,.; = 0. We use

induction over the stages to show that wk(}k,ak,zk/(1 + p)3mHL=k)) < C. We have Zms1 =0 and
Coni1 =0, in which case, noting the boundary condition in (13), we have W, 1 (a1, Ums1s Zmi1) =
U1 (G5 Ui 1,0) = 0 = Copy. Assuming that Wy1 (Jrpr, Upprs Zeg1 /(1 + p)2™8) < Chpa, we

proceed to showing that W, (ji, U, 2/ (1 + p)3(m+1-k) < C,. We have

, ’Zik )\k W(gk)
(1—|—p) ’7(1+p)3(m+1—k) a (l—i—ﬁk) (1+ak+1)-‘
, % py W(gk)
< (1+p) ((1+p) 3(m+1— k)_(1+ﬂk)(1+ﬂk+1)>
@ 2t A W (Sy) L+ MW (Sy) ® Sl

< (30)

(T )00 (D (U ) (T ) (L) (L Ggn) (1))

where (a) follows from the fact that zj, = z.,1 + % by the definition of zj and (b) holds

because we have k <m.

n (13), the action (jr41,5) is feasible when the state of the system at decision epoch k
is (]k,uk,zk/(l + p)3m+1=k)) " In particular, since (§1,...,§m,}1,...,3m) is a feasible solution to
problem (9), we have ]k+1 23,@ and §k € CAND(},C,};CH). Since, the action (}kﬂ,gk) is feasible to
the minimization problem in (13) with (j,u, 2) = (j, @k, 2x/ (1 + p)3™T7R)) we get

, (ﬁ%WﬁM)
< C(Sk)+llfk+1< Jrens [@ +V (ST, [(Hp;’(ﬂmﬂ—m B (1+ak)A(i‘f§k+) V(§k))D
L N O L N P e i)aN)D
2 @)+ U (Jm, (L4 p) Unt1 {(H p)§?m+1k> T +%Z)V(Vl(ikz)7k+1)b
ERC CARR (1 1T, (14 p)? [(1 " p;'fmu—m e +%Z>M(/1(ik)ak+l)b

(e) ~

Z
< O(Sk) + Vi <Jk+1 s Ukt1 5 m;)m)

(f) ~ ~ ~

< C(Sk) +Crr = Cy,

where (c) follows from the fact that W, (¢,u, 2) is increasing in u and (14 p)u > [u], (d) follows by
the second part of Lemma L.1, (e) follows by noting the fact that W, (j,u, z) is increasing in z and
using the inequality in (30), and (f) is by the induction hypothesis. Thus, the induction argument
is complete, so it follows that Wy (jy, Ur, 21/ (1 + p)3Mm+1=M) < Cy.

D A W(Sy) =% A W (S) _
keM (14+uy) (14t 11) keM (1+z’f IV(sql)(Hz’;:l\/(sq))

REV(§1, e S ) =z, where the last equality uses the fact that (Sl, e Sm,jl, .. +yJm) is an optimal

By the definition of z, and uy, z; =
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solution to problem (9), so z; = z. Thus, using the inequality \Ilk(ﬂ,ﬁk,gk/(l + p)3mHi=k)y < C,
with k =1, we get W;(j;,0,%/(1 + p)®) < Cy < b, where the last inequality uses the fact that
(51, .. SmsJ1s---Jm) is an optimal solution to problem (9) so that Cy = Y kem C(Sy) <b. Since

U,.(4,u, z) is increasing in j and z by Lemma L.1, we obtain
U1(0,0, |Z]/(14p)*™) < W1 (j1,0,2/(1+ p)*™) <b,

which implies that [Z]|/(1 + p)®™ € Dom is a feasible solution to the problem
Zapr = max{z € DoM: ¥,(0,0, z) <b}. Therefore, Zapp > [Z]|/(1+ p)*™ >Z/(1 + p)*>™ L. ]

Appendix M: Bound on the State Variable for Combining Candidate Assortments

To solve the dynamic program in (13), we argue that that the largest values of u and z that we
need to consider in the state variable (j,u, z) € N'x DoM? are, respectively, [2n Vmax] and [nwWmay |-
Similarly, the smallest nonzero values of v and z that we need to consider in the state variable
(j,u,z) €N x DoM? are, respectively, |vUmin| and | A, MWJ In particular, a simple lemma,
given as Lemma M.1 at the end of this section, shows that if we compute {u; :k=1,...,m+ 1} as
Upy1 = [Up+V (Sk)] with u; =0 and S, NS, = @ for all k # ¢, then Uy, < 2n vy for all k € M. Thus,
the value of u in the state variable (j,u, z) in the dynamic program in (13) is at most [2n Umyax |-
A strictly positive value of u in the state variable (j,u,z) is at least |V |, as the initial value of

this state variable is zero and the preference weight of any product is at least v,,;,. Therefore, the

desired upper and lower bounds for u in the state variable (j,u, z) follow.

If the initial state variable (j,u, ) satisfies 2z > n Wnax, then since Y, _\ W (Sy) < 1 wWpax for any
(S1,...,S,) with S, NS, =@ for all k# ¢, no matter which assortments we offer, the final state
variable (j,u,z) satisfies z > 0, in which case the value function ¥,(0,0, z) takes the value +oo.
Thus, we do not need to consider the values of z that exceed nwy., in the state variable (j,u, z).
So, we can assume that the value of z in the state variable (j,u, z) is at most [nwpy.x|. Finally, if
the value of z in the state variable goes below |\, Win/ (14 21 vmay)? | but is still strictly positive,
then without of loss generality, we can bump the value of z up to |\, Wimin/(1+ 2n Umax)2J7 since
offering any nonempty candidate assortment would immediately turn the value of the state variable
to negative. Therefore, it follows that we can assume that a strictly positive value of z in the state

variable (j,u, z) is at least [ Ay, Wmin/(1 4+ 21 Vmay)? |-

We used the next lemma in our discussion earlier in this section. Recall that we choose the

accuracy parameter for the geometric grid as p = 7€ for e (0,1),s0 p< ﬁ

1
8(3m+1

Lemma M.1 Forp< ﬁ, if we compute {uy:k=1,...,m+1} as Up1 = [up+V (Sk)] withu; =0
and S, NS, =@ for all k# q, then U1 < 2N Uax.
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Proof: We use induction to show that @, < (1+ p)* 1 (V(S)) +...+V(Sk_1)). For k=1, we have
U, = 0. Therefore, the result holds for £ =1. Assuming that @y, < (1+p)* 1 (V(S1)+...+V(Sk_1)),
we proceed to showing that Ty < (14 p)* (V(S1)+...+V(Sk)). We have

U1 = [up+V(SK)] < (1+p) (@ +V(Sk))
< (1p) (L9 (V(S) + o+ V(Sk) + V(SH)
< (L4 p) " (V(S) +...+V(Si_1) + V(Sh),

which completes the induction argument. Thus, we have U, < (1+p)™(V(S1) +...+V(Sn)) <
(14 p)™ nUmax. In this case, the result follows because (1+ p)™ < (1 + i) <exp(l/2) <2. [ ]

2m

Appendix N: Assortment Optimization under a Cardinality Constraint

In this section, we consider a version of the CAPACITATED problem, where each product occupies
one unit of space. Therefore, we can express the constraint ), C(Sk) <bas >, S| <b, in
which case, we ensure that the total number of products offered over all stages does not exceed
b. Note that b is an integer without loss of generality. Otherwise, we can round it down to the
nearest integer. In this section, we give three results. First, we give an algorithm that finds an
exact solution. The running time of this algorithm is polynomial in the number of products, but
exponential in the number of stages. Second, we give a pseudo polynomial-time algorithm that
finds an exact solution. Assuming that the preference weight of the products take on integer values,
the running time of this algorithm is polynomial in the number of products, number of stages,
and V.. Third, we give an FPTAS to get a (1 — €)-approximate solution, whose running time is
polynomial in all of the input parameters and 1/e. Next, we go into the details of each of these

results, compare them with each other and explain their common components.

First, we show that we can obtain an optimal solution by checking the expected revenue from
O(b™n*m~1) possible solutions. The running time of this approach is polynomial in the number
of products for a fixed number of stages. In general, since each one of as many as b products in
an optimal solution can be offered in one of the m stages, the number of all possible solutions
to the CAPACITATED problem under a cardinality constraint is O((})b™) = O(n®b™), which is
exponential in the number of products even for a fixed number of stages. Second, treating the
preference weights as the problem input, if all of the preference weights take on integer values, then
we give a pseudo polynomial-time algorithm that obtains an optimal solution in O(vy,.,mn®b?)
operations. This algorithm is based on a dynamic programming formulation of the problem. If the
preference weights take on rational values, then we can ensure that the preference weights take on

integer values by scaling all of the preference weights by a constant, since the choice probabilities
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do not change by doing so. Third, by discretizing the state variable in the dynamic program that
we use in the pseudo polynomial-time algorithm through a geometric grid, we obtain an FPTAS.
Our FPTAS obtains a (1 — €)-approximate solution in O(m?n*b? log(nVmax/Vmin)/€) Operations.
All of these three results, the exact algorithm whose running time is exponential in the number
of stages, the pseudo polynomial-time algorithm and the FPTAS, are based on constructing a
collection of candidate assortments for each stage so that an optimal assortment to offer in a
stage lies within this collection. Therefore, we start by focusing on constructing the collections
of candidate assortments for the different stages. Throughout this section, when we refer to the
CAPACITATED problem, we refer to the version where each product occupies one unit of space, so

we have a constraint on the number of offered products.

Constructing Collections of Candidate Assortments:

Note that Lemma 5.1 continues to hold when each product occupies one unit of space.
Thus, there exists an optimal solution (S},...,S}) such that S; C {j; + 1,...,j;,,} and
Sen{ji+1,..., 55y =@ for all ¢ # k, for some j7,..., 5% . that satisfy 0= j; <j5 <...<jr <
Jme1 =mn. To construct the collection of candidate assortments for stage k, we proceed under the
assumption that we know the values of ji, ji.,, | Ugzx S;| along with V(S) and W (S;) for all
q # k. In this case, since the assortment that we offer in stage k affects the expected revenue in

stages k,...,m, we can recover an optimal assortment to offer in stage k by solving

AL W(S)
| max. 1 =1
Sc i | 0+ S V(S) (14 S V(S;) + V(S)

IS] <b—[Ugzr S5

.S AV (S;)
Aty (S0 V) T VS) L+ o VIS) + V() |

where we use the fact that if we know the value of |Ug S|, then we can offer at most b— Uy, S|

products in stage k.

For notational brevity, we let by = b— Uy Si|, fi = AW (S;)/V (S;) and u; = S V(S:).

q=1,q7#k

We write the objective function of the problem above as

e W(S) = .. 1 1
(+a )(0tu_+V(ES) _Z I { Ttu_ +V(S) 1+u +V(S)}

_ AL W(S) N e e 1 1
T (4w ) (A +ui_, +V(S)) + 2 W _f“l){uu;;lﬂ/w) B 1+uz+V(S)}

l=k+1

with the convention that fr ., = 0. The equality above follows by noting that the sum on

the left side of the equality is equivalent to f’:“m + > e (fi — fg)m =
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;Z"Zkﬂ(fg‘ — f;+1)71+uz}r\/(3) — Z;kﬂ(f@* — fi) 71+u;41r\/(8)’ along with the fact that u} =wj_,. In
this case, to recover an optimal assortment to offer in stage k, we can solve the problem
A W (S)
max " .
<bj

e e 1 1
2 _f’3+1){1+uz_1+V(S) _1+u;j+V(S)}}' (31)

{=k+1

In the next lemma, we show that we can efficiently construct a collection of candidate assortments

that includes an optimal solution to problem (31) for any values of {(f,,u;): £ €M, £#k}.

Lemma N.1 Given j;, ji,, and by, there exists a collection of candidate assortments
CANDy(jf, iy, 05) with |CANDL(j5, Jiy1,b5)] = O(n?) that includes an optimal solution to

problem (31) for any values of {(f},u;) e M, L#k}.

Proof: Let g; = (f; — f;1) (uj —uj_,). Multiplying the objective function of problem (31) by the

constant 1+ u;_,, we can obtain an optimal assortment to offer in stage k by solving

1 S 9¢
AW (S) + (14 — 9t
Sg{j,j-ir-n?.}?.,jljﬂ},{1+u2_1+V(5){ SUCEIGTDY 1+uz+v<s>}}

1
S| < by =k

Letting t* be the optimal objective value of the problem above, t* is no smaller than the objective

function of the problem above at each S such that S C {j; +1,...,j;,,} and [S]| <0b;.

Therefore, letting G ={S C {ji +1,...,551} : |S| < b;}, we can obtain an optimal solution to

the problem above by using the so-called dual formulation, which is given by

. 1 < 9
t:t > M. WI(S 1 * _— vS
mm{ = 1+u;;_1+V(S){ EW(S) +( +“k1)£§+l1+uz+V(S)} eg}
UMW) V() N g

=min<{t : ¢ — + — = VSe
mm{ o l4up o, 14w, e_zk;ll—l-uZ—I-V(S) g}

. AN W(S)  tV(S) Zm 9¢
= 1m : > m j— S —
m{t b= Seaé({l—i—uz_l 1+uz_1+ :k+11+uj+(/(5)

4

where the first equality follows by multiplying both sides of the constraint in the first minimization

problem above by 1+ wu;_; +V(S) and arranging the terms.

By the discussion so far, if ¢* is an optimal solution to the last minimization problem above,

then we can recover an optimal assortment to offer in stage k by replacing ¢ in the maximization
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problem on the right side of the constraint with ¢* and solving this maximization problem. Thus,
we can obtain an optimal assortment to offer in stage k by solving the problem

{)\kW(S) tV(s) s~ 9% } (32)

T+u_, 1+u_, 1+u; +V(S)

max

Seg
l=k+1

for some value of t. We will construct a collection of O(n?) candidate assortments that includes an

optimal solution to the problem above for any values of {(g;,u;): ¢ € M, £#k} and t.

Note that AW (S) = A, D, cqmiviand tV(S) =t . o v;. In this case, using the decision variables

x = (x1,...,2,) and noting the definition of G, we write problem (32) equivalently as
max LZr-v-x»—;va-—F zm: 9
wefo.)m | 1+uj_ &5 TN 14w =~ e S VU e vi

DY @ <, 2 =0 w¢{j:+1,...,jz+1}}- (33)

ieN
If g; > 0, then the objective function of the problem above is convex in «, in which case, an optimal

solution occurs at an extreme point, so we can relax x € {0,1}" to « € [0, 1]".

Indeed, we have g; > 0. Note that W (S;)/V (S;) is the weighted average of the revenues of the
products in S;. By Lemma 5.1, the revenues of the products in S} are larger than those of the
products in S; ;, so we have W(S;)/V(S;) > W(S;,,)/V (S};,). Furthermore, we have A\, > Ary 1,
in which case, we get f; =AW (S})/V(S;) > Xesa W(S71)/V (Siy1) = fifo1- We have uj > uj_, for
all £>k+1 as well, so g; = (f; — f;1) (uj —uj_,) > 0. We solve problem (33) with = € [0,1]" in
two stages. First, intuitively speaking, we guess the value of ). _, v; x;. Second, we find solution

x that maximizes the objective function, while satisfying our guess.

Using w to denote our guess of ) . . v;z;, we can write the last problem in two stages. In

particular, problem (33) is equivalent to the problem

tw v
max max E TV Ty — o T Z 975
wER L z€[0,1]" l—i—uk 1 1 Pl 1+u;+w

C ) m s, Y v <w, =0 wg{jzﬂ,...,jzﬂ}}

iEN iEN
= max _t7w+ zm: 9 + Ak max erx
weR 14wu;_, Parw 1+u)+w  1+wu;_ =€

: ingb*, Zvixigw, x; =0 Vz’g_f{j,:—i—l,...,j,:Jrl}}}. (34)

ieEN ieN
The first problem above is equivalent to problem (33) since g; > 0, in which case, the objective

function of the first problem above is decreasing in w. Therefore, w takes the value ). _, v;x;
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in an optimal solution to the first problem above. Considering the second problem above, the
inner maximization problem is a linear program with two constraints. We let Q(w) be the optimal
objective value and x*(w) be an optimal solution of this linear program as a function of w. It is
a standard result in linear programming theory that Q(w) is a piecewise linear function of w with
O(n?) points of nondifferentiability. Furthermore, these points of nondifferentiability for Q(-) do
not depend on the values of {(f/,u}):{ €M, £#k} and t.

Letting T = > .\ Vi, Y envi® € [0,T]. We use {w, : s € Q} to denote the points of

nondifferentiability of Q(-) with the convention that 0,7 € Q. We write problem (34) as

t » A
max { — 710* + gf + k* Q(w)}
wERY. 14+u; 1+uy+w  1+up_

m

t=k+1
t W, - x A
= max —L—i— It — + u

s€Q 1+uyp_, 1+u;+w,  1T4wu;_y

where the equality holds since the objective function of the first problem above is convex in w, in

Q@) .
(=k+1
which case, an optimal solution must occur at a point of nondifferentiability.

Thus, the collection {a*(w;) : s € Q} with |Q| = O(n?) includes an optimal solution to problem
(32) for any value of {(g;,u;): £ €M, L#k} and t. [ |

The main computational effort in constructing the collection of candidate assortments

CANDg (i, Jr11,br) 18 to solve a parametric linear program with O(n?) points of nondifferentiability.

A Polynomial-Time Algorithm for Fixed Number of Stages:

We can solve the CAPACITATED problem as follows. We construct the collection of candidate
assortments CANDy,(jx, jri1,0r) for all ji, jri1 €N, by <b, k € M. There are O(n™~!) choices of
(J1,--++Jm) such that 0=j; <jo <...<jm < Jms1 =n, as well as O(b™) choices of (by,...,by)
such that ), _, by = b. For each choice of (ji,...,jn) and (by,...,by), since |CAND (jk, jr+1,b)| =
O(n?), there are O(n®™) ways of picking an assortment from the collection for each stage to

construct a possible solution to the CAPACITATED problem. Thus, we get the next result.

Theorem N.2 We can construct a collection of O(b™n*"~1) possible solutions to the
CAPACITATED problem that is guaranteed to include an optimal solution to this problem. Letting
LP be the number of operations to solve a parametric linear program with O(n?) points of

nondifferentiability, constructing these solutions requires O(bn?LP +b™n*"~1) operations.

A Pseudo Polynomial-Time Algorithm:

Noting the objective function of the CAPACITATED problem, knowing the value of j; such that
STuU...US;_; €{1,...,7;}, the value of b; such that |[S;U...US;_;| =0b;, and the value of
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uy_, such that Zk : V(Sy) =uj_, is enough to compute the optimal expected revenue in stages
k+1,...,m. Thus, we can solve the CAPACITATED problem by using dynamic programming.
The decision epochs are the stages. The state variable at decision epoch k is (ji, by, ur_1) such
that the assortments S1,...,Sy_; offered in the previous stages satisfy S;U...US,_1 C{1,...,jx},
[S1U...USk_1| =by and Zk LV (S,) = 1. The action at decision epoch k is the value of ji,; such
that the assortment offered in stage k satisfies Sy C {jx +1,...,Jk+1}, along with the assortment
Sy, € Ub_,CANDy (ji, jrs1,d) offered in stage k. So, we consider the dynamic program

Ji(j,c,u) = max M W(S)

(6,5):0€ {j,...,n} {(1 +u) (1+u+V(S))
S e Uh_,CaNDy (4,4, d)

+Jmﬂhc+ﬁhu+V@»}

with the boundary condition that J,,.1(j,c,u) = —oo if ¢ > b. If ¢ <b, then J,,,11(j, c,u) = 0. Solving

the dynamic program above requires constructing the collections of candidate assortments a priori.

Since |CANDg(j,4,d)| = O(n?), at each decision epoch, there are O(vya, bn?) possible values of

the state variable and O(bn?) possible values of the action. So, we have the next result.

Theorem N.3 Letting LP be as in Theorem N.2, we can obtain an optimal solution to the

CAPACITATED problem in O(bn?LP + vy, mn® b*) operations.

Fully Polynomial-Time Approximation Scheme:

To obtain an FPTAS, we discretize the state variable in the dynamic program that we use to
construct a pseudo polynomial-time algorithm. We consider the dynamic program

A W (S)
(I4+u)(14+u+V(S))

U.(4,cou) = max {
(6,8):t€{j,...,n}
S € UY_,CAND, (4, 4,d)

+wﬂmnc+5hhuwdan}

with the boundary condition that ¥,,.;(j,c,u) = —o0 if ¢>b. If ¢ <b, then ¥, 1(j,c,u) =0. In

the dynamic program above, the roundup operator [-] is as in Section 5.1.

Building on the dynamic program above, we can give an FPTAS by using an argument
similar to the one in Section 5. In particular, once we compute the wvalue functions
{U.(j,c,u):j=0,....,n+1, ¢c=0,...,b, ue DoM, k€ M} through the dynamic program above,
starting from state (0,0,0), we follow the sequence of optimal state-action pairs to obtain the
assortments (§1, . ,§m) over m stages. We can show that expected revenue from the assortments

2m

(§1, ceey §m) deviate from the optimal expected revenue by at most a factor of (14 p)?™, where p

is the size of the geometric grid. For given € € (0, 1), setting p=¢€/(2m), we get the next result.

Theorem N.4 Letting LP be as in Theorem N.2, for each e € (0,1), we can obtain a (1 —¢)-

approzimate solution to the CAPACITATED problem in O(bn?LP + m”n b2 log(™tmax)) operations.

Umin
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Py| b=1 b=3 b=5 b=10 b=20
0.5 ]251.65 126.49 108.12 86.39 73.53
0.7 1 281.75 143.99 119.20 90.04 74.66
0.9 | 278.77 143.25 117.72 85.93 70.85

Table EC.3 CPU seconds to estimate the parameters of our choice model.

Appendix O: Preprocessing the Dataset from Expedia

We explain our approach for preprocessing the dataset from Expedia and give a full description
of the columns. The raw dataset includes about ten million rows and 54 columns. In some of the
search queries, the price is given as the total amount over the whole length of the stay, whereas
in some others, the price is given as the amount per night. It is not possible to reliably tell which
approach is used in each search query. To avoid ambiguity, we focused our attention on the search
queries for a single night stay and dropped the remaining search queries. Furthermore, we dropped
the columns for which the entries are missing for more than 25% of the rows. Considering the
remaining columns, we dropped the search queries for which the entries were missing in one of
the remaining columns. Lastly, some rows in the dataset included entries that are too large or
too small. We dropped all search queries which had an entry in a column that falls outside the
0.5-th and 99.5-th percentile band of the entries in the corresponding column. After preprocessing
the dataset, we end up with 595,965 rows representing 34,561 search queries and 15 columns. We

describe the first three columns in the main text.

The remaining 12 columns give the star rating and the average review score for the hotel, an
indicator for whether the hotel is part of a chain, two location desirability scores, the average price
of the hotel over the last trading period, the displayed price, an indicator for whether the hotel is
on promotion, the number of days until the day of stay, the number of adults and children in the

search query, and an indicator for whether the stay is over the weekend.

Appendix P: Running Time for Fitting the Choice Models

We used the routine fmincon in Matlab to maximize the log-likelihood functions for both choice
models under consideration. In Table EC.3, we give the average CPU seconds to estimate the
parameters of our multinomial logit model with impatient customers for different values of F,
and b, where the average is computed over the 50 datasets. We observe that the CPU seconds
to estimate the parameters of our choice model increase as b gets smaller so that we have more
stages in the choice model. For a fixed value of b, the CPU seconds showed less than 20% variation
from one dataset to another. For comparison purposes, we note that the average CPU seconds to

estimate the parameters of the standard multinomial logit model is 18.34 seconds.
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Appendix Q: Upper Bound for Joint Pricing and Assortment Optimization

We give an upper bound on the optimal objective value of the PRICING-ASSORTMENT problem. For
given assortments (Si,...,S,,) and no-purchase probabilities q satisfying gqx_; > g, for all k € M,
the expected revenue is given by (5). Making its dependence on the assortments explicit, we use
ﬁ(q,Sl,...,Sm) to denote the expected revenue in (5). We construct an upper bound on the

expected revenue by treating » ;. €* in (5) as a continuous quantity.

Specifically, letting T'= 3", . e*, for each (Si,...,5,) € F, we have 37, (> .5 e <T. In

this case, using the decision variables @ = (z1,...,2,,), by (5), we have
~ 1
II(q,S1,...,5m) < —max Z)‘k Qr— 1—qk){logxk—log< >} Zxk<T
Beerl | icn U Gk keM
where we use the fact that (3_,.q €*,...,> ;.5 €*) is a feasible but not necessarily an optimal

solution to the problem on the right side above.

Using the Lagrange multiplier a > 0, we relax the constraint ), ., 2 <T'. Thus, for each o> 0,

we can upper bound the optimal objective value of the problem on the right side above by

1
— max A ( — logx), —log | — azr,+aT
BweRm{ Z K (Qr—1 Qk){ gLk g<Qk T 1)} Z k }

keM

This problem decomposes by the stages. By the first-order condition for the problem

maxy, ek, Ak (qk—1 — qx) log 7, — axy,, the optimal value of xy is A (qr—1 — qx)/c.

Plugging the optimal value of x;, into the objective function of the problem presented immediately

above, the optimal objective value of the problem is

e (Qr—1— Q) ( 1 1 > } aT
Ly — ) dlog 2B T W) o0 (1 bt
5 k (Qr—1 Qk){ g o g & Qo 3

keM

By the discussion so far, for any a > 0, the quantity shown above provides an upper bound on

A(q, Siy...ySm), as long as (S1,...,S,) € F and q._1 > g for all kK € M. We simplify this quantity

qk 1—9k)

by noting that log —log(+ — —1=log(qr_1qr) + log — 1. Thus, we can upper
dk

bound the optimal expected revenue in the PRICING-ASSORTMENT problem as

dk—1

max {ﬁ(q,Sl,...,Sm) D Qr—1 > VkGM}

(g,51,--,Sm)ERP X F
1 Ak aT
< — max Z e (@r—1 — ai) (log(qr—1 qx) +log 2= —1) @ g1 >qu YVEEM s +—. (35)
B aerT =, 3

In the problem shown on the right side above, intuitively speaking, only the no-purchase

probabilities in two successive stages k and k£ — 1 interact, which indicates that we can solve
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this problem using dynamic programming. To obtain a dynamic program with a finite number of
possible states, we discretize the state variable. It is never optimal to charge negative prices in
the joint pricing and assortment problem, since dropping a product with a negative price always
increases the expected revenue. Thus, we can lower bound the no-purchase probability in any stage
as qu(p) =1/(1+ Vi(p)) =1/(1+ D ies, e*imPP) > 1 /(14 3, e%) = 137 We divide the interval
[HLT, 1] into L 4 1 subintervals using v, ...,vr; that satisfy IJ%T =y <y <...<vp<vpy =1
Let G¢(p,r) be such that G¢(p,r) > A\ (qx—1 — @) (log(qe—1 @) +log 2t — 1) all g1 € [V, vp41] and
qr. € [Vy,Vpy1]. Coming up with such an upper bound G¢(p,r) is not difficult. The first derivatives
of (qr—1 — qx) log(qr—1 qx) with respect to gy, and g, are, respectively, negative and positive, so
(qx—1 — qx) log(qr_1 qx) is decreasing in g,_; and increasing in g, Thus, if log%’“ —1>0, then we
set G (p,1) =\, (U — Vry1) 10g( V1) + A, (Vi1 — 1) (log 25 — 1). If log 2 — 1 < 0, then we set
G¢(p,r) = e (Vp — Vig1) log(vp Vii1) + A (Vp — vpg1) (log % —1). In our dynamic program, we focus
on the possible intervals that can include the no-purchase probabilities (qy,...,gmn). The decision
epochs are the stages. The state at decision epoch k is the interval that includes ¢,_,. The action at
decision epoch k is the interval that includes g. Since the no-purchase probabilities in problem (35)
satisfy ¢r_1 > qi, we impose the constraint that the interval that includes ¢; should not lie to the
right of the interval that includes ¢,_;. Thus, we consider the dynamic program

Jew) = max {Gipr)+ I} (36)

r€{0,...,p}

with the boundary condition that J_,(p) = aT'. Next, we show that %J{’(L) is an upper bound

on the optimal objective value of the PRICING-ASSORTMENT problem.

Proposition Q.1 For each a> 0, %J{“(L) is an upper bound on the optimal expected revenue of

the PRICING-ASSORTMENT problem.

Proof: By the discussion earlier in this section, it is enough to show that J*(L) is an upper bound

on the optimal objective value of the problem

qeR™
+ L kem

max { Z Ak (@1 — @) (log(gr—1 qx) + log %‘“ —1) : g1 >q VEk € M} +aT.

Let g* be an optimal solution to the problem above and p; be such that g} € [Vp;g, sz+1]. Since

q;_1 > qi, we have p;_, > p;. Also, since ¢ =1, we have p§ = L.

Let Zy =Y, M (q_1 — q;) (log(g;_, q;) + log % — 1)+ oT with Z,,11 = oT. We use induction

over the stages to show that Jg(p;_;) > Zx. Since J2

o 1(p) = aT, the result holds for stage m + 1.

Assuming that J  (py) > Zi41, we proceed to showing that J(pj_;) > Z. Since pj, < pj_,, when
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computing Jg(p;_;) though the dynamic program in (36), p; is a feasible but not necessarily an

optimal decision. Therefore, we get

Je(pry) = Gg(pz_l,pZ)—f-J;?H(pZ)

> M (gr—1 — qr) (log(gi_y q5,) +log % 1)+ Zy1 = Z,

where the second inequality uses the fact that Jg ,(p;) > Zy41 by the induction hypothesis,
along with the fact that G§(p,7) > A (k-1 — qx) (log(qx—1 qx) + log %’“ —1) for all gx—1 € [V, Vpi1]
and g € [V, v;41] by the definition of G(p,r), as well as noting that ¢;_; € [y v 41] and
g5, € [Vpr, Vpr 1] Thus, the induction argument is complete. Therefore, we have J*(L) = Ji*(py) >
Z1, in which case, the desired result follows by observing that Z; is the optimal objective value of

the problem at the beginning of the proof. |

By the proposition above, the quantity %J{”(L) is an upper bound on the optimal objective
value of the PRICING-ASSORTMENT problem for any o > 0, so computing %Jf“ (L) for any >0
provides an upper bound on the optimal expected revenue. To get a reasonably tight upper bound
on the optimal expected revenue, we use a few iterations of the golden ratio search to find an
approximate solution to the problem %minazo J(L). This approach amounts to computing J{*(L)
for a few different values of a. To obtain the results reported in our computational experiments

in Section 6.2, we choose the end points vy, ..., vy of the intervals {[v,,vp+1] :p=0,...,L} such

that v, — v, is approximately 0.001 for all p=0,...,L.

Appendix R: Upper Bound under a Space Constraint

To obtain an upper bound on the optimal expected revenue in the assortment problem under a

space constraint, we consider the linear program

¢ ¢ ¢
Capr(j,4,x,y) = min { Z cw; Z VT W > X, Z inigy}. (37)

163
wel ™ S i=j+1 i=j+1

If we impose the constraints w € {0,1}*~7 in the problem above and drop the round down and up

operators in (10), then the problem above and (10) solve the same knapsack problem.

If the problem above is infeasible, then we set CAP(j,¢,z,y) = +oo. Note that W(S) < nwpax
and V(S) <nupay for all S CN. Also, letting rp., = max{r; : : € N'}, we have I1(S},...,S) < Tmax
for all (Sy,...,S,) € F. Letting B = max{n Wyax, M Umax, "max }, We divide the interval [0, B] into
L + 1 subintervals using vy,...,vp1 that satisfy 0 =vy <wv; < ... <wvp <vpy; = B. Throughout

this section, we define the round down operator “[-]” that rounds its argument down to the
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closest point in {v, :p=0,...,L+ 1} when the argument is positive. That is, if @ >0, then |a| =
max{v, v, <a, r=0,...,L+1}. If a <0, then |a| = —o00. We consider the dynamic program

Uy (J,u,2) = min {CAP(j,é,z/ V)
,p,r): L€ {g,...,n}, P
pe{0,...,L},
re{l,...,.L+1}

+\11k+1<£, lut vy, {z— (Hu)?’l“lewﬂ)p} (38)

with the boundary condition that U, (4, u, 2) = 0 if 2 < 0. Otherwise, we have ¥, (j,u, z) = +00.

Note that the dynamic program above is analogous to the one in (13).

In the next proposition, we show that we obtain an upper bound on the optimal expected revenue

in the CAPACITATED problem by solving the dynamic program above.

Proposition R.1 Letting Zxp, = max{z € R, : U,(0,0,2) < b}, Z is an upper bound on the optimal

expected revenue in the CAPACITATED problem.

Proof: Using an induction argument that is similar to the one in the proof of Lemma J.1, it
follows that W, (j,u,z) is increasing in j, u and 2. Let (S},...,S% ) be an optimal solution to the
CAPACITATED problem. By Lemma 5.1, there exist ji,..., 7" . satisfying 0 =j; <j; <...<j» <
Jms1 =mnsuch that S; C {j; +1,...,j;,,}. Also, let p; =0,...,L and r; = 1,..., L+ 1 be such that
W(Sy) € [vpr, vz 1] and V(Sy) € [z -1, v,2]. Consider solving problem (37) with j = ji, £ =,
T =vy and y = Vys. Setting w; =1 if i € S, and w; =0 if i € S}, provides a feasible solution to this

problem with the objective value C(Sy). Thus, CAP(ji, ji i1, Vpr, Vi) < C(Sy).

For notational brevity, we let Cy =3""", C(S}), uj = 25;11 V(Sy) and z; =3, %
with the convention that C, ., =0, uj =0 and z;,,, = 0. Observe that 2} corresponds to the
optimal objective value of the CAPACITATED problem. We use induction over the stages to show
that Uy (j;, u}, 21) < Ci. Since z;, ., =0, we have W1 (5741, U1, 2iyq) = 0= Cr, . Therefore,
the result holds for the base case. Assuming that Wy 1 (ji, 1, ufi1s2501) < Ciiq, We proceed to
showing that W, (5}, ul,2;) < C;. Using the fact that W(j,u, 2) is increasing in u and z along with
la] <a and noting that W(S;) < v 11 and V(S;) > vpx—1, we have

= ox * % )\k VpZJrl
Vet \ G kvl |23 Ty T 1)
ka
< Wi <]k:+1 y U +V(Sk) )y Rl (1 +U}§) (1+u7;k—i— V(S,";)) = ‘I’k+1<]k+1 y Upq1s Zk+1)7

where the equality above uses the definition of u} and z;.. Consider computing Wy (j;, u}, 2;) through

the dynamic program in (38). Since j;;,, > j;, the solution (j;,,py, 7)) is feasible but not necessarily
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optimal to the minimization problem on the right side of (38) when we solve this problem with

,u,z) = (j5,ur, z;). Therefore, we have the chain of inequalities
J Jk> Uks 2k

_ _ Ak Vpr 11
\I/ ~*7 *7 * < CAP ~*’ « 5k , . Uy \I/ - , * 5 , * k
K(dr s 2p) < (G Jrsa Vpx ’/k>+ k+1 <Jk+1 [up +v X 1] {Zk (1+UZ)(1+UZ+VT;;—1)J>

< C(S0) + Vi1 (Jrgr» Wirn s Ziat)

(b) (c)

< oSp)+Cr, = O
where (a) follows from the inequality that we give earlier in this paragraph and the fact that
CAP(jy, Jiy1: Vpr» Ver) < C(S1), (b) uses the induction hypothesis and (c) is by the definition of Cj.
Thus, the induction argument is complete, in which case, noting that j; =0 and u} =0, we obtain
U1(0,0,27) <CF =>"1c 0 Cu(Sr) < b, where the last inequality uses the fact that (S7,...,Sp,) is a
feasible solution to the CAPACITATED problem. Therefore, 2] is a feasible solution to the problem
Zape =max{z € R, : ¥,(0,0,2) < b}, which implies that the optimal objective value of this problem
is at least as large as z{. In other words, we have Z,,, > 2;. In this case, the result follows by noting

that 27 is the optimal objective value of the CAPACITATED problem. |

Note that the upper bound in the proposition above holds for any choice of vy, ...,vr1 that

satisfy O =vy <11 <...<vp <vpi1 = B.
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