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1 Reachability in Linear Dynamical Systems

1.1 Ellipsoidal Approximation

We consider a discrete-time linear dynamical system
x(0) =0, x(t+1)=Wiz(t) + Wou(t) Vt € [T —1].

Here T is the number of time steps, x(t) € R¥ represents the state at time ¢, and u(t) € R’ is a vector
of controls selected from a convex and compact control set U. At any time, the state x(t) depends on the
previous state and the control exercised in the previous time step. Finally, the matrices W; € RE*¥X and
W, € RE*J determine the dynamics of the system.

The reachable set Wr—the set of all states reachable at time T—is defined as follows:
Wr ={x(T):x(t+1) = Wiz(t) + Wau(t) Vit € [T — 1], u(t) eU vt € [T — 1], =(0) = 0}.
Note that the reachable set can be defined recursively as
Wo = {0} and Wiy1 = WiW, + Wold = (Wi + Wou : @ € Wy, u € U} Yt € [T). (EC.1)

A fundamental problem in the study of linear dynamical systems involves verifying whether a state is
reachable at time T' [2, Chapter 3]. For a single state, reachability can be determined by solving a convex
feasibility problem whose size is quadratic in the number of time steps T' (since both the number of variables
and constraints are proportional to T').

When T grows large, determining the reachability of multiple states becomes computationally expensive
(since the feasibility problem must be solved separately for every state). For this reason, several authors

have proposed outer ellipsoidal approximations for Wr [1, 3]. A state is then deemed reachable if it falls



within the approximating ellipsoid. Checking this condition is much faster than solving the convex feasibility
problem. The reduction in time, however, can lead to false positives (states which lie inside the ellipsoid but
are not reachable). Thus, generating a tight ellipsoidal approximation is desirable.

The previous studies describe ellipsoidal approximations for Wy only when the control set U is an
ellipsoid. In contrast, in this section, we consider the case when the control set i = {u € R’ : Su <t} is a
polytope, where § € RM*J and t € RM.

We find the ellipsoidal approximation for Wr as follows. Let £(A¢, b;) be the ellipsoid found at time
t that contains W;. First, note that W, = Wold = {Whu : Su < t}, which is a polytope. Therefore, we
can use Theorem 2 to find an ellipsoid £(A1, by) that contains W;. Next, at each step, we use the ellipsoid
E(A¢, by) that contains W, to generate the ellipsoid £(As41,bit1) that contains Wiy1. To find E(Asy1, bryr)

from E(A¢, b;), we solve the following optimization problem:

minimize —logdet(A)
subject to A €SK, beRK N ERiX‘], F cSX, geRE, heR,

F g T
< -8 ' NS+ \J;,
g’ h-1 (EC.2)
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where
A2 0 Alb
W:[Wl Wz}, S:{o -S t}eRMX(K”“), and J;=| 0 0 0 e sE+T+L
bJA; 0 b/b—1

If (A*,b*, N* F* g* h*) is an optimal solution to (EC.2), then we use £(A;y1,bir1) = E(A*,b*) as the
ellipsoid for next time step. In Proposition EC.1, presented below, we prove that £(A*, b*) indeed contains
Wit1. Thus, repeating this procedure, we obtain the ellipsoidal approximation £(Ar, br) that contains Wry.

In Figure 1, we depict the evolution of £ and Wy as T is increased for the case when J = K = 2,

0.9202 —0.0396 9
W, = Wi=I and U={uecR*:—-e<u<e,l|u|, <14}
0.0777  0.9800
Proposition EC.1. Let £(A;,by) = {x € RE : ||Ayx + by| < 1} be the ellipsoid containing Wy. If the
matriz A € S, and the vector b € R¥ satisfy the constraints of (EC.2), then the ellipsoid E(A,b) contains

Wt+1,

Proof. See Section 2.1 of the electronic companion. O
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Figure 1. Reachability in Linear Dynamical Systems. For different values of T, the dotted
curves depict the boundary of the actual reachable set Wy, and the solid curves depict the

ellipsoidal approximation Er generated by our method.

Note that the time needed to generate ellipsoidal approximation to Wy is linear in T, since we solve
T semidefinite programs whose size does not depend on 7. This is an improvement from checking the
reachability exactly, where the size of the problems is quadratic in T. We now provide numerical experiments

to demonstrate the effectiveness of our approach on randomized instances of linear dynamical problems.

1.2 Numerical Experiments

For our experiments, we consider the control set U = {u € RX : —e < u < e, ||lul, < VK}, T = 30 time
steps, J = K and W5 = 1. We randomly generate W7 such that the maximum eigenvalue is less than 1 and
the condition number is at most 2, which ensures that the system is stable. For given lengths of the state

vector K, this is achieved with the following MATLAB code:

function W1 = generate_.W1 (K)
max_eigenvalue = 1;
condition_number = 1 + rand(); % choose randomly between 1 and 2
X = randn(K);
[U, S, V] = svd(X);
singular_values = linspace(condition_number, 1, K);
W1 = U % diag(singular_values) x V’; % update the singular wvalues
W1 = max_eigenvalue * W1 / max(abs(eig(W1)));

end

Next, we explain the metric that we use to compare the volumes of the sets £ and Wr. For a convex



K | v | MVE Time (s) | Exact Time (s)
2 ] 1.18 0.13 52.3
5 | 1.24 0.48 87.1
10 | 1.30 3.2 205
20 | 1.39 55.5 325

Table 1. Reachability in Linear Dynamical Systems: The quality of the approximation of &1
(), the time required to generate Er and check the membership of 10,000 points in &7 (“MVE
Time”), and the time required to check the membership of the same points in Wr (“Exact

Time”) for different lengths of the state vector.

and compact set S C RE let v(S) = (Hszl pk(S))l/K, where pi(S) = max{xy : ® € S} — min{zy : ¢ €
S}, k € [K]. Here, pi,(S) represents the length of the projection of S onto the k*® coordinate, and ~(S)
represents the geometric mean of these lengths. We use the parameter v = v(Er)/v(Wr) to measure the
closeness of the sizes of & and Wy. We can see that v > 1 since W C &, and the closer v is to one, the
better Ep approximates Wy. As an example, in the case depicted in Figure 1, v = 1.06 at time step T" = 30.

For different values of K, we perform the experiment on 100 randomly generated instances. For each
instance, we record the time that it takes to check the membership within £&r and Wr of 10,000 points
sampled randomly from [—10,10]%. In Table 1, we present 1) average solution quality (), 2) the total
computational time required for generating & and then checking the membership of the randomly sampled
points inside &7, and 3) the computational time required to establish the membership of these points in Wr.
We can observe that, for K = 20, & is about 39% bigger in size than Wy. However, the computational
time needed to find &r and then checking the membership inside it is much less than checking the feasibility

of these points exactly.



2 Proofs

2.1 Propositions

Proof of Proposition 1: For the set {x € RX : Sz <t,|Qx + q|* <1}, then Eproc = E(A, b), where A

and b are optimal in the following optimization problem (see Appendix ?7):

minimize —logdet(A)
subject to A€ SK becRE, NeR,, pe ]R_{_,

0 18T A Q2 Qg O (EC.3)
in™S 1-p"t BT +A|q'Q ¢q'q—1 0| =0.
A b I 0 0 0

The dual of (EC.3) can be written as

maximize K + logdet(—2F) — k — tr(T")
subject to 2 €SK, ¢ cRE, FeSK, T €SK kR,

S¢ < xt,
! 2
wl |59 Qe 1), (EC.4)
¢" k| |4'Q a'q-1
Q ¢ F

&k 0| =0.

F 0T

To prove the theorem, we construct a pair of primal and dual feasible solutions which generate the same
objective function values to their respective problems. To this end, consider the following solution to the
primal problem (EC.3):

A=Q,b=q, p=0, A=1.

This solution is feasible since g > 0, A > 0 and

.
0 lsTu 4 @ Q o [@ ai q Q

su'S 1—p't bT| +X21q"Q q'q¢-1 0/ =1¢'Q q'q q"|=|q"| |q"| =0
A b1 0 0o 0 Q q I 1]

Next, consider the following solution to the dual problem (EC.4):

K
F=-0Q '\ T=, k=", = rze, Q= rzcw] +2F,

where . = —Q~1q is the center of the ellipsoid £. We claim that this solution is feasible to (EC.4). Under
the assumption that the center of the ellipsoid lies inside the polytope, we get that Sz, < t, which implies



that S€ < kt. Next, we have that

T T
Q ¢ F kx.x, +2F? kx. F z.| |z 2F| |2F
¢ Kk 0= Kkx) kK 0|l=r|1 1| +51]0 ol =0,
F oT F 0o I of|o I I

where the last inequality uses the fact that xk = K/2 > 0. Also,

Q Q? Qq
tr ¢ =tr(2Q?) +26"Qq +k(q'q—1)
€T k| |¢d'Q q'q-1
= tr((kzcw! +2F?)Q°) + 2kx, Qq + k(q g — 1)
1
— ;m:CTQza:C + itr(ﬂ) + QAmCTQq + n(qTq -1
1 K K

:§tr(ﬂ)—n:5—5:0.
Therefore, all constraints in the dual problem are satisfied. Finally, both of these solutions give an objective
function value of —logdet(Q). Thus, A = @ and b = g is an optimal solution to the primal problem,
which implies that Epoc = E(A,b) = £(Q,q). Furthermore, the solution is unique because the feasible
region is convex and the objective function —logdet(A) is strictly convex in the space of positive definite

matrices. O

Proof of Proposition 2: To prove this result, we demonstrate that any feasible solution in (18) can be used
to construct a feasible solution to (14) with the same or lower objective value. To this end, consider a feasible

solution (A, b,V ,v) of (18). Now consider the following solution to (14):
A=-V, p=w.
The last two constraints of (18) imply that the constraints of (15) are satisfied. Also note that
—logdet(A) =logdet <;(VTS + STV)>
> log det (;(VTS + SW)) + K(t'v—1) (EC.5)

(ATS + STA)> +K(t'p-1).

1
= logdet [ —=
oge<2

Here, the first equality follows since A is symmetric, which implies that A = (A+AT)/2 = (V'S+S8TV)/2,
and the inequality follows from the first constraint of (18) since ||VTt + b” > 0. Therefore, the result
holds. O

Proof of Proposition 3: The PLD restriction of (24) can be written as follows:
inf ¢+ sup Eg[(D€ +d) y(€)],
:c,y() QGQ
st. xelX, (EC.6)

To(x) &+ ho(z) < (We€ +wp) (Y€ +y,;) VEEE; VeIVl elL.



First, for the objective function, observe that

sup Eg[(DE+d) y(@)] = sp 3 / (DE +d)" (Y + y,)v(de)
QeQ V()20 oy Jees;

s.t. Z/ﬁeau(dﬁ):l,

JE[J]

3 /E )=

jelJ]
D / £€T v (dg) <
jel)) 74

By weak duality, we get that

sup Bg[(DE + d) "y(§)] <inf a+BTp+tr(TE)
QeQ

st. aeR,BeRE T eSSk
a+BTE+E'TE> (DE+d) (YiE+y;) VEEE;Vjel[]]

The constraint of the optimization problem above holds if and only if, for all j € [J], the optimal value of
the problem
Juf a+BTE+ETTE— (DE+d) (Vi€ +y))
st S;E<t;, [A;&+b,]° <1,

is > 0. Next, using the S-procedure (Lemma 9), we get that this constraint holds if the first semidefinite
constraint of (25) holds. Therefore, replacing the former by the latter, we get an upper bound on the optimal
decision rules problem. Similarly, the final constraint of (EC.6) is equivalent to the constraint that, for all
j € [J] and £ € [L], the optimal value of the following optimization problem is greater than or equal to 0:

(ol (Wek +we) T (Y€ +y;) — To(x) "€ + he(x)

st S;E<t;, [Aj&+b]° <1

Using Lemma 9, we get that the above constraint holds if the second semidefinite constraint of (25) holds.

Therefore, the SDP (25) provides a feasible decision rule approximation, and the optimal value of (25)

O

provides an upper bound to the optimal value of the DRO model (24).

Proof of Proposition EC.1:  Consider the set W = WiE(Ay, b)) + Wod = {Wiz + Wou : Su <
t, ||Asx + b,|” < 1}. Since W, C E(Ay, by), we get that Wi 1 = WiW,+Wald C W1 E(A, b)) +Wald = W.
Therefore, Wy 1 € W. Next, we find sufficient conditions that imply that an ellipsoid contains V), which,
in turn, implies that the ellipsoid contains W; ;. To this end, note that W is an special case of the setup

in Remark 2 with P = {(z,u) € RE+/ . Su <t, |Awx+b,° <1}, C = W and d = 0. Therefore, the



ellipsoid (A1, bs11) contains W if and only if there exist F € S5+ g € RE+T/ h € R such that

P F g (ApwW)T
g
0T Aol =c(x) 0 and gTi h b, =0,
A W by I

where K = {(z,u,7) € REF/H . Sy < 7t, ||Ayx + 7b]|> < 72}. Since the set P is defined by linear
and quadratic inequalities, using Theorem 4, we get that the constraints of (EC.2) imply that £(A¢4+1,bi41)

contains W. Hence, £(A4y1,bs41) contains Wiy, 1. O

2.2 Claims in Example 1

In this section, we prove that in Example 1, Rgqp = O(K'/*), and Repyie = O(VK). Consider the solution

0 kJ O
A=Fkl+kee ,b=kse, N=|kJd 0 ksel,
0 kse' 0
TS Y Bk M YL L L S
W. N 1= (\/F_l)KQ, 2_K K 1), 3 — \/E’ 4_27 5 — h2 1 2 2 ) -

It can be checked that this solution is feasible to (13). Therefore, Ry, < (1/det(A))/%. The eigenvalues
of A are k1 + Kko, and ky with a multiplicity of K — 1. Therefore,

Rugp < (1/ det(A)YE = ((ky + Kko) K1) 7% = ((1 + ;{) kf‘l)_}{ 0 <1@11> -0 (KZ) .

-

Next, for Egmyie, consider the following solution to the primal problem (15): B = mil+moee’, d = mge,
and the following solution to the dual problem (14): p = 1/\/? {0; e; 1} , A= [0; mal + msee’ ; mGeT} ,

where

K 1 1 NS K+1 1-VE+1 1
, Mo = — , M3 = ———, My=——"—, My = ——————— = .
K+1 > K+1 JK+1 ° K+1 K 5

It can be verified that these solutions have the same objective function value, and are feasible—and therefore
optimal—to their respective problems. The eigenvalues of B are m; + Kms, and m; with a multiplicity of

K — 1. Therefore

K K \5! KK
det(B) = K K-1 e
et(B) = (m + Kmg)m, K+1< K+1> (VK t 1)K+

which implies that
Rymvie det(B)Y/X

lim = lim ——— =1

Therefore, Rymvie = O(VK).



2.3 Claims in Example 2

Using S-procedure (Lemma 9), we substitute the semidefinite programming approximation for the inequali-

ties of (26), yielding the following approximation to (26):

inf x

s.t. xeRerRKXKayERK7p1207p220aAlZOaAQZOa

(Y +YT) 28Tt Yiety) J(s) =0 (EC.7)
3(8Tp+YTe+y)” —l+ely—tTp e '
2 -
-y +Y" 1(8Tpo+YTe—
2( ) 2( P2 y) —|—)\2J(S)EO,
_%(STpg ~-YTe—y)T" z—ely—tpy
where
J(s) 1 41 —2e
s) = —
K |27 —Ks
The dual of the SDP (EC.7) is given by
sup hp
s.t. Fl,FQESK, g1,QQERK, hi,hes €R
F F:
1 g1 =0 2 g2 =0,
9/ I 95 ho
F; FE:
tr | J(s) Lo <0, tr|J(s) 2 9 <0,
91 M g; ha

g1 — g2 = (ha —hi)e,
Fi-F,=e(g2—91)",
Sg1 < hit, Sg2 < hat,
ho = 1.

Consider the following cases:

e Case 1: 0 < s < 2. Consider the following solution to the dual problem:

1 1 1+s 1+s
F, = —ee' — e ho=1h1=—— F, =F T —qg, — —°
2 4ee , 92 267 2 s 101 8_87 1 2+8—$ee y 91 g2 8_Se7
and the following solution to the primal problem:
1 8 2 1
)\:05)\:77 :07 :Oa :77YZ_7 ]I — T
2 C e R A ¢ K(8s)(+Kee>

e Case 2: 2 < s < 4. Consider the following solution to the dual problem:

2
Fzz(Z) ee’, 92229, hy =1, h1:1+3 F1:F2+Zee—r, 91292—2920,



and the following solution to the primal problem:

A2 =0, A

1 _2(s—2) |0 0w 44 2s . 2
At s PP T RAs) |G| PP TV T KA T T Kt

1
I+ KeeT>

e Case 3: s > 4. Consider the following solution to the dual problem:
F,=ee', go=e ho=1, h =2, F, =2e', g, =0,
and the following solution to the primal problem:

110 1 |e 1
—e, Y =0.

? o 7[)2:? 0 ay:K

A=0, M1 =0, p1 =

In all the three cases, the primal and the dual solutions are feasible to their respective problems, and

provide the same objective value which corresponds to the one presented in Example 2.
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