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A. Connections between Model-based Algorithms and Policy
Gradient Methods

We show that certain model-based algorithms, including MARS, closely resemble in form
and structure to the policy gradient (PG) methods in RL.

Let S: R — RT"U{0} be a non-negative function. Clearly, if S is increasing, then the
original problem (1) is equivalent to

maxS(H (x)). (A-1)

xeX

We consider how to use the principle of PG methods to solve (A-1). To this end, we
interpret the problem as a single-period MDP with a given (dummy) initial state s and
an action space X. The underlying process terminates after one time step with reward
R(s,x):=8(H(x)) when action x € X is taken. Since the action space X" is uncountable,
a regular PG algorithm for solving the MDP begins with a parameterized policy (action-
selection probability) m,(x|s) for all x € X and aims to find an optimal policy within the
parameterized class that (locally) maximizes the expected return E. [S(H(X))]. In the
vanilla PG algorithm, this is done by iteratively updating the policy parameter along the
gradient of the performance measure J(n) := E. [S(H(X))]. Specifically, let 7, denote the
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parameter found at the kth iteration. A new parameter 7., can then be obtained from

the gradient ascent method

Mot =+ Vo I ()| =+ anBr, [S(H(X))V, Inm,(X]s)] v (A-2)
=Nk
where the gradient can be estimated using the unbiased estimator
| M
37 2 SEHE) w9, (A-3)
with x1,...,x being i.i.d. randomly generated from ,, (x|s).

Note that since the logarithm function is increasing, maximizing the reward
E. [S(H(X))] is equivalent to maximizing In E, [S(H(X))]. So (A-2) could instead be
implemented using the gradient of In E [S(H (X))], leading to

Er, [S(H(X))V,Inm,(X]s)] |77=771c
E, [S(H(X))]

’7T7]k

Mt =0+ VyInJ(n)| = m+ (A-4)

The benefit of (A-4) is that the gradient in (A-2) is now normalized by the performance
Ly S(H (%)) Vi Iny (xi]s)
A7 i1 S(H (%))
cally has a lower variance than (A-3), albeit at the expense of inducing a ratio bias.

1 _
measure Er, [S(H(X))], so that the resulting estimator 2 2 b= typi-

When 7, belongs to the NEFs with mean parameter function 7, it can be viewed as
a reparameterization of fy in terms of the mean parameter function n=m(6), i.e., m, =
Jm-1(y)- In other words, m, is just fg but is written as function of 7. This implies that the
gradient in (A-4) can be expressed as a gradient with respect to . In particular, it can be
seen that V, Inm,(x|s) = (JI)"'Vy1n fy(x), where J,, is the Jacobian of the transformation
m(+). Substituting this into (A-4) then yields the following recursion:

1 Epy[Veln f4(X)S(H (X))]
Ey,, [S(H(X))]

Mi+1 = Nk + Oék(J%)
0=0,,

:nk_ak(Jﬁ)ilvelD(gk?fG)’g:gk? (A-5)

S(H(x))fo,, (%)

where we have defined i (x) = 5 s oy
O

Notice that (A-5) is derived from a pure RL perspective by viewing optimization problem
(A-1) as a single-period MDP. It only differs in form from (4) by a scaling factor (JZ)=1.

Without such a scale term, it can be shown that (A-5) coincides with the cross-entropy



H(x)
method; see, e.g., Hu (2015). If in addition, the function S is set to S(H (x)) =e T /fp, (%),
then g is identical to the Boltzmann density (2), in which case (A-5) becomes the same

as MARS.

B. Some Ancillary Results

We state and prove some ancillary results, which will be used throughout the analysis.

Proposition B.1 Let uy,us,... be a sequence of real numbers, u; € [0,1] for all i. Then
Z [ H (1—uj)}u,-§ 1, Vm>1.
i=1  j=i+l

Proof. We prove the result by induction. When m =1, we have ) ", [Hm (1—

Jj=i+1
uj)} u; =uy < 1. Suppose the result holds for m =k, i.e., Zle [Hf:iﬂ(l —uj)} u; < 1. Then
by our induction hypothesis, for m =k + 1 we have
k+1  k+1 k k+1
S [ 11 =)= [ TT 0=t e
=1 j=it1 i=1  j=it1
k k
= (1 —up41) Z [ H (1- Ug)} Ui + Up41
i=1  j=it+1
< (1= upy1) +upa
=1.
O
Proposition B.2 Let uy,us,... be a sequence of real numbers, u; € [0,1] for all i. Then

for any two positive integers m < k,

Z[H l—u]}ug H (1—uy).
i=1 j=i j=m+1
Proof. Since m < k, we can write

i[lﬁ[ﬂ—%} i[f[l—uj}[ﬂu—uj)}ui

i=1  j=itl i=1



where the inequality follows from Proposition B.1. [J

Proposition B.3 If Assumption A5 holds, then we have
ST (= 1G)*| 20 < f(m), vm=1.
' j=i+1

Proof. We prove the result by mathematical induction. When m = 1, we have
S [H;” i (1= f(j))z] f2(i) = f2(1) < f(1). Now, suppose the result is true for m = k,
e, S8 [H] (- f(j))Q] £2(3) < £(k). Then, for m =k + 1 we have

if[ii(l—f( DRIAC ﬁ:[ii FO)] 2@ + £k +1)

= (1= f(k+1) QZ[fI G| £+ P+ 1)

=1

FE+1)FE) + f2(k+1)

<(1-
<(1—fk+1)f(k+1)+ fA(k+1)
f

(k+1),

where the last inequality is due to the fact that

ezp—1 1 () ()

(l{?—|—2)71 (/{:—f-l)Vl o (k+2)71 = (/{:4—2)71 :f(k—i-l)

(1= f(k+1))f(k)=
O

C. Proof of Lemma 2

For the class of Lipschitz continuous function H(-), the ideal Boltzmann distribution con-
structed based on H(-) will converge (in a weak sense) to the Dirac measure at the optimal
solution x* as T, — 0 (A6). The result was proved in Hu and Hu (2011) under more general

conditions on H(-) than Assumption Al. Thus, for any given ¢ > 0, we know that there
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exists an integer N' > 0 such that [|E,,[I'(X)] —I'(x*)|| < § for all i > N'. Now, consider a
k> N', we have

S [ TT a-ap)]aill, [r0) 16|
=, [ (1—0@)}0@\\&[1“(?()]—F(X*)H+‘Z [H (l—aj)]aiHEi[F(X)]—I‘(x*)”

<2BZ[H l—a]}-l—— Z [H (1—-q ]az

=1 j=i+1 i=N'+1 j=i+1
i €
<2BN' H (1—aj)+ 3 (by Proposition B.1)
j=N'+1

<2BN'e™ Zi-n'+1% +§

where recall that B = maxycy [|[T'(x)]|. Finally, since € is arbitrary, the proof is completed

by noticing that » % v/, iy =00 by Ad. [

D. Derivation of the Upper Bound (10)
According to Pinsker’s inequality (e.g., Topsoe 2001), we have

||E“i[F(X)]—Egz-[F(X)]HSB/X\gi(X)—Qi(XHdXSB 2D(gi, 9i), (A-6)

where recall that B = maxxex [|I'(x)]|.

In addition, since

Gi(x) fX eHX)/Tidx  eSi(x)/Ti T, T,
we have
. 9i(X) H(X) - Si(X)
D(giagi):Egillﬂm} :Egl|: ] —InFE,, [exp( T
H - S;(X SZ . .
<E, { (X) T ( )] - B, { } (by Jensen’s inequality)
< maxyey |H(x) — S;(x)] / 0i( x)|dx
T;

< maxyey | H(x) — S;(x)

< T 2D(gi, 9i), (A-7)
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where the last step again follows from Pinsker’s inequality. Equation (A-7) shows that
V/2D(g;, §i) < 7 maxxex | H(x) — S;(x)|. Substitute this into (A-6), we get

|1, [P(X)] - E, P(X)]|| < 22

max |H (x) — S;(x)| (A-8)

i xeX

For any x € X, let x' =argmin, .., d(x,%;). Note that

[H(x) = 8;(x)| < |H (%) = H(x')| + [H (X) = Si(x)[ 4 |9:(x) = 8:(x)]|
< (Lr+ Lo)d(x,x') + [H (X)) = Si(xX))|

= (L1+ L2)d(x, Ag,) + [H(x') — Hi(x')].
This implies that

max |H (x) — S;(x)| < (L1 + Ls) Ife%%(d(x,Agi) + max |H;(x;) — H(x)|. (A-9)

xeX XZGAgi

Finally, combining (A-8) and (A-9) yields the desired upper bound in (10).

E. Proof of Lemma 3

For simplicity, we consider the case where X is characterized by box constraints,
ie, X = [a1,b1] X ... X [aq,b4]. Let € > 0 be given, define L = max;—;__4(b; — ;)
and n = VdL(L, + L£5)/e;. Then, partition X into n? hyper-rectangles having sides
of lengths (b; — a;)/n for i = 1,...,d. For more complex solution spaces, one may
instead use a triangulation of the domain (e.g., Cooper 2006). It is easy to see that
the diameter of each rectangle is no greater than v/dL/n. Next, consider the event
A; := {each of the n? hyper-rectangles contains at least one point from Ay, }. It is clear
that A; C A; 1, Vi. Thus, if A,, occurs for some 1 < m < k, then we must have
maxyex d(x, Ay,) < VdL/n =€ /(L + L2), Vi >m. This, together with Proposition B.1,
implies

k k

k k
5 3 [Tl e s <22 3 [ [[-ajos 2

. - xeX ) . k
i=m+1 j=i+1 i=m+1  j=i+1




Now for any given € > 0, take €; = Tre/(2B). It follows that

(23 Z [H 1_0@} £1;£2ma§(d(x Ag) > )SP(.A;Z)

; XE
i=m+1 j=i+1 v

<n'(1- )\/nd)gm

<ndexp ( — )\Zm/nd)

. (NEL(S%; &)B)dexp (_ (2\/22"(725‘1?;3)3)0,

where the last step follows from ¢,, = |[m? | (A8). Hence, the proof is completed by setting
= (2\/3L(£1+£2)B)d and 62:)\/01. O

F. Proofs of Lemmas in Section 4.1

Proof of Lemma 4 For a given sampled solution x; € Ay, , define an indicator function
Ji(x;) =1—I;(x;). It follows that

V(B(xi,7i))

pi(x1) = E[Ji(x0)|Fioa] = P(xi & B(xy,73)[Fie1) <1 =X V(X)

:1—2/1rfl§1—2/£r,‘f

for some constant x > 0, where V(A) is the volume of a set A C R?, and the last step follows
from A7. Next, let Yi(x;) = Zf:lH (Jl-(xl) — Mi(Xz))- Clearly, the sequence {Yi(x;), k>
[+ 1} forms a martingale. Thus, by noting that Nj(x;) =k —1— 3" 141 Ji(x1), we have

k
IZ+ JZ Xl >k—l—pk>
k

(
:P(Yk x)>k—1—p— Y m(m))

i=l+1

P(Ni(x) < pi) = P

< P(Yi(x) >k —1—pp— (k—1)(1—2s1]))
< P(Yi(x:) > 26(k — Ui — pr)

< P(Yi(x:) > pi)

Se*%

where we have applied Azuma’s inequality (Azuma 1967) in the last inequality. [



Proof of Lemma 5 For a sampled solution x; € Ay, , it is easy to observe that both
H(x;) and H(x;) are bounded. Without loss of generality, we assume that H(x;) has
the same bounding constant as H;(x;). Then, due to the projection at Step 2, the initial
estimation error at x; satisfies |g;(x;)| = |H;(x;) — H(x;)| < 2H. Let py be defined as in

Lemma 4. Therefore, for any given € > 0, we have

al IT (- Atxori) o) 7 ) <p( IT (1- o)) > =)

i=141 AL
S - €l
< P 1 —B;(x;)I;(x Z—k,Nx:m PN (x) =0
<3 [ T] (-8001000) 2 g M) =m ) + P(Nix) =0)
k-1 Ni (1) T
G (R —
m=1 i=1
k1 m .
: P(H (1-f6)= ﬁ) + P(Ni(x) < i)
m=|p|+1 i=1
k1 m X T
k .
< Lz:HlP('l_[l <1— i+1> > ﬁ) + P(Ni(x:) <pr)  (by Assumption A6)
m= k 1=
k1 . T .
< >t — %
=2 P( +1—2H)+6 ¢ (by Lemma d)
m=|px]+1
k1
m "~ 2
m=|p|+1
<(k—1—1|px]) P NP +e ‘
- el ~ 2H

It can be easily seen from A7 and A8 that p, = Q(k:%) Therefore, we have piT} = Q(ki)
from A6, which implies p,T, — oo, and thus there exists an integer N; > 0 such that
%%k < 55; for all k> Ny. Thus, the desired result follows by the fact that the probability
term in the last step becomes identically zero for all k> N;. [

Proof of Lemma 6 For a sampled solution x; € Ay, let [+1 <7 <75 < -+ < Ty (x) <

k be an increasing sequence of random times at which the events {[;(x;) =1}, j =1+

1,...,k, occur. Then, for any given € > 0, we have

P( i [ ﬁ (1 - BJ’(XI)IJ'(XZ))]5i(xl)[i(xl)2(xi) > eTk)



gp( Z [ H <1 Bi(xi) 1 ))]5i<xl)fi(xl)z(xi)2€Tk, Nk(Xl)zm)

- ZP(Nf [Nﬁ) (1= £6))] 112020 2 T, NaGr)=m)

:ZZP(V) (=5 Nz(:) Hf(()l - }zw) > i Nt =)

SmilHlP(f[l (1-£0)) EE H]i(l()f(—xfzy ) > eTk> + P(Ni(x)) < [px))
A 2

< X S mgey) Gt

< & (oo (Bt 2o (it )

SmuE o <i Hf((>1 8 }?m 't> ] o <‘ I, (elT ) 't) red

(A-10)

where t is any positive real number, and we have applied Markov’s inequality for the last
step.
Next, we use the sub-Gaussian(c?) property of z(x;) (A2) to bound the expectation term
n (A-10). Let 7 be an integer such that [ +m <7 <k. Since {r,,=7} = {Zj i Li(x) =

m— 1} N {XT € B(x;,r, }, we have {1, =7} € F,. Therefore,
exp(Z f (x~ >] Z E exp(Z f
(] T=l4+m
k
T=l+m

f(J ) >I{Tm:T}]
)

f]]

f
exp ( (’()z( fzy t) {7, = T}]

(21: Jfl 1—723)) t)]

(
exp(z I llzx o )I{Tm—T}E[eXp(H,{(ngiXT<j))' )

=1

k

) L

o) 7!

22
22

l
(1
<exp 57
(1
=exp 5
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<o (o' %; T, (le(—i)f(j))Q)

Substituting the above into (A-10) and optimizing the resulting bounds with respect to t,

we have

k—l m .
1 f2() Ty _k
(A-10) < Z exp(—02t2- - — - — ) e
m=|pr]+1 2 i=1 Hj:l (1 - f(])) szl(l — 1))
b (_ €2Tk2 ) i 6_%
m m A 2 .
m=|p|+1 202 Zi:l [Hj:i—i—l (1 - f(])) }JQ(@)
kL €272 2
Z exp( —=——%—)+e 2%  (by Proposition B.3)
202 f(m)
m=|p|+1

62TI? 2
5T Pk
Ske 20°f(pk) € 2k,

k—l1

IN

A similar argument can be used to show that

P( i [ ﬁ (1 - Bj(xl)fj(xl))}Bi(XZ)L‘(Xz)Z(Xi) < —eTk) < ke_%T(ék) —l—e*%.

i=l+1  j=it1

Finally, combining the above two cases yields the claimed result. [J
Proof of Lemma 7 Similar to the proof of Lemma 6, for a sampled solution x; € Ay,
let [+1<7 <7 <- - <Tn(x) < k be the sequence of random times at which the events
{I;(x;) =1}, j=1+1,...,k, occur. Because H(-) is Lipschitz continuous and 7 is non-
increasing, we have |B,(x;)| < Lyr(1;) < Lyr(l+14) < Ly7(i). Therefore, for any given € > 0,

we have

P(‘ zk: [f[ (1—ﬁj(xl)fj(x,))}5i(xl)fi(xl)3i(xl)‘ zeTk)

i=l+1 j=i+1

k—I
<> P( X [T 0= r6)] 015 0l = i, M) =)

-y P(S[TT (=702 ) + (et < L)
e o
< > P(X[IT 0-sa)]sor =)+ oy tommas)  (a)
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Next, we investigate the probability term in (A-11). For any integer m, we have

P (Z [j_ﬁl (1= 1G)| £Gyr(i) = g)

m

<r( ST a-solsoro= 5 ) er( 3 [T 0 so]somo= 55

i=|Vm]+1 j=itl

SP(“%[ﬁ “‘f(”)}ﬂﬂziﬁ)w(r(ﬁ) > (11 (1—f(j))}f(i)2;?1>
121 =it i=|vml+1l j=itl

< P<2—L\/HRJ+1 (1-f() = 22’;) +P<r(\/a) > ;ﬁ)

§P<Z L\/ﬂjﬂ(liil)ZQZz:il)+P<r(f)Z;2)

= (\7/7;:11 221i1)+P(T(\F)2;2)

where we have applied Propositions B.2 and B.1 in the third inequality. Substituting the

above bound into (A-11) and noticing that both \{ﬁﬁl and r(y/m) are non-increasing in

m and m > | pr| + 1> py. we obtain

(A—ll)g(k—l—WJ)(F((M"‘l 5 ¢ >+P<T(\/'O_k)> ‘ ))w—ﬁz. (A-12)

Pk + 1)Tk 2,617“1 Tk - 2,61

Recall that pj, = r(k — €;)r¢ for some constant x > 0. It thus follows from A6, A7, and
A8 that there exists a constant ¢ > 0 such that

VorTe = (k(k — 0)rD 2Ty > ek k= 3 = =k

for k sufficiently large. Because v, € (0,1] and 7, € (0, 55), this 1mphes tha,t VPt

( kDT —
131‘[ — 0 as k — 0o. On the other hand, since /py = (k(k — €;)r{)

some constant ¢’ > 0 and k sufficiently large, A7 implies that T—\/;") <: (k ™) 50 as k— oco.

1
1 for

Consequently, we conclude that there exists an integer Ny > 0 such that (;/:;;;k <3 [m
and “T—‘/Iim < gz, for all k> Ns, i.e., both probability terms in (A-12) become identically
zero for all k> N,. This completes the proof of the lemma. [

Proof of Lemma 8 For any given € > 0, Lemmas 5 and 7 imply that there exist integers

Ni >0 and NJ >0 such that

(‘ H 1 —Bi(x)1, (Xl)) el(xl)‘>_)§ —E Wk > N,

i=l+1
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and

P(‘ Zk: [ ﬁ (1= B (x) ;(x1)) | B:(x0) i) Bi(x )‘>%) < e, k> Ny,

Therefore, for all k> N3 =max{Nj, N}}, we have

P( max |Hg(x;) — H(x;)| > GTk) = P<UXl€Azk {|Hi(x1) — H(x1)| > eTk})

XZGAZk

< [Age) max P(|Hy(xi) — H(x)| = €T} )
X|

Lk

< |k | max (P(‘ ﬁ (1 —Bi(xl)Ii(xl)) -el(xl)) > %)

xi€he, i=l+1

P(’ Z [ ﬁ (1_Bj<xl)lj(xl))}ﬁi(xl)ji( 1)z (%)

i=l+1  j=itl

+P<’ ziﬂ [jlid (1 - Bj(Xl)Ij(xl))}Bi(xl)li(Xl)Bi(Xl)‘ > %>>

217 p?
< ok o) | Ak e

. )
- 3

where the first term in the last step is obtained by replacing € in Lemma 6 with ¢/3. O
Proof of Corollary 1 Fix an € >0, let ¢, = 5%, and define B; = {maxxleA,_,i |H;(x;) —

H(x))| < elTi}. Clearly, if B,,;1 N...N By occurs, then by Proposition B.1,

Z [H 1—%} Bmzkx |H;(x;) — H(x;)| < 2Be; =e.

-er
i=m+1 j=i+1 i

Thus, we know from Lemma 8 that there exists an N5 > 0 such that for all m > N3,

( Z [ H ] 2B — max |H;(x;) — H(X;)IZE) SP((BmHﬂ...ﬂBk)C)

; €A
i=m+1 j=i+1 7’ HUERG
<Y )
i=m+1

€2T2 2
< (k= m) (26T o 4+ 4k e~ )

22
e3¢ Tk
<2k 2T Fhom) 44k e 2k

O

1
where ¢3 1= 7.
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G. Proof of Theorem 1
For any given € > 0, let ¢ = ¢/5 and consider the event {Ay,1 > €}. From (9a)-(9b), we
have that

P(||Ak+1|ze>SP(f[<1—aj>-|A1|ze/)+P(i[ H ]I, IF 0] ) € )
v S TI G- )] adllBa (X)) - B, ()1 2 s ). (A13)
i=1 j=it+1

By Lemmas 1 and 2, there must be an e-dependent integer A > 0 so that the first two
probability terms on the right-hand side of (A-13) can be made identically zero for all
k > N;. Consequently, let ¢ € (0,1) be given as in A4, we obtain that for all k > N

P<||Ak+1|rZe)SP(i[ H (1= e B[00 - B, D] 2 3¢)

Ck)

(Z[ f[ (1- ) | By 7 <X>]—Egi[r<x>]|rze'>

+P( Z [H (1= ol 500X = B, [T (0] 2 2¢ )

=|[¢k] J=i+1

(A-14)

Note that since ||I'(x)|| is bounded by B on X', we have from Proposition B.2 that

[Ck) k LK) k
>[I -]l r(x) - B, e <283 | T (- ay)]a,
=1 j=i+1 =1 gj=i+1
k
<2B [] (1-a)
i=[Ck]+1

k
<2Be” Zi:LCkHlai,

which tends to zero as k — oo by A4. This indicates the existence of another e-dependent

integer AV > 0 so that for all k¥ > max{N;, N>} (A-14) can be reduced to

Ptz <p( > [T (- w]od Blr0] - 5, K00y 2 2¢)

i=|Ck|+1  j=i+l

§P< Zk: [ﬁ(l—aj)]aiwxea%d(xAg) €'>

i=|Ck|+1  J=i+l ¢
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( S [H (1-aj)a fmale(xn H(xl>|ze'),

x1EAp
i=|Ck]+1 g=i+l

where the last step is a result of inequality (10). Hence, a straightforward application of

Lemma 3 and Corollary 1 (with m = [(k]) yields the following bound on the probability:

22
C]_ —c Ede mY3 42 _M +1 _—
k

for all k£ > max{N7, N3, N3}, where N3 = N}/ and Nj is given in Corollary 1.

Finally, by our choices of f(k), rg, and ¢, (Assumptions A5, A7, and A8), it is a sim-
ple exercise to verify that when m = |[Ck|, pp = k(m — £,)re = Q(k'=29) and f(p,) =
1/(1 4 pp)" = O(k~10=24)) Therefore, through a suitable choice of the integer N’ > 0
and constants C7,C5y, C5,Cy > 0, we obtain the bound shown in Theorem 1. [
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