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1 Proofs of main results

1.1 Proof of Part 1 of Theorem [3.1]

In this section, we describe the proof of Part 1 of Theorem The proof follows the next steps. In
Step 1, we discuss some notations and definitions including the definition of inferior sampling rate. In
Step 2, we leverage a result from [Rigollet and Zeevi| (2010) to connect regret and inferior sampling rate,
which enables one to simplify analysis by focusing on the inferior sampling rate throughout the proof.

In Step 3, which is a key step of the proof, we reduce the problem at hand to a hypothesis testing
problem by introducing a novel construction of a set of problem instances. This set consists of a nominal
problem instance with smoothness parameter v and some other problem instances with smoothness
parameter (3, each of which differs from the nominal one only over a specific region of the covariate
space. These problem instances are designed to connect between the amount of exploration and the
ability to identify the correct smoothness parameter. This construction is designed for showing that if a
policy achieves rate-optimal performance for smooth problems, it is likely to underexplore in “rougher”
problems, and hence not be able to differentiate between the two.

In Step 4, we verify that the aforementioned problem instances satisfy the margin condition. In Step 5,
we show that with high probability, the number of covariates that belong to the regions mentioned in
Step 3 grow linearly with respect to the time horizon and the volume of the regions. In Steps 6 and 7,
we show that since the policy is rate optimal for «-smooth problems, it cannot distinguish between the
nominal problem and at least one of the S-smooth problems. In Step 8, we lower bound the inferior

sampling rate due to not being able to identify the correct smoothness parameter (some high-level ideas
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in Steps 7 and 8 are adopted from the proof of Theorem 3 in [Locatelli and Carpentier| (2018])). In Step

9, we revert back the lower bound on inferior sampling rate to a lower bound on regret.

Step 1 (Preliminaries). For any policy 7 and decision horizon length 7', let S™(P;T') be the inferior

sampling rate defined as -

ST(P;T) =B | > 1 {far (Xe) # fr(X0)}| - (1.1)

t=1
Fix a covariate distribution P x. For any policy 7 and function f : [0,1]? — [0, 1], denote by S™(f;T)
the inferior sampling rate of @ when Px is the covariate distribution, E[Y7, | X¢] = f(X;), and
E[Ya, | X;] = 4. Notably, the oracle policy T} is given by mj(z) =2 -1 {f(z) > }}. We further denote
by Py ; and E, ; the corresponding probability and expectation. Finally, for any Holder exponent 8 > 0
and margin parameter o > 0, define:

Rio(T) = sup R"(P;T); S5o(T) = sup S"(P;T).
PeP(8,a,d) PeP(8,a,d)

Fix T > 1, two Holder exponents 0 < 8 < v < 1, a margin parameter 0 < o < %, a positive Lipschitz

constant L, and positive constants p, p such that P x satisfies Assumption |2| with parameters p, p.

Step 2 (From regret to inferior sampling rate). The following lemma implies that it suffices to

first analyze inferior sampling rate and then, revert the result back to regret.

Lemma 1.1 (Rigollet and Zeevi 2010, Lemma 3.1). For any o > 0 under the margin condition in

Assumption[3, one has
§7(P:T) < Oy T=[R™ (P T)]51,

for any policy m and some positive constant Cl,.
By Lemma we have S7 (1) < C’S,nTaL+1 [Rg}a(T)} “*' Note that when 7 is rate-optimal over

P(v,a,d), Lemma implies that for some constants C.., Cs > 0, one has:

y(1+a)

RIL(T) < CT' " id = RE(T);  SI(T) < CT' 75 = 8% ().

v,

Step 3 (Constructing problem instances). In this step we reduce our problem to a hypothesis
da
testing problem. In order to do so, we first construct some problem instances. Defining M := [A® 7]

and Cy = %Lm, fix the parameter A > 0 such that
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This selection of A implies that for large enough 7" one has CyA < i. For any 0 < x < 1, define the
functions v, and v, as follows:
L 1= flzfleo]™ i 0 < [[#]loo< 15
~ ‘1_ ”mHoo| 1f0§ Hx”oog 1; R
Vr(a) = V() = —[|2]loo—1]" if 1 < ||z]oo< 2;

0 0.W.;
—1 0.W.

Note that ¥, € Hga(k,1) and 1, € Hga(k,2). The following two lemmas (proved in Appendix [5)) are

the main tools to analyze the smoothness of the payoff functions that we construct in this step.

Lemma 1.2 (Scaling and smoothness). Suppose f € Hga(B,L) for some 0 < 3 <1 and L >0, and
define the function g such that g(z) = C~Pf(Cx) for all x € R? and some C > 0. Then, g € Hga(B,L).

Lemma 1.3 (Min/Max and smoothness). Suppose f,g € Hx(B,L) for some X CR?, 0 < <1 and
L >0, and define the functions hy == max(f,g) and hy :== min(f,g). Then, hy,he € Hx(5,L).

. ,A%) € R%. Define the function

ale

Define a hypercube Hy = [0,2A7]% with a center ag == (A7, A

1

¢o(x) = 5~ Cp - min {A,AQT? -1% (A_%[x — ao])} .

By Lemmas and ¢o € H(v, L) since Cy < L. Consider the grid G that partitions the hypercube

Hy into M disjoint hypercubes (Hm)me{l,...,M}- Let a,, € RYm € {1,..., M}, be the center of the

hypercube H,,. Let H,, be the hypercube of side-length [ := 27 centered around a,,. Note that

4Md
H,, C Hy, and that the side-length of H,, is 4] . Define the functions ¢,,,m € {1,..., M}, as follows:

¢m(x) == max {d)o(x), % +Cy-A- 1&5 (20 — am])} .

Since Uy = 22%25 and A < 284118 for large enough 7', by Lemmas andﬁ one has that ¢,, € H(S, L)

for1<m< M.

Step 4 (Verifying the margin condition). By examining different cases of parametric values, we
verify that the margin condition is satisfied with parameters o and Cy :== 2d3dﬁ0¢j°‘ when f; = ¢, and

fgz%forallongM.

e For m =0 and § < UyA, one has



: L
<ot i [ 1{leles 1-0tc; A i
[0,1]4

1

[ -1 o (a) i_o
< 245A° daiod,m—d} < 2%dpC;; @ AT 16" < 2%dpC; 5, (1.2)

where (a) holds since a <

2=

e For m =0 and 6 > CyA, one has

1
Px {0 < lgo(X) = 5I< 5} < 27pA* < 27pC 5"

e For 1 <m < M and § < CyA, one has
1 -1 B T
Py O<|¢m(X)—§|§5 gPX{O<C¢-A-|1—2l | — am||so] §5,X6Hm}
-1 B £
+PX{0<C¢,-A-\2Z 17 = amlloo—1] g(s,XeHm\Hm}

+Px {0 < jou(x) - g< o). (13)

Next, we analyze each term separately. One has

Py {o <Cy- A l=2 o = amlo]” <6 X € ﬁm}

< pﬁ n{c¢.A. 11— 27z — anll|” < 5} dz

m

_1
<p[ 1 {ua:—am\ooz L (1 _c¢ﬁAé5é>}dx
Hp, 2
—1 1 1\ ¢
=p27 9|1 - <1 -C, 5A‘ﬂ66>

(@ o[ 1 L a0
< p279 [ddﬂCﬁA 7| < dp2m* 0 e, (1.4)

where (a) follows from the inequality (1 —z)" > 1 —rz for 0 < z < 1,7 > 1, and (b) holds by

a< % Similarly,



¥ {0 < CyA 27|z = amlo—1]" < 6, X € Hm\ﬁ.rm}

Sp/ i ]1{C'¢A‘2l*1Hx—amHoo—l‘BSé}dm
Hi\Hp,

l —5 a—1. 1
Sp/ | — am|oo< 3 14+ C,"A"F67 | ¢ d

d
< +C BA ﬂaﬁ) -1

1 (b)
b5k @ pC; 00, (1.5)

— podpd

@
<plC A

W=

where (a) follows from the inequality (14 z)" < 2"z 4+ 1 for 0 <z < 1,7 > 1, and (b) holds by
a< % Putting together (1.2)), (1.3)), (1.4)), and (1.5)), yields for 6 < CpA:

1
Py {0 < |dm(X) — §|§ 5} < Copo™.

e The case 1 <m < M and § > C4A can be analyzed similar to the case m = 0 and § > CyA.

Step 5 (Desirable event). For m € {1,..., M}, define Q,, == thl 1 {Xt € ﬁm} = Zthl Zm,t to
be the number of times periods at which the realized covariates belong to the hypercube H,,. Define
A= {Elm e{l,....M}:Qn < ngd or Qm > 3—piTld} to be the event where @, is less than %Tld or
larger than —Tld for at least one value of m € {1,..., M}. Note that

M

P{A}< Y P{Qm < %Tld} +P{Qm < ?’;Tld} .
1

m=

In order to bound each of the summands on the right hand side of the above inequality, one may apply

Bernstein’s inequality in the following lemma [T.4] to @,

Lemma 1.4 (Bernstein inequality). Let Xi,...,X,, be random wvariables with range |X;|< M and
n
> Var [X¢ | Xy 1,...,X1] =02 Let S;, = X1+ ---+ X,,. Then for alla >0

a2
P{S, > E[S,] +a} <exp (—02_1_]6&/3) :

Note that since BldT <BZpy < pT1e, | Zyi|< 1, and VarZ, ; < IEZ%M < 2pl?, one obtains:



P{A} < Mexp <—01Tld/5>

(a) af—d ___d
< ¢9 [Sj;ﬂ] 25+d—aB exp (_C3T[Sjyk,o¢ (T)] 2B+d7a5>

af—d 28(27+d—ay)+ad(v=8) \ (b) 3
< eoT'2p+d=aB exp [ —cy T CrFdEF+d=ah) < 5T~

I

for large enough T and constants ¢y, co, ¢3, ¢4, ¢5 > 0, where (a) follows from the definition of M and I,

and (b) holds by 28 g;i‘ﬁggiﬁ_d%)_ﬁ ) >0 for a < % For any problem instance P and horizon length T,

denote the inferior sampling rate of m when the event A does not occur by

T
ST(P;T) == [Zﬂ {Fe(X0) # fr (X0)} ‘ Jt] .
t=1
Define ST (T) = sup S™(P;T). Note that

PEP(v,a,d)
(1-P{AHS™(P;T) <S™(P;T) < S™(P;T) +TP{A},

which implies that
|87 (1) = 87 o (T)| < esT 72 (1.6)

For the rest of the proof, all probabilities and expectations will be computed conditional on A.

Step 6 (Selecting a single problem with smoothness 3). Let Ny, r = ZtT:l 1{m=1,X, € H,}
denote the number of times policy 7 selects arm 1 when realized covariates belong to the hypercube H,,.
By definition, EF;C@O [Z%zl Nmr ‘ .21] < SZ/T’Q(T), implying that there exists some m* € {1,..., M}
such that

EL . [N | A] < 2000 < Z000 2 4 772,

where the last inequality holds by (1.6)).

Step 7 (Likelihood of distinguishing between different smoothness parameters). We show
that policy m cannot distinguish between ¢g and ¢,,» with a strictly positive probability. For any
set of samples {(m,Xt,Y,,t,t)};rzl, define the log-likelihood ratio L,, 7 = Ly 1 ({(m,Xt,Ym,t)}tT:1>
forme {1,...,M} as:



Lim,r = ZT: o (gjm {{};tt £ ))2}} )
< Z 1{m =1,X; € Hyp}- [ Vi, s log <$i(éft))> + (1= Y log (Wﬂ
¢o(

(050 () (6m(X0) — d0(X)
< m=1,Xy € Hy T, +(1 _Ym,t
21 R L R (R SO (o

~

_ (Yt — om(X4)) (@0(Xt) — dm (X))
1:[].{7Tt—1,Xt€Hm} ¢m(Xt)(1 m( )) s

I
B

o
Il

where the last inequality follows from log(1 + z) < x for all x > 0. By taking expectations of the above

inequality and conditioning on the event A for m = m*, one obtains:

Ergo [Liner | A] < Ergg ;T; 1{m=1X¢€ Hm*} Y é":n*(gg)()(fogi)(;(j;”‘* (X4)) ‘ A]
=Erg ;ﬂ{m_lXteH 2} (9o (( )1¢’;th§ | ]
> 6463’A2 Er s [;uwt —1,X, € Hp) ‘ 21]
- 64C3A" Er o [N | A] (2 CZAQS* D) +e T2 (g) 1, (1.7)

3

for large enough T', where: (a) follows from CpA < 1; (b) follows from the definition of m*; and (c)
holds by the definition of A.

Step 8 (Lower bound on regret as a function of inferior sampling rate ). Let Nm,T =
Zthl 1 {m =1,X; € ﬁm} denote the number of times policy 7 selects arm 1 when realized covariates
belong to the hypercube H,,. We next use two lemmas in order to show that with a strictly positive
probability one has N, T < ﬁ conditional on the event A under problem m*, implying that 7 selects
an inferior arm at least =— T times. The first lemma is a simple variation of Lemma 2.6 in Tsybakov
(2008)) and is proved for completeness in Appendix [5; the second lemma is a straightforward extension of

Lemma 19 in |[Kaufmann et al.| (2016).

Lemma 1.5 (Hypothesis testing error probability). Let pg, p1 be two probability distributions supported

on X, with py absolutely continuous with respect to py. Then, for any measurable function ¥ : X — {0,1}:

g



P {W(X) = 1} + B, (¥(X) = 0} > £ exp(~KL(po, p1))

Lemma 1.6 (Log-likelihood ratio and historical events). For any event

EeF =o(m, X1, Ym 1,70, X7, Yo, 1) and an arbitrary event A, one has

Py, {E] A

Denote by pg and py,, the distributions of Nm . under the problems 0 and m conditional on the event A.

Define the test function ¥(z) =1 {x pTl } With this selection of pg, pm, and ¥, Lemma [1.5| yields:

- pT1?
Pﬂ',d)g N T > 7T

_ - pT1?
A A Prge § N < =5

- 1
A } 2 5 exp(=KL(po, pm+))-
To establish a lower bound on the right hand side of the above inequality, we note that:

T
Eﬂ,qbo [Lm*,T ‘ ;[] = ZEﬂ,qbo [Lm*,T ’ vzl? NmﬁT = 3] Pﬂ',d)g {Nm*,T =S ’ A }
s=1

,¢0 {ngT:S .;l} P
P TPy {Nm*,T =S ‘ _,Zl }

> Zlog

00 {Nm*,T =S ‘ A } = KL(po, pm+),

where the inequality follows from Lemma The last two inequalities, along with (1.7]), yield

_ - pTle
A o+ Prge § N < =5

pTl¢
Pﬂ,¢0 Nm*,T > 77

A } > %exp(—l).

14

Next, we show that P 4 {Nm*,T > BT

A } is small. We apply Markov’s inequality to obtain:

a(T)

pTle | g0 [Nm*,T ‘ ;l] (a) + T2
PW,¢0 Nm T > 2 -A S BTld S ETld
2 2
(v 24S* |t eI 4 oyl dT2 was—)  (0) 1
< B < 5T CFtd=—aB)(2v+d) < ZeXp( 1)

pT
2
for large enough 7" and some constant ¢; > 0, where: (a) follows from the definition of m* and (1.6));

(b) holds due to the definition of [ and M; and (c) holds due to the fact that % < 0 since

. . Tl -
a < % The last two displays yield that for large enough 7', one has Pr 4 . {Nm* <& ‘ A } > i.

By definition, when event A holds, at least BTld times realized covariates belong to the hypercube H,p



where fi(x) > fa(x) + 5 for problem m* , that is, for some constant cg > 0, one has:

T1e . pTle
: Pﬂ',d)m* Nm*,T < 7?

| >

_ _ pT1? ___B+d

A P P{A} > S0 > oT [S] ()] 777 (1.8)
e

The final result follows by noting that ST (T) < CN'STTQ%1 [TC(%O"d)] &+ This concludes the proof. B

1.2 Proof of Part 2 of Theorem [3.1]

The proof follows similar lines of argument as in the proof of Part 1 of Theorem

Step 1 (Preliminaries). Fix time horizon length 7' > 1, and some Holder exponent vy > 1, some
margin parameter 0 < o < 1, some positive Lipschitz constants L, and some positive constants p, p such

that P, the covariate distribution, satisfies Assumption [2| with parameters p, p.

o

Step 2 (From regret to inferior sampling rate). By Lemma we have SE@(T) < CsrTa%l [REQ(T)} arT
Note that by the assumption that 7 is rate-optimal over P(v, o, d) and Lemma one has

y(1+a)

RIL(T) < CT 20 = RE (T),  SI(T) < CT' 5 = 8 (T),
for some constants C,., Cs > 0.

Step 3 (Constructing problem instances). We will reduce our problem to a hypothesis testing

problem. To do so, we construct some problem instances first. Define the parameter A > 0 such that

64C2A2SE (T) 1
3 2’

where we define Oy = 22%. Note that the definition of A implies that for large enough T', one has

CpA < %. Define the function:
1 1

do(x) = 5 Cy - (5 —T1).

Note that ¢g € H(y, L) since Cy < L. Define the hypercube H := [% — A, %] x [0,1]9!, with a center

ap = (152, 3,...,3) € RY, and the function:

¢1(x) = do(z) +2C4 - A - (207 z — ag]) .

For any 0 < x < 1, define the functions 1/;:



_ 11— ||| if |zr|< 1
Pla) = .

0 0.W.
Note that by Lemmas and E, ¢o € H(1,L) since Cy < 22%.

Step 4 (Verifying the margin condition). We verify that the margin condition is satisfied with

parameters a and Cp = 2%) when f; = ¢, and fo = % forall 0 <m < 1.
e For m =0 and 0 < § <1, one has

1 2p6 _ 2pé¢
Pi{o <o) -l o < < 2

e For m=1and 0 < <1, one has

- 20(75 - 20¢ '

;_5}<5,55<5,55

Px {0 <]p1(X) — I<

Step 5 (Desirable event). Note that for z € H := [% - %, % - %] x [0,1]971, the first arm is optimal
by a gap of at least % under the problem m = 1. Define QQ = Zthl 1 {Xt € FI} = 23:1 Zy to be the
number of times covariates fall into the the hypercube H,, during the entire time horizon. Define the
event 9
A= {Q < 15pTA}

to be the event on which the number of covariates that have fallen into the hypercube H is less than
% pTA . In order to bound P {A}, one can apply Bernstein’s inequality in Lemma to @ by noting

that EZ; > %BA . |Zi|< 1, and VarZ; < EZ? < %BA to obtain

) (a) 1 a+$)v+4 5
P{A} <exp <—15pTA/5> < exp (—clT[S;OC(T)}_i) <exp | —T @+d < T7°,

for large enough 7" and constants c1,co > 0, where (a) follows from the definition of A.
For any problem instance P and time horizon length 7', denote by

T

t=1

the inferior sampling rate of 7 when the event A fails, and let S;ia(T) = sup &™(P;T). Note that
PeP(v,a,d)

(1-P{AHS™(P;T) <S™(P;T) < S™(P;T) +TP{A},

which implies

10



|87 W (T) = 87 ,(T)| < 0T 72 (1.9)

For the rest of the proof probabilities and expectations will be computed conditional on the event A.

Step 6 (Likelihood of distinguishing different smoothness parameters). In this step, we will
show that policy 7w cannot distinguish between ¢y and ¢; with a strictly positive probability. For any
set of samples {(m, X4, Ym,t)}tT:p define the log-likelihood ratio Ly = Ly ({(m, X, Ym,t)}tT:1> as:

T
Ly = ZIOg <P”,¢o (Y | 7Tt7Xt})
Pr 1 {Ym,t ’ 7Tt7Xt}

<ZI[{7rt—1 X, € H}- [ Yy, 410 g(¢0(Xt)) +(1—Ym,t)1og<

o)

(
2 $1(Xt) (
. Z L {m = 1X, € H}- [ - (¢0(X;;T)n()2;(Xt)) 1=V (¢1((f(i)%(égf;§t))}

(Yot — d1(Xe)) (o (Xe) — 1(Xy))

o(
1{m=1,X, € H}- o1 (X)) = 01(X0) ,

I
ER

t=1

where the last inequality follows from log(1 4+ z) < z for all > 0. Taking expectation conditional on

the event A, one obtains:

A 7 Yot Xy o( Xy X _
B o [LT ’ “4} < Erg Z 1 {7Tt =1,X; € H} . ( J d)l(g(t))()l( ;1(;(0;[51( ) | A]
)

T
< Er g, ZE[H{“:LX*E}' T ¢1< t>)<1( ;ﬁ;ft_))w)(t)) ’Xt} |A]

-1 (Go(Xe) — 61(X0)? | -
=E, 0 1 =LX H A
o [t {me =t X A} )
(@) 64C2A2 T ;
< ; ,$0 [Zl{mzl’XteH} A]
t=1

HONSiaD) | s d (110

-~ 3 - ’ .

for large enough 7', where (a) follows from C4A < 1, and (b) follows from the definition of A.

Step 7 (Lower bound on regret as a function of inferior sampling rate ). Let

Np = Zthl 1 {7Tt =1,X,eH } be the number of times policy 7 pulls arm 1 when covariates fall into
the hypercube H. We will show that with a strictly positive probability one has Np < % conditional
on the event A. This will imply that policy 7 makes at least % number of mistakes under the problem

m = 1, where each mistake is associated with at least % instantaneous regret .

11



Denote by po and p; the distribution of Ny under the problems m = 0 and m = 1 conditional on the
event A. Define the test function ¥(z) = 1 {:L'

A
> %} . With this choice of pg, p1, and ¥, one can
apply Lemma [1.5] to obtain

- pTA | _ PTA | _ 1
Pz g0 NTZ? A b+ Prg NT<175 A ZieXP(—KL(PO,Pl))-

In order to lower bound the right hand side of this inequality, we note that

Ergy [Lr | A] = ZT:EW,% [LT ‘ A, Ny = s} Py, {NT — s ‘ A }

= = — qubo {NT =S ‘ -/zt } = KL(pOapl)v
s—1 Pr s {NT =s ‘ A }
where the inequality follows from Lemma The last two displays along with (1.10) yield

- PTA | - pTA 1
]P)ﬂ7¢0 NT > 7175 A + ]P)ﬂ7¢1 NT < T5 ./4 5 eXp( 1)

=
w
g
g
—+
=
=
~
3
s
—
21
|\/
‘\
N

} is small, we apply Markov’s inequality:

~ TA | _ Ergo |Nr | A (a) Sk + e T2
PW,%{Nsz’A}s \ [ | } olT) +

1 pTA pTA
15 15
1
c3[S* 12 4 el 74T 2 1
< 3[ w,oc] BT 2 < C4T7% < zexp(—l)

for large enough 7" and some constant cz,cs > 0, where (a) follows from (1.9). The last two displays
yield that for large enough T, one has

pTA 1
]P)W,% NT < T5 .A > E

.. - A . .
Note that by definition, when the event A holds, at least % number of covariates fall into the
hypercube H, that is,

2

TA A pTA _
Fa(T) > 3 Pran {NT <= ’ }]P’{A} >=—>cT (S, (T)] ' (1.11)

for some constant c5 > 0. The final result follows by noting that ST ,(T')

< @, Tt [Térad)] a5t
This concludes the proof.

12



1.3 Proof of Theorem [4.3

The following lemma characterizes a general class of self-similar payoff functions for any non-integer

smoothness parameter 3 € [, 3].

Lemma 1.7. Fiz dimension d, some positive non-integer 8 and some B > 3. Consider some set of
payoff functions {fx}r such that fr, € H(B), k € K. Suppose fi(x) = a + b:c’f for x1 € [0,c|] where
a,b and 0 < ¢ < 1 are some constants. Then, the set of payoff functions {fi}, is self-similar as in

Definition [{.1] with some finite constants lo > 0 and b > 0.

Proof. 1t suffices to show that for any non-negative integer p, one has

max maxsup |I?_, fp(z;B) — fi(x ‘ > blq~!8,
max maxsup L fr(@;B) — fiu(x)| > bg

for any I > Iy = [log 1] and some ¥’ > 0. Fix some [ > ly. Let By := [0,¢7!]%. One has

mevs masup [T /(7 B) = fi(o)] 2 [T} f1(0:Bo0) = /1(0)| = b [T 19(0: B0

, (1.12)

where g(x) = 2°. By Part 1 of Lemma one has I‘z,lg(O; Bo) = e{ B~'W, where

1 g8 >
e1=(1{s=0 , B=|—— W= — _
1= Dacto1,..0) <81 + 52+ 1>51,52€{0,1,...,p} (5 +B8+1/sci01,..p}

By Cramer’s rule for linear matrix equations, one has

det(B]_) —1B

where

_1 1 1 1

B+1 2 3 P+l

_1 1 1 1

B+2 3 1 P2

_ 1 1 1 1

Bi=| s 1 5 pr3

1 1 1 _1

B+p+1  p+2  p+3 2p+1

13



Note that one can rewrite both matrices B and B; as follows

1 . .
B:<' > , uwp=tdwj =7 —1;
Ui T Wj ) 1< j<pt1

1 ) ) ) )
Blz< ,> , wp=dw;=p1{j=1}+ (- 11{j>1}.
/1<, j<p+1

/
U, + w;

The next theorem shows that the determinants of B and Bj are non-zero.

Theorem 1.8 (Cauchy double alternant determinant). For any set of indeterminates {u;}1<i<n and

{vj}1<j<n such that u; +v; # 0, Vi, j € {1,...,n}, one has

dot < 1 ) _ H1§i<j§n(ui — uy)(w; — wj)
Ui T Wj ) 1< j<n [hicizjen(ui +wj)

Hence, putting together and yields that for any integer [ > I,

det(B1) _
g 1 SR [Pyt il B) = Jul)| 2 b g gy @

This concludes the proof. |

Using Lemma one can adjust the lower bound arguments in Rigollet and Zeevi (2010) and [Hu
et al.| (2019)) in order to establish the same lower bounds for optimal regret when payoff functions are
self-similar. We provide here the proof of the second part of the theorem; the proof of the first part is
very similar, except for using Theorem 4.1 in Rigollet and Zeevi (2010) instead of Theorem 3 in [Hu et al.

(2019). First, we define the class of problems of interest.

Definition 1.9. For any 8 > 0 and o > 0, we denote by P(B,a,d) = 73(B,L,04, Co, p, p) the class
of problems P = (PX,P%)X, P§,2|)X> that satisfy Assumption |1| for B and L > 0, Assumption H for a
and some Cy > 0, and the following assumption regarding covariate distribution: the covariate den-
sity px has a compact support X C [0,1]¢ and p < px(z) < p for somep >p>0andz € X.
Furthermore, for any 8 € [3,B8], « > 0, lp > 0, and b > 0, we define by P*(B,a,d,b,ly) C

{PeP(B,a,d) : {fr}rex € F*5(8,b,lp)} the corresponding class of problems with self-similar payoffs.

In their Theorem 3, Hu et al.| (2019) construct a problem instance P* € P(8, a, d) such that R™(P*;T) > CT"'~

for some constant C' > 0. Let {f;}x be the set of payoff functions of P*. Define the set of payoff func-
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tions {f;*}x such that

B
1+LT13:1 if0<x < %7
TRTE
Kk 3 — — 4
i (x) = ) . .
5 if 3 <2 <3,
Lifi(g(x)) if g <o <1,

where L1 > 0 is some constant and we define

2:6'1 -1
x 1 —1
2 I e (g ) o
g(x) = 3 , o u(my) = T .
. [ exp (\3_1 1|> ds
. 8 8

Ld

Now, we show that f;* € H(53), k € K. Note that u(z1) is infinitely differentiable over [%, %] and
x? € H(/). Hence, by the following lemma, u(:cl):zlﬂ € "H[é&](ﬁ).
Lemma 1.10. Suppose f,g € Hx(5,L) for some X C[0,1], 8 >0, and L > 0, and define the function

h = f-g as the product of f and g. Then, h € H(B, L") for some L' > 0.

Furthermore, any derivative of f;* up to degree |3] exists for 1 € {%, i, %} Hence, f;* € H(/). One
can also make L; > 0 small enough so that f;* € H(3,L). Finally, by Lemma the set of payoff
functions {f}*} is self-similar. Now, let P** be a problem instance that is the same as P* except for its
payoff functions that are {f;*},. One can perform a similar analysis as in the proof of Theorem 3 in [Hu

et al.| (2019) in order to show that R™(P*;T) > CT"~ T . This concludes the proof. B

1.4 Proof of Proposition

Let 7 := |2log,(3&;) + 218 + (% +1)log,log T'| where the constant C3 was introduced in Proposition
We will prove the result by bounding the following probability

-

i
7 (log )2

Pdadr<r: sup 72
q

kek,xzeM(®)

A(B,r .(B 2(B,r .(B
A8 @3 3 = £ (@588 =

,_\

. 35t2
<> > > P ‘ S (@3 1 f;EB’T)(ﬂr;jéB))( > 1UosT)® 7 L (1.14)

r/2
relr] ke ze M(B) q
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Note that by the triangle inequality,

FE0 @3 32 = B0 @i )| < | i) = FED @32 + | fule) = S @i i)
That is,
log T)%*3
A @ i) - 127 @ ;'(B)>\z”(°gqf;l

4.1

<B{|fiule) — 1B @) %
441

P )fk<x>—f,§8”<x;j58>>]>“°%f)/f2 . (115)

> C3q~ Bi} > Cs3q~ Bis , one can apply Proposition to

bound the two terms on the right hand side of above inequality. Namely, one can apply Proposition [3.2]

4ih

=
9]
02
S~
N
v \m
[\){b—\

Note that since when r < 7 one has V,ZT

P —_ p _ y(logT) %8
with n = ¢", M= —dl7M_W75_(ql+/2

and h = ¢ =t for the first term and h = q =% for the

second term to obtain

d
FB,r . I T 2872 ~ _ 5
‘fk(:r) — f]EB’ )(x;ng))) > L <C\T 72027

‘fk(fﬂ)

where the constants C, Cy depend only on L, p, p, and d. These two inequalities along with (1.14) and

(L.15)) imply

PdIr < sup f,gB’T) (a:;j§B)) — AIEB’T) (z; jéB)) 2

kek,zeM(B)

< gl ‘M(B)‘ #C,71C2
da
< Org " (log )2 T+,

where the constants C'7, Cg, Cg depend only on 3, B, L, p, p, and d. The results follows by applying union

bound over B € B;. This concludes the proof. |
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1.5 Proof of Proposition

By Assumption |4} there exists at least one bin B € B, an arm k € K, and a point & € B such that

F?(B)fk@? é) - f §3
1

)| = [P Al@) = ful@:B)| = by, (1.16)

Let Z = argmin @) ||z — 2|/ (if there is more than one minimizer we choose the one with the

minimum Lj-norm). Note that ||Z — 2|0 < ¢, which along with the assumption fi € H(B, L) implies

that
@~ @) <Llg—#ls Lo < g (117)
k k . . ~ logT
In addition, by Lemma one has
3 - 3 -5 N - -7 Ko _
T i (@38) = T (3 B)| < kod! 7 — o< od' ™ < e 70 (1.18)

where kg was introduced in Lemma Let 7 := |2 logq( Tho

)+208+ ( + 3)log, logT'|. One has

\u‘u
lO

B A AB#), ~ (B 2 logT
P{T$i>7}fép Lé&)@zﬁm)—fé’ijf5)<gl—§—l——— (1.19)

7/2

Note that by the triangle inequality,

B,7 B B,7 B - ~(B
180G 5% = 0@ 00| = | @) - 180 @) - | 76) f,g ‘@i (.20
: (logT)?8 2 4B

Note that since one has vng > (3¢ P72, one can apply Proposition |3 2 to show that second

term on the right hand side of above inequality is “small” with hlgh probability. Namely, one can apply
d
512
Propos1t10nvv1th n=gq, H qp , = pdl, 0= %, and h =gq —J% to obtain
7 (log 7)1
. B logT)2£ 2 5 2
MW—%)uAhz 72 <CIT™7, (1.21)

where the constants C1, Cy depend only on f, L,p,p, and d. Now, we show that the first term on the
right hand side of (1.19)) cannot get “small” with high probability. One can write

@) = 0@ )| =

@) - r”{fk( )' ‘FW)fk( B) — P& P (1.22)
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The first term corresponds to bias and the second term corresponds to stochastic error. Note that by

[LT9). (CT7). and (LT5). one has

fil(@) - rm%fkfcé — |£i(@) - fi(@)| -

f}}( ) I‘L/BJ)fk(x B)‘ > FWJ)JC]C(j é) _F]L.fsj)f]}(i’; é)
L K LAk 2y (IogT)%Jr%
=18 _ = _ M B Oq*lﬁ >

- 1.2
logTq logTq ~ 2logT - q'/? (1.23)

> bq

for large enough T' > To(L, b, p, p,d). In order to bound the second term on the right hand side of- ([1.22)),

d 1
R 2512 .
we apply Proposition withn=4¢", 0 = %, and h = q_le to obtain

1

.
v (logT) 2572 5 26

g ‘I‘LBJ)fk( ) f(BT ( (B))‘ = q1+r/2 < C4T_7 CS’ (1'24)

where the constants Cy, Cs depend only on B,L,B, p, and d. Putting together (1.19)), (1.20)), (1.22]), and

(1.23)), one obtains

4,1
5 ) B.7), . .(B ~ (log T 5t
P{Tl(as)t>7“}§[[” ‘FLBJ)fk( B) — /7@ 41) Z(qm)/z
1 (logT)

Bi), -~ (B log T') 22
+P ‘r“”)fk( B) - £ (@:41”) ZW

2
—y<C
< CroT— 75

where the last inequality follows from ([1.21)) and ((1.24), and the constants Cig, C11 depend only on
B, L, p, p, and d. This concludes the proof. |

1.6 Proof of Theorem [5.1]

Note that for large enough 7', one has

3(2B + d)?log, log T | }

P{/BSACBG[B_ (B+d—1)log, T

SH

last

P {2[6 + (5 +1)log,logT < r® < 216 + (g +4)log, logT}

|

d
S 1-— C7qld (log T)é T—’7208+Cg _ CloT_,YQCH’
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where the last inequality follows from Propositions [5.6] and [5.7, and the constants C7, Cs, Cy > 0 were

introduced in Proposition and the constants Cig, C11 > 0 were introduced in Proposition
2d (B+d—1)

Next, we show that with high probability, Tsacg < %(log T)E—F T (2B+d) =: Tgpcs. Note that

the smoothness estimation sub-routine terminates when all the bins B € B; have reached round
F=[2l3 + (%i +4)log,logT". That is, Tsacs is less than the time step by which 2 Zi:z q" covariates
have realized in each B € ;. Note that

T ~ ﬁ+4 2B(B+d—1)
qu <qtt<2 (logT) & '~ T @p+a? |

r=r

Let NB) = ZtTE%CB Z; be the number of covariates that have realized in B by t = Tgacg, where Z;’s

d(B+d—1) Ca@ra)
are i.i.d. Bernoulli random variables with E[Z;] > pT" f+9? and Var(Z;) < E [th] < pT~ @t
_ 2d 2B(B+d-1)
Applying Bernstein’s inequality in Lemma to N®B) with a = 2 (logT) 2 R AR ET yields:
_ 2d 2B(B+d—1) 2
P N(B) < 2 (log T) ] + T (2B+d)2 S exp <_ _ @ )
2T spceVar(Z;) +a

2d 28(B+d—1)
<exp|—— L (log T) [ + T (2B+d)2 ,
dp +2p

and, by the union bound:

= = 2dyy 2P@B+d-1)
P {Tsace > Tsace} < Z P{N® < 2(logT) 2" T~ @+a?
BeB;

d(B+d—1) p 2d 2B(B+d—1)
< 2T @B+9? exp | —————(logT) 2 "~ T @B+d* ||
4p+2p

This concludes the proof. |
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1.7 Proof of Theorem [7.2]
The regret incurred by the SACB policy up to t = |Tsacg| is bounded by

[Tsacs)
E™ Z Jur (X4) = fr,(Xy) | T -P{Tsace > Tsace} + Tsace

(a) 1+d(éjd—1) p 2d 26(f+d—1)
< 9T (2B+d)? loeT)8 "~ T @6+d)?2
< exp 4 2 (logT)

(B+d—1)

2d
(logT') 7+4 T (2B+d)

()
0

/\\b\ﬂk

B(a+1)
T 26+d ) , (1.25)

where (a) follows from Theorem H and (b) holds by Brd=1) g Blotl) g, any 8 < 8 < f and

(2B+d) — 23+d
A 3(26+d)? log, log T — .
a< m Define 87 == 8 — ((§+d11)01iqg:§ . The regret from t = |Tspcg] + 1 to t = T' is bounded by

T 175TE°‘+1>

E" | > (X))~ fu(X0) | <T-P{Bssc & [Br. 81} + Co (1og T) P01 2orsa
t=|Tsacpl+1

d 2054 Cp 414 2L D)
< Cy(logT)E T~ " oo Grrae
o 8d(act1) (2F-+d) 5
+ Tt (log T) @t Era=T Tolfrod) (1.26)

for some constant C' > 0, where the last inequality follows from Corollary and the constants Cy, Cs,
and Cg were introduced in Theorem Putting together ((1.25) and ((1.26]) concludes the proof. |

1.8 Proof of Corollary

The result follows from Theorem and the fact that for any Gy < 1:

sup RABSE(BO)(P; T)=0 (TC(Bo,a,d)) .
PEP(Bo,,d)

|
1.9 Proof of Corollary

The result follows from Theorem and since for any problem instance P € P(fy, a, d), and decision

regions which satisfy the regularity condition in Assumption [5] one has for any Gy > 1:

RSmoothBandit(ﬁo)(P; T) =0 <(10g T)%z‘((ﬁo,a,d)) '
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1.10 Proof of Remark [2]
Note that
ABSE(fo) if By <1,
7o(Bo) =
SmoothBandit(f5y) if By > 1.

Furthermore, for any gy <1

sup 'R,ABSE('BO)(P;T) -0 (TC(ﬁo,a,d)> :
PEP(Bo,,d)

and for any Sy > 1 and any problem instance P € P(f, o, d), and decision regions which satisfy the

regularity condition in Assumption
RSmoothBandit(ﬁo) (P, T) =0 <(10g T) Qﬁ#gd TC(,BO,qu)) .

The result follows from applying Theorem with

LO(BO; a, d) =

2 Properties of the Ly(Py)-projection

Lemma 2.1. Fiz non-negative integers | and p, a hypercube U of side-length ¢, € Ry, and some
point € U and let K(-) = 1{||"|c< 1} and h = q~'. Let po, ko, and Lo be some constants that only
depend on p, p,p (introduced in Assumption @), and d. The following statements hold:

the matrix B =

1. TP f(x;U) = RT(0)B~'W, where we define the vector R(u) = (u?),

s|<p’

(351,52)|51‘ 1s5|<p> @ the vector W = (W) |51<p with elements

By, .5 = /Rd w2 K (u)px (x + hu | U)du, W = 9 u’f(x + hu)K (u)px (z + hu | U)du;

2. Amin(B) > pog™;
3. TV f(z;U) = TH f(2;U)| < koh™H|& — x| oo for all z, & € U;

4. If f € H(B,L) for0 < <p+1 then, ‘I‘I;Lf(m;U) —f(:):)‘ < LohP for all z € U.
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Proof. Fix some z € U. Let é(u;p, LU) = Z|S|SP £su® be a polynomial of degree p on R¢ that minimizes

[l o (i) 5 (5wt v = [ s (5 pxtul v
+ Y 551552/(u_x>81+82K<u;x>pX(u\U)du

[s1l,|s2|<p
—2||Z<j£s/f ( )SK(“;”>px<u|U>du

where h = ¢!, Equivalently, 0 (u; p, 1, U) can be characterized by its vector of coefficients € that minimizes

> 551552/ w2 K (u)px (x+hu | U)du—2 ZgS/ Fw)u K (u)px (z4-hu | U)du = €T BE-2W "€,

51521 <p jsl<p
(2.1)

where we define the matrix B = (‘851752)|51‘ 1s5)<p and the vector W := (Ws)s<p With elements

By, .5 = /Rd w2 K (u)px (x + hu | U)du, W = y fuw)u’K(u)px (z + hu | U)du

Note that if B is a positive definite matrix then, the minimizer of (2.1]) is € = B~'W, which implies the
desired result: I} f(2;U) = RT(0)B~'W. In order to show that this is indeed the case, we note that

2 2

Amin(B) = min Z'BZ = min / Z Zou® | K(u)px(x+hu|U)du > min f Z Zsu® | du,
1Z]=1 1Z1=1Jre \ 2, 1Z]=1 =

where A = {u ER: ||ul|w< iz + hu € U}- Note that
AA] > B IN[E(z, h) N U] > ¢ %h A [E _dy =
= =\ = [E(x,h)] = ¢ “N[E(0,1)] .

Let A denote the class of compact subsets of Z(0, 1) having the Lebesgue measure ¢~?\[Z(0, 1)]. Using

the previous display, we obtain

2
dl’

1 min / Z Zu® | du=: %[Lo. (2.2)

P ZI<1;8¢eA Js
|s|<p

(s

)\min (B) 2

By the compactness argument, the minimum in the above expression exists, and is strictly positive.
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In order to prove the last claim in the lemma, note that for any & € U,

TP f(a;U) =T f(&;U)] =

0(0; p,l,U)—9< - ,p,l,U)’

- Y e (T = - allel

|s|<p,s#(0,...,0)

Also, by ([2.2]), one has

!

l&l< |B7'W|| < TLig Ak max|w,

and

|Ws|= K(u)px (@ + hu|U)du < ™.

R4

/ u’ f(z 4+ hu) K (u)px (x + hu|U)du| <
Rd

Putting together the above three displays, one obtains
T f(@;U) =I5 f(&:U)] < pp~ g ' MPPPh7 |2 — o

To prove the last part, define the vector Z = (ZS)| s|<p With elements

151 £(5) (5
2= ""TTD g si< 1))

Note that
f(z)=R"(0)B™'BZ.

As a result, one has

—dl ~

T Prs max|(BZ)s — W4,

() = Thf (@ 0)] = |[RT OB (BZ - W)| < 1B |BZ - W] <

where the last inequality follows from (2.2)). Furthermore, one has

w)*f) (z
|(BZ)s — Ws| = /Rdus Z M—f(x—i—hu) K(upx(x+ hu | U)du

s!
|s'|<LB]
s £(s)
S/ || Z M—f(m—{—hu) K(u)px(x + hu | U)du
R4 S.
ls'I<1B]
< / LhPpx(z + hu | U)du = LhP ¢
Rd

where the last inequality follows from the assumption that f € H(/3, L). Putting the last two displays
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together, the result follows. This concludes the proof. |

3 Proofs and analysis for the review of local polynomial regression

In this section of the appendix, we provide the proofs for our review of the local polynomial regression
estimation method. Fix a set of pairs D = {(X;,Y;)}!" ;,a point x € R?, a bandwidth h > 0, an integer
p > 0 and a kernel function K : R? — R,. Define the matrix Q = (Q51752)|81‘ 1s,|<p and the vector

V= (Vs)j5<p With the elements

- s1+s Xi—x = s X, —x
Q51’$2::Z(Xi—:c)1+2K< - ) VS::ZY;(Xi—x)K< - >

i=1 i=1
Also, define the matrix U := (u5)| sj<p- The next result from Audibert and Tsybakov| (2007) provides a

closed-form expression for local polynomial regression at any arbitrary point.

Lemma 3.1 (Audibert and Tsybakov 2007, Proposition 2.1). If the matriz Q is positive definite, there
exists a polynomial on R of degree p minimizing (5.3)). Its vector of coefficients is given by & = Q~'V
and the corresponding local polynomial regression function at point x is given by

XZ‘—{L'
h

n
AP (@D, h,p) =U(0) Q'Y = Y ViK ( ) U©0)'Q'U(Xi — x).
i=1
The following simple extension of Theorem 3.2 in |Audibert and Tsybakov| (2007) will be one of the main

tools to bound our estimation error in our proposed policy.

Proposition 3.2. Let D = {(X;,Y;)};", be a set of n i.i.d pairs (X;,Y;) € X x R. If the marginal
density p of X;’s satisfies p < p(x) < @i for some 0 < p < fi with a support X that is a closed hypercube
in R? of side-length ¢~*,1 > 0, and the function 1 belongs to the Hélder class of functions Hx(B,L) for
some B, L > 0 then, there exist constants C1,Ca, Cs > 0 such that for any 0 < h < ¢, any C3h? < 4,
any n > 1 and the kernel function K(-) = 1{||-||cc< 1}, the local polynomial estimator 7*F (z; D, h,p)
satisfies

7™ (3D, b, p) — n(x)| <6

with probability at least 1 — C1 exp (—C’thdEQﬂ_l(V) for all x € X. The constants C1,Cs,C5 depend

only on p,d, L.

The next proposition states that local polynomial regression estimation of a function inside a hypercube

cannot largely deviate from the Ls(Py)-projection of that function with high probability.
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Proposition 3.3. Fiz a hypercube U C (0,1)% with side-length ¢V, I' € Ry. Let D = {(X;,Y;)}l, be a
set of n i.i.d pairs (X;,Y;) € U x R. If the marginal density v of X;’s satisfies pu(-) = px(:|U), where px
is the density of a distribution Px that satisfies Assumption[d then, there exist constants Cy,Cs,Cs > 0
such that for any § < Cg, anyn > 1, h=q~!, 1 >1', and the kernel function K(-) = 1{||-|co< 1}, the

local polynomial estimator 7Y (z; D, h, p) satisfies
~LP (.. 4 .
)77 ($7D7 h’vp) —quzﬁ(f’?a U) < 4

with probability at least 1 — Cy exp (—C5nqd(l/*l)52> for all x € U. The constants Cy, C5, Cg depend only

on p,p,p, and d.

3.1 Proof of Proposition

The proof is a simple extension of the proof of Theorem 3.2 in |Audibert and Tsybakov| (2007); however,

we provide the proof for completeness. Fix x € X and § > 0. Consider the matrices B = (B, 52)‘81| 152|<p

and B = (BSW?)\sﬂ 155]<p with the elements

_ 1 & /X; — 2\ X, -z
. S1+s o 7 7
By, .y = /Rd w2 K (u)p(z + hu)du, By, sy = — ;:1: ( - > K ( - ) .

The smallest eignevalue of B satisfies

)\min(B): min W' BW
[W]=1

> min WTBW + min W' (B—-B)W

! [Wil=1
> ”$|i|r_11 WTBW - Z |BSLSQ - BS1,S2" (3'1)
B [s1],]s2|<p

Define X, := {u € R?: |[u||< 1;2 + hu € X'}. For any vector W satisfying ||W||= 1, we obtain

2 2
W TBW = /Rd Z Wsus | K(u)pu(z + hu)du > ,u/ Z Wsus | du.
|

s|<p ™ o\Is|<p

Since X is a closed hypercube and we have assumed that h <[, we get

AN&,] > h9\[Bally(z, h) N X] > ¢ ¢h~%\[Bally(x, h)] > ¢~ ?A[Bally(0,1)],
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where Bally(z, h) is the Euclidean ball of radius h centered around z.
Let A denote the class of all compact subsets of Ballz(0, 1) having the Lebesgue measure ¢~?A[Ballz(0, 1)].

Using the previous display, we obtain

2

||5Iv1ﬁ31WTBW L e /S > Wius | du = 2cp (3.2)

By the compactness argument, the above minimum exists and is strictly positive.

For : =1,...,n and any multi-indices s1, so such that |s1|,|s2|< p, define

s1+s2
(s1,82) _ L Xi—z\" Xi—x _ / s1+82
T, =1 < - ) K - 9 u K (u)p(x + hu)du.

We have IETi(Sl’s?) =0, |TZ-(51’82)|§ 2h~%, and the following bound on the variance of Ti(sl’SQ):

Xi —r 251+2s2 K2 Xz —z
h h

Var]'vi(sl ;52) < LE

h2d
1
< T w1252 K2 (y) p( + hu|B)du
]Rd
[ 451\ 72 . KQ

From Bernstein’s inequality, we get

_ 1 — (s1,52) —nhde?
1,52
Pl = Bowl> o} =P[5 LT > €p <20 (548

This inequality along with (3.1)) and (3.2)) imply that

(3.3)

26fi + AM2cp)3

_ —nhqM—4c2 12
P{Amin(B) < CH} < 2M2 exp ( = ,

where M? is the number of elements in the matrix B. In what follows assume that )\mm(B’) > Clh.

Therefore,

P{

i (z;D, h,p) — n(z)| > 6} <P{Amin(B) < cp} +IP){’77LP(93; D, h,p) —n(x)| = 8, Amin(B) > cp} .
(3.4)

We now evaluate the second term on the right hand side of the above inequality. Define the matrix
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Z = (Z;s)1 <i<n,|s|<p with elements

Zig = (Xi —2)*y | K (Xh_ x)

()m

The s-th column of Z is denoted by Zs, and we introduce Z® : Z| <18 )Z Since Q = Z' Z we

get
V|s|< |8 :UT(0)Q'Z2"Z=1{s=(0,...,0)},

hence RT(0)Q'ZTZ" = 5(x). So we can write
i (2D, h,p) = (@) = RT(0)Q ™ (V = 2720) = RT(0) B~

where a = %H (V- ZTZ(")) € RM and H is a diagonal matrix H = (Hsy 55)51],)52|<p With elements

Hg, s, = h™511{s; = s2}. For Apin(B) > cp, one has
|7 (23D, h,p) = n(@)] < |B™ al| < Ay (B) el < ™'~ M max]|a|], (3.5)
where as are the components of the vector a given by

o= i =] (F50) e (FE)

Note that 7,(X;) is the Taylor expansion of 1 at z and of degree | 3| (not necessarily p) evaluated at Xj.

Define:
(1) v [ Xi—z B Xi—x
100 = v -] (1) K (R0,
T = (X =) ()] (20 K (2T,
i I h
One has
L~ | | LS [(s:2) (5:2) (5:2)
ERES n;T P> (76 — BT | + [BT?)]. (3.6)

Note that ET*") =0,
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s 1
VarT Y < / u? K2 (u)p(x + hu)du < Rl
t 4hd Rd
Ti(S’Q) _ ETi(sﬂ)’ < LhP~4 4 LrhP < ChP—,

VarTi(S’Q) < L?h*P Rd|“28’K2(u)u(aJ + hu) < L?arh?~4,

From Bernstein’s inequality, for €1, €2 > 0, we obtain

1 — (s,1) —nhde%
— T > <2 _—
nz ¢ —61} = 2exp (n,u/2+461/3

and

l Z |:T‘(5:2) _ ET-(S’Q)

n <
=1

S <9 —nhde
€ ex .
=2 = 2P\ 92k 1 2ChPey /3

Since also

‘IETI.(SQ)‘ < Lhﬂ/ Ju®| K2 (u) pu(x + hu)du < Lefh®
R4

we get, using ([3.6)), that if 3Lkph’c! H_IM < § <1 the following inequality holds

cud I, ()| cpd
> = < _ ) e
]P{|a8|_ M}_P{HZEITZ >73M +P

< 4exp <anhdH2[f162) .

n

% 3 [TZW) _ ET}S’”]

=1

CHé
7 3M

Combining this inequality with (3.3]), (3.4), and (3.5)), one has

P{

A (2D, h,p) — n(x)| > 6} < Cyexp (—C2thg2ﬁ_162>

for 3L/<cﬂhﬁc_lﬁ_1M < ¢ (for 6 > 1, this inequality is obvious since 7, )*¥ take values in [0, 1]). The
constants C1, Cy do not depend on the density u, on its support X and the point x € X. This concludes
the proof. |

3.2 Proof of Proposition

Fix a bin U C (0,1)% with side-length ¢, I’ € R. Consider the matrix B = (‘851752)|sl\ |s,|<p B0d the
vector W := (W), <, with elements
By, 5y = / u T2 K (u)p(x + hu)du, Wy = un(z + hu) K (u)u(z + hu)du,
Rd R4

as well as the matrix B := (le,SQ) and the vector W := (Ws) with elements

[s1],s2|<p [s|[<p
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— 1 " Xi—x s1tsz XZ'—.’E - 1 " Xi—x s Xi—iL'
mom e (F) K (5) e () #(5)

By Lemmas [2.1] and one has
[ (23D, hyp) = T2 _n(@)| = [U(0)TQ™V — U (0) B'W|
- ‘U(O)TB_IW - U(O)TB_1W’
< U 7B (W - w)|+ U@ (BT - BT W] = i+
That s,

P{‘ﬁLP(x;D, hp) = TP (a; U)j > 5} <P{J; >36/4} + P {Jo > 5/4}. (3.7)

First, we analyze J;. Note that

B BT - W) < Ak (B) [~ W) < g g~

min

W -Ww| < ,ualq*dlleSax Wy — W,

(3.8)
where the third inequality follows from Apin(B) > uoqdl/ by Lemma and M is the number of elements
in the vector W. Define:

Tz’(S) o idY; Xi—x % Xi—x _/ n(z 4 hu)u® K (u)px (x + hu|U)du.
h h h R

T(S)

( " ) K (h)] Shd/Rdu K (u)px(erhu\U)dugﬁ.

By Bernstein’s inequality, we get

We have E [T}ﬂ —0, < 2h~% and

1
2

Var [Ti(s)] <

n

1 ()
2T

P{|W, - W Ze}—IP’{
=1

>ep <2 —nh'e

€ exp| —r——= | .
- P g T+ 4e/3

Combining this inequality with (3.8]), one obtains

P{J>35/4)< Y P{\WS —W| > S,uoqdl'M’lé/él}

[s|[<p

1= (s)
22T

i=1

, 9202 d(l’—1) 52/16
> 3uog® M_15/4} < 2M exp ( Ho a no’/ .

= P
b { e

(3.9)
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Now, we analyze J>. Note that

B <|[(B =B Y)W < |[B7 = B7Y[|W]| < M||B™! = B7| - max|Wi|< M [|B™! - B~ h™
(3.10)
Define Z := B — B. One has

)\max(Z) S Z ‘ZSLSQ|‘

Is1],]s2]<p

51,8 1 X; — stz X —
plss2) x K x _/ w2 K (w)px (x4 hu | U)du.
7 hd h h Rd

Define

We have E [T}Sl’”)] =0, [T |< 2h79, and

o s 1 XZ o 2s1+2s2 X’L o 1 dl’
Var [TZ( v 2)} <E [th ( a:) K? <h$>] = / w1252 K2 (u)px (z4-hu|U)du < €
Rd

h hd hd

By Bernstein’s inequality, one obtains

P{Amx<2>2qdl’M-1u36/8}SP Y | Zesl> ¢ M 3 /8

Is1],]s2|<p

< Y P{IZwlz " M/}

Is1|s2|<p

-5 of

[s1],]s2|<p

RN (s1,82)
22T

i=1

> h‘dM‘?’u%d/S}

AU —1) 6,452
< oM exp ng M 2,u05 /64
24+ M=3p56/6

By Lemma HB_lH < q_dl/,uo_l. That is, on the event {)\max(Z) < qdl/M_l,uaé/S}, one has
HB_%ZB_% < M~ /8 in which case if M~11gd/8 < %, one obtains

1B~ =B = HB—% ((I + B—%ZB—%)_1 - I> B3

<|B7Y H (1+ B_%ZB_%>71 - IH

J

o0

< qfdl’lual Z HBi%ZB?é
j=1
o0

<q gt Yo (M ued /8y < g M5 /4.
j=1
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This inequality along with (3.10)) imply Jo < §/4. In other words,

, —n d(l’—l)M—G 452 64
P{Jy>5/4} <P {Amax(Z) > ¢ M 1#%5/8} < 2M* exp ( q2 n M—3u21f50/6/ '
0

Combining this inequality with (3.7)) and (3.9) gives
P{|"" (@D, hyp) = T (@ U)| = 6] < Cuexp (~Cong™?~42)

if M~1pugd/8 < % This concludes the proof. [

4 Auxiliary analysis for Section 2.1

4.1 Analysis of Part 1 of Example

Step 1. Following the proof of Theorem 4.1 in Rigollet and Zeevi (2010)), we first construct a problem

1

5 |7

instance in P(f, a,d). Define M = 2_1061 (%) 26-+d and let B := {Bm, m=1,... ,Md} be a
re-indexed collection of the hypercubes

Bm—Bm:_{$€[0,1]d:m12l S(]},Lér;;,le{l,,d}},

for m = (my,...,my) with m; € {1,..., M}. Consider the regular grid Q = {aj,as,...,a;a}, where ay

denotes the center of bin By, k =1, ..., M%. Define C := 28-1L A % and let ¢ be defined as follows:

1—[|zlle)? if |2]|o< 1
o(z) = (1= [|zlloc)” if [[z]] '

0 0.W.

Define m := [uM9=*%], where 1 € (0,1) is chosen small enough to ensure m < M<. Define the payoff

functions as follows:

filz) = % +> M PCe Mz —a5),  fola) =5

j=1
and assume that covariates are distributed uniformly. Similar to the proof of Theorem 4.1 in Rigollet
and Zeevi| (2010)), one can show that the margin condition and smoothness condition in Assumptions

and [1| are satisfied for the constructed problem instance.
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Step 2. Next, we lower bound the regret of ABSE(/3) under the constructed problem instance. To do so,

we use the same exact terminology and notation as in [Perchet and Rigollet| (2013)); for the sake of brevity,

we do not re-introduce the notation here. By construction, for all bins B with [B|=27%, k =0,1,..., ko,

we have g = IC = {1,2}. Define the event Wg s :={Zg Clgs} = {lgs =K} and Vg := [) Wass-
B'eP(B)

Let

A = {at <T:;IBely;Is<lg:Ig, #K and [B]> 2—k0+1}

denote the event where one of the arms is eliminated in at least one of the bins at depth less than kg.

One has:

ko—1
P{A} <Y D P{VenWey}. (4.1)
k=1 |B|=2—k

Note that for any bin B with |B|> 27 ko+1 ‘fél) — féz)’ < ¢o|B|P< GB%. This implies that Wg can
only happen if either fél) or féz) does not belong to its respective confidence interval [YB(IS) + egs) or

[}_’B@ + eg 5] for some s < lg. Therefore, since —féi) <Y, - Jféi) <1- fl(;),

S

— (i) s 4
P{Ve N Wes} <P{3s <lgFic : [15) - /] = B2} < T\BB|d (4.2)
Putting together (4.1) and (4.2), one obtains
ko—1 4Cl2_26k log (T2(2ﬂ~+d)k) 4C 2—(23—d)k0 1 2 ﬁ
I og (T?)
P{A} <) Tk < - <8C T+ 1logT.  (4.3)

k=1

Step 3. Let ¢ = 21_d_25062 log 2 and define
Ay = {Elt <éT/2;IBe Ly |B[> 2—k0+1}

to be the event that for some t < ¢T'/2 some bin at depth kg becomes live. Note that for a bin B to
become live by t = [¢T'/2], we need l,(g) number of covariates to fall into its parent p(B) by t = [¢T'/2].
Let Zg; = 1{X; € p(B)}. Note that |Z;|< 1, EZ; = |B|¢, and VarZg; < EZg, = |B|?. Hence, one can
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[eT/2]
apply the Bernstein’s inequality in Lemma toto > Zg, for |B|= 27k0 to obtain
t=1

leT/2)
Pldo} < Y PO D" Zoi >l
|B|]=2"k0 t=1
(@ leT/2) i
< N PSS Zsy > cp?p(B)
|B|=2""%0 t=1
—464(ko—1)3-1
<2k0dexp — 602(0 " /2 _
- 5T2(k0—1)d—1+CO—222(k0—1)5—1/3
_ g g [ QPR
1
1+1/3
4 25
< T+ exp | —eoT20+d | < 3T 1, (4.4)

for some constants ¢y, ca, cg > 0, where (a) follows from Ig lg > 052|B|_23. by the definition of Ig.

Step 4. Let S = {z €[0,1]%: fi(z) # 3}. Define the event

EV
Ag=1¢ > 1{X, €S} <émM T/4
t=1
Define Z; := 1 {X; € S} and note that |Z;|< 1,EZ; = mM¢9, and VarZ; < EZ; = mM¢9. As a result we
can apply the Bernstein’s inequality in Lemma to obtain

26~+d7a6~ 26~

a) =
P{A3} <exp (—EmM*dT/20> <exp | —csT 26+d < exp | —eqT26+d | < 5T 1, (4.5)

for some constants c4, c5s > 0, where (a) follows from the assumption that o < % <L

Step 5. Note that on the event A; N Ajg, the ABSE(B) has not eliminated any arms over any region of
the covariate space up to time ¢t = [¢T'/2]. On the other hand, on the event Az, up to time ¢t = |¢T/2],
at least &mM 9T /4 number of covariates have fallen into S, where the first arm is strictly optimal.

Recall the definition of the inferior sampling rate in (1.1). One has:
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~ T
S*ESED (P T) > BT |3 1 { fr: (X4) # fr, (Xt)}‘Al NAzN Az] P{ANA; N As}

t=1

_4[;
(a) —=
> emM~IT/8 | 1 — 8C T 20+ log T — c3T ' — 5T

ap
d
> P,

for some constant c¢g > 0, where (a) follows from (4.3, (4.4), and (4.5)). Using this inequality along with
Lemma the result follows. [ |

4.2 Analysis of Part 2 of Example

Step 1. let k== [%—‘, M =2k and B = {Bm, m=1,...,M%} be a re-indexed collection

of the hypercubes

m; — 1 m;

B =Bm = {xE[O,l]d: ZQZ <xi§7, iE{l,...,d}},

for m = (my,...,mg) with m; € {1,..., M}. Consider the regular grid @ = {ai,ag,...,aa}, where ay

denotes the center of bin By, k= 1,..., M?. Define C = 2°"1L A i and let ¢ be defined as follows:

o) = (1 —|z1])? if\xllgl‘

0 0.W.

Define m = 2 x [uM'=*8], where u € (0,1) is chosen small enough to ensure m < M?. Define the

payoff functions as follows:

file) = 5+ S MO (Ml - a5]), fale) = 5,
j=1

1
where a; = j;ﬁ for each j = 1,...,m, and assume that covariates are distributed uniformly. Similar

to the proof of Theorem 4.1 in |Rigollet and Zeevi| (2010)), one can show that the margin condition and

smoothness condition in Assumptions [3| and [1| are satisfied for the constructed problem instance.

Step 2. Next, we lower bound the regret of ABSE(/3) under the constructed problem instance. To do so,
we use the same exact terminology and notation as in [Perchet and Rigollet| (2013); for the sake of brevity,

we do not re-introduce the notation here. By construction, for all bins B with [B|=27%, k =0,1,..., ko,
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we have

féi) = ];@/Bfk(w)ddpx(:v) = %, iek.

Define the event Wg s = {llg s = K} and Vg := [| Wi, Let
B'eP(B)

Ay = {Elt <T:;IBeLy;Ts<lg:lg, #K and [B]> 2-’%“}

denote the event where one of the arms is eliminated in at least one of the bins at depth less than k.

One has:

ko—1
]P’{.Al} < Z Z P{VB N WB,tB} . (4.6)
k=1 [B]=2—*

Note that for any bin B with |B|> 27 Fo+1, ‘fél) — féQ)) =0< 68%. This implies that Wg can only happen
if either fél) or fE(f) does not belong to its respective confidence interval [YBEIS) + e Or [}75(2) + ep 4] for

s

some s < [g. Therefore, since —fg) <Ys— féi) <1- f(i)

B »
— (i) s 4
P{Ve N Wey} <P{3s <lg3ic : 1) - 1] = B2} < WBB\C" (4.7)
Putting together (4.6 and (4.7), one obtains
k=1 402720k 10g (T2(25+d>k) 49— (28—d)ko 1o (T2 =0
I og (T?)
P{A} <) Tk < - < 8CIT#+logT.  (4.8)

k=1

Step 3. Let ¢ := 21*d*25052 log 2 and define
Ay = {Elt <eT/2;3Be Ly |Bl< 2—’%“}

to be the event that for some ¢t < ¢T'/2 some bin at depth kg becomes live. Note that for a bin B to
become live by t = [¢T'/2], we need l,(g) number of covariates to fall into its parent p(B) by t = [¢T'/2].
Let Zg: = 1{X; € p(B)}. Note that |Z;|< 1, EZ; = |B|%, and VarZg; < EZ2, = |B|%. Hence, one can
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[eT/2]
apply the Bernstein’s inequality in Lemma toto Y. Zg, for |B|=27% to obtain
t=1

[eT/2]
Pldo} < Y PO D" Zoi >l
B]=2"%0 t=1
() LeT/2] ;
< N PSS Zsy > cp?p(B)
|B[=2"*0 t=1
—494(kg—1)5—1
<2k0dexp — 602(0 " /2 _
- cT2(ko—1)d—1 +CO—222(k0—1)ﬂ—1/3
_ ko exp _66222(1%071)671/2
1
5+1/3
a kN
< T2+ exp | —cpT 26+ | < T, (4.9)

for some constants ¢y, c2, c3 > 0, where (a) follows from Ig Ig > 052|B|_23. by the definition of Ig.

Step 2. Let 51 := {2z €[0,1]: fi(z) > 1} and S == {z € [0,1]?: fi(z) < 5}. Define the events
T T
Agq = {Z 1{X; €5} < 6deT/8} ;o Ase {Z 1{X; € S} < 6deT/8} :
t=1 t=1

and let A3 = As; N Asz. Define Z; :== 1{X; € S1} and note that |Z;|< 1,EZ;, = émM~1/4, and
VarZ; <EZ; = émM~'/4. As a result we can apply the Bernstein’s inequality in Lemma to obtain

2p+d—aB 25
—\ (a9) -
P{A3} <exp (—EmM_lT/40) <exp | —csT 26+d < exp | —e T2+ | < ch_l,

for some constants ¢4, ¢5 > 0, where (a) follows from the assumption that o < % A similar upper bound

can be shown for the probability of the event A3y, which implies
P{A3} <oT71, (4.10)

for some constants c5 > 0.
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Step 5. Note that on the event A4; N As, the ABSE(B) has not eliminated any arms over any region of
the covariate space up to time t = [¢7/2]. On the other hand, on the event Ajg, up to time t = [¢1/2],
at least emM _dT/ 8 number of covariates have fallen into S; and also S5, where the first arm and the
second arm are strictly optimal, respectively. Recall the definition of the inferior sampling rate in .
One has:

~ T
SABSE(B)(P; T) >E™ Z 1 {fﬂg (Xt) 75 fﬂt(Xt)}|.211 N .;lz N .213] P {.211 N .;lz N .213}
t=1
(@) ]
> emMTIT/8 | 1 — 80| T2+ logT — 3T~ — 5771

af
d
> ceT204,

for some constant cg > 0, where (a) follows from (4.8)), (4.9)), and (4.10). Using this inequality along
with Lemma the result follows. [ |

5 Proof of auxiliary lemmas

5.1 Proof of Lemma [1.2]

Lemma. Suppose f € Hga(B,L) for some X € R, 0 < 8 <1 and L > 0, and define the function g
such that g(x) = C~Pf(Cx) for all x € R? and some C > 0. Then, g € Hgpa(B3,L).

Proof. For any z,y € RY, one has
9(x) = g(y)| = O~ 7 |f(Ca) — f(Cy)| < O L||Ca — Tyl = Lllz — ylIZ
This concludes the proof. [

5.2 Proof of Lemma [1.3]

Lemma. Suppose f,g € Hx(B,L) for some X CR? 0< B <1 and L > 0, and define the functions
hy == max(f,g) and hy == min(f, g). Then, h1,hs € Hx(8,L).

Proof. We only prove the result for the function h;. A similar analysis can be used for hs. Fix some
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z,y € X. If hi(x) = f(x) and hi(y) = f(y), or hi(z) = g(x) and hi1(y) = g(y) then, one has
|h1(z) = hi(y)|< Lz — yllZ.

Now suppose hi(z) = f(z) and hi(y) = g(y). Without loss of generality, assume that f(z) < g(y) then,

one has

h1(z) — k1 (y)|< |g(x) — 9(m)I< Lz -y 2.

The case hi(x) = f(z) and hi(y) = g(y) can be analyzed similarly. This concludes the proof. [ ]

5.3 Proof of Lemma [1.5]

Lemma. Let pg, p1 be two probability distributions supported on some set X, with pg absolutely continuous

with respect to p1. Then for any measurable function W : X — {0, 1}, one has:
1
P {W(X) = 1} + P,y {(X) = 0} > S exp(—KL(po, p1).
Proof. Define B to be the event that ¥(X) = 1. One has

P {U(CX) = 1} + Py {U(X) = 0} = By (B} + P B} > [ min{dpn,dpa) > 5 exp(~KL(po. p))

where the last inequality follows from [T'sybakov|2008, Lemma 2.6. |

5.4 Proof of Lemma [1.10

Lemma. Suppose f,g € Hx(B,L) for some X C [0,1], 8 > 0, and L > 0, and define the function
h = f-g as the product of f and g. Then, h € H(B, L") for some L' > 0.

Proof. Note that h is [] times continuously differentiable. Hence, we only need to show that there

exists some L’ > 0 such that for any z,2’ € X,
|h(2') = ha(a')| < Llw - o5
By the triangle inequality, one has

|1(2) = ha(2)| < |(f - 9)a(2)) = fala) - gu(a")] + | fa(a') - 9(2") — fa(a!) - gu(a)]
+[fa(@) - g(2) = f(2') - ga)] . (5.1)
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Since X C [0,1] and f,g € Hx (5, L), one has for some Ly, Ly > 0:

|[f2(a”) - g(a) = fuol@') - gu(a)] = | fo(a')]- |9(2) = go(2")| < Lullw —2")15; (5.2)

[fa(a”) - g(a") = f(a”) - g(a)| = |fula) = f(2")]19(a")|< Lollz — /% (5:3)

Furthermore, let {as}o<s<|g]> {bs}o<s<|g]> and {cs}o<s<|3) be the coefficients of the Taylor expansions

f2(2'), gz(2'), and hy(z'), respectively. Notably, ¢s = Y % _ asbs_s. This equality implies that

28] s
(f - 9)a(@) = fola') - gu(@)] = | D D awbsg(x—a")*| < Laflz — /|15, (5.4)
s=[B]+1s'=0
for some Ls > 0. Then, the result follows from putting together (5.1)), (5.2)), (5.3, and (5.4)). |

6 Numerical Analysis

6.1 Different parameters

In this section we provide the auxiliary results of the numerical study in §6, which also includes

experiments with different values for smoothness parameter 5 and horizon length 7. Let 7%”(P; T) be
empirical cumulative regret of policy 7 in the simulation then, the average Relative Loss, RL™(P;T),

with respect the ABSE(f3) is defined as follows:

R™(P; T) — RABSEG) (P, T)

U = Rasaton . )

Table [1| (Table provides the average cumulative regret and Relative Loss for Setting I (Setting
I) for a fixed horizon length T = 2 x 10° and different smoothness parameters 8 € {0.85,0.9,0.95}
(8 € {0.45,0.5,0.55}). Table 3| (Table [4]) provides the average cumulative regret and Relative Loss for
Setting I (Setting II) for a fixed smoothness parameter 5 = 0.9 (8 = 0.5) and different horizon lengths
T € {2 x 10%,2.5 x 105,3 x 105}. These tables show that the results of numerical analysis in 6| are

consistent across different smoothness values and larger horizon lengths.
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ABSE(B) | SACB ABSE()
B 0.4 | 045 | 0.5 | 0.55 | 0.6 | 0.65 | 0.7 | 0.75 | 0.8 | 0.85 | 0.9 | 0.95 | 1
0.85 | 3.38 4.08 | 4.29 | 430 | 4.30 | 4.30 | 4.30 | 4.30 | 4.29 | 3.92 | 4.13 | 3.38 | 3.10 | 2.98 | 2.73
0.9 | 1.88 230 | 272 | 272 | 272 | 272 | 272 | 273 | 2.59 | 242 | 239 | 201 | 1.88 | 1.71 | 1.58
0.95 | 2.01 263 | 3.38 | 3.38 | 3.39 | 3.39 | 3.38 | 3.39 | 3.06 | 2.92 | 275 | 2.35 | 2.24 | 2.01 | 1.82
SACB ABSE(3)
J¢] 0.4 | 045 | 05 | 055 | 06 | 065 |07 [075|08 |08 |09 |[095 |1

0.85 | 20% | 27% | 27% | 27% | 27% | 27% | 27% | 26% | 16% | 22% | 0% 8% | -11% | -19%
0.9 22% | 44% | 44% | 45% | 456% | 45% | 45% | 37% | 28% | 27% | % 0% -8% -15%
0.95 | 31% | 68% | 68% | 68% | 68% | 68% | 68% | 52% | 45% | 36% | 17% 11% | 0% -9%

Table 1: Results for Setting I with fixed horizon T = 2 x 10°, and different choices of 3. Above: Average
cumulative regret divided by 10%; Below: Relative Loss.

ABSE(8) | SACB ABSE()
B 0.4 | 045 | 0.5 | 0.55 | 0.6 | 0.65 | 0.7 | 0.75 | 0.8 | 0.85 | 0.9 | 0.95 | 1
0.45 | 0.75 1.27 | 055 | 0.75 | 1.04 | 1.46 | 2.08 | 2.91 | 4.04 | 555 | 592 | 592 | 592 | 591 | 5.91
0.5 | 0.81 1.16 | 0.48 | 0.62 | 0.81 | 1.10 | 1.52 | 2.09 | 2.88 | 3.89 | 4.08 | 4.06 | 4.07 | 4.08 | 4.07
0.55 | 0.88 1.39 | 0.46 | 0.54 | 0.66 | 0.88 | 1.16 | 1.56 | 2.09 | 2.75 | 2.77 | 2.77 | 2.77 | 2.77 | 2.76
SACB ABSE(3)
J¢] 0.4 | 045 | 0.5 | 0.55 | 0.6 0.65 | 0.7 0.75 | 0.8 0.85 | 0.9 0.95 | 1

0.45 | 68% | -25% | 0% 38% 94% 176% | 286% | 436% | 635% | 685% | 685% | 685% | 683% | 684%
0.5 2% | -41% | -24% | 0% 35% | 86% 156% | 252% | 376% | 399% | 396% | 397% | 399% | 397%
0.55 | 58% | -47% | -38% | -24% | 0% 32% 7% 138% | 213% | 214% | 214% | 214% | 215% | 214%

Table 2: Results for Setting II with fixed horizon T = 2 x 106, and different choices of 8. Above: Average
cumulative regret divided by 103t; Below: Relative Loss.

ABSE(8) | SACB ABSE(B)
T 0.4 | 045 | 05 | 055 |06 |065]|07 |075]08 |0.8 |09 |0.95]1
2 x 108 1.88 230 | 272 | 272 | 272 | 272 | 272 | 273 | 2.59 | 242 | 239 | 201 | 1.88 | 1.71 | 1.58
2.5 x 108 | 1.97 245 | 294 | 295 | 2,95 | 2.95 | 2.95 | 2.95 | 2.94 | 2.55 | 2.64 | 2.23 | 1.97 | 1.90 | 1.66
3 x 108 2.09 260 | 3.14 | 3.14 | 3.14 | 3.14 | 3.14 | 3.11 | 3.14 | 271 | 2.70 | 2.44 | 2.09 | 2.03 | 1.74
SACB ABSE(B)
T 04 | 045 | 05 | 055 | 06 | 065 |0.7 |0.75|08 | 085090951

2 x 108 22% | 44% | 44% | 45% | 45% | 45% | 45% | 37% | 28% | 27% | % 0% | -8% -15%
2.5 x 108 | 23% | 49% | 49% | 49% | 49% | 49% | 49% | 48% | 29% | 33% | 12% | 0% | -3% -15%
3 x 108 24% | 49% | 49% | 49% | 50% | 50% | 48% | 50% | 29% | 28% | 16% | 0% | -3% -16%

Table 3: Results for Setting I with fixed smoothness 8 = 0.9 and different values of horizon length T'. Above:
Average cumulative regret divided by 10%; Below: Relative Loss.

40




ABSE(B) | SACB ABSE(3)
T 0.4 | 045 | 05 | 055 |06 |065|07 |075]08 |0.85|09 |0.95]1
2 x 108 0.81 1.16 | 0.48 | 0.62 | 0.81 | 1.10 | 1.52 | 2.09 | 2.88 | 3.89 | 4.08 | 4.06 | 4.07 | 4.08 | 4.07
2.5 x 108 | 0.85 142 | 050 | 0.64 | 0.85 | 1.17 | 1.61 | 2.23 | 3.08 | 421 | 5.07 | 5.08 | 5.08 | 5.09 | 5.07
3 x 108 0.89 146 | 052 | 0.67 | 0.89 | 1.20 | 1.69 | 2.36 | 3.28 | 4.53 | 6.09 | 6.08 | 6.09 | 6.11 | 6.08
SACB ABSE(B)
T 04 | 045 | 05| 055 |06 |0.65 | 0.7 0.75 | 0.8 0.85 | 0.9 0.95 | 1

2 x 109 2% | -41% | -24% | 0% | 35% | 86% | 156% | 252% | 376% | 399% | 396% | 397% | 399% | 397%
2.5 X 108 | 67% | -40% | -24% | 0% | 37% | 88% | 162% | 261% | 394% | 495% | 496% | 496% | 498% | 495%
3 x 106 64% | -40% | -23% | 0% | 35% | 90% | 165% | 269% | 409% | 585% | 584% | 584% | 587% | 584%

Table 4: Results for Setting II with fixed smoothness 8 = 0.5 and different values of horizon length T. Above:
Average cumulative regret divided by 10%; Below: Relative Loss.

6.2 Different payoff functions

In addition, we consider a different Setting III with random payoffs:

1+L1(%)ﬁ,[]1x5
s E— 1 T ;

fk(l‘) = Vk € ’C,
1

T+gRr—1) ifi<ua

H}
o
A
A

ol

IN
—

where ¢ is a random fractional Brownian motion (Mandelbrot and Van Ness [1968) with parameter
H = ( (which is guaranteed to generate a S-Holder function almost surely), or a random Brownian
Bridge (which is guaranted to generate a function that is S-Holder for any § < % almost surely), and
scaled to the range [—%, %] We note that the first case in the definition of the above payoffs is to make
sure payoffs are self-similar.

Table [5| (Table @ provides the average cumulative regret and Relative Loss when payoffs are random
fractional Brownian motions with H = 0.5 (Brownian bridge) for a fixed horizon length 7' = 2 x 10°. We
note that one could draw the same high-level conclusions that we made based on the results of Settings
I and II, also through the results of this new setting. However, since the first two settings are designed
to demonstrate the cost of smoothness under-estimation for ABSE, they tend to result in a larger gap
between the performance of ABSE(S) and ABSE(S). In addition, since randomly generated functions do
not behave as abruptly as in Setting II, one needs less exploration to identify the sub-optimal arm in

each region, and hence, over-estimation of smoothness, in the range B < 1 that we have considered,

results in better performance.
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ABSE(B) | SACB ABSE(SB)

T 0.1 0.2 03 |04 |05 |06 |07 |08 |09 |1
2 x 108 | 8.19 14.39 | 19.69 | 18.39 | 18.25 | 14.58 | 8.19 | 4.97 | 3.04 | 2.02 | 1.33 | 0.95
SACB ABSE(B)
T 0.1 0.2 0.3 04 05|06 |07 (08 |09 |1
2 x 108 | 75% | 140% | 124% | 122% | 7% | 0% | -39% | -62% | -75% | -83% | -88%

Table 5: Results when payoffs are random fractional Brownian motion with H = 0.5 Above: Average cumulative
regret divided by 10%; Below: Relative Loss.

ABSE(B) | SACB ABSE(B)
T 01 |02 |03 |04 |05 |06 |07 |08 |09 |1
2 x 10° | 5.59 5.60 | 6.02 | 5.66 | 5.62 | 5.60 | 5.59 | 5.24 | 4.26 | 3.54 | 2.67 | 2.22
SACB ABSE(B)
T 0.1 0.2 0.3 0.4 0.5 | 0.6 0.7 0.8 0.9 1

2 x 108 | 0.12% | 7.74% | 1.26% | 0.54% | 0.18% | 0.0% | -6.25% | -23.79% | -36.7% | -52.27% | -60.16%

Table 6: Results when payoffs are random Brownian bridges. Above: Average cumulative regret divided by 10%;
Below: Relative Loss.

7 Adaptivity to smoothness with full-feedback

In this section, we consider a setting where at every time step, the agent observes the reward of both
arms as opposed to the reward of the selected arm. We refer to this setting as the full-feedback setting.

We establish that even with full feedback the optimal regret rate is characterized by (2.1)):

Theorem 7.1. Fix some Hélder exponent 0 < 8 < 1, some margin parameter 0 < o < max {1, %} and
covariate dimension d. Then, in the full-feedback setting, for any horizon length T > 1 and admissible

policy m, the worst-case regret is lower bounded as follows

sup R™(P;T) > CT”(B’O"d),
PeP(8,a,d)

where n(f, a, d) is given in (2.1) and C is independent of T

Proof. The following proof adopts the lower bound proof in [Rigollet and Zeevi| (2010)) and consists of
the following steps:

Step 1 (Preliminaries). Recall the definition of inferior sampling rate S™(P;T') in (L.1). By Lemma
[1.1] it would suffice to show that there exists a problem instances P € P(, o, d) such that

ST(P;T) > C'T " 2ia,
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for some C’ independent of T'. Fix a uniform covariate distribution Px. For any policy 7 and function
f :[0,1]% = [0,1], denote by S™(f;T) the inferior sampling rate of 7 when Px is the covariate
distribution, E[Yi; | X¢] = f(X;), and E[Ya; | X;] = 1. Notably, the oracle policy T} is given by
i) =2-1 {f(z)> %} We further denote by P ; and E; s the corresponding probability and

expectation.

__bB _d
Step 2 (Problem construction). Let A =T 2+d M = A% 7 for some constant p > 0, and

11— [lz)lool® i 0 < [|2]| o< 1
b(z) =

0 0.W.

Note that ¢ € Hga(3,1). Define the hypercube Hy = [0, A%]d, and let grid G partition this hypercube
into M disjoint hypercubes (Hm)m€{17.."M} of equal side-length. Let a,, € R4, m € {1,..., M}, be the
center of the hypercube H,,. Define the function

dm(x) = A1y <A7%[$ - am]> .

By Lemmas ¢m € H(B, L) since Cy < L. For a given vector w € {—1, 1} with elements w,,, define

the first arm’s payoff function as follows:

L M
fe(x) ==+ Z Cowmdm ().
m=1

T2
Step 3 (Desirable event). For m € {1,..., M}, define @, = EZ;I 1{X; € Hy,} = Zthl Zmt to
be the number of times periods at which the realized covariates belong to the hypercube H,,. Define
d d d
A= {Hm e{l,....M}:Qm < %TAE or Qm > %TAE} to be the event where ), is less than %TAE
da
or larger than 3TA# for at least one value of m € {1,..., M}. Note that

M
P{A} < Z]P’{Qm< ;TAg}Jr]P’{Qm < ;)TAg}.
m=1

In order to bound each of the summands on the right hand side of the above inequality, one may apply
d d
Bernstein’s inequality in Lemma to Qm: Note that since ABT < EZ,,; < TA?, |Z,+|< 1, and

d
VarZ,,; < IEZ%M < 2pA¥% | one obtains:

43



(a) d
P{A} < Mexp (—clTAﬁ/S)

aB—d

2
< pT26+d exp (—02T2/3+d> < 03T_3,

for large enough T and constants ¢y, ¢z, c3 > 0, where (a) follows from the definition of M and A. For
any problem instance P and horizon length T, denote the inferior sampling rate of = when the event A

does not occur by

ST(P;T) =FE"

T
Z]l {frr(Xp) # fr(X0) } ‘ A] )

t=1

Note that
(1—-P{AN)S™(P;T) <S™(P;T) < S™(P;T) + TP {A},
which implies that
|S™(P;T) = S™(P;T)| < esT 2. (7.1)

For the rest of the proof, all probabilities and expectations will be computed conditional on A.

Step 4 (Lower bounding information sampling rate). One has

T
sup  ST(FUT) = sup S B g [L{2m(X0) # 3 — sign(f<(X:)} | A]

we{-1,1}M we{-1,1}M

M T
= sup Z Z]E”vfw [1{2m(Xy) # 3 — wi, Xy € Hp} } A

we{flJ}quzltzl

M
QLM YD Y B [102m(X) #3-wm, Xi € Ha} | A]  (7.2)

m=1t=1 we{-1,1}M

v

Now observe that the summation },cr_; j3u[...] can be decomposed as
Ryt = > Y E o [1{2m(Xy) #3-i, X, € Hn} | A],
. ﬂ}f [=m]
Wi_me{—1,1}M-1ie—1,1}
where wi_,] = (W1, s Win—1, Wint1, - - -, wpr) and wfim] = (Wi, ey, Wm—1, % Wmtl,...,wp) for i €

{-1,1}. Using Lemma and denoting by P the conditional probability P { ‘ A, X; € Hy, }, one
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has

da
> E wi,, [L2m(X)) #3 -0, X, € Hp} | A] = A7 Z wi_,, [PR2m(X) #3 - i} | A]
ie—1,1} ™f iy ™
> A % [ < Wl xf_’;’g,@t ! ]xp)?)}
m,f =™

— AF exp [KL <1F>t ol P )] (7.3)
o fCleml )

where the probability measures P
7r7f

t=2,...,T, let F; denote the o-algebra generated by the information available at time ¢ immediately

Wi for i € {—1,1} are conditional on the event A. For any

after observing X;, i.e., F; = o (Xt, (s, X, Yaros) oy t71>. Define the conditional distribution ]?’71];’5

of the random couple (X, Yy, :) conditioned on F; and the event A. Applying the chain rule for KL

divergence, we find that for any t = 1,...,T and any functions f,g: X — [0, 1], we have
to\ t—1 mt—1 |7 F
KL (B, P. ) = KL (IP’ 1B ) B} [KL (Pm;;p\ t)}
Y, t|Fi Yo, t|Fi
— KL (]P’t,fl,IP’t 1) +EL [KL (]P 7 e *)} :
where IP)Y” thFe denotes the conditional distribution of Y7, ; given F; and A. Since for any w we have

E[Yr € (3 — 7,3 +7) for some 7 € (0,3), we can apply Lemma 4.1 in Rigollet and Zeevi (2010) to

12

derive the following bound:

Yo t]:t Yo, t| Ft 1 -1 1 2
KL (P £t] 7[[13 s | >] < = (fw[_m] _fw[_m]) ﬂ{ﬂt(Xt) =1,X; € Hm}

ﬂ—f[m] ﬂf[*m] K

4C2 N2 _
¢ ( fw[jm]

- 2

wl 2
_f km]) 1{X, € Hn}.
K

By induction, the last two displays yield that for any t =1,...,T,

Z]l{XteHm} - = —2

) 402 () 6pC2ATAT () 65C3
m] K

KL <Pt . P
mfml e K

where (a) follows since we assume event A holds and (b) follows from the definition of A. Combining

the above inequality and (7.3]) one has
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This inequality along with (7.2), results in the desired lower bound for the inferior sampling rate:

sup  ST(fT) >

MtyTak o 6pC% s
w | -
we{—1,1}M N 4-2M P

> C'T' 2
k2]

for some constant C” independent of T'. This inequality along with (7.1]) gives the desired result for large
enough T'. This concludes the proof. |

We next detail a meta policy (see Algorithm (1)) that is smoothness-adaptive under the full-feedback
assumption. This policy integrates some collection of non-adaptive policies {m(5o)} oc|s,B) that are
rate-optimal under accurate tuning of the smoothness parameter.

The key idea of this policy is to consider a collection of smoothness parameters 3; < 3 + jo81 over
interval [f3, /] and to initialize a separate policy g (Bj) for each smoothness parameter. Our meta policy
keeps track of the regret that each of these policies have incurred up to each time step ¢ (which can be
computed due to the full-feedback assumption) and selects the arm suggested by the policy that has
incurred minimum regret so far. Let j* := max {j : 3; < 5} be the largest j for which f; is smaller than
the true smoothness parameter 3. We know that policy mo(3;+) will incur a regret that is near-optimal.
As a result, by following the policy that has incurred minimum regret up to each time step, we will

make sure that the cumulative regret of our meta policy will not exceed the regret of mo(3;+) up to a

multiplicative factor which depends on the number of policies my(5;). We next formalize this policy.

Algorithm 1: Full-Feedback Adaptive Bandits

1 Input: Set of non-adaptive policies {”O(BO)}BoE[B,BP horizon length 7', minimum and maximum smoothness

exponents 3 and B, a tuning parameter .

- 2B+d)? , . (B+d—1)(8—p) log T
2 Initialize: 681 < @_ﬁ%7 Bj < B+ j3éBr and R;j1 « 0 for j € {07 1,..., {WJ }

3 fort=1,... do

4 Determine the policy with minimum regret so far: j; <— argmin R ;

5 Pull the arm suggested by the policy mo(8;,): 7t < m0(Bj,, Xt)

6 Observe feedback Yy + for all k € K

7 Advance the policy mo(8;,) by feeding observation Yr, ; into it

8 Update the regret of the policy mo(8;,): Rj¢ < Rji—1+ 1{j: = j} - (maxpex Yi,t — Yy ,t)

The next theorem establishes that, when coupled with appropriate off-the-shelf non-adaptive policies,
the above meta policy guarantees optimal regret rate up to poly-logarithmic terms, and smoothness-

adaptive performance as stated in Definition

Theorem 7.2 (Smoothness-adaptive policy under full-feedback). Let w be the SACB policy detailed in
Algorithm and let {Wo(ﬁg)}ﬁoe[ﬂﬁ] be a set of non-adaptive policies such that if initialized with the true
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smoothness parameter, for any B < By < B, a< m, and T > 1, it satisfies the following upper

bound on the regret:

sup Rﬂo(ﬁo)(P; T) < Cy (log T)Lo(ﬁo,md) TC(ﬁmoz,d)7
PEP(,Bo,a,d)
for some 1o(Bo, a,d) and a constant Cy > 0 that is independent of T, where the function ((Bo,, d)
s given in . Then, there exists C' > 0, such that for any problem instance P € P(B,a,d) with

B<B< B, a< m and any horizon length T :

R7(P;T) < CT¢Bad) (1og ) 0 (B=08e0d)

Proof. For each j, let ¢; be the last time step the corresponding policy has been selected. Recall the
definition of j* := max {j : 8; < 8} which is the largest j for which §; is smaller than the true smoothness

parameter 3. For each j, one has

(®)

Noting 8+ > 8 — 67 and that R™(P;T) =3, E {Rj,gj], the result follows. [
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