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Appendix A: Notation

We first summarize the notation we use in Table EC.1. Following empirical process theory literature,

in the proofs we also use P to denote expectations interchangeably with E[-].

Table EC.1 Notation

My, My NMDP model, see Definition 1

My, My, TMDP model, see Definition 2

Mz, Ms,, MDP model, see Definition 3

PO (s), piV(s) | Initial distributions

j (So,ao,’f’o,sl,al,’f’l,...)

Tsis Ty History up to s; or to a;, respectively

Hs,, Ha, History up to s; or to a;, respectively, excluding reward variables
Tty Sty Qs Reward, state, and action at ¢

T 7Te,t/ Tyt

pr Policy value, limz_,, cr () Ew[ZtT:o ~yiry

pF er(y) Ex[32/ 7'

pgrf‘;)(s) Average visitation distribution of the policy m with discount rate
) (s) Stationary distribution

w(s) P (5)/py™ (s)

Vs Differentiation with respect to

me(als), my(als) | Target and behavior policies respectively

v(s) Value function

q(s,a) g-function

vi(Ha,) Cumulative density ratio HZ:O Ter/ Tk

e (Se,ar) Marginal density ratio E[v; | s¢, a4]

n(s,a) Instantaneous density ratio 7. (als)/m,(als)

C, Ruax Upper bound of density ratio and reward, respectively

- LrP-norm E[f7]'/?

E.[],P. Expectation with respect to a sample from a policy =

E[],P Same as above for =,

En[],Py,Pr Empirical or time average (based on sample from a behavior policy)
Dy, D, The split samples when using cross-fitting, Do UD; = {1,..., N}
N; The size of D,

En;, Py, Empirical expectation on D;

Gn Empirical process v/ N (Py —P)

An =o,(an) The term Ay /ayn converges to zero in probability

An =0,(ay) | The term Ay/ay is bounded in probability

ecl
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Appendix B: Technical Background
B.1. Some Definitions

DEFINITION EC.1 (P-DONSKER). A class F of measurable functions f is called P-Donsker when
the sequence of processes v/n(P, —P) converges in distribution to a tight limit process in the space

[*(F) as n— oo.

If the class F has a square-integrable envelope and a finite uniform entropy integral, then F is
P-Donsker (van der Vaart 1998, Theoreem 19.14).
Next we review the definitions of the standard mixing coefficients (Davidson 1994, Chapter 14).

DEFINITION EC.2 (MIXING COEFFICIENTS). Consider a stationary stochastic process Xi, X, ...,
i.e., identically distributed but possibly dependent. Let P denote the joint measure of the process,
define Q° =0(X,, --,X,) as the sigma algebra corresponding to subsequences of variable, and
let L?(Q") be the corresponding space of square-integrable functions. Then we have the following

definitions:

Q,y, = Sup sup |P(GNH)—P(G)P(H)|,

t GeQl,HeQX

B =sup sup |P(H|Q5) — P(H),

HeQp

¢mzsup sup ‘P(H|G)—P(H)|,

t GeQl HeQ, .P(G)>0

Pm = SUp sup |Corr(g,h)|.
¢ geL2(0})hel?(Q3,,)

Each of these coefficients measures the amount of dependence when we consider subsequences
that are separated by m jumps. The more ergodic the process, the faster these shrink toward zero
as m grows. An independent process has all of these always equal zero.

These coefficients satisfy the following relationships (Bradley 2005):
20 < B < Py At < p <207 (EC.1)

B.2. Semiparametric Theory

In this section, we expand on Section 1.3 to briefly review the precise definitions and results of
semiparametric theory that we use following (van der Vaart 1998, Bickel et al. 1998). We focus on
scalar estimands for simplicity since our OPE problem involves a scalar estimand. We denote the

all of the data {O;}!_; as O™, the estimand as R: M — R, and the estimator as R(O™). We let p
be a dominating measure for M such that p > F for F' € M.
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B.2.1. Definitions

DEFINITION EC.3 (INFLUENCE FUNCTION OF ESTIMATORS). An estimator R(O") is asymptoti-
cally linear (AL) with influence function (IF) ¢ (O) if

Vn(R(O™) — R(F wa ) +0,(1/v/n).

DEFINITION EC.4 (ONE-DIMENSIONAL SUBMODEL AND ITS SCORE FUNCTION). A one-
dimensional submodel of M passing through F' is a set of distributions {F.:e€ (—1,1)} C M such
that: (a) Fy=F, (b) the score function

5(0;6) = < log(dF./du) (0)

exists, (c) Es*(0;0) < oo, and (d) Esup.¢(_, ;) |dF./du(0O)] < oo.
The score of the submodel at F' is defined as s(O) = s(0;0). By definition it belongs to Lo, the

Hilbert space of square-integrable functions wrt F.

DEFINITION EC.5 (TANGENT SPACE). The tangent space at F' wrt M is the linear closure of the

score functions at F' over all one-dimensional submodels wrt L.
Note that the tangent space is always a cone.

DEFINITION EC.6 (PATHWISE DIFFERENTIABILITY). A functional R(F) is pathwise differentiable
at I wrt M if there exists a function Dp(O) such that any one-dimensional submodel {F,} of M
passing through F' with score function s(O) satisfies

dR(F.)
de

|e=0=E[Dr(0)s(0)].

The function Dr(O) is called a gradient of R(F') at F' wrt M. The efficient IF (EIF, or canonical
gradient) of R(F) wrt M is the unique gradient Dp(O) of R(F) at F wrt M that belongs to the
tangent space at F' wrt M.

Next, we define regular estimators, which are those whose limiting distribution is insensitive to
local changes to the data-generating process. It excludes, for example, super-efficient pathologies

such as the Hodge estimator.

DEFINITION EC.7 (REGULAR ESTIMATORS). An estimator sequence R is called regular at F' for
R(F) wrt M, if there exists a probability measure L such that, for any one-dimensional submodel

{F.} of M passing through F', we have

Vn{R(O") — R(Fy)m)} with O" ~ FY) o, converges in distribution to L as n — oo.
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B.2.2. Characterizations The following theorems show that influence functions of asymptot-
ically linear estimators for R(F') and gradients of R(F') correspond to one another and how to

compute the EIF. These are both based on Theorem 3.1 of van der Vaart (1991).

TueOREM EC.1 (Influence functions are gradients). Suppose R(O") is an asymptotically lin-
ear estimator of R(F') with influence function Dr(O) and that R(F') is pathwise differentiable at F
wrt M. Then, R(O”) is a regular estimator of R(F') wrt M if and only if and Dr(O) is a gradient
of R(F) at F wrt M.

CoroLLARY EC.1 (Characterization of EIF). The EIF wrt M is the projection of any gradient
wrt M onto the tangent space wrt M.

B.2.3. Strategy to calculate the EIF With the above definitions and theorems in mind, our
general strategy to construct EIF is as follows.
1. Calculate a gradient Dp(O) of the target functional R(F).
2. Calculate the tangent space wrt M.
3. Either:
(a) Show that Dg(O) already lies in the tangent space and is thus the EIF, or
(b) Project Dr(O) onto the tangent space to obtain the EIF.

B.2.4. Optimalites The efficiency bound is defined as the variance of the EIF, vary[Dp(O)]. Tt
has the following interpretations. First, the efficiency bound is the lower bound in a local asymptotic

minimax sense (van der Vaart 1998, Thm. 25.20).

THEOREM EC.2 (Local Asymptotic Minimax theorem). Let R(F) be pathwise diffentiable
at F wrt M with the EIF Dg(O). Then, for any estimator sequence R(O™), and symmetric

quasi-convez loss function [ : R — [0, 00),

swplmswp B ((VA(RIO) - RIES)DI = [ 1) (0, vare D (O)]) w),

mEN,{F€<1>} """ {Fe(nL)}n‘)OO k=1,..., m 1/v/m

where the first supremum is taken over all finite collections of one-dimensional submodels of M

passing through F'.

The above suprema appear somewhat complicated. It also implies the following weaker but easier

to interpret result.

COROLLARY EC.2. Under the same assumptions of Theorem EC.2,

infliminf ~ sup  Eg[l(vn{R(O") — R(Q)})] > /l(u)dN(O,varF[ﬁp(O)])(u),

0>0 n=00 Q- F|lpy<s

where || - || rv is the total variation distance.
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Second, the efficiency bound can be seen as a pointwise lower bound bound at the specific instance

F, if we restrict to regular estimators (van der Vaart 1998, Thm. 25.21).

THEOREM EC.3 (Convolution theorem). Let [: R — [0,00) be a symmetric quasi-convex loss
function. Let R(F) be pathwise differentiable at F wrt M with EIF Dp(0O). Let R(O™) be a regular

estimator sequence at F' wrt M with limiting distribution L. Then,

/ H(w)d L (u / H(w)dAN' (0, var s [Dp(O)]) (1),

Equality holds obviously holds when L = A (0, varp[Dy(O)]). We therefore say an estimator is
efficient if it is regular and its limiting distribution is A'(0,varz[Dy(0)]). Note that such would be
implied if it were regular and AL with influence function Dx(O). The following implies such is in

fact both necessary and sufficient (van der Vaart 1998, Lemma 25.23).

THEOREM EC.4. Let R(F) be pathwise differentiable at F wrt M with the EIF Dp(O). Then an
estimator sequence is efficient (reqular wrt M and with limiting distribution N'(0,varg[Dp(O)])) if
and only if is AL with influence function Dg(O).

Appendix C: Proofs

Proof of Theorem 1 We omit the proof since as it can (almost) be concluded as corollary of
Theorem 1 of Kallus and Uehara (2020) where we simply set T'= oco and redefine rewards by
multiplying by ~*. There are only two subtle differences. They prove the efficiency bound when
p(ri|Ta, ), p(ae|Ts, ), p(s¢|Tr,) are replaced with p(r¢|Ha, ), p(ai|Hs, ), p(si|Ha, ), and the initial density
is unknown. The former change simply means our conditioning sets are in the efficiency bound are
slightly different. The latter change simply eliminates the £ =0 term in the efficiency bound.

Proof of Theorem 2 Again we omit the proof as it can (almost) be concluded as a corollary
of Theorem 3 of (Kallus and Uehara 2020). There is a single subtle difference. They prove the
efficiency bound when the initial density is unknown. This change simply eliminates the k=0 term
in the efficiency bound.

Proof of Corollary 1 We prove the statement for NMDP. For TMDP, the statement is confirmed

similarly. We have

E[v** Vup_ var{ry_1 +v(si)|sk_1, ar_1}]

]~

lim (1—7)?

T—o00

>
Il

1

T
3 lim (1 -~ 2272’“ D)2, < oo

T—>oo

The final statement is clear because TMDP is included in NMDP.
Proof of Theorem 8 Let o= (s,a,r,s’) and let Ly, = {f(0) : Ef?(0) < co}. Recall the model is

M = {p(o) =p(s)p(als)p(r|s,a)p(sls,a) : p(s)p(a]|s)>0}.
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Calculation of the tangent space We first prove that the corresponding tangent space is

T=LoN(Ti+T2+Ts+Ta), where

Ti={f(s):E[f] =0} , T2={f(s,a) : E[f(s,a)|s] =0},
Ts={f(s;a,5):E[f(s,a,5)|s,a] =0},
Ti={f(s,a,r):E[f(s,a,7)|s,a] = 0}.

Notice that 7; are orthogonal so the above sum is a direct sum.

For any submodel

{po(s)po(a ] s)po(s'ls, a)pe(rls, a)},

passing through p at 8 =0, the score function can be decomposed as

g<0> = gs(s) + ga|s(sa CL) + gr|s,a(37 a, 7’) + gs’|s,a(87 a, 8/)7 where
d d
9.(5) 1= 5 108P0(5), Gu1a(5,) = oo logpy(a]s),

d / d ’
gr\s,a(aa S7T) = @ logpe(T‘Sa CL), gs’|s,a(57a7 a ) = d79 10gp0(8 |57 (1)7
where these satisfy
E[gs(s)] =0, E[ga\S(*S?a) | S] =0, E[grlsa(sa a,r) | S,CL] =0, E[QS’IS,a(Sa a, 5/) | S’Q] =0.

Therefore, 7 contains the tangent space.

Next, consider any g(o) € T. Since g is in the direct sum 7; we can write g(0) = g5(5) + gajs(s,a) +
Gris,a(8,a,7) + gsjs.a(s,a,8"). Let k(x) =2(1+ e 27)~'. Notice that k is bounded by 2 and k(0) =
k’(0) = 1. Consider the submodel

Po(s)po(als)po(r|s,a)pe(s']s,a), 6 € (=€)

where

po(s) = p(s)k(09:(s)), po(als) = p(als)k(0ga)s (s, a)),

po(s'|s,a) =p(s'ls, a)k(09ss.a(s,a,5)), po(rls,a) = p(r|s, a)k(0grjs.a (s, a, 7).

Taking the score of this submodel we see it exactly coincides with g, completing the argument.
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Calculation of gradient We show the statement in two steps: (1) calculating some gradient,
(2) showing this gradient is in the tangent space of Mj. Then, we can conclude that this gradient is
actually the EIF.

To calculate a gradient of the target functional J(7.) wrt the model (M3) we seek ¢ satisfying

Vop™ (0)lo=0 = Ep,[6(s, a,7,5")g(s,a,7,8)]lo=0,

T
Pwe(g) = Tll_flgoE CT ZVtTt|80 ~ Pe So) Qg ~ ﬂ'e(a1|81),81 Np9(51|807610)77"1 NPG(T1’S1,G1), e ']7
t=0

where py(s)pa(a | s)pe(s’|s,a)pe(r|s,a) is any submodel, whose score function belongs to the tangent

set 7. Note

T—o00

p™(0) = lim CT(V)Z/'V”PG(M%%) {HWe(ak|5k)Pe(5k+1|8k,ak)} P (50)dN Ty

t
— [ [atorrmtrdsea {Hm(ausk)pe(skmsk,ak)}ps,?(s())dA(J%)du'(t)

k=0

where ' is a counting measure on Z. This is only to emphasize that limz_, ZtT:o is an integral
wrt the counting measure.

Then, we have

Vop™ (60)]o—0 = C(6)]o-o, (EC.2)
C(G):TIEEOCT Z/'y Vo (re|ss, ar) {Hﬂ'e ak|sk)pe 3k+1|5k,ak)} (0)( 0)ANTs 1)

+IlijI;OCT(7)Z/W’tﬁpe(ﬂst,at) {Hﬂe(ak‘sk)vp0(8k+1’8kaak)}pgroe)(SO)dA(jSH.l)'
t=0 k=0

This exchange of integration and differentiation is justified by showing

qli_I}goCT Z/’Y 7| Vpo(relse, ar)l {Hﬂ-e ak!Sk)pe(Skmsk’ak)}pw (So)dA(jstH) (EC.3)

k=0

+713200T Z/’Y ripo(Te|se, ar) {Hﬂ_e ak|sk)‘vp9(8k+l|3kaak)’}prr (0)dA(Ts,py)- (EC4)

t=0 k=0
is uniformly upper-bounded by some value around some neighborhood of # = 0. The first term
(EC.3) is equal to

T
lim Z re oV TelgRis A(Telst, @) | = E o) g0

T—o0

oo (r{s.a) [7|grs,a(r|s,a:0)|] (Fubini)

< RmaXE (00)(3 0)7e (als) [EPG(T|57¢1) [|gR|S,A(T|57 a: 0)| | S, (IH

< By o[ B0 ()] <
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where h(r|s,a) is some integrable function. Here we leveraged condition (d) in the definition of a
one-dimensional submodel.

The second term (EC.4) is equal to

T T
IEY;O’Y/CT(’Y)Z’YC Z Er o[y ™ relgs15,a(8011] 50, a1 0))]

T c=1 t=c+1
_ / / i ..
= 7Epg?§>(sze)we(a\s)pg(s'\s,a) [0(s")|gs1s,4(5"|s,a:0)|] (Fubini)

< (=) R VB, 09y, aloy (Bt [95715.4 (8] 8, 0 O)]]

e,y : e
< (1 - 7)71Rmax7E (00) (. [ h(S/IS,a)d(S/)} <00,
Pe,y (s:0)me(als)

where h(s'|s,a) is some integrable function. Combing all together, the exchange of integration and

differentiation (EC.2) is justified.

To derive the influence function, we continue the calculation:

VP O)lo=o =E o [rgris.a(rls, )] +7E oo [v(s)gs11s.4 (5], a)]
= E o [{r — Elrls, al}gmis.a(rls, a)] +7E o [{0(s)) = B o [0(s) 5.l gs1s.4(5']3, )
=E o [{7 = E o [rls,a] +70(s) = yE[(s)]s.al | g(s,0,7.5)|
=B o [{r+70(s") — a(s,0)}g(s,0,7.5)]

=Ep,aran[(ws)n(s, a){r+yv(s’) —q(s,a)})g(s,a,r,s)].
Therefore, the following function is a gradient, if its Ly-norm is finite:
w(s)n(s,a){r+yv(s’) —q(s,a)}

In addition, if it exists, it belongs to T, + 75 + T3 + T since

w(s)n(s,a){r —Elr|s,a]} € Ta, w(s)n(s,a){v(s') — E[v(s')]s, al} € Ts,

w(s)n(s,a){r +yv(s') —q(s,a)} =w(s)n(s,a){r —E[r[s,a} +v{v(s') = E[v(s)[s,a]}}.
Thus, it is the EIF. The efficiency bound is therefore

E,, [w?(s)n*(a, s){r +7v(s') — q(s,a)}?].

Finally, we show that the EIF is still the same under May,, Ms,,. First, the above EIF under M;
is still a gradient under Masy,, M3,. Again, what we have to prove is that this function belongs to

the tangent space. This is obvious since the tangent space of My, is

Lon(Ti+Ts+Ta),
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the tangent space of Mg, is
L2 m (75 + 721)7

and the gradient above belongs to Lo N (T3 +Ty) CLaN(Ti+ T3+ Ta) S Lo (Ti +To+ T35+ Ta).
Proof of Theorem 4 In this proof, we write ¢,V as g, to simplify the notation. Define:

wWN

lb({ﬁk}, {Cjk}) = Z Uyry — {ﬁk—lfﬁc - ﬁkEwe [(jk(ska ak)‘Sk]}-

k=0

The estimator iy, is then given by

B, ({74}, (1)) + NP, ({4, (),

where Pp; is the empirical average over D; and N; is the sample size of each. Then, we have

VN @ ({531 {d"}) = o5, = VN/NGo [0 ({21} 4@ ) — v ({ea ) {ae )] (EC.5)
+V/ N/NoGo [ ({i}, {ar})] (EC.6)
+VNER {2 AG DY a0 - o) (EC.7)

We analyze each term. To do that, we use the following relation:

Y({Dr}Ad}) —v{{ve}, {ak}) = D1 + Dy + D3, where

D, = Z(ﬁk — V) (=G + qr) + (k1 — V1) (=0 + 1),
k=0
wWN

D, = ka(dk — Qi) + V-1 (0% — i),
k=0
wN

Dy = (0 = vi) (rk — g+ Vks)-
k=0
First, we show the term (EC.5) is o,(1).

The term (EC.5) is o,(1). If we can show that for any € > 0,

tim V/NoPPoy (5} 46"} ~ ({1} () (EC:3)
=B @) — v (md A o ()] > i) =

Then, by bounded convergence theorem, we would have

Tim /NoP [P, [ (711} {3")) — w({ . {a})]
B (o'}, (") — el fa ) ) 4al) > =0,
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yielding the statement.

To show (EC.8), we show that the conditional mean is 0 and conditional variance is o,(1). The

conditional mean is

E[Pp, [ ({2} {d D) — v ({ ), {a})]

~ER{o"} a ) — vt daed) {0} {6 HID)
=0.

Here, we leverage the sample splitting construction, that is, 19,[:] and (j,[j] only depend on D;. The

conditional variance is

var[v/NoPo, [0 ({73} {3 ) — (i}, {ae DI D]

= wIZV max{op((’%?v)z)a Op((ﬂ?V)Q)v Op("i}’\l’i?\f)} = Op(1>'

Here, we used the convergence rate assumptions (4c) and the relation [|8!" — vg [, < Cl" — g ll-
arising from the fact that the former is the marginalization of the latter over 7., and Jensen’s

inequality. Then, from Chebyshev’s inequality:

VNoP[Boo [0 ({22} {31 — o ({md {an D] = Bl ({2} Ad ")) — o ({} {ae D2 @ )] > el D]
< gvar[\/ﬁo%ow {2 A" — v {a)IIDi] = o, (1).

The term Eq. (EC.7) is o,(1).

VNER{2"} @) - Bl (v {ae DI (@)

wWN

=VNED (@ —v) (=" + @) + (71 — vimn) (=i + o) {1 {ad

k=0

+fEZuk ') v (0= o) {24} (6]

+VN E[Z(ﬁ,i” — u)(re — g + vee) | {6
k=0
wWN

=VNED (" = v) (=@ + a) + 01, — vima) (= +v) {1 1 a0

k=0

W wN
A1 ~[1 v
= VN Y O(l5y" = villalldy = anlls) = VN Y kirly = 0, (1)
k=0 k=0

Here, we have used the assumption (4e).
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Combining all things Finally, we get

VN o, ({5} @) = pZ5) = VN/NoGoy [ ({me}, {a )] + 0,(1)-

By flipping the role,

VN Po, o ({5} Ad"}) = pls,) = VN/NiGoy [ ({1} {a )] +0,(1).

Therefore,

\/N(ﬁDRL(/Vh) )

= No/N x VNY({2 3 @} = pl5,) + Ni /N x VN (Bo, o ({2} {@' ) — oI5,
= V/No/NG, [({vi}: {ax D] + VN /NG, [0 ({m} {an})] + 0p(1)

=Gn[Y({} {a})] +op(1).

Finally, from the assumption (4a),(4b)(4d) and CLT, the efficiency is concluded. This estimator is
also regular from Theorem EC.1.

Proof of Theorem 5 The proof is similar to that of Theorem 4

Proof of Theorems 6 and 7 First, We provide the proof the cross-fitting version. Then, we
provide the proof of the adaptive version.

In the cross-fitting version, the estimator is given by
Spy (), 41) + P (), 4)

where Pp, is a sample average over a set of samples in one fold, and Pp, is a sample average over a

set of samples in another fold. Then, we have

Vi(Ppy (M, §M) = p™) = \/n/neGg [t (@1, §M) — 9 (w!, ¢1')] (EC.9)
+ v/ n/nyGy, [w(w [ gl )] (EC.10)
T /a(Efp(@, g | ol gt — ). (EC.11)

We analyze each term. Here, we have

P(w,q) — ¢ (w,q) = D1+ Dy + D,
= {(s) —w(s)n(s, a){r —q(s,a) +yv(s)},
Dy =w(s)n(s,a){q(s,a) = q(s,a) +70(s") =yu(s)} + (L =)E o [v'(s) = v(s)];
D3 ={u(s) —w(s)}n(s,a){q(s,a) = 4(s,a) +~70(s") = yv(s)}.
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Term (EC.9) is 0,(1) We show that the conditional variance given D; is 0,(1). The rest of the

argument is the same as the proof of Theorem 4. The conditional variance is
Var[mpo [w(’lf), d) — w(w, q)HDl] S }E[.Df + Dg + DS + 2D1D2 + 2D2D3 + 2D1D3|D1]
=0,(1).

Here, we use

1o(s) = v(s)l2 < V/Cor (s, @) = a(s,a) ..

from Jensen’s inequality.

Term (EC.11) is 0,(1)

[E[D1 + Dy + Ds|Di| < |l@ = wli2 021G = glla + 19 = wll2[|n]l2]|[0(s") = v(s)]l2

< [ = wll2[[nllllg — gll2 + VACsllw = wli2lnll2llg — gll2

_ L w,.q __ —1/2
=hy Kkl =0,(n" 7).
Proving efficiency

Vi(Ppy (!, ¢ + Pp, w(w[‘”,cf“’h —p™)
= /1/10Gony [ (w,q)] + /111G, [0(w, q)] + 0, (n"1/?)
=G [th(w,q)] +0,(n?).

Finally, from CLT, the final statement is concluded.

Proof of adaptive version The adaptive version is similarly proved.

\f([p P [1] A ) p”e)ZGn[@Z)(l@[l],tjm)—w(w[l],qm)} (EC.12)
+ Gy [ (w! q[”)] (EC.13)
+Vn(E[p @, gM) [, gM] - pme). (EC.14)

The third term is 0,(1) following the similar logic as before. We prove the first term is 0,(1). From

van der Vaart (1998, Lemma 19.24), what we need to prove is
F={y(w,q):weF,,qcF,}

belongs to a Donsker class. If we can prove the uniform entropy integral:

/ 1 Jlomsup N e B L)),
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is finite, from van der Vaart (1998, Theorem 19.14), the class F belongs to a Donsker class. Here,
logsup N (7, T, Ly (U)) < logsup N (7,F, Ly(U))
U U
< C{log N (7, Fu, Lo (U)) 4+ logsup N (7, F,, Lo (+)) }
U
<C(1/r)’ <C(1/7)%
From the second line to the third line, we use Uehara et al. (2021, Leemma 9). Thus, the uniform

entropy integral is finite, which leads to the conclusion that first term (EC.12) is 0,(1).
Proof of Theorem 8 We provide the proof the cross-fitting version. The estimator is given by

IP’Dw( gy + = Ppw oI gl

where Pp, is a sample average over a set of samples in one fold, and Pp, is a sample average over a

set of samples in another fold. Then, we have

]P)Dow w A[l] =V 1/n0Gn0 w A[l]) ¢(wT7qT)] (EC.15)
+E[p(a!, ¢") !w[” §M — Efp(wt, ¢")] (EC.16)
+Poop(w', gh). (EC.17)

Then, we have

B[y (w0, §)|w, ] = E[{w(s) — w'(s)}n(s, a){r — ¢'(s,a) + 7' (s") }]+
+E[w! (s)n(s,a){q"(s,a) — (s,a) +70(s") = ' (s)}] + (1 = 1)E 0 [v'(s) —v'(s)]
) —w'(s)}n(s,a){q"(s,a) = 4(s,a) +~0(s") =0’ (s")}]
+E[{o(s") —v'(s") = d(s,a) +¢'(s,a) } e, g
+E[y(w', ¢")w, g
= O(Jlw(s) —w'(s)2, ld(s,a) —q' (s, a)lla, [[0(s") = v (s")[|2) + Elgp(w', ¢")]
=0,(1) +E[(w',¢")].
Thus, the term (EC.16) is 0,(1). Thus, the remaining part is proving when at least one model is

well-specified, the term Pp v (w', ¢") is consistent.

g-model is well-specified . Consider the case where ¢'(s,a) =q(s,a);

Bl (w',q)] = B[(1=7)E o [v(s)] +w!(s)n(s,a) {r +yv(s') - (s,a)}]
=1 =7E olv(s)]=p".

This implies when the g-model is consistent, the estimator pprramy) is also consistent.
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w-model is well-specified. Consider the case where w'(s) =w(s);

Bl (w',q")] =E[(1 = 7)E o[ (s)] +w(s)n(s,a){r+yv'(s) —¢'(s,0)}]

= (1=7)E,o[v'(s)] + Elw(s)n(s,a)r] + Elw(s)n(s, a)yv' (s")] (EC.18)
[w(S)n( a)q'(s,a)]
Elw(s)n(s,a)r] + E[w(s)v' (s)] = E[w(s)n(s,a)q" (s, a)] (EC.19)
E[w(s)n(s,a)r] = p™. (EC.20)

From (EC.18) to (EC.19), we use a result
(1 =7E o0 (s)] + Elw(s)n(s,a)yv’(s)] = Elw(s)v’ (s)]
from Lemma 1. From (EC.19) to (EC.20), we use a result
Elw(s)n(s,a)q' (s,a)] = E[w(s)E[n(s, a)q' (s, a)|s]] = E[w(s)v(s)].

This implies when the ratio model is correct, the estimator pprr(amy) is also consistent.
Proof of Theorem 9 We only provide the proof the cross-fitting version. The adaptive version is

similarly proved. The estimator is given by
B0 P, (0, 1) + P, (@, ).

We have the following decomposition:

I(PD UJ( [1] A[l Vn/nO{GnoU} A[l]) Gno¢(wT>qT)}+ (EC'Ql)
+f( [ (@™, )@, "] — B[y (w', ¢")]) (EC.22)
+Vn(ERp(w',¢")] - p™) (EC.23)

=+ V n/noGnQQp(wTvqT)

The term (EC.21) is 0,(1) as in the proof of Theorem 6. The term (EC.22) is O,(1) as in the proof
of Theorem 8:

By (!, ¢!, M) = O (s) —w' ()2, 118" (5,0) — " (s,) |2, [0 (s") = v¥(s")][2) + Bt (w', ¢")]
=0,(n?) + E[p(w',¢")].

The term (EC.23) is 0 following the argument in the proof of Theorem 8. Then, we obtain
\/ﬁ(ﬁDRL(Mg) - pﬂ—e) = an(wT7qT) + OP(]') = OP(]')
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Proof of Theorem 10 For the ease of the notation, we assume N = 1. The extension to general
N is straightforward.

Under the assumptions, ¥ (s,a,r,s’;w,q) is bounded. Invoking Ibragimov and Linnik (1971,
Theorem 18.5.4), we obtain that VT (Pr[¢(s,a,r,s';w,q)] — p™) converges to a normal distribution

with zero mean and the variance:

oo

var(ge (S0, ao, 70, 81)] + 2 Z cov[Pe(S0, @0; 70, S1)s Pesr(Sis @i, Tis Sig1)]
i=1

where ¢.¢ is as in Theorem 3. The first term is EB(M3). The second term is zero because
E[¢cﬁ(507a0, To, Sl)¢cff(31'7 Ay Ty Si+1)]
= E[¢eﬂ(307a07r07Sl)E[¢eH(3ivaivrhsi-i—l) ‘ 51—17ai—177'i—173i]] =0.

Proof of Theorem 11 Using the short-hand ¢ (w’,¢") for ¥(s,a,r,s';w’,q¢") and N; = |Dy|, the

estimator pprr(mas) is given by
PDOPTW g + —IP’D Pryp(w!”, g1%),

where Pp, is the empirical average on the samples in D;.

Then, we have

F(PDOPT¢( A[l] =V N/NOGDO T ]) —(w,q)] (EC.24)
+ v N/NOGDWT[w(w?q)]

+VNTE[p (@, g, ¢ - pm), (EC.25)
where Gp, r is an empirical process defined over the all sample in the first fold. Here, we have

Prap(, §) — Prip(w, q)
=Pr[{w(s) —w(s)in(s,a){r —q(s,a) +yv(s")}]
+Pr[w(s)n(s,a){a(s, a) — (s, a) +78(s") = yo(s) ] + (1 = )E o[v'(s) = v(s)]
+Pr[{w(s) —w(s)}tn(s,a){a(s,a) = 4(s,a) + y0(s") — yo(s')}].
We analyze each term. First, we show the term Eq. (EC.24) is o,(1).

The term (EC.24) is o,(1) Consider the case Ny =1. The case with Ny > 1 similarly holds. If

we can show that for any € > 0,

Jim VTPPrlyp (@, ") - v(w,q)] (EC.26)

—E@",¢") =y (w,q)la", 4] > €|D,] =0,
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then, by bounded convergence theorem, we would have
Jim VTP (@, ") — ¢ (w, q)]
—00
- E[Q/)(ﬁ][l]v Cj[l]) - w(wa q)|w[1]7(j[1]] > 6] = 07

which yields the statement.
To show Eq. (EC.26), we show that the conditional mean is 0 and conditional variance is o,(1).

The conditional mean is
— Pl (@, ") — ¢ (w, q)]|D1] =0

Here, we leverage the sample-splitting construction, that is, W and ¢ only depend on D;, and

D1, Dy are independent. The conditional variance is
~ ~ 2
var[v/TPr[ip (1, ) - (w, )] D1] = B [T {Prlw(@!!, ¢") - v(w,q)]} D |

T Z max{O, ((r§)*), Op((K%)*)} +2 ) pjimyy max{O, ((k5)°), OP((H(II\/)2)}]

1<j
=op(1).
Then, from Chebyshev’s inequality:

VT PPy (0", ") =4 (w,q)] = E[p(@!,q) — ¢ (w,q)[a!, §V] > ¢ D]
*Var[\fPT[ Y(@M, ¢M) = v (w, )] D] = 0,(1).

Second Term We show
VNT(E[p(w, gM)[wM, ¢M] — p™) = o0,(1).

Assume N, =1 for simplicity. The case with Ny > 1 similarly holds. Noting E[(4(s,a) —q(s,a))?] >

E[(0(s") —v(s"))?] from Jensen’s inequality, we have

IWVTE[(s,a,r,s';0M, 1) — (s, a,r, s';w, q) v, g
=|VTE[(@(s) = w(s))n(s,a)(r —q(s,a) +yv ()™, "]+

VTE[w(s)n(s,a){g(s,a) = 4(s,a) +70(s') = yu(s)} + (L= NE 0 [0(s) — v(s)][[, g+

VTE[{d(s) —w(s)}n(s,a){a(s,a) = d(s,a) +78(s") = yo(s) o, ¢™]]
=|VTE[{d(s) —w(s)}n(s,a){q(s,a) = 4(s,a) +7d(s") —yo(s") oM, ¢V
VT (s) —w(s)ll2n(s,a)llzlla(s. @) = G (s, )l = 0,(1).
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Combining all results Combining all result,
v NT(/aDRL(Ma) - pﬂe) = GN,Tw(w7 q) + Op(l)‘

Then, from Eq. (EC.1) and Ibragimov and Linnik (1971, Theorem 18.5.4) the statement is concluded
as in Theorem 10.

Proof of Theorem 12 We focus on N = 1, which is most relevant for cross-time-fitting; also
N >1 easily follows similarly. Using the short-hand ¢ (w’,q") for ¢(s,a,r,s’;w’,q") and T; = |T;|,

the estimator pprr(ams) is given by

T o] A T 3] A T o] T NI
SR (07,47 + P, ¢%) + 2Pr (09, 4% + Pl ),

where Pr; is the empirical average on the samples in T;.

The proof now proceeds as in Theorem 11. In particular, we have to deal with the dependence
across folds more carefully.

First, we show the analysis of the stochastic equicontinuity term. To prove it, we must leverage
the fact that 75 and 7; are separated by 7'/4 time steps, rather than being independent, unlike
Theorem 11.

First part: G, [v(w?,§?) —y(w,q)] = o0,(1)

Proof If we can show that for any € >0,

Jim /Ty P[P [, ¢%) — v (w, q)] (BEC.27)

— Bl (0, ¢%) — v (w,q)[0?, §%] > ¢ T.] = 0,
Then, by bounded convergence theorem, we would have

Jim /Ty P[P [y (0, %) — o (w, )]

~E[p@™,¢%) - (w,q)[0®,§%) > =0,

yielding the statement.
To show (EC.27), we show that the conditional mean given 75 is 0,(1) and conditional variance

given 75 is 0,(1). The conditional mean given 75 is

[E[Pr, [ (@, §) —p(w, q)] — B[ (@, ) —(w, )| T]]
< [Pl (@™, §%) —p(w,q)| | @™, %] = E[p (@™, §%) — ¢ (w,q) | 9™, 3] 4 0,(1) (EC.29)

=op(1).
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Here, we leverage the sample splitting construction, that is, 12),[3] and cj,[f] only depend on 7,

and the correlation between the train data and test data set is small. To go from Eq. (EC.28) to
Eq. (EC.29), we use the following argument. First, note «,,, < ¢,, by Eq. (EC.1). In addition, from
the definition of a-mixing and its moment inequality, for any bounded function f(z) with a first
moment, based on Davidson (1994, Theorem 14.2), we have

[ELf (56, ae, se41,7¢) | S0, a0, 51, 70] = E[f (51, a¢, se41,74)][|1 S 6|1 f (56, e, 5041,74) 1
Note that since a-mixing is time-reversible (Davidson 1994, Page 209), the following also holds:
IE[f (s0, @0, 51,71) | 5t; e, Se41,7e] = E[f (0, a0, 51,71)]l[1 < 6[| f (50, a0, s51,71)]]1-
By applying this moment inequality to Eq. (EC.28) and noting v is a bounded function we have
P[00, - walI 7 ~Blp(0, ) — b (w,q) |0, 47
Z /‘W zi; WP, G — ¥ (2w, ) Ip(z | To)d(2) — / {(z; 07, — (250, 9) } p(2:)d ()]

zeTo
Z |/{¢ Zuwm ) w(zi;waQ)}p(»Zi | T2)d(2;) — / {w(zi;w[z],@m) _w(zi§w>Q)}p(Zi>d(zi)|
zGTo
/\ {w 2w G — ¢(zi;w,q)} Ip(z:)d(z;) (o-mixing moment inequality)
=6E [y (0, ) = (w,q)| [ 0P, ] = 0,(1).
Then,

EPr (0™, %) = (w,q)] | To] = B[ (@, ¢%) — 9 (w, q) [0, ¢*] + 0,(1).

Besides, the conditional variance is

var| ﬁ’oPTO L6 = (w, q)]| To) <E[T0{PT[ ( B2 — o (w, ¢)}?| T3]
/r{w (2@, qP) = (25w, @) Hup (25 - 0, %) = (2550, 9)}p(2i, 25 | T2)d (2, 25)]

e (EC.30)
- Z /|{¢ 20, ) — (2550, ) Heb (2 : 0P, ) — (255w, 9)}p(21, ;) d(24, 25) | + 0, (1)
il (EC.31)

1{0 imax{@ ((r}) ),Op((ﬁ‘iz)z)}Jr?ipui—jn max{O0,((ky)?), Op((k5)*)}| +op(1)
= ~ (EC.32)
= o,(1). (EC.33)

Here, we used a a-mixing condition and its moment inequality from (EC.30) to (EC.31). Then, we
used a p-mixing condition based on p, < 2v/¢; = 2/t1*¢ (see Eq. (EC.1)) from (EC.32) to (EC.33).
Finally, based on the obtained conditional mean and conditional variance, from Chebyshev’s

inequality, the rest of the proof is concluded.
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Second part We prove

E[P7 [¥(s,a,r, s";wP, )] | 0, %] — E[(s, a,r, 85w, q)] = 0, (T7/?).

Note from Davidson (1994, Theorem 14.2),

IE[f (50, @0,81,71) | $t5 s, St41,7¢e] = E[f (S0, a0, 51,71)] |1 < Ga;{)QHf(Sm(1078177'1)“2-

Then,
IE[PT[w(w[Q] ) — ¢ (w,q)] | To) = B[ (0P, %) = p(w, q)[0®, 7|

> / (602, 42) = (255w, ) p(z: | To)dl () — / {402, 6) = (z5w,0) } p(=1)

’LETO

o]

< 7 SB[ (a0 d7) ~ (el | Td() ~ [ {00, 6%) b w,0) b p(a)d(z)]

zGTo
/\ {w 2w G — ¢(zi;w,q)} Ip(z:)d(z;) (o-mixing moment inequality)
= 6z E[|¢(@,4%) — ¢ (w, q)* | 97, 4] = 0, (1/\/Ty). (ar, < ¢,)

To sum up, we have
E[Pr [ (P, §7) — ¢(w, q)] | To] = B[ (™, ) — ¢ (w, q) [, ¢P)] + 0, (T; /7). (EC.34)
Using this above, we have

VTEPs [¥(s,a,r, 85w, 2N [P, ¢

— VTE[E[P7 [ (s, a,r,s'; 012, ¢2)] | 0P, ¢, T3] | 2, ¢12]

= VTE[E[Pr[¢/(s, a,r, 530, ¢7)] | To] | @, ¢

= VTE[E[Pr[¢/(s, a,r,s'; 0P, §*)] | &P, ¢PT] | 9P, ] + 0, (1) (Use Eq. (EC.34))
=VTE[)(s,a,r, 530, ¢%) |0, §?] + 0, (1)

=VTE[Y(s,a,r,5;w,q)] +0,(1). (The same as the proof of Theorem 11)

Summary Combining, we have

\/T(ﬁDRL(Mg) - Pﬂe) = Gﬂﬂ(wa q) + Op(l)'
The statement is concluded as in Theorem 10.

Proof of Theorem 13 For the ease of notation we assume N = 1. The extension to general N is
straightforward. We use the same shorthand as in the proofs of Theorems 11 and 12.

We have the following decomposition:

VT (poruimy) — ™) = G (i, ) — Grp(w, ) + Grip(w, q) + VT (E[W (1, )b, g] — p™). (EC.35)

We again analyze each term.
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First term: Gry(w,q) — Gry(w,q) =0,(1). From Theorem 11.24 of Kosorok (2008) based on
our assumptions, Gr L Hin L (py), where H is a tight mean zero Gaussian process with some
covariance. By (13d), we have ||y (w,§) — ¥ (w, q)||2 =0,(1). Then by Lemma 18.5 of van der Vaart
(1998), the statement is concluded.

Second term: VT(E[ (0, §)[,q] — p™) = 0,(1). The derivation is done as in the proof of
Theorem 11.

Summary Combining, we have
VT (ppruimg) — ™) = Grip(w, q) +0,(1).

The statement is concluded as in Theorem 10.
Proof of Theorem 14 We provide the proof of cross-fitting version. The adaptive version is

similarly proved. The estimator is given by

]P)Do eff(A[ A[l])+ ]P)D /lz[)eff(AO] q[])

where Pp, is a sample average over a set of samples in one fold, and Pp, is a sample average over a

set of samples in another fold. Then, we have

(PDowgff(w[1]7(j[l]) _Engf(WQ)]) =Pp, Weff( ol q[ ]) wgff(waQ)] (EC.36)
+v/1/10Gy, [%/fff(w,Q)] (EC.37)
+ (B2 (@, ") | @, gV = B[g2p(w,q)]).  (EC.38)

We analyze each term. Here, we have

[Wes s (0, 4) — ¥2sp(w, q)| = [0*{r — 4(s,a) +y0(s") }* —w{r —q(s,a) +yv(s)}"|

Smax{\u?—uﬂ, |q_Q|7 ’{)_U‘}

for some constant C.

Term (EC.36) is O,(1/y/n) The conditional mean given D; is 0. The conditional variance given
D, is O,(1/n). The rest of the argument is the same as the proof of Theorem 6.

Term (EC.37) is O,(1/4/n) This is obvious.

Term (EC.38) is 0,(1)

E[Z) (0, G) — ¥2sp(w, @) | Di]| < Cmax{||dd —wllz, [|g — qll2, [0 — vll2} = 0,(1).
Proof of Lemma 1 Define

5@&5—w/pGBM@MM$—y@U+O—7mQ()
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where ¢(s) is any function and p(s’|s) is a marginal distribution of p(s'|s,a)m.(a|s). Then,

L(w, fu)

=By, [{yw(s)n(s, a) fu(s') = w(s) fu(s)} + (1 =E o [fu(s)]

=E (oo>[(p§°$)( )/po() T w(s)n(s,a) fu(s)] = B o0 (0 (5)/py()) " w(s) fun(5)]
—NE 0 [fu(s)]

/59, ) Fuls)AA(s),

where we have g(s) = penY )(s ){p(oo)( )/pu(s)} tw(s).
From the above, when g(s) = p(°°)( ), i.e., when w(s )me (5)/po(s), L(w, fu,) =0.

Conversely, L(w, f.,,) =0,V f, € Ly(S) means §(g, s") =0 from Riesz representation theorem. From
the assumption, this means w(s) = p{>)(s)/py(s).

Proof of Theorem 15

Consistency We have f3 o~ B*. We use van der Vaart (1998, Theorem 5.7). We need to check

two conditions:

sup |(Py —P)[A(s,a,s: B)]| =0,
pe6s

inf [|L(w(s: B, fu))]| >0

[|B—BxI>e€
for any € > 0. The first condition is proved by Davidson (1994, Section 21.4) noting the first-order
derivative of the map ©4 > f+— A(s,a,s: ) is uniformly bounded. The second condition is proved

by noting that

L(W(Siﬂ),fw) 2076665 — /B:ﬁ*a

©p 3 B+ L(w(s: ) is continuous, and Oz is a compact space.
Calculation of asymptotic variance We calculate the asymptotic variance for general f,(s).

We prove that the asymptotic MSE is given by
E[V,1A(s, a8 8)] 7 EBIA*(s,a, 8" B)H{EIV 57 A(s, 0,85 8)] 7} e (EC.39)
For simplicity, we assume that § is one-dimensional. Using mean value theorem, we have
ViBry — B7) = —Pu[V5m Als,a, 85 B)] " |t VAP [A(s, 0,55 B)] 5+, (EC.40)

where 1 is a value between 3 and B*. The first term in right hand side of (EC.40) has the following
property:

P,[VsrA(s,a,s"; B)]| st XN E[VsTA(s,a,5;:8)]|s

(EC.41)
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This is proved by an uniform convergence condition from the fact the second-order derivative of the
map O3 3 B+ A(s,a,s'; 8) is uniformly bounded, and gt % g*.
Next, we calculate the second term in right hand size of (EC.40). By CLT, we have

VP [A(s, 0,83 8)]|5- <5 N(0,var[A(s, a, 55 B)]).

Finally, from Slutsky’s theorem the asymptotic variance is

B[V A(s,a,5'38)] *varlA(s,a,s's B){E[V 57 A(s,a,5'38)] T ]

Proof of Theorem 16
\/ﬁ(ﬁEIS - pﬂ—e) = Gn [U)(S, Bfw)n(sv a)r] - Gn [w(s)n(sv a)r]
+ G, w(s)n(s,a)r]+
+V/n(Elw(s; B, )n(s, a)r|Br,] — p™).
Here, from the standard argument,
Va(Elw(s; By, )n(s, a)r] — p™)

= Vn(E[w(s; B, )n(s,a)r] — E[w(s; B7)n(s,a)r])
= Vn{E[Vuw(s; 8)n(s,a)r]| g (Bs, — B) +0.5(8y, — B°) "E[V g7 Vuo(s; B)n(s, a)r]| s By, — B7)}

(Taylor expansion)
=E[Vgrw(s; B)n(s,a)r|E[V s A(s, a,8"; 8)] 7 Gu[A(s, a, 8 B)] |5« +0,(1).
Combining all together, we have
Vit(pess — ™) = G fwo(s: Bn(s. a)r + BV gruw(s: B)n(s,a)r B[V 5 Als,a,8's /)] " Als, a, 85 8)] |5+ +0,(1).

Proof of Theorems 17 and 18 The proof is almost the same as the proof of Theorem 15. First,

the asymptotic variance of B f, 18

E[fy(s,a)Vgreq(s,a,r, 8" B)|'E[f,(s,a) f; (s,a)e;(s,a,m, 8" B)E[V seq(s, a,r,8" B) f] (s,a)] 7" g+
This is equal to
E[fy(s,a)Vsrmq(s,a: B)] " Elfy(s,a)f, (s,a)vy(s, a)|E[Vgmy(s,a: B) f] (s,a)] 7 |p-
Then, from Tripathi (1999), the lower bound is
E[Vsm(s,a; B)v, " (s,a; B)V grm(s,a; 8)] s+

The asymptotic variance of the direct method is

@{VsE[vq(s',m;8) —q(s,a; 8)|s,al}
var[r +yq(s',7.)|s, a]

—1

(1 77)2]}3(10 [VBTQ(‘S’WE)]E ]Edo [vﬂq(saﬂ-e)]‘
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Proof of Lemma 2 Recall that the asymptotic variance of the direct method is

@{VsE[yq(s',7;8) —q(s,a; 8)|s, a]}
var[r +yq(s',m.)|s, a]

-1

Eq[Vsa(s,m)].  (EC.42)

(1-— 'y)zEdO [Vsrq(s,m)|E

In addition, we have
(1=)Ed, [q(s0, me)] = E[-yw(s,a)q(s’, ) +w(s, a)q(s, a)].
By differentiating this equation,
(1 =)V sEa, [q(s, 7)) = E[w(s, a) VsE[—vq(s', ) +q(s, )]s, a]].

According to CS-inequality, this immediately means that (EC.42) is smaller than the efficient bound

under the nonparametric model:

Elw(s,a)*var[r +~q(s',7.)|s,a]].

Appendix D: Additional Experimental Results

Here, we provide additional results from the experiment in Section 8 with o =0.4,0.8. The results

are given in Figs. EC.1 to EC.6.
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