Proofs for “Logarithmic Regret in Multisecretary and

Online Linear Programs with Continuous Valuations”

Robert L. Bray

Kellogg School of Management, Northwestern University

May 11, 2024

Lemma 1 Proof. Assumption 6 implies that the event A;(y) = 0 and a1 # 0 has measure zero, for

y sufficiently close to ygo Hence, Aq(y)" is almost surely differentiable in y, which means that

DAL (y) = 2 (V'y + E(Ai(y)T))
=b+E(ZM:)")
=b—E(1{A1(y) > 0}a1).

Note we can commute the expectation and differentiation because a; is bounded. Combining the

derivative above with Assumption 6 and the convexity of Ago implies the result. O

Lemma 2 Proof. Assumption 5 and Lemma 1 imply that (i) A% (y5%) = 0, (i) As(y%) is non-
singular, and (iii) A% (y) is continuously differentiable in y near y5. Further, Ab_(y) is continuously
differentiable in b, since %Ago (y) = I (see the proof of Lemma 1). Accordingly, the implicit function

theorem establishes that each b in a neighborhood of § has a corresponding shadow price vector

y2. that has continuous derivative %ygo = —%Ago(y)A%Ago(yﬂy:ygo = —AY_(y2)~!. Further,
b, must be the unique minimizer of A%, for b near 8, because A% (y%) = 0 and A (y) is positive
definite for y near ygo. O
Corollary 1 Proof. This follows immediately from Theorem 3. O

Proposition 3 Proof. 1 will first establish that X° is continuous and full rank for all b in a neigh-

borhood of 3. Lemmas 1 and 2 imply the continuity, and Lemma 1 implies that 3% is full rank



if Cov(1{A1(y%) > 0}ay) is full rank. If this latter matrix were not full rank, then there would
be some v # 0 that almost surely satisfies 1{A1(y%,) > 0}a}y = E(1{A1(y%) > 0}a}v), which
would imply that either (i) Aj(y%) > 0, almost surely, or (i) 1{A1(y%) > 0}a}y = 0, almost
surely. The former case violates Assumption 6 because it implies that E(L1{A;(y + dy) > 0}a}v) =
E(1{A:i(y) > 0}a}y) for dy < 0, and the latter case violates Assumption 6 because it implies that
E(1{A:1(y + dy) > 0}ayy) = E(1{A1(y) > 0}ajy) for dy > 0.

The fact that v#(y? —y2.) 4 N (0, %) follows directly from theorem 2.13 of Kosorok (2008), so
it will suffice to show that the conditions of this theorem hold. To use follow Kosorok’s notation,

define functions

my(ur, ar) =b'y + Aq(y) ",
m(a1) =[] + a1,

and moo(ul,al) =b— ]l{Al(ygo) > O}al.

First, the Hessian matrix of E(my(u1,a1)) at y = 3% is Ax(y%,), which is non-singular when b is
sufficiently close to 3, by Lemmas 1 and 2. Second, Assumption 4 establishes that E(r(a1)?) and
E(|[ries (w1, a1)|?) are finite. Third, functions my and 1 satisfy condition (2.18) of Kosorok (2008):

Imy(u1,a1) — ma(ur,a1)| =b'y + Ar(y) T — bz — Ay(2)"
<ol + llar)lly — =

=riv(a1) ]y — 2|



Fourth, Assumption 6 ensures that functions m, and 7 satisfy condition (2.19) of Kosorok (2008):

E ((my(u1,a1) = myp_ (u1,a1) = 1ieo(u1, a1)'(y — b))
=B ((A1y)" — Ar(h) ™ + 1{A1(bh) > 0}ai (y — b))
=E (A1(y)?1{A1(y) > 0} — 1{A1 (%) > 0}])
<E ((ahy — alyh)?[1{A1(y) > 0} — 1{A(y2) > 0}])
=lly — %" E (I1{A1(y) > 0}ar — 1{As () > O}au)
<llallly — 9% l” E (1{A1(y A yly) > 0}ar — 1{A(y V ) > O}ay)
<llallly = w0y - vkl

=o(lly = y%lI)-

Finally, Proposition 4 establishes that [|y? — 42| 2. O

Proposition 4 Proof. Since Proposition 6 establishes that E(supyeg;(s) 1{y? ¢ B(y2) b — ngHQ) =
o(1/t), it will suffice to show that E(supyep; s {y? € Be(y2 ) b — ygoHQ) = O(1/t), for suffi-
ciently small € > 0. I will establish this result with Theorems 2.14.2 and 2.14.5 of van der Vaart
and Wellner (1996). However, translating the problem into van der Vaart and Wellner’s empiri-
cal processes framework will take some effort. First, I bound the magnitude of 3? — 4% in terms
of the magnitude of A% (4?) — A7), where 42 = (y? + y%.)/2. Since §* lies between the mini-
mizers of A% and A?, the vector §° — y% projects positively onto gradient A% (§?) and projects
negatively onto subgradient A%(j?). I use this fact to show that (72 — y2 ) (A% (92) — AL(3?)) is
larger than some fixed multiple of ||§? — ngHQ, which indicates that ||A% (g2) — A2(72)| is larger
than some fixed multiple of ||y? — %%||. This, in turn, implies that the expectation of the maximum
of 1A () — AL (w1
expectation of 1{|jy? — 35| < e}|jy? — ngHQ. And bounding the expectation of the maximum of

across y in some small ball of ygo, is larger than some fixed multiple of the

[Ab(y) — AL, (y)H2 is a classic empirical processes problem.

Now, let’s get to the proof. First, Lemma 2 establishes that we can choose ¢ small enough so
that y2, € Be(ygo) for all b € Bs(/3), in which case y? € Bc(y%,) implies 3} € Bge(ygo), which in turn
implies 7 € Bae/a(ylo), where g7 = (yf + y%)/2.

Second, let ¢, denote the smallest singular value of Ay (y% ). Lemmas 1 and 2 imply that we



can set § small enough so that for all b € Bs(3) we have o5, > oh /2, and hence

" . " R 2
(57 = 9% Roo (42 ) (8 — v8e) = o9 — woll”/2.
Next, note that A% (y2,) = 0 implies

A () = A% (37) — Al (ye)

= Moo (¥2) (3 — v5%) + ol — v2 ),

where the little-o term holds uniformly across b € Bs(3). Accordingly, we can set € small enough

so that y? € Bgﬁ(ygo) implies
1A% (97) — Aoo(02) (8 — w2 ) < o197 — yBll/4,

for all b € Bs(53). Now combining these last two results yields the following, for 3 € B, (ygo)

(97 —y5% ) A% (97)
= (97 — v5) Moo (0B (97 — v
+ (97— v5) (A% (97) — Moo (9B (97 — ¥%))
> ol 1130 — yhl’/2 — 137 — sh AL (37) — Koo (52) (@7 — w20)|
> 0B 132 — v’ /4.

And combining this with (52 — 3% )/ AL(#Y) = (y? — 2)'Al(3?) < 0, which we get from Lemma 1,
yields the following, for 3? € Bge(yoo):

137 — B AL (57) — AL @D
> (97 — %) (A% (59) — AY(30))

> o3 — bl /4.

Hence, ! € BQE(ygo) implies

1A% (37) = A2 | = omlldy — woll/4 = omllys — vl /8.



And thus, we have

2
B( sup 1{y} € Bulybo) ot — skel”)

beBs(B)
<E< 1{4® € Boc(v3 M|l — 2|
< sup  1{yy € Bae(yoo) Hyr — Yol
beB5(B)
. R . R 2
< (8/0f B ( sup 1y} € Baclyd) HALG)) — AL @I
beB5(B)
. . 2
< ®/of)*B( swp  swp JAy) - Al))
b€Bs(B) yeBae (y5)
. . 2
= /o5 E( sw AT - ML),
Y€ Bae (y5)

where the last line holds because Ag — Af;o is independent of b. Finally, Lemma 5 establishes that

the expectation in the last line is less than C'/t for some universal constant C' > 0. O
Proposition 5 Proof. This follows immediately from Lemma 2. O
Corollary 2 Proof. This follows from Proposition 4 and Lemma 2. O

Proposition 6 Proof. The proof hinges on two key results. The first result is that there exists
6,C > 0 such that

Pr( sup [yl -yl > €) < 4m? exp(—Ce2t), (1)
beB5(B)
for all ¢ € N and sufficiently small ¢ > 0. The second result is that for all sufficiently large v > 0
there exists 6§, C' > 0 such that

E( sup 1{y} ¢ B, (0)}yl]) < exp(—Ct), (2)
beBs(8)

for all sufficiently large t.

The p = 0 case follows immediately from the line (1). Deriving the p > 0 case from lines (1) and
(2) will take a bit more work. To that end, choose 7 large enough so that v > supyep, (g Iy I,
and hence [[y? — y2.|| < [|y?]| ++'/? (Lemma 2 establishes that this is possible). And with this, lines
(1) and (2) imply that we can choose C' > 0 so that we have the following for all sufficiently small



€ and large t:

E( sup 1{y} & B(y2)}w? — o2 )
beBs(8)

<E( sup 1{y; ¢ Be(yho) ) L{wt & Bousn (0)}(lwrll +41/7)7)
beBs(B)

+E( sup L{y} ¢ Be(v%)}1{u} € B (0)}(wf ] +~4'/7)P)
beBs(6)

<E( sup L{y} ¢ Be(v)} {5} & B.1/»(0)}27|l|")
beBs(B)

+E( sup 1{y} ¢ Be(y%)}1{y} € B,1/»(0)}2P9)
beBs(B)

<2E( sup 1y} ¢ BamO)}Hll") + 22y Pr( sup [y — 2] > €)
beBs () beBs(B)

< 2P exp(—Ct) + 2P 2ym? exp(—Ce®t).

The inequality above establishes the p > 0 case. Hence, proving lines (1) and (2) will complete the
argument.

Before getting into the math, let me roughly sketch the proof of line (1). The key tool will
be Lemma 3, which is our only means for positioning y. The lemma corresponds to a set of
inequalities that describe a small box, which aligns roughly with the orthonormal basis {w? moif
these inequalities all hold, then the box is intact, and y? resides inside of it. I will use this result to
bound the distance between 3? and 3% with the distances between Ab(y2 + nkw?) and nk:a?w;’, for
jem, ke {-1,1}, and n > 0 (these latter distances being the constraints that ensure the integrity
of the box). This reframing simplifies the problem, because Ag(ygo+nkw?) is a sum of ¢.7.d. bounded
variables. The second part of the proof replaces the nka?w? term in our distance measurements with
with A% (y2 + nkw?). This step is useful because Ab(y?, + nkwé-’) — Ab (g2 + T]k:wé?) is an empirical
process. The final part of the proof invokes a standard empirical process result to establish the
desired concentration of measure.

To begin the proof of line (1), note that Lemmas 1 and 2 imply that we can choose 6 > 0 and
¢ > 0 small enough to ensure the existence and continuity of A between y2. and o2 + nkw?, and
small enough to ensure that o} < 20’18, ob > 051/2 > 0, and % + nkwg > 0, for all j € [m],
ke {-1,1}, b € Bs(B), and n = ¢/(1 + 8%016/0;%). Now, with these conditions, we can use



Lemma 3 to bound the left-hand side of (1) in terms of more amenable subgradients:

Pr( sup |yl — vyl >e€)
beBs(B)

<Pr( sup |lyf — 42| > n(l+2vmot/ah,))
beB;s(B)

<Pr( sup max max [|AP(y% + nkw)) — nkolwl| —noy,/(2v/m) > 0
(beBé(g)je[m}ke{—m} ” t( J) J J” /( ) )

<Pr( sup max max [AY (32, + nk‘w?) - nka?w?” —nol J(4v/m) > 0). (3)
beBs(B) J€IM] ke{—1,1}

Now I will frame the last expression above as an empirical process by replacing the nkagw? term
with A% (vl + nk:w?). To this end, note that the mean value theorem indicates that there exists
¢ € (0,n) for which

AP (w8 + nkw?) = AL (48, + nkw?) — 0
= A% (y2 + nkaw?) — AL (yh)
= kAo (5, + §kw?)w?
= kAo (e )w? + nk(Roo (3l + €kwh) — Ao (yly))w?

= nka?w? + o(n),

where the little-o term holds uniformly across b € Bs(/3). Accordingly, we can set € small enough

so that supycp, (g AL (b, + nkw?) — nka?w?” < nol/(8v/m), in which case we have

IAY (48, + mkw?) — nkatw?|
< A2 (gl + mkw?) — AL (yhe + k)| + AL (42, + nkw?) — nkolw?|

< AL (yb, + nkw?) — AL, (y2, + nkwh)|| + nob, /(8v/m).



And, finally, combining this with line (3) and the fact that A — AL = A? — A? yields the following:

Pr( sup [yf — il > e)
beB;s(B)

<Pr( sup max max [AP(yl +nkw}) —nkolwll > nop,/(4Vm
(beBg(g)je[m}ke{—m} A j) il /(4y/m))

<Pr( sup max max [AP(yd + ko) — Al (vl + nkw))| > noy,/(8v/m))
beBs(B) J€IM] ke{—1,1}

<D Y Pr( osup [efAY(yl + nkw)) — €i A% (y5 + nkw?)| > noy,/(8m))
i=1 j=1 ke{—1,1} beBs(B)

<SS N Pr(osup (AL (y) — AL ()] > ol (8m)),
i=1 j=1 ke{—1,1} y€By (y5%)

where v > 0 is a constant that’s large enough to ensure that 3%, +77ka € Bl,(ygo) for all b € Bs(B).
Finally, Theorem 2.14.9 of van der Vaart and Wellner (1996) implies that this last expression falls
exponentially fast in ¢ (see the proof of lemma 5 for confirmation of this theorem’s hypothesis).
Note that the supyc Bs(p) brevents us from bounding the probability in the penultimate line with a
more standard concentration of measure result.

This establishes line (1), which establishes the p = 0 case. I will now prove line (2), as-
suming p > 0. The proof will proceed as follows: First, I will bound the probability that ||y?("
exceeds some y > 0 with the probability that e;Af(ej’yl/ P/\/m) is negative. This latter ran-
dom variable is easier to work with because it is a sum of %...d. random variables. Second,
I will lower bound e;Ai’ (e;v*/?//m) with a binomial random variable, with success probability
py = Pr(u; > ny"/?/(2y/m)). This characterization will enable me to use the binomial Chernoff
bound to establish that Pr(||y?||” > ) falls exponentially fast in t. And finally, I will integrate over
this tail bound to create a corresponding expectation bound.

To begin the proof, I will show that e;yi’ > w implies e;-Af(wej) <0, for w € R. To see this,



take e;-yf >wand §=yb — ej(e;yf — w)/2, and apply Lemma 1:

0>(y! — 9)'AY(H)

=((¢jyt — w)/2)efA(7)

=((fyr —w)/2)e} (b= 1{A(9) > 0}as/t)

s=1

2((6}3/? —w)/2)e}(b— Z {us > ajejefijtas/t)
s=1

2((633/? —w)/2)e}(b— Z 1{u > d'ejw}as/t)
s=1

=((ejy) —w)/2)ejA7 (we;).

Since e;yf — w is positive, by assumption, it follows that e;/.\it’(wej) must be non-positive.

And now, I'll use this result to replace the shadow price with a simpler subgradient:

Pr( sup [y}’ >~) <

Pr( sup e;-yf > ’yl/p/\/ﬁ)
beBs(B)

1 beBs(B)

M

J

Pr( sup e;-Af(ejyl/p/\/ﬁ) <0).
1 beBs(8)

s

J

Next, we will bound the complex random variable in the last probability above with a simple
binomial random variable. To that end, choose 6,7 > 0 so that n < e}b for all b € Bs(3), in which

case we have the following:

up ¢jAbey /i)
beBs(B)
t
= sup €jb— Z 1{us > a;ej'yl/p/\/m)}e;-as/t

beBé(ﬁ) s=1

¢
> . S;F()g) eb — Z (Il{e;as < eib/2}(eb/2)/t + 1{e}as > €lb/2}1{u, > a;ejfyl/p/\/ﬁ)}a/t)
€8s s=1

t

> sup eb/2 — Z T{us > e;-b'yl/p/(Q\/ﬁ)}a/t

beBs(8) s=1

> 77/2 _gta/ta



where & = Y2\, 1{us > ny"/?/(2y/m)} is a binomial(t, p,), with p, = Pr(u; > ny"/?/(2y/m)).

Further, since E(u1) < oo, we must have p, < ~~ 1P for sufficiently large . Hence, combining the

previous two results with the binomial Chernoff bound yields the following for sufficiently large ~:

Pr( sup ) Iy > ~) < Pr(n/2 - &a/t <0)

beBs (8 j=1

=mPr(& = tn/(20))

t
<mexp(——n<log il —1))
2a 20py
1/p
<mewp (- g los )

where the penultimate line supposes that + is large enough to satisfy log(%) /2 > 1. Now

choosing ~ large enough to satisfy the previous result and large enough to ensure that |y?|” > v

implies y? ¢ B.(y5,) yields the following:

E( sup 1{y} ¢ B, (0)}vP[")
beB;(B)

<yPr( sup [yf|"=~)+ [ Pr( sup [¢f" > x)da
beBs(6) T="y b Bs(B)

o0 —tn —tn
<APr( sup [y} —vil > +/ m(n/(2a)) 7o x5 da
X

beBs(B) _
<9Pe( sup [~ ikl 2 ) + /G FNTE
beBs(B) -
The last expression above falls exponentially fast in ¢, by line (1), so this establishes line (2). [
O

Corollary 8 Proof. This is the p = 0 case of Proposition 6.

Lemma 3 Proof. Consider an alternative martingale {Bt},}:n in which b, = b, and

- by bis1 € Bs(B),
t p—
biy1 b1 € Bs(B).

In other words, Bt tracks by until the first time that b; departs Bs(/3), at which point Bt remains frozen

in place. By design, b, € Bs(j) implies b; € Bs(), and hence Pr(b; ¢ Bs(3)) < Pr(b; ¢ Bs(53)).

10



And, with this, the result follows from the Azuma-Hoeffding inequality, since \|l§t - 6t+1|] <

(18Il + 6 + [lee])) /2:

Pr(b; ¢ B;5(5))

< sup Pr(b; ¢ Bs(f)))
N>t

< supZPr (\e;i)t — €ibn| > §/v/m)
J=1

N>t~
< sup 2mexp ( — (52/m )
= N3t 25 N L(18] + 6 + [la]))2/s2
52

2 _

< 2mexp ( 2m(18+0 + [al)® J=,_, dssz)
52(t—1)

2 — . 4

<2mexp (= e ) @
]

Corollary 4 Proof. Let {l;t}%:n be the alternative martingale defined in the proof of Lemma 3. Note
that we have by ¢ Bs(f) if and only if t < 7(6). And, with this, line (4) implies the result:

s=1
n
= Pr(b ¢ Bs(B))
t=1
oo
82(t—1)
< 2mexp ( — )
2 2m(B] +3 + [l 2
=0(1).
O
Lemma 4 Proof. First, we can express the value function recursively:
— b
. maxg, e(o,1] Ltut + Vtiﬁtl(xtat) tb > ay,
EY o) 2
V;jl tb < ag.

Second, since the shadow price weakly decreases with the inventory level, we have the following for

11



x € [0,1] and tb > ay:

b _ b b b
(1= w)ay, " < V2 — U2 < (1= w)agy (™) (6)
and JTGQZJ?_’%O) < Vtﬁ(o) - Vtﬁ(mt) < xagyzﬁat). (7)

— b A
Third, At(ygg) > 0 and tb; > a; imply b1 = 1/th (at) and hence ;1 = V;ﬁtlt (ac) —R¢_1. Accordingly,
lines (5)—(6) yield the following, when Ay(y%) > 0 and tb; > ay:

Ry =V — 4,

*wft(xat) N
= max wx + V, 4 — U — Vg—1

z€[0,1]

_ 0t _ bt A
= max w(x — 1)+ Vﬁtl (mae) _ Vﬁtl @) 4 Ry

z€[0,1]
. . / 1/’?(%) »
< max w(z—1)+ (1 —2)ay, 'y~ + R
z€[0,1]
by a ~
:(a;yfil( ) _ Ut)+ + Ri_1
bt () ~
A"+ Ry (8)

Likewise, if A¢(y%) < 0 and tb; > a; then (28), (5), and (7) yield
R SAt(yzb_tb;(O))Jr + Ry, 9)
And if thy < a; then (28) and (5) yield
R, =R,_1. (10)

Finally, since tht can’t exceed the sum of the remaining utilities, we must also have

t
Ry <) us+ Ry (11)

s=1
Combining inequalities (8)—(11) inductively yields the result. O

Lemma 5 Proof. 1 will begin by bounding the expectation of the myopic regret’s first term. Since

12



1{b:+ ¢ Bs/2(8)} is independent of S| us, Lemma 3 indicates that there exists C' > 0 for which

t

E (1{b; ¢ Bs/2(8)} Z Us)

s=1
t

= Pr(by ¢ Bs2(8)) ) E(us)

s=1

< exp(—Ct)t E(uy)
= o(1/t).

I will next bound the expectation of the myopic regret’s second term. This second term is zero
unless by € Bs /(). To streamline the math, I will henceforth suppress all 1{b; € B;/2(3)} indicator
variables and implicitly suppose that the subsequent results condition on the event b; € Bs/s(83).

To begin, note that [|b;—1 — bel| < [|28 + a|/(t —1) when by € Bjo(3) and ¢ is sufficiently small.

With this, Lemma 2 implies that we can choose J small enough and ¢ large enough to ensure that

lylet — b)) < |I48 + 2a] /(o2 (t — 1)),

when by € Bs/o(8). Further, if ¢ is sufficiently large then b, € Bs/o(8) implies b1 € Bs(f), and

hence

b
| <bsg11€m ey — yill-
€bs

7

Combining the previous two results yields the following, for sufficiently large ¢:

be_1\— by
Ay, )7 < Al + it — b lle + lly ot — 2t le) ™
< At(y &), (12)

where &1 = [|48 + 2al|/(ch(t — 1))+ sup |yp_y — %]
beBs(8)

Note, it’s easier to work with Ag(y% + &_1)~ than At(yft:f)_, because y% + & _1 is independent

bt—1

of the random function Ay, whereas y," ;" is not.

Now set § small enough so that b; € B;/o(3) implies Yl € Be(yoﬂo). In this case, y2 + & 11 €

13



B( Eo) implies the following conditional expectation bound, by Line (12) and Lemma 4:

E (1{A¢(y%) > O}At(yft:f)* | by, &—1)
< B (L{A(y%) > 0}A(y2 + &—10) | b, &)
< 207 |1& -1t

= 2maf 5,52_1.
Conversely, if y2 +& 11 ¢ Be(ygo) then line (12) yields the following conditional expectation bound:

E (1{A(y2) > 0}A(y7" 7)™ | bey &1)
<E (Ae(y2 +&-10)" | by, 1)
<E (a;(y2% + &-10) | by, &-1)
< [lelllly% + &1l

< el @lyboll + &1 v/m).

For the final line, I suppose § is small enough to ensure that b; € Bs/o(3) implies lyle | < 2||ygo||
Now, combining the previous two results yields the following, for sufficiently large ¢t and small €

and §:

B (1{Au(yl) > 0}Au(y" 7))
< B (L{yl + &1 € Be(yl)}2mol el )
+B (L{yh + & 10 ¢ B2 ol @Ivs) + &-1vm))
< 2mo} B(E,) + 2llaf |y Pr(yh + &1 & B(yl))
+vmlla| B (1{y% + &-10 ¢ Be(y,)}e-1)
< 2mo) B(& ) + 2]y | Pr(&-1 > ¢/ (2v/m))
+vm|a|E (1{&-1 > ¢/(2v/m)}&—1).

The last line holds because we can make ¢ small enough so that b; € Bj/o(3) implies Y2 € B, /2(y£o),
in which case by € Bj»(3) and Yo+ &g ¢ Be(yoﬁo) imply that ||&—1¢|]| > €/2, and hence that
&1 > €/(24y/m). Finally, Proposition 4, Corollary 3, and Proposition 6 respectively establish that
the first, second, and third terms of the last expression above are O(1/t).

Finally, the same argument yields an analogous bound for the expectation of the myopic regret’s

14



third term. O

Lemma 6 Proof. Let {l;t}%:n denote the inventory process defined in the proof of Lemma 3, but
derived from from Algorithm 3’s b; values. Just to remind you, the {l;t}%:n process tracks the
{b:}}_,, process until time 7(§)—i.e., until Algorithm 3’s b; values first depart Bs(3)—at which
point the process freezes in place. The {Bt}%:n process will be easier to study because a constant
multiple of ¢ bounds its innovations. And since b; € Bs(8) implies by € Bs(3), it will suffice to
establish the concentration of measure for by.

I will bound the distance between b; and 3 with the following inequality:

7(6/2)
Io: — BII < br5y241 — Bl + &l + D 1 E(Ds | bssr) — basall, (13)
s=t
7(0/2) X X X
where & = Z bs — E(bs | bst1)-
s=t

I cap the sums at time 7(0/2) to give our look-back shadow prices a sufficiently large sample.
Indeed, a sample with n — 7(0/2) observations will comprise enough data to ensure that the look-
back shadow prices—and hence the by values—are well-behaved. More specifically, I will show that

n —7(0/2) = ©(n) by showing that there exists v < 1 that satisfies
7(6/2) +1 < yn. (14)

To see this, note that period-t’s resource vector satisfies

(nB—(n—t)a)/t < (nB — szas)/t < nf/t,

s=t

—b

where the lower bound is within §/2 of 8 unless ¢ < m, and the upper bound is within

6/2 of B unless t < 575z Hence, if [l — 5] = [|8]], which we can suppose without loss of

generality, then b; ¢ Bj/o(3) implies ¢ < m.
I will now use (13) to inductively prove that there exists C' > 0 such that
Pr (max||bs — 5] > 6) < (7(6/2) + 1 — ) (2exp(~Ct) + 2nexp(~C(1 = 7)vn),  (15)

for all sufficiently large ¢ < n. Initializing our induction will be simple: by definition, we have
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Pr(b; € Bs(B)) = 1 for t > 7(5/2) + 1, which establishes the base case. However, establishing the
inductive step will require unraveling the knotty relationship between look-back shadow prices and
inventory vectors. Specifically, showing that ||b; — 3| is small for ¢ < 7(5/2) will require showing
that || E(bs | bsy1) — bsi1| is small for all s € {t,---,7(5/2)}, which in turn will require showing
that ||ggb - yggH is small for all s € {t+1,--- ,7(5/2)+ 1}, which in turn will require showing that
llbs — S is small for all s € {t +1,---,7(5/2) + 1}.

I will now that if (15) holds for sufficiently large ¢t +1 < 7(§/2) + 1, then there a suitably high
probability that

”37(6/2)+1 - Bl <4d/2,

&l < 6/4, (16)
G I )
and Y | E(bs | bst1) = bsyal < 6/4,
s=t

which with line (13) will establish induction. Note that the first inequality in display (16) holds by
the definition of 7(§/2), so we will only have to concern ourselves with the latter two inequalities.

I will now show that the second inequality in display (16) holds with high probability, conditional
on by € Bs(B) forall s € {t+1,---,7(5/2) + 1}. Since {&}%ZT((S/Z) is a martingale that satisfies
16 — €l = 11be — E(be | bes1)|| < (I8 + 6 + |le])) /£, by design, the argument underlying line (4)
analogously implies that there exists C' > 0 such that Pr(||&]|| > §/4) < exp(—Ct), for all sufficiently
large ¢. And since Pr(A|B) = Pr(AN B)/Pr(B) < Pr(A)/Pr(B), it follows that

7(6/2)+1  ~
Pr([l&] > d/4 | max b5 — 8] < 9)

Pr(||&] > 6/4)
= Pr(max /2 by — B < 6)

< 2exp(—Ct). (17)

Note, the last line holds because Plr(nqangt/ﬂ+1 |bs — 8] < 8) > 1/2, by our inductive hypothesis.

I will now show that the third inequality in display (16) holds with high probability, conditional
on by € Bs(B) for all s € {t +1,---,7(6/2) + 1}. This step will take more work. First note that
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ber1 € Bs(3) implies bey1 = bey1 and by = b, and thus implies

E(bs | bsr1) — st
= E(bs | bst1) — bst1
= (s + Dbssr = BL{Aw1 (g 51) > O}assr | be))/s = beps
= ((5 4 1)bst1 — bsr1 + Abti( g’;;ql)) /5 —bei
= Al (y o) /s
bs+1 bet1

= Roolylet (g U — ) /s + ol g bt — et /s

. - b i b b
= Aol (g Lot — vt /s + olll g bt — e /s,

where the penultimate line holds by Lemma 1, since A%t (ygé“) = 0 when bsy1 € Bs(B) and & is

small. Thus, we can choose n sufficiently small so that rna:xz(i/_ffrl |Ibs — B < § and max, 6/_31“ I g yég” <
n~ /4 imply
7(6/2)
Z H E(bs | bs+1) - bs+1||
s=t
7(6/2) . )
bs b bs b
< Z oo (gs) (gt = e /s + ol g 3 — s )/
5/2) A
s Ae bs As
<2 207y 2t — v I s+ ol p B — bt ) /s
(5/2)
< Z 3afn_1/4/s
s=t
<4/4. (18)

Note, the third line holds because the largest singular value of A (y 5“) is less than twice the

largest singular value of Ay (yoo) when b3+1 € Bs(p) and 6 is small, and the fourth line holds

because the little-o term is less than 01 4 when ||gsf:11 — yler | <n /4 and n is large.
Further, we can use Corollary 3 upper bound the probability that max 6/31“ [ g yggH >

T(6/2)+1 37

n~Y/4, conditional on max_ /71" |bs — B| < §. Specifically, combining this corollary with line (14)
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and our inductive hypothesis yields the following, for some C' > 0 and all sufficiently large n:

7(8/2)+1 ; _ 7(0/2)+1
Pr("max |yl — gl >n | Trhax by - B < 6)
T(6/2)+1 , Y 5/2 +1
< Y Pr( suwp Hg Yool > Hb — Bl < 9)
s=t+1 b€B5

7(8/2)+1 Pr (Supb635 ®) ||£b _ ygoH > n_1/4)

IN

S Pr(max(/2) b — 8] < )
T e(on 2 )
- 1/2
s=t+1
< 2nexp(—Cn~?(n —1(6/2) — 1))
< 2nexp(—C(1 - )vn). (19)

And now, finally, we can combine lines (13), (17), (18), and (19) to establish that

Pr(bs ¢ Bs(5) | mipx [b, — ] < 6)

<Pr (&l > 0/4 | max [1bs — ]| < 0)

7(5/2)
+Pr ( 2 IEDs | bst1) = bsyall > 6/4 | ng}aﬁ Ibs — Bl < 0)

7(6/2)+1 7 n ~
< 2exp(~01) + Pr ("WAR |y b~ yfel > | b s 6 < 0)

< 2exp(—Ct) + 2nexp(—C(1 — y)v/n).
And with our inductive hypothesis, this implies that
Pr (i, 1 > )
_ n P ~ n P <
Pr ( max [[bs — 8] > 8) + Pr(b ¢ Bs(B) | max [|bs — ] < 9)

<(7(6/2)+1—t—1)(2exp(—C(t + 1)) + 2nexp(—C(1 — v)v/n))
+ 2exp(—Ct) + 2nexp(—C(1 — v)v/n)
< (1(6/2) + 1 — t)(2exp(—Ct) + 2nexp(—C(1 — )v/n)).
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Lemma 7 Proof. This result follows from the argument used to establish Lemma 4. O

Lemma 8 Proof. This proof will closely follow the proof of Lemma 5. For example, E(1{b; ¢
Bs;2(8)} S ug) = o(1/t) trivially follows from Lemma 6, as it previously followed from Lemma
3.

Bounding the expectation of the myopic regret’s second term will prove more difficult. As in the
proof of Lemma 5, I will henceforth suppress all 1{b; € Bj/5(3)} indicator variables and implicitly
suppose that the subsequent results condition on the event b, € B /2(6).

Let &1 be as defined in the proof of Lemma 5, and analogously define ét_i_l = SUPpe; ,(6) Hgg — bl
I subscript this latter variable with ¢t 4+ 1 because Aé’ is determined by that time. Note, that
bi € Bj/p(B) implies gft > b — ét_;_lL, and hence that At(ﬁft) < Ag(yl — ét+1b). With this,

Line (12) implies the following:

E(H{Ady ) > 03 A(5)7)

<E (1{A(yl - Srr1t) > O}AL(Y + &10)7). (20)

Now suppose 4% +&_11 € Be(y%) and y% — étL € B.(y). In this case, Line (20) and Lemma

4 yield the following conditional expectation bound:

E (E{At(g% > O}At(yft—_f)f ‘ btaét—hét-ﬁ-l)
<E (R{At(ygé - étﬂb) > O}At(ygé +&-10)" | b, G-, ét—i—l)
< 207 € e = el

< 4moy (£ 41 +60).

Conversely, if y% + &_ 10 ¢ Be(ygo) or yl — (étb ¢ Be(yoﬁo) then Line (20) yields the following

conditional expectation bound:

B (A1) > 08 )™ | b, £e)
<E (A% +&-10) | bt7§t71,<§t+1)
< E (aj(y% +&-10) | b, &)
< [laflly% + &l

< el 2lySoll + &e-1m).
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For the last line, I suppose 0 is small enough to ensure that b; € Bs/o(f3) implies Iy || < 2Hy£OH
Now, define £ = 1{y% + & 1t € Bg(ygo)}]l{ygg - (étL € Bg(ygo)} With this, the previous two

results yield the following, for sufficiently large ¢ and small € and 9:

B (L{Ad(y ) > 0 Ay 5)7)
SE(E4moy (£ + & 1) +E((1 - ©)llal @[] + &-1m))
< 4moy B(£ foa + &)
+ 2y Pr(ud + €10 ¢ Be(y))
+ 2 olly% ] Pr(sd — & ¢ Be(vl)
+mE (1{yl + &-10 ¢ Be(y%)}éi-1)

Py = £ ¢ Byd) Bl1).

Note, I can separate é ¢+ and &_1 in the last term of the final expression because these variables
are independent of one another. And each of the terms in this final expression is either O(1/t) or
O(1/(n —t)), by the argument used at the end of Lemma 5.

Finally, the argument above yields an analogous bound for the expectation of the myopic regret’s

third term. 0
Corollary 5 Proof. Copy the proof of Corollary 4. O

Lemma 9 Proof. 1 will begin with a high-level plan of attack. The main idea of the proof is that

allocating (8 + &) units of inventory to the first ¢ periods leaves us with only (n —t)(8 — -¢€)

n—

units for the last n — ¢ periods, so by = 8 4+ £ must imply

Byl Bty
=AW (- A T ue )
= AS (21)

where Z?, A’t’, and gi’ and are equivalent to V,’ ,, A , and y2_,, but with the order of the

customers reversed. Accordingly, it follows that

Ry, > VP — AP = nAP(yf)y — AbP, (22)
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And the expression on the right should be large when b; meaningfully deviates from 3 since, in the

limit, we have
nAZ (y5) — A% > Ctmin([¢]*, 1), (23)

for some C' > 0, where!

__t __t
RE = tABFE(UPHE) 4 (n — )AL T (g ), (24)

Line (23) suggests that reserving ¢(5 + £) units of inventory for the first ¢ periods should sacrifice
Q(t) units of value when £ non-negligible. I will leverage this fact to show that R, is almost always
large when ||b; — 3 is non-negligible. And since E(R,,) is relatively small, by Theorem 1, it follows
that ||b; — (] is usually negligible.

Before delving into the details, I will provide a more thorough proof sketch. The proof will
have five steps. The first derives limiting bound (23), our only tool for establishing the cost of b;
diverging from . Now with (23), it’s relatively easy to lower bound the regret when b, = 8 + &,
for some specific £ that lies outside of a ball of the origin. But that’s not enough, as we must
lower bound this regret when b, = 8 + £, for any £ that lies outside of a ball of the origin. To
create such a uniform result, the second part of the proof bounds Af for all £ € R™ in terms of

_ ot
Ag, nyrC, and gf "*tc, for some given given ¢ € R™, and the third part uses this bound to show

B

- — kew”
that supg¢p ) Af is usually smaller than maxyecq_; 1y maxcpm) Ay “ , where € is a small positive

2y/me(0
number and {wf }ie[m] are the orthonormal eigenvectors of Ao (ygo)*l. Hence, the second and third
steps of the proof collapse the relevant domain of b, — 3 from the infinite set R™ \ By s7(0) to

the finite set {kewf | k € {—1,1} x j € [m]}. The fourth step of the proof uses our shadow price
8

convergence results to show that nAﬁ(yﬁ) — MaXpe(_1,1} MAX ] /_Xfauj is usually very large, and
the last step combines this with the previous results to establish that £ = b, — 8 must rarely fall
outside of By /.(0).

To begin the proof, note that Lemmas 1 and 2 imply that Ago(ygo) is concave in b, since
g—;Ago (y5,) = %ygo = Ay (y5,) ! is negative definite. This concavity implies that we can restrict
attention to small £ vectors since A%, decreases in the magnitude of £&. But, more importantly, the
concavity implies line (23), as I will now show.

Let ¢ € [m] denote the index of the largest element of &, so that either €& = |||, or —ei& =

€]l Since the minus sign doesn’t meaningfully affect the analysis, I will henceforth suppose
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1€ =1€]l.. =, in which case

AS < sup AS,. (25)

oo —

{CeR™ | e[¢=~}
The solution to this optimization problem satisfies the following first-order conditions for some

Lagrange multiplier A:

0 8@( EAPH (5 ) 4 (n — t)Afo_ﬁC(yfo_ﬁC) — Aei¢ - ’7))

B—r5¢
:t(ygoJrC — Yoo "' ) — Ae;.
Now we’ll use Lemma 2 to differentiate this with respect to ~:

0= 8@0} =0
= 2 (12— e

" 2. B——t ¢

- _ B+¢ n—t>y—=1) 9 -

= < tA oo (Yoo ) + n_tAOO(yoo ) )avc 137)\‘
nt

_ .. 5119
__n—tAOO(yOO) ﬂc_eza,y |

The last line holds because v = 0 implies ( = 0. Combining the e;{ = 7 constraint with the

expression above yields

n—t
nt

eéAOO(ygo)ei%)‘l,yzo = %eéd,y:o = 8@7 y=0

which implies that

—nt

(n — t)ejhoc (ybo)ei

%)\’720 -

Further, since A = 0 when v = 0, by the concavity of A% (y% ) in b, it follows that for sufficiently

small v we have

A< —nty .
2 — el Koo W e

By definition, our Lagrange multiplier also satisfies - Sup{CE]Rm | el¢=~} AS = A, which with the
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result above yields the following, for sufficiently small ~:

nAS (y5)—  sup  AS
{CeER™ | ej¢=n}
= —( sup /_Xgo - sup /_Xgo)
{¢eR™ | e¢=7} {¢eR™ | ;¢=0}

/ sup /_Xgodg
g=0 7 {¢CeR™ | ej¢=g}

fntg
RV
9=0 2(n — 75 Ao (Yso)€i

Mﬂ-ﬂ%Am@mki

t(liEl/vm)?
4max[}A()

Note, the first line above holds because the concavity of A% (y%) in b implies that nAgo(ygo) =
SUP{ceRrm | e/c=0} AS., and the last line holds because y = 1€l = €]l/+/m. Finally, combining the

result above with line (25) yields line (23).

t
Second, I will now bound the difference between A5 and Af in terms of yﬁ ¢ o tc

and g

which will enable us to invoke our shadow price convergence results. To this end, first note that

Since this linear program is concave in its constraints, J_Xg must be concave in £. Accordingly, the

A5 functlon lies below the hyperplane characterlzed by supergradient 9 Ac = tyﬁ e a (ﬁ +¢)+(n—
iy —a¢
D) TR 50 =t T,

A A <ule— O/ (i~ y! ),
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Third, I will use the preceding inequality to establish that

Pr sup AS < max maXA > 3/4, 27
(£¢BWE(> " ka1 jelm) ) / 0

for all sufficiently small ¢ > 0 and large ¢t. This bound is crucial, as it enables us to replace the
_ — kew?
infinite continuum of Af values for all £ ¢ B, .(0), with the largest of the 2m values of A, “ To

begin, note that Lemma 2 yields the following, for k£ € {—1,1} and small ¢ > 0:
yfj'kewl — yfo = —k‘ero(y )~ w’B +o(e) = —k:ewf/o'iﬁ + o(e).

Combining this with (26) yields the following, for ¢ < n/2:

A = A <o — ke (o - )
— € — hely (B — g, — T 8
(6 — ke (AT — g (e kY (y T gl
= M — kel Jol + 116 ~ kel l(ole) + O, (28)
where the last line holds because Hyf+6 - yoo+6w | and ||£t - yoﬁoiﬁewiﬂ are O,(t~1/?)

when ¢t < n/2, by Proposition 4.
Now, to derive (27) from (28), let ; = e’ wy, sothat &€ = > yiw; B andlet j = arg max; e, il
and k = sign(v;), so that kvy; > [|£||//m. Further, choose { ¢ By /., in which case € < ||§H/(2\/7n),

and hence

k(& — kew?Yw!] = kvy; — e > [|€]l/(2v/m)
and [|€ — kew!|| < 2/l¢]].

Finally, set e small enough so that the o(e) term in (28) is less than max;c, ¢/ (16\/ﬁaf ), and
choose t large enough so that the O,(t~1/2) term is less than max;e(m) €/ (16\/ﬁaiﬁ ), with at least

three-quarters probability. When this last event happens, the previous two inequalities and line
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(28) yield the following, for all £ ¢ B, /.(0):

kew? —nte

A - A

| /\

Héll/(?\fa )+ 2t[€] (o) + Op(t7172))

—t6|!£||/(2\/%aj) +2t]|€][(¢/ (16v/moy) + ¢/(16y/mo?))
—tel]l/(4v/ma?)
0.

ININ

IN

This establishes line (27).
Fourth, I will use (23) to show that

Pr (nA7i(yy) - max | max AN > n23) > 31 (29)
This expression implies that there is probably at least one combination of k € {—1,1} and j € [m]
for which allocating ¢(5 + k:ew? ) units of inventory to the first ¢ periods is very costly. And with
(27), this will imply that there’s a decent chance that allocating ¢(8 + £) units of inventory to the
first ¢ periods will be very costly, for any § ¢ By /m.(0).
To begin, a nasty series of triangle inequalities yields the following, for { = kewf :

__t_
A2 () — AS > nAL(y2) — AT (y2H) + (n — )AL

—n|AZ (y)) — A (y2)]

— t\Aﬂ+C( /5’+C) _ A5+C(yfo+<)!

B¢ B¢, B—75¢
SR N ]

- t\Af (98) — AL () — AT () H) + AL ()|

B— _t
At yn AB yn) A nitc

B—7t¢

(Yoo )

~(n— AT

B——¢ B——1=¢
' (ﬁt ' |-

(po 7T r AT

n—t

Each term on the right is bounded in probability: First, line (23) establishes that nAgo(ygo) -

_t ¢ gt
tAZTC (Y + (n — t)Afo "’tc(yﬁ "’tc) = Q(t). Second, since A2, is differentiable and since
Hyg —ygoH = 0,(n~%/2), by Proposition 4 we have n|A’B (yn) AL, (yoo)| = 0,(n"/?). Likewise,
t
AL () = A and (= DA% T () = AL T ) e 0,(11) and

Op((n — t)1/2), respectfully. Finally, Proposition 4 and Lemma 7 imply that the last two terms are
also O,(t"/2) and O,((n — t)*/?). Accordingly, we can set n large enough so that if n3/4 <t < n/2
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then there is at least a 75% chance that (i) the Q(t) term exceeds 2n?/3 and (ii) the sum of
the O,(n'/?), O,(t"/?), and O,((n — t)*/?) terms are no more than n?3, for all combinations of
ke {—1,1} and j € [m]. And this establishes (29).

Finally, combining (22), (27), and (29) yields the following, for sufficiently small €, sufficiently

large n, and n3lt <t < n/2:

Pr(R, > n?? | b, ¢ By me(B))

> Pr(nAj(y;) = A7 > 02 | by ¢ By ()
> Pr (nAg(yg) —  sup /_\f > n2/3)
BQ\/RE(O)
BB + hew? 2/3 ed — kew?
> Pr (nAj,(y,) — max maxA, ’ >n*" N sup  A; < max maxA, ')
ke{-1,1} je[m] ¢85 /e (0) ke{-1,1} j€[m]
~kew! - —kew!
> Pr (nAg(yg) — max max Af 7> n2/3) + Pr( sup Af < max max Af J) -1
ke{—1,1} je[m] ¢ By /e (0) ke{-1,1} j€[m]
>3/4+3/4-1
—1/2.
Finally, since E(R,) = O(logn), by Theorem 1 and line (33), the result above implies
O(logn) = E(R,)
> n*P Pr(by & By, jme(B)) Pr(Bn = 0% | by & By jc(B))
> n*3Pr(by ¢ By e (8))/2.
And this implies the result. O

b _ bt
Lemma 10 Proof. First, note that 7% = 1 implies b;_1 = 9" (a;), and hence vf}jl(at) = Vﬁtl (ar)
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Ri_1. Also, 7% = 1 implies tb; > a;, which with lines (5) and (6) yield

Ry =Vt — ol
= max zu + Vtwtl (meae) _ oy, — vft l(at)
CCtE[O 1]

— b A
= max (ry — 1)u + Vtwt1 (wear) V;ﬁtlt(at) + R
JZtE[O 1]

> max (20— Dur + (1 — o)y’ O + Rey

z¢€[0,1]

(aéyip 1( - Ut)+ + Rt—l

= Ay 1( N+ Rt

Analogously, if 7% = 0 and tb; > a; then lines (5) and (7) yield

~

R, >At(yt 1( ))+ + Ry 1.
Further, we always trivially have
R; >R .

Now choose § > 0 small enough to ensure that §¢ < 3, where ¢ is a vector of ones. In this case,
by € Bs/o(B) implies tby > a; for t > 2[|a||/d, which with our previous three inequalities inductively
yields the result. O

Lemma 11 Proof. 1 will show that there exists C' > 0 that satisfies

inf B (rl Ay ) + (1 — m) AN > Cmal /(28), (30)
beBs/2(B)

for all sufficiently large ¢t. Combining this result with Lemma 9 yields the desired result:

B(r) = B (1{b1 € Baya(B)H( Au(yl ) + (1 — ) Ay, 0) )
= B (L{b € Bsp(B)} E (m Ay ") ™ + (1 - nD) Ay ) )], _,)

Pr(b; € B inf B (w2 Ayl ) 4+ (1 — m)A ()t
(b € 5/2(5))1)6];?/ ) (Wt (Yt )+ ( Wt) (yt— ) )
2

> (1 —n"Y2Cmo? /(2),
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b 0)),

where the second line holds because b; is independent of the random mapping b — W?At(yz/}_t§

b
(1-— Wf)At(yf)_tgat))*, and the last line holds because t satisfies n3/4 <t < n/2.

+

Let me briefly outline how we will establish line (30). First, Lemma 2 implies that there’s a
O(1) chance that we underestimate the shadow price by at least 4./4/t. T use this fact to establish

that there exists some constant C' > 0 that satisfies the following for sufficiently large ¢:

E (1 — a2)A () )
> O (1 - 7)) (1{A (W — 1/VE) > 0} — H{A +1/VD) > 0})ala/ V).

This lower bound looks nasty, but it’s almost exactly in the form we need to apply our one remaining

tool: Assumption 6. However, before applying this assumption, I must eliminate the pesky 1 — 72

P2 (0)y —
S

term. Fortunately, E (wat(y honors the same bound, except with 7? replacing 1—7?, which
means that E (wat(yﬁ)go))_ +(1 —W,{,’)At(yﬁ)ia))‘*') has a corresponding 7?-free bound, which makes
it amenable to Assumption 6. Finally, the last part of the proof combines this assumption with the
fundamental theorem of calculus and Lemma 1 to express this expectation as an integral over As.

To begin the proof, let ¢ be large enough so that b € Bj/y(8) implies 9 (at) € Bs(53). In this

case Lemma 2 establishes that there exists C' > 0 that satisfies the following, for all b € Bs/(f):

b(ay bla
Pr (Ve — gy 44 < 1)

>Pr( sup [VE(yi —yl) + 4l < 1)
beBs(6)

=Pr( sup |VE(yl_i—yl)+4 <1)
beB;s(B)

> (.

b b
Furthermore, H\/i(yzbjgat) - yg}é (at)) + 4¢|| < 1 implies the following, when ¢t is large:
b b b b
yerd™ — by =(uri™ — i) + R —4b)
< =3u/Vt+ Vi
= —2/V1,

b
where the second line follows because Hyé@ (ae) _ y2 || = o(1/v/t), by Assumption 4 and Lemma 2.
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Now combining the previous two results yields the following, for b € Bs/5(8) and ¢ large:

b at
E ((1 - ) Ay, "))
b at b at
> B (L{IVE(y ™ -y ) + a0 < 131 - 7)) Au(wh, - 20/vD)")

> CE (1 - 7)) Ak — 2/VD)*)

> CE (1 - n)L{A( — o/VE) = 0} Ayl — 20/VD)")

> CE (1 - ) L{A (v — 1/VE) > 0}aju/ V)

> CE (1) (A — 1/VE) > 0} — L{A(, + 1/VE) > 0})ae/ V).

b
Note, the third line above holds because y;p_igat) is independent of A; and 7, and the fifth line holds
because Ay(y,—¢/+/t) > 0implies u; > ajy’, —ajr/+/t and hence implies Ay (y2, —2¢/v)T > aju/ V1.
Next, an analogous argument implies that we can set C' small enough to satisfy the following,

for b € B;/p(B) and large t:

E (r? Ay "))
> CE (7 (1{A(yl — ¢/VE) > 0} — L{A(2 + ¢/VE) > 0})aji/V1).

Finally, adding our two bounds establishes line (30):

B (2 Ayt ) + (1= 2 A ) | b e Bsjn(8))
= OB ((1{Auyh — o/ (2VD) > 0} — 1{Au(yh, + 1/ (2V)) > 0})al/ Vi)

1
=C/Vt X V a E (1{A1(y% — v¢/(2V1)) > 0}ay)dy

—opi [ Rl — Vi (VD

y=-1

> C/Vt 1 VioB [ (4v/t)dry

y=-1
> Cmab /(2t).

The penultimate line above holds because the smallest singular value of A (y%, —~t/v/1) is at least
half of the smallest singular value of Ao (yfo), when b is near 8 and ¢ is large. O
Lemma 1. (y} —y)'Al(y) <0 for allt € N, b € RT, and y € R™".

Proof. Since AY is a subgradient, it satisfies A2(y?) — Al(y) > (y? — y)’Ab(y). And since Al(y?) <
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Ab(y), this yields the result. O

Lemma 2. For ally € R™ and € > 0 there exist 6, C > 0 such that Pr(supye g, () IVEy? — o) — |l <
€) > C for all sufficiently large t.

Proof. 1 will begin with a brief proof sketch. Our primary tool for positioning 3! is is Lemma 3,
which maintains that y? will be close to y2 + /v for all b € Bs(8) if Ab(yS, + (v + nkw?)/ﬁ) is
close to nka?w?, forallb € Bs(B), j € [m], and k € {—1,1}. And with a few triangle inequalities and
some basic calculus, I show that this condition holds when \/E(Af (y)— A%, (y)) is near Ao, (y&)y for
all y in the v-ball of ygo, for some v > 0. Finally, I use Lemma 8 to show that there’s an ©(1) chance
of this happening. This lemma maintains that the mapping (j,y) — \/fe;(Af (y) —A’go(y)) converges
to a Gaussian process whose mean is near A, (yoﬂo)'y when we condition on \/E(At’g (y&) - A’go(ygo))
being near Ao (ygo)'y

Now, I will begin the proof in earnest. Lemmas 1 and 2 imply that we can choose § small enough
so that 0% < 201’8 and 0% > o, /2 >0 for all b € B5(8). And these lemmas also imply that we can
choose t large enough to ensure that y2 + (y + nkw?) /V/t > 0 for a given n > 0 and all j € [m)],
k€ {-1,1}, and b € Bs(8). With this, Lemma 3 indicates that supcp, g IVEy? —yo) — Al < e
if

Jup s, max IVEAL (45 + (v + nke?) /VE) — nkalwl|| < &, (31)

where n = €/(1 + 8\/7nalﬁ /J,Bn) and K = na,’%/ (4y/m). Further, this inequality holds when the
following inequalities hold for all b € Bs(8), j € [m], and k € {—1,1}:

IVEAY (8 + (v + k) /1) — AL (18 + (7 + nkw) /VE)) + R (42 )0] < 0/3, (32
IVEA (3 + (v + mkw?) /VE) — Ao (ybe)y — mkalw?| < k/3,  (33)

and  [|As(y3)7y — Ao (Yl < K/3. (34)

Lines (32)-(34) imply line (31) by the triangle inequality, and by the fact that Al(y) — Ab_(y) is
independent of b, which enables me to change the superscripts in line (32) from b to §. I will now
show that there’s a non-negligible chance that these inequalities hold universally across b, j, and k
in their respective domains.

First, since Bs(f) is compact and Ay (yl) is continuous in b, by Lemmas 1 and 2, it follows

that we can set J small enough to make inequality (34) hold universally.
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Second, since A% (y2,) = 0 and A, is locally continuous near v, the mean value theorem

indicates that there exists £fjk € (0,1) for which

VAL (g5 + (v + nka?) /V1)
= VAL (05 + (v + nkw}) /VE) — AL (15))
= Ao (Who + &0k (v + nhe?) /VE) (v + )
= Ao (W8 )y + mkotw? + (v + mkw?),
where (7 = Roo (B + &j1.(v + nkw?) /VE) = Aco(y2.)-

And the continuity of Ay implies that we can set § small enough so that

b b
sup max max ||(ip(y +nkws)| < K/3,
i max ma 1+ k)] < 5/
for all sufficiently large t. Hence, inequality (33) will hold universally for all sufficiently large ¢ and
small 4.
Finally, T will show that for all sufficiently large ¢ the probability that inequality (32) holds
universally across b € Bs(f), j € [m], and k € {—1,1} exceeds some C' > 0. Since y, and w? are

continuous in b, by Lemmas 1 and 2, it will suffice to show that there exist v > 0 such that

liminfPr( sup  IVAAL () — AL () + Ao W) < #/3) > 0.
> yeB, (y%)

I will prove this inequality with Lemma 8, which with proposition 3.13 of Eaton (1983) implies that
conditional on (; = \/E(Af(ygo) — AL (ygo)), the random map (j,y) — \/Ee; (Af (y)— Ago(y)) weakly
converges to a Gaussian process with domain [m] X B,,(ygo), mean function p&, and covariance

function =, where

5 () = €y, y2) 2, ) 7 ¢,
2550 9) = €y, D)e; — €5y, vL)QYE, v2) YL, De;,
and  Q(y,7) = E(1{A1(y) > 0}1{A1(7) > 0}ayra}) — E(1{A1(y) > 0}a1) E(1{A1(7) > 0}a)).

Since E is independent of (;, the random map (j,y) — \/fe;(Af(y) - A'go(y)) - e;-,o? (y) is assymp-
totically independent of ¢;, and hence assymptotically independent of the random map y — p%(y).
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Accordingly, for sufficiently large ¢, we have

Pr( - sup  [VEAT () — AL (9) + Rao(w)] < /3)

yEB,(y%)
>Pr( sup VAR () - AL®) — o @) < K/6
yEB,(¥%)
nosw o) — Aoyl < #/6)
yEBy(y5,)
> pip; /2,
where pf =Pr( sup [[VEAT(y) — AL(y)) — ()] < K/6)
y€B, (y5%)
and pf =Pr( sup [p(y) — Asc(y2 )Vl < K/6).
yeB, (y%)

I will now lower bound probability p?. It is straightforward to confirm that ||¢; — p% (y)|| =
O(ly = y%INO(|¢|), which implies that we can choose v small enough so that [|¢; — Aso(y5)7]| <
/12 implies ||& — p%(y)| < w/12 for all y € B,,(yo’go). This, in turn, implies that

pE = Pr ()G = Raollrl <612 0 sup (G = % ()] < 1/12)
yeBu(ygo)

=Pr (”Ct - Aoo(ygo)’YH < ’@/12)'

Finally, the limit inferior of this last probability is strictly positive, as t — oo, because (; converges
to a multivariate normal with a full-rank covariance matrix, by Lemma 8.

I will now lower bound probability pt. First, [¢; — p%#)| = O(ly — y5])O(|¢]) implies that
for a given M > 0 we can set v small enough so that ||¢;|| < M implies || — p (y)|| < #/12 for all
Yy € B,,(ygo). And since (; converges to a multivariate normal, we can choose M large enough so

that the last equality below holds for all sufficiently large ¢:

Pr( sup  [VEAL(y) = ALw) — o (v)] < /6)

yeB, (¥%)

>Pr( sup  [VEAJ () - AL () -Gl <w/12 0 sup  [lG— oS (y)ll < K/12)
yeB, (y5,) yEB, (v5)

>Pr( sup  [VHAL(y) — AL (y) — Gl < w/12 N |G < M)
yeBL(y%)

>Pr( sup VAL (y) — AL (y) - Gl < #/12) /2.
yeB, (y5)
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Further, Lemma 6 implies that we can set v small enough so that the last inequality in the expression

below holds:

Pr( sup [VEHA](y) — A () — Gl > k/12)

yEB, (y5%)
. . 2
=Pr( sup VA (y) — AL W) — Gl > #*/144)
YEBL (y5)
. . )
<E( swp VIR (v) - AL () — GI)/(57/144)
yEBy (y5)
<1/2.
Accordingly, we can set v small enough so that p} > 1/4 for all sufficiently large . O

Lemma 3. If b is close enough to 3 to ensure that {wf}ie[m} and {Uf}ie[m} exist, and if y € RT,
and n > 0 satisfy y + nkw;? > 0 and |AY(y + nkrw?) - nka?w?H < nob /(2y/m) for all j € [m] and

Proof. Combining Lemma 1 with the hypotheses of the current lemma implies the following;:

0> (y —y — nkw} )/Ab(y + T}kzw )
= (yf —y — nkw)) nkojw; + (/) —y — nkwy)' (A (y + nkw)) — nkafw))
> ko (f —y)'s] - 2k2cf”w‘”wb = llge =y = ke NIAY(y + nkw)) — nkojef|

> nkob, (4 — y)'wh = n*ob — (I} — yll + n)nob,/(2v/m).

b

And since w9, -+ ,w;, are orthonormal, there must be at least one j € [m] and one k € {—1,1} for

A
which k(y? — y)’wé? > |ly? — yll/v/m. And thus, we must have

0> ol lly? — yll/vm — 0?0 — (ly? — yll +n)nod./(2vm).

Finally, rearranging the terms yields the result. O

Lemma 4. There exists € > 0 such that if 4,5 € Be(y5) then E(1{A1(y) > 0}A(§)") <
20715 — ylI*.

Proof. T will first consider the case in which § > y. To begin, note that 1{A;(y + dy) > 0} #
1{A1(y) > 0} implies that u; = a/(y + O(dy)), in which case A1(y)” = a} (g — y + O(dy)). And
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with this, Assumption 6 and Lemma 1 imply the following, for y near yo’Bo:

E ((1{A1(y +dy) > 0} — 1{A1(y) > 0})A1(7)7)
E ((1{A1(y + dy) > 0} — 1{A1(y) > 0})ar)'(5 — y + O(dy))
= (£ E(L{A1(y) > 0}ar)dy + o(dy))'(7 — y + O(dy))
= (5 — v)' 5 E(1{A1(y) > 0}a1)dy + o(dy)
= (y — 9)'Ay)dy + o(dy).

Accordingly, for y near y2 we have % E(1{A1(y) > 0}A1(7)7) = (y — 9)'A(y). And thus, for y

and g sufficiently close to ygo we have

E(1{A1(y) > 0}A1(y)")
— B(1{A1(y) > 0}A1 (7)) — B{AL(F) > 0}A1(7)")
/ ZEU{ALG +y(y — ) > 0}AL(H) ) dy
:
~ [ w0k - ) - )y
Y
| 2oty gl
=0

=207 |ly — g%,

where the penultimate line holds because the largest singular value of A(§ + y(y — 7)) is smaller
than twice the largest singular value of ygo, when y and 7 are sufficiently close to ygo, by Lemma 1.

Now we can use what we’ve just established to prove the § # y case, since

E(1{A1(y) > 0}A(y)7)
< E(1{A(y) > 0}A1 (G Vy)")
<207y — 5 Vy|*

<207 |ly — gl|*

O]

Lemma 5. There exists C > 0 such that E (SuPbe]RT SUpy R AL (y) — Ago(y)Hz) < C/t for all
tcN.
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Proof. 1 will show that the conditions of van der Vaart and Wellner’s (1996) theorems 2.14.2 and
2.14.5 are satisfied. First, to translate the problem into van der Vaart and Wellner’s format, note

that

t

(AN (y) — AL () = D> N(us, a5)/t — BN (u1, 1)),

s=1

The )\g functions lie under an upper envelope—since |>\?(u1, a1)| < ||a|[—and so it will suffice to
show that van der Vaart and Wellner’s (1996) bracketing integral is finite for the set {)‘g}yERT jelm]-

To streamline the argument, I will suppose that a; > 0, almost surely, and that the conditional
distribution of u; given a; is characterized by density function f, which is bounded by some M € N.
These assumptions are not necessary, but the argument is messy without them.

For a given v > 0, define m-dimensional grid G = 7™, where v = v/(M||a|}). Next, let
{(y) = max{g € G | g < y} represent the largest gridpoint that’s weakly less than y € R’ and let
h(y) = min{g € G | g > {(y)} represent the smallest gridpoint that’s strictly larger than ¢(y), so
that h(y) — £(y) = vy¢. Finally, define U = F, 1(1 —v/(2|al)), A= F,; ' (v/(2||a])), and Y = U/A,
where F), is the CDF of u; and F, is the CDF of the smallest element of a; (which we’ve assumed
to be larger than zero).

I will now show that the pair (1{|y||., < Y}/\?(y), )\j(y/\y)) is a v-bracket that contains \Y. First,
if ||yl <Y then

B (O (unan) = Wyl < VIV (0,00))) 2

< |lal|Pr (u1 € (U(y) a1, (y) a1 + va1])
< allE <P1“ (u1 € (£(y)'ar, £(y) a1 +]elly] | al))
< yM|al?

= V.
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Next, if ey > Y then

E ((/\ﬁ(y/\Y)(uhal) — 1|yl < Y})\?@)(ul, al))2)1/2
< ||| Pr (u1 > a’(y A Y))
< |la|| Pr(u; > Yaje;)
< ||OLH(PI'(CL,1€Z' < A) +Pr(uy > YA))

<.

Finally, the set {(1{[y],, < Y}/\?(y),)\f(yAY))}yeRT has N, = (|Y/v] +1)™ elements. Note
that E(u1) < oo implies U < 2||a /v, for all sufficiently small v. Hence, for small enough v
we have N, < ([2]al/(yvA)| + )™ < ([2]a|?M/(¥?A)| + 1)™ < C/v*™, which implies that
fylzo Viog Ny dv < oo. O

Lemma 6. For alld > 0 there exist € > 0 such that E (supyeBE(yg ) AL (y) — AL (y) — Aff’(yfo) + Aléo(ygo)”2) <
d/t for allt € N.

Proof. The proof is similar to the proof of Lemma 5, except with
A (u1,a1) = (1{A1(y) > 0} — 1{A1(y%) > 0})ejar.

Modifying the proof of Lemma 5 establishes that the bracketing integral of {)\?}y €B. (42 jem] is

uniformly bounded in € € [0, 1]. Further, /\? is bounded by envelope function j\g, where

M (ur,a1) = (1{A1(y) > 0} = 1{A1(7) > 0})eja,
Y=Y A5,

and gjzy\/yﬂ

oo

I will now show that the second moment of this envelope can be made arbitrarily small. First,
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Assumption 6 and Lemma 1 yield the following:

E(N(u1,a1)?) = B ((1{A1(y) > 0} — 1{A(7) > 0})(jar)?)
< lallef E ((1{A1(y) > 0} — 1{A1(7) > 0})ar)

1
~ lal; [ ER (A=) > D)y

1 .
= —lolé; [ Anli+rtu— Db

= —|lallefA (@ + 3y — )y — 1),

for some 7 € [0,1]. And since we constrain y € Be(y%), it follows that Aoo(G+3(y—7)) — Ao (y2)
and (y — ) — 0 as € = 0. Accordingly, E(;\?(ul, a1)?) — 0 as € — 0, which with theorems 2.14.2
and 2.14.5 of van der Vaart and Wellner (1996) establishes the result. O

Lemma 7. For any compact 0 C R, there exists C' > 0 such that
— — 2 -
E (supy geq [A2(y) — A% (y) — AY(9) + A% (9)]) < C/t for allt € N, b,b € RY.

Proof. Like in the proofs of Lemmas 5 and 6, I will use theorems 2.14.2 and 2.14.5 of van der Vaart
and Wellner’s (1996). As before, I will cast the problem as an empirical process with a new set of

functions:

t

A(y) = A (y) — AP@) + Al (@) = Y No(us, a0)/t — BN (ur, a1)),
s=1

where )\g(ul,al) = (u1 — a/ﬂ/)+ — (uy — a&@)Jr-

Note that [AJ(u1,a1)| < ||ef|diam(Q) < co. Accordingly, it will suffice to show that the bracketing
integral of {\{},eq geq is finite.

To bound this bracketing integral, define m-dimensional grid G = vZ™, where v = v/(4]|/||¢]])-
Next, let £(y) = max{g € G | g < y} represent the largest gridpoint that’s weakly less than y € R’
and let h(y) = min{g € G | g > ¢(y)} represent the smallest gridpoint that’s strictly larger than
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{(y). By design, we have
Xl = A0 < (= a(y — )T = (= a5+ y0)) T
— (ur —ai(y + )" + (w1 —ay(F— 7)) "
< dy|allf]

= V.

Accordingly, the pair (/\fl((?), )\?((yg))) is a v-bracket that contains A} Finally, there are only O(v*™)

such brackets; hence, the bracketing integral is finite. O

Lemma 8. For all sufficiently small e > 0, the random mapping (j,y) — \/ie;(Af(y) — A% (), with
j € [m] and y € R, weakly converges, as t — oo, to a mean-zero Gaussian process with domain
[m] x R and covariance function X5 (y, 7) = €} E(1{A1(y) > 0}1{A1(g) > 0}ara}) —E(1{A(y) >
0}a1) E(1{A1(y) > 0}aj)e;.

Proof. This is a direct application of theorem 2.3 of Kosorok, a classical empirical processes result.

The proof of Lemma 5 establishes that the corresponding bracketing integral is finite. O
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