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Appendix

A. Proof of Result in Section 2

A.1. Proof of Lemma 21

We first provide the following technical result to help derive Lemma 2.

LEMMA A.1. Let (z*,7*) € R* x R be a saddle point to the following convex optimization problem

min {f(x) | g(x) <0}, (A.1)
where f and g;, i=1,...,m are closed proper convexr functions and X CR"™ is a nonempty closed

convex set. Then, it holds for all x € X that

f(@) = (@) = =[]

Proof: The arguments here essentially follow from the proof to (Lan_and Maonteird 2013, Corollary

’9(5’3)+H

2). Consider the following Lagrangian function associated with (A):
L(zv) = f(x)+7"g(x), V(z,7)eX xR}
Since (z*,7*) is a saddle point, we have that
L(z*3y) < L(2"7") = f(&") < L(z377), V(z,7) € X xRY.
For any given z € X, the above inequality implies that
f(@)=L(x;7%) —g(2) "y > L(x*577) —g(x) v = f(a") — g(x) 7"
Since (g(z)y+ —g(x)) "y* >0, we further have that
F@) > 1) — (0())T7 > 1) — e (@) ).

This completes the proof. [

Now we are ready to prove Lemma P
Proof of Lemma Z1: Recall that (z*,y*,v*, \*) is a saddle point to problem (21). Then, by using

(22), we observe that (z*,~*) is saddle point to the following convex optimization problem
. . <0l
min { F(z,y") | H(x) <0}
Hence, by using Lemma B, we have

F(z,y") = F(«",y") =2 =77

|H(z)4||, VweX.
Similarly, it holds that

—F(z%,y)+ F(«",y") = =[]\

|G(y)+H7 vyey

The desired result is obtained by combining the two inequalities above. [
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B. Proof of Results in Section B

We first present a three-point lemma, which is frequently used throughout our analysis.

LEMMA B.1 (Lemma 3.8 of Lan (2020)). Let Y be a given closed conver set and V be some
Bregman distance, and assume function ¢ is p-strongly conver such that ¢(y) — o (y) — &' (§) " (y—1y) >
wV (y,y) for ally,y' €Y. For given m, if y € argminyey{wTy +o(y)+7V(y,y)}, then

(G—y) 7+ 6(5) — o) <TV(5,y) — (T+ )V (G,y) —7V(5,5), VyeY.

B.1. Lemma and Its Proof

We provide the following result to resolve the complex structure and facilitate our analysis.

LEMMA B.2. Let {6} ;" be a sequence of random variables. Suppose d, is conditionally mean-zero
such that E[d; | 0,01, ,0:—1] =0 for all t > 1. For any w such that E[||7||*] < +o0, it holds that:
(a) Suppose E|||0:]|%| do, 01, ,5,5_1} <o?, then

E[i 78] < VNE[||x|[]o.

(b) Let >0 be a positive number, then

N—-1
E[zm] B+ 3 o il

(c) Let {m;},{p:} be two positive sequences such that T + p; > Ty11, then

N-1 . " N—1 o No1
B[S wTa < (5 + 22 5 B+ 3 o Bl

Proof: Part (a) comes from Lemma 2 of Zhang and Lan (2020), part (b) can be derived by similar
ideas with 7 > 0 been kept as a generic value, and part (c) is a generalization of part (b). Here we
present the proof of part (c¢), and part b) can be derived from part c) by setting 7, =7 and p; = 0.
Part (c): We define an auxiliary sequence {m;} by

0 ift=0,

Ty =

argming —8,_ @+ “2||my — 7|2+ 2 |lmo — 7|7 if ¢t > 1.
We can see that m, is conditionally independent of d,. By using the three-point lemma B, we have
for all t > 0 that for any ,

Ty + Pt
2

T; T
—~(mipa =)0, < lme = 7ll? = Fll e = | = T i = )2 = Bl — 0|12+ £ o — w2,
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which further implies that
T + Pt
2

= Blimes = moll?+ Ellimo = >+ (s = ) T

T; T;
—(m —7) "0, < §t||77t — | — §t||77t+1 —m|* — |71 — ]|?

2 T+ Pt
s

where the last inequality holds by the fact that (7,1 —m;) "6, <

T, 1
< fim— Imes =l = G llwees = mol* + Gllmo —l* + 5]

27_tH5,H2 TtH7rt+1—7TtH2. By summing
the above inequality over t=0,1,---,N —1 and noting that mo =0, 7 + py > 11, We arrive at
- S . P i
o ¢ t+1 —
D o< dlmt (5+> 2wl + Z 1P + z AT

0

< Za% n (% + %) 2 + Z H&HQ

t=0

H

T

Since E[r, 0, | 80,01, -+ ,0;_1] =0, we take expectations on both sides and conclude that
N-1 N-1 N—-1 1
B[ no] < (3+ 3 2Bl + Y 5Ellal?):
t=0 t=0 =0 <7t
This completes the proof. |

B.2. Proof of Lemma B.1

Proof: For any (z,y,,7) € X x Y xR,,, XxR,,,, we split the gap function Q(z:11,2) in the following

manner:
L(Te41,Y,7 Aes1) = LT, Yer1, Y1, A)
= F(zi41,9) +7 H(z1) = AN GY) = F(2,ye0) =75 H (2) + 2T G(yes)
=F(zi1,y) — F(20,y) + F(z,y) — Fag,y) + Fagy) — F2,y) + F(2,y) — F(2, Y1)
+y H(z41) = M G(y) = v H(z) + TGy
< Cillzeir — 2l + Crllyers —will + Q5 +QyF

30?2 3C3 Q
F M 9 f K¢ 2 t+1 t+1
< 4 — — I — — -

o, + 6 |wip1 — xe|* + 2%, + 6 Yer1 —vell Q y

where

(B.1)

Q= Flae,ye) — Fz,y0) +9 " H(wen) — v/ H (),

QZH = F(xtvy) - F(xhyf) )‘tT+1G(y) + )‘TG(yt+1)a
and the first inequality holds since F' is Lipschitz continuous under Assumption EZ1. Since F'(e,y;) +
Y1 H (e) is a convex function, we have

Qy = F(x,y:) — F(x,y0) + vy (H () — H(x)) =yl H(20) + 9" H(2e11)

m1

< (VoP(@oy) + Y v VHi(20) (20— 2) +7TH(@epn) =7 H ).

i=1
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Similarly, by using the concavity of F(xz;,e) — [, ;G(e), we have

QZH =F(z,y) — F(2e,y:) — )‘tT+1 (G(y) - G(yt)) +ATG(yer) - )‘tT+1G(yt)

mo
< (VyF(UUta yt) - Z At+1,; VG (yt))T(y - yt) + /\TG(ytH) - )‘tTHG(yt)-

Jj=1

By substituting the above inequalities into (B-), and conducting a similar analysis for Q;“, we

conclude
L(@e11, Y575 A1) = LT, Y1, Vo1, A)
my
- = T
< (Vo F(z,y0) + Z’Vt+1,iVHi($t)) (ze — ) + 7" H (1) — v H ()
i=1
m2
- = T
+ (VyF(fUt, Yi) — Z At41,; VG (yt)) (v = y) + AT G(yea) — )‘;r+1G(?Jt)
j=1
3C7 n 302
+ 2777: + EtHle — x| + Tmf + éHyt+1 —uel?.
This completes the proof. [

B.3. Proof of Lemma
Proof: Recall the definitions of H and ALt in (B2), (B3), and (8=2). It holds that

mi
A;H = (VF(ﬁvtayt) + 27t+1,iVHi<$t))T(xt - JU) = Vxﬁ(xtayta’}’tﬂ)T(ﬂ?t - 37)

=1
= ad ad T
- VIL($t7yt7fyt+17wt17£t2)—r(xt+l - .’L') + (va:L(xt7yt7’Yt+17wt17€t2) - vwﬁ(xtayt77t+l)) (.’L’ - xt)
+%mL('wtayt>7t+17wt1?£t2)—r($t _$t+1)‘
(B.2)

By recalling the update rule (82) for z;,; and using the three-point Lemma Bl in Appendix Section
B, for all x € X, we have

Vo L@y e, b €) (@ =) < Doy =l = Lz = T lleca =2l (B3)

Meanwhile, it holds by simple calculations that

~ 3|V L(2, ye, ,wl €212 Ty — Typr||?
V;cL(xuZ/tv”)’t+17wtlvft2)T($t—$t+1)S H (@ y;;tﬂ A5l +?7tH : 6 251l
¢

Therefore, we have from (B2) that

_ ~ T
%vat —z|* - %”$t+l — 2|+ (VaL(@e, Y ve415 07, &) = Vo L@, Ye, Vo)) (2 —20)
+ 3”696L(xtvyt7’)/t+17wtlagt2)

2n;

AN %Hwt —zin]” <

3

(B.4)
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By summing (B4) over t =0,1,--- , K — 1, we see that for any z € X,
K—1
> (A8 Tllae —aen ') + 3w — al
t=0
K—1 oS
"o 2 BIVe L (e, ye, Yes1,wi, ED)°
<0 _ B.5
< Pleoalf+ 3 o (B.5)
K—1
= 1 ¢2 ~ T
+ (V.LL(xt7 Yty Ve4+1,Wy s ft) - vwﬁ(‘rh yhfyt-‘rl)) (CE - xt)‘
t=0
Next, we focus on the term A% and split it as
AT = v H (2e41) = v H ()
= (v =Yer1) "H () + " [H(zeg1) — H(zy)] (B.6)
= _h(fﬁt,ftl)T(%H -7+ (= 7t+1)T[H($t) — h(z, ffl)] JF'YT (H(xtﬂ) - H(xt)) .
R Ty R
First, consider At;fll, recall the update rule that
_ . T B 2
Ver1 = argmm{ — (@, &) v+l =l }
WERz_nl
By using the three-point Lemma BTl in Appendix Section B, we have for any v € R’'"* that
p
AL = —h(@, &) (e =) < 5 (I =71 = I = a2 = v =212). (BD)
Meanwhile, it holds that
T T
Aijrzl = (H(xt) - h(fUt»ftl)) (7 — V) + (H(ﬂft) - h(xtaftl)) (Ve — Ye41)
|H (@) = b, &)1 (B:8)

< (H(z) ~ (&) (=70 + + 20—l

2,

By the Lipschitz continuity of H and some simple computations, we have

AT < 1 H (@rsn) — H()|
MR, ey (B:9)
27775 6 t+1 tll -

Thus, it holds from (B), (B7), (B8) and (BY) that for any v € R,

SCullyIlllzess — ¢ <

K—-1 B ﬁ K—-1 T

ZNJW;OIIVK—VIIQS5°||%—7H2+Z (H(z) — h(z,&})) (v —7)

=0 o t=0 (B.10)
— (| H(x¢) = h(z, E)II | 3IVIPCR | me )

Summing (B3H) and (BR), we obtain the desired inequality and complete the proof. [
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B.4. Proof of Lemma 3.4
Recall the definition of U, in (BR):

3”635L($t,yt;'YtJrl)wtlaftQ)HQ
27715

Ut(mv'y) = (ewL(‘rt?yt?fyt-l-hwgath) - 6IL(*Thyt7'.)/t-"-l))T(x - xt) +

HH(xt) - h(xtagtl)HQ .
25,
We first note from the independence between %IL(mt,yt,%H,w},ﬁ) - %mﬁ(fnt,yt,%ﬂ) and z;
that

+ (H(z,) = h(z, &) (v =) +

E [(%IL(:CM Y, 7t+lawtlv ff) - 6acﬁ(ﬂft» yt»%ﬂ))Tﬂvt} =0 (B.11)

Meanwhile, for any = € X satistying E[||z||*] < 400, we know from Lemma B3 (b) that
K-1

iad T
(v:pL(xt’ yt)’yt+17wt1)€t2) - vx[’(xtu Y, 7t+1)) xi|

N

t=0
n K-1 1 » _
< ?OE[H:EHQ] + Z 27 [HVzL(mtayta’ytJrl?wtlvEtQ) - vm‘c(mtvyta/ytw%)“z]
i—o <Mt
b (B.12)
<%E[Hsz]+ EE[HW(%%WE)—VF(wt,yt)H“rH(Vh(:v,ﬁf)—VH(wt))%HHQ
t=0
n K-1 1
O
< S Ell«lP)+ ;(CﬁCQE[H%HH D,
t=0

where we use the facts that 1, = no, ||a + b||* < 2||a||* + 2]|b]|?, the independence between 7, and
Vh(z:, &) in the update of Algorithm [, Assumption P71 that JE[||Vf(:Et, Y, w; ) — VF(l't, ye)|I?] < C3,
and Assumption 272 that E[||[Vh(z,£2) — VH (,)||%] < C2 in the last inequality. Assumptions 20 and

also imply
E IV, L@,y o1, 0 €] <203 + 2C2E |y 2] (B.13)

Next, we focus on terms in U(z,7) involving 7. By using the independency between =, and

H(zy) — h(z4,&}) and Lemma B2 (a), we have for all v satisfying E[||y[|?] < +oc that
K-1

E[ Y (H(@) - b)) (= )] < VEE[Jo. (B.14)

t=0
Moreover, Assumption B2 implies that

E[|lH () — h(x:,&,)II*] < o3 (B.15)
Combining (BTT), (B12), (BI3), (B14) and (BI5) with the definition of Uy, we obtain the following
inequality
7 — 4 Ko}
[Z Uiz, ) <R[l + Y - (CF+ CiBllhuall) + VEE[r o+ 52
t=0

The desired inequality of V; follows in the similar way. [
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B.5. Proof of Proposition BT

We present a technical result from Lemma 2.8 of Booh ef al” (2023).

LEMMA B.3. Let {a:}i>0 be a nonnegative sequence and by,by >0 be two constants such that ag < b;.

Suppose for all K > 1, it holds that
K-1

aK§b1+b2Zat-

t=0

Then we have agx < b (1+by)% for all K > 1.

Proof of Proposition B1: By setting x = a*, y =vy*, v =" and A = \*, and using the minimax
relationship (272), we have

K-1 K-1
0< E[Z Q(2141,27)] :E[Z (E($t+1,y*77*,)\t+1) - £($*7yt+17%+17)\*))}7 K=1,...,N.
=0 t=0

Combining the above inequality with Theorem B, we have

5 1 . K . 1 .
"B [!h =P+ FElA = NP1+ SEll2” — 2k |*) + SElly" — ]
BO Koj  3K[y*[’Ch | mo R TR
< 2n Elllvo =[] + VKl *llow + 28, T o Tl gl
3KC? oy . . Koy | 3KINIPCE | ko Koy uio
+ Rz S o = NI+ VE X floy + 50+ =+ Sllye =y P+ 5 7
—1 4 K-1 4
+ (02 CRE[[lvi411%]) + E(C?+C§E[HM1HZ])-
t=0 t=0

By using the facts that ||a||? < 2[ja — b||* +2||b||?, we further obtain

B o
B Axl?) + Bl
B « " K
CE[f|Ax]?] + OE[H’VKII ]+Z°E[||xz<|| ]+ OE[HyKII ]
3 Ct Koj  3K|y*[PCh  m
< f 70 |2 Kl~* h LY |2 *|2
< S L D=y P+ VI o+ 55+ S By 0P+l )
3K02 a * * KUQ 3‘1:(”)\*||2CY2 K * *
+ L+ o =X IPHVEN o+ 2 + L+ lyo — y* |12 + solly* |1
2:"?/0 2 Oéo 2:‘{(/0 2
K1y 3 o
+y = o (C} + CRE[lvena 1) Z + CIE[ N1 IP]) + goH/\*HQJr fl!v*l!z-
t=0

By setting 8; = a; = 4\/> N = 4C \/> and k; = 402\/> and dividing V/N on both sides of the

above inequality, we further have

BlIA&l*] + Elllyx 7] < [IIAKH 1+ Elllve |’ + CRE[llzx [1*] + CoE[llyx [1*]

K- (B.17)
Z e IP]+E A7)
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where
sy ey YEII L Kop 3K * *
Ry o=t + 2o =P+ S o 284 (G5 4D+ 268l = P+ 4G
LLECy VE|X| | Ko? 3K
2||A )\*2 9 419 )\*2 202 o |2 402 *2.
ey T NI e g+ (e PN+ 2 e I+ 4G

Furthermore, let R be the constant defined in (BI3), we observe that Ry < R for t=1,2,--- /N — 1.
Therefore, by rearranging the terms within (BI7), we have

K-1

(1= ) (EDARI) + Bl 1) < R+ 3 (Elll?) +ElIA ).
t=1
For N > 2, the above inequality further implies
1 K—
B[+ Ellwl? < (1- %) Z( [l l2]+ EfIA )
2 — 7
<2R+ 5 3 (Bl + ElIx 1)

By using Lemma B3, setting a; = E[||A||?] + E[||7:]|*], b1 = 2R, and b, = 2, we conclude that

=

-1

2
EllAxlP]+E[vx I’ <2R ]| (1+

2 K-1 2
— . <
J )—2R(1+N) 2Re",

Il
-

where the last inequality uses the fact that 1 < K < N. Then, (BI7) further implies that
E[[AxlI”] +Elllvec|I”] + CRElllzx|I”] + CoE[llyx [I”] < (2¢* +1)R, V1<K <N.

This completes the proof. |

B.6. Proof of Theorem 3.3

Proof: Denote Ay = + Zil A, and yy = ~ ZL v We start by proving inequality (B=3). By using
Theorem B2 and setting v =0 and A =0, we have for any (z,y) € X x ) satisfying E[||z|]*] < +o0
and E[||y]|?] < +oc that

N N
1 1
N]E[; (E(iUtayaO’)\t) - E(:B,yu%ao))} = NE[;Q(Z}, (x,y,(),()))}
1 , 1103 , - . A
< (2R + sci 2ol +§+2C Ellzo — 2| + 2C3E|l2]1*))

1lC
b (ST 2ol + 22 +2C2E o~ yIF)+ 2C2E Iy ).
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Since L(z,y,7,\) is convex in z, A and concave in y,, we have

N Z ( (z6,9,0,A) ﬁ(%?/t;%ﬂ))

Zﬁ(a_jvavOa)‘N) _‘C(wagN?ﬁNao)
=F(zn,y) —G(y) " A — F(z,9x) — H(z) "5 > F(Zn,y) — F(z, ),
where the last inequality holds since G(y) Ay <0 and H(z) "4y < 0 for any feasible (z,%). Then we

conclude that

E[F(@y.y) ~ F(x,5v)|
1

< <2R62 + 16, L+ 9)1y1? + 2k +2C’2E[Hx — x|]?] + 2CFE]||z|? ]>
= VN gcp Il TR 0 (B.18)
1 110 2 2 2 2
+ 5 G #2100l + 5 +203Ellyo — o)+ 2G5l
Next, we derive the upper bounds for feasibility residuals. Let ¥ = (||v*||> + 1)#}\% and \ =

(Il + )IG(yizv) and consider the reference point (z*,y*,4, \), we obtain

[G(@IN)+]I
1 & N
N - <L($t,y*,§/,)\t) 7L($*ayta7t,)‘)>
Z‘C(_N’y*aﬁ/aj‘N)_ﬁ(x*7gN7:}/N75‘)
_F(— * = \Tx ATy * = T — \TY (Blg)
=F(zy,y" )+ H(Zn) Y= Gy") Av— |F(z",gn) + H(z") v — G(gn) A
> F(Zn,y") + H(@n) 5= F(a*,95) + G(gn) A
=F(@n,y") + (Il + D) HH (@x) 1l = F*,gn) + (1IN [l2 + 1) 1G(G8) 1 |2,

where the last equality follows from the facts that H(zy) H(Zn)y = ||[H(Zn).|? and
G(yn)"G(yn)+ = ||G(yn)+||3. Meanwhile, from the minimax relationship (222)

L(ZN,y" 7" A) 2 L(27, 977" A7) = L(2", 4w, 7" A),
it holds that
0< L(Zn,y", 7" A7) = L%, Y8, A7)
= F(Zn,y") + H(@n) 7" = F(a*,gn5) + G(gn) "N
< F(@w,y") + H(@n) 1y = Fla",gn) + Ggn) 1)
SF@n,y") + 7 1M H(@N)+ll2 = F(@", gn) + 1A [2[|G(Gn) + 12,

where the second inequality holds since v* > 0, H(Zy) < H(Zyn)4, and X\* > 0,G(yn) < G(Un)+-
Substituting (B20) into (B-TY) and then taking expectation, we have

N

B[H () 1]+ EIG @) ] < B[ 3 (£ay’ 500 — £ 9070 3) |

t=1

(B.20)
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Since ||| = [|A*]| + 1 and [|7]| = [|7*| + L, it holds from Theorem B2 that

E[llH (Zn)+ll2] + B G(@x) +[]2]
1

11C? 35 2
< = (2R 4 5+l + 5 (X414 (X |+ Dow+ G+ 207w — " +-2C7 o )
N 8C? 8 8
1 (11CF , 35, , . o2 , » .
+—m( sC: +4[Xoll* 4 (N + 12+ (X[ + Do + -2 +2CTflyo — v [P + 265 1y | )

where the last inequality follows from the fact that ||yo — (1> < 2|70 /12 + 2[1711% = 2]|70lI* +2(]|7v* || +1)?
and || Ao — A2 < 2| A2 + 2([|A*[| + 1),
Lastly, by setting (x,y) = (z*,y*) and combining the above inequality with (B-I8) and the lower
bound provided in Lemma E1l, we conclude that there exist two constants C;,Cy > 0 such that
C _ _ Co
<E|F(zy,y")— F(z", < .

This completes the proof. [

B.7. Proof of Corollary B.1

Proof: The first inequality can be easily obtained by combining Theorem BZ3 with the fact that
F(jva*(jN)) - F(Q:*(QN),@N) > F(jN,y*) - F($*’gN)a

and the second inequality can be derived by setting (z,y) = (z*(gn),y*(Zx)) in Theorem and
using the boundedness of X and . [

C. Proof of Results in Section &
C.1. Proof of Lemma A1
Proof: Recall the decompostion of AL in (B2). Under the update rule of x;,; in Algorithm B, for

any x € X, we obtain from the three-point lemma Bl that

H(‘rt)yt)fyt-l-lawtl)g?)T(xt—i-l - :1:)
N + P
2

< %th - x||2 - %H% - l’t+1||2 - | —a:||2 — %thﬂ —onZ + &Hw _ IL’0||2-

2
Similar to (B3), it holds for all x € X’ that

AL 4 By — e P < e — ]~

< = T

+ (VIL(:I"YH Yo, Ver1,wy 5 €7 ) — VL@, yr, ’Yt+1)) (x— )

3”61’[’(33157yt?’YtJrlvwg?th)HQ

+ .
2n,
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Summing the above inequality over t =0, 1, K —1 and noting that 7,41 <1y + py, we know that

K—1 . .

> (A + Flae o) + B ok — 2

t=0

7] K-1 p K-1 _ .

E—f— Et ||.I0*SC||2+Z (me(l’t?yt?’YtJrlvwgath)7vm[’(xt7yt7/7t+1)) (l’ xt) (Cl)

t=0 t=0

3 vxL ) ) ) 17 7 2
ST Lp ek 8
t=0 2,

Recall the decompostion of AL! in (Bf). From the update rule of 4 in (1), we know from
Lemma B that for all v € R,

Atﬁl = —h(z, &) (Yer1 — )

+T
< By T By By t
=5 H’Yt 'VH 9 H’Yt

—’Yt+1H2

-
Iesr =712 = Flves =l + 3l = ll*
Substituting the above inequality into (Bf), and using (B=) and (B4), we see that

B B+ T
Aiﬂgé”%—WHZ ' t||%+1—’YHQ—*||%+1—70”2+§t||7—%||2
T H(z x4, EN||?
+ (H(z¢) — h(2,€})) (’Y—%)JrH (z:) 25( a3l
t
3[[v[IPCh | n
+27mh ngtH—xtHQ-

Summing the above inequality over t =0, 1,

, K — 1 and noting that 8,1 < 8, + 7, we have that
K-1

Z (AtJrl * th+1 - wt”z)
=0

Bk
+ 7”’YK —|?

,60 K—-1 ™ K-—1 7 K-—1 T
< (G2 PP =0 Flhve =l + > (H (e €D) (v =) (C.2)
t=0 t=0 t=0
= H (@) = bz, &))<= 3I12C2
+ : —— I VYyeR}.
t=0 28, = 2

It then holds from (CT) and (C2) that

n Nk 5}(
Z (A?l +Af,+1 EtH:EtJrl —$tH2) + 7”551( _3’5”2 + 7”’71{ _7||2
t=0
K—1 K—1
w2, = swc
<(3+ §t)||xt —alP+ (5 + > 2t 7o = II* + Z H’Yt+1 —l*)  (C3)
t=0 t=0 t=0
K—

+ Z Ui(z,y), V(z,7)eX xR,
t=0

where U;(x,7) is defined in (BR).
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Next, we perform similar analysis for AJ*" and AlF! and obtain

K-1
K K «
S (AL + AL+ g — gl + S el + S Ak — AP

t=0
K-1 K—1 K—1 9 9
4 (2o v HAH ¢y v
EOJF j My —yll* + ?+ é Ao = AP+ > ( t||)\t+1_/\0|| ) (C4
t=0 t=0 t=0
K—1
+Z‘/t(y7)‘)7 V(y,)\)GyXRTQ
t=0

with V;(y,A) defined in (B00). Combining (C=3) and (IC4), we obtain the deried inequality and
complete the proof. [

C.2. Proof of Lemma

Proof: The proof here is quite similar to the one for Lemma B4 in Section B-4. Similar to (B2), for
all z € X satisfying E[||z|?] < 400, we know from Lemma B2 (c¢) that

K-1

E { Z (61L($t,yt7%+hwi7§?) - erﬁ(xtayta’yt—‘rl))—rw}

t=0

K K—-1
1 . ~
nO +Z pt H || + TmE[vaL(‘xtvyt77t+17w1517€t2) _vwﬁ(‘rt?yt?fyt'i‘l)uﬂ (05)
t=0
77 K p K—-1 1
0 +Z 5 Elllz]”) + oy (CF + Gl ).
t=0

The desired inequality of U, then follows from (C3), (B3), (B14) and (BIH) and the definition in
(BR). The inequality of V; can be proved in the same way. We thus complete the proof. |

C.3. Proof of Theorem @1

Proof: From Lemmas Bl and B4, by taking expectations and setting Ag = 0,79 = 0, we obtain that

K-1

n I} K «
E| Q(zt+1,z>+§ua:z<—x||2+§|m—v||2+§||yz<—y||2+7K||AK—AH2]
t=0
7] K— lp K- 1
0 t
<E[( 4 3 2 ey — o +al)] +E[ (2 + )u I*] + VEE(llon
t=0 t=0
K-1 K-1
4 4C7 o}
+E[ D ( _*)H’YtHH }JF ( Lot (C.6)
" =0 t=0 26
" ko K— o K-1
E[(% 2 o — } E[(— )} VEE[|A
+E|(§ Z ) lvo— ol +11”)| +E[ (5 +t20 )X )] + VEE(Allo,
K1 402 K- 1 2 2
E g }
+ ;( o ||%+1|| + 204t

t=0
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for all (z,y,7,A) € X x Y x R x R"? with bounded second moments. Meanwhile, it holds from
(E33) that

K-1 K-1

Mo P Bo 7 C}EK+ 1 I 1 _VK+2
o Pt _syK+2, 2 —ZhV2 T2 - -
2 + 2 + ’ 2 + Z 2 2 77t Kt 8 ’
=0 t=0 t=0 t=0 (C.7)
L _WERT =1 _2VERT 4Gk m o 4G w
o A B 092 7 t=0 7t B Cg , Uz 2= K¢ 2~
The desired inequality then follows by noting (23), and substituting (CZ7) into (C36). ]

C.4. Proof of Theorem

Proof: To establish the bound for the objective optimality gap, we set v =0 and A =0 in Theorem

B0 and adopt similar analysis as in Theorem BZ3 to obtain

E[F(jN’y) - F(x>gN)]

N-1
1
< NE{ ;_O (L(2111,9,0, M) — £(m7yt+177t+1a0)):|
N+1/0, Ug N+2 2 2 10? 2 2 11012”
E[||z - L RE[||y - )
< T (B )+ L (sl ol el S5+ Sl sl + Iyl

for all (z,y) € X x Y with bounded second moments.
For the bound of feasibility residuals, we choose 7 = (||v*]l2 + )”H(;ﬁ and X = (||\*]|2 +

1) Glon)+ Again by adopting a similar analysis to Theorem BZ3, we have from Theorem B that

I1G(GN)+1I2

E[H (@) ¢ll2] + E[IG(5x) 1 l2]

1
t=0

1 — -
< NE[ (L(zip1, 5%, A1) = L&, Yerrs Ve, /\))]

VN+211C3 0 1102 - 1 s < VN+1/0} o)
< g 2 h g

2

1C? 11C
f * 2 * |2 f
+ o+ 8l ol + 8y 1P+ 5L )-

N+2

TN

(82" = woll* + 8"

Noting that [|7]| = ||v*|| + 1 and |[A|| = |A*|| + 1, we arrive at the desired inequality.
The above two inequalities, together with Lemma P, imply that there exist constants Cy,Cy >0

such that

This completes the proof. [

2



Yang, Li, Lan Data-Driven Minimaz Optimization with Ezpectation Constraints

48
Empirical Objective Convergence s Empirical Objective Log-Convergence
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Figure 7  Empirical convergence rate of the objective gap F(On,p*) — F(0",pn) for the robust optimal pricing
under the normal design.
Empirical Feasibility Residual Convergence E;mpirical Feasibility Residual Log-Convergence
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Figure 8 Empirical convergence rate of the feasibility residual ||H(6n)+]|2 for robust optimal pricing Normal

Design.

D. Additional Numerical Results

Here, we conduct additional numerical experiments® for the robust optimal pricing problem in Sec-
tion B2, Specifically, we consider two settings where the features §; are generated using normal and
student distributions in the following way.
« Normal Design: For each i =1,---,m, each entry of the feature 5, € R? is independently gener-
ated from a normal distribution that §; ; ~N(2,0.5) for j=1,--- ,d. Each entry of the feature

s € R? in the objective is also independently generated under normal distribution A(2,0.5).

! Codes and data are available at https://github.com/MatOpt/DATA DRIVEN MINIMAX.


https://github.com/MatOpt/DATA_DRIVEN_MINIMAX
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Empirical Objective Convergence Empirical Objective Log-Convergence
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Figure 9  Empirical convergence rate of the objective gap F(On,p*) — F(0,pn) for the robust optimal pricing
under the Student design.

e Student Design: For each i =1,---,m, each entry of the feature 3; € R? is independently gener-
ated through §; ; =2 +v;, where v; follows a heavy-tailed Student distribution ¢,. Each entry of
the feature s € R? in the objective is also generated under Student distribution similarly.

The rest parts of the simulation environment are set the same as the uniform setting in Section b=2.
To solve these problems, we run Algorithms I and B for 100 independent simulations, with the total
number of iterations and stepsizes being the same as in Section 2. We report the numerical results
for normal setup in Figures @ and B, and report the result for the student setup in Figures 8 and 00.

From these experiments, we observe that our Basic-CSPD and Adp-CSPD algorithms can effi-
ciently solve the robust optimal pricing problem under various distribution settings. In addition, both
the objective gap and feasibility residual converge to zero at the rate of O(1/ VN ), matching our

theoretical convergence rate claims.
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Empirical Feasibility Residual Convergence Empirical Feasibility Residual Log-Convergence
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Figure 10  Empirical convergence rate of the feasibility residual || H(Ox)+||2 for the robust optimal pricing under

the Student design.
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