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Appendices

A.

Proofs

Proof of Lemma [1

(a) We first prove ¢;(u,vy_1];5) is increasing convex in v and decreasing in s by induction. At

t="1T, we have
¢r(u, vr—1); 8) = Eop{uVwr(vm)} — s,
which is increasing convex in u and decreasing in s. Suppose ¢ 1(u, vy); s) is increasing convex

in v and decreasing in s, then

e (u, vi-1)5 ) = Ey {u V wi(vpy) V drsr (w,vp58)  — s,

which is again increasing in v and decreasing in s by the induction hypothesis.

Next, we prove ¢;(u,v_1)) —u is decreasing in u by induction. At t =T, we have

¢r(u,vr-y) —u=E, {uVwr(vmn)} —u—s=E,{(wr(vm) —u)"} s,

which is decreasing in u. Suppose ¢;11(u,vy)) —u is decreasing in w, then

Gu(u, vp—1)) —u=Ey {uVw(vy) Vg (u,vp) } —u—s =E, {0V (wi(vyy) —u) V(g1 (w,vp) —u) } — s,
which is also decreasing in u by the induction hypothesis.

Lastly, we show ¢, (u,v_1;7") is increasing in 7" by induction. At ¢ =T, we have

dr(u,vr_1;; T +1) =Ey {uVwr(vm) Vérs (w,vr; T+1)}—s
> By {uVwr(vn)} —s=¢r(u,vr-;T),
where the last equality holds by the definition of ¢r(u,vir_1);T). Suppose ¢yq1(u,vy; T+1) >
Guv1(w,vpy; T), then
Ge(u, vp—1; T +1) = B {uV wi(vy) V ¢ (u, v T+ 1)} — s
>E, {uVw(vy) Vo (uw,vp; T} — s = dp(w, v T),

where the inequality follows from the induction hypothesis.

We prove via induction. At period t =T, because ¢r(u,vir_1)) =E,, {uVwr(viy)} — s, then

a‘Z’T(U, U[T—l])

ou = EUT{H{wT(U[T])<u}} =¢&r(u, U[T—l]) <1l
Suppose W =&11(u,vy) <1, then
8¢t (uv v[tfl]) 041 (u,0p4)
au = Evt{1]‘{u>wt(vlt])\/¢t+1(u,v[t])} + ]]‘{qbt_;,_l(u,v[t])Zwt(v[t])Vu} ou }

= EodLfwsinwpvonson} T HouagzegvaySon (8 vm)} = & ve-n) <1,

where the second equality and the inequality hold by the induction hypothesis. O
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Proof of Lemma [2

(a) We first prove ¢;(u,vy_1j; k) is increasing in k by induction. At t =T, we have

~—

¢ (u,vr-g; k) = Bop {uV wr(vm; k) — s,

which is increasing in k by the definition of wy(vizy; k). Suppose ¢41(u, vy; k) is increasing in
k, then
O (u, vp—1p5 k) = Ey, {u V wi (v k) V g (w, vy k:)} — s,

is also increasing in k& by the definition of w;(vy; k) and the induction hypothesis.

We prove ¢ (u,vp—1)) <uVw;_1(vy—1) when u >4 by induction. At period t =T,

¢r(u,vir—1)) =By {uVwr(vr)} — s <Eyp{uVwr i (vr-y) Vory —s

<uVwr_1(vr-1y),

where the first inequality comes from the fact that w,(vy)) < w;—1(vy—1]) V v, because of recall
with finite memory, and the last inequality follows from E,{(v —u)*} <s for u > 4. Now

suppose ¢yi1(u, vyy) <uVw(vy) for u> . Then, when u > 4, we have

Gr(w, vp—1) = By {u V wi(vigg) V drqa (u,vp) } — s
<E, {uVw(vy) VuVw(vy)} —s
=E, {uVw(vy)}—s

<E,{uVw_i(vp_1) Vot —s <u Vw1 (vp-1y),

where the first inequality holds by the induction hypothesis, the second inequality follows from
the fact that w;(vpy)) < wi—1(vp—1)) Vo, due to recall with finite memory, and the last inequality
again follows from E,{(v—u)*} <s for u > @. Note that with w;(vp)) = v, ¢ (@, vp)) <AV vy,
we have ¢ (1) =E, {@ VvV da(t,vp))} —s=E, {aVvi} —s=1.

Next we show ¢, (u,vy—1)) >u if u <. Fort=1,2,...,T,

e (u, vp—1)) =By, {u Vwi(vyg) V g (w,vp) } — s > Ey {u Vo) —s >,

where the first inequality holds because wt(v[t]) > v; and the last inequality follows from
E{(v—u)*}>s for u <.

Given any u, let §(u) =E,[(v —u)*]. To prove ¢;(z;s) is submodular in (z,s) € [0,u] x [0, §(u)],
it suffices to show that &, (z; s) is decreasing in s. We use u(s) to make explicit the relationship
between @ and s, that is, u(s) = {u: E,[(v—u)"] —s=0}. For any [z,s] € [0,u] x [0, 5(u)], it is
clear that

E,[(v - 2)*] > E.[(v — u)*] = 5(u) > s,
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implying that z <4(s). By part (b), when z <4(s), we have ¢, (z,vp_1);8) >z for t=1,...,T.
It follows that

§e(2,010-118) = Boy [ Ly, oapio)—wn(u>0) E041 (25 V1013 8) | 5

with &rpq(z,vir;s) = 1. We prove & (z,vp—13;5) is decreasing in s by induction. At period
t=T+41, &rp1(z,vi7y58) =1 is decreasing in s. Suppose &41(z,vy;s) is decreasing in s. By

Lemma a) that ¢,11(z,vy); s) is decreasing in s, we know ]1{%“( (o) >0} is decreasing

Z014759)
in s, and hence &(z,vy_1);s) is also decreasing in s. Therefore, [fll(z,s) is decreasing in s,
implying that ¢;(z;s) is submodular over (z,s) € [0,u] x [0, §(u)].

Similarly, to prove ¢;(u;T") is submodular in (u,T"), it suffices to show that & (u;T') is
decreasing in T'. For any vector vj_y), we let vft] =(0,v1,...,0:_1) (note that vﬁ] =0). That is,
Uﬂ] is a vector of valuations from ¢ outside alternatives with the first component being zero:
v9 =0, and all subsequent components being vy_y: v2 =v,_1,7 =2,...,t. By the definition of
wy(+), we have w;(v}y) = w; 1 (vy—y)) for any t=1,...,T +1 (we interpret wy(-) = 0). Now by

part (b), when u <, we have ¢;(u,vy_1]) > u, then
51 (u, T+ 1) = IP’(ng(u, U[1); T+ 1) > wq (’U[l]), ey ¢T+2(u, U[T—i—l];T + 1) > wT+1(v[T+1])).

We first show that qﬁt(u,v[t_l];T +1)— wt_l(v[t_l]) is decreasing in v; by induction. When
t=T+2,

dry2(u, Virp T+ 1)— WT+1(U[T+1]) =UuU— WT+1(U[T+1])7

which is decreasing in vy since wry1(vr417) is increasing in vy. Suppose ¢pyq(w, vy T+ 1) —

wy(vyy) is decreasing in vy, then

Gu(u,vp—1; T+ 1) —wp—g (vp—)
=B, {uV wi(vp) V @rpr (w,vp; T+ 1)} —wima (Vp—1)) — s
=E,, {(u—wi(vn)) VOV (@41 (u,vp; T + 1) —wi (v)) } + wi (Vi) — wier (Vje—1)) — 8,
which is decreasing in v; because w;(vp) is increasing in v; and
(Ut —mnaXi<r<t—1 U’r)+ ) if k 2 t ;

wt(v[t]; k) - wtfl(v[tfl]; k) = § MaXo<r<t UVr —MaX1<r<t—1 Ury ifk=t-1;

mMaX;_jpi1<r<t Vr —MaXy_p<r<i—1Vr, i 1<k<tE—2
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is decreasing in v; regardless of the value of k. It follows that

§(w T+ 1) =P(da(u, v T+ 1) > wivp), o Gra2 (W, Vs T+ 1) > wrir (Vr1y))
<P(¢po(u,0;T4+1)>0,...,0712(u, (0,09, ..., vpy1); T+ 1) > w1 (0,09, ..., v741)))

<P(B3(u, (0,02); T+ 1) > ws ((0,02)).e, b4 (1, (0,02, ey vp1); T4 1) > w1 (0,02, ..y v711)))
= P(¢3(u, (0,01); T+ 1) > wy ((0,01))-eey 112 (s (0,01, ey v7); T+ 1) > w1 (0,01, .y 07)))

= P(¢s(u, vy pp T +1)> w2(”?2})= e ¢T+2(U7UFT+1];T +1) > wT-H(UFTJrl]))?

where the first inequality holds because ¢;(u, vj_1]) —w;—1(vi—1) is decreasing in v, the second

equality follows from the stationarity of vy, and the third equality comes from the definition

of vjy. To show & (u; T+ 1) <& (u;T), it suffices to show

P(¢3(, iy T+ 1) > wa (V) ooy Gra(t, 00 143 T+ 1) > wrpa (V) = &1 (s T).

To this end, we prove ¢ 1 (u,v}; T+ 1) = ¢ (u,v;13;T) by induction. When ¢t =T,

G141 (U7UFT];T+ 1) = EUT{U\/WTJA((U?TPUT))} —5= EUT{U \/WT(U[T])} —s= QZ)T(U’U[T*U;T)?

where in the second equality we used (v(y,vr) = vy and wry (Vpp, ;) = wr(vpr). Suppose

Giva(t, Vi3 T+ 1) = dppa (u, 03 T), then

Gr1 (1, 0 T+ 1) = By {u V wiir (v, 00)) V @era(u, (v, 00); T+ 1)} —
= Evt{u th+1(v3+1]) V ¢t+2(u, ’UBJFI];T =+ 1)} —
=E, {uVwi(vy) Vo (u,vp; T)} — 5 = ¢y (u, vp—1y; T),

where the second equality holds because (v, v;) = v}, ), and the third equality comes from

the induction hypothesis and the fact that th(UFt +1]) = wy(vy). Therefore,

P(¢s(u, U T +1)>wy (U[Q]) o ri2(u, UFT-H] ;T +1)>wr (UFT-H]))
=P(¢2(u, U[l];T) > wi(vpy)s oo @rgr (w, v T) > wr(vm)) = & (w T),

and hence & (u;T + 1) <& (u;T'), implying that ¢;(u;T') is submodular in (u,T) when u <
. O
Proof of Proposition [L
(a) When s < 5(u), E,[(v —u)*] = §(u) > s, implying that u < @(s). By Lemma [2(b), ¢;(u) > u,
and the seller’s revenue is then ®75(u;s) = ¢, (u; s) — ¢1(0; s) which is decreasmg in s because
¢1(z;s) is submodular in ( s) € [0,u] x [0,5(u)] by Lemma [2(c); when s > §(u), we have
u>1i(s), by Lemma [2(b), ¢:(u) < u, and the seller’s revenue is then ®¥5(u;s) =u — ¢:(0; )

which is increasing in s by Lemma [I(a).
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(b) When u >4, by Lemma (b), #1(u) < wu, and the seller’s revenue is then ®8(u;T) = u —
¢1(0; T) which is decreasing in T by LemmalI(a). When u < @, by Lemmal[2(b), ¢;(u) > u, and
the seller’s revenue becomes ®¥E(u; T) = ¢, (u; T) — ¢1(0; T) which is decreasing in T because

¢1(u; T) is submodular in (u,T) by Lemma[2{c). O

Proof of Proposition [2
Under the dynamic pricing mechanism where the seller commits to a price path pg,p1,...,pr at

period 0, let the customer’s utility-to-go at period ¢ be I¢(u), then we have

I5(w) = (u—po) VI (u),

and for t =1,...,T,
1 (u, vpp—) = By { (w0 = pe) Vi (v10) VI (w,0p) )
with 4., (u,vir)) = 0.
If there exists t <T —1 such that p; > p;11, then because I, | (u,vy) > u — pis1, it follows that
u—py <u—pey1 <UL (u,vp),Vu € [0,1]. This implies that no customer will purchase the product
at period ¢, and thus no profit is generated at period ¢. The seller can achieve at least the same

profit by decreasing p; to pyy1, and hence the optimal prices must satisfy p; <pj, ;. ]

Proof of Proposition [3

Here, we focus on deriving a further revenue upper bound to the relaxed problem . We first show
in the following auxiliary proposition that by using the local IC constraints, one can eliminate the
transfers z,(u,vy)) and reformulate the seller’s revenue function.

Proposition Al. For any mechanism M that satisfies the truthtelling constraints in , the

revenue ®(M) can be computed as:
©(M) =E, {qo(u)lo(u; 1) + (1 = go(u)lo(u; 0) } — ¥o(0,0),
where fort=1,...,T,
Lo (us v 1) = o (w, v M (w) + o (u, v Jwi (V) + o (u, V1) By Lo (0011073 1) = 8Lgisoy,
and

li(u, U] 0) = Btl(% U[t])wt(v[t]) + ﬂf(u, U[t])Evt+1 (@141 (u, U[t+1])lt+1(u7 Ult+1]5 1)
+ (1 = qerr (w, V1)) )1 (0, V1133 0)] = 810y,

with lT+1(') =0.
Proof: See Appendix O
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Here, l;(u,vy;1) and [, (u, vyy;0) can be interpreted as the dynamic virtual surplus of the seller
for type (u,v)) customer conditional on the seller’s product being allocated or not, respectively
(see [Pavan et al. 2014 for a similar interpretation). We can then characterize a revenue upper
bound to problem by using the revenue function derived in Proposition and dropping the

incentive compatibility constraint in problem to arrive at the problem:

max E[®q(u)]
st Wo(u,u) > ¢y (0), Vu € [0, 1];
q:(u,vpy), o (u,vpy), Bi (u,vp) € 10,1, Vite{l,..,T},i€{0,1,2},5 € {1,2}; (A1)

2 2
> ai(u,v) =1, Bi(uvy) =1, vte{l,..,T}.
=0 =1

Without the incentive compatibility constraint, problem (A.1) can then be solved via dynamic
programming. We let I} (u, vy;x,) denote [;(u,vy; z,) evaluated at the optimal mechanism. Then

from the recursive equations in Proposition I} (u,vp); 1) satisfies the following Bellman equation:

I} (u, v 1) = max { o) (u, v )M (w) + af (, v )wr (V) + o (w, v ) Eo, 1y (0, 04173 1) — s1gesoy )
s.t. al(u,vp), B (u, o) €10,1], Vte{l,..,T},ie{1,2,3},j€{1,2}

2 2
Zai(u,vm) = 1,Zﬁ2(u,v[t]) =1, vte{l,..T}.
=0 1=1
with [}, (-) = 0. Since the objective is linear, we arrive at the optimal solution:

oy (u, v) = H{AM(w) = wi(vig) VEL (u, vpeens 1,
a;*(u,vp) = Hwi (vig) > Mu) VEL, (w,vp4:1)

a7 (u, o) = 1 — ) (u, vp) — " (u, vy )
It follows that
I (u,vp51) = AMu) Vwi(vp) V Ey, 1 (U, 0475 1) — s1psop, (A.2)
with [5.,,(-) = 0. Similarly, [;(u,vy);0) satisfies the following Bellman equation:

7 (u, vpy; 0) = max { B} (w, vy )y (V)
+67 (u, 072 By (@1 (0, vy (0, 0173 1) 4 (1= o (1, 0p1)) 5y (1, 04175 0)] — sLesoy }

s.t. qt(u,v[t]),ai(u,v[t]),ﬁg(u,v[t])E[0,1], vte{l,..,T},ie{0,1,2},5€{1,2};

2 2
> ai(u,v) =1, Bi(uvy) =1, Vte{l,..,T},
=0 i=1
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with [7.,,(-) = 0. Since the objective is linear, we arrive at the optimal solution:

@i (o)) = TG (ws v 1) 2 14 (w, vp415.0)
By (u,vp) = W{wi(viyg) > Boyy (14 (0 73 1) VI (0, 014433 0)] 3,
B (u,vp) =1 — B (u, vpy).

It is immediate that

l:(uv Ult]5 0)= Wt(“[t]) \4 E’Ut+1 [l:-ﬁ-l(u» Vlt+1]5 IRY l:+1 (u, Ult+1]5 0)] — slg>oy, (A.3)
with [7.,,(-) =0.
Since Wo(u,u) is increasing in u by Lemma the IR constraint in problem (A.1)) is satisfied if

and only if ¥4(0,0) > ¢;(0). At the optimal solution, the IR constraint for the lowest-type customer
should be binding, i.e., ¥o(0,0) = ¢1(0). It follows that

© = E, max [go(u)l5 (u; 1) + (1 = go(w)) 5 (u;0)] — 61 (0).

Again by linearity, the optimal solution is gg(u) = 1[l(u;1) > I (u;0)], and correspondingly we
have

O =E,{I5(u; 1) V15 (u;0)} — 61(0).
By the equation of [} (u,vp;1) in and [} (u,vp;0) in , we have

17 (u, v 1) V 17 (u, 03 0)

(u (Vi) VEg, (171 (0 vpgay; D]V we(vi) V Eoy oy [ (0, 04113 1) VI (0, 04175 0)] = 8T es0y
(u (Vi) V Eoy g [0 (0 013 1) VI (0, 04173 0)] — 5T a0y,

with 7. (w, vrg); 1) VI, (W, vir41550) = 0. Note that for t =1,2, ..., T, E,, [} (uw, vp5 1) VI (w, v15 0)]

=\ )\/wt
=\ )\/wt

is defined by the Bellman equation of the same form as ¢, (u,vy_17), except that the fallback option
value for the seller’s product becomes A(u) instead of u. In other words, we have E,, [I (v, vy;1) V

I (u,v;0)] = ¢ (A(u), v—1)) for t=1,2,...,T. Then, ® can be further simplified as follows:

=E,[l5(w;1) V5 (4;0)] = ¢:1(0)
= Eu[A(u) VEy, [I7 (u, 015 1) VI (u, 0733 0)]] = ¢1(0) = Eu{A () V d1(A(u)) } — ¢:1(0).

By the definition of w and 4, and by noting that ¢;(A(u)) = ¢1(0) for u < u, we then have

/¢1 0)dF (u /qsl (u) + LIA<u>dF<u>—¢1<0>

" b (A(w))dF (u) + / A(u)dF (u) — F(u)1 (0)

KA

- / (61 (A (1)) — 61 (0))dF () + F() (@ — 61 (0)),

@)
]

where the last equality holds because ful Au)dF(u) = f udF(u f F(u)du = F(@)a.
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Proof of Theorem [L
We first show that under the optimal mechanism M*, customer with valuation u indeed behaves as
stated in Theorem [1l We then show the revenue collected under such behavior achieves the revenue
upper bound .

We let w;(u,u) be the utility-to-go at period ¢, =0,1,...,T of a customer who has valuation

u € [0, 1] but chooses the option contract (D(@),p(@)), @ € [u, 1]. Then, by definition,

wo(u, @) = (u—p(a)) Vw(u,a) — D(a),
and for t =1,...,T,
w(u, @5 vy —)) =By, {(u — p(@)) V wi(vy) Vwe (u, @ 0) } — s,

where we let wr1(u,%) =u—p(@). One can see that upon paying the deposit D(@), the customer
is essentially engaged in a search process with a fallback value u — p(@) as the one we analyzed in

Section (3| Hence, for t =1,...,T, we have w;(u, @; vj_1]) = ¢¢(u — p(@),vp—1)), and consequently
wo(u, ) = (u—p(a)) V¢ (u—p(a) — D(a).

Lemma below summarizes the properties of wy(u, ).
Lemma A1l. Foranyu € [0,1] and @ € [u, 1], wo(u, @) is decreasing in @ for & > u; and is increasing
in u for u<u.
Proof: See Appendix O
Next, we show that the customer will self-select the contract that is consistent with his valuation
for the seller’s product and the contract is individual rational by discussing the customer’s choices
among three cases.
e When u € [, 1], the customer’s surplus from choosing the contract (D(u),p(u)) is the same
as choosing (D(a),p(@)), i.e., wo(u,u) = wo(u,a). It is hence sufficient for us to argue that
wo(u, @) > wo(u, @) for @ € [u,a], and wo(u, @) > ¢1(0). By Lemma [A1] we know that wo(u, @)

is increasing in u for @ < u. Hence,

In addition, because u — p(@) > @ — p(@) = A(@), by Lemma [Ifa) and the definition of @, we

have

u—p(i) > ¢1(u—p(a)).
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This implies that customer with valuation u € [4,1] will exercise the option immediately

without any search. Then,

wo(u, @) = (u—p()) V ¢1(u—p(a)) — D(a)
>4 —p(a) — D(a)

= (@) = D(@) = A(@) ~ 61 (A(@) +61(0)+ [ "6 AW))dv > 61(0),

where the last inequality holds because ¢;(A()) < A(@). Therefore, the customer will partici-
pate in the seller’s mechanism.

e When u € [u, @), by Lemma wo(u, u) > wo(u, @), Va € [u, 1], which implies it is never opti-
mal for the customer to choose the contract designed for customer with valuation % # u. In

addition,
wnls) = Aw) V = pla)) = D) = 61 (Aw) — 51 Aw) + 6200+ [ & (v
~00)+ | "6 W)y > 61(0),

where the second equality is due to ¢;(A(u)) > A(u) for u <.
For customer with valuation u € [u,u), since ¢;(A(u)) > A(u), the customer will continue

searching at the initial period. Then the customer’s utility to go at each period is:

wi(, u; vp—11) = Eo, {(A(w)) V wi () V wegr (u, wsvp) } — 5 = de(A(w), vp—11) — 8 = (0, ve—1)),

implying that the mechanism satisfies the interim phases individual rationality constraint.
e When 0 <wu < wu, by Lemma wo(u, @) is decreasing in u for @ > u with @ € [u, 1], then we

have

wo(u, @) <wo(u,u) = ¢1(u—pu)) — D(w) = ¢1(u—pu)) — d1(A(w)) + ¢1(0) < ¢1(0).

Here the first equality holds by u —p(u) < A(u) < A\(u) and Lemma and the last inequality
holds because ¢;(u) is increasing in u. Therefore, when u < u, the customer searches without
purchasing from the seller.
Given that customer indeed behaves as stated in Theorem [I we know from the definition of @
that for customer with valuation u € [u, @], he will return to purchase the product with probability
&1(A(w)) and for customer with valuation w € (4, 1], he will purchase seller’s product without any

search at period 0. Therefore, the revenue that the seller can achieve is

/ (D) + & (Muw)p(u)dF (u) + / [D(@) + p(a)|dF ()
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o

(61 (A (w)) — 61(0) + & (Muw))p()dF (ur) — /

u

I
T~

U U U

[B1(A(w)) = 61(0) + Es(A(w)p(w)]dF (u) + F(i) | &(Mu))du— [ & (Mu))p(u)dF (u)

I
S~ |
|2
IS

" / (D(@) + p(a)|dF ()

[
[

[61(A(w)) — 61(0)]dF (u) + F (i)

| (L
u i

I
T~

[61(A(w)) = @1 (0)]dF (u) + F ()

I
T~

— [ 163w ~ 6x(0)dF () + F(i) i~ 6x(0)) = B,
where the second equality holds by integration by parts and our construction that p(u) = P gor

f(w)
u <wu <1, and the second to the last equality comes from the fact that ¢;(A(@)) = A(@). This

establishes that M* achieves the revenue upper bound ® and concludes our proof. ]

Proof of Proposition [4

The proof of part (a) directly follows from the proof of Theorem |1, Here we focus on part (b). By
the definition of @ and %, we have A(@) = . For u < @, we then have A(u) < @, and by Lemma [2{(b),
we know A(u) < ¢y (A(u),vy—q)) for t =1,2,...,T. That is, the customer never exercises option before

searching all the alternatives. It follows that customer’s utility is

Aw) V ¢r1(AMu)) = D(u) = ¢ (AM(w)) = D(u). O

Proof of Proposition [5
Note that ¢;(A(u);T') being increasing in T' directly comes from Lemma [I{a). We show next that

the seller’s optimal revenue ®(T') is decreasing in T'. Recall that the seller’s optimal revenue is:

6(1)- [ 161 (AM(w): T) — (0 T))dF (u) + F () — 6,(0:T)).

By Lemma [2(c), ¢1(u;T) is submodular over (u,T) when u < @ and because A(u) € [0,%) when
u € [u, @), we have ¢y (A(u);T) — ¢1(0;T') is decreasing in T' when u € [u, ). In addition, because
#1(0;T) is increasing in T by Lemma |1, ®(7T) is decreasing in 7.

We next investigate the seller’s revenue when the length of the time horizon goes to infinity.
Let ¢1(u; T, k) be the customer’s utility-to-go from searching when his valuation for the seller’s
product is u, the length of search horizon is T' and the memory length is k. We first show that
for any u € [0,u] and any k> 1, ¢;(u; T, k) converges to @ as T'— oo. To this end, note first that
¢1(u; T, k) < ¢y (u; T, k) = for any u € [0,4] since ¢;(u;T,k) is increasing in u by Lemma [Ifa).

In addition, because ¢;(u; T, k) is increasing in 7' by Lemma (a), then by monotone convergence
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theorem, we know ¢, (u; T, k) has a limit, which we denote by ¢(u; k) := hm qﬁl(u T, k) < for any
k>1. By Lemma [2(a), ¢ (u;T,k) is increasing in k, and hence we must have d(u;1) < o(us k) <

for any k > 1. Therefore, to show that ¢(u;k) = for any w € [0, a], it is sufficient to show that
¢(u;1) = for any u € [0,4], i.e., it is sufficient to consider the case with no recall. With no recall,
we can simplify the value function ¢;(u,vy_1);T,1) as ¢:(u;T,1). In particular, for u € [0,1] we

have
O (0T, 1) = Eofuv oV o (T, 1)} — 5 = B {0V s T, 1)} — 5 = By foV 6y (T — 1,1)} —
where the second equality is due to u < ¢»(u; T, 1) for u <@ by Lemma [2(b). Taking limits on both
sides, we arrive at
d(u;1) = Tl_l)l}_loo o (w;T,1) = TETOOEU{U Vi (u;T—1,1)} —s
=E,{vV Tlirf o1, T—1,1)}—s=E,{vVo(u;1)} —

By the definition of @, ¢(u;1) =i, and hence ¢(u; k) =u for any u € [0,u] and k> 1.

Therefore, when the length of time horizon goes to infinity, the seller’s optimal revenue becomes:

T—~+oco T—+oo

fim @) = lim [ [6(Aw): T) = 61 (0:TAF () + (3 — 0 (0:T) P

where the last equality holds because \(4) =@ — p(@) = . It can be easily verified that the revenue
can be achieved by giving an exploding offer at time zero with a posted price p(1).
Finally, we establish that the rate of convergence is exponential. It suffices to show that there

exist a constant M such that

0<®(T) —p(a)F(a) < MG(u)”.
We first show & (u,vy_1)) < G(@)"'~" for u < u by induction. At period t =T

fT(U, U[T—l]) = E’UT{:H'{WT(v[T])Su}} < EUT{R{UTSﬂ}} = G(ﬁ)7
where the inequality is due to wr(vr)) > vr and w < 4. Suppose &41(u,vy) < G(@)T~'. By
Lemma b), we have ¢y (u,vy—1]) = E, {wi(viy) V i1 (u, vy) } — s when u < @, then
& (u,vp—1)) =By, { 1{¢t+1(u,v[t])_wt(u[ﬂ)>o}§t+1 (w,vp) } <P (u,01) — wi(vig) > 0)G (@)
where the inequality is from the induction hypothesis. Note that by Lemma (b), we have

Grp1 (U, v) <@V wy(vy), and then

P(we(vi) < b1 (u, vp)) < Plwe(vpy) < Gegr (@, vp1))

<P(wi(vy) <aVw(vy)) =Plw(vy) <a) <P(v, <a) =G(a).
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It follows that when u <4, & (u,vy_q) < G(a@)? .

Recall that the seller’s optimal revenue is:

ﬁ[qﬁl(A(U)) = ¢1(0)]dF (u) + F (i) (i — ¢,(0))

ﬁ[¢1()\(U)) = ¢1(0)]dF (u) + F (@) (A(@) +p(i2) — ¢1(0))
ﬂ[fﬁl(A(U)) — $1(0)]dF (u) + F(@)(¢1(A(@)) + p(t) — ¢1(0))

a

[61(A(@)) = 1(0)]dF (u) + F () ($1(A(0) — ¢1(0)) + F(@)p(a)

(1) — 1.(0)) F(w) + F(a)p(a) < &, (i) F(w) + F(@)p() < i (u)G ()" + p(a)F (@),

B(T) =

T

I
T~

I
T~

IN
:\
>

©- |
iesT!

(

where in the second inequality we used the convexity of ¢, (+) and the last inequality uses the bound
(1) < G(u)T. Since we have already shown that ®(T') is decreasing in 7' with the limit p(@)F(4),
we must have ®(T) > p(a)F (). Therefore, ®(T) — p(a)F (@) = O(G(w)7T). O

Proof of Proposition [6

To emphasize the dependence on s, we denote (s) to be the unique solution to equation E, (v —
u)t —s =0 and similarly let @(s) be the solution to ¢1(A(u);s) = A(u) (or equivalently A(u) = (s)).
The seller’s optimal revenue as a function of search cost s can be written as:

1

a(s)
B(s) = / (61 (M(w); ) — 6 (0; 8)]dF () + / () — . (0; )]dF (u).

a(s)

By taking first order derivative of ®(s) over s, we have

= s u(s) L u);s 1(0; s . N u(s
B = [T 00 ) 4 61 (a5 ) ~ o 0:5) A (a5) T

" /ms) SO0 4y — M@ (5)) — 01090 5) )

o) u); s 1(03s b 01(0;s
:/ 22Mw);5) _ 96:(0 )}dF(u)—/ 061(035) oy,

Os 0s ws)  Os

Note that %(0) =1 and u(v) = 0. By the definition of u(s), we have 4(0) =1 and 4(v) = u. It then
follows that

dF(u) <0,

s=0

d(s)| [t 0eu(Aw)s)  961(0;s)
ds _/J[ 0s - 0s ]

where the inequality holds because ¢;(z;s) is submodular over (z,s) € [0,u] x [0,5(u)] by
Lemma [2(c). In addition,

s=0

o ! 8¢1(0, S)
B _[J 0s

where the inequality holds because ¢;(u;s) is decreasing in s by Lemma (a). O
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Proof of Corollary
With s = v, we have @ =0, and correspondingly @ = u. It follows from Theorem [1|that the optimal
mechanism M* satisfies: if u < u, the customer leaves without any purchase; if u > wu, the customer

pays a deposit D(u) = ¢1(A(u)) = A(u) = 0 and purchases the seller’s product at a strike price p(u) =

F(u)
fw)

to the seller making an exploding offer by selling the product at price p(u), and the customer with

. The corresponding optimal revenue is ® = uF(u) = p(u)F'(u). Effectively, M* is equivalent

valuation above u would purchase the product at period 0. O

B. Revelation Principle
B.1. General Mechanism

Following Myerson| (1986) and [Sugaya and Wolitzky (2021), we consider a multistage game with
general communication between the seller and the customer. In each period t=0,1,...,T, we let
S; =[0,1] denote the set of possible private signals received by the customer which could be his
valuation for the seller’s or for the outside alternative. We use z; € X; ={0,1} to denote the state
of ownership with z; =1 indicating that the customer possesses the seller’s product at the end of
period ¢ and x;, = 0 otherwise. The customer also has a set of all possible reports R, to send to the
seller and a set of possible actions A; which depends on the state of ownership at period t In our
problem, we let A, ={0,1,2} if z; =1 and A, = {1,2} if 2, =0, where we use “0” to denote the
option of stopping the search and purchasing the seller’s product; “1” to denote stopping the search
and turning to outside alternatives; and “2” to denote continuing the search. The seller has a set
of all possible messages M, to send to the customer and decides on the probability of allocation
G; and payment 2, with (q;, 2;) € B, where B, =[0,1] xR if 2, ; =0 and B, ={0} xR if z,_; = 1.
For each t =0,1,...,T, let A = Hi:o A,, and we analogously define X! = H::o X,, St= H::o S,
R =T[._ R, M'=T['_, M,, and B =]]'_, B, [’

The sequence of events within each period ¢t =0,1,...,T is as follows:

1. The customer’s valuation for either the seller’s product (u € Sy) or the outside alternative
(v, € Sy,t=1,2,...,T) is realized and privately observed by the customer.

2. The customer chooses a report r; € R; to send to the seller.

3. Given the customer’s reports r' := (r,...,7;) € R" so far, the seller decides both the allocation
probability ¢, and payment Z; with (g, ;) € B;, and the seller chooses a message m; € M, to
send back to the customer.

9 To simplify the notation, we follow the notation in Bergemann and Viliméki (2019) in making such dependence
implicit.

10 We use superscript ¢ to denote indices from 0 to t while the notation vy stands for the vectors with indices from
1 to t.
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4. Based on the allocation outcome and the message from the seller, the customer takes an
action a; € A;. In particular, if the product has been allocated to the customer, i.e., x; =1, the
customer then chooses whether to take the seller’s product a; = 0 or the outside alternative
a; =1, or to continue searching a; = 2; if the product has not been allocated yet, i.e., x; =0,
the customer chooses whether to stop and take the outside alternative a; =1 or to continue

searching a; = 2.

report ry stop or continue
private i \Ijt(Hti),l:O,l i
valuation : ‘ Lo
Customer u/v; realized ! e (H)
| J . L : Lo J
t ; t+1 T+1
Seller allocation z,(r");

payment y,(r");
and message m(r")

Figure 6  Sequence of Events under the General Communication Game

Figure[6/depicts the sequence of events under the general communication game. Note that [Sugayal
and Wolitzky| (2021)) consider the sequence of events where all the players (the seller and the
customer in our problem) take actions simultaneously after the seller sends messages to the agent.
However, in our model, the seller’s allocation and transfer decisions should be made and observed
before the customer takes the stopping decisions. As a result, the revelation principal shown in
Sugaya and Wolitzky (2021) cannot be directly applied.

We let H, = R'™' x M*' x X*' x A*~! be the set of public history which records the variables
observable to both the seller and the customer at the beginning of period t. The set of public
history after the customer’s report in period ¢ is then R; x H,. The seller’s mechanism consists of
the allocation and payment functions: ¢, : Ry x H; — [0,1] and 2, : R, x H; — R, and the message
generating functions (also referred to as the mediation plan in [Sugaya and Wolitzky 2021)): [, :
R; x H; — A(M,) that determines the message to be sent (possibly in a random fashion) as a
function of the public history. Here, A(X) denotes the set of probability distributions on a set X.
The tuple {(R:, M;)1_,, (i, s, 2¢)y } then completely describes a general mechanism of the seller.

Given the seller’s mechanism, the customer maximizes his own total payoff by finding the optimal
reporting and stopping strategies. Formally, for each ¢, we let H, = S* x H, = S* x R""! x M'~' x

X1 x A'=! be the set of private history right before the customer makes a report, and H, =
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M; x Xy x Ry x H, =S5"x R* x M'* x X" x A" be the one after the seller’s action and message
are revealed. The customer’s reporting and stopping strategies are then defined to be functions
8 : H; — R; and 1, : H; — A; respectively. For convenience, we partition H; into two sets H; and
H? which respectively represent the set of history in which the customer either possesses or does

not possess the seller’s product post allocation:

He={(s",r",m" 2" a" ") eHy: IT <t st z, =1},

7“? = {(Styrtamtvxt7at_l) € Ht ‘I = O7VT S t} :

For any h, € H,, h}, = (s',h,) € H, and h, = (my,z, 7, b)) € Hy, we let dA}t(ht) be the customer’s
utility-to-go at period ¢ right after the seller’s allocation and message decision, and ¥, ((ry,h})) =
E[lﬁt(ht)m,hg] be the corresponding expected utility-to-go right before the seller’s allocation and
message decision. Note that the expectation here is taken with respect to the randomized allocation
and message specified by ¢; and fi;. It then follows that @t(ht) must satisfy the following Bellman

equation:

1/,} (h ) uth(v[t])vat+1 |:maXTt+1 ¢It+1((7‘t+17h2+1))} —2t((7"t,ﬁt)) —S:ﬂ.{t>0}, lf ht thl ,
t\Ilt) = ~ _
Wt(U[t]) \ E’Ut+1 [maxrﬂ Wy (741, hi+1))} — 2((re, he)) — s1ii>oy, if hy € H? .

with 7 1(-) = 0. The optimal stopping strategy at period ¢ denoted as 7} (h,), is then defined by
the optimal solution to the above equation while the optimal reporting strategy denoted as 5f(h§),
is specified by 67 (h}) € arg max,, W, ((re, hL)).

Before we establish the revelation principle, note first that there is no loss of optimality for the
seller to focus on mechanisms that are independent of the historical messages. Intuitively, it is
sufficient for the seller to use determinsitc message generating policies since her payoff is linear in
the probability of a message history. As a result, a message history is completely determined by
the historical reports, allocations and the customer’s actions, and can be eliminated from the state
variables. This observation is summarized in the lemma below.

Lemma B2. [t is without loss of optimality for the seller to use mechanisms (fi;, Gs, %), that are
independent of mt* € M.
Proof: See Appendix O

With Lemma @ and the observation that the only possible action history a'~! € A*™! upon

1= 2t~1 we can write the allocation, payment, and message generating func-

entering period t is a'~
tions as functions of historical reports r* € R only, i.e., G, (r"), 2,(r"), fi.(r"), where the dependence
on z' is made implicit. Similarly, for the customer, the public history can be summarized using
only historical reports r* € R?, which itself is uniquely determined by the signal history s* € S* via
the recursion r, =6, (s7,r"~!) for 7 = 0,1, ..,t. Hence, we will use the shorthand notation 8, (s') for

the customer’s reporting strategy and 7j;(s") for the stopping strategy.
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B.2. Proof of Revelation Principle
As we have defined in Section 4| a mechanism is direct if R, = S; and M, = A,. That is, in a
direct mechanism, at each period, the agent is asked to report his private type (7)) in S, to
the seller, and in return, the seller will send the customer a recommended action in A;. We use
q: (@, Uy), 2 (@, D)) to denote the corresponding allocation and transfer function in a direct mecha-
nism, and let (@, ?y) and 5 (@, 7)) denote the probability of recommending action i € A, when
x; =1 and x; = 0 respectively. Recall that a direct mechanism is said to be incentive compatible if it
satisfies both obedience constraints and truth-telling constraints . The revelation prin-
ciple states that it is without loss of optimality for the seller to consider only incentive-compatible
direct mechanisms since given any general mechanism one can construct an incentive-compatible
direct mechanism such that the seller obtains the same revenue. The construction follows the same
intuition as in the static setting whereupon obtaining a report (@,?y), one then simply simulates
what a customer with type (u, 7)) would get under a general mechanism. We formally state and
prove it in the proposition below.
Proposition B2. Given any mechanism {(R, M;)i_o, (fur, G, 2¢) 1o}, there exists an incentive-
compatible direct mechanism ((g:(u,vpy), 2¢(u, vpg), (o (u, vg)) iy, (ﬂf(u,v[t]))le));io such that the
seller obtains the same total expected revenue.

Proof:  Given any mechanism {(Ry, My)"_q, (fie, 41, 21) o }, we let 67 ((u,vpy)) and 77 ((u,vy)) be
the customer’s optimal reporting and stopping strategy under the mechanism. The direct mecha-

nism is then constructed as follows:

e (u,v1) = Ge ((07(w,vp) )o—o)s 26 (s vp) = 2((07 (1, vpr1)) o)
ai(u,v[t]) = l{ﬁ?(uvv[z]):i}’i = 0, 1, 2, when Ty = 1, (Bl)

B (u,v)) = Lag (wy)=iy» i = 1,2, when z, =0.

That is, given any reported type (u, vy)), the constructed direct mechanism follows exactly the same
allocation and transfer as what the general mechanism would do for the customer whose true type
is (u,vp)) and reports (5:(u,vm))§:0. In addition, the constructed direct mechanism recommends
the optimal action taken by type-(u,vy)) customer in the general mechanism with probability one.
Clearly, as long as our constructed mechanism in is incentive compatible, then it will result
in the same revenue collected from every type-(u,vy;) customer since by truthful reporting, the
allocations and transfers are the same, and by obedience, type-(u,vy)) customer takes the same
actions under both mechanisms.

To show incentive compatibility, recall first that 1, (u, @; vy, Uy 2,) and @t(u, U; vy, Oy ¢ ) denote

the customer’s ex-post utility-to-go under the direct mechanism when he follows and ignores the
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seller’s recommendation respectively. We similarly use the more explicit notation @t(u,v[t];rt;xt)
to denote the customer’s ex-post utility-to-go under the general mechanism (note that we have

used Lemma @ here in eliminating the dependence on m'). Next, we show that

&t(% V)5 (8:(% ’U[r]))tr:o; th) = ¢t(ua U3 V), Vit wt)a (B.2)

Do (015 (02 (T, Dpr1) ) ) > e (@ vy, Dy 20) > (0, 5 01, B ), (B.3)

via induction. Equation claims that if the customer is always obedient and truthtelling in
the direct mechanism then he obtains the same payoff as in the general mechanism. Inequalities in
show that, given the history that the type-(u,vy)) customer misreports by mimicking a type-
(@, 7)) customer, his utility-to-go under the general mechanism is no less than his best possible
payoff under the direct mechanism which in turn dominates his payoff by following the seller’s
recommendation. The boundary case when t =T + 1 clearly holds. Now suppose (B.2) and (| -
hold for ¢ + 1. Then by (jt+1((5i(11,17m))3+10) = Gi+1(U, Vy41)), we have

‘I’t+1(u V[t+1]5 (5 (u, U[T]))f@@t) ‘I’t+1(uaU§U[t+1]av[t+1}§$t)a (B4)

\I/t+1(u V[t41]5 (5 (ua 17[71))?;10;%) > ‘i’t+1(uya;v[t+1]717[t+1]§33t) > ‘I’t+1(ua@;v[t+1]a5[t+1];$t)- (B-5)

It follows from (B.4) and (B.5) that for any v,,, we have

Uy (u, s U[t+1]av[t+1];95t) = ‘i’t+1(u7 Ult+1)3 (8:(% ”[T}))tme )
> ‘i’tﬂ(u» Ult+1]5 (07 (u, U[r]))izm 5:+1(U, U[t]a@tﬂ)); T4) (B-G)
> \Ilt—i-l(u? U3 Vlt41]5 (v[t]71~)t+1); l‘t)7

where the first inequality uses the fact that 5;‘ 1 (4, v41)) is an optimal report given the true type

being (u, vj11]). By the recursive definition of @ﬁt, when x; =1, we then have (B.2) also holds for ¢:

W (1w, vpgg; (07 (w, 0pe)) )i 2 = 1)
=V wy (V) V By W (005 (07 (w0, 000))5203 1) = 26((03 (1, 01)) ) — 8T 1503
=a?(u, vp)u+ o) (u, vpy)we (vpg) + a?(u, V1) By Wogr (U, w5 0417, Vg1 1) — 2e(w,vp) — $Lgsoy
=a?(u, vp)u+ af (u, vp)we (V) + a?(u, V1) Eu, iy max Uyp1 (u, w5411, (Ui, Oes1); 1) — 2e(w, o) — s1gisoy
= (u, u; vy, vy T = 1),
where we used and in the second equality and the third equality is due to . In
addition, given any report history (8% (i, 9))%_

~

e (u, vp3 (07 (1, )i 2 = 1)
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>uV w () V By, max W,y (u, v (07 (3, 59)) 5505 1) = 2((02(8, Bpr1)) o) — sy

V41 =
+ Ve+1

>uV wi(vy) V E,,, , max By (U, @017, Dpgg; 1) — 26(8, Bp) — $1ieso)
Vi1

:(l;t(uv ﬁ’v Uit T}[t] Ly = 1)

ZO&? (ﬂ, @m)u + Oétl (ﬂ, @m)wt (U[t]) + OétQ (a, ﬂ[t])Ele Iq%i%i{ \Ift+1 (u, ’L~L; ’U[t+1] y f)[t+1]; 1) — Zt (’L~L, ’(7[,5]) — S]l{t>0}

zwt(u, u; Uit 17[1:];11% = 1)7

where the first inequality is due to the fact that for any o,y1, 0;,, (@, 0;41)) is always a feasible
report and the second and third inequalities used (B.5). One can similarly show that (B.2) and

(B.3) also hold for z; =0.
Finally, note that (B.2) and (B.3) would imply (OB;)) and (TR;) since

A~

Yy (u, w3 v, Vs ) = Ve (u, gy (0% (u, V1)) o3 1) > by (s vy, Vi )

and
Wy (w500, V3 1) = W (v (07 (1w, 0p)) o3 20-1) > Oy (w0500, (Vg 1), 0); 1),

Vo (u,u) = \ilo(u; Sg(u)) > \ifo(u,ﬂ). O

C. Correlated Case

In this section, we examine an extension where the customer’s valuation for the outside alternative
is positively correlated with that for the seller’s product. Specifically, at each period, by paying a
search cost s, the customer gets an outside alternative with net utility v; = yu+¢; where 0 <~ <1
captures the strength of correlation, and ¢; > 0 are independent with u and are i.i.d across time.
We focus here on recall with finite memory so that

A = max Vr =7YU max Er =YU T WelE .
t( [t]) (t—k)t+1<7<¢t 7 +(tfk)++1§7§t vt t( [t])

Customer’s ex-ante utility-to-go at period ¢ in the first-best benchmark case is similarly given
by
G, ep—1)) =Ee, [uV (yutwi(ep)) V G (u, ey)] — s,

with ¢r41(u, (7)) = 0. Different from the independent case considered in , here ¢, (0) is no longer
the customer’s reservation utility at the first period in the absence of the seller. Without the seller’s
product, u still affects the customer’s valuation for the outside alternatives and the customer’s ex-
ante utility-to-go at period t, denoted as q@t(u,s[t,l]), now satisfies the following Bellman equation

instead:

~

O (u,ep—) = B, [(vu+wilef)) V dra (w,ep)] — s,
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with QBTH(u,a[T]) = 0. Since yu + wr(gpr) > 0, one can easily show via induction that

¢ (u, 8[%1]) =yu+ Vt(e[tq]),

where
Vt(g[tfl]) =E., [Wt(5[t]) \4 Vt+1(5[t])] -5,

with vri1(gpr)) = 0. Then the customer’s reservation utility at the first period is (;Aﬁl(u) =~u+ ;.
Given that the customer continues searching to period ¢, let &, (u,e_1)) be the customer’s pur-
chasing probability of the seller’s product thereafter. By definition, & (u,e—1)) satisfies the following

recursive equation:

&i(uep—n) =E Lz (rackan (e Vorss wegn} T 1{¢t+1<u7em>>uv<w+w(e[t]>>}§t+1(“’ SOUR

with &ry1(u,er77) = 0. We derive some properties of ¢, (u,ep—q)) and & (u,ep—q)) in the following
lemma.
Lemma C3. (a) ¢i(u,e_y)) is increasing convex in u, ¢y(u,ep—1)) — u is decreasing in u and

¢u(u,ep—1)) — Yu 1s increasing in u;
8¢t(uy5[t_1

(b) Let ni(u,ep—1)) = T])' Then ne(u,ep—1)) =7+ (1 = 7)&(w, ep—1)).
Proof: See Appendix O

We now turn to the problem with information asymmetry. One can define the customer’s and
the seller’s utility-to-go functions v; and ¢; similarly as in Section 4] and define the truth-telling
and obedience constraints correspondingly. We note that the individual rationality constraints now

become
E., [V (u,u; e, €15 Te—1)] > (fgt(u,s[t,”), Vue[0,1],t=1,2,...,T, and ¥y(u,u)> gZA)l(u)

Similar to Section |4, we focus on a relaxed problem of the same form as problem to derive
a revenue upper bound, and then propose a feasible mechanism that achieves the revenue upper
bound. The following proposition characterizes the revenue upper bound.

Proposition C3. A revenue upper bound is ® =E,{\(u) V ¢1(A\(w))} — ¢1(0).

The proof follows the same steps as that of Proposition [3| and hence omitted.

When 0 <~ <1, let @ =inf{u € [0,1], \(u) — ¢1(A(u)) > 0} and u be the solution to A(u) = 0.
The following theorem constructs a feasible mechanism that achieves the revenue upper bound.
Theorem 2. When v =1, it is optimal to post a constant price (0— ¢1(0))". When 0 <~ <1, the
optimal mechanism M* consists of a menu of American option contracts {(D(u),T(u)),u € [u,1]}
and it satisfies:

(a) if u<wu, then the customer with valuation u will search without purchasing from the seller;
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(b) if u>w, then the customer with valuation u is charged a non-refundable deposit

D(u) = {aﬁl(A(U)) +p(u) = ¢1(0) = [ mAw)dv, if u€ [u,@);
P1(A(@)) +yp(@) — $1(0) — [ mAW))dv, if u € [a,1],

at period 0 so that he can purchase the seller’s product at a strike price

T(u) = {(1:7%), if we [u,0);

(L=7)p(a), if uela,1],
at any time during the horizon. Here p(u) = Z;((Z))
Proof:  See Appendix O

Compared to the independence case with v =0, Theorem [2| shows that when the customer has
a baseline utility yu for all outside alternatives, it is optimal for the seller to respond by giving a
1 — v percent discount to the strike price and charge the amount reduced to the deposit instead.

We remark that our assumption ; > 0 is critical for our upper bound in Proposition to be
tight. |Lu and Wang (2021)) analyze a two-period version of our model here by restricting £; < 0 and
show that the revenue upper bound obtained by assuming future private signals are observable is

no longer tight. They further establish that using a constant pricing strategy in this case is optimal.

D. Proof of Auxiliary Results
Before we prove Proposition we first show in the following lemma that the customer’s utility
function ﬂt(u,ﬂ;v[t];xt) in the relaxed problem has a similar property as its first-best counter-
part (see Lemma |1]).
Lemma D4. Fort=1,2,....T, zﬁt(u,ﬁ;v[t];xt) is increasing convex in u, and \i/t(u,ﬁ;v[t];xt_l) is
1NCTreasing convex in u.

Proof: We prove 1, (u, i; vy @y) and U, (u, i Upy; @4—1) are increasing convex in u by induction.

At period t=T +1,
@LT+1(U’ u; U[T+1];$T+1) = ‘i’TH(U, u; 'U[T+1];~TT) =0.
Suppose ¥, (u, i; Up41); @) is increasing convex in u, then
P (u, T 03 1) = o (T, v )ut o (@, vig Jwe (vig ) + 0 (@ v Eo, oy Wagr (w0, 83 vy 1) — 20(8, 07) — $1gesoy.-

By our induction hypothesis, ;(u,@;vy;1) is then a weighted average of an increasing linear
function and increasing convex functions, and hence is also increasing convex in u. Similarly, we

can prove that v, (u, i; vp; 0) is increasing convex in w. Then it is clear that
W (w, @ vp; 0 -1) = B[y (u, @5 vp; 20) |21

is increasing convex in u. O
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D.1. Proof of Proposition

For convenience, we denote for t = 0,1,....,T, h(u,vy;a) = z/vzt(u,u;v[t};xt) + pu(u,vpgsae),

O (u, 850475 ¢) F(u)
ou f—u f(u)”

Ht(U7U[t]§33t—1) = E[ht<u7 v[t];mt)‘$t—1]a and lt(U7U[t];$t) = ht(U7U[t];$t) -

We first derive a recursive formulation for h(u,vy;1),t=0,1,2,...,T.

B (u, o5 1) =0, (u, w3 vig; 1) + @4 (u, vp; 1)
=a) (u, v )u + o (u, v )wi (vyg) + o (u, V1)) B,y [\ijt-‘rl(uv w; V1) 1)) — 2e(u, vp) — s1grsoy
+ 2¢(u, vpy) + 0‘?(“: U[t])Evm (@11 (u, V413 1)]

=a) (u, vp)u+ o) (u, vp)we (V) + a?(u, V) By [Hig (0, Vg1 1)] = 8103 (D.1)
Similarly,

R (u, 143 0) =ty (u, w3 v15 0) + 4 (w, 143 0)
:53 (Ua U[t])wt(vt) + /Bf(u7 U[t})Eth [‘iltﬂ(u,u; U[t+1];0)] - 81{t>0} - Zt(ua U[t])
+ 2z (u, U[t]) + 53(% U[t])Eth (D41 (u, Vlt+1]5 0)]

=04 (u, vpg)wi (V) + 67 (u, v Eo,y [Hegr (6, 044133 0)] — 8L ges0-

. . . Ot (u, Wsvpy; .,
Next, we derive a recursive formulation for W for t=1,2,...,T. By definition,

U=u

&t(u, w;vp; 1) =a! (i, v U+ o} (1, vp)we (vyy) + o? (1, Vi) Ey, [\iftﬂ(u, W; Vjg41]; 1)] — 2(@,vpy) — s1yesoy,

Yy (w, @5 015 0) =B (@, v )wie (Vi) + BF (@ 1) By g [P (0, @ 0p65150)] — 26(8, v1) — $Lius ;-

Because 9, (u, ii; v @) is convex in u by Lemma implying that 1, (u, i; vpy; @) is almost every-

where differentiable. Therefore, whenever z/?t(u,&;v[t];act) is differentiable over u, we have for ¢t =

1,...,T
aiﬁt(uaﬁ;vt ;1) a‘i’t+1(u7a§vt+1 ;1)
T[] . :a?(u,v[t]) +a?(u7v[t])EUt+1 ou o8 .
(91[1 1(“;7:630 1 §1)
:Og?(u,v[t])+Oé?(U,'U[t])Evt+1 & 87,1, ] e ) (D2)
and
&Lt(ua u; V)3 O) 8‘i’t+1 (U, u; Vlt+1]5 0)
I v M UL D ou m
et (u, T V413 1)
:Bf (U,’U[t])Ethrl |:qt+1(u7v[t+1]) A 6U [+l i
Oy i1 (w, @ V113 0
(1 s g 2 i) (D3)
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and

(D.4)

in (D.2)), we derive

By using the recursive equations for h;(u,vy;1) in and M i

the recursive equations for I,(u,vy;1),t=0,1,2,...,T as follows:

Oy (u, T v 1) F(u)
8“ a=u f( )
_a?(u ULt )u ooy (u Ult }) ( ) + oy (u v t])Evt+1Ht+1(uv Ult+1]5 1) - S]l{t>0}

L (w, vpy5 1) =hy (u, o3 1) —

¥ 1 N\ B
_(O‘?(u,vt)+o<?(u,v’f)IEvt+1 E t“(“b:‘;“[tﬂb ) ~ )F((u))

uU=u

=a) (u, o )u—l—at (u, vu)wt(vm)+a?(u,v[t])Evt+1ht+1(u, t+1]5 1) — s1gisoy
aiﬁtﬂ(ua u; Vlt+1]5 1) (U)
] ) T

— <a?(u, v") + ol (u, vt)IEUt+1 5
=ay (u, V) A(u) + oy (u, Vi) we (V) + o (u, V) By legr (U, V13 1) — 81esoy,

Similarly,
Li(u,vp50)
Oy (u, ;v 0) F(u
=hq(u, vyg;0) — —— P . . f((u))

) 8‘i’t+1(%a§v[t+1}§0)
8’1,L u=u
=04 (u, v wi (V) + B (1, V1) Eoy (@1 (1, 051 P (1, 051075 1) + (1= qoga (0, vje41)) ) gt (6, 074433 0)]

=04 (u, v )we (Vi) + B7 (w, vy Eoy, , [Hygr (u, vp50)] — sLgesoy — B (u, v Euy

O (u, @ 05135 1)
— 510y — 57 (u, vy E verr Qe (s Vien) ’(92; o

Oy 1 (w, @ V113 0
+(1—qt+1(u,v[t+1])) t+1( 5 [t+1] )

Zﬁtl(u»v[t])wt(v[t]) + 53(%%})1@%“ [%H(U Ult+1] )

Now we are ready to reformulate the seller’s revenue function:

. [@o(u)] = Eu [go(uw)o(us; 1) + (1 — go(u))po(u; 0)]

E
E. [a0(w)o(u; 1) + (1= go(u))o(u; 0) + go (u)vho (s 1) + (1 — go(u))¥o (w3 0) — Wo(u, u)]
E

w[go(w)ho(u; 1) + (1 = go(w) ) ho(u; 0) — Wo (u, )]

The convexity of ¥, (u,u) implies that it is absolutely continuous in v and hence

’ M :UdV} =0y(0,0) +E, [8\11%(57 . ’ﬂ:u ?((:j))] ’

E.[Po(u,u)] =E, [‘1’0(07 0)+ /o v

o

1w, vpgay; 1) 4+ (1 = qeger (w0, vpg1)) Mesr (0, V4113 0)] — sL i3 -
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where the last equality holds by integration by parts. Finally, using the equations for E,[W(u,u)]

derived in (D.4)), we have

and 2¥o(w®)

E,[®o(u)]

=E [qo(u)ho(u; 1) + (1 = go(u))ho(u;0) — Yo (u, u)]

= [g0(u)hofu: 1) + (1= go () o(es ) — 220(8) | £] 0,

=E |go(u)ho (1 1) + (1 = go(10) o (150) — awwﬁ:j&;—(l—o(unw 3] = 8(0,0)

=E [go(w)lo(u; 1) + (1 = go(u))lo(u; 0)] — ¥(0,0). O

D.2. Proof of Lemma [A1]

By taking derivative of ¢, (A(@)) over 4, we have

TN _ g1 (n (@)X () = €4 (M @) (1L~ ().

Then, by the definition of D(a),

aD(i) _ déy(\(®)
= S S (@) = (@& A@).

Note that p(a) is decreasing in @ by our assumption of increasing failure rate of F(-) and hence
D(a) is increasing in @ (one can also easily see that p(a) + D(a) is decreasing in a).
(a) For any w € [0,1] and @ € [u, 1], we show wq(u, ) is decreasing in @ for 4 > u by distinguishing
between two cases.
o If 4 € [u,1], since D(a) = D(u) and p(u) = p(a), we have wy(u, @) = wo(u,u) and ¢,(u —
p(@),vp—1)) = ¢ (u — p(@), vp—17), which are constants in 4.
o Ifu€uVu,), we have u—p(a) < 4—p(a) = A(@). Then by the definition of @ and the fact
that ¢,(u,vy—1)) —u is decreasing in u by Lemma (a), we have ¢ (u—p(@)) > u — p(a).
Then

6w(§g, ) _ a<z>1(ua:2 p(a) d]fzq(za) @) £ (u— pl@)].

Since & (z) is increasing in z by Lemma [[(b) and due to u < @, we have & (A(@)) >
& (u—p(a)) and by p'(a) <0, it follows that w <0.

(b) For @ < u,
o If u—p(@) > ¢1(u—p(i)), then
W =—p'(@) +p'(w)& (M) >0,

where the last inequality holds because p’(@) <0 and & (A(@)) <1 by Lemma [1] (b).
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o If u—p(u) < ¢1(u—p(@)), then

Owo(u, ) _ 0¢1(u —~p(71)) B dD(a)

ou ou dii =p'(@)[§:1(A(@)) — & (u—p(@))].
For @ < u, we have & (A(@)) <& (u—p(@)) and consequently W > 0 —

D.3. Proof of Lemma [B2

It is sufficient to show that there is no loss of optimality for the seller to focus on deterministic mes-
sage generating policies: fi, : R, x H, — M,. Indeed, under a deterministic message generating policy,
the message history m' € M" is uniquely determined by the reporting, allocation and the customer’s
action history (rf,z'=! a’~!) € R x X'~! x A*~! via the recursion m, = ji.(r",m™ ', 271, a™"!) for
7=0,1,...,t. Hence, it is sufficient to use R~ x X*~! x A*~! to summarize the set of public history
H,.

Now consider any random message generating policies: ji, : R, x H; — A(M,). With a slight abuse
of notation, we use fi;(m/|(r¢, h;)) to denote the probability of sending message m € M, conditioning
on the history (r;,h;). Given a public history h, € H,, a report r, and allocation realization z; in
period t, we let 3y ((x;, 7, h;)) denote the seller’s revenue-to-go before the customer’s action averaged
over the possible random messages sent in period t. We let ®,((ry, k) = By, [@¢ (24,74, Be))|20-1]
further denote the average over the random allocation. It then follows from our definition that ¢,

satisfies

@t((mt,n, ]_”Lt)) = 2t((7“t, Bt)) +E [l{ﬁ;‘(ht)ﬁ} 'Ci)tﬂ((g;-l(hé-&-l)’ Btﬂ))} )

=2 k) + Y B[ Ligginozr - @ (Baa (W) he) e (el (v, o)),
meE My

(D.5)

with @7.1(-) = 0. The expectation in the first equation in (D.5)) is taken with respect to both
the messages and the unobservable private signals. It is clear that the function in (D.5]) is linear
in g, (my|(re, b)) and hence there is no loss of optimality in focusing on deterministic message

generating policies. O

D.4. Proof of Lemma [C3
(a) The proof is similar to that of Lemma [I[(a) and hence omitted.

1 One can observe from our proof that as opposed to the typical assumption imposed in the static screening problem
that the virtual valuation function A(u) being increasing, we need the stronger condition that p(u) = % is decreasing
in u here to ensure the quasi-concavity of wo(u, @), i.e., the type-u customer does not have incentive to take the contract
designed for type 4. In dynamic context, one usually needs such stronger conditions to ensure the implementability

of the allocation rule derived from the relaxed problem (see also [Courty and Li/[2000, |[Es6 and Szentes|2007).
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(b) We prove via induction. At period t =T, because ¢ri1(u, ) =0,

nr(u,er-1)) =Ec [ {uzyutwr )} i {rwtertey )>u}7]
=E., |:’)/ +(1— r}/)]]‘{uZ’yu-‘rWT(E[T])}}
=7+ (L =& (u,e17-1y)-

Suppose N1 (u,e7) =7+ (1 —¥)&41(u, €), by the definition of ¢, (u,ep—1;), we have

de(u,ep—1) —yu=Ee, [(1=7)uVw(ew) V (i (u,e) —yu)] —

and therefore,

e (u, € [t~ 1]) v+E [( 7)H{“Z('Y“"l‘wt(f[t]))V¢t+l(u75[t])} + H{¢t+1(uvs[t])>uv(7u+wt(5[t]))}(nt+1(u7 E[t]) N 7)}

=7 + E |:(1 - 7):[]‘{’uz('yu+wt(5[t]))v¢t+1(u,a[t])} + (1 - /Y):[]'{qﬁt_H(u,a[t])>uv('yu+wt(5[t]))}§t+1(u’ 5[t})}
=7+ (1—=7)&(u, 5[t—1])a

where the second equality follows from the induction hypothesis, and the last equality holds
by the definition of & (u,ep_1)). O

D.5. Proof of Theorem [2
When v =1, the revenue upper bound is

o= Eu[Au) +0V ¢1(0)] — ¢1(0) = (0 —¢1(0))",

The optimal mechanism can be implemented by a posted price contract with price (0 — ¢,(0))™.
The incentive compatibility constraint is satisfied automatically. Then it remains for us to check

individual rationality constraint. Under such contract, the customer’s net utility is:
(u=(0=¢1(0))") V u(w),

where ¢, (u,er 1)) = E[(u— (0—¢1(0)) ) V (u+wi(ep)) V esr (u, £1)] — 5. Note that —(0— ¢, (0))*
0 < wy (), we then have qgt(u,s[t_l]) =u+v4(ep—1). It follows that the customer’s utility is:

(= (0—=1(0))") V1 () = (u— (0= 1(0)") V (u+ ¢1(0)) = u+ ¢1(0) = 1 (u), (D.6)
Therefore, the posted price contract with price (0 — ¢1(0))" is incentive compatible. Finally, we
show that such contract achieves the revenue upper bound. If 0 < ¢,(0), by - the agent will
not purchase and the revenue is 0 = ®; if 0 > ¢,(0), by (D.§] - the agent will purchase immediately
and pay price —,;(0) and thus the revenue is —¢;(0) = ®. In summary, the posted price contract

with price (0—¢;(0))" is optimal.
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When 0 <+ <1, we first show that under the optimal mechanism M*, customer with valuation
u indeed behaves as stated in Theorem 2l We then show the revenue collected under such behavior
achieves the revenue upper bound ®.

We let w;(u,u) be the utility-to-go at period ¢,t =0,1,...,T of a customer who has valuation

u € [0,1] but chooses the option contract (D(@),p(@)), @ € [u, 1]. Then, by definition,
wo(u, @) = (u—(1=~)p(@)) Vw (u,@) — D(a),
and fort=1,...,T,
wy(u, iep—y) = B, [(u—(1=7)p(@) V (yu+wi(ey)) V we (u, G )] — s,

where we let wyy1(u,@;err) = 0. Next, we show wy(u,U;ep—1)) = ¢ (u — p(@);ep—1)) + yp(@) by

induction. At period t =T, we have

wr(u, @ er-1) =EBep [(u— (1 =)p(@)) V (yu+wr(em))] — s

=K., [(u—p(@) V (y(u—p(@) +wrem))] +vp(@) — s = dr(u— p(@); epr—)) + ().
Suppose wyy1(u, @;€) = Gr1(u — p(@); ) +yp(w), then

— S

[E—

we(u, s ep-1)) = Ee, [(u — (I =)p(w)) V (yu+wi(ey)) V wep (u, ;)
=E., [(u—(1=7)p(@)V (yu+wilep)) V (S (u—p(a);ey) +p(a))] —s
=E., [(u—p(@)) V (y(u—p(@)) +wi(en)) V ¢rir(u—p(a); )] +yp(@) —s

= ¢y(u—p(a);ep—1)) +yp(a),

~—

where the second equality holds by induction hypothesis. Lemma below summarizes the prop-
erties of wo(u,@).
Lemma D5. For anyu € [0,1] and @ € [u, 1], wo(u, @) is decreasing in @ for t > u; and is increasing
in u for u<u.

Proof of Lemma[DJ: By the definition of 7;(u) and D(u), we have

W) )+ PO (@) = () + (1 (@) ()~ A(@)) =79/ (5) — 9/ ) (M),

(a) For any w € [0,1] and @ € [u, 1], we show wq(u, ) is decreasing in @ for 4 > u by distinguishing
between two cases.
o If 4 € [u,1], since D(u) = D(a) and p(a) = p(a), we have wy(u, @) = wo(u, ) and ¢,(u —

p(@)) = ¢¢(u—p(@)), which are constants in .
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o If € [uVu,i), we have u—p(a) < @—p(d). Then by Lemma|C3(a) and the definition of @,

we have u —p() < ¢1(u—p()), it follows that u —p(a) +yp(@) < ¢1(u—p(@)) +yp(a) =
w (u, ). Then

wo(u, @) = w1 (u, @) — D(@) = ¢1(u — p(a)) +yp(a) — D(a),

and thus
M%(Z Y _ 8“”8(5 4 81;72&) = —p/(@)m (u— p(@D)) + P (@) — 9 (@) + P (@)n: (N (@)

Since p'(@) <0 and 1, (z) is increasing in x, then W <0.

(b) For u < u,
o If u—(1—~)p(a) >wy(u,a), then
awoa(z o —(L=7)p'(@) —yp'(@) + p'(@)m (A(@)) =0,

where the last inequality holds because p/(%) <0 and n; (A(@)) < 1.
o If u—(1—7)p(a) <wi(u,a), then
Owg(u, )

5 = P @ (u—p(@) —mA(@)).

For @ < u, we have n;(u—p(a)) >n;(A(a)) and thus 8“’06(? 1) > 0.

The proof is completed. O

Next, we show that the customer will self-select the contract that is consistent with his valuation

for the seller’s product and the contract is individual rational by discussing among three cases.

e When u € [i, 1], the customer’s surplus from choosing the contract (D(u),p(u)) is the same as
choosing (D(@),p(@)), i.e., wo(u,u) = wo(u,a). It then suffices for us to show that wg(u, @) >
wo(u, @) for @ € [u, 4] and wo(u, u) > ¢,(0). By Lemma we know that wy(u, %) < is increasing
in @ for # <wu. Hence,

wo(u, @) < wolu, @), Yu € [u, ).
In addition, because u — p(u) > 4 — p(a) = A(4), we have u—p(u) > ¢1(u—p(a)) , ie., u—(1—
¥)p(@) > wy(u, @) by Lemma [C3(a), implying that the customer with valuation u € [4, 1] will

exercise the option immediately without any search. Then
wo(u, ) = — (1 =7)p(@) - D(@) h
— (1 =7)p(@) = ¢1(A(@)) —vp(@) + ¢1(0) + /0 m(A(v))dv
—u— it 60+ [ mOw)a
0 ~
>u—1+7a+¢1(0) = yu+ ¢1(0) = ¢ (u),

where the first inequality holds 7; (A(r)) > 7 and the last inequality is from the fact that u > 4.
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e When u € [u, @), by Lemma wo(u, u) > wo(u, ), Y € [u, 1], implying that it is optimal for

the customer to self-select the contract that is consistent with his valuation. In addition,

wolt, ) = A(w) V 3 (A(w)) + 1p(u) — D(w)
= 61(Mu)) +p(u) — D(w)
— 6 (0)+ / W)y > 61(0) +yu= b (u)

where the inequality holds because 7, (A(v)) > 7.
For customer with valuation u € [u,u), since ¢1(A(u)) > A(u), the customer will continue

searching at the initial period. Then the customer’s utility to go at each period is:

wt(uau;g[tfl]) = ¢t(>\(u)35[t71]) +vp(u)

> ét(/\(U% 8[t—l]) + 'yp(U) = 'Y)‘(U) + Vt(g[t—l]) + ’)/p(u) =yu+ Vt(5[t—1]) = q;t(u, 5[t—1])7

where the inequality holds because A(u) > 0. This implies that the mechanism satisfies the
interim phases individual rationality constraint.
e When 0 <u < u, by Lemm [D5| wo(u, @) is decreasing in @ for 4 > u with @ € [u, 1], then we

have

wo(u, @) < wo(u,u) = ¢ (u—p(u)) +vp(u) — D(u)
= (u— p(w)) +p(w) — 1 (A(w)) — 1p(w) + $1(0) + / iAW)
= ¢y (u—p(u)) — d1(A(w)) + ¢1(0) +yu < ¢y (u).

Here the first equality holds by u — p(u) < A(w) < A(@) and Lemma [C3[a), the third equality
holds because 1;(A(v)) =~ when v < u, and the inequality holds because ¢;(u) is increasing

in w. Therefore, when u < u, the customer searches without purchasing from the seller.
Given that customer indeed behaves as stated in Theorem [2, we know from the definition of %
that for customer with valuation u € [u, @], he will return to purchase the product with probability
&E(Mu)) = ’“(’;&ﬁ and for customer with valuation u € (u, 1], he will purchase seller’s product

5
without any search at period 0. Therefore, the revenue that the seller can achieve is

a

1

[D(u) + 2O (1 ()] dF (u) + / [D(@) + p(a)|dF ()

o

T~

o

1

[cbl(/\(U))¢1(0)+7p(U)+(171(A(U))v)p(U)]dF(U)/u /Oum(/\(V))dvdF(U)Jr/ [D(@) + p(@)]dF (u)

I
T~

U

[

I
T~

(61 (A(w)) — 61(0) + 1 (A(w))p()dF (u) + F (@) / (A1)l — / 7 (\w))p(w)dF (u)

0 u

~ Flu) / )y + [ 106 +p@ar )
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©Olar(-+ F@ ([ m@)du+ D@ +p(@)) - Flw) [ (@)
13w = 6 O)aF )+ F@) ([ A+ 62(M@) + 3000 = 6:0) ~ [ O+ (1= 7)p(a))

0

161 (M(w) — 61 (0))dF

L
:

u )du + ¢1
—yuF ()

— [ 1010 — 61 01dF ) + F(@)0 - 60)) + /Ouw JdF ()
- /Ouwlu( / 0)JdF (u) + F() (i 6, (0))

=,

where the second equality holds by integration by parts that

/ / mOw))dvdF (u /Oum(x(y))dyﬁ

S /u M (A(w)) F (u)du
= F(a) /0“ M (A(u))du — /“ mA(w))p(u)dF (u) — F(u) /Oumo\(y))d%

the fourth equality holds because 7;(A(v)) =~ for v <u and ¢;(A(a)) = A(@), the second to the
last equality comes from the fact that ¢;(A(u)) =yA(u) +v1 ==~yA(u) + ¢1(0) when u < u.

This establishes that M* achieves the revenue upper bound ® and concludes our proof. ]
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