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Appendix (e-companion)
EC.1. Appendix to Section 1
EC.1.1. Example: Parallel Computing on Heterogeneous Architectures

A typical application area for malleable scheduling is parallel computing. With the advent of
specialized processing units (optimized, e.g., for graphical or machine learning computations),
the corresponding scheduling systems have to be able to handle the ensuing heterogeneity. For
example, Bleuse et al. (2017) devise a scheduler for a platform in which computational tasks can
be either assigned to a single GPU or processed in parallel across multiple multicore CPUs. In the
following, we explain how their model, and similar heterogeneous parallel computing environments,
can be readily modeled within the generalized malleable scheduling framework. We further show
that under natural and widespread assumptions on the parallelization behavior of the underlying
computational tasks, known as Brent’s (1974) lemma—an assumption also made by Bleuse et al.
(2017)—and Amdahl’s (1967) law, respectively, the corresponding processing speed functions of
jobs are subadditive or fractionally subadditive, respectively.

Consider an environment consisting of a set of malleable computational tasks J to be distributed
on a set of different processing units M, with each unit having a specific type k € K, where K
is the set of all types and M, represents the set of units of type k. Units of the same type have
the same architecture (e.g., CPU or GPU) but may have differing clock speeds, denoted by s;
for i € M. Each task can be distributed over multiple processing units, but only if they are all
of the same type. Thus, the processing time of task j € J on processing units S C M is given
by f;(S) = mingek fjx(S N My), where f;;,(T) for k € K denotes the processing time of j when
scheduled on processing units T' C M, of type k. Note that this also implies that the corresponding
processing speed of S for j is given by g,(S) = ﬁ = maXgex m

We will examine two regimes for the processing time functions f;;, corresponding to widespread
assumptions in parallel computing: (i) the monotone work assumption, justified by Brent’s (1974)

lemma and (ii) Amdahl’s (1967) law. As we will see, in the former case the processing speeds are

subadditive and in the latter case they are fractionally subadditive.
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EC.1.1.1. Processing speeds under Brent’s lemma. In the following, we will assume
that the joint speed of processing units 7' C M, for completing task j is determined by the total

clock speed . s, i.e.,
fir(T) = Fir(Cier si) (EC.1)

for some function f;;, : R — Rs(. Following Bleuse et al.’s (2017) interpretation of Brent’s (1974)
lemma, the speed-up achieved by parallelization is at most linear, justifying the monotone work

assumption, i.e.,
s fix(s) <t fr(t) for all s,t € Rsq with s <t. (EC.2)
The following lemma shows that in under these conditions, the processing speed function g; of j

is subadditve.

LemMA EC.1. If for each k € K, the processing time function f;i, is of the form (EC.1) and fulfils

(EC.2), then g, is subadditive.

Proof. We first observe that for s,t € R, the monotone work assumption implies

S s+t t s+t
TGt T M TG0 S T

for all kK € K. Adding the two inequalities and dividing by s+ ¢ yields

1 1 1
_ < 4
fin(s+1t) = fie(s)  fir(t)

for all k € K. Note that this implies

1 1 1
F(SUT) M) = Fu(SNML)  Tu(T N L)

for all S,TC M and all k€ K. As a consequence, g, is the maximum of subadditive functions and

hence subadditive itself. O
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EC.1.1.2. Processing speeds under Amdahl’s law. We now assume that the processing
times are determined by Amdahl’s (1967) law, another widespread assumption in parallel com-
puting, which assumes linear speed-up by parallelization but considers the fact that some parts
of a computational task might not be parallelizable. For each task j € J, let W, € R indicate
the amount of work, i.e., number of operations, necessary to complete j. Let p; € [0,1] indicate
the fraction of j that can be parallelized and distributed over multiple processors. The remaining
1 — p; fraction of j is non-parallelizable, it consists of the work that is necessary for initialization
and has to be carried out on each participating processor individually. Amdahl’s law determines

the processing time for task j on processor set S C M, of type k € K as follows:

(1—p)IS| +p;

f]k(S): Z <5

-Wj. (EC.3)
The following lemma shows that if processing times for each k € K follow Amdahl’s law as described

above, the corresponding processing speed function is fractionally subadditive.

LemMA EC.2. If for each k € K, the processing time function f;y is of the form (EC.3), then g,

18 fractionally subadditive.

Proof. Let T C M and let a:2" — [0,1] with Y ¢ .co(S) > 1 for all i € T Let k* € K such

that gj (T) = m Then
1 1
a(S)g;(S) = a(S)max ——— > a(S)—

Z‘eSmM Si Z'eSﬁM Si
= « S . kT Z « S . -
S;T ( )((1—Pj)’SﬂMk*|+Pj)Wj S;T ( )((1—Pj)|Tka*|+pj)Wj

S ZieTﬁMk* Si
(L= p)IT N M|+ pj)W;

= g;(T),

where the second inequality follows from S C T and the third inequality follow from the fact that

> scries @(9) > 1 for all i € T. We conclude that g; is fractionally subadditive. O
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Efficient demand oracle for processing speeds under Amdahl’s law. We further remark that a
demand oracle (i.e., an algorithm determining a maximizer of g;(S) — > . 4 p: for a given vector
pE Rjgo) for processing speed functions g; of the type described above can be implemented as

follows: Let j € J and p € RY{. For each k € K, each £ € {0,...,|M,|}, and each S C M, define

Eze
M) =) fs+ i)W sz

and let Sy, € argmaxgcyy, |51 hie(S). Note that hy, is an additive function and thus such a maxi-
mizer of cardinality ¢ can be computed greedily in polynomial time. The demand oracle determines
k'€ K and ¢ € {0,...,|M|} so as to maximize hy¢(Skr) and returns Sp. As there are only
> rex | My| possible choices for k" and ¢, the demand oracle can be implemented to run in polyno-
mial time.

To see that Sy is indeed a maximizer to the demand query, consider any maximizer S* €

argmaxge s 9;(5) — > g Pi- Let k* € K such that g;(S*) = and let £* :=|S*|. Note that

W
9;(S7) — Zpi = Dy (SN M) — Z Pi < hpepe (Spege)
1€ES* iGS*\Mk*

< g (Skrer) — Z Pi < 9;(Swe) — Z Di,

€S * px 1651@’@/
where the first inequality follows from choice of Sy« and the fact that p; > 0 for all i € M, the

second inequality follows from the facts that hy(S) = — > iegpi for S € M, with |S| =/ and

1
fik(S)

that g;(S) = max,cx m, and the final inrequality follows from choice of k£’ and ¢'.
J

EC.1.2. Lower Bounds on the Assignment-Schedule Gap

EC.1.2.1. An Example with Large Assignment-Schedule Gap for Arbitrary Process-

1 . . .
(” ) machines, where each machine contributes

ing Speed Functions Consider n jobs and “
to the execution of exactly two distinct jobs, and each job requires a specific subset of n — 1

machines in order to be executed with processing time 1 (otherwise the job cannot be executed,

i.e., f;(S) =00 for all jobs j € J and all machine sets S C M such that do not contain all n —1
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machines required for job j). In order to visualize the allocation of machines to jobs, one can
think of a clique graph K, with n nodes, where each node represents a distinct job and every edge
corresponds to a machine that contributes to the execution of both its adjacent job nodes.

Note that there is only one assignment with finite load for the above instance. In this assignment,
the load of each machine is exactly 2, as each machine processes exactly two jobs of processing
time 1. On the other hand, it is not hard to verify that the makespan of any feasible schedule for
the same assignment cannot be less than n. Indeed, by construction of our instance, every two jobs
share exactly one machine (i.e., the one corresponding to their common edge in the clique) and,
thus, their executions cannot be overlapping. Hence, since jobs have to be processed sequentially,

each with processing time 1, we conclude that any feasible schedule has makespan at least n.

EC.1.2.2. A Lower Bound on the Assignment-Schedule Gap for Additive Processing
Speed Functions In the following, we describe an example instance of generalized malleable
scheduling with additive processing speeds in which the gap between the makespan of an optimal
schedule and the load of an optimal assignment is % ~ 1.309, where ¢ is the golden ratio. The
instance has three machines M = {a,b,c} and three jobs J ={1,2,3}. For SC M and j € J, we

define the processing speed g¢;(S) := ), ¢ S;j, where the values s;; for i € M and j € J are given in

€S

Table EC.1, with § := ¢ — 1 = ¥5=1,

2

2 0 0 1-946

3 05 05 0

Table EC.1 The values s;; for the additive processing speed functions in the example described in

VB-1

Appendix EC.1.2.2. Rows correspond to jobs, columns correspond to machines. The value of § is ¢ —1 = %

Consider the assignment S with S; = {a,c}, Sy = {b,c}, and S; = {a,b}. Note that f;(S;) =

1/9;(S;) =1 for all j € J and that, furthermore, |{j € J : i € S;}| =2 for all i € M. Hence L(S) = 2.
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Consider any schedule (T,t) and let Cyax = max;c;t; + f;(7;) be its makespan. We show that
Chax > 1+ % = ¢+ 1~ 2.618, establishing the claimed lower bonud on the assignment-schedule
gap. By contradiction assume that Cp., <1+ % Note that 1+ % = ﬁ by construction, and hence
g1(T1) > 1—06 and go(T) > 1 — 6. This implies a € T and b € T,. Furthermore, T3 N {a,b} # ()
because gs3(T3) > 0.

We distinguish three cases:

o If b¢ T3, then a € Ty and f3(T3) =2. Because f;(T7) > 1, this imples

E [i(Ty) = fi(Th) + f5(T5) = 3.

JjE€J:a€Ty

o If a ¢ T3, then be Ty and f5(73) =2. Because fo(13) > 1, this implies

> > [(T) = f(Ty) + f5(Ts) > 3.

JETHET,

o If {a,b} C T then 1+ % > Chrax > f1(T1) + f3(T3) > fi(T1) + 1 implies g;(T1) > 6 and hence

{a,c} CT;. By a symmetric argument, {b,c} C T5. Hence f;(T;) =1 for all j € J and T; NTy # ()

for all j, 7’ € J. This implies that for each j,j’ € J with j # j’ either t; > ¢, +1 or t;; > ¢; 4+ 1. Hence
there must by a job j with t; > 2 and thus Ciax > 3

We conclude that Cax >3 > 1+ % in all three cases, a contradiction.

EC.1.3. IP Formulation for Assignment

The following IP is an exact formulation for the ASSIGNMENT problem, with binary variables z(S, j)

for every j € J and every S C M, indicating that job j should be processed on machine set S.

minimize: C (EC.4)

s.t.: Z z(S,7) =1 Vjied

SCM:S#0

>y S,j) < C VieM

jeJ SCM:eS gJ

x(S,j7) €{0,1} VSCM, jelJ
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EC.1.4. Lower Bounds on the Approximability

In this section, we discuss some lower bounds on the approximability of the generalized malleable
scheduling problems ASSIGNMENT and SCHEDULING. When processing speeds are submodular,
both problems generalize the classic (non-malleable) scheduling problem of makespan minimization
on a set of unrelated machines, denoted by R||Ciax in the literature. In this problem, we are given
a set of jobs J, a set of machines M, and processing times p;; for job j € J on machine ¢ € M. The
goal is to find an assignment o : J — M that assigns each job to a machine so that the makespan
max;e Zj cJio(j)=i Pij 15 minimized.

This problem can be recast as a generalized malleable scheduling problem by defining f;(S) :=
min;eg p;; for j € J and S C M (yielding submodular processing speeds ¢;(.S) = max;eg i) Indeed,
note that because the processing time f;(.5) is determined entirely by the fasted machine for job j
in the set S, both for ASSIGNMENT and for SCHEDULING there is an optimal solution where each
job is only assigned to a single machine and thus for the constructed instance both problems are
equivalent to the original R||C\,. instance.

The problem R||C,.x has been studied extensively in scheduling literature, with the best known
approximation result for the problem in its general form still being the 2-approximation by Lenstra
et al. (1990). Lenstra et al. (1990) also showed that, unless P = NP, there is no approximation
algorithm with a guarantee better than 1.5 for R||Ciayx, even when only considering the so-called
restricted assignment setting, in which for each j € J there is a value p; and a set M, such that
pi; = p; if 1 € M; and p; = oo otherwise, i.e., the processing time of a job is independent of the
machine, but the job can only be assigned to a machines from a certain subset.

Note that in the restricted assignment case, the processing speeds for the corresponding gener-

min{|SNM;|,1}

alized malleable scheduling instance are of the form g;(S) = and hence they are scaled

Pj
matroid rank functions (for the uniform rank-1 matroid on M;). Therefore, the inapproximability
bound of 1.5 applies to ASSIGNMENT and SCHEDULING, even when all processing speeds are scaled

matroid ranks (and thus also for all of the more general classes of processing speeds introduced in

Section 1.2).
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For the case of fractionally subadditive processing speed functions, we provide a slightly stronger
inapproximability result below. We emphasize that the processing speed functions constructed
in the corresponding reduction allow for a straightforward efficient demand oracle and thus the
hardness even holds when assuming such an oracle (recall that Theorem 5 in Section 4 establishes a
much stronger query-complexity based inapproximability when fractionally subadditive processing
speeds are only given by a value oracle). The lower bound of 2 is particularly interesting, as
it shows that generalized malleable scheduling with fractionally subadditive processing speeds is
indeed strictly harder than the restricted-assignment version of R||C,a.y, for which it is possible to
estimate the optimal makespan within a factor of 11/6+ ¢ in polynomial time for any € > 0 (Jansen

and Rohwedder 2017).

THEOREM EC.1. The following decision problem is NP-hard: Given an instance of ASSIGNMENT
with fractionally subadditive processing speeds given by a demand oracle and such that all processing
times are in {1,2,00}, decide whether there is an assignment S such that f;(S;) =1 for all j € J and
S;NSy =0 for j#j'. In particular, unless P = NP, there is no (2 — €)-approzimation algorithm
for any € >0 for ASSIGNMENT or SCHEDULING, even when restricted to fractionally subadditive

processing speeds given by a demand oracle.

Proof. The inapproximability follows via a reduction from 3-DIMENSIONAL MATCHING. In this
problem, we are given three disjoint sets V;, V5, Vs of equal size, and a set of triplets £ C 2V1VV2UVa
with |[ENV;| =1 for all ¢ € {1,2,3}. The task is to decide whether there exists a 3-dimensional
matching, i.e., a set F C & such that for each v € V1 UV, U V; there is exactly one F € F with v € F.
3-DIMENSIONAL MATCHING is NP-complete (Garey and Johnson 1979).

Given an instance of 3-DIMENSIONAL MATCHING, we construct an instance of ASSIGNMENT
which has an optimal value of 1 if there exists a 3-dimensional matching, and at least 2 otherwise.
To this end, we let J:=V; and M :=V,UV;. For je Jlet £:={Ec& : je E}. For each E €¢;,
define a;z € RM by

ifie F,

N[

ajp(i) =

0 otherwise.
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For j € J and S C M let g;(S5) := maxpee, ) ;c5np @jm(i). Note that g; is the maximum of non-
negative additive functions and hence fractionally subadditive (Feige 2009). Note further that

fi(S) = gy_és) €{1,2,00} for all j € J and S C M, and that, in particular, f;(S) =1 if and only if

there is an E € &; with £ C {j}US. Thus, there is a 3-dimensional matching if and of only if there
is an assignment S with (i) f;(S;) =1 for each j € J and (ii) S; NS,y =0 for j # j'. Hence, deciding
the existence of such an assignment is NP-hard.

Note further that such an assignment has maximum machine load 1 and that (S,t) for the start-
ing time vector t; = 0 for all j € J is a feasible schedule with makespan 1. Moreover, any assignment
not fulfilling both (i) and (ii) has a machine with load at least 2. Thus, a (2 — ¢)-approximation
algorithm for ASSIGNMENT or SCHEDULING would find an assignment with makespan 1 for the
constructed instance if such an assignment exists, and could thus decide whether a 3-dimensional
matching exists in the original instance.

Finally, note that an efficient demand oracle for the functions g, can be easily obtained by picking
a maximizer of g;(S) — > . qp; among all sets S C M with |S| <2, because |EN M| <2 for all

Ecé&;. O]

EC.1.5. Approximation Algorithms for Scheduling

Relaxed decision procedures. Many approximation algorithms for makespan minimization rely on
the construction of a p-relaxed decision procedure (Lenstra et al. 1990), namely, a polynomial-time
routine which, given a value C, either correctly asserts that there exists no assignment (resp., sched-
ule) with makespan less than C, or returns a feasible assignment (resp., schedule) with makespan
at most pC. It is well-known that access to such a routine immediately implies a polynomial-time
p-approximation algorithm for the underlying problem of makespan minimization. Indeed, this can
be achieved by binary search over the possible range of C, given that lower and upper bounds on
the optimal makespan can be computed. Since all the algorithms presented in this work follow the

above regime, we focus on constructing such procedures.
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Rounding theorem for scheduling unrelated machines A recurrent theme in our analysis it the
use of the following rounding theorem due to Lenstra et al. (1990). Let M be a set of jobs and
J be a set of machines, where each job must be assigned to a single machine (that is, jobs are
non-malleable). Let p;; € R>o be the unrelated processing time for assigning job j to machine i.

For any C, we consider the following feasibility LP:

i€EM
jeJ

a:ij:O VZEM,]EJWIthp”>C

x >0

THEOREM EC.2 (Rounding theorem (Lenstra et al. 1990)). Any  feasible  (fractional)
extreme point solution to the above LP can be rounded into an integral solution of makespan at

most 2C.

We now briefly discuss the main idea behind the above result. Given any feasible extreme point
solution z to the above LP, we can construct the support graph G as follows: We consider a node u;
for each job j and a node v; for each machine i. For each x;; > 0, we define an edge {u;,v;}. It can
be proved that G is a pseudoforest, in the sense that all its connected components are either trees,
or contain at most one cycle. Hence, the edges of G (and of any pseudoforest) can be oriented in
a way that each node has an in-degree of at most one. Given such an orientation, the rounding
proceeds in two steps: First, all integral assignments are maintained and the involved edges and
job-nodes are removed from G. Then, every fractionally assigned job is assigned to any of each
children machines. Note that each fractionally assigned job always has at least one child machine by
construction of the orientation and by the constraints of the LP. By feasibility of the LP, the load
of each machine due to the integrally assigned jobs is at most C'. Further, due to the orientation,
each machine is assigned at most one job from the assignment graph and this job has processing

time p;; <C. Thus, the makespan of the produced schedule is at most 2C.
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EC.2. Appendix to Section 2
EC.2.1. Transformation for Subadditive Processing Speeds

As we already remark in Section 2, the following approximation result is well-known for monotone

subadditive functions:

LEmMA EC.3 (Bhawalkar and Roughgarden, 2011). Let g:2Y — R be a monotone subad-
ditive function. There exists a fractionally subadditive function h:2M — Rsq, such that for any

S C M it holds

1

9(5).
Note that Lemma EC.3 requires the function g to be monotone. Since we do not assume mono-

tonicity of our processing speeds, we first observe that Lemma EC.3 can also be applied to non-

monotone subadditive functions via the following intermediate transformation.

LEMMA EC.4. Let g:2M — Ry be a subadditive function. Then the function g' defined by g'(S) :=

maxpcs g(U) is monotone and subadditive.

Proof. Note that ¢’ is monotone by construction. To see that ¢’ is subadditive, let S,T C M

and let U C SUT be so that ¢'(SUT) = ¢g(U). Note that
g (SUT)=g(U)<g(UNS) +g(UNT)<g'(5)+4'(T),

where the first inequality follows from subadditivity of g and the fact that U C .SUT, and the
second inequality follows from definition of ¢’ and the fact that UNSC S and UNT CT. g
Together, Lemmas EC.3 and EC.4 imply the following approximation guarantee for (not neces-

sarily monotone) subadditive functions.

CorOLLARY EC.1. Let g:2M — Ry be a subadditive function. There exists a fractionally subad-

ditive function h:2™ — R, such that for any S C M it holds

waxg(U) 2 h(S) 2 oy
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Proof. Let ¢'(S) := maxycs¢g(U). By Lemma EC.4 ¢’ is monotone and subadditive. So we

i 9(5): =

We are now ready to prove the bound on the schedule/assignment gap for subadditive processing

can apply Lemma EC.3 to ¢’ and obtain A such that maxycsg(U) =g¢'(S) > h(S) > mg’(S) >

speeds.

COROLLARY 1. Assume that all processing speed functions are subadditive. For any assignment S,
there exists a well-structured assignment S" with L(S") < pu*In(|M|)L(S), where u* is as defined in

Theorem 1.

Proof. Consider any assignment S with L(S) = C. Consider a new instance of the SCHEDULING
problem, in which the processing speed function g; of each job j is replaced by its fractionally
subadditive approximation h; as given by Corollary EC.1. Note that for the assignment S the max-
imum machine load of any machine with respect to processing speeds h; is at most In(|M|) - C. For
this new instance, moreover, Theorem 1 guarantees the existence of a well-structured assignment
T of maximum machine load at most p* - In(|M|) - C' with respect to h;.

Finally, we construct a third assignment U by assigning each job j € J to a set U; C T} with
9;(U;) = maxycr, g;(U). Note that U is well-structured because T is well-structured and U; CTj
for all j € J. Moreover, because g;(U;) = maxycr, g(U) > h;(T}) for all j € J, we conclude that
L(U) < p*-In(]M|) - C when measuring machine loads for U with respect to the original processing

speeds g; again. Thus S’ =U fulfils the statement of the corollary. O

EC.2.2. Existence of A (Proof of Lemma 1)

LEMMA 1. There exists A € RM*7 such that

LY e, Bij = g;(5;) for all j € J,

2. ZiET Aij < g](T) fO’I” all] ecJ and T - Sj.

As noted in Section 2, the lemma follows from the Bondareva-Shapley theorem (Bondareva 1963).

For completeness, we give a direct proof using LP duality below.
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Proof. Let j € J. Consider the following pair of primal and dual LP.

maximize: ZAU minimize: z o(T) - g;(T)
i€s; TCS,;
st > Ay < gi(T) VTCS, st Y off) =1 Vie s,
= TCS;HeT
A>0 a >0

Note that both LPs have feasible solutions and let A and « be optimal solutions to the above
LPs. By optimality and feasibility of «, it is not hard to verify that 0 < «a(T") <1 for each T'C S;.

By strong duality and the fact that g, is fractionally subadditive for each j € J, we get

Yo Au=) al)g(T) 2 g,(5)).

’ZES]' TQSJ-

Therefore, the values A;; obtained from optimal solutions to the primal LP above, for each j € J,

fulfill the conditions of the lemma. U

EC.2.3. Bounding the Maximum Load in the Reduced Assignment (Lemma 6)

For convenience, we recall the definitions of J} := {j € J : i; = 1,2}, > A} as the set of jobs assigned

1
. 1
JEJ,L» Aij

to any machine i € M via a Type 1 assignment and ¢; := r;; as the (fractional) load of
i due to such Type 1 assignments in the extreme point solution z’ to (LP1). We further recall
that we defined T;(0) := {i € S; : £; <0} for j € J and that 07 was chosen as a minimizer of
maxier, (o) 3 li + £;(T;(0)).

LEMMA 6. Let T be the assignment defined by T; =T;(0*) if S} = S; and T; = {i;} otherwise. Then

T is well-structured and L(T) < uL(S), where pu:= M;i%%

Proof. The fact that T is well-structured follows immediately from the fact that S’ is well-
structured and that 7; C S} for all j € J. In particular, for every machine ¢ € M, the set of jobs
processed by i consists of the jobs j € J! assigned to i via a Type 1 assignment and potentially a
single job j' € J with i € Tj/(G;‘,) with x;j/j/ < )\ assigned to ¢ via a Type 2 assignment. Recall that

in the proof of Lemma 4, we showed that

C. (EC.5)

> =

> Hn < 3h<

71
JEJ;
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Thus, if a machine ¢ € M only processes jobs assigned to it via Type 1 assignments, then its load
in T is at most iC < uC by definition of . It thus remains to bound the load of machines ¢ € M
for which there exist some Type 2 job j € J with i € T;(0;) and m;ﬂ <A

Now fix any such Type 2 job j € J and note that the load of any machine i € T; = T;(0;) is
Fi(T5(07)) + 2 jen Fir({2}) < Fi(T5(67)) + +¢; by (EC.5). For any 6 > 0, the maximum load of a

machine in 7} is therefore bounded from above by

max é+fj(:rj(e;))g max é+fj(1}(9))§§+fj(]}(9))a

€Ty (0%) A i€T;(6) A

where the first inequality follows from the definition of 67 and the second inequality follows from
the definition of T;(6).

It thus suffices to show that there exists some 6 > 0 such that 6/\+ f;(7;(0)) < uC. To this end,
define h;(0) := ZieTj(e) A;; and notice that

c
| =3 a,c-0).

=0 iESj
Note that ¢; + s—=;; < C for each i € S}, by feasibility of the LP solution and the definition
ij
of ¢;. By summing over all i € S; and using the fact that Zieéj xz;; 21—\, we obtain 1 — A <
c

Ziegj Aij (C - éz) and, thus, 1—A < fe:o hj (9)d0

Now assume by contradiction that 6/\+ f;(T;(0)) > pC for all 6 > 0. Note that this is equivalent

to g;(T5(0)) < and hence we obtain

1
nC—0/X

e S CACIESD SRS}

where the last inequality follows by Lemma 1 applied to 7" = T};(#). By combining the above bounds,

we obtain

© © 1 S |
1—>\§/ hj(e)d9</ dG:A/ L= am 2
6 w

=0 o—0 HC' —8/A =pr—1 W pA—1
Using the definition of p we obtain In N‘A‘i - =Inel™M/* = 122 “and hence the above inequality

yields 1 — X <1— A, a contradiction. This shows that 6 /\+ f;(T;(0;)) < uC, thus completing the

proof of the lemma. O
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EC.3. Appendix to Section 4

EC.3.1. Hardness of Approximation for Fractionally Subadditive Processing Speeds

(Theorem 5)
We prove the inapproximability result for ASSIGNMENT with fractionally subadditive processing

speeds given by a value oracle. The proof follows from adapting a construction by Feige (2009)

that shows a similar inapproximability for a welfare maximization problem.

THEOREM 5. Any algorithm with approrimation guarantee o(n%) for fractionally subadditive pro-

cessing speeds requires an exponential number of queries to a value oracle.
Proof. We consider an instance of n > 2 jobs and m = n? machines, where the set of machines
is partitioned into n sets T1,...,T,, of size n each. For each job j and set of machines 5, let

n
-~ max{|S|+n53,n-|SNT|}

fi(S):

It is easy to verify that the processing speeds ¢;(S) := 1/ f;(S) are fractionally subadditive for every
job 7, and that the optimal makespan in the above instance is OPT =1/n (i.e., when each job j is
processed just on its corresponding set 7}).

The partition T1,...,T,, is unknown to the decision maker, who can only access the values of f;
via a value oracle. By the argumentation of Feige (2009, Section 1.2), however, the decision maker
cannot find any set S with [SNT;| > % +n?/? within a polynomial number of value queries, since
the probability of choosing any such set S when selecting a subset of M uniformly at random is
smaller than the inverse of any polynomial in n. Hence, we can assume that any algorithm using

only a polynomial number of value queries will return an assignment S with f;(.S;) for

= S
all jeJ.

Now, if there is even a single job j with |S;| <n®?3, then f;(S;) > % -n=?3=Q(n'/3)-OPT. On
the other hand, if |S;| >n®/3 for all j € J, then by a volume argument there will be at least one

machine running at least n?/® jobs, and each of these jobs takes at least time (1/n). Thus our

makespan is off from OPT by at least a factor of Q(n?3). O
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EC.3.2. Approximating Truncated Welfare for Subadditive Functions using a Demand Oracle

In this section, we explain how to obtain a polynomial-time (6 4 €)-approximation for TRUNCATED
WELFARE for any fixed € > 0 when the functions g; are subadditive and we are given access
to a demand oracle that given p € RY returns a set S C M maximizing g;(S) — >, ¢pi- The
approximation follows from a result by Feige (2009), who devised a 2-approximation for WELFARE
MAXIMIZATION (the special case of the TRUNCATED WELFARE problem with ¢ = oo) for monotone
subadditive functions given by a demand oracle. As an interesting artifact of our results, we show
that the assumption of monotonicity is actually not necessary to obtain this 2-approximation; see
Appendix EC.3.2.4.

We remark that, although truncating a function preserves subadditivity, Feige’s (2009) result
for WELFARE MAXIMIZATION does not immediately imply a 2-approximation for TRUNCATED
WELFARE as the demand oracle for the original function does not yield a demand oracle for
the truncated function. Instead, we show that those demand oracles can be used to obtain an
approximate dual separation routine for the LP relaxation used by Feige (2009) that then allows

us to apply his algorithm.

EC.3.2.1. LP Relaxation and Feige’s Algorithm Feige (2009) establishes the following
“oblivious rounding” result. Given a set of monotone subadditive functions h; : M — R, for j € J,

let 2* be a (not necessarily optimal) solution to the following LP:

maximize: Z Z hi(S)zs; (Pwetare)

jEJ SCM

s.t.: Z rg;, <1 Vjeld

SCM

> g <1 VieM

jEJ SCM:ieS

z >0

Feige (2009, Section 3.2.2) shows that, given the non-zero entries of z*, we can find in polynomial
time (in |J], |M], and the encoding size of x*) disjoint sets S; for j € J such that

Soh(8) > 5 30 S (S,

JjeJ je€J SCM
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Importantly, Feige’s rounding algorithm is oblivious in the sense that, when given access to the

solution z*, it does not require any further access to the functions h;.

EC.3.2.2. The (6+¢)-Approximation for Truncated Welfare Now consider an instance
of TRUNCATED WELFARE. In the following, we will assume that each g; for j € J is monotone.
We show in Appendix EC.3.2.4 that this assumption is without loss of generality. We construct an
instance of WELFARE MAXIMIZATION with functions h; for j € J by defining h;(S) := min{g,(5),t}
for j € J and S C M. Note that because each function g; is subadditive and monotone, so are the
truncated functions h;. Note further that with this choice of h;, the optimal value Z* of (Pweltare)
is an upper bound on the optimal value of the TRUNCATED WELFARE instance, as any solution to
the latter induces a solution to the former of the same value.

In Appendix EC.3.2.3 below, we show that a demand oracle for the functions g; can be used
to compute in polynomial time a solution z* to (Pwelfare) With ZjEJ ZSQM h;(S)rg; > 3—J1FEZ*. We
can thus apply Feige’s algorithm to x* (without any further calls to the demand oracles). This
yields disjoint sets S; for j € J with } ., h;(S;) > 513: 2" Because, Z* is an upper bound on the

optimal value of the TRUNCATED WELFARE instance, we thus obtain a (6 + ¢)-approximation for

TRUNCATED WELFARE (when using €/2 instead of ¢ in the subroutine described below).

EC.3.2.3. A (3+¢)-Approximation to (Pwe.c) via Approximate Dual Separation In
the following, we show how a demand oracle for the functions g; for j € J can be used to obtain
an efficient 3-approximation for (Pyweiare) via devising an approximate separation routine for the
dual of (Pweitare)- To this end, consider the linear program (D(S,\)) for A >0 and & C 2M

minimize: Z Y;+ Z 2 (D(S,N))
jed ieM

sbi g+ Yz > Ab(S) VjeJ SeS

i€S

Y,z 2 0

and note that (D(2™,1)) is the dual to (Pweitare)-



ecl8 e-companion to Fotakis, Matuschke, and Papadigenopoulos: Assigning and Scheduling Generalized Malleable Jobs

THEOREM EC.3. There is an algorithm that, given access to a demand oracle for g; for all j € J
and £ >0, computes in polynomial time a feasible solution (y',z") to (D(2M,1)) and a set S C2M

such that the optimal value of (D(S,3)) is bounded from below by 1 - (Zjejy;- +D e Z;)

Before we prove this theorem, we observe that it indeed implies that we can obtain a solution
t0 (Pweitare) Whose value is within a factor of 3+ of the optimal LP value Z*. To this end, let
y', 2" and S be the output of the algorithm described by the theorem. Now consider the dual to

(D(S,3)):

maximize: ZZ 3h;(S)zs; (P'(S))

jeJ Ses
s.t.: ngj <1 ViedJ
ses
Y)Y as <1 Vie M
jeJ SesHes
x>0

Let =* be an optimal solution to (P'(S)), which we can compute efficiently as S is of polynomial

size (because the algorithm in Theorem EC.3 runs in polynomial time). We conclude that

1 z*
S s> e (S ) = 2

jEJ SeS jeJ ieM

where the first inequality follows from LP duality and the fact the optimal value of (D(S,3)) is
bounded from below by Zj e Ui+ 2 icn %> and the second inequality follows from the fact that
y', 2’ is a feasible solution to (D(2*,1)), which has the same optimal value as (Pweitarc)-

Because z*, extended by x%; =0 for all j € J and S € 2"\ S, is also a feasible solution to
(PWeitare), We obtained a (3 +¢)-approximation (when replacing ¢ with £). It thus remains to prove

Theorem EC.3. This is based on the algorithm described in the proof of the following lemma.

LEMMA EC.5. There is a polynomial time algorithm that, given access to a demand oracle for
g; for all j € J and vectors y € Rio and z € R%, either correctly asserts that (y,z) is a feasible

solution to (D(2M,1)) or it finds j € J and S C M such that y; + .. ¢z <3-h;(S).

i€S
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Proof. For each j € J, the algorithm checks which of the four cases listed below holds and
reports one of two possible outcomes: Either it asserts that all constraints of (D(2¥,1)) pertaining
j are fulfilled, i.e.,

feasible(j):  y;+ Y zu>hi(S) VSCM

ies
or it finds a violated constraint of (D(2,3)) for j and some S C M, i.e.,
violated(S, j) : y; + Z z; < 3h;(S).
ies

Case 1: It holds that ¢ <y;. In this case, assert feasible(j).
Case 2: Case 1 does not hold, but y; +z; < h;({i}) for some i € M':={ie M : g;({i}) >t}. In this
case, report violated({i}, 7).
Case 3: Cases 1 and 2 do not hold, but g;(S*) <y; + 3,4« 2, Where M :={i € M : g;({i}) <t}
and S* € argmaxgcy; 9;(S) — > _;cq %i- In this case, assert feasible(y).
Case 4: Cases 1, 2, and 3 do not hold. Construct a partition ¢ of S* such that g;(U) <2t for all
U €U and there is U’ € U such that ¢g;(U) >t for all U e U \ {U’}. We show below that such a
partition can be constructed and moreover, that there is at least one U € U with Yi + D e 2 <
3h;(U). Report violated(U, 7).
If feasible(j) is reported for all j € J, the algorithm asserts that y,z is feasible for (D(2",1));
otherwise it returns some j € J and S C M for which violated(S,j) was reported.

Next, we argue that the assertion made by the algorithm for each case is correct and that,
moreover, the corresponding computation can be executed in polynomial time using a demand
oracle for g;.

In Case 1, it holds that ¢ <y; and hence y; + ), s z: >t > h;(S) for all S € M because z; > 0 for
all i € M. Hence the algorithm correctly asserts feasible(j) in this case. This case can be checked
in constant time.

In Case 2, the condition y; + z; < h;({i}) immediately implies the correctness of the assertion

violated({i}, j). Moreover, this case can be checked in linear time.
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Now assume the algorithm asserts feasible(j) in Case 3. Let S C M. We distinguish two sub-
cases.

o If SC M then hj(S) =Y .5z < g;(S) = Y52 < 9;(S*) =X ;cq- 2 < y; by choice of S*.

e If S¢Z M then there is i € M’ with i’ € S. This implies y; + >, g2 > y; + 20 > h;({i'}) =t,
where the first inequality follows z > 0, the second inequality follows from the fact that Case 2
does not hold, and the final ineqaulity follows from g;({i'}) >t by i’ € M".
Thus, in both subcases, y; + > ..q2 > h;(S) and the algorithm correctly asserts feasible(j).
Moreover, note that M can be constructed in linear time and that the set S* can be obtained by
a single call to the demand oracle, using p, := 2, for i € M and p; := oo for i € M’. Hence Case 3
can be checked efficiently.

Finally, we show that in Case 4, there exists a partition U of S* with the desired properties. The
partition can be constructed greedily as follows:

1. Start with &/ :=0, U’ :=S*, and U := 0.

2. While ¢;(U’) > 2t, repeat the following steps:

e Let i € U’ be arbitray, set U':=U"\ {i} and U :=U U {i}.

o If g;(U) >t, then set U :=UU{U} and reset U := 0.

3. Add U’ to U.
Note that whenever some set U is added to U in Step 2 above, then ¢;(U \ {i}) <t for the element ¢
that is added to U in this iteration of the while loop, as otherwise U would have been reset to ()
in the preceding iteration. Hence subadditivity implies g;(U) < ¢;(U \ {i}) + g;({i}) < 2t, because
i€ S*C M and hence g;({i}) <t. Therefore g;(U) <2t for all U €4 (note that the constraint is
trivially fulfilled for U’ at the end of the procedure). Moreover, g,;(U) >t for all U e \ {U’'} by
construction.

Now consider any such a partition ¢ of S*, i.e., g;(U) < 2t for all U € U, and there is U’ € U such

that g;(U) >t for at all U €Y \ {U’}. Assume by contradiction that y; + .., 2 > 3h;(U) for all
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U €U. Note that in particular g;(U’) <3h;(U’) <y; +>_,c %, because g;(U’) < 2t. Furthermore,

we obtain

for U e U\ {U’}, where the first inequality follows from the construction of U, the second inequality
follows 3t = 3h;(U) <y, + > ey 2 because h;(U) =min{g;(U),t} =t for U # U’, and the third
inequality follows from the fact that ¢ > y; because Case 1 does not hold. We thus obtain the
contradiction
yj + Zzi < g;(57) < g;(U) + Z 9;(U) < y;+ Zzi,
i€s* Ueu\{U'} ieS*

where the first inequality follows because Case 3 does not hold, the second inequality follows
from subadditivity, and the final inequality follows from g;(U) <3 .., 2 for U e U\ {U'} and
g;(U") <y; + > e 2 as derived above.

Thus, there is U € U with y; + Y.,.52 < 3h;(U) and the algorithm correctly reports
violated (U, j). The partition ¢ can be constructed in linear time using the greedy algorithm
sketched above. Once the partition is computed, the set U can be found in linear time by enumer-
ation. U

We are finally ready to prove Theorem EC.3.

Proof of Theorem EC.3. For € R define the two polyhedra

Q(n) :=={(y,2) eR”*M : (y, 2) is a solution to (D(2",3)) of value at most u} and

Q(n) :=={(y,2) eR7*M : (y, 2) is a solution to (D(2™,1)) of value at most y}.

Note that Lemma EC.5 establishes that the approximate separation problem for Q(u) and its
approximation Q(u) can be solved in polynomial time: Given y € R/ and z € RM, we can either
confirm (y,z) € Q(u), or we can find a hyperplane separating (y,z) from Q(u). As observed by
Schulz and Uhan (2013, Theorem A.6), the ellipsoid method can be used to turn such an algorithm

into a polynomial-time algorithm for solving the following approximate mon-emptiness problem:
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Find a vector (y,z) € Q(u) or assert that Q(u) is empty. In the latter case, we also obtain a
collection S C 2™ of subsets of M corresponding to the constraints generated to prove that Q(u)

is empty, i.e., the polyhedron
Qs(p) :={(y,2) eR”*M . (y,2) is a solution to (D(S,3)) of value at most x}

is empty.

We embed the algorithm for the approximate non-emptiness problem in a binary search. We can
make the following two assumptions without loss of generality:

e For o =t, the algorithm asserts that Q(t) is empty. Assume that instead it finds a solution
(y,2) € Q(t). If there is j € J with g;(M) > ¢, then setting S = {M} ensures that Qs(t) is empty.
If there is no j € J with g;(M) > ¢, then g;(S) = h;(S) for all S C M. Thus, the demand oracle
for the functions g, is also a demand oracle for the functions h; and we can compute an optimal
solution (y/,2’) to (D(2,1)) via exact separation.

e For p1 = |J|t, the algorithm returns (y,z) € Q(|J|t). Indeed, y; =t for a j € J and 2, =0 for
i € M is a feasible solution to (D(2,1)) of value |J|t.

Thus starting with the py :=¢ and the upper bound py :=|J|t, we can embed the algorithm for
the approximate non-emptiness problem in a binary search: As long as ur < l"—fs, iteratively query
the algorithm for p:= “LEHU: if Q(u) is asserted to be empty, set piz := p; if a solution to Q(u) is
returned, set py := p. After log 1'—_1'5 iterations this procedure terminates with py > l"—fa yielding & C
2M and (y/,2") € R7*M such that Qs(pz) is empty and (y/,2') € Q(uy). Note that by definition of

Q, the vector (y/,2') is a feasible solution to (D(2",1)) of value y. Moreover, emptiness of Qs (pz)

/ I
BU Yies¥itiiem %

implies that the optimal value of (D(S,3)) is bounded from below by uy > £ > e

Thus, v,z and S fulfil the requirements of Theorem EC.3, completing the proof. O

EC.3.2.4. Assuming Monotonicty is Without Loss of Generality Finally, we argue
that the assumption that g; is monotone for each j € J is without loss of generality. Indeed, if this

is not the case, we can replace g; by g;(5) := maxycs g;(U). The functions g;(S) are monotone and
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subadditive by Lemma EC.4 in Appendix EC.2.1. Note further that the instances of TRUNCATED
WELFARE [ for the functions g; and I’ for the functions g}, respectively, are equivalent in the
following sense: Any solution S to I is also a solution to I’ with at least the same value (as
g;(8) > g;(S) for all j € J and S C M). Moreover, for any solution S’ to I’ we can compute in
polynomial time a solution S to I with the same value by using, for each j € J, the demand oracle
for g; to obtain S, € arg maxycg; g;(U) (this can be done by calling the oracle with p; := 0 for
i € Sj and p; := oo for i € M\ S}; note further that g;(S;) = g;(55) for all j € J and that because
the S} for j € J are disjoint, so are the S;). Thus, in particular, the instances I and I’ have the
same optimal value and we can transform any solution to I’ into a solution to I with the same
value (and therefore also the same approximation guarantee).

Finally, the following lemma reveals that any demand oracle for g; is also a demand oracle
for g5. Thus, we can apply any approximation algorithm for TRUNCATED WELFARE with monotone

subadditive functions given by a demand oracle to I’ to obtain the same approximation guarantee

for 1.

LemMA EC.6. Let g:2" — Ry and define g'(S) := maxycs g(U) for each S C M. Let p € RY
and T' € argmaxge, 9(S) — >, cqpi- Then g(T) =g'(T) and T € argmaxgey, '(S) — D icq Di-

Proof. Let p € RY{. Consider the respective maximizers T' € argmaxgc,, 9(S) — > ;. gp: and

T € argmaxge g'(S)—=>,csPi- Note that g(T') =>". i < g'(T") = >, cq ps because g(S5) < g'(5)
for all S C M. Now let U' CT" with g(U’) = maxscy g(S) = ¢'(T") and observe that
g'(T") - sz‘ < g(U") - sz' < g(T) - Zpu
ieT’ ey’ ieT
where the first inequality follows from ¢'(7") = g(U’) by choice of U’, as well as U’ C T’ and

p >0, and the second inequality follows from maximality of 7. We conclude that g(T') = >, ., pi =
g/(T,) - Z'LGT’ Di- [l
REMARK EC.1. We remark that the same argumentation also applies to Feige’s (2009) origi-

nal 2-approximation for WELFARE MAXIMIZATION with subadditive functions. That is, although
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monotonicity is listed as an assumption by Feige (2009, Section 1), the 2-approximation can also be
applied to non-monotone subadditive functions given by a demand oracle, using the transformation

described above.

EC.3.3. Proof of Lemma 10

LEMMA 10. Assume there exists an assignment S for some set of jobs J; C J with maximum load
C’" such that |S;| =1 for all j € Ji. Then we can construct in polynomial-time an assignment that

assigns at least |J;| jobs (possibly different from J,) with a mazimum load at most 2C".

Proof. Let J; C J be the subset of |J;| jobs that are assigned without splitting in the given
partial assignment and let i; € M be the machine where each job j € J; is assigned to. We consider

the following LP:

maximize: Z inj (LP-H)

i€M jeJ
s.t.: le] S 1 VJGJ
€M
> L . < Vie M
2 g, ({in™ =
zy; =0 VieM,jeJ with f;({i}) >’
r >0

By setting x;; =1 for each j € J; and i =1i;, and z,;; =0, otherwise, we can easily verify that all
the constraints of (LP-H) are trivially satisfied. Further, for the same assignment, the objective
becomes > ;.\, >, ij = |J1|. Hence, we conclude that (LP-H) is feasible and its optimal value is
at least |J1|. Let 2 be an optimal extreme point solution of (LP-H), which satisfies 3,/ > ¢ ;zi; >
|J1]. Given that for each job j it holds ). ,, z;; <1, it follows that at least |J;| jobs appear in the
support of = (that is, ), ,, z;; > 0 for at least |J;| jobs). Thus, it suffices to prove that we can

round z into a feasible schedule in a way such that any job that appears in its support is integrally

assigned to a machine.
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By working along the lines of Lenstra et al. (1990) (see Appendix EC.1.5), we can construct
an assignment graph based on the support of z. It can be verified that, if x is an extreme point
solution of (LP-H), then the graph is a pseudoforest (Shmoys and Tardos 1993). Therefore, by
using the rounding algorithm of Lenstra et al. (1990) we can schedule all the jobs in the support

of x within makespan at most 2C’ and, thus, the desired lemma follows. O



