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E-Companion for “Production Management with General
Demands and Lost Sales”

EC.1. Supplementary Materials for Section 4
EC.1.1. Proofs of Proposition 1 and Lemma 1

We prove that its Laplace transform solves the following equation for the conditional expected
discounted cost until the first lost sales ¢, ,(u). For notational convenience, we omit the argument

r >0 in the related functions throughout this e-companion unless otherwise specified.

ProprosITION EC.1. The Laplace transform of c,(u), i.e., ¢,(u), satisfies the equation
B(w) &) — pey(0) = —g(u), w20, (EC.1)
where Y (u) is the Lundberg equation defined by
¥(u) ::pu—r—/oo(l—e““’)l/(d;r), (EC.2)
0
and §(-) is the Laplace transform of g(-) with
g(u):= h(u)—i—/oow(w—u)l/(dw). (EC.3)

Proof of Proposition EC.1. By definition of ¢,(u) in (7), we know that it only accounts for the
total cost incurred before the occurrence of the first lost sales. Therefore, in the analysis of c,(u),

it is equivalent to assume that the inventory dynamics is
I(t) = 1(0) 4 pt — D(t),

since we only focus on what happened before and exactly at the time of the first lost sales. We

employ a family of processes {I.(t),t > 0}.~¢ to approximate {I(t),t >0}, which is defined as
I.(t):=1(0)+ pt — D.(t), (EC.4)
where D.(t) is a compound Poisson process with the jump intensity being

A = /OO v(dz) (EC.5)
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and the probability density function for each i.i.d. jump size being

T (xdx) Leoo (@), (EC.6)

Jowl

where v(dx) = w(x)dx. Namely, if we only consider the jump whose size is larger than e in the

fs(.%') =

subordinator D(t), we are dealing with a compound Poisson demand D, (t), where the corresponding
Lévy measure is v.(dx) = A fe(z)dx = v(dx)1l(c )(x). Lemma 2.1 in Morales (2007) states that
D_(t) converges in distribution to D(t), and therefore, I. converges weakly to I when e goes to 0.

Denote the associated expected discounted cost until the first lost sales under inventory dynamics
(EC.4) as ¢ ,(u). Using similar arguments as in the proof of Lemma 1 in Shi et al. (2014) or the

proof of Theorem 3.1 in Cai et al. (2009), we can obtain the following expression for ¢, ,(u):

fe’e] t o0 u+pt
Ceplu) = / e / e "*h(u+ ps)dsdt + / Ace~Aetnt / fe(z)ee ,(u+ pt — x)dxdt
0 0 0 0

+ / Aee~Aefmr fe(@)w(x — (u+ pt))dzdt.
0 u+pt
(EC.7)

The representation for ¢ ,(u) above implies that it is absolutely continuous. We can take a substi-

tution of variables y =u + pt and get

T ) e e 1
pee p(u) = e 7 WTYh(y)dy + Ae” 2 W fe(z)ee ,(y — x)dxdy
u v OOO (EC.8)
+/ Aee_W(y—u)/ fe(@)w(z —y)dxdy.
u y
By taking the derivative with respect to u on both sides of (EC.8), we then obtain
, Aet1 > — et (g
pee () = —h(u) + ; e 7 h(y)dy
u A oo ctr Yy
—/ Aefe(x)ee ,(u—x)dx + 6—Ha/ e_A;r(y—u)/ Acfe(x)ee ,(y — z)dady

Act+T
p

— /OO Acfe(@)w(x —u)dz + /00 6_%@_@ /00 Acfe(@)w(z —y)dzdy

=—h(u) — /Ou Aefe(z)ee p(u—z)dx — /OO Acfe(@)w(x —u)dz + (A +7)ce p(u).

u

We further take the Laplace transform with respect to u on both sides of (EC.9), which yields

pluce (1) = e, (0)] = (A +7)8 p(u) + Acfe(u)ée p(u) = =ge(u),  u>0,
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where ge(u) :=h(u)+ A [ fe(z)w(z — u)dz for u> 0. After a simple rearrangement of terms, we

have

Ye(u) - € p(u) — pee p(0) = —ge(u), u>0, (EC.10)

where 1.(-) is the Lundberg equation associated with the process I. defined by
V() == pu— Ae — 1 — A fe(u). (EC.11)

The following lemma provides several important properties of the roots of the Lundberg equation
Ye(u) =0.

LEMMA EC.1. For any r >0, the Lundberg equation ¥.(u) =0 has a unique positive solution &..
Moreover, we have the following:

(a) There is a bijection between p and &, which is implicitly established by the equation

p=—+AF.(E), (EC.12)

€

where F(-) is the complementary cumulative density function (CDF) of the distribution (EC.6).
(b) The function &.(p) is strictly decreasing in p and satisfies
(i) im& (p) =00 and limp - &(p) = Ac +7;
p—0 p—0
(ii) lim & (p) =0, and lim p-E&(p) =7
p—00 p—00
Proof of Lemma EC.1. The existence of a unique positive solution to the Lundberg equation
e(u) =0 is a standard result following Gerber and Shiu (1997). The remaining claims come from
Lemma 2 in Shi et al. (2014) and Kyprianou (2013). O

Based on the bijection between p and &, we can derive the closed-form formulas for ¢, ,(0) and

Cep(u) in (EC.10).

LemMmA EC.2. Forr >0 and p>0, we have

e (0) = ;ge(ge) and by (u) = 2D I gy, (EC.13)
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Proof of Lemma EC.2. Since &, is a solution to ¢.(u) =0 and by letting u = ¢, we know from
(EC.10) that ¢ ,(0) = %ge(u). By plugging this back into (EC.10), we get the expression for ¢ ,(u)
when u#¢&. U

Meanwhile, since we already know that I. converges weakly to I, it is reasonable to expect that
similar convergence results hold for the associated Lundberg equation, as shown in the following

lemma.

LEmMA EC.3. For any r >0, as € goes to 0, the Lundberg equation 1.(u) =0 associated with I,

converges to the Lundberg equation (u) =0 of I, where 1(-) is defined as
Y(u):=pu—r— /00(1 —e "““)v(dx).
0
Proof of Lemma EC.3. Using (EC.5) and (EC.6), we can rewrite (EC.11) as
vy i=pu—r =, [T (=) @) = pu—r = U, (),
0

where Wp_(-) is the Laplace exponent of D.. Since D, N D, the corresponding Laplace exponent

also converges. Therefore,

) = pu = U, () pu—r~ Wp(u) = pu—r~ [ (1 e (de) = (u),

as € — 0, where Wp(u) := [~ (1 — e "*)y(dz) is the Laplace exponent of D. [
By Lemmas EC.1 and EC.3, the following lemma establishes the properties of the solutions to

the Lundberg equation ¢ (u) =0 for I as € — 0, proving Lemma, 1.

LEMMA EC.4. For any r > 0, the Lundberg equation ¥ (u) =0 has a unique positive solution &
such that & — € as € = 0. Moreover, we have the following:

(a) There is a bijection between p and &, which is implicitly established by the equation

. T—F‘I’D(f)'

p=— (EC.14)

(b) The function &(p) is strictly decreasing in p and satisfies
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(i) 1im&(p) = o0 and limp-&(p) = [ v(dz) +7;
(11) lim&(p) =0, and lim p-&(p) =7.
p—00 p—00
Proof of Lemma EC.4. The results are natural consequences of Lemma EC.1 and EC.3 by
noting that Ac — [~ v(dz) when e »0. O

Consequently, combining the results of Proposition EC.2 and Lemma EC.4, we get

Cepl0) = 236 = (€)= &40 (EC.15)

and
) a5 -
) =20 T o)

which implies (EC.1). We thus complete the proof of Proposition EC.1. [

=¢,(u), (EC.16)

Based on the equations (EC.15) and (EC.16), we have also proved Proposition 1.

EC.1.2. Proofs of Proposition 2 and Theorem 1

Throughout this section, we assume r =0 and omit the argument r» = 0 in related functions for the
simplicity of arguments. We first state Lemmas EC.5-EC.9, which are used to prove Proposition 2

and Theorem 1.

LemMmA EC.5.  (a) The cycle times {(Tp,41 — Tn),n > 1} are independent identically distributed,
and we have

Elr] = vu > @0 = E[Th41 — ), n>1.

(b) The costs over each cycle time {(C,(Tns1) — C,(7,)),n > 1} are independent identically dis-

tributed, and we have

E[Cp(ﬁ)u(o) =u] = Cp(u) > Cp(o) = E[Cp(7n+l) - Cp(Tn)]a n>1.

Proof of Lemma EC.5. These results immediately follow from the strong Markov property and
spatial homogeneity of the subordinator D(t) as well as the inventory process I(t) and the pathwise

monotonicity of 7 as well as I(¢) in u. O
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LEmMMA EC.6. Under the stability condition p < u,, for any given large enough T >0, with prob-
ability 1, we have

lim my = oo,
T—o0

where my :=sup{m € N, 7,,, <T'}.

Proof of Lemma EC.6. By Lemmas EC.5 and EC.9, we know that for any n > 1, E[r,,,1 — 7,] <
E[71] < 0o under the stability condition. Let A,, be the event such that limy_, . my =n. We then
have

P(A,)=P{r,— 7,1 =00} =0.

Therefore,

Pt@ymzm}zpw{QA4z1—§mmﬁzl[j

n=1

LEMMA EC.7. Under the stability condition p < p,,

mT_l

TIEI;CT = o a.s. (EC.17)
and
lim E [@} S (EC.18)
T—o0 T (po
Proof of Lemma EC.7. We first show that
Tm
lim —F =1, a.s. (EC.19)

T— o0 T

Based on our model formulation, 7;,; — 7; are i.i.d. with bounded second moments. Therefore, for

1 < ¢ <2, an application of the Markov inequality gives

> > 1 Tm;+1 — Tm,; 1 > E(’TQ—Tl)q
P <) —E( M) =y 2 .
Z( )—Zeq< i ) 2 g <
7T — () g.s.. Since |T) < T < |T] +1, the

i=1 i=1
Therefore, by Borel-Cantelli lemma, limren, 7500 TmTJrT

> €

Tm,r‘rl - Tmi
{

same limiting result holds when T is a real sequence going to infinity. Then (EC.19) holds because

T, T, — T,
0<1— lim 2T < Jim -2ztl _'mr _ g

T— o0 T T— 00 T
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Next, by Lemma EC.6, we know that my — oo almost surely as T — oo, which implies, with

probability 1,
m—1
 Tmp o Tmo o T oL N
= = o 2D (=) = (BC.20)
where the last equality follows from Proposition EC.5 and the law of large numbers. Therefore,

combining (EC.19) and (EC.20) yields

. mr . mT/TmT 1
lim — = lim ———=—, a.s.
T—o0 T T—o0 T/TmT ©o

Moreover, to verify (EC.18), it suffices to show the uniform integrability of {mr/T}. Let {7;} be a
i.i.d. sequence of indicator functions with 7; =1, | .51y fori € N*. Clearly, we have Z:il T < Ty
Define iy =sup{m|>_;" 7; <T}; it is then clear from the definition of my :=sup{m € N|r,, <T}
that my < 7hr. Let any m whenever 7, <T, it implies that >." 7 <T, so {m € N|r,,, <T} C
{m|>>" % < T}, which further implies my < rivp. Denote p =P{7;;; —7; > 1}, which is identical for
all i € N, we know that m follows a negative binomial distribution with the respective parameters

|T'| and 1 —p based on the above discussion, which further gives

ITI(|T]+1)—[T](1—p)
(1-p)?

E[m7] <E[m7] = (E[mr])* + Var(mr) = <O\T+CLT7,

where C; and C; are both constants, clearly independent of T'. Therefore, by Markov’s inequality,

we have

my Em%] C
P 20) < s <

8

which completes the proof. [

LEMMA EC.8. Under the stability condition p < u,,, we have

.1
lim TE [C,(11)]=0.

T—o0

Proof of Lemma EC.8. 1t suffices to show that E[C,(7)] is finite. Since w(x) is an increasing

concave function, there exist some constants by, by > 0 such that w(xz) <b;x + by, we have
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Notice that for any ¢ >0, I(t) <u+ pt, and h is an increasing concave function, which means that

/h dz—i—/ w(dL(z))

< / h(u+ pz)dz+w(L;)

1
< h(u)t+ 5h’(u)pt2 + by D(t) + by.
Therefore, we obtain

E[C,(m)] =E{E[C)(m1)|m]}
< E[h(u)r: + %h’(u)pﬁz + b D(m) + ba]
= h(uw)E[r]+ %h’(u)pE[Tf] + b, E[D(7)] + by

< 00,

where D(7;) is bounded by u + p7; plus the amount of the first lost sales, and hence it has a finite

expectation. [
LEmMMA EC.9. Under the stability condition p < p,, 1 has finite j-th moments for any j > 0.

Proof of Lemma EC.9. The result follows simply from showing that the j-th order derivative
of the Laplace transform of 7; at 0 is finite; see Theorem 8.1 in Kyprianou (2014). O
Proof of Proposition 2. Let my be a random integer such that 7, <7T < 7,41 for a large

enough 7'. We then have

F,= lim TIE[C’ (1))

T—o0

= lim IE () +Z (T 1)) 4+ (Co(T) = Cp(Tny)) (EC.21)

T—oo T

For the first term in (EC.21), by Lemma EC.8, we have

T—o0

. 1
lim —E[C,(r:)] =0. (EC.22)
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For the second term, by Lemmas EC.5 and EC.7, we know from the strong Markov property,

B ) A
Jim TE Z;(Cp(ﬂ)—cp(ﬁ—l))

1
— lim TE [(mr —1)(C,(12) — C,(11))]

= Jim =D E[(Cy () - ()] = 22, (EC.23)

where the second equality follows from the dominated convergence theorem together with the
uniform integrability of {mr/T'} as shown in Lemma EC.7. Lastly, for the third term in (EC.21),

we obtain from Lemma EC.5 that

0< lim lIE[C’,)(T) = Cp(Tmy)]

T—o0

. 1
S hm TE[CP(TWT+1)_CP(T7”T)]

T—o0

< lim %E[cp(ﬁ)] 0, (EC.24)

T T—oo

d
since 7,41 — 7, <7 for every n. From (EC.22), (EC.23), and (EC.24), we conclude that

F,= lim %E[CP(T)] _e0 o (EC.25)

T—o0 ©o

Proof of Theorem 1. Using a standard martingale approach, one can follow Kella and Whitt

(1992) to derive the formula for the expected cycle time ¢, under the stability condition p < p, as

where & > 0 is the unique positive solution of the Lundberg equation pu— [ (1 —e™"*)v(dx) =0.

Therefore, from (8) and (EC.25), we know

Fp = Qo =§o§](§o)-

The optimal rate pj can be derived by first minimizing F), as a function in §, and then transforming

back to p via the bijection established in Lemma 1. [
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EC.1.3. Proof of Theorem 2

As the first step, we notice that by the strong Markov property of the inventory process (2), we
can link the total conditional discounted cost ®,(u) in (6) with the discounted cost until the first

lost-sales ¢,(u) in (7) via the following proposition.

ProrosiTION EC.2. For any initial inventory u > 0, we have
P, (u) = c,(u) +d,(u)®,(0), (EC.26)
where d,(u) is the discount factor of the first occurrence of lost sales defined by

d,(u) =E [e

1(0) = u} . (EC.27)

Proof of Proposition EC.2. This directly follows from the strong Markov property of the inven-
tory process I(t) in (2) and some standard arguments. [

In other words, Proposition EC.2 states that the total cost can be separated into two parts under
the strong Markov property: the first part is the cost incurred from the initial inventory level to the
occurrence of the first lost sales, and the remaining part is simply the cost incurred when starting
from the zero initial inventory. To this end, to investigate the target cost objective function ®,(u),
it suffices to analyze the other two terms c,(u) and d,(u), since ®,(0) can be solved endogenously
in (EC.26) by setting u =0 on its both sides.

Notably, according to the definition in (EC.27), d,(u) can be regarded as a particular case of
c,(u) by letting h(-) =0 and w(-) =1 in (4) and (7). To this end, we are able to derive the explicit
expressions for ch(u) and @p(u) based on the results of Proposition 1, which also completes the

proof of Theorem 2.

Prorosition EC.3. For any r >0 and p >0,

(a) the Laplace transform of the discount factor of the first occurrence of lost sales is

~ r |1 1 1 T

dy(u)=——|——=|+—, foru#, and d,(0)=1-—;

0= ame) 013
(b) the Laplace transform of the total conditional expected discounted cost is

r+i(u)  g(u)

g ¢
rup(u) ()

foruts, and  @,(0)=23(0).

®,(u) = £g(u)
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Proof of Proposition EC.3. (a) We know that d,(u) is a special case of ¢,(u) if we set h(-) =0

and w(-)=11in (4) and (7). Therefore, in this setting,

@)= [ e ratwdn= [ e [ uiapa
// = du(dy) /;(1—5”)1/(6&/)

X
By Proposition 1 and the LPR £ such that ¢ (&) =0, we have

1Up(E) pE—r r
d e — I
(0) p £ P& ! 3
and ) ¥p(©) _ ¥p0) : _ purovt
T R 1)

Ly
du) v &) w
(b) In (EC.26), letting u =0 on both sides yields

®,(0) = ¢,(0) + d,(0)2,(0),

which implies that

Furthermore, taking the Laplace transform with respect to w on both sides of (EC.26), we have

o w© g [ r (1 1) 1] €
(00 =6p(0) + 4,02, 0) = Ty [T (1) ] g

i) GO0

¥ (u) ruy(u)
EC.1.4. Proof of Proposition 3

We first rewrite ®,(u) in Theorem 2 as,

d,(:) =1L [@Z@) - g(z)} PR (EC.28)

at u. After taking the inverse Laplace transforms

Let 7¢(u) be the inverse Laplace transform of )

on both sides of (EC.28), we obtain the renewal-type representation for ®¢(u):

ooy = O

+ [Ge xnel(u) = @ (0) + [Ge xnel (u), (EC.29)
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where * denotes the convolution operator so that [G¢ *n¢](u) := fot Ge(w)ne(t —w)dw and Ge(u) is

defined by
Ge(r) :=E€5(§) — g(=). (EC.30)
It then suffices to solve for 7¢(u). By definition, the inverse Laplace transform of i is
1 IO A |
Ne(u —El[ } u) = lim — et dz,
=L E MmN L e

where v > . Define Sk as the left semicircle with radius R > v — 6 centered at (,0), Lg as the
straight line connecting (v,v —iR) and (7,7 +iR), and Cg as the counterclockwise closed curve

Sr U Lg; see plot of the left semicircle.

Vs
R
S,
sm\
0‘ —» X
-R
Then we have
1 [HR 1
= lim — ]
neln) = 5 /R T
1 1 1
= lim — / e dz—/ e dz]. EC.31
A% o [ e R M e (EC.31)

By the classical residue theorem, we have

e{u e@u :|
)

1
et ——dz =27 | — + —
/cR P(2) [W(f) ¥'(0)
while the second term in (EC.31), fSR ezuﬁz)dz, vanishes as R — oo for any u > 0, and we prove

this in what follows. Denote z =y+ Re?, 2 <0 < 37”, and let us separate the semicircle into different
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portions. Define 6 >0, and Sg 5 to be the arc where 6 € (3 +9, 37” —9). Correspondingly, define Iy s
to be the remaining part of the semicircle, which includes both the upper and lower sections, and
we respectively denote them by If, 5 which refers to the area where 6 € [3, 5 + 4], and I ; which
refers to the area where 6 € [2F — ¢, 2]

Given an arbitrarily small § > 0, we first consider the following integral:

w1
/p e

R,6

1

sup 6(7+Ru cos0)

<IdR .
0e(T T +4] P(2)

For 6 € [5,% + 6], cos <0, hence the term e®°*%* is bounded by 1 even as R — co. Next, we
study the behavior of 1(z) near the point 6§ = Z + 4§, particularly at that point, such that for
z=7+ Re'(5%9),
V(z)=pz—r— / (1—e**) v(dx)
0
— P(’Y—f— Re%+i5) —r _/ <1 - 61(7+R82+i5)> y(dq;)
0
— p(’)/—i- iR(COSé —i—zsmé)) —r _/ (1 o efz(7+iR(COS5+isin5))) I/(dm)
0

As 0 gets closer to 0, the term iR(cosd + isind) is dominated by iRcosd, and hence is of the
order O(R) -i. As for the integrand in the last term, namely 1 — e Ve @FcosderRsing " ywe have
e~ <1 and |e~®cs9| = 1 while e*#s"? increases with R. To this end, we have 1)(y+ Re(79) =

O(R) - i+ O(g(R)), where g(R) is some positive increasing function of quadratic growth in R,

and hence [1)(y + Re'3+9)| > O(R). By uniform continuity, we have the same conclusion for all

6 € [Z,Z + 6] uniformly, and hence | [, eZULdz‘ is bounded by 60(1), as
R,$

P(z)
1 1 R
e——dz| <SR| sup eOFficostn_— |\ <" — 50(1).
/ ) o )| = om =W

Similarly,

2 . ezuﬁdz is also bounded by §O(1).
R,

Finally, for the integral over Sg s, we have

1
Z’Lbid
/SR,5 ¢ V(2) :

= / e(TutR(e?)u) 1 iRewdQ‘
Sg.o Y(2)
1

— / e’yu+Rucos 0+1iRu sin 0+1i0 Rdﬁ‘
SR,

¥(2)

o . 1
— / e'yueRu cosgezGGZRu sin 6 Rd@’ .
Sp.6 ¥(2)
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We then investigate these factors one by one. Recall that cos < 0 for 6 € (5 +9, 37” —0). Particularly,

—cosf > —cos (% +6) =sind, and we have e — 0 uniformly as R — co; furthermore, |e'

e =
eifiusin®| — 1. As for ﬁ, for any small enough ¢ > 0,
1 1 < 1
sup — sup < —.
oc[3.5] Y(2)  oe(510.5-0) V()| T O(R)
As a result, we can fix a Jy, and by uniform continuity of @,
1
sup <C.
0 (5 +50, 38 ~350) ¥(2)
Therefore, for any &, we have
s ! <| s < ! +C
up > up < .
oc(5+5,35 —5) ¥(2) 0e[3.57] ¥(2)| T O(R)
All these facts lead to
1 ) 1
e ——dz| < Rre ftusind ( + C> -0 as R—o0
/sR,a ¥(2) O(R)
Consequently,
| [ L
im sup e z
R—oo |JSp Y(z2)
< i / Z“1d+l' / Z“1d+l' /zuld
< lim e**——dz| + limsup e**——dz| + limsup e z
R=oo | Jgp 6 Y(2) R—oo | JIk P(2) R—oo | JL o Y(z)
=250(1).
Hence, limp_. o ‘ /. Sk e w(lz)dz‘ =0 given any arbitrarily small § > 0.
Consequently, we know
efu eGu
= . EC.32
=g ) .

Finally, substituting (EC.30) and (EC.32) into (EC.29) implies (11).

EC.1.5. Proof of Proposition 4

Note that the following identity holds

c,(u) =e"e,(u). (EC.33)
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We follow the procedure of Theorem EC.1 in Section EC.1.1 to derive the explicit expressions
in Proposition 4. Specifically, Substituting c. ,(u) = e*“¢. ,(u) into (EC.9), we have the integro-

differential equation for é. ,(u) :=e *"c_,(u),

pete. (u )+pkekuée7,,(u)——h(u)—/ Acfe(x)eb e, (u—x)dz— /oo Acfew(z —u)dz+ (A +1)e" e ,(u).

0

Dividing both sides by e**, we have

pe. ,(u) + pkee ,(u) = — /0 Acfe(m)e ™ e, ,(u—x)dr — g (u) + (A +7)ec,(u), (EC.34)

where we set g.(u) := e *g.(u). We further take the Laplace transform of both sides in (EC.34),

and after a simple rearrangement of terms, we obtain

"/}e(u + k) ) ée,ﬁ(u) - pcw,(()) = _gE(u)7 u>0.

The remaining approximation procedures are the same as those in the proof of Proposition EC.1,

and one can finally derive that the Laplace transform of ¢,(u) is given by ¢,(0) = % -g(¢) and

= o 9w —g(Q)

co(u) = Wt k) forue{a+bi:a>0,beR}I\{0,(}, (EC.35)

where g(-) is the Fourier transform of g(u) := e **g(u). Furthermore, a similar argument as in the
proof of Proposition EC.3 can lead to the claim in Proposition 4. We finally remark that since
(=& —k with k being a fixed positive constant, there is a bijection between ¢ and p by Lemma

EC.4(a).

EC.1.6. Expressions for j(u) with special penalty functions w(-)

Recall the definition of g(-) in (10). Set h(u) := e **h(u) and

(u) = /Ooo e~ (uth)= <h(z) +/:o w(x —z)v( )> dz = ?L(u) + /000 /Ow e~ P2y (x — 2)dzv(dx)

Qn
U
8
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(a) If the penalty cost function w(-) is a fixed constant, i.e., w(x) = K, > 0, meaning that whenever
a sale is lost regardless of its size, we always impose a constant penalty in the objective function.

Then,

G(u) = h(u) + Ko / et / e (da) = () + 0 W (u o+ K. (EC.36)
0 0 u+k

(b) If the penalty w(-) is linear, i.e., w(x) = Kz, where the penalty cost incurred by lost sales is

proportional to its size, then

_ - 0o z - K 0o
g(u) = h(u) + K, / e~ (k) / 22 dry(dx) = h(u) + - / e~ T 1 4 (u+k)rv(dr)
0 0 (u+k)* Jo
7 Kip, K,
= — v . .
h(u) + uth k) p(u+k) (EC.37)

(c) For some other nonlinear forms of the penalty cost function w(-), sometimes it is still possible to
derive the explicit expression for g(u); for instance, w(x) = K5(1—e%). It implies that the penalty
increases with the lost-sales size with a diminishing marginal cost, and it is uniformly bounded by

K5 > 0. Then we have

i(u) = h(u) + Ko / e~k / (ORI (1 =07 g ()
0
_7 KQ‘IID u + k ut+k—3
=h(u)+ —"—7—= " —I—K2/ / dzv(dx)
=h(u)+ " +K2 u+k 6 , foru#d—k. (EC.38)

In particular,

GO0 —k)=h(6 - k+K2/ / %(1 — e~ dzv (dx)

=h(6—k)+ Kz\I;D(é) + K, / “v(dx)
=h(6—k)+ KQ‘P(SD(‘” + KW, (5), (EC.39)

where the last equation follows from an interchange in the order of differentiation and integration.
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EC.1.7. Error Analysis in Computing ®,(u) Using Fourier-cosine Method

We know from (17) that two different errors - replacement error 1, and truncation error n, - are
incurred in our Fourier-cosine method. We aim to give explicit bounds on these two errors in terms
of the approximation parameters and study the corresponding convergence rates. To begin with,
we have the following expression for the replacement error n.

ProrosiTioN EC.4. The replacement error 1, can be expressed as

o

m=— Ze—Qakn [‘I)p(Qna + U) + er“(I)p(Qna _ U)] .

n=1

Proof of Proposition EC.4. When m=2n—1, n>1, we have
[ee] 2 (m+1)a 3 . 2 . .
Z - {/ o (z)el @*dz » cos (‘7 ) ’/ ®,(2na + z) cos <‘77T )dzcos <]7ru>
j=0 a ma a a a
/ <I>p (2na — z) cos (‘M ) dz cos <J7Tu>
0 a a

=®,(2na —u),

I

My 10
SN N

<.
Il
o

where the last equation follows from the cosine series expansion formula. Similarly, when m = 2n,

n > 1, we have

(m+1)a ) . 00 a . .
- sim JT O\ N2 = JT JT
g 3‘8 {/ D, (z)e'a dz} cos (au> = E a/o ®,(2na + z) cos (az) dzcos <au>

Thus, we obtain

j=0

= [ (mtl)a am Jm
=—e™ Z =R / ¢, (u)e' s du p cos <au>
=0 ma

o'} 9 oo e .

n = —eM Z’a% {/ @,,(u)e“a“du} cos <J;u>
2
a

m=1

— Z [(i)p(2na —u)+®,(2na —l—u)]

n=1

=— Z e 2 [@,(2na+u) + 2@, (2na — u)],

which completes the proof. [
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The truncation error 7, can be viewed as a summation in the tails of F}’s. Therefore, its bound
should closely relate to the convergence rate of the sequence {F}}, for which we need the following

definition of algebraic convergence.

DEFINITION EC.1 (DEFINITION 2 IN SECTION 2.3 OF BoyD 2001). A sequence  {a;,i =
0,1,2,...} has an algebraic index of convergence s if s is the largest real number such that

limsup,_, . |a;|i* < c0.

We also need the following assumption to bound the error terms by the chosen parameters in the

algorithm explicitly.

AssuMPTION EC.1. The algebraic index of convergence for the sequence: {% {[]—'@;] (%)}}:}:0 18

some constant 3> 0.

REMARK EC.1. It is clear that @p(u) has an exponential decay at infinity, and so does its derivative
@’ (u) in light of Karamata’s theory (Boyd 2001). Assumption EC.1 states that the imaginary part
of the Fourier transform of @;(u) has a positive algebraic index of convergence. It is indeed a mild
assumption, since there is good integrability in @;(u) in light of the Riemann-Lebesgue lemma,

such that a rate 8 >0 can commonly be guaranteed.

PROPOSITION EC.5. Let Cy be the constant such that ®,(u) < Cre*™, for allu > 0. Under Assump-

tion EC.1, we have

cosh ku .BC.

sinh ka’ ] < €* 2

’n1’ S Ckefka+2k‘u JB 7

where C! >0 is a constant that only depends on a.

Proof of Proposition EC.5. By Proposition EC.4, we know that

I | =

Z e 2 [@,(2na + u) + 2@, (2na — u)] ‘
n=1

)
§ 672akn [Ckeku 4 62kuckeku]

n=1

<

_ (e hat2k cosh ku

sinhka
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For the truncation error 7,, we first discuss the algebraic index of the sequence {F}. Through a

simple application of integration by parts, we have

F,= %R {Cfp (2%) } = z/ooo ®,(2) cos (%z) dz
2" ®,(2)dsin (%rz) = i% {/OOO q);(z)einaﬁzdz} .

nm J, nm

Under Assumption EC.1, 3C’ >0 and N € Z", such that ¥n > N, we have

DO_/ (BT 2 Ct/z
%{/O P (2)e" e dz}gnﬁ,

where C! is a constant that only depends on a. Consequently, we have a bound on the functions

in the sequence; F;, < ﬂil%' Therefore, the truncation error 7, can be bounded by

= nmw
ek E F,, cos (—u)
a
n=J+1
oo

§6ku Z |Fn|

n=J+1

- T JP

12| =

This completes the proof. [
Proposition EC.5 explicitly shows the relations between values of algorithm parameters and the
resulting convergence errors. For any fixed pair of u and k, the absolute replacement error ||

is of exponential decay in a. In practice, we choose a to be relatively larger than u to make the

cosh ku
sinh ka

multiplier small enough. After determining a, the absolute truncation error |n| converges
to 0 with the convergence rate being the algebraic index of convergence 3, as J — oco. To control

the total error in a reasonably small range, we can first choose a large a to make 7; small enough,

and then set a proper J to adjust the truncation error.

EC.1.8. Supplementary Materials for Section 4.3

The Fourier-cosine method introduced in Section 4.2 calculates the value of the discounted cost

objective for any given production rate p. As the next step, we only need to numerically search for
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the minimizer of this one-variable function, which we can conveniently accomplish via some stan-
dard algorithms searching for the global minimum, including but not limited to, simulated annealing
(Bertsimas and Tsitsiklis 1993), genetic algorithms (Forrest 1993), and interval-arithmetic-based
techniques (Hansen and Walster 2003). In what follows, we apply a hybrid global optimization
method proposed by Xu (2002), whose comparisons with the aforementioned classical methods are
available in the first section of Xu (2002). Specifically, this method is deterministic without random
sampling and is guaranteed to converge to the global optimal solution. As stated by Xu (2002),
the idea has a relatively simple and intuitive analogy of climbing a mountain if we regard it as
the maximization problem of the objective function —®,(u). Whenever we climb to the summit
of a mountain (local maximizer), we can check whether there is a higher mountain in the domain,
move to the same level of the higher mountain, and then climb again. The process is repeated until
we can no longer see any higher mountain when standing at the summit of the highest mountain
(global maximizer). The interval Newton method achieves the checking and climbing procedures
(Hansen and Walster 2003). Algorithm 1 gives the implementation details of searching for the
optimal production rate based on the objective function calculated by the Fourier-cosine scheme.

Theorem 1 in Xu (2002) indicates that the globally optimal solution is always warranted.

Algorithm 1 A hybrid global optimization algorithm (Xu 2002)

Input: initial inventory u, objective function ®,(u) for p > 0, where ®,(u) is evaluated by
Fourier-cosine method using Equation (17) (£ > 0);
Output: global minimum (p*, ®,-(u));
. Initialize: Tol, u, p* =0, &o.=Tol;
repeat
Set the domain S = [, 1/Tol];
Find a local minimum ® < @, () in the domain and let £* € S be the smallest
root such that ®g«(u) = ;
Sloc = 5*7 ,0* = Li)(é*)a
6: until No solution for ®¢(u) =® —e¢ for { € [T'ol,1/Tol] can be found for the given error
tolerance level T'ol.

- w2

In the numerical experiments, we find that the cost objective function usually does not have
many local minima, so we do not have to conduct the “searching and checking” procedure many

times. Therefore, it is always very fast to establish the global minimum solution. For instance,
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let us consider an example with compound Poisson demands following a mixture of Erlang size

2I 1

distributions where the Lévy measure is given by v(dz) = A Zﬁl qj%d:v for z >0 and 6 > 0.

Specifically, A is the Poisson intensity rate and {qi,...,qum} is a set of probabilities, i.e., ¢; >0 and

M g; = 1. The mean of the Lévy measure is ju, = + M 7q;, while its Laplace exponent is
=145 K N 22i=179j

o M j
Up(2) :/0 (1—e ) v(dz) =X~ A;qj (&) :

For convenience, we take M =2, {q;,¢.} = {0.05,0.95}, 6 = 0.5, A =10, u =1, h(z) = /x, and
w(z) = K5(1—e ") with K, =0.5. Figure EC.1 plots ®,()(u) against (. The minimum total cost
P (¢+)(u) is attained at (* =0.0568, or equivalently, p* = 18.4750, yielding ® () (u) = 44.1550. If
we reset K, = 0.3 in the example above, we can get the corresponding plot in Figure EC.2. We
observe that the local minimum is then @, (u) =35.9502 at ¢ = 0.1382. However, it is clear from
Figure EC.2 that as ¢ goes to infinity, the total cost ®,)(u) decreases to a limit that is smaller
than this local minimum, i.e., lim¢ o0 ®,() (1) < @, (u). Specifically, Proposition 4 states that
p— 0 when ( — oo, and we can calculate that ®¢(0) = K>\ /r and

- 3(2) KoAUp (2 + k)

Dy(2) = \I/D(z+k)+r+r(z+k)(\I/D(z+k)+r)’ ze{a+bi:a>0,beR}\{0,(}.

By applying our Fourier-cosine approximation (17), we compute ®q(u) = 30.1441 < 35.9502.

EC.2. Supplementary Materials for Section 5
EC.2.1. Assumptions of Theorem 3 and Related Discussions

As revealed by Lee et al. (2021), if one directly applies the Fourier-cosine method to approximate
fi(x), the associated error terms when t is small could sometimes be divergent for some Lévy
subordinators; for instance, this is the case for Gamma processes. Consequently, we first use the
Fourier-cosine method to approximate a refined product z™ f;(x), where the presence of 2 helps
to avoid the divergence in the Fourier-cosine approximation when ¢ is near 0. After that, we divide
the approximated value by z™ to recover f;(z). Accordingly, the Fourier transform of 2" f,(x) is
given by

Fa fu@)](s) = (~i) - _[Ff](s).
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Figure EC.1  The discounted cost ®,(¢)(u) for a com- Figure EC.2  The discounted cost ®,)(u) for a com-

pound Poisson demand with a mixture pound Poisson process with a mixture of
of Erlangs (K2 =0.5). Erlangs (K2 =0.3).
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Before proving Theorem 3, we first state the following two technical assumptions; see Lee et al.

(2021) for additional details.

AssuMPTION EC.2. There exists a positive integer ng such that
i) WD (s) =0 (s_%> and |¥'79 (s)| =0 (s=H9) hold for some 6 > 0;
it) if ng > 2, for all m = 2,--- ng, both x™mw(zx) and x™n'(x) are integrable, i.e.,

amm(x), 2"’ (x) € L*(RY), where w(x) is the density function of the Lévy measure, i.e., v(dz) =

m(z)dz, with a derivative ©'(x).

REMARK EC.2. As an illustrative example, if the reserve process R(t) is a compound Poisson
process with a Poisson arrival intensity A and demand size distribution Gamma(c, ), the corre-
sponding density function is 7(x) = %x“ile*m for z >0, and the Laplace exponent is Wp(s) =
A1+ 5)™* — A. We can easily check that Assumption EC.2 is satisfied if we let no = 1. For other
cases, especially for frequently used demand processes, the parameter ny can be similarly deter-

mined via checking the convergence order of W5(s) in s.

AssumpPTION EC.3. The density function f,(x) is jointly continuous for (z,t) € Rt x (0,7, and

there exists an xo >0 such that f](x) <0 for (z,t) € (xg,00) x (0,7T].



e-companion to Han et al.: Production Management with General Demands and Lost Sales ec23

REMARK EC.3. A smoothness condition on the density function f; is naturally required for eval-

uating an integral expression involving f;.

EC.2.2. Proof of Theorem 3

We first prove the representation (22) for the finite-time stockout probability ¢, (7). For conve-
nience, we adjust the time scale using the multiplier p to define R(pt) := R(t) and D(pt) := D(t).

We thus obtain

~ ~

R(t)=R(t/p)=u+t—D(t/p) =u+t— D(t).
In this way, the production rate is standardized as 1, and f)(t) is still a Lévy subordinator with
the Lévy measure being v(dz) = v(dx)/p. Correspondingly, we further have

Foo=inf{t > 0: R(t) <0} =inf{t > 0: R(t/p) <0} = pinf{t > 0: R(t) < 0} = pra.

By respectively setting the initial surplus as u and the time parameter as pT in the finite-time ruin

probability formula given by Equation (4.1) in Lee et al. (2021), we can obtain

6u(T) =P(r, < T) =P(, < pT) =1 — P(7, > pT)
1 B(D(pT) =0) /O T e /0 . {1 - % /0 ) S;(x)dx] Foro(u+pT — 2)dz
_1—P(D(T)=0)— /OWT Fr(2)dz + /OPT [1 - % /O Sz/p(x)dac} Fropp(ut pT — 2)dz

~1-p(D(1)=0)- [ " @zt / ' [1 - " sz<a:>dm} fr(ut p(T = 2))dz,

where ft and S, are the respective density and survival functions of D,, with the identities ft = fi/p
and S; = Sy /,.

Next, we show that the error in approximating the finite-time stockout probability ¢, (7") by (25)
can be made arbitrarily small. This part can be analogously established using the proof similar to
that of Theorem 4.1 in Lee et al. (2021). Therefore, we only outline the main steps to make the

presentation self-contained; see Lee et al. (2021) for details.
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The numerical errors are incurred in approximating two separate integrals in (22). First, applying
the Fourier-cosine method described in Section 4.2, the term f0u+p " fr(z)dz in (22) can be approx-
imated by Zj:ol FJ.(D(T)X]- (u—d+ pT). Moreover, we can obtain bounds on the corresponding

approximation error terms £; and &, as below:

J

2 <, > i 2 [Tsinz
le1| == _a; Xj(U—d+PT)/a fr(x)cos <jaw> dz S'l—i—ﬂ/() 7dz Sr(a),
leo| 1= i "= dt o7 FO (1) < S
2| -— X] p 7 — JBJ
j=J+1

where the first inequality follows from a delicate analysis on the well-known series in Gibbs phe-

sin(kx)

nomenon, i.e., S,(x) =y, _ =

, and some useful properties of S, (z) can be found in Hewitt
and Hewitt (1979). The detailed derivation is given in Lemma D.1 in the supplementary material
to Lee et al. (2021). Clearly, the approximation error £ can be made arbitrarily small by choosing
large enough a and J, which are truncation parameters in the Fourier-cosine algorithm.

Second, the integrand terms A(z):=1— L [** S, (x)dr and B(z):= fr_.(u+ p(T — 2)) in (22)

pz JO

can also be approximated by following the same vein using A(z):=1— piz Z'].IZO ’Fj@) (2)x;(pz) and
R 23]:0 ,F(3)(T—Z) cos Jr(ut+p(T—2))

B(z): 4 T AT = , respectively. Again, by choosing a suitably large enough a and

J, both approximation errors |A(z) — A(z)| and | B(z) — B(z)| can be made arbitrarily small, holding
uniformly over z € (0,7') (see Lemmas D.2 and D.3 in the supplementary material of Lee et al.
2021). To finish the proof, we only need to show that the approximation error for fOT A(z)B(z)dz

can be made arbitrarily small by choosing suitably large a and J. Notice that

/0 " A()B(2)ds /0 " A(2)B(2)ds

T

SA M@MMA—B@WM+AIMA—AQNB@WM+AIM@—AQMMd—B@Wk

<T-| sup [A()]- sup |B(z) = B(2)|+ sup |B()|- sup |A(z)— A(2)

z€[0,T] z€[0,T] z€[0,T] z€[0,T]

+T- sup |A(z) —A(z)|- sup |B(z)— B(z)|.

z€[0,T] z€[0,T]
It then remains to show that sup, ¢, 1 [A(2)| and sup,¢ (o 7 [ B(2)| are both finite, which is equivalent

to proving that - JJ7S.(z)dx and fr_.(u+ p(T — 2)) are both uniformly bounded over z € (0,T).
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The uniform boundedness of - L Opz S.(x)dx is relatively straightforward, which follows from the

fact that

1 [
— S.( d:c</ S.(
Pz Jo

As for fr_.(u+p(T —z)), we recall the joint continuity of f;(z) in (z,t) € R x (0,7] under Assump-
tion EC.3, indicating that fr_.(u+ p(T — z)) is continuous in z € [0,7"). Consequently, we have
hm f (u+pz) =0 for u> 0, and then sup fr_.(u+ p(T — 2)) < oo, which completes the proof.

z€[0,T)

0

EC.2.3. Proof of Proposition 5

By the monotone convergence theorem, we know

o(u) =E[r|I(0) =u] =— lim dE[ —rTy

r—o+ dr

I(O):u] =— lim d —d, ,(u).

r—o0+ dr

Taking the Laplace transform in w on both sides gives

@(u) = — lim idr,p(u).

r—0+ dr

We can derive the desired result using the Laplace transform of d, ,(u) given in Proposition EC.3.

]

EC.2.4. Proof of Theorem 4

By applying our Fourier-cosine scheme (17) on ¢(u) with the Laplace transform given in Proposition

5, we obtain
_ekuZF(5) ( >+51+€27

where Fj(s) = %?R {(,5 (k: - i—j(f) }, the replacement error ¢ is
2 > i g
ku / —ku P
€= — R ad —
1 e g . {/ e "p(u)e u}cos( " ul,
j=0 a
and the truncation error e, is

gy =€l Z Fj(5) cos <j;ru> .

j=J+1
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Let C} be the constant such that ¢(u) < Cre* for all u >0, and 8> 0 be the algebraic index of

convergence for the sequence {S {[.7-"@’] (%)} ,n=0,1,2,.. } By Proposition EC.5, we have

_katoke COSh KU

e <C €
[e1] < Cie sinh ka’ - JB’

where C! >0 is a constant that depends only on a. Therefore, for any € >0 and a fixed k>0 and

u > 0, there exist large enough a >0 and J > 0, such that

coshku € BC €
£ < Cpe kot 7 £y <€t < —,
lea] < Ci smhka ~20 1= <G
The total approximation error is thus less than ¢, and we complete the proof. ]

EC.2.5. Proof of Proposition 6
We observe that £, (u) :=E[L()|1(0) = u] is a special case of ¢, ,(u) by letting h(z) =0, w(z) ==z,
and r = 0. Thus, substituting these expressions into Proposition 1, we can obtain the desired

Laplace transform of £, (u). O

EC.2.6. Proof of Theorem 5

Replacing ¢(u) in the proof of Theorem 4 with the target function £, (u) and based on the Laplace
transform of £, (u) in Proposition 6, we can use a similar argument to establish the approximation

error bound for £, (u) as follows,

w80,
g8

cosh ku

—ka+2k
[e1] < Ce™™ usinhka’

‘€2| §ek

where the constant C}, and index § depend on the properties of the target function £, (u). For any
€>0 and a fixed kK >0 and u > 0, we can then choose large enough a > 0 and J > 0 such that

le1] < §5,le2| < 5, which completes the proof. [

EC.2.7. Proof of Proposition 7

Notice that after the first stockout, the inventory process renews from u = 0 and repeats the same

renewal cycle. Therefore, the long-run stockout occurrence rate is time-consistent in that it is
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independent of the initial inventory level u, provided that E[r] < co, which is guaranteed under
the stability condition p < pu,. Let the inter-arrival times of the demand process be denoted by
Ty,T5,- -+, which are i.i.d. exponentially distributed random variables given that the demand D(t)

is a compound Poisson process. By Theorem 3.4.4 in Ross et al. (1996), we have

_al E[T}] 1
“m‘@‘Emuwzm‘Awm' -

_ g | Ivatn
T1

EC.2.8. Proof of Proposition 8

By setting the initial inventory level to 0 (u = 0), the inventory process can be regarded as a
renewal process that starts from zero inventory at time ¢ =0 and renews with zero inventory at
time 7. Thus, the sequence {(71, L(71)), (12 — 71, L(72) — L(71)),...} is independent and identically
distributed. Consider an alternative renewal process that is initially at the status “on” until the
time p7; and then takes “off” status until pr + L(7;) in the first period. Then the “off” state in
the first period lasts for L(7;), and the duration of the first period is pry + L(71) = D(71). By the

renewal theorem, i.e., Theorem 3.4.4 in Ross et al. (1996), we immediately have

[ =P(the system is off) = lim E

t—o00

Vm}:mumyzum> .
D(t)] T ED(m)]  aopl0)

EC.2.9. Proof of Proposition 9

Given the probability space (2, F,P), for any fixed w € Q, let {D(¢t,w),t >0} be the sample path
of the demand process. For any two production rates 0 < p; < pa, we denote [;(t) and A; as the
corresponding inventory process and the event {7, < T} under these two replenishment rates p;,
i=1,2. By the definition of stockout probability ¢,(T") :=P(7, <T), to prove that ¢,(7T") is non-
increasing in p, it is equivalent to verify P(A;) > P(A4y). We then only need to show that for
any fixed w € Ay, i.e., the sample path {I;(¢t,w),t > 0} leads to a finite-time stockout event A,,
the corresponding sample path {I;(¢,w),t > 0} under the same sample scenario w must incur the
occurrence of Ay, that is w € A;. Clearly, since p; < ps, we have I, (t,w) < I(t,w). Therefore, the

occurrence of A, implies that of A;, and hence ¢,(T") is decreasing in p.
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For other quantities, one can re-define the events {A;,i = 1,2} accordingly to the particular
context, and similar arguments are also valid to obtain their comparative statics in the production

rate p. U
EC.3. Numerical Experiments |: System Costs and Optimal Production Rates

In this section, we provide supplementary details on the numerical experiments in Section 6. In
Section EC.3.1, we discuss the appropriate choices of the numerical parameters in the Fourier-cosine
method that would yield high accuracy of approximations. In Section EC.3.2, we apply the Fourier-
cosine method to numerically compute the optimal replenishment rates and the associated costs
under different Lévy demands. The robustness of the numerical approximations is also examined.
These results echo the versatility and effectiveness of our framework. In addition, we combine
the unaccelerated Fourier-cosine scheme with several popular filters to reduce commonly observed
oscillations and compare their performance in Section EC.3.3. Finally, we compare our Fourier-
cosine method with the celebrated Talbot numerical scheme (Abate and Whitt 2006) in Section

EC.3.4.

EC.3.1. Appropriate Choices of Numerical Parameters

Notice that there are altogether three parameters to settle in our Fourier-cosine scheme, i.e., the
dampening parameter k, the truncation parameters of the domain a, and the truncation index of
the summation series J. Before presenting the numerical experiments, we separately discuss their
effects on the results and give several recommendations for choosing their values.

First, for the dampening parameter k, we highlight an implicit requirement that it should keep
¢ =& — k strictly positive as stated in Proposition 4. While a larger £ may help reduce the replace-
ment error 1, given in (18), it must be strictly smaller than the positive root of the Lundberg
equation, requiring an initial guess on £. However, the Lundberg equation depends on the replenish-
ment rate, whose optimal value is not known a priori. We can thus first derive £* using Algorithm 1

with a given value of k, say kK =0.1, and then repeat Algorithm 1 for a reasonable choice of k* < £*.
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In fact, the numerical results are pretty robust in different choices of k, which we will illustrate
later.

Next, since the truncation parameters a and J are directly involved in the error terms 7; and
72, the trade-off between computational precision and efforts should be carefully balanced when
choosing their values. As shown in the error analysis in Section EC.1.7, for any given error tolerance
level €, a large enough a can well control the replacement error such that n; < e/2, while a proper
J can manage the truncation error so that 7y < ¢/2. Particularly with a fixed a, the truncation
error 1y converges to 0 when J increases to infinity, and the lower error bound thus becomes 7);.
However, a larger value of a shall increase the truncation error n,, and a larger J is then needed
to maintain the same precision level. For practical applications, we do not associate the value of a
to a specified error €, which could be rather complicated. Instead, we here propose a rule-of-thumb
choice for a. Since it is reasonable to assume that the cost functions h(-) and w(-) have at most
algebraic growths, so does ®,(u) and the decay rate of ®,(u) =e **®,(u) is generally governed
by the factor e . We aim to make e ®,(a) small enough and let e=** < 10~™, which leads to
a > In(10™)/k, for some m = 1,2, .... Taking the initial inventory level u and the loading factor p,
into consideration and setting m = 4, we have the following recommendation for choosing a that

only depends on k:

In(10%)
P

a=u+p,+ (EC.40)

As shown later, this recommended choice works well in all numerical experiments. As for the other
truncation parameter J, once we have determined k and a, we can choose a large enough J to
attain high precision while the computational complexity remains linear in J. In what follows, we

follow the suggestions of Li et al. (2021) to set it as J =2°.

EC.3.2. Optimal Replenishment Rate under Various Model Settings

In this section, we find the optimal replenishment rates and associated costs where the demand

dynamics has either a finite Lévy measure, such as a compound Poisson process, or an infinite Lévy
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measure, such as a Gamma process and an inverse Gaussian process. In practice, the Gamma and
inverse Gaussian processes are commonly adopted in describing one-directional stochastic dynamics
such as the degradation modeling in system maintenance (Van Foreest and Wijngaard 2014) and
the claim process in insurance (Asmussen and Albrecher 2010). Specifically, we consider different
combinations of cost functions for each case. In all cases, we demonstrate that our Fourier-cosine
method provides a robust and efficient means to compute the optimal replenishment rates and
associated costs. We take the discount rate » = 0.1. For other interest rate choices, the effectiveness

of our proposed Fourier-cosine method can also be clearly seen.

EC.3.2.1. Finite Lévy Measure Cases The most typical example of the Lévy subordinator
with finite Lévy measure is the compound Poisson process. We assume an exponentially distributed
demand size and simple cost functions such as linear ones, where closed-form solutions for the cost
objective ®,(0) and the corresponding optimal replenishment rate are available. When u > 0, we

have no closed-form solutions and resort to our Fourier-cosine method.

ExampLE EC.1 (COMPOUND POISSON PROCESS WITH EXPONENTIAL DEMANDS). Consider the

case when the Lévy subordinator is a compound Poisson process with an exponentially distributed

demand size. The Lévy measure is v(dx) = \pe **dz, where A is the Poisson intensity and pu is

the rate of the exponential distribution. The expectation of the Lévy measure is then u, = \/pu.
Az

Accordingly, the Laplace exponent becomes ¥p(z) = g Moreover, we assume simple cost func-

tions where the holding cost function is h(z) =z and the lost-sales penalty is w(x) = 100, from
which we can compute g(z) using (EC.36). In this case, the closed-form solution for minimizing
®.(0) for ¢ is available in Shi et al. (2014). The Poisson intensity A is set to 1, and we use the
Newton method with a tolerance error level of 107° to find the minimum ®.(0) in Algorithm 1.
Table EC.1 illustrates the results, and we observe that the optimal replenishment rate p* increases
with larger p,. Thus, a larger replenishment rate should be set to satisfy the stronger demand and
avoid losses due to lost sales. We also notice that the optimal average cost F;; is 7®,-(0), and the
corresponding optimal replenishment rate pj under the average cost criterion can also be easily

calculated, as illustrated in Table EC.1.
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Table EC.1  Optimal rates for ®,(0) and F, under compound Poisson demands with exponential sizes for

different p,

Ly 0.05 0.1 0.5 1 5 10 20

P 0.2675 0.4031 1.1218 1.8000 5.6180 9.0000 13.528
5 0.0489 0.0968 0.4646 0.9000 3.8820 6.8377 11.0557
P ,+(0) 44.221 62.246 136.42 190.00 397.21 532.46 694.43
Fp 4.422 6.225 13.642 19.000 39.721 53.246 69.443

With the same setting, we also provide the corresponding results with different positive initial
inventory levels in Table EC.2 when p, =2 and Table EC.3 when pu, = 20, respectively. Closed-
form solutions are no longer available, and we use the approximated values obtained by Shi et al.
(2014) as a benchmark. Both Tables EC.2 and EC.3 indicate that the optimal replenishment rate
p* decreases with higher initial inventory u. It is reasonable since the holding cost associated with
a high inventory level is already high, and the latter could also be enough to serve the arriving
demands; the firm then needs to reduce production to release the mounting pressure from the
unsold inventory. However, the minimum total cost is not monotone in u. Instead, it is minimized
at u being around 10 and 25, for p,, =2 and p, = 20, respectively. Moreover, min, ®,(u) is smaller
for a smaller u, because greater demand may induce a significant amount of lost-sales penalties.
Meanwhile, we plot, for a fixed initial level u, ®,(u) against a in Figure EC.3 to illustrate the
robustness of the approximation in a. Our recommended choices of a introduced in Section EC.3.1
are also indicated. The approximation is very close to the reference value and becomes stable when

a exceeds 150.

EC.3.2.2. Infinite Lévy Measure Cases The Lévy subordinator with an infinite Lévy
measure can be used to model a large number of sales with a relatively heavy-tailed size distribution
(D’Auria and Samorodnitsky 2005). In this respect, we now consider Gamma and inverse Gaussian

processes as the demand dynamics and illustrate the corresponding numerical results.

ExaMPLE EC.2 (GAMMA PROCESS). We assume that the Lévy subordinator is a Gamma process

with the Lévy measure being v(dz) = (ae™"*/z) dx for z > 0, and «, 8 > 0. Consequently, the mean
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Table EC.2  Optimal ®,(u) and p for compound Poisson demands with exponential sizes, where A =1, y1,, =2,
and k = 0.05.

u 5 10 15 20 25 30 40 50

o 2.5101 2.1700 1.8943 1.6582 1.4465 1.2503 0.8854  0.5411

Ref. 2.515 2.171 1.893 1.660 1.447 1.250 0.885 0.541

P, (u) 193.4488 181.4906 191.8075 212.6420 239.1562 269.0391 334.5168 404.1479

Ref. 193.450  181.490 191.810  212.640  239.160  269.040  334.520  404.150

Table EC.3  Optimal ®,(u) and p for compound Poisson demands with exponential sizes, where A = 1, 1, = 20,
and k= 0.03

U 5) 10 15 20 25 30 40 50

o 13.3480  13.1465  12.9259  12.6886  12.4365  12.1715  11.6081  11.0080

Ref. 13.356 13.147 12.928 12.685 12.437 12.171 11.609 11.007

O« (u) 684.4248 676.9089 671.6808 668.5787 667.4442 668.1301 674.4260 686.4918
Ref. 684.430 676.910 671.680 668.580  667.440 668.130 674.430  686.490

Figure EC.3  The discounted cost ®,(u) for a com- Figure EC.4  The discounted cost ®,+(u) for a Gamma

pound Poisson process in Example EC.1 process in Example EC.2 when u = 10.

with p, =2, u =10, and k£ = 0.05.
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is now p, = a/f. At any fixed time t > 0, the subordinator follows a Gamma distribution I'(«at, 3).

The Laplace exponent then becomes ¥p(z) = aln (Z;B > We respectively set the holding cost and

the lost-sales penalty function as h(x) =z and w(z) = 50z, from which g(z) can be obtained by
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(EC.37). Algorithm 1 is then adopted to find the optimal ¢* in minimizing ®.(u). The tolerance
error level is again set at 107°. Table EC.4 presents the optimal p* and ®,«(u) for different values
of u when i, = 2. The other parameter settings are also specified there. No closed-form or reference
solutions are available, and, to the best of our knowledge, ours is the first study on the production-
inventory system under a Gamma demand process. The Gamma demand in this example is also
different from that in Shi et al. (2014) in that they use the compound Poisson framework with the
demand size following a Gamma distribution.

A similar phenomenon as in Example EC.1 can be observed. The optimal replenishment rate p*
decreases when the initial inventory u increases, and the optimal total cost ®,«(u) is minimized
when the initial inventory w is around 10. We also study the robustness of the optimal ®,«(u),
again for a fixed u, with respect to a in Figure EC.4 for £ = 0.05. Our suggested choice of a also
works well in this example. The approximation arrives at a stable convergence when a exceeds 150.
Moreover, we also illustrate the optimal replenishment rates with different values of u, under the

average cost criterion in Table EC.5.
Table EC.4  Optimal p* and ®,«(u) with Gamma demands. Other parameters are o = 0.8, u, =2, and k= 0.05.

U ) 10 15 20 25 30 40 50
P 2.3184 2.0099 1.7646 1.5532 1.3607 1.1797 0.8370 0.5088
Q- (u) 147.6205 146.7404 164.6046 190.6999 221.0270 253.7716 323.2214 395.4711

Table EC.5 Optimal pg and Fjx under the average cost criterion with Gamma demands.

I 0.05 0.1 0.5 1 S 10 20
o2 0.0444 0.0888 0.4442 0.8884 4.4418 8.8836 17.7672
Fp 0.5182 1.0363 5.1815 10.3630 51.8150 103.6300 207.2601

ExaMPLE EC.3 (INVERSE GAUSSIAN PROCESS). We consider the case when the Lévy subordina-

o)
Vore3

2
. . . . . et
tor is an inverse Gaussian process with the Lévy measure v(dz) = e” "2 dx for x > 0 and
its mean becomes pu, = % An inverse Gaussian process means that the process at time 1 follows

an inverse Gaussian distribution IG(4,7). Similar to the Gamma process, its additivity property

implies that at time ¢, the process is also inversely Gaussian distributed with the parameters being
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td and 7. The corresponding Laplace exponent is ¥p(2) = d(1/72 + 2z — 7). We assume fully non-
linear cost functions here, where h(x) = \/z and w(z) =5(1 —e~®). Therefore, g(2) can be obtained
by (EC.39) and (EC.38). In this numerical experiment, we further set 6 =1, v =1/2, and the
tolerance error level as 107°. The optimal p* and ®,«(u) for different values of u are presented in
Table EC.6 when pu, = 2. Although no reference solutions are valid, the convergence shows to be
stable and fast. We respectively plot the optimal ®,« () in terms of the parameter a in Figure EC.5
for £ =0.05 and in Figure EC.6 for K =0.1. These two plots show that a larger k needs a smaller
a to reach a stable convergence. Our recommended choice of a fits well again in the convergence

region. The optimal rates corresponding to the average cost are presented in Table EC.7.

Table EC.6  Optimal p* and ®,+(u) for an inverse Gaussian demand with § =1, u, =2, and k =0.05.
U 5 10 15 20 25 30 40 50
P 2.4906 2.1967 1.9858 1.8175 1.6757 1.5523 1.3433 1.1692

Q,«(u) 41.2906  41.8567  44.0760  46.9487  50.0964  53.3432  59.8226  66.0785

Table EC.7  Optimal p§ and F,; under the average cost criterion for an inverse Gaussian demand.

Ly, 0.05 0.1 0.5 1 b 10 20
5 0.0499 0.0997 0.4874 0.9349 2.9425 3.7206 4.2013
Fp(*) 1.3831 1.7405 2.9071 3.5113 4.7712 5.1190 5.3286

Figure EC.5 The discounted cost ®,«(u) for an Figure EC.6  The discounted cost ®,«(u) for an

inverse Gaussian demand with k = 0.05. inverse Gaussian demand with k£ =0.1.
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EC.3.2.3. Influence of Different Dynamics on the Optimal Rate In practice, the
demand dynamics could be quite different depending on the nature of the business and products,
and our general Lévy framework offers a high degree of modeling flexibility. In this section, we
investigate the impact of the demand dynamics on optimal replenishment rates. Specifically, we
consider the following five different demands with the same mean g, = 20. The holding cost and
lost-sales penalty are assumed to be h(z) =z and w(z) = 100, respectively.

Setting I : A compound Poisson process with exponential demands as specified in Example EC.1
and the corresponding Lévy measure is v(dz) = Ape #*dx, where A\=1 and p = 0.05;

Setting II : A compound Poisson process with uniform distributed demands and the correspond-
ing Lévy measure is v(dz) = A/(28)dx, = € [0,20], where 5 = p, /A and the Poisson intensity is
A=1;

Setting IIT : A compound Poisson process with a mixture of Erlang demands and the Lévy

measure is v(dr) = A(q10e% + ¢0%xve=)dz, © > 0, where {q,¢:} = {0.8,0.2}, § = 0.5, and the

Opy
q1+2q2’

Poisson intensity is A =
Setting IV : A Gamma process as specified in Example EC.2 and the corresponding Lévy mea-
sure is v(dx) = (ae™?* /x)dx for > 0, where a = 0.8 and 3 = 0.04;
Setting V : An inverse Gaussian process as specified in Example EC.3 and the corresponding

Zx
Lévy measure is v(dz) = \/;T?e*%dx for >0, where 6 =1 and v =0.05.

The optimal replenishment rates and corresponding total discounted costs under these five set-
tings are presented in Table EC.8. We observe that with different choices of demand dynamics
but with the same mean, the optimal replenishment rates could significantly differ. Even with
the same mean, the jump intensities and demand distribution are diverse for different dynamics.
Consequently, the corresponding lost-sales frequencies and sizes also have a large difference, as
does the total cost. These results positively answer the influence of different demand dynamics on
the optimal replenishment rate. Therefore, choosing appropriate dynamics to model the random

demands is critical. In this respect, our framework provides high flexibility in solving the optimal
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replenishment rate for various demand dynamics. Finally, we present the corresponding studies in
Table EC.9 when the cost functions are h(z) = /r and w(z)=10(1 — e~**). Similar observations

can be made accordingly.
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EC.3.3. Accelerated Fourier-cosine Method

Although many Fourier inversion methods exist (see, e.g., Fang and Oosterlee 2009 and Li et al.
2021), a typical Fourier-based method involves applying a summation or an integration of trigono-
metric functions to approximate the target function, where oscillation naturally arises with a
different number of terms used in approximation. To eliminate the oscillation in convergence, we
adopt different filters to accelerate our Fourier-cosine method.

Specifically, we consider a truncated Fourier expansion of f(x) with 2N 41 terms as below:

E cn exp(ine) g cnexp(ine)

n=—oo

We introduce several different accelerating filters in computing this summation in what follows.
A linear-sum acceleration filter o(f) is defined to be an even function with ¢(0) =1, where the

corresponding filtered partial sum is given by (Boyd 2011)

N

Z (j/N)ec, exp(inz).

Furthermore, we recall that our Fourier-cosine method treats the cosine functions as basis functions.
Therefore, some extant filters should particularly suit our formulation, and we here introduce three
popular options, i.e., the Euler filter (Wimp 1981), the Erfc-log filter (Boyd 1996), and the HDAF
filter (Tanner 2006), with the corresponding filtering function defined as follows:

1. Euler filter: ogyier (%) = sz\ij 2%\,(7),] =0,1,...,N;

4r/2 279

2. Erfe-log filter: op, e 100(s;p) = jerfc {2115/1’ _ln(l_%@)}, where x' = |k| — %, erfc(+) is the

2 oo

complementary error function defined by erfe(z) = = [

s z

e~ dt and p is a function of the indepen-

dent variable = through p(z) =

277’
|z]

3. HDAF filter: cgpar(r) =exp(—N|x|x*/2) Z[ p w where |z is the largest integer

not exceeding x.
To apply an acceleration filter o(x) in our Fourier-cosine approximation (17) of ®,(u), we have

B, (u) ~ e [i'a(j/J)Fj cos ({;%)] .

Jj=0
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We first examine the performance of these filters in the convergence speed in terms of J in Figure
EC.7. The model settings are the same as in Example EC.1, with the parameters being A =1,
w, =2, u=10, and k£ =0.05. The Euler filter performs even worse than the original Fourier-cosine
method without any filter. In contrast, the Erfc-log filter performs best among these methods,
where the approximation quickly converges to the reference value without oscillation. Under the
HDAF filter, though the approximation also converges very fast, it is not that stable as there
appears to be a sudden jump.

We then check the robustness of the filtered Fourier-cosine schemes in the choice of a and make
a plot on @, (u) against a in Figure EC.8 with a fixed J = 2? and the same parameter settings as
in Figure EC.7. We observe that the Euler filter can help to reduce oscillation when a is relatively
small. Still, it aggravates the oscillation when a becomes large. On the other hand, both the Erfc-log
filter and HDAF filter can effectively eliminate the oscillation and consistently achieve accuracy by
converging to the reference value before a reaches our suggested value, as shown in Figure EC.8. The
corresponding approximation errors with our suggested a are provided in Table EC.10 for a better
comparison. Therefore, in terms of stability and robustness, our numerical experiments conclude
that our Fourier-cosine method, combined with the Erfc-log filter, as shown in (21), achieves the

best results.
Figure EC.7  The discounted cost ®,«(u) for different Figure EC.8  The discounted cost ®,«(u) for different

filters. filters.
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Table EC.10 &, (u) for compound Poisson demands with exponential sizes under different filters.

D, (u) reference Fourier-cosine Euler Erfc-log HDAF

D, (5) 193.450 193.3569 193.6778 193.4488 193.4488
P, (10) 181.490 181.5161 181.4940 181.4906 181.4906
P, (15) 191.810 191.8507 191.8076 191.8075 191.8075
P, (20) 212.640 212.5777 212.6426 212.6420 212.6420
D, (25) 239.160 239.2379 239.1562 239.1562 239.1562
P, (30) 269.040 269.0012 269.0391 269.0391 269.0391
P, (40) 334.520 334.6763 334.5168 334.5168 334.5168
P, (50) 404.150 404.4242 404.1479 404.1479 404.1479

EC.3.4. Connections with the Bromwich Integral

We now briefly compare our Fourier-cosine scheme with the inverse Laplace method for complete-
ness. On the one hand, there is an intimate connection between these two methods. For an arbitrary
real function f(z) on x € [0,00) satisfying certain integrability conditions, the Fourier transform
of f(z):=e " f(x), i.e., [Ff](s), is precisely the Laplace transform of f(x) with the frequency
variable replaced by k +is, i.e., f (k +1is). We recall that Mellin’s formula for the inverse Laplace

transform, also called the Bromwich integral, is given by (Abate and Whitt 2006)

y+iT

F@) = L4} @) = —— lim e F(t)dt. (EC.41)

271-,[/ T—00 ~—iT
Consequently, the Fourier-cosine approximation in f (k+1is) resembles numerically computing the

Bromwich integral by letting v = k. By a change of variable t =~ +is =k 4+ is, we have

f(z)= 1 /:HOO e””tf(t)dt = e’”% /_:0 ei”f(k +is)ds. (EC.42)

B % —100
Since f(x) is a real function whose imaginary part is 0, and if we further assume that f(—z)=0

for x > 0, we can then rewrite (EC.42) as

+oo B +o0 B
f(@:em% [ /_ cos(sz)R{ F(k+is) bds — /_ sin(s2)3{ F(k +is) s

o0
= e’”% /0 cos(sz)R{f(k+1is)}ds. (EC.43)
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Incidentally, our Fourier-cosine approximation coincides with a trapezoidal rule of (EC.43):

B 0) = e 3 2R (B, (117 os (1)
n=0

O R W OIS ]

In other words, the Fourier-cosine method with an appropriate filter described in Section EC.3.3

can even better approximate a Bromwich integral (Abate and Whitt 2006).

On the other hand, the inverse Laplace method could usually be unstable in numerical approx-
imations and untraceable in error analysis. In contrast, our Fourier-cosine method can overcome
these deficiencies effectively, as shown in the previous sections. Some common ideas in evaluating
the Bromwich integral include representing it by combining Gaver functionals and deforming its
contour (Abate and Whitt 2006). Due to the limited machine precision, the round-off error could
dramatically increase when people attempt to increase the computational accuracy, which often
makes the inverse Laplace schemes numerically unstable. To illustrate this, we examine the Talbot
algorithm, one of the most popular inverse Laplace schemes.

Specifically, the Talbot algorithm deforms the standard contour in s (see (EC.41)) to z through

a transform s = S,(z), where the family of contours {v:S,(2)} is given by

z v—1

Indeed, the Talbot algorithm must manually determine many parameters in the discretization and
truncation processes. The settings of these parameters heavily rely on the locations of singular
points of f. For convenience, we consider the simplified Talbot algorithm proposed by Abate and

Whitt (2006) that has only one parameter J, and it is of the form

=1 Y wif ().

It turns out to converge very fast in most cases. However, if we desire to improve the approximation

~

accuracy and increase the number of summation terms J, the previously mentioned problem of
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increased round-off errors could significantly influence its final precision. To see this, we present
some numerical experiments to compare our filtered Fourier-cosine scheme using the Erfc-log filter
with the simplified Talbot algorithm. The demand dynamics is assumed to be a Gamma process
with « = 0.8, f =0.4, and therefore, pu, = 2. We set u =10 and r = 0.1. Using our accelerated
Fourier-cosine method, the minimum cost is 146.7411, at £* = 0.2315. With this optimal £*, we
plot the total cost ®,(u) against different choices of J using the Talbot algorithm in Figure EC.9.
We can see that the Talbot method gets the correct answer with a small J. However, if we want
to improve the approximation accuracy and increase J to 80 or above, the approximation gets out
of control, and its solution is fallacious. In contrast, using our accelerated Fourier-cosine method,

one can achieve an arbitrary accuracy by increasing a and J.
Figure EC.9  The discounted cost ®,(u) in comparing the Talbot algorithm and our method.
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EC.4. Numerical Experiments |l: Risk Analytics and Constrained Production
Planning

We here illustrate the application of the proposed Fourier-cosine method in calculating the risk
analytics discussed in Section 5. Furthermore, we consider the associated constrained production

planning problem when some restrictions regarding these risk analytics are required.

EC.4.1. Finite-Time Stockout Probability

We respectively compute ¢,(7") in two demand instances, i.e., a compound Poisson process with a

finite Lévy measure and a Gamma process with an infinite Lévy measure. Specifically, as noted in
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Remark 1(c), we need to set a proper L to determine an appropriate truncation parameter a. We
also check the robustness of numerical results in choosing L.

First, let D(t) be a compound Poisson process with exponentially-distributed demands, where the
intensity A = 1 and the exponential rate = 1. We then have p, = A/ = 1. Using the approximation
formula (25) in Theorem 3, we plot the stockout probability ¢, (T") against v in Figure EC.10. For
the other parameters in the model and Fourier-cosine scheme, we choose p=1.5, T'=10, J =512,
L =10, and ng = 0. To show the precision of our approximation, we also perform Monte Carlo
simulations (with 10* samples) 30 times for each u and construct a highlighted band representing
the 95% confidence intervals. Unsurprisingly, the stockout probability is monotonically decreasing
in the initial inventory. Furthermore, we test the robustness of the calculation with respect to L
in Figure EC.11 under the same parameter setting, except that the initial inventory v is fixed at
1, and L varies now. We plot a similar highlighted band using standard Monte Carlo simulations.
It turns out that the numerical result is very robust to the choice of L (i.e., a via (26)), provided

that the truncation domain is reasonably large, say L is greater than 2.

Figure EC.10  The stockout probability ¢,(T") for a Figure EC.11  The stockout probability ¢, (7T) for a

compound Poisson process with expo- compound Poisson process with expo-
nential demands. nential demands.
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We next examine the numerical performance under an alternative Gamma demand process. Let

D, now be a Gamma process with parameters o = 0.8, 8 = 0.4, and therefore, p, = /5 = 2. Other
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parameters are p=1.5, T'=10, and J = 512. With a fixed L at 10, we plot ¢, (7T) versus the initial
inventory u in Figure EC.12 with two options of ny equal to 0 or 1. Compared to the Monte Carlo
results in Dufresne et al. (1991), the approximation is always accurate. A closer examination of
the robustness test in L reveals that when ny = 1, the convergence is comparatively more steady.
The comparatively less stable approximation for the setting ng = 0 may be because the density

function of a Gamma process is divergent at some singular points. See Section 5.1.1 for a more

detailed discussion on adding the factor ™.

Figure EC.12  The stockout probability ¢,(T) for a Figure EC.13  The stockout probability ¢.(T) for a

Gamma demand. Gamma demand.
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EC.4.2. Expected Time to Stockout

We use the compound Poisson and Gamma, cases to illustrate the numerical performance in calcu-
lating ¢(u). Under the compound Poisson demand, ¢(u) is explicitly given by ¢(u) = %. Other

model parameters are set as A=1, u=1, p=0.2,J =512, and k = 0.1. The numerical results
match the exact values, as shown in Figure EC.14.

In the Gamma case, however, a closed-form expression for ¢(u) is no longer available. The
parameters are set to be « =0.8, 3=0.4, p=0.2, J =512, and k =0.1. The corresponding plots are
in Figures EC.16 and EC.17, where the Monte Carlo bands are obtained similarly to the previous

section. We can observe that the numerical performance of the Fourier-cosine method is stable and

accurate, as expected.
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ecdb

Figure EC.14

The expected stockout time ¢(u) for a Figure EC.15

compound Poisson process with expo-

nential demands.
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Figure EC.16

The expected stockout time ¢(u) for a Figure EC.17

Gamma demand process.
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The same parameter settings as in Section EC.4.2 are adopted here. Specifically, we have £, (u) =

1/p under the compound Poisson case, indicating that it only depends on the expected size of each

arrival demand. Figure EC.18 confirms that £.(u) is constant with different values of the initial

level u. Nevertheless, Figure EC.20 shows that the expected stockout size is increasing in the initial

inventory level for Gamma demands.
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Figure EC.18  The expected stockout size L, (u) for a Figure EC.19  The expected stockout size £, (u) for a

compound Poisson process with expo- compound Poisson process with expo-
nential demands. nential demands.
T T T T T T T T T 1.2 T T T T T T T T
Fourier cosine Fourier cosine
1.08 exact value 1 exact value
*
1.15 1
1.06
1.04 11F * 1
B =
<102t 1 < *
1.05 1
*
1 YH—*%*—*—*—*—*—*—**—**—*—*—%*—*—*—*%HF%*—* - *
*
1f 1
0.98
0.96 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ 0.95 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
o 1 2 3 4 5 6 7 8 9 10 0 50 100 150 200 250 300 350 400
u a

Figure EC.20  The expected stockout size L, (u) for a Figure EC.21  The expected stockout size L, (u) for a

Gamma demand process. Gamma demand process.
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EC.4.4. Production Planning with Constraints on Stockout Risks

Finally, we illustrate how to solve the constrained total discounted cost minimization problem
that incorporates the risk analytics as the constraints in two demand instances, i.e., a compound
Poisson process with a finite Lévy measure (distributional setting: A\ =1, =0.5,u, = A/pu = 2)
and a Gamma process with an infinite Lévy measure (distributional setting: « =0.8,53=0.4, u, =

a/ 8 =2). Specifically, Proposition 9 indicates that we can effectively solve the constrained produc-
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tion planning problem by first finding the cutoff point corresponding to each constraint and then
comparing the cutoff point with the previous solution to the unconstrained optimization problem.

Under the constraint (P1), we consider ¢,,(T") < ¢; and let u=10,7=10,¢; =0.1,r =0.1, and k =
0.05. The corresponding plots for finite-time stockout probability and total discounted cost against
the production rate in these two examples are given in Figures EC.22 and EC.23, respectively.
Specifically, the left axis labels the total discounted cost ®,(u), the right axis represents the finite-
time stockout probability ¢, (7"), and the dotted line divides the searching area of the production
rate into two separate parts, with its right-hand side being the desired region such that the stockout
probability is below the threshold ¢;. In Figure EC.22, it is clear that the previous unconstrained
solution (p* =2.17) is no longer attainable when the constraint (P1) is imposed. Instead, the cutoff
point of ¢, (T) =c; is p =2.8883, which becomes the optimal production rate of the constrained
optimization problem. Figure EC.23 shows that the cutoff point of ¢,(T) < c¢; is p=2.3016 > p* =

2.0099, which is the optimal production rate for this constrained problem.
Figure EC.22  Constraint on ¢,(7) for a com- Figure EC.23  Constraint on ¢,(7) for a Gamma

pound Poisson process with exponen- demand process.

tial demands.
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Under the constraint (P2) where ¢(u) > ¢z, we consider the following parameter set for an
example: u = 10,7 = 10,¢c, = 15,7 = 0.1, and k£ = 0.05. Similar plots for the compound Poisson

process and the Gamma process are in Figures EC.24 and EC.25, respectively. In these figures, the
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right axis corresponds to the expected stockout time ¢(u), and the right-hand side of the dotted
line denotes the set of production rates that fulfill the constraint on stockout time. Unlike Figures
EC.22 and EC.23, the unconstrained solution now falls within the constrained sets in Figures
EC.24 and EC.25. Therefore, the optimal constrained solution is identical to the unconstrained
one. Specifically, the optimal production rates for the constrained and unconstrained optimization

problems are 2.1700 in Figure EC.24 and 2.0099 in Figure EC.25.

Figure EC.24 Constraint on ¢(u) for a Gamma

Constraint on ¢(u) for a com- Figure EC.25
pound Poisson process with exponen- demand process.
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For the last example, we consider the constraint (P5) such that [ <¢5. Let u=10,7 =10, =
0.5,7=0.1, and k= 0.05. The corresponding plots for the two demand cases are in Figures EC.26
and EC.27, respectively. The right axis represents the long-run lost demand percentage [, while
the left is the total discounted cost. Therefore, the current constraint renders the searching area
of the production rate to be the right-hand side of the dotted line. A similar argument gives the
optimal production rate 2.1700 for both the unconstrained and constrained optimization problems

in Figure EC.26, while it is 2.0099 in Figure EC.27.
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