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E-Companion for “Production Management with General
Demands and Lost Sales”

EC.1. Supplementary Materials for Section 4

EC.1.1. Proofs of Proposition 1 and Lemma 1

We prove that its Laplace transform solves the following equation for the conditional expected

discounted cost until the first lost sales cr,ρ(u). For notational convenience, we omit the argument

r≥ 0 in the related functions throughout this e-companion unless otherwise specified.

Proposition EC.1. The Laplace transform of cρ(u), i.e., c̃ρ(u), satisfies the equation

ψ(u) · c̃ρ(u)− ρcρ(0) =−g̃(u), u≥ 0, (EC.1)

where ψ(u) is the Lundberg equation defined by

ψ(u) := ρu− r−
∫ ∞

0

(1− e−ux)ν(dx), (EC.2)

and g̃(·) is the Laplace transform of g(·) with

g(u) := h(u)+

∫ ∞

u

w(x−u)ν(dx). (EC.3)

Proof of Proposition EC.1. By definition of cρ(u) in (7), we know that it only accounts for the

total cost incurred before the occurrence of the first lost sales. Therefore, in the analysis of cρ(u),

it is equivalent to assume that the inventory dynamics is

I(t) = I(0)+ ρt−D(t),

since we only focus on what happened before and exactly at the time of the first lost sales. We

employ a family of processes {Iϵ(t), t≥ 0}ϵ>0 to approximate {I(t), t≥ 0}, which is defined as

Iϵ(t) := I(0)+ ρt−Dϵ(t), (EC.4)

where Dϵ(t) is a compound Poisson process with the jump intensity being

λϵ =

∫ ∞

ϵ

ν(dx) (EC.5)
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and the probability density function for each i.i.d. jump size being

fϵ(x) =
π(x)∫∞

ϵ
ν(dx)

1(ϵ,∞)(x), (EC.6)

where ν(dx) = π(x)dx. Namely, if we only consider the jump whose size is larger than ϵ in the

subordinatorD(t), we are dealing with a compound Poisson demandDϵ(t), where the corresponding

Lévy measure is νϵ(dx) = λϵfϵ(x)dx = ν(dx)1(ϵ,∞)(x). Lemma 2.1 in Morales (2007) states that

Dϵ(t) converges in distribution to D(t), and therefore, Iϵ converges weakly to I when ϵ goes to 0.

Denote the associated expected discounted cost until the first lost sales under inventory dynamics

(EC.4) as cϵ,ρ(u). Using similar arguments as in the proof of Lemma 1 in Shi et al. (2014) or the

proof of Theorem 3.1 in Cai et al. (2009), we can obtain the following expression for cϵ,ρ(u):

cϵ,ρ(u) =

∫ ∞

0

λϵe
−λϵt

∫ t

0

e−rsh(u+ ρs)dsdt+

∫ ∞

0

λϵe
−(λϵ+r)t

∫ u+ρt

0

fϵ(x)cϵ,ρ(u+ ρt−x)dxdt

+

∫ ∞

0

λϵe
−(λϵ+r)r

∫ ∞

u+ρt

fϵ(x)w(x− (u+ ρt))dxdt.

(EC.7)

The representation for cϵ,ρ(u) above implies that it is absolutely continuous. We can take a substi-

tution of variables y= u+ ρt and get

ρcϵ,ρ(u) =

∫ ∞

u

e−
λϵ+r

ρ (y−u)h(y)dy+

∫ ∞

u

λϵe
−λϵ+r

ρ (y−u)
∫ y

0

fϵ(x)cϵ,ρ(y−x)dxdy

+

∫ ∞

u

λϵe
−λϵ+r

ρ (y−u)
∫ ∞

y

fϵ(x)w(x− y)dxdy.

(EC.8)

By taking the derivative with respect to u on both sides of (EC.8), we then obtain

ρc′ϵ,ρ(u) =−h(u)+ λϵ+ r

ρ

∫ ∞

u

e−
λϵ+r

ρ (y−u)h(y)dy

−
∫ u

0

λϵfϵ(x)cϵ,ρ(u−x)dx+
λϵ+ r

ρ

∫ ∞

u

e−
λϵ+r

ρ (y−u)
∫ y

0

λϵfϵ(x)cϵ,ρ(y−x)dxdy

−
∫ ∞

u

λϵfϵ(x)w(x−u)dx+
λϵ+ r

ρ

∫ ∞

u

e−
λϵ+r

ρ (y−u)
∫ ∞

y

λϵfϵ(x)w(x− y)dxdy

=−h(u)−
∫ u

0

λϵfϵ(x)cϵ,ρ(u−x)dx−
∫ ∞

u

λϵfϵ(x)w(x−u)dx+(λϵ+ r)cϵ,ρ(u).

(EC.9)

We further take the Laplace transform with respect to u on both sides of (EC.9), which yields

ρ[uc̃ϵ,ρ(u)− cϵ,ρ(0)]− (λϵ+ r)c̃ϵ,ρ(u)+λϵf̃ϵ(u)c̃ϵ,ρ(u) =−g̃ϵ(u), u > 0,
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where gϵ(u) := h(u)+λϵ
∫∞
u
fϵ(x)w(x− u)dx for u≥ 0. After a simple rearrangement of terms, we

have

ψϵ(u) · c̃ϵ,ρ(u)− ρcϵ,ρ(0) =−g̃ϵ(u), u > 0, (EC.10)

where ψϵ(·) is the Lundberg equation associated with the process Iϵ defined by

ψϵ(u) := ρu−λϵ− r−λϵf̃ϵ(u). (EC.11)

The following lemma provides several important properties of the roots of the Lundberg equation

ψϵ(u) = 0.

Lemma EC.1. For any r > 0, the Lundberg equation ψϵ(u) = 0 has a unique positive solution ξϵ.

Moreover, we have the following:

(a) There is a bijection between ρ and ξϵ, which is implicitly established by the equation

ρ=
r

ξϵ
+λϵF̃ϵ(ξϵ), (EC.12)

where F (·) is the complementary cumulative density function (CDF) of the distribution (EC.6).

(b) The function ξϵ(ρ) is strictly decreasing in ρ and satisfies

(i) lim
ρ→0

ξϵ(ρ) =∞ and lim
ρ→0

ρ · ξϵ(ρ) = λϵ+ r;

(ii) lim
ρ→∞

ξϵ(ρ) = 0, and lim
ρ→∞

ρ · ξϵ(ρ) = r.

Proof of Lemma EC.1. The existence of a unique positive solution to the Lundberg equation

ψϵ(u) = 0 is a standard result following Gerber and Shiu (1997). The remaining claims come from

Lemma 2 in Shi et al. (2014) and Kyprianou (2013). □

Based on the bijection between ρ and ξϵ, we can derive the closed-form formulas for cϵ,ρ(0) and

c̃ϵ,ρ(u) in (EC.10).

Lemma EC.2. For r > 0 and ρ> 0, we have

cϵ,ρ(0) =
1

ρ
g̃ϵ(ξϵ) and c̃ϵ,ρ(u) =

g̃ϵ(ξϵ)− g̃ϵ(u)

ψϵ(u)
, for u ̸= ξϵ. (EC.13)
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Proof of Lemma EC.2. Since ξϵ is a solution to ψϵ(u) = 0 and by letting u= ξ, we know from

(EC.10) that cϵ,ρ(0) =
1
ρ
g̃ϵ(u). By plugging this back into (EC.10), we get the expression for c̃ϵ,ρ(u)

when u ̸= ξϵ. □

Meanwhile, since we already know that Iϵ converges weakly to I, it is reasonable to expect that

similar convergence results hold for the associated Lundberg equation, as shown in the following

lemma.

Lemma EC.3. For any r > 0, as ϵ goes to 0, the Lundberg equation ψϵ(u) = 0 associated with Iϵ

converges to the Lundberg equation ψ(u) = 0 of I, where ψ(·) is defined as

ψ(u) := ρu− r−
∫ ∞

0

(1− e−ux)ν(dx).

Proof of Lemma EC.3. Using (EC.5) and (EC.6), we can rewrite (EC.11) as

ψϵ(u) := ρu− r−λϵ

∫ ∞

0

(1− e−ux)fϵ(x)dx=: ρu− r−ΨDϵ(u),

where ΨDϵ(·) is the Laplace exponent of Dϵ. Since Dϵ
d→D, the corresponding Laplace exponent

also converges. Therefore,

ψϵ(u) = ρu− r−ΨDϵ(u)→ ρu− r−ΨD(u) = ρu− r−
∫ ∞

0

(1− e−ux)ν(dx) =ψ(u),

as ϵ→ 0, where ΨD(u) :=
∫∞
0
(1− e−ux)ν(dx) is the Laplace exponent of D. □

By Lemmas EC.1 and EC.3, the following lemma establishes the properties of the solutions to

the Lundberg equation ψ(u) = 0 for I as ϵ→ 0, proving Lemma 1.

Lemma EC.4. For any r > 0, the Lundberg equation ψ(u) = 0 has a unique positive solution ξ

such that ξϵ→ ξ as ϵ→ 0. Moreover, we have the following:

(a) There is a bijection between ρ and ξ, which is implicitly established by the equation

ρ=
r+ΨD(ξ)

ξ
. (EC.14)

(b) The function ξ(ρ) is strictly decreasing in ρ and satisfies
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(i) lim
ρ→0

ξ(ρ) =∞ and lim
ρ→0

ρ · ξ(ρ) =
∫∞
0
ν(dx)+ r;

(ii) lim
ρ→∞

ξ(ρ) = 0, and lim
ρ→∞

ρ · ξ(ρ) = r.

Proof of Lemma EC.4. The results are natural consequences of Lemma EC.1 and EC.3 by

noting that λϵ→
∫∞
0
ν(dx) when ϵ→ 0. □

Consequently, combining the results of Proposition EC.2 and Lemma EC.4, we get

cϵ,ρ(0) =
1

ρ
g̃ϵ(ξϵ)→

1

ρ
g̃(ξ) = cρ(0) (EC.15)

and

c̃ϵ,ρ(u) =
g̃ϵ(ξϵ)− g̃ϵ(u)

ψϵ(u)
→ g̃(ξ)− g̃(u)

ψ(u)
= c̃ρ(u), (EC.16)

which implies (EC.1). We thus complete the proof of Proposition EC.1. □

Based on the equations (EC.15) and (EC.16), we have also proved Proposition 1.

EC.1.2. Proofs of Proposition 2 and Theorem 1

Throughout this section, we assume r= 0 and omit the argument r= 0 in related functions for the

simplicity of arguments. We first state Lemmas EC.5-EC.9, which are used to prove Proposition 2

and Theorem 1.

Lemma EC.5. (a) The cycle times {(τn+1 − τn), n≥ 1} are independent identically distributed,

and we have

E[τ1] =φu ≥φ0 =E[τn+1 − τn], n≥ 1.

(b) The costs over each cycle time {(Cρ(τn+1)−Cρ(τn)), n≥ 1} are independent identically dis-

tributed, and we have

E[Cρ(τ1)|I(0) = u] = cρ(u)≥ cρ(0) =E[Cρ(τn+1)−Cρ(τn)], n≥ 1.

Proof of Lemma EC.5. These results immediately follow from the strong Markov property and

spatial homogeneity of the subordinator D(t) as well as the inventory process I(t) and the pathwise

monotonicity of τ1 as well as I(t) in u. □
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Lemma EC.6. Under the stability condition ρ < µν, for any given large enough T > 0, with prob-

ability 1, we have

lim
T→∞

mT =∞,

where mT := sup{m∈N, τm ≤ T}.

Proof of Lemma EC.6. By Lemmas EC.5 and EC.9, we know that for any n≥ 1, E[τn+1−τn]≤

E[τ1]<∞ under the stability condition. Let An be the event such that limT→∞mT = n. We then

have

P(An) = P{τn− τn−1 =∞}= 0.

Therefore,

P
{
lim
T→∞

mT =∞
}
= 1−P

{
∞⋃
n=1

An

}
= 1−

∞∑
n=1

P{An}= 1. □

Lemma EC.7. Under the stability condition ρ< µν,

lim
T→∞

mT

T
=

1

φ0

, a.s. (EC.17)

and

lim
T→∞

E
[mT

T

]
=

1

φ0

. (EC.18)

Proof of Lemma EC.7. We first show that

lim
T→∞

τmT

T
= 1, a.s. (EC.19)

Based on our model formulation, τi+1 − τi are i.i.d. with bounded second moments. Therefore, for

1< q≤ 2, an application of the Markov inequality gives

∞∑
i=1

P
(∣∣∣∣τmi+1 − τmi

i
> ϵ

∣∣∣∣)≤
∞∑
i=1

1

ϵq
E
(
τmi+1 − τmi

i

)q

=
∞∑
i=1

E(τ2 − τ1)
q

(iϵ)q
<∞.

Therefore, by Borel-Cantelli lemma, limT∈N+,T→∞
τmT+1−τmT

T
= 0 a.s.. Since ⌊T ⌋ ≤ T ≤ ⌊T ⌋+1, the

same limiting result holds when T is a real sequence going to infinity. Then (EC.19) holds because

0≤ 1− lim
T→∞

τmT

T
≤ lim

T→∞

τmT+1 − τmT

T
= 0.
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Next, by Lemma EC.6, we know that mT → ∞ almost surely as T → ∞, which implies, with

probability 1,

lim
T→∞

τmT

mT

= lim
m→∞

τm
m

= lim
m→∞

τ1
m

+ lim
m→∞

1

m

m−1∑
i=1

(τi+1 − τi) =φ0, (EC.20)

where the last equality follows from Proposition EC.5 and the law of large numbers. Therefore,

combining (EC.19) and (EC.20) yields

lim
T→∞

mT

T
= lim

T→∞

mT/τmT

T/τmT

=
1

φ0

, a.s.

Moreover, to verify (EC.18), it suffices to show the uniform integrability of {mT/T}. Let {τ̂i} be a

i.i.d. sequence of indicator functions with τ̂i = 1{τi+1−τi>1} for i∈N+. Clearly, we have
∑m

i=1 τ̂i ≤ τm.

Define m̂T = sup{m|
∑m

i=1 τ̂i ≤ T}; it is then clear from the definition of mT := sup{m∈N|τm ≤ T}

that mT ≤ m̂T . Let any m whenever τm ≤ T , it implies that
∑m

i=1 τ̂i ≤ T , so {m ∈ N|τm ≤ T} ⊆

{m|
∑m

i=1 τ̂i ≤ T}, which further impliesmT ≤ m̂T . Denote p= P{τi+1−τi > 1}, which is identical for

all i∈N+, we know that m̂T follows a negative binomial distribution with the respective parameters

⌊T ⌋ and 1− p based on the above discussion, which further gives

E[m2
T ]≤E[m̂2

T ] = (E[m̂T ])
2 +V ar(mT ) =

⌊T ⌋(⌊T ⌋+1)−⌊T ⌋(1− p)

(1− p)2
≤C1T +C2T

2,

where C1 and C2 are both constants, clearly independent of T . Therefore, by Markov’s inequality,

we have

P
(mT

T
≥ x

)
≤ E[m2

T ]

T 2x2
≤ C

x2
,

which completes the proof. □

Lemma EC.8. Under the stability condition ρ< µν, we have

lim
T→∞

1

T
E [Cρ(τ1)] = 0.

Proof of Lemma EC.8. It suffices to show that E [Cρ(τ1)] is finite. Since w(x) is an increasing

concave function, there exist some constants b1, b2 ≥ 0 such that w(x)≤ b1x+ b2, we have∫ t

0

w(dL(z))≤w

(∫ t

0

dL(z)

)
=w(Lt)≤ b1Lt+ b2 ≤ b1D(t)+ b2.
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Notice that for any t≥ 0, I(t)≤ u+ ρt, and h is an increasing concave function, which means that

Cρ(t) =

∫ t

0

h(I(z))dz+

∫ t

0

w(dL(z))

≤
∫ t

0

h(u+ ρz)dz+w(Lt)

≤ h(u)t+
1

2
h′(u)ρt2 + b1D(t)+ b2.

Therefore, we obtain

E [Cρ(τ1)] =E{E [Cρ(τ1)|τ1]}

≤E[h(u)τ1 +
1

2
h′(u)ρτ 21 + b1D(τ1)+ b2]

= h(u)E[τ1] +
1

2
h′(u)ρE[τ 21 ] + b1E[D(τ1)]+ b2

<∞,

where D(τ1) is bounded by u+ρτ1 plus the amount of the first lost sales, and hence it has a finite

expectation. □

Lemma EC.9. Under the stability condition ρ< µν, τ1 has finite j-th moments for any j > 0.

Proof of Lemma EC.9. The result follows simply from showing that the j-th order derivative

of the Laplace transform of τ1 at 0 is finite; see Theorem 8.1 in Kyprianou (2014). □

Proof of Proposition 2. Let mT be a random integer such that τmT
≤ T ≤ τmT+1 for a large

enough T . We then have

Fρ = lim
T→∞

1

T
E[Cρ(T )]

= lim
T→∞

1

T
E

[
Cρ(τ1)+

mT∑
i=2

(Cρ(τi)−Cρ(τi−1))+ (Cρ(T )−Cρ(τmT
))

]
(EC.21)

For the first term in (EC.21), by Lemma EC.8, we have

lim
T→∞

1

T
E[Cρ(τ1)] = 0. (EC.22)
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For the second term, by Lemmas EC.5 and EC.7, we know from the strong Markov property,

lim
T→∞

1

T
E

[
mT∑
i=2

(Cρ(τi)−Cρ(τi−1))

]

= lim
T→∞

1

T
E [(mT − 1)(Cρ(τ2)−Cρ(τ1))]

= lim
T→∞

(mT − 1)

T
·E [(Cρ(τ2)−Cρ(τ1))] =

cρ(0)

φ0

, (EC.23)

where the second equality follows from the dominated convergence theorem together with the

uniform integrability of {mT/T} as shown in Lemma EC.7. Lastly, for the third term in (EC.21),

we obtain from Lemma EC.5 that

0≤ lim
T→∞

1

T
E[Cρ(T )−Cρ(τmT

)]

≤ lim
T→∞

1

T
E[Cρ(τmT+1)−Cρ(τmT

)]

≤ lim
T→∞

1

T
E[Cρ(τ1)] = 0, (EC.24)

since τn+1 − τn
d

≤ τ1 for every n. From (EC.22), (EC.23), and (EC.24), we conclude that

Fρ = lim
T→∞

1

T
E[Cρ(T )] =

cρ(0)

φ0

= a0. □ (EC.25)

Proof of Theorem 1. Using a standard martingale approach, one can follow Kella and Whitt

(1992) to derive the formula for the expected cycle time φ0 under the stability condition ρ< µν as

φ0 =
1

ρξ0
,

where ξ0 > 0 is the unique positive solution of the Lundberg equation ρu−
∫∞
0
(1− e−ux)ν(dx) = 0.

Therefore, from (8) and (EC.25), we know

Fρ = a0 = ξ0g̃(ξ0).

The optimal rate ρ∗0 can be derived by first minimizing Fρ as a function in ξ0 and then transforming

back to ρ via the bijection established in Lemma 1. □
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EC.1.3. Proof of Theorem 2

As the first step, we notice that by the strong Markov property of the inventory process (2), we

can link the total conditional discounted cost Φρ(u) in (6) with the discounted cost until the first

lost-sales cρ(u) in (7) via the following proposition.

Proposition EC.2. For any initial inventory u≥ 0, we have

Φρ(u) = cρ(u)+ dρ(u)Φρ(0), (EC.26)

where dρ(u) is the discount factor of the first occurrence of lost sales defined by

dρ(u) :=E
[
e−rτ1

∣∣∣∣I(0) = u

]
. (EC.27)

Proof of Proposition EC.2. This directly follows from the strong Markov property of the inven-

tory process I(t) in (2) and some standard arguments. □

In other words, Proposition EC.2 states that the total cost can be separated into two parts under

the strong Markov property: the first part is the cost incurred from the initial inventory level to the

occurrence of the first lost sales, and the remaining part is simply the cost incurred when starting

from the zero initial inventory. To this end, to investigate the target cost objective function Φρ(u),

it suffices to analyze the other two terms cρ(u) and dρ(u), since Φρ(0) can be solved endogenously

in (EC.26) by setting u= 0 on its both sides.

Notably, according to the definition in (EC.27), dρ(u) can be regarded as a particular case of

cρ(u) by letting h(·)≡ 0 and w(·)≡ 1 in (4) and (7). To this end, we are able to derive the explicit

expressions for d̃ρ(u) and Φ̃ρ(u) based on the results of Proposition 1, which also completes the

proof of Theorem 2.

Proposition EC.3. For any r > 0 and ρ> 0,

(a) the Laplace transform of the discount factor of the first occurrence of lost sales is

d̃ρ(u) =
r

ψ(u)

[
1

u
− 1

ξ

]
+

1

u
, for u ̸= ξ, and dρ(0) = 1− r

ρξ
;

(b) the Laplace transform of the total conditional expected discounted cost is

Φ̃ρ(u) = ξg̃(u)
r+ψ(u)

ruψ(u)
− g̃(u)

ψ(u)
, for u ̸= ξ, and Φρ(0) =

ξ

r
g̃(ξ).



e-companion to Han et al.: Production Management with General Demands and Lost Sales ec11

Proof of Proposition EC.3. (a) We know that dρ(u) is a special case of cρ(u) if we set h(·)≡ 0

and w(·)≡ 1 in (4) and (7). Therefore, in this setting,

g̃(x) =

∫ ∞

0

e−xug(u)du=

∫ ∞

0

e−xu
∫ ∞

u

ν(dy)du

=

∫ ∞

0

∫ y

0

e−xuduv(dy) =

∫ ∞

0

1

x
(1− e−xy)ν(dy)

=
ΨD(x)

x
.

By Proposition 1 and the LPR ξ such that ψ(ξ) = 0, we have

dρ(0) =
1

ρ

ΨD(ξ)

ξ
=
ρξ− r

ρξ
= 1− r

ρξ
,

and

d̃ρ(u) =

ΨD(ξ)

ξ
− ΨD(u)

u

ψ(u)
=
ρ− r

ξ
− ρu−r−ψ(u)

u

ψ(u)

=
r

ψ(u)

[
1

u
− 1

ξ

]
+

1

u
.

(b) In (EC.26), letting u= 0 on both sides yields

Φρ(0) = cρ(0)+ dρ(0)Φρ(0),

which implies that

Φρ(0) =
cρ(0)

1− dρ(0)
=

1
ρ
g̃(ξ)

1− (1− r
ρξ
)
=
ξ

r
g̃(ξ).

Furthermore, taking the Laplace transform with respect to u on both sides of (EC.26), we have

Φ̃ρ(u) = c̃ρ(u)+ d̃ρ(u)Φρ(0) =
g̃(ξ)− g̃(u)

ψ(u)
+

[
r

ψ(u)

(
1

u
− 1

ξ

)
+

1

u

]
· ξ
r
g̃(ξ)

=− g̃(u)

ψ(u)
+
ξg̃(ξ)(r+ψ(u))

ruψ(u)
, for u ̸= ξ. □

EC.1.4. Proof of Proposition 3

We first rewrite Φ̃ρ(u) in Theorem 2 as,

Φ̃ρ(z) =
ξg̃(ξ)

r

1

z
+

[
ξg̃(ξ)

z
− g̃(z)

]
· 1

ψ(z)
. (EC.28)

Let ηξ(u) be the inverse Laplace transform of 1
ψ(z)

at u. After taking the inverse Laplace transforms

on both sides of (EC.28), we obtain the renewal-type representation for Φξ(u):

Φξ(u) =
ξg̃(ξ)

r
+ [Gξ ∗ ηξ](u) =Φξ(0)+ [Gξ ∗ ηξ](u), (EC.29)
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where ∗ denotes the convolution operator so that [Gξ ∗ ηξ](u) :=
∫ t
0
Gξ(w)ηξ(t−w)dw and Gξ(u) is

defined by

Gξ(x) := ξg̃(ξ)− g(x). (EC.30)

It then suffices to solve for ηξ(u). By definition, the inverse Laplace transform of 1
ψ(z)

is

ηξ(u) =L−1

[
1

ψ(z)

]
(u) = lim

R→∞

1

2πi

∫ γ+iR

γ−iR
ezu

1

ψ(z)
dz,

where γ > ξ. Define SR as the left semicircle with radius R > γ − θ centered at (γ,0), LR as the

straight line connecting (γ, γ − iR) and (γ, γ + iR), and CR as the counterclockwise closed curve

SR ∪LR; see plot of the left semicircle.

Then we have

ηξ(u) = lim
R→∞

1

2πi

∫ γ+iR

γ−iR
ezu

1

ψ(z)
dz

= lim
R→∞

1

2πi

[∫
CR

ezu
1

ψ(z)
dz−

∫
SR

ezu
1

ψ(z)
dz

]
. (EC.31)

By the classical residue theorem, we have∫
CR

ezu
1

ψ(z)
dz = 2πi

[
eξu

ψ′(ξ)
+

eθu

ψ′(θ)

]
,

while the second term in (EC.31),
∫
SR
ezu 1

ψ(z)
dz, vanishes as R→∞ for any u > 0, and we prove

this in what follows. Denote z = γ+Reiθ, π
2
≤ θ≤ 3π

2
, and let us separate the semicircle into different
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portions. Define δ > 0, and SR,δ to be the arc where θ ∈ (π
2
+ δ, 3π

2
− δ). Correspondingly, define IR,δ

to be the remaining part of the semicircle, which includes both the upper and lower sections, and

we respectively denote them by I1R,δ which refers to the area where θ ∈ [π
2
, π
2
+ δ], and I2R,δ which

refers to the area where θ ∈ [ 3π
2
− δ, 3π

2
].

Given an arbitrarily small δ > 0, we first consider the following integral:∣∣∣∣∣
∫
I1
R,δ

ezu
1

ψ(z)
dz

∣∣∣∣∣≤ δR

∣∣∣∣∣ sup
θ∈[π2 ,

π
2 +δ]

e(γ+Ru cosθ) 1

ψ(z)

∣∣∣∣∣ .
For θ ∈ [π

2
, π
2
+ δ], cosθ ≤ 0, hence the term eR cosθu is bounded by 1 even as R→ ∞. Next, we

study the behavior of ψ(z) near the point θ = π
2
+ δ, particularly at that point, such that for

z = γ+Rei(
π
2 +δ),

ψ(z) = ρz− r−
∫ ∞

0

(
1− e−zx

)
ν(dx)

= ρ(γ+Re
iπ
2 +iδ)− r−

∫ ∞

0

(
1− e−x(γ+Re

iπ
2 +iδ

)

)
ν(dx)

= ρ(γ+ iR(cos δ+ i sin δ))− r−
∫ ∞

0

(
1− e−x(γ+iR(cos δ+i sin δ))

)
ν(dx).

As δ gets closer to 0, the term iR(cos δ + i sin δ) is dominated by iR cos δ, and hence is of the

order O(R) · i. As for the integrand in the last term, namely 1 − e−xγe−xiR cos δexR sin δ, we have

e−xγ < 1 and |e−xiR cos δ|= 1, while exR sin δ increases with R. To this end, we have ψ(γ+Rei(
π
2 +δ)) =

O(R) · i + O(g(R)), where g(R) is some positive increasing function of quadratic growth in R,

and hence |ψ(γ +Rei(
π
2 +δ))| ≥ O(R). By uniform continuity, we have the same conclusion for all

θ ∈ [π
2
, π
2
+ δ] uniformly, and hence

∣∣∣∫I1
R,δ
ezu 1

ψ(z)
dz

∣∣∣ is bounded by δO(1), as∣∣∣∣∣
∫
I1
R,δ

ezu
1

ψ(z)
dz

∣∣∣∣∣≤ δR

∣∣∣∣∣ sup
θ∈[π2 ,

π
2 +δ]

e(γ+R cosθu) 1

ψ(z)

∣∣∣∣∣≤ δR

O(R)
= δO(1).

Similarly,
∣∣∣∫I2

R,δ
ezu 1

ψ(z)
dz

∣∣∣ is also bounded by δO(1).

Finally, for the integral over SR,δ, we have∣∣∣∣∫
SR,δ

ezu
1

ψ(z)
dz

∣∣∣∣= ∣∣∣∣∫
SR,δ

e(γu+R(eiθ)u) 1

ψ(z)
iReiθdθ

∣∣∣∣
=

∣∣∣∣∫
SR,δ

eγu+Ru cosθ+iRu sinθ+iθ 1

ψ(z)
Rdθ

∣∣∣∣
=

∣∣∣∣∫
SR,δ

eγueRu cosθeiθeiRu sinθ 1

ψ(z)
Rdθ

∣∣∣∣ .
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We then investigate these factors one by one. Recall that cosθ < 0 for θ ∈ (π
2
+δ, 3π

2
−δ). Particularly,

− cosθ ≥− cos
(
π
2
+ δ

)
= sin δ, and we have eRu cosθ → 0 uniformly as R→∞; furthermore,

∣∣eiθ∣∣=∣∣eiRu sinθ
∣∣= 1. As for 1

ψ(z)
, for any small enough δ > 0,∣∣∣∣∣∣ sup

θ∈[π2 , 3π2 ]

1

ψ(z)
− sup
θ∈(π

2 +δ, 3π2 −δ)

1

ψ(z)

∣∣∣∣∣∣≤ 1

O(R)
.

As a result, we can fix a δ0, and by uniform continuity of 1
ψ(z)

,∣∣∣∣∣∣ sup
θ∈(π

2 +δ0,
3π
2 −δ0)

1

ψ(z)

∣∣∣∣∣∣≤C.

Therefore, for any δ, we have∣∣∣∣∣∣ sup
θ∈(π

2 +δ, 3π2 −δ)

1

ψ(z)

∣∣∣∣∣∣≤
∣∣∣∣∣∣ sup
θ∈[π2 , 3π2 ]

1

ψ(z)

∣∣∣∣∣∣≤ 1

O(R)
+C.

All these facts lead to∣∣∣∣∫
SR,δ

ezu
1

ψ(z)
dz

∣∣∣∣≤Rπe−Ru sin δ

(
1

O(R)
+C

)
→ 0 as R→∞.

Consequently,

limsup
R→∞

∣∣∣∣∫
SR

ezu
1

ψ(z)
dz

∣∣∣∣
≤ lim

R→∞

∣∣∣∣∫
SR,δ

ezu
1

ψ(z)
dz

∣∣∣∣+ limsup
R→∞

∣∣∣∣∣
∫
I1
R,δ

ezu
1

ψ(z)
dz

∣∣∣∣∣+ limsup
R→∞

∣∣∣∣∣
∫

1
R,δ

ezu
1

ψ(z)
dz

∣∣∣∣∣
= 2δO(1).

Hence, limR→∞

∣∣∣∫SR ezu 1
ψ(z)

dz
∣∣∣= 0 given any arbitrarily small δ > 0.

Consequently, we know

ηξ(u) =
eξu

ψ′(ξ)
+

eθu

ψ′(θ)
. (EC.32)

Finally, substituting (EC.30) and (EC.32) into (EC.29) implies (11).

EC.1.5. Proof of Proposition 4

Note that the following identity holds

cρ(u) = ekuc̄ρ(u). (EC.33)
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We follow the procedure of Theorem EC.1 in Section EC.1.1 to derive the explicit expressions

in Proposition 4. Specifically, Substituting cϵ,ρ(u) = ekuc̄ϵ,ρ(u) into (EC.9), we have the integro-

differential equation for c̄ϵ,ρ(u) := e−kucϵ,ρ(u),

ρekuc̄′ϵ,ρ(u)+ρke
kuc̄ϵ,ρ(u) =−h(u)−

∫ u

0

λϵfϵ(x)e
k(u−x)c̄ϵ,ρ(u−x)dx−

∫ ∞

u

λϵfϵw(x−u)dx+(λϵ+r)e
kuc̄ϵ,ρ(u).

Dividing both sides by eku, we have

ρc̄′ϵ,ρ(u)+ ρkc̄ϵ,ρ(u) =−
∫ u

0

λϵfϵ(x)e
−kxc̄ϵ,ρ(u−x)dx− ḡϵ(u)+ (λϵ+ r)c̄ϵ,ρ(u), (EC.34)

where we set ḡϵ(u) := e−kugϵ(u). We further take the Laplace transform of both sides in (EC.34),

and after a simple rearrangement of terms, we obtain

ψϵ(u+ k) · ˜̄cϵ,ρ(u)− ρcϵ,ρ(0) =−˜̄gϵ(u), u > 0.

The remaining approximation procedures are the same as those in the proof of Proposition EC.1,

and one can finally derive that the Laplace transform of c̄ρ(u) is given by cρ(0) =
1
ρ
· ˜̄g(ζ) and

˜̄cρ(u) =
˜̄g(u)− ˜̄g(ζ)

ψ(u+ k)
, for u∈ {a+ bi : a≥ 0, b∈R}\{0, ζ}, (EC.35)

where ˜̄g(·) is the Fourier transform of ḡ(u) := e−kug(u). Furthermore, a similar argument as in the

proof of Proposition EC.3 can lead to the claim in Proposition 4. We finally remark that since

ζ := ξ− k with k being a fixed positive constant, there is a bijection between ζ and ρ by Lemma

EC.4(a).

EC.1.6. Expressions for ˜̄g(u) with special penalty functions w(·)

Recall the definition of g(·) in (10). Set h̄(u) := e−kuh(u) and

˜̄g(u) =

∫ ∞

0

e−(u+k)z

(
h(z)+

∫ ∞

z

w(x− z)ν(dx)

)
dz = ˜̄h(u)+

∫ ∞

0

∫ x

0

e−(u+k)zw(x− z)dzν(dx)

= ˜̄h(u)+

∫ ∞

0

e−(u+k)x

∫ x

0

e(u+k)zw(z)dzν(dx).
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(a) If the penalty cost function w(·) is a fixed constant, i.e., w(x) =K0 ≥ 0, meaning that whenever

a sale is lost regardless of its size, we always impose a constant penalty in the objective function.

Then,

˜̄g(u) = ˜̄h(u)+K0

∫ ∞

0

e−(u+k)x

∫ x

0

e(u+k)zdzν(dx) = ˜̄h(u)+
K0

u+ k
ΨD(u+ k). (EC.36)

(b) If the penalty w(·) is linear, i.e., w(x) =K1x, where the penalty cost incurred by lost sales is

proportional to its size, then

˜̄g(u) = ˜̄h(u)+K1

∫ ∞

0

e−(u+k)x

∫ x

0

ze(u+k)zdzν(dx) = ˜̄h(u)+
K1

(u+ k)2

∫ ∞

0

e−(u+k)x− 1+ (u+ k)xν(dx)

= ˜̄h(u)+
K1µν
u+ k

− K1

(u+ k)2
ΨD(u+ k). (EC.37)

(c) For some other nonlinear forms of the penalty cost function w(·), sometimes it is still possible to

derive the explicit expression for ˜̄g(u); for instance, w(x) =K2(1−e−δx). It implies that the penalty

increases with the lost-sales size with a diminishing marginal cost, and it is uniformly bounded by

K2 ≥ 0. Then we have

˜̄g(u) = ˜̄h(u)+K2

∫ ∞

0

e−(u+k)x

∫ x

0

e(u+k)x(1− e−δx)dzν(dx)

= ˜̄h(u)+
K2ΨD(u+ k)

u+ k
+K2

∫ ∞

0

e−ξx
∫ x

0

eu+k−δdzν(dx)

= ˜̄h(u)+
K2ΨD(u+ k)

u+ k
+K2

ΨD(u+ k)−ΨD(δ)

u+ k− δ
, for u ̸= δ− k. (EC.38)

In particular,

˜̄g(δ− k) = ˜̄h(δ− k)+K2

∫ ∞

0

e−δx
∫ x

0

eδx(1− e−δx)dzν(dx)

= ˜̄h(δ− k)+
K2ΨD(δ)

δ
+K2

∫ ∞

0

xe−δxν(dx)

= ˜̄h(δ− k)+
K2ΨD(δ)

δ
+K2Ψ

′
D(δ), (EC.39)

where the last equation follows from an interchange in the order of differentiation and integration.
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EC.1.7. Error Analysis in Computing Φρ(u) Using Fourier-cosine Method

We know from (17) that two different errors - replacement error η1 and truncation error η2 - are

incurred in our Fourier-cosine method. We aim to give explicit bounds on these two errors in terms

of the approximation parameters and study the corresponding convergence rates. To begin with,

we have the following expression for the replacement error η1.

Proposition EC.4. The replacement error η1 can be expressed as

η1 =−
∞∑
n=1

e−2akn
[
Φρ(2na+u)+ e2kuΦρ(2na−u)

]
.

Proof of Proposition EC.4. When m= 2n− 1, n≥ 1, we have

∞∑
j=0

′ 2

a
ℜ

{∫ (m+1)a

ma

Φ̄ρ(z)e
i jπa zdz

}
cos

(
jπ

a
u

)
=

∞∑
j=0

′ 2

a

∫ 0

−a
Φ̄ρ(2na+ z) cos

(
jπ

a
z

)
dz cos

(
jπ

a
u

)

=
∞∑
j=0

′ 2

a

∫ a

0

Φ̄ρ(2na− z) cos

(
jπ

a
z

)
dz cos

(
jπ

a
u

)

=Φ̄ρ(2na−u),

where the last equation follows from the cosine series expansion formula. Similarly, when m= 2n,

n≥ 1, we have

∞∑
j=0

′ 2

a
ℜ

{∫ (m+1)a

ma

Φ̄ρ(z)e
i jπa zdz

}
cos

(
jπ

a
u

)
=

∞∑
j=0

′ 2

a

∫ a

0

Φ̄ρ(2na+ z) cos

(
jπ

a
z

)
dz cos

(
jπ

a
u

)

=Φ̄ρ(2na+u).

Thus, we obtain

η1 =−eku
∞∑
j=0

′ 2

a
ℜ
{∫ ∞

a

Φ̄ρ(u)e
i jπa udu

}
cos

(
jπ

a
u

)

=−eku
∞∑
m=1

[
∞∑
j=0

′ 2

a
ℜ

{∫ (m+1)a

ma

Φ̄ρ(u)e
i jπa udu

}
cos

(
jπ

a
u

)]

=−eku
∞∑
n=1

[
Φ̄ρ(2na−u)+ Φ̄ρ(2na+u)

]
=−

∞∑
n=1

e−2akn
[
Φρ(2na+u)+ e2kuΦρ(2na−u)

]
,

which completes the proof. □
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The truncation error η2 can be viewed as a summation in the tails of Fj’s. Therefore, its bound

should closely relate to the convergence rate of the sequence {Fj}, for which we need the following

definition of algebraic convergence.

Definition EC.1 (Definition 2 in Section 2.3 of Boyd 2001). A sequence {ai, i =

0,1,2, . . .} has an algebraic index of convergence s if s is the largest real number such that

limsupi→∞ |ai|is <∞.

We also need the following assumption to bound the error terms by the chosen parameters in the

algorithm explicitly.

Assumption EC.1. The algebraic index of convergence for the sequence:
{
ℑ
{
[FΦ̄′

ρ]
(
nπ
a

)}}∞
n=0

is

some constant β > 0.

Remark EC.1. It is clear that Φ̄ρ(u) has an exponential decay at infinity, and so does its derivative

Φ̄′
ρ(u) in light of Karamata’s theory (Boyd 2001). Assumption EC.1 states that the imaginary part

of the Fourier transform of Φ̄′
ρ(u) has a positive algebraic index of convergence. It is indeed a mild

assumption, since there is good integrability in Φ̄′
ρ(u) in light of the Riemann-Lebesgue lemma,

such that a rate β > 0 can commonly be guaranteed.

Proposition EC.5. Let Ck be the constant such that Φρ(u)≤Cke
ku, for all u≥ 0. Under Assump-

tion EC.1, we have

|η1| ≤Cke
−ka+2ku coshku

sinhka
, |η2| ≤ eku

βC ′
a

Jβ
,

where C ′
a > 0 is a constant that only depends on a.

Proof of Proposition EC.5. By Proposition EC.4, we know that

|η1|=

∣∣∣∣∣
∞∑
n=1

e−2akn
[
Φρ(2na+u)+ e2kuΦρ(2na−u)

]∣∣∣∣∣
≤

∣∣∣∣∣
∞∑
n=1

e−2akn
[
Cke

ku+ e2kuCke
ku
]∣∣∣∣∣

=Cke
−ka+2ku coshku

sinhka
.
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For the truncation error η2, we first discuss the algebraic index of the sequence {Fn}. Through a

simple application of integration by parts, we have

Fn =
2

a
ℜ
{
˜̄Φρ

(
i
nπ

a

)}
=

2

a

∫ ∞

0

Φ̄ρ(z) cos
(nπ
a
z
)
dz

=
2

nπ

∫ ∞

0

Φ̄ρ(z)d sin
(nπ
a
z
)
=

2

nπ
ℑ
{∫ ∞

0

Φ̄′
ρ(z)e

inπ
a zdz

}
.

Under Assumption EC.1, ∃C ′
a > 0 and N ∈Z+, such that ∀n>N , we have

ℑ
{∫ ∞

0

Φ̄′
ρ(z)e

inπ
a zdz

}
≤ C ′

a

nβ
,

where C ′
a is a constant that only depends on a. Consequently, we have a bound on the functions

in the sequence; Fn ≤ 2C′
a

πn1+β . Therefore, the truncation error η2 can be bounded by

|η2|=

∣∣∣∣∣eku
∞∑

n=J+1

Fn cos
(nπ
a
u
)∣∣∣∣∣

≤ eku
∞∑

n=J+1

|Fn|

≤ eku
2βC ′

a

πJβ
.

This completes the proof. □

Proposition EC.5 explicitly shows the relations between values of algorithm parameters and the

resulting convergence errors. For any fixed pair of u and k, the absolute replacement error |η1|

is of exponential decay in a. In practice, we choose a to be relatively larger than u to make the

multiplier coshku
sinhka

small enough. After determining a, the absolute truncation error |η2| converges

to 0 with the convergence rate being the algebraic index of convergence β, as J →∞. To control

the total error in a reasonably small range, we can first choose a large a to make η1 small enough,

and then set a proper J to adjust the truncation error.

EC.1.8. Supplementary Materials for Section 4.3

The Fourier-cosine method introduced in Section 4.2 calculates the value of the discounted cost

objective for any given production rate ρ. As the next step, we only need to numerically search for
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the minimizer of this one-variable function, which we can conveniently accomplish via some stan-

dard algorithms searching for the global minimum, including but not limited to, simulated annealing

(Bertsimas and Tsitsiklis 1993), genetic algorithms (Forrest 1993), and interval-arithmetic-based

techniques (Hansen and Walster 2003). In what follows, we apply a hybrid global optimization

method proposed by Xu (2002), whose comparisons with the aforementioned classical methods are

available in the first section of Xu (2002). Specifically, this method is deterministic without random

sampling and is guaranteed to converge to the global optimal solution. As stated by Xu (2002),

the idea has a relatively simple and intuitive analogy of climbing a mountain if we regard it as

the maximization problem of the objective function −Φρ(u). Whenever we climb to the summit

of a mountain (local maximizer), we can check whether there is a higher mountain in the domain,

move to the same level of the higher mountain, and then climb again. The process is repeated until

we can no longer see any higher mountain when standing at the summit of the highest mountain

(global maximizer). The interval Newton method achieves the checking and climbing procedures

(Hansen and Walster 2003). Algorithm 1 gives the implementation details of searching for the

optimal production rate based on the objective function calculated by the Fourier-cosine scheme.

Theorem 1 in Xu (2002) indicates that the globally optimal solution is always warranted.

Algorithm 1 A hybrid global optimization algorithm (Xu 2002)

Input: initial inventory u, objective function Φρ(u) for ρ≥ 0, where Φρ(u) is evaluated by
Fourier-cosine method using Equation (17) (ξ > 0);

Output: global minimum (ρ∗,Φρ∗(u));
1: Initialize: Tol, u, ρ∗ = 0, ξloc = Tol;
2: repeat
3: Set the domain S = [ξloc,1/Tol];
4: Find a local minimum Φ < Φξloc(u) in the domain and let ξ∗ ∈ S be the smallest

root such that Φξ∗(u) =Φ;

5: ξloc = ξ∗, ρ∗ = r+ΨD(ξ∗)
ξ∗

;
6: until No solution for Φξ(u) =Φ− ϵ for ξ ∈ [Tol,1/Tol] can be found for the given error

tolerance level Tol.

In the numerical experiments, we find that the cost objective function usually does not have

many local minima, so we do not have to conduct the “searching and checking” procedure many

times. Therefore, it is always very fast to establish the global minimum solution. For instance,
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let us consider an example with compound Poisson demands following a mixture of Erlang size

distributions where the Lévy measure is given by ν(dx) = λ
∑M

j=1 qj
θjxj−1e−θx

(j−1)!
dx for x≥ 0 and θ > 0.

Specifically, λ is the Poisson intensity rate and {q1, . . . , qM} is a set of probabilities, i.e., qj ≥ 0 and∑M

j=1 qj = 1. The mean of the Lévy measure is µν =
1
λ

∑M

j=1 jqj, while its Laplace exponent is

ΨD(z) =

∫ ∞

0

(
1− e−zx

)
ν(dx) = λ−λ

M∑
j=1

qj

(
θ

θ+ z

)j

.

For convenience, we take M = 2, {q1, q2} = {0.05,0.95}, θ = 0.5, λ = 10, u = 1, h(x) =
√
x, and

w(x) =K2(1− e−ξx) with K2 = 0.5. Figure EC.1 plots Φρ(ζ)(u) against ζ. The minimum total cost

Φρ∗(ζ∗)(u) is attained at ζ∗ = 0.0568, or equivalently, ρ∗ = 18.4750, yielding Φρ∗(ζ)(u) = 44.1550. If

we reset K2 = 0.3 in the example above, we can get the corresponding plot in Figure EC.2. We

observe that the local minimum is then Φρ̂(ζ̂)(u) = 35.9502 at ζ̂ = 0.1382. However, it is clear from

Figure EC.2 that as ζ goes to infinity, the total cost Φρ(ζ)(u) decreases to a limit that is smaller

than this local minimum, i.e., limζ→+∞Φρ(ζ)(u)< Φρ̂(ζ̂)(u). Specifically, Proposition 4 states that

ρ→ 0 when ζ→∞, and we can calculate that Φ0(0) =K2λ/r and

˜̄Φ0(z) =
˜̄g(z)

ΨD(z+ k)+ r
+

K2λΨD(z+ k)

r(z+ k)(ΨD(z+ k)+ r)
, z ∈ {a+ bi : a≥ 0, b∈R}\{0, ζ}.

By applying our Fourier-cosine approximation (17), we compute Φ0(u) = 30.1441< 35.9502.

EC.2. Supplementary Materials for Section 5

EC.2.1. Assumptions of Theorem 3 and Related Discussions

As revealed by Lee et al. (2021), if one directly applies the Fourier-cosine method to approximate

ft(x), the associated error terms when t is small could sometimes be divergent for some Lévy

subordinators; for instance, this is the case for Gamma processes. Consequently, we first use the

Fourier-cosine method to approximate a refined product xn0ft(x), where the presence of xn0 helps

to avoid the divergence in the Fourier-cosine approximation when t is near 0. After that, we divide

the approximated value by xn0 to recover ft(x). Accordingly, the Fourier transform of xn0ft(x) is

given by

[F(xn0ft(x))](s) = (−i)n0 d
n0

dsn0
[Fft](s).
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Figure EC.1 The discounted cost Φρ(ζ)(u) for a com-

pound Poisson demand with a mixture

of Erlangs (K2 = 0.5).

-0.5 0 0.5 1 1.5 2 2.5
40

45

50

55

60

65

70

75

80

85

90

Figure EC.2 The discounted cost Φρ(ζ)(u) for a com-

pound Poisson process with a mixture of

Erlangs (K2 = 0.3).
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Before proving Theorem 3, we first state the following two technical assumptions; see Lee et al.

(2021) for additional details.

Assumption EC.2. There exists a positive integer n0 such that

i) |Ψ(1)
D (s)| =O

(
s−

1+θ
n0

)
and |Ψ(n0)

D (s)|=O
(
s−(1+θ)

)
hold for some θ > 0;

ii) if n0 ≥ 2, for all m = 2, · · · , n0, both xmπ(x) and xmπ′(x) are integrable, i.e.,

xmπ(x), xmπ′(x) ∈ L1(R+), where π(x) is the density function of the Lévy measure, i.e., ν(dx) =

π(x)dx, with a derivative π′(x).

Remark EC.2. As an illustrative example, if the reserve process R(t) is a compound Poisson

process with a Poisson arrival intensity λ and demand size distribution Gamma(α,β), the corre-

sponding density function is π(x) = λβα

Γ(α)
xα−1e−βx for x > 0, and the Laplace exponent is ΨD(s) =

λ(1+ s
β
)−α− λ. We can easily check that Assumption EC.2 is satisfied if we let n0 = 1. For other

cases, especially for frequently used demand processes, the parameter n0 can be similarly deter-

mined via checking the convergence order of Ψm
D(s) in s.

Assumption EC.3. The density function ft(x) is jointly continuous for (x, t) ∈ R+ × (0, T ], and

there exists an x0 > 0 such that f ′
t(x)< 0 for (x, t)∈ (x0,∞)× (0, T ].
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Remark EC.3. A smoothness condition on the density function ft is naturally required for eval-

uating an integral expression involving ft.

EC.2.2. Proof of Theorem 3

We first prove the representation (22) for the finite-time stockout probability ϕu(T ). For conve-

nience, we adjust the time scale using the multiplier ρ to define R̂(ρt) :=R(t) and D̂(ρt) :=D(t).

We thus obtain

R̂(t) =R(t/ρ) = u+ t−D(t/ρ) = u+ t− D̂(t).

In this way, the production rate is standardized as 1, and D̂(t) is still a Lévy subordinator with

the Lévy measure being ν̂(dx) = ν(dx)/ρ. Correspondingly, we further have

τ̂u := inf{t > 0 : R̂(t)< 0}= inf{t > 0 :R(t/ρ)< 0}= ρ inf{t > 0 :R(t)< 0}= ρτu.

By respectively setting the initial surplus as u and the time parameter as ρT in the finite-time ruin

probability formula given by Equation (4.1) in Lee et al. (2021), we can obtain

ϕu(T ) = P(τu <T ) = P(τ̂u <ρT ) = 1−P(τ̂u ≥ ρT )

=1−P(D̂(ρT ) = 0)−
∫ u+ρT

0

f̂ρT (z)dz+

∫ ρT

0

[
1− 1

z

∫ z

0

Ŝz(x)dx

]
f̂ρT−z(u+ ρT − z)dz

=1−P(D(T ) = 0)−
∫ u+ρT

0

fT (z)dz+

∫ ρT

0

[
1− 1

z

∫ z

0

Sz/ρ(x)dx

]
fT−z/ρ(u+ ρT − z)dz

=1−P(D(T ) = 0)−
∫ u+ρT

0

fT (z)dz+ ρ

∫ T

0

[
1− 1

ρz

∫ ρz

0

Sz(x)dx

]
fT−z(u+ ρ(T − z))dz,

where f̂t and Ŝt are the respective density and survival functions of D̂t, with the identities f̂t = ft/ρ

and Ŝt = St/ρ.

Next, we show that the error in approximating the finite-time stockout probability ϕu(T ) by (25)

can be made arbitrarily small. This part can be analogously established using the proof similar to

that of Theorem 4.1 in Lee et al. (2021). Therefore, we only outline the main steps to make the

presentation self-contained; see Lee et al. (2021) for details.
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The numerical errors are incurred in approximating two separate integrals in (22). First, applying

the Fourier-cosine method described in Section 4.2, the term
∫ u+ρT
0

fT (z)dz in (22) can be approx-

imated by
∑J

j=0
′F

(1)
j (T )χj(u− d+ ρT ). Moreover, we can obtain bounds on the corresponding

approximation error terms ε1 and ε2 as below:

|ε1| :=

∣∣∣∣∣−2

a

J∑
j=0

′χj(u− d+ ρT )

∫ ∞

a

fT (x) cos

(
jπ

a
x

)
dx

∣∣∣∣∣≤
∣∣∣∣1+ 2

π

∫ π

0

sinz

z
dz

∣∣∣∣ST (a),
|ε2| :=

∣∣∣∣∣
∞∑

j=J+1

′χj(u− d+ ρT )F
(1)
j (T )

∣∣∣∣∣≤ C ′
a

Jβ
,

where the first inequality follows from a delicate analysis on the well-known series in Gibbs phe-

nomenon, i.e., Sn(x) :=
∑n

k=1
sin(kx)

k
, and some useful properties of Sn(x) can be found in Hewitt

and Hewitt (1979). The detailed derivation is given in Lemma D.1 in the supplementary material

to Lee et al. (2021). Clearly, the approximation error E can be made arbitrarily small by choosing

large enough a and J , which are truncation parameters in the Fourier-cosine algorithm.

Second, the integrand terms A(z) := 1− 1
ρz

∫ ρz
0
Sz(x)dx and B(z) := fT−z(u+ ρ(T − z)) in (22)

can also be approximated by following the same vein using Â(z) := 1− 1
ρz

∑J

j=0
′F

(2)
j (z)χj(ρz) and

B̂(z) :=
∑J

j=0
′F (3)

j (T−z) cos jπ(u+ρ(T−z))
a

(u+ρ(T−z))n0
, respectively. Again, by choosing a suitably large enough a and

J , both approximation errors |A(z)−Â(z)| and |B(z)−B̂(z)| can be made arbitrarily small, holding

uniformly over z ∈ (0, T ) (see Lemmas D.2 and D.3 in the supplementary material of Lee et al.

2021). To finish the proof, we only need to show that the approximation error for
∫ T
0
A(z)B(z)dz

can be made arbitrarily small by choosing suitably large a and J . Notice that∣∣∣∣∫ T

0

A(z)B(z)dz−
∫ T

0

Â(z)B̂(z)dz

∣∣∣∣
≤
∫ T

0

|A(z)||B(z)− B̂(z)|dz+
∫ T

0

|A(z)− Â(z)||B(z)|dz+
∫ T

0

|A(z)− Â(z)||B(z)− B̂(z)|dz

≤T ·

[
sup
z∈[0,T ]

|A(z)| · sup
z∈[0,T ]

|B(z)− B̂(z)|+ sup
z∈[0,T ]

|B(z)| · sup
z∈[0,T ]

|A(z)− Â(z)|

]

+T · sup
z∈[0,T ]

|A(z)− Â(z)| · sup
z∈[0,T ]

|B(z)− B̂(z)|.

It then remains to show that supz∈[0,T ] |A(z)| and supz∈[0,T ] |B(z)| are both finite, which is equivalent

to proving that 1
ρz

∫ ρz
0
Sz(x)dx and fT−z(u+ρ(T − z)) are both uniformly bounded over z ∈ (0, T ).
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The uniform boundedness of 1
ρz

∫ ρz
0
Sz(x)dx is relatively straightforward, which follows from the

fact that

1

ρz

∫ ρz

0

Sz(x)dx≤
1

ρz

∫ ∞

0

Sz(x)dx=
µν
ρ
.

As for fT−z(u+ρ(T −z)), we recall the joint continuity of ft(x) in (x, t)∈R× (0, T ] under Assump-

tion EC.3, indicating that fT−z(u+ ρ(T − z)) is continuous in z ∈ [0, T ). Consequently, we have

lim
z→0+

fz(u+ ρz) = 0 for u > 0, and then sup
z∈[0,T )

fT−z(u+ ρ(T − z))<∞, which completes the proof.

□

EC.2.3. Proof of Proposition 5

By the monotone convergence theorem, we know

φ(u) =E[τ1|I(0) = u] =− lim
r→0+

d

dr
E
[
e−rτ1

∣∣∣∣I(0) = u

]
=− lim

r→0+

d

dr
dr,ρ(u).

Taking the Laplace transform in u on both sides gives

φ̃(u) =− lim
r→0+

d

dr
d̃r,ρ(u).

We can derive the desired result using the Laplace transform of dr,ρ(u) given in Proposition EC.3.

□

EC.2.4. Proof of Theorem 4

By applying our Fourier-cosine scheme (17) on φ(u) with the Laplace transform given in Proposition

5, we obtain

φ(u) = eku
J∑
j=0

′F
(5)
j cos

(
jπ

a
u

)
+ ε1 + ε2,

where F
(5)
j = 2

a
ℜ
{
φ̃
(
k− i jπ

a

)}
, the replacement error ε1 is

ε1 =−eku
∞∑
j=0

′ 2

a
ℜ
{∫ ∞

a

e−kuφ(u)ei
jπ
a udu

}
cos

(
jπ

a
u

)
,

and the truncation error ε2 is

ε2 = eku
∞∑

j=J+1

F
(5)
j cos

(
jπ

a
u

)
.
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Let Ck be the constant such that φ(u)≤ Cke
ku for all u≥ 0, and β > 0 be the algebraic index of

convergence for the sequence
{
ℑ
{
[F φ̄′]

(
nπ
a

)}
, n= 0,1,2, . . .

}
. By Proposition EC.5, we have

|ε1| ≤Cke
−ka+2ku coshku

sinhka
, |ε2| ≤ eku

βC ′
a

Jβ
,

where C ′
a > 0 is a constant that depends only on a. Therefore, for any ϵ > 0 and a fixed k > 0 and

u> 0, there exist large enough a> 0 and J > 0, such that

|ε1| ≤Cke
−ka+2ku coshku

sinhka
<
ϵ

2
, |ε2| ≤ eku

βC ′
a

Jβ
<
ϵ

2
.

The total approximation error is thus less than ϵ, and we complete the proof. □

EC.2.5. Proof of Proposition 6

We observe that Lτ (u) :=E[L(τ1)|I(0) = u] is a special case of cr,ρ(u) by letting h(x)≡ 0, w(x) = x,

and r = 0. Thus, substituting these expressions into Proposition 1, we can obtain the desired

Laplace transform of Lτ (u). □

EC.2.6. Proof of Theorem 5

Replacing φ(u) in the proof of Theorem 4 with the target function Lτ (u) and based on the Laplace

transform of Lτ (u) in Proposition 6, we can use a similar argument to establish the approximation

error bound for Lτ (u) as follows,

|ε1| ≤Cke
−ka+2ku coshku

sinhka
, |ε2| ≤ eku

βC ′
a

Jβ
,

where the constant Ck and index β depend on the properties of the target function Lτ (u). For any

ϵ > 0 and a fixed k > 0 and u > 0, we can then choose large enough a > 0 and J > 0 such that

|ε1|< ϵ
2
, |ε2|< ϵ

2
, which completes the proof. □

EC.2.7. Proof of Proposition 7

Notice that after the first stockout, the inventory process renews from u= 0 and repeats the same

renewal cycle. Therefore, the long-run stockout occurrence rate is time-consistent in that it is
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independent of the initial inventory level u, provided that E[τ1]<∞, which is guaranteed under

the stability condition ρ < µν . Let the inter-arrival times of the demand process be denoted by

T1, T2, · · · , which are i.i.d. exponentially distributed random variables given that the demand D(t)

is a compound Poisson process. By Theorem 3.4.4 in Ross et al. (1996), we have

π=E
[
TNA(τ1)

τ1

∣∣∣∣I(0) = 0

]
=

E[T1]

E[τ1|I(0) = 0]
=

1

λφ(0)
. □

EC.2.8. Proof of Proposition 8

By setting the initial inventory level to 0 (u = 0), the inventory process can be regarded as a

renewal process that starts from zero inventory at time t= 0 and renews with zero inventory at

time τ1. Thus, the sequence {(τ1,L(τ1)), (τ2− τ1,L(τ2)−L(τ1)), . . .} is independent and identically

distributed. Consider an alternative renewal process that is initially at the status “on” until the

time ρτ1 and then takes “off” status until ρτ1 +L(τ1) in the first period. Then the “off” state in

the first period lasts for L(τ1), and the duration of the first period is ρτ1 +L(τ1) =D(τ1). By the

renewal theorem, i.e., Theorem 3.4.4 in Ross et al. (1996), we immediately have

l= P(the system is off) = lim
t→∞

E
[
L(t)

D(t)

]
=

E[L(τ1)]
E[D(τ1)]

=
Lτ (0)
µνφ(0)

. □

EC.2.9. Proof of Proposition 9

Given the probability space (Ω,F ,P), for any fixed ω ∈Ω, let {D(t,ω), t≥ 0} be the sample path

of the demand process. For any two production rates 0< ρ1 < ρ2, we denote Ii(t) and Ai as the

corresponding inventory process and the event {τu < T} under these two replenishment rates ρi,

i= 1,2. By the definition of stockout probability ϕu(T ) := P(τu < T ), to prove that ϕu(T ) is non-

increasing in ρ, it is equivalent to verify P(A1) ≥ P(A2). We then only need to show that for

any fixed ω ∈ A2, i.e., the sample path {I2(t,ω), t ≥ 0} leads to a finite-time stockout event A2,

the corresponding sample path {I1(t,ω), t≥ 0} under the same sample scenario ω must incur the

occurrence of A1, that is ω ∈A1. Clearly, since ρ1 < ρ2, we have I1(t,ω)< I2(t,ω). Therefore, the

occurrence of A2 implies that of A1, and hence ϕu(T ) is decreasing in ρ.
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For other quantities, one can re-define the events {Ai, i = 1,2} accordingly to the particular

context, and similar arguments are also valid to obtain their comparative statics in the production

rate ρ. □

EC.3. Numerical Experiments I: System Costs and Optimal Production Rates

In this section, we provide supplementary details on the numerical experiments in Section 6. In

Section EC.3.1, we discuss the appropriate choices of the numerical parameters in the Fourier-cosine

method that would yield high accuracy of approximations. In Section EC.3.2, we apply the Fourier-

cosine method to numerically compute the optimal replenishment rates and the associated costs

under different Lévy demands. The robustness of the numerical approximations is also examined.

These results echo the versatility and effectiveness of our framework. In addition, we combine

the unaccelerated Fourier-cosine scheme with several popular filters to reduce commonly observed

oscillations and compare their performance in Section EC.3.3. Finally, we compare our Fourier-

cosine method with the celebrated Talbot numerical scheme (Abate and Whitt 2006) in Section

EC.3.4.

EC.3.1. Appropriate Choices of Numerical Parameters

Notice that there are altogether three parameters to settle in our Fourier-cosine scheme, i.e., the

dampening parameter k, the truncation parameters of the domain a, and the truncation index of

the summation series J . Before presenting the numerical experiments, we separately discuss their

effects on the results and give several recommendations for choosing their values.

First, for the dampening parameter k, we highlight an implicit requirement that it should keep

ζ = ξ−k strictly positive as stated in Proposition 4. While a larger k may help reduce the replace-

ment error η1 given in (18), it must be strictly smaller than the positive root of the Lundberg

equation, requiring an initial guess on ξ. However, the Lundberg equation depends on the replenish-

ment rate, whose optimal value is not known a priori. We can thus first derive ξ∗ using Algorithm 1

with a given value of k, say k= 0.1, and then repeat Algorithm 1 for a reasonable choice of k∗ < ξ∗.
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In fact, the numerical results are pretty robust in different choices of k, which we will illustrate

later.

Next, since the truncation parameters a and J are directly involved in the error terms η1 and

η2, the trade-off between computational precision and efforts should be carefully balanced when

choosing their values. As shown in the error analysis in Section EC.1.7, for any given error tolerance

level ϵ, a large enough a can well control the replacement error such that η1 < ϵ/2, while a proper

J can manage the truncation error so that η2 < ϵ/2. Particularly with a fixed a, the truncation

error η2 converges to 0 when J increases to infinity, and the lower error bound thus becomes η1.

However, a larger value of a shall increase the truncation error η2, and a larger J is then needed

to maintain the same precision level. For practical applications, we do not associate the value of a

to a specified error ϵ, which could be rather complicated. Instead, we here propose a rule-of-thumb

choice for a. Since it is reasonable to assume that the cost functions h(·) and w(·) have at most

algebraic growths, so does Φρ(u) and the decay rate of Φ̄ρ(u) = e−kuΦρ(u) is generally governed

by the factor e−ku. We aim to make e−kaΦρ(a) small enough and let e−ka < 10−m, which leads to

a> ln(10m)/k, for some m= 1,2, . . .. Taking the initial inventory level u and the loading factor µv

into consideration and setting m= 4, we have the following recommendation for choosing a that

only depends on k:

a= u+µν +
ln(104)

k
. (EC.40)

As shown later, this recommended choice works well in all numerical experiments. As for the other

truncation parameter J , once we have determined k and a, we can choose a large enough J to

attain high precision while the computational complexity remains linear in J . In what follows, we

follow the suggestions of Li et al. (2021) to set it as J = 29.

EC.3.2. Optimal Replenishment Rate under Various Model Settings

In this section, we find the optimal replenishment rates and associated costs where the demand

dynamics has either a finite Lévy measure, such as a compound Poisson process, or an infinite Lévy



ec30 e-companion to Han et al.: Production Management with General Demands and Lost Sales

measure, such as a Gamma process and an inverse Gaussian process. In practice, the Gamma and

inverse Gaussian processes are commonly adopted in describing one-directional stochastic dynamics

such as the degradation modeling in system maintenance (Van Foreest and Wijngaard 2014) and

the claim process in insurance (Asmussen and Albrecher 2010). Specifically, we consider different

combinations of cost functions for each case. In all cases, we demonstrate that our Fourier-cosine

method provides a robust and efficient means to compute the optimal replenishment rates and

associated costs. We take the discount rate r= 0.1. For other interest rate choices, the effectiveness

of our proposed Fourier-cosine method can also be clearly seen.

EC.3.2.1. Finite Lévy Measure Cases The most typical example of the Lévy subordinator

with finite Lévy measure is the compound Poisson process. We assume an exponentially distributed

demand size and simple cost functions such as linear ones, where closed-form solutions for the cost

objective Φρ(0) and the corresponding optimal replenishment rate are available. When u > 0, we

have no closed-form solutions and resort to our Fourier-cosine method.

Example EC.1 (compound Poisson process with exponential demands). Consider the

case when the Lévy subordinator is a compound Poisson process with an exponentially distributed

demand size. The Lévy measure is ν(dx) = λµe−µxdx, where λ is the Poisson intensity and µ is

the rate of the exponential distribution. The expectation of the Lévy measure is then µν = λ/µ.

Accordingly, the Laplace exponent becomes ΨD(z) =
λz
µ+z

. Moreover, we assume simple cost func-

tions where the holding cost function is h(x) = x and the lost-sales penalty is w(x) = 100, from

which we can compute ˜̄g(z) using (EC.36). In this case, the closed-form solution for minimizing

Φζ(0) for ζ is available in Shi et al. (2014). The Poisson intensity λ is set to 1, and we use the

Newton method with a tolerance error level of 10−5 to find the minimum Φζ(0) in Algorithm 1.

Table EC.1 illustrates the results, and we observe that the optimal replenishment rate ρ∗ increases

with larger µν . Thus, a larger replenishment rate should be set to satisfy the stronger demand and

avoid losses due to lost sales. We also notice that the optimal average cost Fρ∗0 is rΦρ∗(0), and the

corresponding optimal replenishment rate ρ∗0 under the average cost criterion can also be easily

calculated, as illustrated in Table EC.1.
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Table EC.1 Optimal rates for Φρ(0) and Fρ under compound Poisson demands with exponential sizes for

different µν

µν 0.05 0.1 0.5 1 5 10 20

ρ∗ 0.2675 0.4031 1.1218 1.8000 5.6180 9.0000 13.528

ρ∗0 0.0489 0.0968 0.4646 0.9000 3.8820 6.8377 11.0557

Φρ∗(0) 44.221 62.246 136.42 190.00 397.21 532.46 694.43

Fρ∗0 4.422 6.225 13.642 19.000 39.721 53.246 69.443

With the same setting, we also provide the corresponding results with different positive initial

inventory levels in Table EC.2 when µν = 2 and Table EC.3 when µν = 20, respectively. Closed-

form solutions are no longer available, and we use the approximated values obtained by Shi et al.

(2014) as a benchmark. Both Tables EC.2 and EC.3 indicate that the optimal replenishment rate

ρ∗ decreases with higher initial inventory u. It is reasonable since the holding cost associated with

a high inventory level is already high, and the latter could also be enough to serve the arriving

demands; the firm then needs to reduce production to release the mounting pressure from the

unsold inventory. However, the minimum total cost is not monotone in u. Instead, it is minimized

at u being around 10 and 25, for µν = 2 and µν = 20, respectively. Moreover, minuΦρ(u) is smaller

for a smaller µν because greater demand may induce a significant amount of lost-sales penalties.

Meanwhile, we plot, for a fixed initial level u, Φρ∗(u) against a in Figure EC.3 to illustrate the

robustness of the approximation in a. Our recommended choices of a introduced in Section EC.3.1

are also indicated. The approximation is very close to the reference value and becomes stable when

a exceeds 150.

EC.3.2.2. Infinite Lévy Measure Cases The Lévy subordinator with an infinite Lévy

measure can be used to model a large number of sales with a relatively heavy-tailed size distribution

(D’Auria and Samorodnitsky 2005). In this respect, we now consider Gamma and inverse Gaussian

processes as the demand dynamics and illustrate the corresponding numerical results.

Example EC.2 (Gamma process). We assume that the Lévy subordinator is a Gamma process

with the Lévy measure being ν(dx) = (αe−βx/x)dx for x> 0, and α,β > 0. Consequently, the mean
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Table EC.2 Optimal Φρ(u) and ρ for compound Poisson demands with exponential sizes, where λ= 1, µν = 2,

and k= 0.05.

u 5 10 15 20 25 30 40 50

ρ∗ 2.5101 2.1700 1.8943 1.6582 1.4465 1.2503 0.8854 0.5411

Ref. 2.515 2.171 1.893 1.660 1.447 1.250 0.885 0.541

Φρ∗(u) 193.4488 181.4906 191.8075 212.6420 239.1562 269.0391 334.5168 404.1479

Ref. 193.450 181.490 191.810 212.640 239.160 269.040 334.520 404.150

Table EC.3 Optimal Φρ(u) and ρ for compound Poisson demands with exponential sizes, where λ= 1, µν = 20,

and k= 0.03

u 5 10 15 20 25 30 40 50

ρ∗ 13.3480 13.1465 12.9259 12.6886 12.4365 12.1715 11.6081 11.0080

Ref. 13.356 13.147 12.928 12.685 12.437 12.171 11.609 11.007

Φρ∗(u) 684.4248 676.9089 671.6808 668.5787 667.4442 668.1301 674.4260 686.4918

Ref. 684.430 676.910 671.680 668.580 667.440 668.130 674.430 686.490

Figure EC.3 The discounted cost Φ∗
ρ(u) for a com-

pound Poisson process in Example EC.1

with µν = 2, u= 10, and k= 0.05.
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Figure EC.4 The discounted cost Φρ∗(u) for a Gamma

process in Example EC.2 when u= 10.
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is now µν = α/β. At any fixed time t > 0, the subordinator follows a Gamma distribution Γ(αt,β).

The Laplace exponent then becomes ΨD(z) = α ln
(
z+β
β

)
. We respectively set the holding cost and

the lost-sales penalty function as h(x) = x and w(x) = 50x, from which ˜̄g(z) can be obtained by
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(EC.37). Algorithm 1 is then adopted to find the optimal ζ∗ in minimizing Φζ(u). The tolerance

error level is again set at 10−5. Table EC.4 presents the optimal ρ∗ and Φρ∗(u) for different values

of u when µν = 2. The other parameter settings are also specified there. No closed-form or reference

solutions are available, and, to the best of our knowledge, ours is the first study on the production-

inventory system under a Gamma demand process. The Gamma demand in this example is also

different from that in Shi et al. (2014) in that they use the compound Poisson framework with the

demand size following a Gamma distribution.

A similar phenomenon as in Example EC.1 can be observed. The optimal replenishment rate ρ∗

decreases when the initial inventory u increases, and the optimal total cost Φρ∗(u) is minimized

when the initial inventory u is around 10. We also study the robustness of the optimal Φρ∗(u),

again for a fixed u, with respect to a in Figure EC.4 for k = 0.05. Our suggested choice of a also

works well in this example. The approximation arrives at a stable convergence when a exceeds 150.

Moreover, we also illustrate the optimal replenishment rates with different values of µν under the

average cost criterion in Table EC.5.

Table EC.4 Optimal ρ∗ and Φρ∗(u) with Gamma demands. Other parameters are α= 0.8, µν = 2, and k= 0.05.

u 5 10 15 20 25 30 40 50

ρ∗ 2.3184 2.0099 1.7646 1.5532 1.3607 1.1797 0.8370 0.5088

Φρ∗(u) 147.6205 146.7404 164.6046 190.6999 221.0270 253.7716 323.2214 395.4711

Table EC.5 Optimal ρ∗0 and Fρ∗0
under the average cost criterion with Gamma demands.

µν 0.05 0.1 0.5 1 5 10 20

ρ∗0 0.0444 0.0888 0.4442 0.8884 4.4418 8.8836 17.7672

Fρ∗0 0.5182 1.0363 5.1815 10.3630 51.8150 103.6300 207.2601

Example EC.3 (Inverse Gaussian process). We consider the case when the Lévy subordina-

tor is an inverse Gaussian process with the Lévy measure ν(dx) = δ√
2πx3

e−
γ2x
2 dx for x > 0 and

its mean becomes µν =
δ
γ
. An inverse Gaussian process means that the process at time 1 follows

an inverse Gaussian distribution IG(δ, γ). Similar to the Gamma process, its additivity property

implies that at time t, the process is also inversely Gaussian distributed with the parameters being
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tδ and γ. The corresponding Laplace exponent is ΨD(z) = δ(
√
γ2 +2z− γ). We assume fully non-

linear cost functions here, where h(x) =
√
x and w(x) = 5(1−e−x). Therefore, ˜̄g(z) can be obtained

by (EC.39) and (EC.38). In this numerical experiment, we further set δ = 1, γ = 1/2, and the

tolerance error level as 10−5. The optimal ρ∗ and Φρ∗(u) for different values of u are presented in

Table EC.6 when µν = 2. Although no reference solutions are valid, the convergence shows to be

stable and fast. We respectively plot the optimal Φρ∗(u) in terms of the parameter a in Figure EC.5

for k = 0.05 and in Figure EC.6 for k = 0.1. These two plots show that a larger k needs a smaller

a to reach a stable convergence. Our recommended choice of a fits well again in the convergence

region. The optimal rates corresponding to the average cost are presented in Table EC.7.

Table EC.6 Optimal ρ∗ and Φρ∗(u) for an inverse Gaussian demand with δ= 1, µν = 2, and k= 0.05.

u 5 10 15 20 25 30 40 50

ρ∗ 2.4906 2.1967 1.9858 1.8175 1.6757 1.5523 1.3433 1.1692

Φρ∗(u) 41.2906 41.8567 44.0760 46.9487 50.0964 53.3432 59.8226 66.0785

Table EC.7 Optimal ρ∗0 and Fρ∗0
under the average cost criterion for an inverse Gaussian demand.

µν 0.05 0.1 0.5 1 5 10 20

ρ∗0 0.0499 0.0997 0.4874 0.9349 2.9425 3.7206 4.2013

Fρ∗0 1.3831 1.7405 2.9071 3.5113 4.7712 5.1190 5.3286

Figure EC.5 The discounted cost Φρ∗(u) for an

inverse Gaussian demand with k= 0.05.
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Figure EC.6 The discounted cost Φρ∗(u) for an

inverse Gaussian demand with k= 0.1.
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EC.3.2.3. Influence of Different Dynamics on the Optimal Rate In practice, the

demand dynamics could be quite different depending on the nature of the business and products,

and our general Lévy framework offers a high degree of modeling flexibility. In this section, we

investigate the impact of the demand dynamics on optimal replenishment rates. Specifically, we

consider the following five different demands with the same mean µν = 20. The holding cost and

lost-sales penalty are assumed to be h(x) = x and w(x) = 100, respectively.

Setting I : A compound Poisson process with exponential demands as specified in Example EC.1

and the corresponding Lévy measure is ν(dx) = λµe−µxdx, where λ= 1 and µ= 0.05;

Setting II : A compound Poisson process with uniform distributed demands and the correspond-

ing Lévy measure is ν(dx) = λ/(2β)dx, x ∈ [0,2β], where β = µν/λ and the Poisson intensity is

λ= 1;

Setting III : A compound Poisson process with a mixture of Erlang demands and the Lévy

measure is ν(dx) = λ(q1θe
−θx + q2θ

2xe−θx)dx, x ≥ 0, where {q1, q2} = {0.8,0.2}, θ = 0.5, and the

Poisson intensity is λ= θµν
q1+2q2

;

Setting IV : A Gamma process as specified in Example EC.2 and the corresponding Lévy mea-

sure is ν(dx) = (αe−βx/x)dx for x> 0, where α= 0.8 and β = 0.04;

Setting V : An inverse Gaussian process as specified in Example EC.3 and the corresponding

Lévy measure is ν(dx) = δ√
2πx3

e−
γ2x
2 dx for x> 0, where δ= 1 and γ = 0.05.

The optimal replenishment rates and corresponding total discounted costs under these five set-

tings are presented in Table EC.8. We observe that with different choices of demand dynamics

but with the same mean, the optimal replenishment rates could significantly differ. Even with

the same mean, the jump intensities and demand distribution are diverse for different dynamics.

Consequently, the corresponding lost-sales frequencies and sizes also have a large difference, as

does the total cost. These results positively answer the influence of different demand dynamics on

the optimal replenishment rate. Therefore, choosing appropriate dynamics to model the random

demands is critical. In this respect, our framework provides high flexibility in solving the optimal
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replenishment rate for various demand dynamics. Finally, we present the corresponding studies in

Table EC.9 when the cost functions are h(x) =
√
x and w(x) = 10(1− e−ξx). Similar observations

can be made accordingly.
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EC.3.3. Accelerated Fourier-cosine Method

Although many Fourier inversion methods exist (see, e.g., Fang and Oosterlee 2009 and Li et al.

2021), a typical Fourier-based method involves applying a summation or an integration of trigono-

metric functions to approximate the target function, where oscillation naturally arises with a

different number of terms used in approximation. To eliminate the oscillation in convergence, we

adopt different filters to accelerate our Fourier-cosine method.

Specifically, we consider a truncated Fourier expansion of f(x) with 2N +1 terms as below:

f(x) =
∞∑

n=−∞

cn exp(inx)≈ fN(x) :=
N∑

n=−N

cn exp(inx).

We introduce several different accelerating filters in computing this summation in what follows.

A linear-sum acceleration filter σ(θ) is defined to be an even function with σ(0) = 1, where the

corresponding filtered partial sum is given by (Boyd 2011)

fσN(x) =
N∑

n=−N

σ(j/N)cn exp(inx).

Furthermore, we recall that our Fourier-cosine method treats the cosine functions as basis functions.

Therefore, some extant filters should particularly suit our formulation, and we here introduce three

popular options, i.e., the Euler filter (Wimp 1981), the Erfc-log filter (Boyd 1996), and the HDAF

filter (Tanner 2006), with the corresponding filtering function defined as follows:

1. Euler filter: σEuler
(
j
N

)
=
∑N

l=j
1
2N

(
N
l

)
, j = 0,1, . . . ,N ;

2. Erfc-log filter: σErfc−log(κ;p) =
1
2
erfc

{
2p

1
2κ′

√
− ln(1−4κ′2)

4κ′2

}
, where κ′ = |κ| − 1

2
, erfc(·) is the

complementary error function defined by erfc(z) = 2√
π

∫∞
z
e−t

2
dt and p is a function of the indepen-

dent variable x through p(x) = 1+ N |x|
2π

;

3. HDAF filter: σHDAF (κ) = exp(−N |x|κ2/2)
∑⌊

N|x|
15

⌋
j=0

(N |x|κ2/2)j
j!

, where ⌊x⌋ is the largest integer

not exceeding x.

To apply an acceleration filter σ(κ) in our Fourier-cosine approximation (17) of Φρ(u), we have

Φρ(u)≈ eku

[
J∑
j=0

′σ(j/J)Fj cos

(
jπ

a
u

)]
.
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We first examine the performance of these filters in the convergence speed in terms of J in Figure

EC.7. The model settings are the same as in Example EC.1, with the parameters being λ = 1,

µν = 2, u= 10, and k= 0.05. The Euler filter performs even worse than the original Fourier-cosine

method without any filter. In contrast, the Erfc-log filter performs best among these methods,

where the approximation quickly converges to the reference value without oscillation. Under the

HDAF filter, though the approximation also converges very fast, it is not that stable as there

appears to be a sudden jump.

We then check the robustness of the filtered Fourier-cosine schemes in the choice of a and make

a plot on Φρ∗(u) against a in Figure EC.8 with a fixed J = 29 and the same parameter settings as

in Figure EC.7. We observe that the Euler filter can help to reduce oscillation when a is relatively

small. Still, it aggravates the oscillation when a becomes large. On the other hand, both the Erfc-log

filter and HDAF filter can effectively eliminate the oscillation and consistently achieve accuracy by

converging to the reference value before a reaches our suggested value, as shown in Figure EC.8. The

corresponding approximation errors with our suggested a are provided in Table EC.10 for a better

comparison. Therefore, in terms of stability and robustness, our numerical experiments conclude

that our Fourier-cosine method, combined with the Erfc-log filter, as shown in (21), achieves the

best results.

Figure EC.7 The discounted cost Φρ∗(u) for different

filters.
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Figure EC.8 The discounted cost Φρ∗(u) for different

filters.
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Table EC.10 Φρ∗(u) for compound Poisson demands with exponential sizes under different filters.

Φρ∗(u) reference Fourier-cosine Euler Erfc-log HDAF

Φρ∗(5) 193.450 193.3569 193.6778 193.4488 193.4488

Φρ∗(10) 181.490 181.5161 181.4940 181.4906 181.4906

Φρ∗(15) 191.810 191.8507 191.8076 191.8075 191.8075

Φρ∗(20) 212.640 212.5777 212.6426 212.6420 212.6420

Φρ∗(25) 239.160 239.2379 239.1562 239.1562 239.1562

Φρ∗(30) 269.040 269.0012 269.0391 269.0391 269.0391

Φρ∗(40) 334.520 334.6763 334.5168 334.5168 334.5168

Φρ∗(50) 404.150 404.4242 404.1479 404.1479 404.1479

EC.3.4. Connections with the Bromwich Integral

We now briefly compare our Fourier-cosine scheme with the inverse Laplace method for complete-

ness. On the one hand, there is an intimate connection between these two methods. For an arbitrary

real function f(x) on x ∈ [0,∞) satisfying certain integrability conditions, the Fourier transform

of f̄(x) := e−kxf(x), i.e., [F f̄ ](s), is precisely the Laplace transform of f(x) with the frequency

variable replaced by k+ is, i.e., f̃(k+ is). We recall that Mellin’s formula for the inverse Laplace

transform, also called the Bromwich integral, is given by (Abate and Whitt 2006)

f(x) =L−1{f̃}(x) = 1

2πi
lim
T→∞

∫ γ+iT

γ−iT
etxf̃(t)dt. (EC.41)

Consequently, the Fourier-cosine approximation in f̃(k+ is) resembles numerically computing the

Bromwich integral by letting γ = k. By a change of variable t= γ+ is= k+ is, we have

f(x) =
1

2πi

∫ k+i∞

k−i∞
extf̃(t)dt= ekx

1

2π

∫ +∞

−∞
eisxf̃(k+ is)ds. (EC.42)

Since f(x) is a real function whose imaginary part is 0, and if we further assume that f(−x) = 0

for x> 0, we can then rewrite (EC.42) as

f(x) = ekx
1

2π

[∫ +∞

−∞
cos(sx)ℜ{f̃(k+ is)}ds−

∫ +∞

−∞
sin(sx)ℑ{f̃(k+ is)}ds

]
= ekx

2

π

∫ +∞

0

cos(sx)ℜ{f̃(k+ is)}ds. (EC.43)
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Incidentally, our Fourier-cosine approximation coincides with a trapezoidal rule of (EC.43):

Φρ(x)≈ ekx
J∑
n=0

′ 2

a
ℜ
{
˜̄Φρ

(
i
nπ

a

)}
cos

(nπ
a
x
)

= ekx

[
1

a
ℜ
{
Φ̃ρ(k)

}
+

2

a

J∑
n=1

ℜ
{
Φ̃ρ

(
k+ i

nπ

a

)}
cos

(nπ
a
x
)]

In other words, the Fourier-cosine method with an appropriate filter described in Section EC.3.3

can even better approximate a Bromwich integral (Abate and Whitt 2006).

On the other hand, the inverse Laplace method could usually be unstable in numerical approx-

imations and untraceable in error analysis. In contrast, our Fourier-cosine method can overcome

these deficiencies effectively, as shown in the previous sections. Some common ideas in evaluating

the Bromwich integral include representing it by combining Gaver functionals and deforming its

contour (Abate and Whitt 2006). Due to the limited machine precision, the round-off error could

dramatically increase when people attempt to increase the computational accuracy, which often

makes the inverse Laplace schemes numerically unstable. To illustrate this, we examine the Talbot

algorithm, one of the most popular inverse Laplace schemes.

Specifically, the Talbot algorithm deforms the standard contour in s (see (EC.41)) to z through

a transform s= Sv(z), where the family of contours {v : Sv(z)} is given by

Sv(z) =
z

1− e−z
+
v− 1

2
z.

Indeed, the Talbot algorithm must manually determine many parameters in the discretization and

truncation processes. The settings of these parameters heavily rely on the locations of singular

points of f̃ . For convenience, we consider the simplified Talbot algorithm proposed by Abate and

Whitt (2006) that has only one parameter J , and it is of the form

fM(t) =
1

t

J∑
j=0

ωj f̃
(αj
t

)
.

It turns out to converge very fast in most cases. However, if we desire to improve the approximation

accuracy and increase the number of summation terms J , the previously mentioned problem of
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increased round-off errors could significantly influence its final precision. To see this, we present

some numerical experiments to compare our filtered Fourier-cosine scheme using the Erfc-log filter

with the simplified Talbot algorithm. The demand dynamics is assumed to be a Gamma process

with α = 0.8, β = 0.4, and therefore, µν = 2. We set u = 10 and r = 0.1. Using our accelerated

Fourier-cosine method, the minimum cost is 146.7411, at ξ∗ = 0.2315. With this optimal ξ∗, we

plot the total cost Φρ(u) against different choices of J using the Talbot algorithm in Figure EC.9.

We can see that the Talbot method gets the correct answer with a small J . However, if we want

to improve the approximation accuracy and increase J to 80 or above, the approximation gets out

of control, and its solution is fallacious. In contrast, using our accelerated Fourier-cosine method,

one can achieve an arbitrary accuracy by increasing a and J .

Figure EC.9 The discounted cost Φρ(u) in comparing the Talbot algorithm and our method.
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EC.4. Numerical Experiments II: Risk Analytics and Constrained Production
Planning

We here illustrate the application of the proposed Fourier-cosine method in calculating the risk

analytics discussed in Section 5. Furthermore, we consider the associated constrained production

planning problem when some restrictions regarding these risk analytics are required.

EC.4.1. Finite-Time Stockout Probability

We respectively compute ϕu(T ) in two demand instances, i.e., a compound Poisson process with a

finite Lévy measure and a Gamma process with an infinite Lévy measure. Specifically, as noted in
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Remark 1(c), we need to set a proper L to determine an appropriate truncation parameter a. We

also check the robustness of numerical results in choosing L.

First, letD(t) be a compound Poisson process with exponentially-distributed demands, where the

intensity λ= 1 and the exponential rate µ= 1. We then have µν = λ/µ= 1. Using the approximation

formula (25) in Theorem 3, we plot the stockout probability ϕu(T ) against u in Figure EC.10. For

the other parameters in the model and Fourier-cosine scheme, we choose ρ= 1.5, T = 10, J = 512,

L = 10, and n0 = 0. To show the precision of our approximation, we also perform Monte Carlo

simulations (with 104 samples) 30 times for each u and construct a highlighted band representing

the 95% confidence intervals. Unsurprisingly, the stockout probability is monotonically decreasing

in the initial inventory. Furthermore, we test the robustness of the calculation with respect to L

in Figure EC.11 under the same parameter setting, except that the initial inventory u is fixed at

1, and L varies now. We plot a similar highlighted band using standard Monte Carlo simulations.

It turns out that the numerical result is very robust to the choice of L (i.e., a via (26)), provided

that the truncation domain is reasonably large, say L is greater than 2.

Figure EC.10 The stockout probability ϕu(T ) for a

compound Poisson process with expo-

nential demands.
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Figure EC.11 The stockout probability ϕu(T ) for a

compound Poisson process with expo-

nential demands.
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We next examine the numerical performance under an alternative Gamma demand process. Let

Dt now be a Gamma process with parameters α= 0.8, β = 0.4, and therefore, µν = α/β = 2. Other
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parameters are ρ= 1.5, T = 10, and J = 512. With a fixed L at 10, we plot ϕu(T ) versus the initial

inventory u in Figure EC.12 with two options of n0 equal to 0 or 1. Compared to the Monte Carlo

results in Dufresne et al. (1991), the approximation is always accurate. A closer examination of

the robustness test in L reveals that when n0 = 1, the convergence is comparatively more steady.

The comparatively less stable approximation for the setting n0 = 0 may be because the density

function of a Gamma process is divergent at some singular points. See Section 5.1.1 for a more

detailed discussion on adding the factor xn0 .

Figure EC.12 The stockout probability ϕu(T ) for a

Gamma demand.
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Figure EC.13 The stockout probability ϕu(T ) for a

Gamma demand.
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EC.4.2. Expected Time to Stockout

We use the compound Poisson and Gamma cases to illustrate the numerical performance in calcu-

lating φ(u). Under the compound Poisson demand, φ(u) is explicitly given by φ(u) = µu+1
ρξ0

. Other

model parameters are set as λ = 1, µ = 1, ρ = 0.2, J = 512, and k = 0.1. The numerical results

match the exact values, as shown in Figure EC.14.

In the Gamma case, however, a closed-form expression for φ(u) is no longer available. The

parameters are set to be α= 0.8, β = 0.4, ρ= 0.2, J = 512, and k= 0.1. The corresponding plots are

in Figures EC.16 and EC.17, where the Monte Carlo bands are obtained similarly to the previous

section. We can observe that the numerical performance of the Fourier-cosine method is stable and

accurate, as expected.
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Figure EC.14 The expected stockout time φ(u) for a

compound Poisson process with expo-

nential demands.
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Figure EC.15 The expected stockout time φ(u) for a

compound Poisson process with expo-

nential demands.
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Figure EC.16 The expected stockout time φ(u) for a

Gamma demand process.
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Figure EC.17 The expected stockout time φ(u) for a

Gamma demand process.
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EC.4.3. Expected Size of Stockout

The same parameter settings as in Section EC.4.2 are adopted here. Specifically, we have Lτ (u) =

1/µ under the compound Poisson case, indicating that it only depends on the expected size of each

arrival demand. Figure EC.18 confirms that Lτ (u) is constant with different values of the initial

level u. Nevertheless, Figure EC.20 shows that the expected stockout size is increasing in the initial

inventory level for Gamma demands.
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Figure EC.18 The expected stockout size Lτ (u) for a

compound Poisson process with expo-

nential demands.
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Figure EC.19 The expected stockout size Lτ (u) for a

compound Poisson process with expo-

nential demands.

0 50 100 150 200 250 300 350 400
0.95

1

1.05

1.1

1.15

1.2
Fourier cosine
exact value

Figure EC.20 The expected stockout size Lτ (u) for a

Gamma demand process.
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Figure EC.21 The expected stockout size Lτ (u) for a

Gamma demand process.
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EC.4.4. Production Planning with Constraints on Stockout Risks

Finally, we illustrate how to solve the constrained total discounted cost minimization problem

that incorporates the risk analytics as the constraints in two demand instances, i.e., a compound

Poisson process with a finite Lévy measure (distributional setting: λ = 1, µ = 0.5, µν = λ/µ = 2)

and a Gamma process with an infinite Lévy measure (distributional setting: α= 0.8, β = 0.4, µν =

α/β = 2). Specifically, Proposition 9 indicates that we can effectively solve the constrained produc-
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tion planning problem by first finding the cutoff point corresponding to each constraint and then

comparing the cutoff point with the previous solution to the unconstrained optimization problem.

Under the constraint (P1), we consider ϕu(T )≤ c1 and let u= 10, T = 10, c1 = 0.1, r= 0.1, and k=

0.05. The corresponding plots for finite-time stockout probability and total discounted cost against

the production rate in these two examples are given in Figures EC.22 and EC.23, respectively.

Specifically, the left axis labels the total discounted cost Φρ(u), the right axis represents the finite-

time stockout probability ϕu(T ), and the dotted line divides the searching area of the production

rate into two separate parts, with its right-hand side being the desired region such that the stockout

probability is below the threshold c1. In Figure EC.22, it is clear that the previous unconstrained

solution (ρ∗ = 2.17) is no longer attainable when the constraint (P1) is imposed. Instead, the cutoff

point of ϕu(T ) = c1 is ρ= 2.8883, which becomes the optimal production rate of the constrained

optimization problem. Figure EC.23 shows that the cutoff point of ϕu(T )≤ c1 is ρ= 2.3016>ρ∗ =

2.0099, which is the optimal production rate for this constrained problem.

Figure EC.22 Constraint on ϕu(T ) for a com-

pound Poisson process with exponen-

tial demands.
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Figure EC.23 Constraint on ϕu(T ) for a Gamma

demand process.
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Under the constraint (P2) where φ(u) ≥ c2, we consider the following parameter set for an

example: u = 10, T = 10, c2 = 15, r = 0.1, and k = 0.05. Similar plots for the compound Poisson

process and the Gamma process are in Figures EC.24 and EC.25, respectively. In these figures, the
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right axis corresponds to the expected stockout time φ(u), and the right-hand side of the dotted

line denotes the set of production rates that fulfill the constraint on stockout time. Unlike Figures

EC.22 and EC.23, the unconstrained solution now falls within the constrained sets in Figures

EC.24 and EC.25. Therefore, the optimal constrained solution is identical to the unconstrained

one. Specifically, the optimal production rates for the constrained and unconstrained optimization

problems are 2.1700 in Figure EC.24 and 2.0099 in Figure EC.25.

Figure EC.24 Constraint on φ(u) for a com-

pound Poisson process with exponen-

tial demands.
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Figure EC.25 Constraint on φ(u) for a Gamma

demand process.
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For the last example, we consider the constraint (P5) such that l ≤ c5. Let u= 10, T = 10, c2 =

0.5, r= 0.1, and k= 0.05. The corresponding plots for the two demand cases are in Figures EC.26

and EC.27, respectively. The right axis represents the long-run lost demand percentage l, while

the left is the total discounted cost. Therefore, the current constraint renders the searching area

of the production rate to be the right-hand side of the dotted line. A similar argument gives the

optimal production rate 2.1700 for both the unconstrained and constrained optimization problems

in Figure EC.26, while it is 2.0099 in Figure EC.27.
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