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“Audit and Remediation Strategies in the Presence of FEvasion Capabilities”

by Shouqgiang Wang, Francis de Véricourt, and Peng Sun

Appendix A: Definitions in Section 3 and Proofs in Section 4

We first formally define the audit policy by adopting Definition A.1 from Wang et al. (2016).

DEFINITION A.1 (AubpiT PoLicY). Let dt and §; denote the usual Lebesgue measure and Dirac measure on
time horizon t € [0, 00), respectively. We call {¢; € [0,00) :t >0} and {g;" €[0,1]:¢ >0} an intensity audit
policy and an impulsive audit policy, respectively, if

1. the process ¢* and ¢* are .%;-predictable, where .%, is the filtration generated by V;;

2. the measure u(dt) := g*dt + ¢/ 0, satisfies

t
/u(ds)<oo, t>0; and (A.1)
0

3. the measure p(dt) consists of an .%;-predictable compensator (e.g., Brémaud 1981, Lipster and Shiryaev
2010) for the counting process Ny, i.e.,

E UOOO Xtht} =E [/000 Xt,u(dt)] (A.2)

for any bounded .Z#,-predictable process X,. [

Let random variable Y; € {0,1} denote the result of an audit conducted at time ¢, with Y; =0 if an issue
is detected and Y; =1 otherwise. Thus, the random process Z; =I1,c7,Y; € {0,1} denotes whether the agent
survive the principal’s audits by time ¢. Thus, Z, starts with value 1 representing no detection by an audit
up to time ¢ and jumps down to value 0 once an audit detects an issue at time ¢. Furthermore, let the ternary
process H, € {0,£1} denote whether the agent has taken any action: H, = 0 before the agent makes any
action (i.e., for all t <o (T')); H, enters the absorbing state 1 once the agent takes an evasive action (and the
auditing accuracy reduces to ); H; enters the absorbing state —1 once the agent conducts self-correction

(and the auditing accuracy reduces to 0 and Z, :=1 for all s >t). Using these notation, we have
PY,=0|T>t]=0, P[Y;=0|T<t,Z,=1,H,=0]=1, and P[V; =0|T<t,Z,=1,H,=1]=0. (A.3)

In particular, having taken an evasive action at time ¢ (i.e., H, =1), the agent’s expected discounted cost

onwards under policy P := (F}, P, Qt)te[o ~) Can be written as

U,:=E [—/ e " VF.dZ,
t

Tgt,Zt:LHt:I,L,P} (A.4)

Correspondingly, the principal’s expected total cost after the agent takes an evasive action from ¢ onwards

can be similarly computed as

‘/t —E |:/oo e_@(C—t){ZC (ch—i— de() — (’I“ — Fg)dZ(}

t

TSt,Zt:17Ht:17It,P:| . (A.5)

If a self-correction is conducted by time ¢, the principal will only incur auditing cost afterwards indefinitely

(because no detection will ever occur), resulting an expected total cost of

W,:=E U e "D kdN,
t

T<t 7 =1,H, 1,L,P] . (A.6)
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Proof of Theorem 1. Denote [7,5 and \A/t (resp., Wt) as the agent’s and the principal’s expected discounted

cost from time ¢ onwards under the policy Pi= (ﬁt, ﬁt, @t) 0.00) after the agent takes evasive action (resp.,
te[0,00

self-correction) at time ¢. Also, denote the agent’s corresponding best response strategy as o*(+), the optimal

stopping time to take action (i.e., disclosure, evasion, or self-correction). According to (A.4), (A.5) and (A.6),

U, :=E —/ e "CVFdZ, T<t,Zt:1,Ht:17It,73}, (A7)
L t

V,:=E / e*9<<*t>{zg (cd(+de¢)—(r—ﬁC)dZ<}‘Tgt,thl,thl,It,ﬁ], and (A.8)
LJ

/I/IZ::E/ e " COkdN, T§t7Zt:1,Ht:—17It,73] (A.9)
LJ t

Now we construct an alternative policy P := (F}, Pt’Qt)tG[O,oo) by letting F; := F\t, Q. := CAZM and,

P, :=minE

S5 Tgt;Zt:]-th:O7Itvﬁ )
o>t

—6(e- t)mm{Pa,h—I—Ug, }ZA—/ e *CIEdz,

t

~%

. N . g*(t)
=FE | %C (t)ft)min{PE*(t),h+Ug*(t),T}Zg*(t)—/ e - vdZ; | T<t,Z,=1,H, = OL,P , VI,
t

(A.10)

namely P, is the agent’s minimum expected discounted cost from ¢ onwards under policy 73, given that the
issue has emerged (T < t), no disclosure nor detection has occurred (Z; = 1), and the agent has not yet taken
any evasive action (H, = 0). Under this specification of P, we immediately have U, = U, by (A.4) and (A.7),
V,=V, by (A.5) and (A.8), and W, = W, by (A. 6) and (A.9), for all Z,.
Now we demonstrate that the above-defined policy P satisfies the following properties.

Property 1: P is well defined (i.e., P, < F') and, in particular, P, <min{h + U, r} for all ¢, suggesting that
the agent always weakly prefers disclosure to evasion and self-correction, namely (6). Indeed, it is obvious
that F; and Q, is, by construction, well defined. By the definition of P, in (A.10), we immediately note that,
since ﬁt < F and ﬁt <F,

%

Y a* (1) ~
P,<FE |e % <t>—t>Z;,—/ e’z \T<t,Z,=1,H,=0,7,,P| <F.
t

The property that P, <min{h+ U,,r} follows from the optimality of 6* in (A.10): P, < min {ﬁt, h+ ﬁt, 7“} <
min{h + U, 7}

Property 2: Prompt disclosure is the agent’s best response to P (in the sense of weakly dominant strategy).

Indeed, we have, for all s > ¢,

~x%

. N . g*(t)
P, =E e 0@ (t)ft)min{Pg*(t),thUg*(t),r}Z;,*(t)7/ —0(¢— t)chZC T<tZ,=1H = OL,'P
t

%

. N N % (s)
<E e 0@ (S)ft)min{P;*(s),h—&—Ug*(s),r}Zg*(s) —/ e 00— NE dZ, |\ T<t,Z;,=1,H, =0 Zt,P
t

=E |e*C-9Z,P, — / e 'V E.dZ,

L t

Tgt,Ztl,HtO,L,ﬁ]

-k .e—”s—t)ZsPs—/Se—e@—tnt«}dzC
t

Tgt,thl,Ht:O,It,P], (A.11)
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where the first equality follows from the construction of P; in (A.10), the first inequality follows from the
optimality of o* in (A.10), the second equality follows by splitting the time interval [t,5*(s)] into [t, s] and
[s,0%(s)] and the construction of P, in (A.10), and the last equality follows from the construction that
F, = ﬁt. The right-hand side of (A.11) is nothing but the agent’s total expected discounted cost of delaying
the disclosure to any stopping time s >t under P (by Property 1, there is no incentive to evade or self-
correct at any point in time under P). As such, the agent always prefers to disclose without delay. By taking

unconditional expectation on both sides of (A.11) immediately yields C,(P,T) < C,(P,0) for all o.

Property 3: The principal is not worse off under P than under P. We first note that since ¢ > 0r and k > 0,
(A.8) implies that

V., =E U eﬂ"(@*”{zC (cdC + kdN,) — (r — ﬁg)dzg} ‘ T<t,Z=1H,= 1,L,73}

t

>rE {0/ e*"(C*t)ZCdC—/ 69(4t)dZC’Tgt,Zt_l,Ht_l,L,ﬁ]
t t

+E U eI Edz,
t

Y ﬁ“ (A.12)

Tgt,thl,thl,Itﬂs]

where the last equality follows from the definition (A.4) and the direct calculation:
t/ t/
e -0 7, 71:/ e*9<<*t>dche/ e "M Z.d¢, for Z,=1, and then let t' — oo. (A.13)
t t
Then, by (4), the principal’s expected cost under policy P is given by

R T & (T)AR(T) R N
C (’P7 3*) =E k/ eietht + C/ e % dt + ]].{3* (T)>:F(T)}€707—(T) (k +r— F;(T))
0

T

—05* (T D
+ L (my<z(r)y€ (T) {l{ﬁg*(T>gmin{h—i-ﬁa*(T),r}} (7" - Pa*(T))
TP iy it T ()W () + ﬂ{hmg*m<min{r,ﬁg*m}}Va*<T>} ‘ P, 0'*} :

T S (T)AT(T) N ~
>E k?/ efetht + C/ e~ %t dt + I (T)>;(T)}679T(T) (k +r— F,A.(T)>
0

T

—65* (T D
+ ]1{5*(T)§?(T)}e ™ {]l{ﬁa*(T)Smin{h+ﬁs*(T)aT}} (’I“ o Pg*(T))
'Hl{mﬁf,*m,r§h+65*<T)}(7" —r)+ ]]‘{h+[75*(T)<min{r,}3\g*(T)}} (T — Uz (T)) } ’ P, 3*}

T
>E {k/ e’“sz +r (G—OT N 6793*(T)/\?(T)) 4 ]]-{E*(T)>?(T)}€79?(T) (r _ F?(T))
0

—06* (T D
+ LG (my<zr)y€ () {]]-{ﬁg*(T)gmin{thﬁa*(T),r}} (7“ - Pc?*(T))
+]1{’r<ﬁ3*(T),r§h+ﬁg*(T)}(T - T) + ]l{h-i-ﬁa*(T)<min{r,}3\3*(T)}} (’I" - UE* (T)) } ‘ P’ 8*:|
T
—F |:]€/ e—@tht +€—GT {7,, _ ]1{8*(T)>?(T)}e_0(?(T)_T)F?(T)
0
-0(c*(T)-T) _ N p. _ N
{]l{Pg*(T)Smin{h+U3*(T),'r}}PU*(T)+1{T<P3*(T),r§h+U3*(T)}T

P

— L (my<r(r)ye

+]]‘{h+[73*(T)<min{r,ﬁg*(T)}}UZ"\*(T) } }

T
Z]E |:k/0 efétht +679T {T’ o []].{3*(T)>7/—\(T)}eig(T(T)iT)F?(T)
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+]].{g* (T)S?@)}e_e(g* (T)_T)min {ﬁ;* (T)5 h + fjg* (T)5 ’f’}:| } ‘ ﬁ, ZT\*:|

T
=E [k/ e ""dN,+e " (r — Pr)
0

P} =C(P,T), (A.14)

where the first inequality follows from (A.12) and the fact that Ws.(ry > 7 —r =0, the second inequality
follows from the fact that k>0 and ¢/0 > r, the second last equality follows from the construction of P
(particularly P, in (A.10)), and the last equality follows from (4) and by recognizing that the agent always

prefers to disclose the issue under P once it occurs at 1" by Property 1 and 2 above.

Property 4: Tt is optimal for the principal to set F; := F for all ¢ > 0, which immediately yields the recursive
representation of (A.4) and (A.11) in (7), (8), (9) and (10) by following a similar derivation as in Lemma 1
of Wang et al. (2016). Indeed, we note that the variable F; is absent from the principal’s expected discounted
cost (A.14). Therefore, it is optimal for the principal to relax the constraints (A.11) and (6) to the extent
that is allowed. The limited liability constraint F; < F' hence suggests the optimality of setting F} := F.

Property 5: Policy P and policy P are payoff-equivalent to the agent, i.e., Co(P,T) = C’a(ﬁ, 0*). This is
because, by construction in (A.10), P, is the agent’s minimum expected discounted cost from ¢ onwards
under policy P by following o* as the response. On the other hand, by Properties 1 and 2, the agent will
always promptly disclose at time 7" under policy P and hence incur the same expected cost P;, leading to

the conclusion. O
LEMMA A.1. The optimal policy must satisfy 0 < BP, <U, < P, < h.

Proof of Lemma A.1. To show P, >0 in the optimum, we first note that P, :=0 and U, :=0 for all t >0
always satisfy (6)—(10) with ¢/* = ¢* = 0, which results in no auditing cost. Therefore, any policy with P, <0
is dominated by the policy with P, =U, =0.

To see BP, < U,, we first note that by definition (A.4), U, € [0, F]. Denote D, = U, — 8P, and then, by
(7)-(10), we have

(1=4/") (Dot = Do) < —q" [(1= B)UL = D¢],  for ¢;* >0, and

dD,

Dt+§Dt7 or n S(e‘f'qtn)Dt_qzl(l_ﬁ)UtI-&-v fOle”ZO-

Thus, if D;, <0 for some ty, then D, will be decreasing in ¢t > t, and D, — —o0 as t — oo, which must imply
that P, — oo, leading to a contradiction.

Finally, to see that U, < P,, it suffice to argue that a policy with P, := U, for all ¢ > 0 is incentive feasible,
because it dominates any policy with P, < U; (as the principal would like to elicit a payment P; as high as

possible). Indeed, it is obvious that P, := U, satisfies (6); and (7)-(8) imply

U=0—-¢" WUy +q" (BF+1-8U/ ) <(1—q" Uy +¢"F, for ¢*>0, and
du,

— =0V = [BF+ (1= AU —U] 20U, =g [F = Uy, for ¢"=0.

Thus, P, :=U, also satisfies (9)-(10). Finally, P, <min{r, F'} follows from the limited liability constraint and
(6). O
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(a) h< (1—B)h. (b) h > (1—B)h.

Figure A.1  Feasible range of (P;,U;) (shaded area).

REMARK A.1l. Intuitively, because evasion reduces the audit effectiveness, the threat that the principal will
be able to impose on the evading agent, namely U,, cannot exceed the payment she is able to charge from
the agent without any evasion, namely P,. While an audit after an evasion can only detect the issue with
probability 8 per each audit, repeated audits allow the principle to impose a threat U, higher than SP;.
Together with (6), Lemma A.1 allows us to narrow down the feasible region of (P,,U;) to Q(h,p) :=
{(p7 u):0<pp<u<p<h, p<h+ u}, which is illustrated in Figure A.1. As will become evident later, the
boundary of Q(h, 3) critically determines the binding constraints in the optimal policy, and hence play an
important role in shaping the optimal policy. In particular, as can be seen from Figure 1(b), the obedience
constraint (6) will never be active when either evasion is too costly or less effective so that h > (1 — B)h,
suggesting the irrelevance of the moral hazard issue due to the agent’s evasion. Indeed, Theorem 3 charac-
terizes the exact condition h > ﬁ(ﬂ), under which the principal’s optimal policy does not bind the obedience
constraint (6). For h < E(B), however, (P;,U,) can move in a plethora of trajectories in the feasible region of

Figure 1(a), making the characterization of the optimal policy extremely challenging. O
Appendix B: Proofs in Sections 5 and 6

LEMMA B.1 (Verification of Optimality). For a constant B < F, the policy P := (P,,Q;) solves

te[0,00)

T
o, . E k:/ e OdN, — e TP
0+ A P=(Pt,Qt)tc[0,00) [ 0 t T

77} , subject to P, < B, (9) and (10), (B.1)
if the principal’s cost-to-go function under P,

C(Z,,t) =

T
r+E [k/ e VAN, — e TV Py,

t

A
It <T B.2
9_’_)\ ty b = :l ) ( )
satisfies the following properties:
Property 1: C(Z,,t) depends on (Z;,t) only through P, and can hence be denoted as C (Z,,t) = C(P,). That

is, C(Z,,t)=C (f,g,f) for any (Z;,t) and (f,g,f) such that P,(Z,) = Pg(f,g).
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Property 2: C(p) is bounded, non-decreasing, and continuously differentiable in p € [0, B].

Property 3: C(p) satisfies
AMr—p)—(O0+N)C(p)+NC(p) >0 and MC(p)—C(p) >0, forpel0,B], (B.3)

where the functional operators N' and M are defined as

NO@p)= min ¢ [’HC(pi)—C(p)]+{9p—q"[F—p]+z}dCd;p)» and (B4)
MC(p)= min " (k+C(p})) +(1-q™)C (p4) (B.5)

q™€[0,1],2>0

subject to p=(1—¢")py +¢"F — 2.

Proof of Lemma B.5. By item (3) of Theorem 1, P, is a controlled piecewise deterministic process and
hence Markovian (Davis 1993) with (PtI_HQ“zt) as the control variables, which uniquely determine the
evolution of P; according to (9) and (10). Therefore, for any Z,, and Zo that yields the same P, = p,
(P;)¢>y, will follow the same trajectory under the same control (Pt@,Qt,zt)tZto. We further note that the
principal’s optimal cost-to-go function (in the current value) starting from any (Z,,to) (assuming ¢, <T)

can be rewritten as

~

A oo
C*(Liyoto) == +——r+ min_ ePTO0E / e (kgy —AP)dt+ Y e OTkg | T,

A+0 1
+ (PlQuze), to t2t0,q{" >0

subject to P, < B, (9) and (10),

where we use the property of T being exponential distribution and the definition of audits. As such, the
objective function above depends on Z, only through P, and Q,.
Therefore, for any Z,, and fto that yields the same P, = p, o (Zsy, t0) = c+ (fto,to) = C* (p,to) is given by

Cc* (p,to) == yunia + min MO / e OHN (kg™ — \P,) dt + Z e HO pgm P,=p
+ (PtI+’Qt’Zt)tZt0 to t>t0,q)* >0
subject to P, < B, (9) and (10). (B.6)

That is, (P,,t) can be used as the (payoff-relevant) state variables for the principal’s problem.

By a time shifting, we can further rewrite (B.6) as follows

C*(p,to) min E / e T (kg — APiyyy) dt+ Z e Ot gn | Py =p
0

Ay
= r
A+ (P(It+60)+’Qt+t0’z“rto)tzo t20,q7% ;>0
subject to Pryyy < B;  Piyy = (1= ) Pleveo)+ + @i I — 2e440, if @7y, > 0;and
dPt+t0

dt

Pty = Plitig)+ — Zettg, OF =0P, 44, — q?+t0 [F' = Pitso) + Ze440, if qﬂ-tg =0.

By the virtue of the Markovian property of P,, we immediately see that C* (p,to) = C* (p,0) = C*(p), where

C*(p):

A o0
r+ min E / e~ MO (kg™ — \P,) dt + e~ MtOtpem | Py =
A0 (b, 0uz2) 0 (kgi' = AP) 2 Go|fo=p

>0 t>0,q7 >0
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subject to P,<B, P,=(1-q¢™)Py +q¢"F—z, if ¢* >0,and (B.7)
dP,
Pi=Po =z, or L =0R —qi[F - P+ 2, if g =0.

That is, the optimal cost-to-go function is in fact time-homogeneous.

Now suppose that the principal’s current-value cost-to-go function C (Z;,t) satisfies the three properties
listed in the lemma; in particular, C (Z;,t) = C (P;). Thus, the optimality of C*(p) immediately implies
that C(p) > C*(p) for all p < B. We now demonstrate that C(p) < C*(p) also holds for all p < B, which
immediately implies that the policy P is optimal for the principal.

Let (ﬁt’ s @t, Zt) be an arbitrary admissible policy, under which the transfer trajectory ]St is given by
>0

P=(1—@") Py +G"F—%, if tel - -

~ ~ ~ ~ i f .
%:OPtfcjf [F*Pt}+5t, i tel Vt ¢ Zjo,), and P, is reset to P/, for t € Zjp o), (B.8)
where T':={t>0:¢" >0 or P\ > P,} = {v1,v3,--- } with vy = 0. Therefore, by Davis (1993, Theorem 31.3

and 31.9), we have'®

E? [670""9)"1’0 (15 ) — e~ OO (13 +)}
vj Vi—1

=[P /”j e~ (A+0)t {eﬁt —qr {F _ ﬁt} + gtn} m(ﬁ

vj_1

/ et dg[c(PL)-c(R)]|-0+oc(R)} dt]

SE V e~ O+ (“hgy + NC(P) = (A+0)C (P,) ) at

Vi1

+E

> _E / = (o)t (A(T—R)Jrkq:) dt| (B.9)

Vi1

where the first inequality follows from the definition of operator A/ in(B.4) and the second inequality follows
from the first inequality of (B.3).

We then observe that, between two consecutive intervention time epochs,

o oo (c(7,0) o (2.)]

e[ (o(,) -0 () |R.]

= [ [0+ (g0 (B, ) + (=)0 (Pr) —C (P,)) | B]]
SEP :Ep [67<A+0)uj (—kcj;’; +MC(P,) — C(ﬁ,,.)) IBVJ.H

> _EP [e—““’)w kqm] , (B.10)

vj
where the first equality follows from the tower rule of expectation operator, the second one from the fact
that ﬁuj is rest to f’VIJ . with probability (j;’; (in which case an audit takes place) and to ﬁyﬁ with probability

1—qp (in which case no audit takes place) subject to the first constraint in(B.8), the first inequality from

the definition of operator M in(B.5) and the second inequality from the second inequality in(B.3).

' We denote E? [ :=E [ . Py :p].
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For any p< B and n=1,2,..., we can then make the following decomposition:

C(p) —E? [0 C(P,,)]

n—1

:Jzn:lE” {6*(A+e)urlc (ﬁuj—l+) _ e OtOw o (151,])} +].:ZO]EP {e*(”@)”j (C (ﬁyj) —C (ﬁVﬁ))} ’
<EP /”” o~ (A +0)t ()\(r — ﬁt) —Hg(j;‘) dt_i_nzle—(ﬁe)ujkq?;} ? B11)
’ i=0

where the last inequality follows from(B.9) and (B.10).
Since lim v, = 0o with probability one by the admissibility of policy (13;;, O, z,) and C(-) is bounded,
>0

n—o0o

letting n go to infinity in (B.11) yields

C(p) < r+EP

A0

/ e OH (hgy = AP, ) dt 4y e+ kqml ,
; .

=0

which, by (B.7), implies C(p) < C*(p) for p < B due to the arbitrariness of (éﬁ_,@vt,z) . O
0

>
LEMMA B.2. There exists a unique solution t* >0 to (12), which is increasing in h € [0, h).

Proof. Let f(t) :=0F +X(F —h) 4+ he= 39t — (X 4+0)(k+ F)e **. Then, (12) is equivalent to f(t*) = 0.
The existence and uniqueness of t* thus follow from the straightforward verification that f(0) = —(A+0)k <0,

floo)=0F + X\(F —h) >0, and f(¢) is increasing:
F'®)=AA+0)e™ (k+F—he ™) >AA+0)e M (k+F—h)>0.
To see that t* is increasing in h, it suffices to note that f(¢) is decreasing in h for any given ¢t. [

LEMMA B.3. The policies prescribed in Theorems 2 and 3 both satisfy (9) and (10), and furthermore, satisfy
Py <h and P} < h, respectively.

Proof.  Under the policy prescribed in Theorem 2, it is straightforward to verify:
e For any t € (1,_1,7,_1 +t*] and 4, (13) implies that P} <h and
% = 0he’t"m ) = 9Py,
which is essentially the binding constraint (10) by noticing ¢** := 0 during (7;_1,7;_1 +t*].
e For any t € (1,_1 +t*,7;] and 4, (14) and P} := h imply that
APy 6h

which is again essentially the binding constraint (10).
Under the policy prescribed in Theorem 3, it is also straightforward to verify:
e For any ¢ € (1,_1,7,_1 +t°] and i, (??) implies that Py <h and

ap;
dt

=0he """t = 9P},

which is essentially the binding constraint (10) as ¢/* := 0. In particular, if r > F', we have 7, = 7,_; +t° and

Pr = F. Thus, (9) holds with equality at those impulsive audit epochs ;.

i
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o If r<F, for any t € (1,_1 +t°, 7] and 4, (16) and P} :=r imply that
ar; Or
dt F—r

(F=r)=0P"—q" (F-P),
which is again essentially the binding constraint (10).

LEMMA B.4. The current-value cost-to-go functions under the policies prescribed in Theorems 2 and 3
depend on the past history (Z,,t) only through P} and are given by a bounded, strictly convex increasing, and
continuously differentiable function

40 1 k+ F — he=0t

C(P):)\Jrer‘f'“*p 7 —p, forp€ [p*,h], with k"= pA3e MR 4] — =00 and p* =he™"", and
(B.12)
L At6 . T . N 1 k’+F—il€70to

Cl)=5gr+wp® —p forp € PR with v = ooz S oo

and p* = he=%" | respectively. (B.13)
In particular, both functions satisfy
A dc (p*) A+ 3

C(p") = —p") and =L =2 T (p7) —1=0. B.14
) =373gtr—2) and —o g (@) (B.14)

Proof. It is clear that the policies in Theorems 2 and 3 are prescribed purely as a function of P}, and
hence its current-value cost-to-go function depends on (Z,,t) only through P?. Let B=h and B = F under
policies prescribed in Theorems 2 and 3, respectively. Then, (13) and P} = Fe~?"~% imply that P;" evolves
deterministically according to P} = pe’* staring from any P§ = p before reaching the threshold B, which
takes 7(p) := § lnf amount of time, i.e., P7 = B. No audit (¢;"* = ¢;* :=0) is conducted between [0, 7(p)).

Therefore, we compute the cost-to-go function as follows:

C(p) =E / e CHO (kg A =Bty e T hg | By =p
0

>0, >0

(p)
:/ P )\e,(,\+e)t [T—peet] dt_i_ef(k—o—e)-r(p)c(B)
0

= A r (1 _ e—(A+9)T(P)) —p (1 _ e—)\‘r(p)) + e_()\+9)T(p)C(B)

A+0
Ar Ar P 4
= B) — B| (= —p. B.1
St lew -t e (5) T - (B.15)
Furthermore, direct calculation reveals
dC(p) 1 X+9 Ar PO
== B) - B| (= -1 B.1
w50 [Pt (5) -v (B.16)

which is increasing in p. Therefore, C(p) is strictly convex in p. It is also straightforward to verify

_ ¢ dC(p) A _
Cw) =357 Tare" P

e Under the policy prescribed in Theorem 2, B =h and an intensity audit with constant rate prescribed

:m(rfp). (B.17)

in (14) is used while maintaining P} := h, which suggests that

C(B)=C(h) = /Ooo e~ OPFIIN(r —h) + ¢ [k+ C(p*)] } dt
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1 )\ 4>

1 AF—h Ar Ar
‘xj“;hﬂ{e B (r_h)+k+>\+0+[c(h>_>\+9

where the first equality follows from the fact that P} is reset to p* right after an audit and we use (B.15) to

+h| e OO _ pe—ot” } ,

obtain the last equality. From the above equality, we can solve for
Ar k4 F —he "

e €1 S S e

which renders (B.15) to (B.12). Now substituting p* = he~%" into (B.16) yields

dC(p*)  dC(he ") (A+6) (k+F —he™®") o
b - dp A0 (F-m (et 1 (B.18)
A (1—e=OF0) — (A4 0) [F— (k+ F)e™"]

B (A+0) (F —h)+0h(1—e-OF0r)

where the last equality follows from the fact that ¢* is the solution to (12). Thus, we obtain the second

:0’

equation in (B.14), which, together with the convexity of C(p), suggests that C(p) is strictly increasing in
p € [p*, h]. By (B.17), this also leads to the first equation of (B.14).

e Under the policy prescribed in Theorem 3, B =h. If r < F', then B =1 and the proof follows the same
argument as in the case of Theorem 2 above, where we replace h with r and ¢* with ¢° given by (?7).

Otherwise (r > F), an impulsive audit is conducted at P} = F, suggesting that

Ar Ar o o
C(F) — F —(A+0)t _ Fe 9

A+(9+( (F) Ao )e c

where the first equality follows from the fact that Py is reset to p* right after an audit and we use (B.15) to

C(F)=k+C(p*)=k+C (Fe ") =k+

obtain the last equality. From the above equality, we can solve for

Ar _ k+F—Fe "
7)\_‘_94’ - 1—6_(/\+6)to )
which renders (B.15) to (B.13). Now substituting p* = Fe~?" into (B.16) yields

dC(p* Fe ) (A+0)(k+F—Fe " o
@) _dC(Fe ) (0 (ktF—_Fe) . | (B.19)
dp dp OF (1 — e~ O+0)t°)

AR (1—emOF0) — (X40) [F — (k+F)e ]
- OF (1 — e~ O+0)t°)

where the last equality follows from the fact that ¢° is the solution to (??). Thus, we obtain the second

C(F)

:O7

equation in (B.14), which, together with the convexity of C(p), suggests that C(p) is strictly increasing in
p € [p°, F]. By (B.17), this also leads to the first equation of (B.14). [

LEMMA B.5. We extend the cost-to-go functions C(p) in (B.12) and (B.13) by defining C(p) :=C (p*) for
pE [0,12*]. Then, the extended C(p) satisfies (B.3).

Proof of Lemma B.5. The extended cost-to-go functions C(p) can be written as
2 gt —p for pe [p* B]
C(p)=4 NF¢ ’ — B.20
(p) {C’ (B*)’ for pe [O’B*] 7 ( )
where B =h and B = h under policies prescribed in Theorems 2 and 3, respectively, and C (]3*) is given by
(B.14).
We first show Ap— (0 + \)C(p) + NC (p) > 0, where the functional operator A is defined in (B.4).
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e For p <p*, C(p) is a constant C (B*)7 which is the minimal value of C(p) with d%C(B*) = 0. Hence, by
definition (B.4),

Mr—=p) = (A+0)C(p) +NC(p) =Ar—p) = (A+6)C (p') + | min ¢" [k+C(p)—C (p*)]

p} <B,q">0

=A(r—p)—(A+60)C (p*) + g}l;% kq" =X (p* —p) >0,

where the last equality follows from C (p*) = %H(r — p*) according to (B.14).
e Forpe (g*,B], we have
A(r —p) = (A+0)C(p) + NC(p)
=Ar—p)—(A+0)C(p) + Gpdcc;;m + pign;'}gzoq" {k +C(py)—-Cp)+(p—F) dz}gp)}
A=) = (400 0) + 0 min gt [+ 00 -+ -S| ma

where the first equality follows from the definition (B.4) (with z =0 therein because %ﬁf) >0 by Lemma
B.4), the second equality follows from the fact that C(p) reaches its minimum value of C' (Q*) at p* by Lemma
B.4.
For pe (Q*,B], since C (Q*) = %Jre(r —p*) by (B.14), direct calculation reveals

dC (p)
dp

k+C(p*)—C(p)+(p—F)

()\+0> * A/G_l

_ )\ _oax) >\ _xaA/0+1 _
—k+/\+0(r }3) )\+9r K*p +p+(p—F) TP
A K*
:k—&-F—)H_HQ*—?p”g[(k—i-@)F—)\p}
A *
>kt F ol %BW [(A+6)F — \B], (B.22)

where the last inequality follows by letting p = B because the function p*/? [(A + 0)F — \p| is decreasing in
p:

L E gl = A0 e

—In the case of (B.12), we have B = h and hence

(F—p)>0 forp<B<F.

A *
bt F =o' %BW [(A+0)F — AB] (B.23)
B A o k+F — he " A+0F A
R w7 S <= g e T A
—0t*
! < [(A+0) [F—(k+F)e ™ ] = Ah (1 —e O] =0, (B.24)

TN ] O
where the last equality follows from the fact that ¢* is the solution to (12).
—1In the case of (B.13), we have B =h and hence

A *
bt F = %B*/G [(A+0)F — AB] (B.25)
B A~ e k+F—he ™ [A+0F A
R v ey v R A
—0t°
! c [(A+0) [F—(k+F)e ™ ] = Ah(1—e O] =0, (B.26)

TAHO AT om0

where the last equality follows from the fact that ¢° is the solution to (?7?).
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Combining (B.21) with (B.24) and (B.26), we must have mingn>o¢" [k +C(p*)-C(p)+(p—F) di;p)} =0,
reducing (B.21) to
dc (p)
dp
A+0
’I"+K?*p>\/9+1 p:| +0p |:( ; )H*p)\/Q . 1:| =0.

Ar—p) = (A+0)C(p) + NC(p) = A(r —p) — (A +0)C (p) +6p

—A(r—p) — (A+0)

A+0
That is, A(r —p) — (0 4+ X)C(p) +NC (p) > 0 holds with equality for p € [p*, B].
We then show MC(p) — C(p) > 0. The functional operator M is defined by(B.5) and can be rewritten as

MOG) = iy Y™ [9)i= " (b€ () + (-0 (max {520 bY@

qmel0,1] 1—qm
where we use the fact that C'(p) is increasing in p > p* and reaches its minimal value of C (]3*) at p=p* by
Lemma B.4.
e For p < p*, the minimality of p* suggests that

Clp):=C(p) <q” (k+C (")) + (1 =q")C (")

7 <¢" (k+C(p*)) +(1—gm)C <max{pl__q;f,p*}> , Yg™ €0,1].

Therefore, by definition(B.27), we must have MC(p) — C(p) > 0.

e We now consider p € (p*, B]. If ”;q:;LF < p*, or, equivalently, ¢™ > (p—p*)/(F —p*), then YT (¢" |p)

reduces to
T(¢"|p)=kq"+C (p),

which is obviously increasing in ¢™. Thus, we can restrict the search for the minimizer of T (¢ | p) within

p—q™F

q" < (p—p*)/(F —p*), or equivalently, p:= = =P’ in which case

T(¢"|[p)=q" [k+C (p")] +(1—-¢™)C (W) :

which is also increasing in ¢™ because its derivative with respect to ¢ can be calculated as

X )=k C ) )+ (- ) ST 20,

where the last inequality follows from the same argument as in (B.21), (B.24) and (B.26). Altogether, we have

shown that T (¢™ | p) is monotonically increasing in ¢™, and hence, by (B.27), MC(p) =" (0|p) =C (p),
implying that MC(p) — C(p) > 0 holds with equality for p € (p*,B]. O

Proof of Theorem 2. By definition in A.3, if 5 =0, then we have P[Z, =1|T<t,Z,=1,H,=1]=1 for
all ¢ > t. Therefore, it follows from the definition of U, in (A.4) that U, :=0 for all ¢ > 0. As a result, the
constraint (6) reduces to P, < h and hence the principal’s problem (11) reduces to (B.1) with B = h. Then,
Lemmas B.4 and B.5 immediately imply the optimality of the policy prescribed in Theorem 2. [

Proof of Corollary 1. The principal’s cost C* immediately follows from the first equation in (B.14)

—0t*

with p* = he . To compute the agent’s cost, we denote the agent’s cost-to-go function as C,(p) :=

E [T~ P;

Pr=pt< T]. Then, letting r =k =0 in (B.12) yields —C,(p), namely

i — 1 F — he 0" Ate
u(p)—p_h¥ ¥%+1767(A+9)t*p o

(B.28)



Wang, Sun, de Véricourt: Audit and Remediation under Evasion Effort 13

Thus, we can easily obtain the agent’s cost as follows:

1 F —he % Ao
* *\ % * 0
Ca= CE(B ) =p - hxge A;re F;h +1—e-(t0)t* (B )
Lo 0 khe=t"

0 F — he 0" B N
— e
A+0k+F—he ot A+0 A+0k+F —he ot

*

B:

where the second equality follows from the second equation in (B.14) and the third equality follows from

p* =he " According to (A.14), we then have

A A T
o :C*: ]E k 70th * —]E 70TP*
purr iU U { /0 ¢ t‘Q} Eleri]
A* “a
which immediately implies that A* =C% — %Hhe’et* = %e,ﬁ% [

Proof of Theorem 3. We first note that (B.1) with B =h is a relaxed problem of (11) with constraints
(6)—(8) ignored, whose solution is given by the policy prescribed in Theorem 3, as implied by Lemmas B.4
and B.5.

We now complete the proof of Theorem 3 by showing that this policy automatically satisfies the ignored
constraints (6)—(8) for k> h(B) with h(8) given by (15). To that end, we construct below a cyclical process
U/ according to (7) and (8) under the policy prescribed in Theorem 3. Denote u* :=Ug = U, for all i. For
any t € (T,_1,Ti_1 +1°), because ¢** = ¢™* =0, we have U; = u*e®*~7-1) (because Wi — 0U} according to

dt
(8)). This implies that U} =u*e®”.

o If r>F, then 7, =7,_; +1° (ie., ¢/ |,c =1) and (7) implies that
uwe’” =U: =BF+(1—B)u’. (B.29)

o If r < F, then for t € [r,_1 +t°,7;], we have ¢;"* =0, ¢* = 2= and P; =r by (16). Thus, (8) implies
that

dUf _ e O — B — U

e =0U; — = [BF + (1= f)u’ ~ U]
0 X *

=5 AFU; =7 [BF + (1= Bu]},

which implies that U} would be unbounded for ¢ € [r;_; +t°,7;] if dc[l]f 20 (ie, Ur 2r/F[BF 4+ (1 - B)u*]).

avf
dt

Thus, we must have 0 for t € [1;_1 +t°, 73], implying
Ur=U;_ 10 =u e =r/F[BF+(1—p)u*], for t € [r,_, +1°,7,]. (B.30)
Combining (B.29) and (B.30) yields

_ BFh
= Fo (B.31)

Thus, for t € (1,1, 7,1 +t°], (?7), together with (B.31), implies that

u*eezo _ % [5F+(1_6)Q*] o Q*

Pr-U;= [?L —y*egto] e~ 0(ri1+t°—1)

o 1-B)[F—he]_
[h_u*th ] = (F—Bh)/([l _5)6—(%0] h= h(ﬁ)v

IN
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which is bounded from above by h if h > ﬁ(ﬁ) with ﬁ(ﬁ) given by (15). Therefore, the ignored constraint (6)
is indeed automatically satisfied. Finally, we note that

Uy wreftmmi-n) BF
Py he=?Gi-t)  F—(1—B)he-0°"

Proof of Corollary 2. The derivation of the principal’s cost C*, auditing cost A* and the agent’s cost C¥

follows a similar argument as in the proof of Corollary 1 by replacing p* = he=°" with pr= he=%". O
Appendix C: Proofs in Section 7

We first outline the proof strategy in the following remark.

REMARK C.1. First, we establish Lemma C.1, which allows us to convert (18) to the following problem

T
A in E kj/ e—thN _e—GTP
0+>\ 720,(Pt,Qt)t€[0,00) |: 0 t '

whose solution is denoted as {v*, P¥,Q;}. Then, (P, Q;) together with U} :=~* P} satisfy (6)—(10), thus

73} , subject to (C.3)-(C.8), (C.1)

obtaining the complete solution to (18). To that end, we solve (C.1) using the following two steps.
1. For any given -y satisfying (C.3), we first solve the following one-dimensional stochastic control in P,

using the verification approach:

)\ T
ct min E [k/ e dN, — e T Py
0

=—r+
~ 0+ )\ (Pt,Qt) t[0,00)

77} , subject to (C.4)—(C.8). (C.2)

As characterized by Lemma C.4, the optimal policy for (C.2) exhibits a cyclical structure, which allows
us to explicitly compute the principal’s cost-to-go function. All key policy parameters enter the cost-to-go
function through the objective function in (C.18). Thus, the stochastic control problem is turned into a one-
dimensional static optimization problem (C.18) in Lemma C.3, in which the decision variable = corresponds
to an exponential transformation of the deterministic phase of each cycle t, i.e., z =e~%.

2. We then optimize ¢ over v satisfying (C.3) to identify the optimal y*. The two-dimensional static
optimization problem (19) essentially combines the one-dimensional static optimization problem (C.18) from

the previous step and the optimization of ¢ over v in this step. The optimal policy solving (C.2) for v* is

the solution to (C.1). O

LeEMMA C.1. Under U; =~P, for allt >0, constraints (6)—(10) imply

B<y<1-h/h, (C3)
h

<P <— A4
O_ t_1_77 (C )

L (h BN pr o [ 1B/
- = < < . .
1—5<1—’Y 7F) Pt+m1n{1_’y, 5 Fr (C.5)
P=(1-q¢")Py+q/"F—2, for ¢">0, (C.6)

dP,

ditt =0P, —q; (F—P)+2z, for ¢"=0, and (C.7)

. {qzn [(1=B/3)F = (L= B)PL]. for g >0, )

¢ [(1=B/7)F—(1=B)PL], forq"=0.
Conversely, for any vy, P, and Q, satisfying (C.3)—~(C.8), the pair (P,,U,) with U, :=~P,, together with Q.,
for all t > 0 satisfies (6)—(10).
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Proof of Lemma C.1. By Lemma A.1 (and its proof), we must have v > 3, and further by (6), we have
0 < P, — U, < h, which immediately implies (C.4) given that U, = vP,. Since P, < h, we can restrict to
h/(1—7) < h, namely v <1 — h/h. Altogether, we have (C.3).

Under U, =~P,;, P, must be continuous between audits because so is U; by (7)-(8). Further, (9) and (10),
which can be written as (C.6) and (C.7), imply

Uy=1-¢" Uit +q"vF =72, for ¢">0, and (C.9)
du,
o =0U. —q} (YF = U) +7z, for =0, (C.10)

where z, > 0 is the slack variable. By contrasting (C.9)-(C.10) with (7)-(8), we must have
va=q;" [(v=B)F — (1= B)U/ ] =qi" [(y = B)F — (1= B}y Py ] 20, for gi" >0, and (C.11)
va=q; [(y=B)F - (L=B)U/ ] =q [(y=B)F = (1= B}y ] 20, for g7 =0, (C.12)

which immediately yield (C.8) and, together with (C.4), yield the upper bound on P/ in (C.5). To show
the lower bound on P/, in (C.5), we note (C.4) requires (7)-(8) at P, = ﬁ to satisfy

h h

m:(lfquHﬂngnF*ZtS(1*qr)m+qu*Zt for ¢;* >0, and (C.13)
dP, h h
— =0———q; | F— —— ) +2: <0 for ¢/* =0 and ¢;* > 0. C.14
dt Jpon 1=7 o ( 1—7) oE T A (C14)

Substituting (C.11) and (C.12) respectively into (C.13) and (C.14) yields
g ,__h g N
" |—-F+(1—-p)P, — >0, and ¢ |[—F+(1-p)P, — >0,
R P 2rra-sp - 1

which gives the lower bound on P/, in (C.5).

Conversely, given P, satisfying (C.4)—(C.7) and nonnegative slack variable z, specified by (C.8), it is
straightforward to verify that P, satisfies (9)—(10) and U, = vP; satisfies (7) and (8). Furthermore, if ~
satisfies (C.3), then (P;,U,) also satisfies (6). O

By contrasting problem (C.2) with problem (B.1), we modify Lemma B.5 to obtain the following:

LEMMA C.2 (Verification of Optimality). The policy P := (Ptht)te[o,oo) solves (C.2) if the principal’s
cost-to-go function under P, namely C (Z,,t) defined in (B.2), satisfies the following properties:

Property 1: C(Z;,t) depends on (I;,t) only through P, and can hence be denoted as C (Z;,t) = C(P;). That
is, C(Z,,t)=C (f,g,f) for any (Z;,t) and (f,g,f) such that P,(T,) = Py(T;).

Property 2: C(p) is bounded, non-decreasing, and continuously differentiable in p € [O L}

» T~

Property 3: C(p) satisfies
Ar=p) = (0+NCE) + NC(p) 20 and MC(p) = C(p) 20, forpe |05,  (C15)

where the functional operators N and M are defined as

NC(p):== min ¢ [k—|—C’ (pﬂr) —C’(p)} +{0p—q"[F —p|+2} dc(p)

phqm,220 w

+
subject to 25 (2 — 2F Spigmin{% 11—%71;77,} (C.16)
(1

z=q" [(1-B/7)F —(1-B)p.],
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and
MC(p):= min qm (k+C’(pI))+(1—qm)C(p+)

P40} ,a™,2>0
subject to ﬁ(i—7F> <p_~_<mmﬂlhw1 ﬁ/A’Fr} (C.17)
z=q" [(1-B/7)F - (1-B)p}
p=0=q¢")ps +q"F -z
Proof of Lemma C.2. The proof follows the same argument as that of Lemma B.5 by replacing the bound
B with ﬁ and the constraint p! < B with the constraint implied by (C.5) and (C.8). O

LEMMA C.3. For any given vy satisfying (C.3), the solution to the following static constrained optimization
problem, denoted as x.,, exists and is unique:
047 k+ [E _ _h x}
1—~\ ¢ -
K, = min ( 7) A (C.18)

¥ )
Fl—y) 1+ F(v=8)(1=~) , r(1=7) h 842
i [1-8FG5 1] <o <In FQRIGE AR

e R e

A
?. Furthermore, let v* = argmin K.. Then, (v*,x.,«) is the solution to

with T, € ( ) andK > 9+A (kTW) B<~y<1—h/h
<v<1-

hvy*

o1+
(19) with K* = K. and, in particular, ﬁ [1 _5M} <z <1

Proof of Lemma C.3. Direct calculation reveals that the sign of the derivative of the objective function

in (C.18) with respect to z is given by

o (1—7> i bt 8 (£~ 5250l
sign{ —
or \ h mﬂ[ﬂﬁ+(lfﬁ)ﬁx]7%—x%
__ Bh [0+ATI—y [ F h | A e 042 F__h _B_ad
— 1_7{ 7 [ﬁ +(1 ﬂ)l—fyx] 7 x } 7 {k"_ﬁ{,Y 1_725]}{1 B x}

0+ A\ A h F F N ago |
= {B<A+el—w‘7>‘*1‘mk+<k+ﬁv>z D B

We then note that function =, (x) satisfies the following properties:
o Z () = \/02*7 (k+ BF [y — Bha/(1—7)) > 0 for 0 <a < 1A £OHE=) Arl),
e =, (0)=5 (%Hﬁ - F/V) — (1= B)k <0 for ~ satisfying (C.3);
e and =,(1) =Bk >0.

Thus, the objective function in (C.18) is strictly quasi-convex in z with positive derivative at = 0. Thus,

solution x., € (0,1) must exist and is unique, which immediately implies that z.. € (0,1).

A
To show K, >9+—A(1%)9, we note that it suffices to show
k+5[ —*x} A h 0 h h
u >l e Te)=kt e ¢ >0,
85+ (= B)te] - st — gt e ALy feALe -

which holds for all € [0, 1], because function I'(x) is non-increasing in z € [0,1] (as I"(z) = ﬁ (x% — 1) <0)
with T(1) =k > 0.
It is straightforward to see that (y*,z.+) is the solution to (19), which can be solved via a two-stage

optimization by first optimizing over x given 7 as in (C.18) and then optimizing over «. To show x.,. >
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L [1 - BM} , we take the variable transformation, p := ﬁ and p:= ﬁx, under which the objective

ﬁ hy*
function in (C.18) can be rewritten as
1=\ 7 k*ﬂ%*ﬁx} k+(p,p) —p _
h 0431y [gF h A 0EA 04 e e o ep), (G19)
TT’Y [ﬁ;-ﬁ-(l—ﬁ)ﬁx]—g—xT T¢(Eap)p9_§p o —p°

with ¢(p,p) := B%h/ﬁ + (1 —f)p, and the constraint = > ﬁ {1 — 5%;7)} can be rewritten as

p < é(p,p) (C.20)

with “=” holding at the same time. We further note that (C.20) is equivalent to
1 F
>_- |p—_—B—
E=1-5 [p Blh/ﬁ} ’
whose right-hand side is monotonically increasing in p. Hence, there exists a monotonically increasing function

¥(-) such that (C.20) is equivalent to p < (p).

If 2., = ﬁ [1 - BF(;] )], then p* := 17'17* and p*:= 17’;* x* must satisfy p* = ¢(p*,p*), or equivalently
p* =1 (p*). Then, direct calculation reveals
Ok *’ —x bl *’ —x 0 A
sign 7@,]9 ) =sign 7(?@7]) ) -2 K(p", 7)) | p >0,
8}9 8]) 0 ——

=K

<0 7
<0

DY
where we have shown above that K. > 94% (1_}] ) ?. That is, there exists p < p* =1)(p*) such that x(p,p*) <

k(p*,p*) = K+, contradicting to the optimality of K .. O

LEMMA C.4. For any given ~y satisfying (C.3), let x., be the solution to (C.18) given in Lemma C.3. Then,
the optimal policy that solves (C.2) is given as follows: for an initial period of length t5 = —% In % with
p, = (22K P ﬁ, the principal applies no audits (i.e., ¢/"* = q;* :=0 for t €[0,t3]) and charges the
agent a payment according to

P} =p.e”, fortel0,t]. (C.21)

Starting from t5, the principal applies intensive audits at constant rate while maintaining the constant pay-

ment level, respectively given by

0 h o

= — , and Pr:=——  forte(t2,n| U m+t,,Tit1],s (C.22)
6%—1—(1—5)@"7—1 1—vy R

where t, = —%Inwz., and 7, is the i-th audit. (If qp* in (C.22) becomes infinity, then the intensive audit is

equivalent to an impulsive audit with probability ¢* = 1.) The principal applies no audits (i.e., ¢™* = q* :=
0) fort e (m;,7; +1,] and charges the agent a payment according to

* h — T4 - -
Py = 1_76 0(ri+ty—t) fortei!l(mﬂ_&_tw]_ (C.23)

Finally, the principal’s optimal total expected discounted cost in (C.2) is given by c := %-5—9 (r—p,), out of

which she spends a’, = ﬁ% on audits. The corresponding agent’s total expected discounted cost
¥ TTA Y
is given by ¢, = 3Py +a.
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Proof of Lemma C.4. It is clear that the policy in the lemma are prescribed purely as a function of
Py, and hence its current-value cost-to-go function depends on (Z;,t) only through P;. Then, (C.21) and
(C.23) imply that staring from any Pf =p € [0, ﬁ], Py evolves deterministically according to Py = pe?t

before reaching the threshold ﬁ, which takes 7(p) := % In p(lhﬂ)

(g7 = ¢* :=0) is conducted between [0,7(p)). Therefore, we compute the cost-to-go function as follows:

amount of time, i.e., P* ., = -2 No audit
T(p) T 1—v

C(p) =E / e OO (kg A A= B dt Y e OOk | Py =p
0

t>0,g7"*>0
7(p) h

:/ Ae” OFDE [p — pe®] dt + e~ T C (1 )

| -
= A r (1 _ e*(k+9)f(p)) —p (1 _ e*AT(P)) + e~ (A +0)T(P) h

A+0 1—~

oy A b ] e o (20
L0 1-7) 246 14 h b '

h_ an intensity audit with constant rate

Under the policy prescribed in the lemma, once P} reaches =

prescribed in (C.22) is used while maintaining P; := ;"-, which suggests that

h o - h
_ — *(9+)‘+‘I? )t o n* *
c(i)= [ D(r-5) +a v own fa
1 h 0 h
:)\ 9 [ {)‘<T_ 1 >+ F(l—'y) |:k+C<1 69t7>}}
Tt IO 4+ (1-8)ay -1 -7 =+ (1 =Bz, —1 -7

g [BF%;”+<11—5>%—1] 1 = “1‘[3)“_1} (i) eree (e ) b
(C.25)

Note that if ¢/** := oo, or equivalently BF(I_A’) +(1—p)x, —1=0, then (C.25) also holds and can be verified
to coincide with the cost-to-go function for an impulsive audit with probability ¢** =1.

Meanwhile, (C.24) implies

)
AT h AT h At6 h
—Gt’y _ _ o __ 2
( ) )\+9+{C(1_7> )\+9+1_’y]xﬁ, 1_’yxy, (C.26)

Inz,. Combining (C.25) and (C.26) yields

where we use t, = —5

F h
C( h )_ Ao b k+ﬁ{;—m%} C2)
! ARO 1=y et gr (o) hog | - o0

Substituting (C.27) into (C.24) yields

A7
A+6 7

Cp)= p 7 —p, forpe [0, 1_h7] ) (C.28)

where K is defined in (C.18) and it is straightforward to verify that p, = (“3*K.) o

5 < % because
-

A
K, > 5% (12)° by Lemma C.3, and that p, satisfies

dC(py)  A+0 N A

(r—mp,). (C.29)
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It is straightforward to verify that C(p) is bounded, non-decreasing, convex, and continuously differentiable

} Therefore, by Lemma C.2, it remains to show that C(p) satisfies (C.15) to establish

function on [0, T

the optimality of the policy specified in this lemma.
We first show A\(r —p) — (A+0)C(p) + NC(p) >0 forpe {0 } By definition (C.16) (after eliminating

slack variable z via its constraint therein), we have

dc . n dc
No@) =P min ¢ |40 ) =) - (527 + (1= a1t ) T
P (s -5r) el smin{ k5 355 F} P
q">0
(C.30)
where we note that the coefficient of ¢” satisfies
0 dac d*C
O hvch)—cw)-rF+ - —p) SO _(gnr s g —p) T2 <o,
op dp dp?
for all p < 7, because the lower bound on p, > —B (L £ ) and the convexity of C(p). Therefore,
the coefﬁment of ¢"™ must be nonnegative:
dC (p
b+ C (o) = C o) = (377 + (-8 —p) 2
. w__» h h d h
/\+ 0 h\? A( R\
A+0
(by (C.28)) =k+B(F/yv-p})-K, (5 +(1-8)p ) (17) 2 (17> —(ph) ? ]
N\ k+B|- -1
<1h7) 1 5 - 7] K, >0, (C.31)
B [BE + (=) ika] -3 o™V
where z = (I_Z)pﬂr € ﬁ {1 —,BF(%;”)} 1A W}, and the nonnegativity in (C.31) follows from
(C.18) with the “=” holding at = = z., or equivalently p’ = %xw. As such, (C.30) reduces to
dcC
New) =02 _ o)k p e,

dp

which immediately implies that
A(r—p) = (A+0)C(p) + NC(p) = A(r —p) = Ar — A+ 0 K,p o +A+0)p+(A+0)K,p o —0p=0,
establishing the result.

We next show MC(p) —C(p) >0 for pe [0, ﬁ} The functional operator M defined by (C.17) can be
rewritten as
k+Cp})—Clpy)
MC(p) = min E+C(pl)—[B/yF+(1-B)p' —p +
(®) (1B R) <pl <min{ ;b 1B e ]ﬁ/ F+(1-p8)pk —py
(C.32)
where we eliminate decision variable ¢™ and slack variable z via the two equality constraints in (C.17):
™ _ P—Dy _ . BNAF+(A-B)pi—p
B/vE + (1= B)ph —ps B/vF+ (1= B)py —p+
y (C.31), we note that
9 k+CEY)-Clp) _kHCEY) —C) = (B/4F +( - B —p.)
Opy B/vF + (1= B)pY —pst [B/7F + (1 - B8)ph —pi ]

y (C.33), there are two cases for us to consider:

q €10,1]. (C.33)

>0. (C.34)
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e For p>p, and B/vF + (1 - B)p} —py > B/vF + (1 - B)pl —p >0, we have, by (C.34),
k+C@L)—Clp+)

B/yF + (1= B)p —py
k+C(py) —Cp)

B/vF+(1—-B)pl —p

k+C(p}) - [B/7F +(1-B)p!. —p]

>k+C(ph)— [B/vF + (1 - B)p} —p] =C(p),

establishing MC(p) — C(p) > 0.
e For p<p, and B/vF + (1 - B)p} —py < B/vF + (1 - B)p} —p <0, we again have, by (C.34),
k+C(py) —Clps)

B/VF + (1 B)ph —p+
k+C(pl) - Cp)

B/IvF+(1—=pB)pl —p

k+C(ph) = [B/AF +(1—B)ph —p]

>k+C(pl) — [B/vF + (1 - B)p} —p]

also establishing MC(p) — C(p) > 0.

Finally, we derive different cost components. The principal’s cost ¢} immediately follows from (C.29). To

=C(p),

compute the agent’s cost, we denote the agent’s cost-to-go function as C,(p) :=E [e*Q(T*t)P; | Pr=p,t< T] .
Then, letting =k =0 in (C.28) yields —C,(p), namely

h
1—7v N 6{§7Ex"/:| A+0

C’a(p)—p—( h > 04x1-y [oF h A zey (C.35)
= [57+(1—5)ﬁ%} —5 T’
Thus, we can easily obtain the agent’s cost as follows:
. 1—7 N 5[%*%%& Ato
Cavzca(pv):p’v—< h ) » N HT)\p’Ye
[BE+(1-B)a,| -3 —a)
|, 5[5—%%} R S kp,
>‘+0k‘+ﬁ[*—7$} TN+ )\+9k+6[ _733}7

where the second equality follows from the first equation in (C.29). According to (A.14), we then have

A A T
r—p,)=c = r+E {k/ e % dN, ‘Q*] —E[e TP
)\+9( ’Y) K 9+>‘ 0 ' L,—le/

*
Chy

%
ay

. . . . . x _ x A _ _0 kpy
which immediately implies that af = ¢} — 350, = 0 TE ] ([

Proof of Theorem 4 and Corollary 3. The results in the theorem and corollary follow from Lemmas C.3

and C.4 by letting pg = p,~ (and hence tj=1t3,) and v* =z, (and hence t* =t,.). [

Proof of Proposition 1. The “if” direction directly follows from Theorem 3. To show the “only if” part,
we note that under a cyclic deterministic policy (¢,p) with " =1, ¢"=0for t#m;, and ¢;' :=0 for all ¢, (8)
implies that

U, =U; 1+e for i =1,2,... with 7o =0, (C.36)

while (7) implies that
U, =BF+(1-B)UL,, fori=12,... (C.37)

Combining (C.36) and (C.37) yields

B

WF7 fori:1,2,...,

I _ I
UTi+ - pU‘Fz‘—1+ -
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with p:=e/(1— ) > 1, which implies

I 7 -
vl = (- P Ny P E i
mit <° 1—5;)—1) 1-Bp—1 T'ThS

Thus, if Uy 2 %p%, then U/, — 400 as i — oo. Thus, for the feasibility of U,, we must have
. B F .
UTi_,’_—Uo—mpj, fOI‘Z—].727....
implying that
U, = LLe’(’(””f) forte (-1, and i=1,2,...
1 _ /6 p _ 1 ) ) k)

which is proportional to P,. Thus, (P, Q) belongs to the class of proportional policies, among which Theorem
4 (resp., Theorem 3) has shown that the optimal audit policy cannot be periodic deterministic when h < ﬁ(ﬂ)
(resp., h>h(B) and r < F). O
Appendix D: Proofs in Section 9

Proof of Theorem 5. Under any policy P = (F,, F,, P,,Q,), the agent’s and the principal’s expected dis-
counted costs onwards after having taken an evasive action at time ¢ (i.e., H, = 1) are now modified to

U, :=E {— / e PCHFdZ,

t

Tgt,thl,thl,It,P] , and (D.1)

V,:=E U e*9<<*’5>{zC (cdC + kdN,) — (r ffg)dZC} ‘ T<t,Z,=1,H, = 1,L,7D} . (D.2)

t
If a self-correction is conducted, then the agent’s expected continuation cost would be reduced to 0 and the
principal’s expected continuation cost is still given by (A.6).
For any given policy P = (ﬁhft, ]St, @t) and the agent’s corresponding best response 6*, we now construct

an alternative policy P := (Ft,Ft,Pt,Ft, Qt) ) by letting F; := ﬁt, F,:=F,, Q,:= @t, and,

t€[0,00

~

. R R 5% () R
P =K e~ 9@ (M- min {Pg*(t), h+ Ug*(t),T}Zg*(t) — / e—G(C—t)ngZC T<t,Z,=1,H,=0,Z,,P|, VI.
t

(D.3)

Clearly, P is well defined and in particular, F,, F, and P, are all bounded above by F. Because F; := %t and
Q,:= @t by construction, we immediately have Tj} =U, and /VIZ =W..

Now we demonstrate that the above-defined policy P satisfies the following properties.
Property 1: (6) holds, i.e., the agent prefers disclosure over evasion or self-correction. Indeed, the optimality

of 6% in (D.3) immediately implies P, < min{ﬁt7h—|— ﬁt,r} < min{h—l— (7“7“} =min{h+U,,r}.

Property 2: Prompt disclosure is the agent’s best response to P. Indeed, we can follow the same argument

as in (A.11) to show

Pth[e—W—t)ZSPS—/ e "CIF.dzZ,
t

Tgt,ztzl,tho,L,P}, Vs > t. (D.4)

That is, the agent’s cost of immediate disclosure is always dominated by the agent’s total expected discounted
cost of delaying the disclosure to any stopping time s >t under P. As such, the agent always prefers to

disclose without delay.
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Property 3: The principal is not worse off under P than under P. We first note that since ¢ > 0r and k > 0,
(D.2) (applied under P) implies that

V., =E U e—“’<<—’f>{zC (cd¢ + kdN,) — (r—%g)dZC} ‘Tgt,Zt =1,H,= 1,1,5,73}
t
>rE {9/ e-9<<-f>Z<dg—/ e"’(C_t)ng’T<t,Zt:1,Ht:1,L,ﬁ]
t t

+]E |:/ eig(git)%gdZC
t

A (D.5)

Tgt,Ztl,Htl,It,ﬁ]

where the last equality follows from (A.13) and the definition in (D.1). Then, similar to (A.14), we can use
(D.5) to show that C(P,T)<C (73,8*), i.e., the principal’s expected cost under policy P is no larger than
that under P. In particular, we note that the principal saves on the inspection cost k£ and damage cost ¢

thanks to the agent’s prompt disclosure under P.

Property 4: It is optimal for the principal to set F, = F, := F for all ¢t > 0, which immediately yields the
recursive representation of (A.4) and (A.11) in (7), (8), (9) and (10) by following a similar derivation as
in Lemma 1 of Wang et al. (2016). As shown by the previous properties, the agent will choose to dis-
close without delay nor evasion under P, and hence the principal’s expected payoff is given by C(P,T) =
E [k: fOT e AN, +e T (r — Pyp) } P}, in which the variables F;, and F, are absent. Variable F, only appears
on the right-hand side of the constraint (D.4) and variable F, only on the right-hand side of (6) through U,
in (D.1). Therefore, it is optimal for the principal to relax the constraints (D.4) and (6) by setting both F;

and F, to the maximum F.

Property 5: Policy P and policy P are payoff-equivalent to the agent, i.e., C,(P,T) = Ca(73, o*). This is
because, by construction in (D.3), P, is the agent’s minimum expected discounted cost from ¢ onwards under
policy P by following ¢* as the response. On the other hand, by Properties 1 and 2, the agent will always
promptly disclose at time T under policy P and hence incur the same expected cost P, leading to the
conclusion. [

Proof of Proposition 2. With an exogenous detection at rate p, the agent’s disclosure incentive is
strengthen and it is straightforward to show, by replicating the proof of Theorem 1, that it is optimal for
the principal to impose maximal fine F' upon exogenous detection and to restrict to policies that induce the
agent’s prompt disclosure (and hence the penalty F' will never realize). That is, the principal can optimize

within the class of policies P= (13,5, @t) satisfying

t€[0,00)

P, < min{r, h+ [7,5}, for all t >0, (D.6)
with the dynamic evolution of [7,5 and j:’t given as follows:
U= (=0 +a" (BF+ (1= BT ), for g >0, (D.7)

dt

=0+, —pF — @ [BF+ (1= BT, ~T], for G =0, (D.8)
P,<(1=@")Pyy +q@"F, for ¢">0, and (D.9)
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ESEH_, or %E(H—ku)é—uF—df (F—ﬁt>, for ¢* =0, (D.10)
where ﬁt+ (resp., ﬁt’ ) is the value of U, right after time ¢ in the absence (resp., presence) of an audit, and
P, (resp., P! ', ) is the value of P, right after time ¢ in the absence (resp., presence) of an audit. Under such
a policy satisfying (D.6)—(D.10), the principal’s objective can be written as

A
0+ A

Now, with slight abuse of notation, let F= 0 F r=r— W F (which is positive because of the assumption

T
r+m1n E [k/ e AN, — e T Py
0

75] . (D.11)

p < fi:=min{\, =25+ }) and policy P be

0+ 0+
Then, under this variable transformation, the constraints (D.6)—(D.10) can be rewritten as

Q.= (g™, q") == Q. = (q",3"), Pt;:ﬁﬁLﬂF, and Ut::U}fLHF, for allt>0.  (D.12)

P, <min{r,h+U,}, forall t>0, (D.13)

U= (1= q")Uuy + a7 (BF+ (1= BUL, ), for >0, (D.14)
dgt = O+ WU —a; [BF+ (1)UL~ U], for g7 =0, (D.15)
P,<(1—q¢" Py +q"F, for ¢">0, and (D.16)

P <P, or % >0+ )P, — qr (ﬁ— Pt) , for ¢ =0. (D.17)

Similarly, the principal’s objective can be rewritten as

T
0+)\F+ rrgn E {k/o e dN, —e T Py ’P}

:HiAFJF min U e~ MO (EdN, — \P,) P} (D.18)
0
:ei)\r—kmln . A ,uE [/ e~ (OFutA-ut <>\;'uk‘dNt - ()\_,U)Pt> ’ 77]
0

Similar to Lemma A.1, the constraints (D.13)—(D.17) imply the feasible range of (P;,U,) is €(h,f) :=
{(p, u):0<Bp<u<p<rA F,p<h+ u} Therefore, the principal’s problem (D.18) subject to (D.13)-
(D.17) is equivalent to the principal’s problem in (11) with (i) the discounting rate 6 replaced by 6 + p,
(ii) the limited liability F by F = ﬁF, the remedial cost r by 7=r — gt F, (iv) the hazard rate A by
A — u (which is positive because of the assumption p < fi := min{J, ﬁ}), and (v) the auditing cost k by
k(A —p)/A, as shown by the last line of equation in (D.18). O

Proof of Proposition 3. First, we note that Theorem 1 still applies to (24), because Theorem 1(1)-(3) only
depends on the agent’s IC constraint in (24), which is the same as (5), and Theorem 1(4) also holds as the
principal’s cost is enlarged to account for the agent’s portion. Thus, we can again restrict to the optimization
among policies that induce prompt disclosure, under which the principal’s problem is reformulated as (11)

with the constraints unchanged but the objective function replaced by

(1+a)C(P,0)+C,(P,0)= L(l +a)r+E [(1 —|—a)k/0T e ""dN;, — e "TaPrp ‘ P]

+
T
(1/a+1)r+E|[(1/a+ 1)k/ e "dN, —e TP | P| ¢,
O+ )\ 0
which the same (up to a constant difference) as the objective function of (11) by replacing k with (1/a+1)k.
]



24 Wang, Sun, de Véricourt: Audit and Remediation under Evasion Effort

Proof of Proposition 4.  Straightforward calculation yields

(T)
E c/ e dt+e "D (k+r—F)|P

T

T(T)-T
e—HT {C/ e—Gsd8+e—9(T(T)—T) (k+T—F)} 7)]
0

=E [e™" {c/0+e T (k+r—F —c/0)} | P],

=E

which reduces to a constant ;25 ¢ if F'=k 47 —c/0, rendering the objective function in (25) to

T
9—&-% [6r 4 (1—6)c/6] + OE [k/é/ e ""dN, — e " Py ’ P] ) (D.19)
0

Thus, the proposition follows immediately by contrasting (D.19) with (11). O
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