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Electronic Companion to “Tight Guarantees for Multi-unit Prophet
Inequalities and Online Stochastic Knapsack™

EC.1. Final Algorithms

In this section, we present our final algorithms, which combine the random routing approach described in
Section 2.2 and the pre-processing algorithms for the corresponding OCRS problem under the multi-unit
and the knapsack settings, as well as the unit density special case of the knapsack setting.

The final algorithm for the multi-unit setting is presented below in Algorithm 4. We adopt the multi-
resource formulation, where we have m resources and each resource j can serve up to k; queries. The final
algorithm for the knapsack setting is presented below in Algorithm 5. We again adopt the multi-resource
formulation and the size of each query over each resource can be an arbitrary fraction of the initial capacity
of that resource. Finally, we present our final algorithm for the unit-density special case of the knapsack
setting below in Algorithm 6. The algorithm is presented under the multi-resource formulation where for
each query over each resource, the corresponding reward and size are assumed to be equivalent to each

other which can take an arbitrary fraction of the initial capacity of the resource.

Algorithm 4 Algorithm for the multi-unit setting

1: Solve the LP relaxation (3) and and obtain an optimal solution {x};(r;,d;),Vt,Vj,V(r;,d;)}.
2: Define pi; =K, a,)~r, [27; (T, d,)] for each j and each ¢.
3: For each j, compute the value of fy,’;j following the procedure described in Section 3.3.

4: For each j, construct a solution {@1;(7;,) v as in Algorithm 1 with the input 6 = 7} and p; =

(P1js-- - P15)-
5: fort=1,...,T do
6: Observe the reward and size realization (T, &t) of query ¢.
7: Randomly route query ¢ to a resource j with probability x7; (¥, &t)
8: Denote by [; the quantity such that [; — 1 queries have already been served by resource j.
9: If I; =1, then,
10: Serve query t with probability e (1—;2;1?34 L
11: Else,

Ilj,z,j(vzj)

Pj <t (@175 (sz )*Izj,‘r(ﬁ;j )"

12: Serve query t with probability

13: end for
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Algorithm 5 Algorithm for the knapsack setting

I: Solve the LP relaxation (3) and obtain an optimal solution {x};(r;,d;),Vt,Vj,¥(r;,d;)}.

2: Define p;;(d;) = E¢, a)~r []l(thj =dy) - x7;(Ty, at)} for each 7, each ¢ and each d,.

3: For each j, obtain the distributions { X; ; -, ¥t} and the thresholds {7, ;- (d;),Vt,Vd, } from Algorithm 2
with input v =1/(3 + e2) and {p;;(d;), Vt,Vd,}.

4: fort=1,...,T, do

5: Observe the reward and size realization (T, &t) of query ¢.
6: Randomly route query ¢ to a resource j with probability x7; (T, Elt).
7: Observe the capacity utilization X;_; ; of the routed resource j.

8: If nt,j’fy(dvtj) < Xt—l,j S 1-— th, then,
9: Serve query t with probability 1 using resource j.

10: Else if thl,j =Mt~ (Citj), then

Y=P(ng,j4(dej)<Xy_1,;<1—dyj)

11: serve query t with probability Pl 3 () =Xt 1.0) using resource j.
12: Else,

13: reject query t.

14: end for

Algorithm 6 Algorithm for the unit-density special case of the knapsack setting
1: Solve the LP relaxation (3) and obtain an optimal solution {z;;(r;,d,),Vt,Vj,V(r;,d,)}.
2: Define py;(d) =K, 4,)r, [1(dy; = dy) -z (T, d,)] for each j, each ¢ and each d,.

3: For each j, obtain the sequence v, = (71, - .,7r;) from (18).

4: For each j, obtain the distributions {X@jﬁj,w} and the thresholds {7, ; -, (d;),Vt,Vd,} from Algo-
rithm 3 with input ~; and {p;;(d,), Vt,¥d,}.

5: fort=1,2,...,T do

6: Observe the reward and size realization (T, &t) of query ¢.
7: Randomly route query ¢ to a resource j with probability z7; (¥, d,).
8: Observe the capacity utilization X;_; ; of the routed resource j.

9: If nt,j,")‘j (th) < thl,j < 1— Cztj, then,
10: Serve query t with probability 1 using resource j.

11: Else if Xt—l,j = ntvjv‘Yj (Cztj), then

. oo =P gy (de)<Xpoq j<1=dij) )
12: serve query ¢ with probability — - (th ik (té = ; 1i ) “’ using resource j.
vy (dtg)=Xe-1,5
13: Else,
14: reject query t.

15: end for
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EC.2. Proofs in Section 3
EC.2.1. Proof of Lemma 1

We first present the following lemma, which shows that instead of checking whether all the constraints of

R . .. . .
LPSC > are satisfied, it is enough to consider only one constraint.

LEMMA EC.1. For any 6 € [0,1], {0,2,,(0)} is a feasible solution to LPY<"®(p) if and only if
> oy wka(0) <10,

The proof is relegated to Section EC.2.2. We now prove the condition on 8 such that Zf;ll T (0) <1-—0.
Due to Lemma EC.1, this condition implies the feasibility condition of {6, x,,(6)}. Specifically, we will
first show that the term ZtT:_ll xy.+(0) is continuously monotone increasing with 6 in the next lemma, where

the formal proof is in Section EC.2.3.

LEMMA EC.2. Forany 1 <l<kandany 1 <t <T, define y,,(0) = Zt

T=1

x14(0). Then y, ,(0) is mono-
tone increasing with 0 and y, (0) is also Lipschitz continuous with 0.
We are now ready to prove Lemma 1.

Proof of Lemma 1: Note that when 0 =0, y, 7—1(0) = Zf;ll 2p+(0)=0<1—-60=1,and when § =1,
Yer-1(1) = Zf;ll Zr+(1) > 0=1— 6. Further note that 1 — 6§ is continuously strictly decreasing with 6

while Lemma EC.2 shows that y;, 71 (6) = Zf;ll Zy ~(6) is continuously increasing with 6, there must exist

" 'a;..(6%) = 1 — 0" and for any 0 € [0,6*], it holds that Zf;ll zr.(0) <

=1

a unique 6* € [0, 1] such that )

1 — 8. Combining the above arguments with Lemma EC.1, we complete our proof. [

EC.2.2. Proof of Lemma EC.1

We first prove that for any 6 € [0, 1], {z; ()} are non-negative.
LEMMA EC.3. Forany 6 € [0,1], we have ,,(0) >0 foranyl=1,... . kandt=1,...,T.

Proof: 'We now use induction on [ to show that for any [, we have that z; ,(6) > 0 and 22:1 Ty 4(0) <
6 - p, for any t. Since we focus on a fixed 6, we abbreviate 6 in the expression z;,(6) and substitute z; ; for
x1,4(0) in the proof.

For [ =1, from definition, we have that for 1 <¢ <t,, it holds that z, , > 0 and Zizl Tyt < 6-p. We
now use induction on ¢ to show that for ¢, +1 <t < T, we have that 0 < x;; < 6 - p,. Note that from
definition, we have that

to
T ty41 = Dtyt1 - (1 — Ze “Pr) < Diyy1 -0

T=1

Also, note that 1 — Ztrl 0 -p. >0 and p,, <1, we have that

T=1

to—1

t
1—22:9-;9721—29-;97—920
T=1 T=1
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Thus, it holds that
to

0< 21 1941 =Peyt1- (1- ZQ “Dr) < Pig+1 -0
T=1

Now, suppose for a ¢ such that t; +1 <t <T', we have that 0 <z, , <0 -p, forany t, +1 <7 <t. Then

we have that

to 1P}
T 41 <Pryr - (1 — Z%;) <pep1-(1— Z:CLT) =pip1-(1— Ze Dr) <Dis1-0

T=1 T=1 T=1

Also, note that z; , > 0 implies that 1 — Zizl + >0, we have that

t—1

t—1
$1,t+1/pt+1 =1- Zl’l,r — X1t = (1 —pt) : (1 - Z%,r) >
T=1

r=1
It holds that 0 < 24 ;41 < pi+q - 6. Thus, from induction, for any ¢, we have proved that 0 <z, ; <p, - 0.
Suppose that for a [ such that 1 <[ < k, we have that z;;, > 0 and 22:1 Ty < 0-p; for any t. We now
consider the case for [ + 1. From definition, ;4,, = 0 when 1 <¢ <¢;.; and when ¢;;1 +1 <t <o,
Tip10=0-p — Zl _, Ty Thus, for 1 <t <t,.,, we have proved that z;;,; > 0 and Z Tt <0 -py.

We now use induction on ¢ for ¢t > ¢;,,. When t =¢,, 5 + 1, from definition, we have that

t14o 1+1
L4140 0+1 = Phyio+1 Z(fﬁl = Ti1.) <Oy, — ZZCU tiyatl = Z% tat1l SO Py
T=1 v=1 v=1
Also, note that
l ti4o—1
0< Lit1,t,0 = 0 Py, — va,tl+2 < P,y Z (»’Ul,r - ﬂfl+1,r)
v=1 T=1
we get that
ti42 tiy2—1 tiy2—1
Ti iy ot1 /Py gt1 = Z(xl77_$l+l,T) > Z (T1r—Tig10) = Tig14y 0 = (1=Dyy ) Z (T1r —Tig1,r)
r=1 r=1 r=1

Thus, we proved that 0 < L1ty 0 +1 and Zf:l Tyt ot1 < 6 “ Dt o+1- NOW suppose that for a ¢ such that
tiyo+1<t<T,itholds that 0 <z;;;, and Zf:l Zyt < 0-py. Then we have that

+1 +1

Zﬂ% t+1/pt+1 =1- le+17' < 1—Z$z+17 Z%; t/pt <0

Also, note that 0 <z, =p; - Zt (1,7 — x141,-), we have that

t t—1 1

Tipren /P = 3 (T — Ti1s) = D (@1 — Tipr ) — T = (1=p) - > (210 — Tis17) 20
1

-
I

=1 =1 T
Thus, we have proved that 0 < ;44 ;41 and Z _1 Tyt41 < 0-pyyq. From the induction on ¢, we can conclude
that for any 1 <t <7, it holds that 0 < x;,,, and ZU 1 Tyt < 0-p;. Again, from the induction on [, we
can conclude that for any 1 <! <k and any 1 <¢ <7, it holds that 0 <z, , and szl Ty < 0-p;, which

completes our proof. [
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Now we are ready to prove Lemma EC.1.
Proof of Lemma EC.1:  When {z,,(0)} is feasible to LP?“"®(p) in (4), we get from constraint (4b) and
(4c) that

- T-1
217(0) <pr- (1= 21,(0)) and 27(0) <pr- Y (w1-1.(0) —21.(0)) VI=2,... .k
t=1

Summing up the above inequalities, we get

S (6) <pr-(1- 3 a04(60))

Further note that by definition, we have Zle x;,7(0) =0 - pr. Thus, we show that {z;.(0)} is feasible
implies that ZtT;ll () <1—0.
Now we prove the reverse direction. Note that from the definition of {z;,(0)}, we have that z;,,(0) <

Dt Z:;ll (x1-1,(0)—x;-(0)) holds forany 1 <! < k—1landany 1 <t <T, where we set Z:;ll Zo.(0)=1

for any ¢ for simplicity. Also, {z; ()} are nonnegative as shown by Lemma EC.3. Thus, we have that

—

t—
{z14(0)} is feasible <z +(0) <pi- Y (xp-1.,(0) —xk () holds forany ¢, +1 <t <T
1

T

Moreover, note that from definition, for ¢, +1 <t <T', we have that x, ,(¢) = p, - Z:_:ll (x1-1+(0)—21,(0))
when 1 <[] <k —1.Thus, fort, +1 <t <T, we have that

t—1

»”Uk,t(a)Spt'Z(ﬂfk—Lr(Q)—ka )= 0= Zl‘vt/Pt<1—Zkar

T=1 v=1

From the nonnegativity of {z;,(6)}, we know that 32! z .(f) is monotone increasing with ¢. Thus, it

holds that
T—1

{21,(6)} is feasible <6 <1—> " 2;,(6)

t=1

which completes our proof. [

EC.2.3. Proof of Lemma EC.2

Proof:  For any fixed 0 € [0,1] and any fixed A > 0 such that # + A € [0, 1], we compare between
{z1+(0)} and {z,,(0 + A)}. Since we consider for a fixed § and A, for notation brevity, we will omit 6
and A by substituting {x;, } for {z,(0)} and substituting {z; ,} for {z;,(6 +A)}. Respectively, we denote
Yo=Y\ ., and Y= =yt ;.. Also, we denote {;} to be the time indexes associated with {z;,} in
the definition of {z;} and {#;} to be the time indexes associated with {; , }. We will use induction to show

that for each [, we have that y; ; <y; , and ZU 1 Yoi < Zv VYo T A ZT 1 - hold for each ¢.
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For the case | = 1, obviously we have that ¢, <t,. When 1 <t <, from definition, it holds that y; ; <
Yie <yt A S, pr. We now use induction on ¢ for ¢}, + 1 < t < t,. When ¢ = t}, + 1, note that

Ty =Py (D=0 ) SO+ A) pyy and 24440 =0 py 1 <pyir - (1- 1)
we have that

Yiep+1 = Yoy, T Tra1 SPy 1 + (1 —Pt/2+1) Yty S Peyr1 T (1 _pt’2+1) 'yi,t/z = Z//l,t12+1

and
th th+1
yi,téﬂ = y;,tg + fr;,tfg+1 Sty +A- Zpt +(O+A) pyr =y + A Z D
t=1 t=1

Now suppose for a fixed ¢ satisfying ¢, + 1 <t <, — 1, it holds ¥ ; < yi,t <wyi:+A- ZizlpT. From

definition, note that

55/1,t+1 =Pt+1- (1 ?/1 t) (0 + A) Pt4+1 and LTit41 = 0 pry1 <Pt (1 - yu)

we have

Y1 = Y1+ Trp <P+ (L=pea) Y1 <pevr + (1= Deg1) Y1, = Y1 o

and
t t+1
Yl = Vet T Sy T A ZPT (0+A) per1=yree1 + A ZPT
T=1 =1

Thus, from induction on ¢, we conclude that y; ; <), <91+ A- 2;1 p- holds for any ¢, + 1 <t <t,.
Finally, when t > ¢5 + 1, note that

Yie =0+ (L—p¢) - yra—1 and ), =pe+ (1 =pe) Y144

which implies that

t

Vi =y =0=p) Wy —vre—) ==, — ) [ Q-1

T=to+1
Thus, we prove that for any 1 <¢ < T, it holds that yy s <%}, <91, +A- Zi=1 Dr.
Suppose that for a fixed 1 <1 <k, y;, <y;, and S Yps < S Yer+ A3 p. hold for each t.
We now consider the case for / 4 1. When ¢ < min{#;,,,t; ,}, from definition, we have that

I+1 I+1

Zyvt O+A)- Zpr and Zym—ﬁ pr
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which implies that foll Ypi < Zf;ll Yoo + A 23:1 p-. Also, we have

t
yl/+1,t_yl+1,t:A'Zp'r_ Zyvt Zyv,t >0

=1 v=1

where the last inequality holds from induction condition. Thus, we prove that ;1 ; <y, 41 and ZU LY + <
Zi;ll Yo + A3 p, hold for each 1 < ¢ < min{t;,s,¢,,}. Moreover, note that t,, is defined as the
first time that 6 > 1 —y;11 4, , while ¢}, is defined as the first time that 0 + A>1—y; | ey Since y; ., , >
Y41, when t <min{t;o,%,,}, we must have ¢}, <t,,,. Then we use induction on ¢ for t,+1<t<

t; 2. When t = tl+2 + 1 <15, from definition, we have

+(1 —Pt;+2+1) Y1

!
=D 417 (yztl+2 yl+1t )= Z’Jz+17t o

142

xl+17t =Py 1 yz

42Tl T 42Tl T tgo

and

+(1- Pt’+2+1) Yit1,e

)= yl+1,tl+2+1 SPey 41 Y )

Y1,

e /
H+1,t] o +1 _ptl+2+1 (yl t o

+2 +2

Note that yl’ g, > Y,

the definition of 1}, we have

/ /
and yHu2+2 > Yier), > WE gety,, iyl > Yita, EE Moreover, note that from

141 I+1
!
T < (0+A)= T,
E ot 1 SPr 41 + E t gt +A Pty ,+1
v=1

which implies that

I+1 141 I+1 I+1 42 141
E :?/v,tl+2+1 E :yv 4 + E :xv t gl = E :yv,tl+2 +A- E p; + E $v,t;+2+1 +A "D+
1+1 t1 4o +1

:Zy“’tﬂ-z'*'l—i_A. Z Dpj
v=1 j=1
L

Then suppose for a fixed ¢ satisfying ¢}, , +1 <t <{;;» — 1, it holds that y; 1, <y;,,,and > " v, ,

Zl+1 Yot +A- ZT | D-. From definition, we have

/ _ ’ ’ ’ _ ’ ’
Lig1,441 — Pt+1- (yl,t - yl+1,t) = Yip1441 = P41 Yy T (1 _pt+1) “Yiv1e

and

Tigp1,e41 S Dot (yz,t - yz+1,t) = Y1041 < Pyt ‘Yt + (1 —pt+1) Y1t

Note that y; , >y, and ¥, ; > Yiy1,0, We have y; 1 > Y141 Also, from the definition of ¢, ,, we

have

I+1 I+1
Z x;,t+1 <pi-(0+A)= Z Typ1+ AP

v=1 v=1
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which implies that

I+1 I4+1 I+1 I+1 I+1
Zy'u t+1 _Zyvt+zxvt+1 < Zyut+A ZPT +Z«Tut+1 +Api
l+1 t+1

= Zyv,t+1 +A- ZPT
v=1 =1

Thus, from induction on ¢, we prove that y;41, < yi,,, and S0 ) < S0y, +A- 320 p, hold for
any tl+2 + 1<t <t 5. Finally, when t > t;, 5 4 1, note that

Yirrt =Pt Yra—1+ (1 —=pe) - ysre—1 and Y =pe- Yo+ (1 —0e)  Yiyr,a

which implies that

yl/+1,t — Y1t =Dt (yl/,t—l — Y1) +(1=p)- (yl/+1,t—1 —Yip16-1)

It is direct to show inductively on ¢ such that 3,1, <¥;,, , and S Yoy < S 4+ A p, hold
forany ¢t > ;.0 + 1.

Thus, we have proved that for any 1 <t < 7T, we have y;1, < ?Jz/+1,t and Ziﬂl yv < Zizl Yot T
A Zf—:l p-. By the induction on [, we finally prove that for any 1 <1/ <k, y;, <y, and 2121 Yoi <
Zi} (Yot A Zt . br hold for any 1 <t <T'. In this way, we prove that y, ;(#) is monotone increasing
with 6 for any [, ¢. Moreover, note that since Z _pr <k, we have that y, (6 + A) <y;,(6) + k- A hold

for any 6, A and any [, ¢t. Thus, y; +() is a continuous function on #, which completes our proof. [J

EC.2.4. Proof of Theorem 1

Proof: Given Lemma 1, in order to prove Theorem 1, it is enough for us to construct a feasible solution
{Br1,& ) to Dual?“®®(p) in (5) such that the primal-dual pair {6*, 2, ,(6*)} and {8/, &/} satisfies the com-
plementary slackness conditions. Specifically, we will construct a feasible solution {3;,,&; } to Dual Y% (p)

satisfying the following conditions:

Br,t'<m1t( — Pt 1_21'17 >:07 VtzlaaT (ECI)

Tt

Bry (:cl,t(e*) —pe Y (w1 (07) - xl,f(e*))> =0, Vt=1,..., T\VI=2,...,k

T<t

xlt( <6lt+zp7—' /Bl‘r ﬁl+17’) 5:)20, Vt:1,,T,Vl=2,,k

T>t

Ty, (07) - (ﬁz,t +> pe B - f;‘) =0, Vt=1,...,T

T>1
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Note that from definitions, {x, ,(0*)} satisfies the following conditions:

t—1

2 (07) =0<pr Y (w1m1-(07) — 21.(67)), VE<t,

T=1

(:cl_le(H*) — {L’lﬂ—(e*)) for t + 1 <t< tl+1

HMH

»’Ult( *Pe — vat 9* S

v=1

where {¢,} are the time indexes associated with the definition of {z;:(0*)} and we define t; =0, ¢, =
T — 1. Note that we can set ¢,,; =T — 1 because we focus on the solution {x; ,(6*)}. If we consider other
solution {z;,(0)} with 6 # 6*, then we cannot have ¢, =T — 1. Having § = 6* in the solution {z;(0)}
is the only way to make ¢, ; =T — 1 consistent with Algorithm 1. Note that if we set 8 < 6*, then we
have ¢;1, =T, and then we need to set 3; = 0 to satisfy the complementary slackness. However, later
in the construction, we would set 3} - = R > 0. On the other hand, if # > 6*, the primal solution given by
Algorithm 1 is not feasible.

For simplicity, we also denote >.°_" 2, (6*) = 1 for any ¢. Thus, in order for {3; &} to satisty the

T=1

conditions in (EC.1), it is enough for {3;,,{;} to be feasible to Dual?“®*(p) and satisfy the following

conditions:
51*,15 =0 fort <t (EC.2)
T
Bt > por (B =B, =& fort>t+1 (EC.3)

T=t+1

where we denote 3; , , , = 0 for notation simplicity. We now show the construction of the solution {3, &/ }

to Dual Y3 (

p)-

We first define {7. = R, for a constant R > 0 that will be specified later. We also define ;- = R for any
l=1,... k. Then, inductively for t =T — 1,7 — 2,...,1, we follow the two steps below to specify the
value of £ and 37, forany [=1,... k.

1. We fix I’ such that ¢, + 1 <t <ty ., and we define

T
= > e (Biy =B (EC4)

T=t+1

2. Foreachl=1,..., k, we define
T
By, = max {0, &= (B, - Bl*H,T)} : (EC.5)
T=t+1

Finally, the constant R is selected such that Zthl p: - & = 1. In what follows, we show the construction of
{81, &/ } above is feasible to Dual?“®®(p) and satisfy the requirements (EC.2) and (EC.3). Our proof would
rely on the following property of {3/,,£; }, which we prove at the end of this proof.
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CLAIM EC.1. Let {B/,,&/} be constructed in (EC.4) and (EC.5). Then, it holds that

T T
ZpT ’ (/BZ*,T - /Bl*Jrl,‘r) S ZPT : (ﬁl*Jrl,'r - /Bl*+2,7') (EC6)

T=t T=t
forany t=1,....,T and any | = 1,... .k — 1. Moreover, B;, > 3., for any t =1,....,T and any | =
1,...,k

From Claim EC.1 and the construction (EC.4), we know that & is non-negative for any t =1,...,7".
Therefore, from the construction (EC.5), we know that {3;,,£; } above is feasible to Dual?“®*(p). It only
remains to show that {3 Lt &} satisfy the requirements (EC.2) and (EC.3).

Forany t=1,...,T, we fix the index !’ such that ¢;; + 1 < ¢ < ¢y, . Then for any index [ > I’, which is

equivalent to ¢t <t?,,, we have

T T
=D 0B =B )< D> v (B = Blias)

T=t+1 T=t+1
which follows from (EC.6) in Claim EC.1. Thus, we know that 3;, = 0 for any | > I’ such that ¢ <1,
which shows {;,,&; } satisfy the requirements (EC.2).
Forany t=1,...,T, we fix the index !’ such that ¢, + 1 < ¢ < ¢y ;. Then for any index [ </’, which is

equivalent to ¢t > ¢, + 1, we have

T T
f:: Z pT'(5;77_ﬁ;+1,7) Z Z pT'(ﬁZT_Bl:‘LT)

T=t+1 T=t+1

which follows from (EC.6) in Claim EC.1. Thus, we know that

Br=&=> pr (B, = Bliir)

T=t+1
for ¢ > t; + 1, which shows that {3,/ } satisfy the requirements (EC.3). Our proof of the theorem is thus
completed. [

Proof of Claim EC.1:  We prove (EC.6) by induction. Clearly, for ¢ = T', since 3/ = R > 0 for any
l=1,...,k and 3} 41,7 = 0, (EC.6) holds. We now suppose (EC.6) holds for ¢ + 1 and we consider the
situation for ¢.

We fix the index !’ such that ¢, + 1 <t <t; ;. We then consider the following two scenarios.

Scenario (i) when [ > I’. Then, from the induction hypothesis, we know that

T T
G= B =Bia) < Y P (Biv = Binyas)

T=t+1 T=t+1
for I” = 1,1 + 1,1 + 2. We thus have 3/, = 3/,,, = B/, = 0 and we directly prove (EC.6) from the

induction hypothesis.
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ecll

Scenario (ii) when [ < I’. From the induction hypothesis, it is clear to see that

- /Bl*/—‘rl,T)

T
> pe (B = Biias)-

T=t+1

T
= Z Dr- (5;,7

T=t+1
Then, we have
T
Br=6— 3 per (Bl Binr)-
T=t+1

On the other hand, from the construction (EC.5), we know
T
Braa =&+ Y v (Bl — Blias)-
T=t+1
Therefore, it holds that

T
Zp‘f' : (ﬂl*;r - /Bl*-‘rl,T) =
T=t

T=t+1

1_pt
T=t+1

From the above inequality, we have

Zp‘r ’ (Bl*-&-l,r - Bl*—i-?ﬂ') - Zp‘r : (/BI*,T - Bl*-‘rlﬂ')

T=t T=t

T
> ZPT : (Bl*+1,‘r - /87+2,T) 1 pt
T=t

T=t+1

D - (ﬁl*-i-l,t - 61*4-2,:5) +(1—pt) < Z pr- 5l+1 T /8l+2 T

T=t+1
=Dy (ﬁl*-i-l,t - Bl*-s-Q,t)

Z Dr- ﬂl‘r Bl+1‘r — Dt

T
Z Pr- (/81*,7 - BZ*-H,T) + Pt (5l*t - /Bl*—i-l,t)

Z Pr- 617’ ﬁl+1'r +pt Z Pr- Bl+1‘r 6l+2 'r)

T=t+1

T
' Z Dr- </8l*+1,7'_6l*+2,‘r)

T=t+1

T
Z DPr - (Bl*,r - Bl*—i-l,‘z'))

T=t+1

where the last inequality follows from p; < 1 and the induction hypothesis. Therefore, it only remains to

show that 3/, , , > 3/, , under the induction hypothesis, which would prove our whole claim. From the

induction hypothesis, we clearly have

T
- Z Pr- (ﬁl*-i-l,'r _Bl*-‘rQ,T) 2 €t -

T=t+1 T=t+1

which implies that

T=t+1

5;‘;” =max {O,{Z‘ —

T
Z br- (5l*+1,7 - 5112,7)} > 5l*+27t = Inax {075: -

T
Z Dr- (5112,7 - 5113,7)

T
Z Pr - (/Bl*+2,7' - /81*+3,T)} .
T=t+1

(EC.7)
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Therefore, we know that

T T
> b Bliar—Birior) = D e (Bl = Bir ) 20 (B — Biay) =0

T=t T=t
which completes our induction. Thus, we prove (EC.6) foranyt=1,...,T andany [ =1,...,k — 1. Note
that following the step in (EC.7), we can directly verify that 57, > 8/, ; given (EC.6) has been proved, for
anyt=1,...,Tandanyl=1,...,k — 1. Our proof of the claim is thus completed. [J

EC.2.5. Construction of {3;,,{;} and a Constructive Proof of Theorem 1

Given Lemma 1, in order to prove Theorem 1, it is enough for us to construct a feasible solution {3, &/}

to Dual“®®(p) in (5) such that the primal-dual pair {6*,z,,(6*)} and {81,&; } satisfies the complementary

IOCRS(

slackness conditions. Specifically, we will construct a feasible solution {£;,,&; } to Dual;; " (p) satistying

the following conditions:

Br,t'<$1t — Pt 1_lef >:O> Vt:laaT (EC8)

T<t

B (ml’t(ﬁ*) — Py 2(55171,7(9*) - mlﬁ(ﬁ*))> =0, Vt=1,....T\Vi=2,...,k

T<t

l‘l’t(e*)' (B?t—f_zp‘l'(l@l*,‘l'_ﬁl:-lm)_é-:> :07 Vt:1,,T,Vl:2,,k

T>t

0 (07) - (5;; +> o B - g;) =0, Vt=1,...,T

T>1

Note that from definitions, {x;,(6*)} satisfies the following conditions:

t—1
2a(01) =0<p D (@1o1 - (07) —20,(07)), V<
T=1
—1
w1,4(0° P — vat ") <p Z:vl A (07) =20, (07)) forty+1<t<t,,

where {¢,} are the time indexes associated with the definition of {z;:(0*)} and we define t; =0, ¢4, =

T — 1. For simplicity, we also denote """ x, (%) = 1 for any ¢. Thus, in order for {B71,& } to satisfy

the conditions in (EC.8), it is enough for {3}, £/} to be feasible to Dual?“®*(p) and satisfy the following

T=1

conditions:
51*,15 =0 fort<t; (EC.9)
T
Bt Y v (Bl —Bias) =& fort>h+1 (EC.10)

T=t+1
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where we denote 3, , , = 0 for notation simplicity. We now show the construction of the solution {3}, ;' }
to DualgCRS (p). Define the following constants for each [, q € {1,2,... k}:

ti41

. Pj 1 Djy - - - Pjg ) B
Bra= 2 om0y Gpy L G-

tl+1§j1<jg<~~<jq§tl+1 w=t;+1

and we set B o = Hi’}“:tlﬂ(l — Dw). We also define the following terms for each [,q € {1,2,...,k} and
eacht e {t;,+1,...,%41}, where {¢,} are the time indexes defined in the construction of {6*,z;,(6*)} and
we definet; =0, tp, 1 =T —1:

ti41

Apy(t) = 3 PinPsz - P i I a-p)

v <iecigstn & TP = P) e (L=pi) - 2

and we set A; o(t) = [[%} +1(1—=py). Then our construction of the solution {3/, ;" } can be fully described

as follows:
5}:5,*17T:R, Vi,=1,2,...,k

B =0, Vlh=1,2,.... k¥t <t 11

5::¢1'PTR, VZ:1,2,...,]€,th—|—1§t§t1+1 (ECII)
12—1

Bie=prR- Y Outy Ay (t), Vi=1,2,.. kNl =l +1,... kb, +1 <t <t
w:l1

where the parameters {¢;, d;, ;,, R} are defined as:

Sp=1 Vi=1,2,... k-1
Su=0 WI=1,2,... .k

lo lo+1  lo+42 k—1
5ll,l2 = E § E e E Bl2+1,w1—wo : Blg+2,w2—w1 s Bk_lvwkflflz_wk—Z—lQ : Bk,k—wk717127
wo=l1+1 wi=wo wp=wy Wk—1—1g =Wk—2—1,

Vl2:1,2,...,k:—1andl1:1,2,...,l2—1

o =1
k q w—1—1
Gr=> Y (u-rg—0uwg) (1= > By.) Vi=12,.. k-1
q=l4+1w=Il+1 v=0
and R is a positive constant such that /| p, - £ = 1. We then prove the feasibility of {B/1,& } and the
conditions (EC.9), (EC.10) are satisfied. Obviously, from definition, 3/, is nonnegative for each [ and each

t. We first prove that & is also nonnegative for each ¢.
LEMMA EC.4. Foreachly=1,2,...,kandeachl, =1,2,...,l5— 1, we have that 6;, 1, > 0y, 41 1,-

Proof: Note that when [, = k, we have that §;, = 1 for each [ = 1,2,...,k — 1, thus it holds that
01k > O1+1,5- When [y <k — 1, from definitions, we have that foreach [y =1,2,...,l5—1

lo+1 142 k—1

6[1,12 _5ll+1,l2 = § E Tt § Blg-‘rl,wl—ll—l 'Blg+2,w2—w1 s Bk—l,wk,1,l2 —WE—2—1qy .Bk,k—’wk,1712

wy=l1+1wy=wy Wh—1—1g =Wk —2—1,
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which completes our proof. [
We then show that the term 1 — ) B, is nonnegative for each [ and each g. Note that the following
lemma essentially implies that Zt““tlﬂ pe A (t)=1->"" . By, by replacing i; with ¢; and i with ¢,

in (EC.12), which establishes the nonnegativity of the term 1 — > ¢ _ B, ,,.

w=0

LEMMA EC.5. Foreach g€ {1,2,...,k} andany 1 <i,+1 <1y <T, it holds that

2

Z - Z — pj1pj2-.--qu ) H (1—p,)

S igi<hciasiy 0PI PR) - (=pi) - 25

(EC.12)

q 2

=1 Pj,Pjy - - - P . B
=1 Z Z (1-p;, )1 =pj,)...(1—pj,) H (1=po),

w=01i1+1<j1 <Jo < <Jw<ig v=41+1

Proof: 'We will do induction on g from ¢ =0 to ¢ = k to prove (EC.12). When ¢ = 0, we have that

S o T o= 3 G- [[ 1op)= 3 (H <1—pv>—n<1—pu>)

t=ii+1 v=t+1 t=iq+1 v=t+1 t=i1+1 \w=t+1 v=t
2
v=i1+1

Thus, we have (EC.12) holds for ¢ = 0. Suppose (EC.12) holds for 1,2,...,q — 1, we consider the case for
q. For any 1 <4, +1 <1, <T, we have that

19 2
P, Pjy - - - Pjq
o ) I a-»)
t=ig+1  t+1<j1<jo<<jq<ia (L=pi)(E=ps) - (1 =pie) 22,
i 19 2
Dj1Pjy - - - Pjq
= > D [ a-»)
S S e e, W) (=) (=) 2
2 Jj1—1 i2

Dijs - Djg
Z Z b 1 p]l Z (l_pjz)' ) H (1_pv)

Ji=i1+2t=i1+1 J1<j2<-<jg<i2 v=t+1
i2 2 Jji—1 Jj1i—1
_ pj1 pj2 o 'qu 1 1
Ty, () (p,) 2, B 2
j1=11+2 L j1<jo<-<jq<ig 2 7 w=j; t=i;+1 v=t+1

where the second equality holds by exchanging the order of summation. Note that for induction purpose, we

assume (EC.12) holds for g = 0, which implies that 372" pe - [[)5,0 (1 = p) =1 =T, (1 — p.).
Then we have

2

Sy Pt o) Y e T
J1 J2 * g
— 1—p,) D 1—p,)
o2 L TP J1<G2 < <jq<iz (1 =pj) - (L= pjq) v=j1 t=ig+1  v=t+1
2 2 Jji—1
Dig - -Dj
Z Dji - Z (1 — 4J; (iq_ ] ) ’ H (1 _pv> ’ (1 - H (1 _pv))
J1=i1+2 J1<ga<+<jq<ia Pl Pia) S v=ig+1
7 7 1—1
2 p]Q pJq 2 J1
Z Pjy - Z (1_ ) (1_ ) H (1_pv)' 1— H (1_pv)
Jj1=i1+1 §1<ja<--<jq<io Piz) - Piq v=j1+1 v=i1+1
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where the second equality holds by noting that when j; =i, + 1, we have 1 — fj 1:_”1 +1(I=p,)=0. Thus,
it holds that
2

Z o Z Pj1Pjs - - - Pig 7 H (1—p,)

I et i) (= p) (=) 20

= Z Dy - Z ij---qu ) H (1_pv)<1— 1__[ (1_pv)>

1—p;)...(1—p,;
J1=i1+1 j1<j2<---<qum( Pir) - (1 =Py, v=j1+1 v=iy+1

Note that for the induction purpose, we assume that (EC.12) holds for ¢ — 1. Then, we have that

) DITRD D |

o+ Dig
pjl . — — . (1 _pv)
WER eisitiasiy (LT PR) - (L=Pi) S

2

=Y 3 PirPsa -+ Pig_1 3 IT a-»)

t=i1+1 t4+1<j1 <2<+ <jg—1<i2 (1 _pj1>(1 _pjz) o (1 " Pig— v=t+1

q—1 2

—1_ Pj1Pjs - - - Pjuw . _
RED DRD DI e R e S § L

w=0141+1<71 <ja <+ <Jw <t v=i1+1

where the second equality holds from replacing the index j;,; with j; for [l =2,. .., q and replace the index

71 with ¢. Also, note that

i2 Di D i2 Ji—1
Z pj, - Z (1_ VJ; (iq_ ] ) : H (1_]%)' H (1—2%)
=il j1<Ga<<jg<ia Piz) -+ Pia) o 2ji v=ig+l
2

= DjiPjs - - - Pjq ‘ B
B 2 (1-p;)(1—pj)-.-(1—pj,) IT a-»)

11+1<71 <ja < <jg<ig v=i1+1
Thus, we have that
2

Z - Z P, Pjy - - - Py, ) H (1—p,)

t=i1+1 t+1sJ‘1<j2<---<.7q§iz(1_pj1)(1_pj2)“'(1_qu v=t+1

i2 Dir oD i2 Ji—1
R S i | (I (B 1)
J1=i1+1 J1<fa << jq<ia Pia) - Pia) oy v=ip+1
q i2
Dj\Pjy - - - Pjuw
=1- . (1—p,)
Z Z (I=pj)A=ps)---(1—pj,) H

w=011+1<71 <jo < <jw<iz v=t1+1

which completes our proof by induction on q. [J

Combining Lemma EC.4 and Lemma EC.5, we draw the following conclusion.
LEMMA EC.6. Foreachl=1,2,...,k and eacht=1,2,...,T, we have that 3, > 0 and £/ > 0.

Proof:  Note that from definition, 3;'; > 0 for each [ and t. We then show the non-negativity of §; for each
t. Note that Lemma EC.4 shows that 0;, ;, > d;,41,, foreach [, =1,2,... kandeachl; =1,2,...,l, — 1.
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q
w=0

It only remains to show the non-negativity of the term 1 — B, ,,, which can be directly established by
Lemma EC.5. Specifically, by replacing i; with ¢; and i, with ¢, in (EC.12), we have 1 — ! B, =

Zil:tll--1 pe-Arg(t) >0, O

From the definition of {f;,,£; }, condition (EC.9) holds obviously. We then prove that condition (EC.10) is

satisfied.

LEMMA EC.7. Foreachl=1,2,...,k and each t > t; + 1, it holds that

T
Br,+ Z pi (Bl —Blii) =&

j=t+1

where we denote 3}, | , = 0 for notation simplicity.

Proof: When [ =k, from definition, we have BZ ;=0 for each j <t;,; =T —1 and ﬁZT = R, thus the
lemma holds directly. When ¢t =T/, it is also direct to show from definition that the lemma holds. We then
focus on the case where [ <k —landt<T — 1.

Forafixedl <k—1landafixed?,+1 <t <7 —1, we denote an index [y > [ such that¢;, +1 <t <+%; 4.
We then consider the following cases separately based on the value of [;.

(1). When [; < k — 1, we have that
ll—l

Ble=prR->  Guiy - Al w(t) (EC.13)

w=l
also, for any ¢ +1 < j <{;, 1, we have that

-1

B[*,j - B;k+17j :pTR ' Z(éw,ll - 5w+1,l1) : All,w—l(j)

w=l

which implies that

41 11—1 t+1
> 0Bl = Biay) =prR- D (Guwis, = Suwsrn) - > D A wa(h)
j=t+1 w=l j=t+1

Note that from (EC.12), it holds that Z;g,ﬁl P Ay wa(j)=1— Z;”:_Ol Ay, 4(t). Thus, we have that

tl1+1 -1 w—I
> 0 (Bl = Bay) =prR- D> (Suis, = Ouwsrs,) - (1 - ZAll,q(t)>
Jj=t+1 w=l q=0

(EC.14)

-1

=prR-011, —prR- Z Oty * Aty w-1(t)

w=l
where the last equality holds from §;, ;, = 0. Similarly, for any I, > [; +1 and any ¢;, + 1 < j <t,44, We
have that

lo—1

Bl =B, =PrR Y (uty = Gusrty) - Aty w—i()

w=l
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which implies that
tio4+1 Ip—1 tig41
Z pi- (Bl — 51114) =prRR- Z(5w,12 — Gut15) " Z ;- Aty w-1(J)
J=tyy+1 w=l J=tiy+1

Note that from Lemma EC.5, we have that ZJLQ#H P Ay wa() =1-3. Blm. Thus, we have that

tet1 tiy+1
Z pj.(ﬁl*vj_/Bl*Jrl,j Z Z p;- 6“ /81+1J)
J=ty 41 +1 la=l1+1j=t;,+1
k lyg—1
= > prRY Gty — Susrsy) ZBM (EC.15)
lo=l1+1 w=l

w—Il—1

k lo
=prR- Z Z (5w—1,l2 - 5w7l2) (11— Z BlQ,q)
q=0

l2:ll+1 w=Il+1

Combining (EC.13), (EC.14) and (EC.15), we have that

T k lo w—Il—1
Brot > pi (B =B ) =prR-6u, +prR- > Y (Su—ray —0uws,)- (1= Y Bi,) (EC.16)
j=t+1 lo=l1+1 w=I+1 q=0
Note that
w— ll 1
=prR- Z Z w112 w12 Z BZQq
lo=l1+1w=l1+1
in order to show 3/, + Z] v Pi - (Bl = Bfi1 ;) =& itis enough to prove that
w—1—1 w—11—1
01y + Z Z w11y — Owiy) - (1 — B,,) = Z Z w1, — Ow ly) Z Bi,.,)
lo=l14+1w=Il+1 q=0 lo=l14+1w=l1+1
(EC.17)
Further note that
k lo w—I1—1
D D Ouray—dup) (1= Z Bis.o)
lo=l14+1 w=Il+1
k lo w—Il—1
= Z (5w—1,l2 wl2 Z Z Z Blgq w 1,05 _5w,lg)
lo=l14+1 w=Il+1 lo=l1+1w=Il+1 ¢g=0
k lo—1—1
= D Oy Z > B S,
lo=l1+1 lo=l1+1 ¢=0
and similarly, note that
w—11—1 lo—l1—1

E , E , O Lilg ™ wl2 E , Bl2’q E : 511712 E : E , Blz,q q+l1,l2

lo=l1+1w=l1+1 lo=l1+1 lo=l1+1 q¢q=0
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in order to prove (EC.17), it is enough to show that

k lo—1—1 k lo—ly—1
E Oy — E E Biy g 0gt10, = E Oty — § E Biy g gty 1, (EC.18)
lo=l1 lo=l1+1 ¢g=0 lo=l1+1 lo=l1+1 g=0

When [; =1, it is direct to check that (EC.18) holds. The proof of (EC.18) when [; > [ + 1 is relegated to
Lemma EC.8. Thus, we prove that when /; <k — 1, it holds that 3}, + Z] v P (B = Bl ;) =&
(ii). When [; = k, we have that

k—1
Bl =prR->  Apwoi(t)
w=l

and foreacht+1 < j <T —1, it holds that

ﬁj—/@fﬂ,j:pTR' (ZAk w1 (] Z Apw—i-1( >_pTR‘Ak,k—1—l(j>

w=Il+1

Note that ;' = 8}, 7 = R, we have
T—1 T—1
B+ Y i (B = Bi,) =prR- (Z Aew )+ D vy Ak,klz(j)>
j=t+1 j=t+1
Note that from (EC.12), it holds that Z _Hlp] Aprp-1-(j)=1— Zk ALt 4(t). Thus, we have that

T-1
Biet Z pi- (B, —Biyi;) =prR=¢&

j=t+1

which completes our proof. [

LEMMA EC.8. Foreachl=1,2,....,k—1andeachl, =1,l+1,...,k—1, it holds that

k lg—1-1 k lo—1l1—1
E : 51,12 - § E : Blz q q+l lp = E : 611,52 - E E : Blz q q+l1 la (EC.19)
lo=ly lo=l14+1 ¢g=0 lo=l1+1 lo=l1+1 ¢=0

Proof: 'We now prove (EC.19) by induction on [ from [ =%k —1to!=1. When [ = k — 1, we must
have [, =k — 1 =1, then (EC.19) holds obviously. Suppose that there exists a 1 <!’ < k — 2 such that for
any [ satisfying I’ +1 <1 <k — 1, (EC.19) holds for each [, such that [ <[, <k — 1, then we consider the
case when [ =[’. For this case, we again use induction on /; froml; =k —1tol; =1+ 1=1'+ 1. When

l; = k — 1, we have that

k k lg—1-1 k—1—1
E Oy — E E Biy g 0gtiiy = Otk—1+ 01k — E Byg 0grik
lo=ly lo=l14+1 ¢g=0 q=0

and

k lo—1l1—1

k
Y G — > Y Big Sttty =0k-1k — Bro-dkoia

lo=l1+1 lo=l1+1 ¢=0
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Further note that from definition, 6, , =1 foreachv <k—1and 6, ;1 = ZZ;;H By j—wy = Zz;ifl B4

it is obvious that (EC.19) holds when [; = k — 1. Now suppose that (EC.19) holds for /; 4+ 1 (we assume

[y > 141 since when [; = [, it is direct from definition that (EC.19) holds), we consider the case for /;. Note

that
11 k k lo—1—-1
LHS of (EC.19) =011, = > Bis1g-0gsrnsit D Ois— D Y Biyg-0giis,
q=0 lo=l1+1 lo=l14+2 ¢=0
and
k k k lo—1l1—2
RHS of (EC.19) =61, 1,41 — 3 Biytgty—1 01+ Y Outs— 3 O BiogSotiii,
lo=l1+1 lo=l1+4+2 lo=l14+2 ¢=0

Since we suppose for induction that (EC.19) holds for [, 4+ 1, we have that

11—l

k
(EC19) holds for (l, ll) -~ 51)11 — Z Bl1+1)q . 6q+l7l1+1 == 511,l1+1 - Z Blz,lgfllfl . 6l271,l2

q=0 lo=l1+1
Further note that we have supposed for induction that (EC.19) holds for (I + 1,1;), which implies

l1—1-1

k
5l+1,ll - E Bl1+1,q ' 5q+l+1,ll+1 = 6l1,l1+1 - E Blg,lg*llfl ' 6[271,[2

q=0 lo=l1+1
Thus, it holds that

li—1

(EC.19) holds for (,11) < 611, — 01110, = Y Biyt1g " (Sgtty 41 — gisty41)

q=0
Finally, from definition, we have
L+l 142 k-1

Oy =0, = > > e ) By t1w—1-1-Biyt2,wp—wy - Br—twg 1wy oy, Brk—wy 4y,

wy=l+1wy=w W—1—1; =Wk —2—1;
and

l1+2 k—1

Sgrtit1 —Ogririnsr = D - > By v2mwg—g-1-1 - Brvwy iy —wy oy Brk—wy 1y,

wy=q+I+1 W1 -] =Wk —2—1

which implies that

Ii—1

Oy, — Oy = Z Biyi1.q (Ot 41 = Sgyir10y41) (EC.20)

q=0
Thus, from induction, we prove that (EC.19) holds for each I; > [ 4 1. Note that (EC.19) holds obviously
for I, = I, (EC.19) holds for each [, > [. From the induction on [/, we know that (EC.19) holds for each
1<I!<k—1andeach!<Il; <k —1, which completes our proof. []
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Finally, we only need to prove feasibility of {;,,&; } in the following lemma.

LEMMA EC.9. Foreachl=1,2,...,kand eacht=1,2,...,1,, it holds that

T
Bro+ D> pi- (B —Bray) =&

j=t+1

where we denote 3, , = 0 for notation simplicity.

Proof:  Note that from Lemma EC.4, we have 9,1, > 0.41,,, which implies that 3;'; > 3, , ; for each
[ and j. Thus, we have that foreacht=1,2,...,1,, it holds that

T T
Bivt D 0 (Bl = Bia) =B+ Y vt (B —Biiy)

Jj=t+1 J=t1+2

Further note that Lemma EC.7 implies that

n
Bly+1t Z pi (Bl = Biiay) = &1

j:tl+2
Thus, it is enough to show that £ < gt*ﬁl foreacht=1,2,...,%,. From the definition of ¢/, it is enough to
show that ¢; < ¢; 1. When ! =k — 1, we have ¢, 11 = ¢, =1 and ¢, = ¢,_; = 1 — By o, which implies that
Or_1 < ¢r. When [ < k — 2, from definition, we have

k

k q
¢l - ¢l+1 = Z (6l,q - 5l+1,q) . (1 - Bq,O) - Z Z (5w71,q - 6w,q) . Bq,wflfl

q=l+1 q=l+2 w=1+2
Note that in the proof of Lemma EC.8, we proved (EC.20), then when k — 1 > ¢ > [+ 1, we have
q—1 q+1
Ora = 0ti10= ) Batrw Bustgrr = Surtirgr) = D Bortw-io1- Gut001 = Sugr)
w=0 w=I+1
Thus, it holds that
k—1 k=1  gq+1
1= Qi1 =— Z (O,g = 0141,4) - Byo + Z Z Bytw—i-1 (6w-1,411 = Ouw,gt1)
q=l+1 q=l+1w=I+1

k q
o Z Z (Ow-1.4 = 0w,q) " Bgw-1-1

q=l+2 w=I1+2

k—1 k—1
= Z (5l,q - 5l+1,q) 'Bq,O + Z Bq+1,0 ’ (6l,q+1 - 5l+1,q+1)

g=l+1 q=l+1
=—DBit1,0- 01,41 <0

which completes our proof. [

Together, Lemma EC.6, Lemma EC.7, and Lemma EC.9 establish the feasibility of { /Bz*,u &' }. Then, from
the definition of {3;,,&; }, obviously condition (EC.9) is satisfied and from Lemma EC.7, condition (EC.10)

is satisfied. Thus, we finish the proof of Theorem 1.
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EC.2.6. Proof of Lemma 2

Proof:  Since we have LPY**(p) = Dual?“®*(p), it is enough to consider the dual LP Dual“**(p) in

(5) and prove that Dual?**(p) > Dual?“®®(p). Suppose the optimal solution of Dual?“"*(p) is denoted
|OCRS(
k

as {B/,,&; }, as constructed in (EC.11), we then construct a feasible solution {B14,&} to Dua D) as

follows:
&=¢ Vi<t<g, gq:£q+1:§;7 §=§& Vg+1<t<T
Bu=B, Vi=1,....k¥1<t<g
th:/él,q-i-l:ﬁzq Vi=1,...,k
B =P, YI=1,...kVg+1<t<T

Note that we have

T+1

T
Dua|2CRS(p) = Ept Bre= Zﬁt B
t=1 t=1

it is enough to prove that {3, ;, &, } is feasible to Primal(p, k). Obviously, we have {3, ;,&,} are non-negative

and Zf:ﬁl P& = ZtT:l pe-&§; = 1, then we only need to check whether the following constraint is satisfied:

Be+ Y B (Bur—Biirs) =& 20, VI=1,... kVt=1.T+1 (EC.21)

T>t

where we denote Bk+17t = 0 for notation simplicity. Note that when ¢ > ¢ + 1, we have that

B+ b Bir=Bins) =& =B+ pr (Bl —Blia,) =& 20, Vi=1,...k

T>t T>t

and when 1 <t < ¢ — 1, we also have

Bet Y B Bur = Biors) =& =81+ _pr (B, = Bia) —& =0, Vi=1,... .k

T>t T>1
by noting p, + p,+1 = p,- Now we consider the case when ¢ = ¢, then for each [ =1,..., k, we have
T+1 T+1
Biqt+ Z Pj (Bi-1,j — Bij) =& = Brg + Z Dj (Bio1j = Burj) = &+ Par1 - (Bi1.901 — Brgr1)
Jj=q+1 Jj=q+2
T
=Byt > 0 (Bra, =B —&ope- (1—=0)- (Bl 1,—Bry)
j=q+1

>pg-(1=0)-(Bi_1,g = Biy)

Thus, it is enough to show that 5", , > 3/, to prove feasibility. Note that from Lemma EC.4, for each I, =
1,2,...,kandeach l; =1,2,...,ly — 1, we have d;, ;, > 0y, 41,,, then, it is direct to show that 8 , , > 3],

from the construction (EC.11), which completes our proof. [
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EC.2.7. Proof of Proposition 1

Proof: We consider the following problem instance H. At the beginning, there are two queries arriving
deterministically with a reward 1. Then, over the time interval [0, 1], there are queries with reward r; > 1
arriving according to a Poisson process with rate A. At last, there is one query with a reward “2 arriving
with a probability € for some small € > 0.

Obviously, since r; > 1 and € is set to be small, the prophet will first serve the last query as long as it
arrives, and then serve the queries with a reward r; as much as possible, and at least serve the first two

queries. Then, we have that

E;p[VE(I)] = Vi=ry+2- exp(=A)+(ri1+1)-Aexp(=A)+2r - (1= (A+1)-exp(—=A) + O(e)
Moreover, for any online algorithm 7, we consider the following situations separately based on the number
of the first two queries that 7 will serve.

(i). If = will always serve the first two queries, then it is obvious that E, ;. .p[V ™ (I)] = 2.

(i1). If 7 serves only one of the first two queries, then the optimal way for 7 to serve the second query will
depend on the value of r; and r5. To be more specific, if r; > o, then the optimal way is to serve the query
with reward r; as long as it arrives, and if r; < r,, then the optimal way is to reject all the arriving queries

with reward r; and only serve the last query. Thus, it holds that
ErrorVT(I]<V(1):=14exp(—A) -ra+ (1 —exp(—A)) -max{r;,rs} + O(e)

(iii). If 7 rejects all the first two queries, then conditioning on there are more than one queries with reward
ry arriving during the interval [0, 1], the optimal way for 7 is to serve both queries with reward r; if r; > 7y

and only serve one query with reward ry if r; < 5. Then, it holds that
Error[VT(I)] <V (2):=exp(—A)-ro+A-exp(—A) - (r1+72)+ (1 —(A+1)-exp(—A) - (r1 + max{ry, 2 })

Thus, we conclude that for any online algorithm 7, it holds that

Errr[V"(D)] _ max{V(1),V(2).2}

LA A A): 2
By plvor(n) =0T v
where we can neglect the O(¢€) term by letting e — 0. In this way, we can focus on the following optimization
problem
T1>11,I7}2f>1’>\g(7’l17 T2, )\)

to obtain the upper bound of the guarantee of any online algorithm relative to the prophet’s value. We
can numerically solve the above problem and show that when r; = r, = 1.4119, A = 1.2319, the value of

g(r1, 79, A) reaches its minimum and equals 0.6269, which completes our proof. [
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EC.2.8. Proof of Theorem 2

Proof: Foreachp= (py,...,pr) satisfying Zthl p¢ = k, since each irrational number can be arbitrarily
approximated by a rational number, we assume without loss of generality that p, is a rational number for

each t,i.e., p, = 5t where n, is an integer for each ¢ and IV is an integer to denote the common denominator.

np—1
N

1 ni—1 no nr

. . 1
We first split p; into + and NN M e

to form a new sequence p = (

). From Lemma 2, we

know LPOR®(p) > LPYR®(p). We then split "L into + and ™.=2 and so on. In this way, we split p,

L ny ZZ) and Lemma 2 guarantees that

into n; copies of + to form a new sequence p = (+,..., 1> 52, ..., 2

LPOR3(p) > LPO“R®(p). We repeat the above operation for each ¢. Finally, we form a new sequence of

arrival probabilities, denoted as pV = (%, ..., &) € RV¥* and we have LP{®*(p) > LPYF°(p").
From the above argument, we know that for each p = (py, ..., pr) satisfying Zthl p, = k, there exists an

integer N such that LPY®®(p) > LP9“R*(p™), which implies that
. OCRS R TI OCRS/, N
p:zlflpft _, P (p) =lminf LP,=(p™)

Thus, it is enough to consider liminf y_, ., LPO<R®(p™).
We denote gy (t) = (91.0(%), ..., Ur.o(t)). We define a function fy(-) = (f10(:),..., fro(-)), where we
denote 3o o(t) =1 and foreach [ =1,...,k—1
0, if giro(t) <10
fro(@io, - ko, t) =< Ti—10(t) = (1=0), if go(t) <1 —=0<17_1,(t)
Gi—1,0(t) = Te(t),  ifget)>1-6
and
0, ifgr_10(t)<1-0
fk-,tﬂ)(ﬂl,fn---,?Jk,eylf):{~ o
Jr-1,0(t) = (1—=0), ifGrr,6(t)>1—0

Moreover, variable (71,. .., 7, t) belongs to the feasible set of the function f; 4(-) if and only if y,_1 > v,
forv=1,...,k — 1. Then, for each 6 € [0, 1], the function g, (¢) in Definition 3 should be the solution to
the following ordinary differential equation (ODE):

dyo(t)
dt

= fo(go,t) fort e [0, k] with starting point g,(0) = (0,...,0) (EC.22)
For each integer N and p" = (=, ..., ~) where |[p"||; = k, for any fixed 6 € [0, 1], we denote {x, (6, N)}

as the variables constructed in Definition 1 under the arrival probabilities p”¥, where [ =1,...,k and t =

1,..., Nk. We further denote yw,N(%) = Zt x1+(0,N) and denote yo N (-) = (Y1,0.8(-)s- -, Yro.n(+))-

=1

It is direct to check that foreach t =1,..., Nk, it holds that

o () v (D () = Folaon, )
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Thus, {ye,n (%) }vico,r) can be viewed as the result obtained from applying Euler’s method (Butcher and
Goodwin, 2008) to solve ODE (EC.22), where there are Nk discrete points uniformly distributed within
[0, k]. Note that for each 6 € [0, 1], the function fy(-) is Lipschitz continuous with a Lipschitz constant 2
under infinity norm. Moreover, it is direct to note that for each 6 € [0, 1] and each ¢ € [0, k], it holds that
| fo(4,t)|lc <1.Then, for each 6 € [0,1], each ¢,,¢, € [0,k] and each I =1, ..., k, we have

| dgie(t1) B dgie(t2)
dt dt

| <2 |go(t1) — Yo (ta)|loe <2 [t — 1o

Thus, we know that

dgie(ts)

7 Sty —ta)| <2+ (t —ta)°

[1,6(t1) — Tuo(t2) —

We can apply the global truncation error of Euler’s method (Theorem 212A (Butcher and Goodwin, 2008))

to show that y, n (k) converges to gy (k) when N — co. Specifically, we have

v () = o) o < (exp(2K) 1) -

Now we define Y (0) = g, (k) as a function of 6 € [0,1] and for each N, we define Yy (0) = yy. o n (k)

v € [0,1] (EC.23)

as a function of 6 € [0, 1]. (EC.23) implies that the function sequence {Yy }yx converges uniformly to the
function Y when N — oco. Note that for each N, the function Yy (6) is continuously monotone increasing
with 6 due to Lemma EC.2, then from uniform limit theorem, Y (#) must be a continuously monotone
increasing function over 6. Thus, the equation Y (#) = 1 — 0 has a unique solution, denoted as ;. For
each N, we denote 6% as the unique solution to the equation Yy (0) = 1 — 6, where we have that 6% =
LPORS(p™N). Since {Yy }yn converges uniformly to the function Y, it must hold that v} = limy_, . 6%,

which completes our proof. [

EC.3. Proofs in Section 4
EC.3.1. Proof of Proposition 2

Proof: The proof is the same as the proof of Proposition 3.1 in Jiang et al. (2022).
Consider a problem setup H with 4 queries and

1-2¢ 1

n e T (repnd)=(r/eel)

(r1,p1,d1) = (r,1,€), (r2,p2,dy) = (r3,p3,ds) = (

for » > 0 and some € > 0. Obviously, if the policy 7 only serves queries with a size greater than 1/2, then
the expected total reward is V]* = r. If the policy 7 only serves queries with a size no greater than 1/2, then

the expected total reward is VJ = r. Thus, the expected total reward of the policy 7 is
V™ =max{V],Vi}=r+0(e)

Moreover, it is direct to see that Zle p: - dy = 1, then, we have UP(H) = 4r. Thus, the guarantee of  is
upper bounded by 1/4 + O(e), which convergesto 1/4 as e — 0. [
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EC.3.2. Proof of Theorem 3

Proof: It is enough to prove that the Best-fit Magician policy 7., in Algorithm 2 is feasible when v =

1

372 In the remaining proof, we set v =

37—z For a fixed t, and any a and b, denote i, ,(a,b] = P(a <
X, < b) assuming X, is well-defined, it is enough to prove that 11, ,(0,1] <1 — ~ thus the random
variable X t+1, 1s well-defined.
We define U, (s) = j1,(0, s] for any s € (0, 1]. Note that by definition, we have E[X,,] =~ 3" _, p, -
d, <. From integration by parts, we have that
B 1 1
> E[X,.] = / | sdU(s) = U(1) - / | Uis)ds (EC.24)

0

We then bound the term f;:o Ui (s)ds. Now suppose U;(1) > v, otherwise U;(1) <~ immediately implies
that U;(1) < 1 — ~, which proves our result. Then there must exist a constant u* € (0, 1) such that y - u* —
v -In(u*) = Uy (1). We further define

1
min{s € (0,1/2]: Uy(s) >v-u"}, ifUt(ﬁ)Zy-u*
1 1 )
57 lfUt(§)<’7u

Denote Uy (s*—) = lim,_, 4« U;(s), it holds that

1 s*— 1/2 1-s* 1
/ Uy(s)ds = / Us(s)ds + / U,(s)ds + / U,(s)ds + / Us(s)ds
s=0 s=0 s s=1—s*

=s* s=1/2
1/2 1-s*
<s*-(U(s*=)+ U, (1 U,(s)ds U,(s)ds
<5 WU+ [ odst [ o
1/2 s
<oty =yt + [ Ul =y as

where the last inequality holds by noting that U;(s*—) < yu* and for any s € [s*,1/2], from Lemma 3,

UtT(S‘) < exp(—w), which implies that Ut(;s) < Uﬂgs) - ln(Uﬂgs)). Note that for any

s € [s*,1/2], we have that v - u* < U,(s*) < U(s) <U,(1/2) <+, where U;(1/2) <~ holds directly from

we have

Lemma 3. Further note that the function 2z — « - In(x /) is a convex function, thus is quasi convex. Then,
for any s € [s*,1/2], it holds that

U (s)
Y

2U;(s) — - In( ) <max{2yu* —v-In(u*),2v}

Thus, we have that
1
/ Ui(s)ds <s*- (2yu* —~-In(u")) + (1/2 — s*) - max{2yu* — v -In(u"),2v}
s=0

If 2yu* — - In(u*) < 27, we have f::o U(s)ds < 2s*y + v — 28*y = 7. From (EC.24), we have that
Ui(1) <2y<1—17.
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If 2yu* —~y - In(u*) > 27, we have fsl:o Uy(s)ds <~yu* — % -In(u*). From (EC.24) and the definition of u*,

we have that
U(l)=~u" —v-In(u") <y+~yu* — % In(u”)

which implies that u* > exp(—2). Note that the function = — In(x) is non-increasing on (0, 1), we have

U;(1) <~v-exp(—2) 4+ 27y =1 —~, which completes our proof. [

EC.3.3. Proof of Theorem 4

Proof: We denote by d, the size of query t. Then, we have p = (p1,...,p;) and D = (d,...,dr). For
y query p=(p p

each € > 0, we consider the following p and D:

1-2 1
< —+e¢) forall2<t<T—1 and (pr,dr)=/(¢1)

(p1,d1) = (1,¢), (pt,dt):(m72

It is direct to check that Zthl pe-dy = 1.
We denote by #* the maximum ratio in the knapsack OCRS problem. We now focus on the last query
(pr,dr) = (e,1). Note that in order to accept this last query with probability #*, we must not accept any

query during the period 1 to period 7' — 1, with probability at least 8*. Therefore, it holds that
0" <1— P(accept some query t <T —1)
< 1— P(accept query 1 and all queries 2 < ¢ <T — 1 are inactive) — P(accept some query 2 <t <T —1).

Note that we can bound

1—2e¢ =
P(accept query 1 and all queries 2 <t <T —1 are inactive) =60* - [ 1 - ———F——
facceptaquery Landall queries 2 <1< = (- i)

=60"-e 2+ 0(e).

On the other hand, we know that
T-1
P(accept some query 2<t<T —1)=0"- Zpt =260"+O(e).
t=2
Therefore, when € — 0, the optimal value 8* must satisfy the inequality
0" <1—0"-e?—20"

which implies that 8* < ﬁ Our proof is thus completed.
O
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EC.4. Proofs in section 5
EC.4.1. Proof of Lemma 4

Proof: We prove (13) by induction on t. When ¢ = 0, since ji0,(0,0] =0 for any 0 < b < 1/2, (13)
holds trivially. Now suppose that (13) holds for ¢ — 1, we consider the case for ¢. Denote F; as the support
of cit and for each d; € F;, we denote 1, ~(d;) as the threshold defined in (12). Then we define the following

division of F;:
Fir:={d € Fi:m~(d;) =0and d; <b}
Fro={d, € Fi:mu~(d) =0and b< d, <1—b}
Fiz={dir€ Fy:ni~(d;) >0and d; <1—b}
Fira=A{di€e Fy:m~(dy)=0and 1 —b<d,}
Fis={di€ Fy:nio(d;)>0and 1 —b<d;}

Note that for each d; € F;, n;4(d;) = 0 implies that a measure p;(d;) - (v; — pt—1~(0,1 — d;]) of empty
sample paths will be moved to d, due to the inclusion of realization d, when defining X +~- More specifically,
the movement of sample paths due to the inclusion of each realization d; € F; can be described as follows:
(i). For each d; € F; ;, obviously, p;(d;) - (¢ — pte—1~(0,1 — d;]) measure of sample paths, which is upper
bounded by p;(d;) - (v — p—1,(0,1 — b]), will be moved from 0 to the range (0,b], while a quantity
ai(d;) < p(dy) - pe—1,~(0,b] measure of sample paths will be moved out of the range (0, b]. Moreover, at
most p;(d;) - pi—1.~(0, b] measure of sample paths will be moved into the range (b, 1 —b].

(ii). For each d; € F; 5, p:(dy) - p11—1,~(0, b] measure of sample paths will be moved out of the range (0, b].
Moreover, p;(d;) - (V¢ — pt—1,~(0,1 —d;]) measure of sample paths, which is upper bounded by p;(d;) - (; —
ti—1~(0,0]), will be moved from 0 into the range (b, 1 — b], while at most p;(d;) - p1—1 ~(0, b] measure of
sample paths will be moved from (0, b] into (b, 1 — b]. Thus, the measure of new sample path that is moved
into the range (b, 1 — b] is upper bounded by ; - p;(d;).

(iii). For each d; € F, 3, then a quantity as(d;) < pi(d;) - p4—1,~(0,b] measure of sample paths is moved
out of the range (0,b], and at most p;(d;) - f1;—1.,(0,b] measure of sample paths is moved into the range
(b,1—b].

(iv). For each d; € F, 4 or d, € F; 5, since d, > 1 — b, obviously, no new sample path will be added to the
range (b, 1 — b] due to the inclusion of such realization d; when defining Xm, while the measure of the
sample paths within the range (0, b] can only become smaller.

To conclude, denoting

a; = z a;(dy) and p, = Z pi(d;) and py = Z pi(d;) and a3 = Z as(d;) and ps = Z pe(dy)

dt€Ft1 dt€Ft1 di€Ft 2 di€Ft 3 di€Fy 3
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we have that

fe(0,0] <prp—1~4(0,0] 4+ (v — p1e-14(0, 1 = b]) - p1 — a1 — pre—1.4(0,b] - P2 — as (EC.25)
and

L (0,1 = 6] < 11 (b1 =B +ay +; - Po + a (EC.26)

Moreover, it holds that p; + ps + p3 < 1. We now consider the following two cases separately.

Case 1: If p; > 0, then we must have v; > 11,1 (0,1 — b]. Notice that p; <1 — p,, from (EC.25), we have

H4(0,0] < i 14(0,0] + (72 — pre—-1,7(0,1 = B]) - P1 — a1 — p11-1,4(0,0] - P2 — as
< pe14(0,0] + (72 — pe—1.4(0,1=0]) - (1 = p2) — a1 — ps—1.4(0,8] - P2 — a3
= (Ve = pe-14(b,1=0]) - (1 = P2) —a1 —as
< (M= peo14(0, 1 =0]) - (1 = P2) —a1 —ay (EC.27)

where the last inequality holds from +; > ;. Moreover, from (EC.26), we have that

1 1 VeD2 1 1
exp(—— - b,1—0b]) >exp(—— - pty_1.~(b,1 —b| — -exp(—— a1 — —-a
p( " I 1) p( " fhe—1~( ] 71) p( " 1 " 3)
1 1 1
>exp(—— pie—1~(b,1 =b] —p2) -exp(—— a1 — —-a
> exp( ol 1 ( ] — D) - exp( e 3)
> exp(— 1y (by 1~ B = ) - (1=~ a1 — — -ay)
exp(—— - s ,1-0] — (1l——-a1——-a
= €Xp " Hi—1,~ P2 " 1 " 3
1 A
= exp(—— 'Mt—l,w(b, 1-— b] _P2)
T
(1 (01 =B = ) - (— -1+~ -a)
_eX _— _ s — p— . 7.0/ 7.0/
p " He—1,~ D2 " 1 " 3
1 . 1 1
>exp(—— p—14(b, 1 —=b] —pa) — — a1 — — - a3 (EC.28)
71 71 71

where the second inequality holds from ~; > ~,, the third inequality holds from exp(—x) > 1 — z for any

x > 0 and the last inequality holds from exp(—x) < 1 for any = > 0. Further note that

1 . 1 . 1 .
exp(—%-,ut_lﬁ(b, 1—=b]—po) = eXp(_I'/’Lt—l,'ya)? 1-b])-exp(—p2) > (1—1'/%—1,7([% 1-b])-(1—p2)

From (EC.27) and (EC.28), we have

1 1 1 1
exp(——- b,1-b))>(1—— p—14(b,1=0])- (1 —pP2) ——-a1——-a
p( " ¢ 1) > ( b U 1) (1—p2) " 1 " 3
1
Z % ',ut,'y(o7 b]

Case 2: If p; = 0 which also implies a; = 0, then we have

frt(0,6] < g1y 4(0,0] = p1y—1 ~(0,0] - P2 — as (EC.29)
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and
(0,1 —=0] < pip—14(b,1 =0+ Pa+as < pru—1~(b,1 —b] +71 - P2+ as

Thus, it holds that

1 1 R 1
exp(—— - pr (b, 1 —b]) > exp(—— - p1y_1,4(b, 1 —b] — o) - exp(—— - as)
71 71 71
1 1
>exp(—— py_1~(b,1 =0 —ps)- (1 — —-a
> exp( " fhi—1~( ] —p2) - ( " 3)
1 1
>exp(—— - py_1~(b,1 —=bl —pPs) — —-a
> exp( " ot m( ] P2) " 3
1 ~ 1
> exp(—— - fie—1(b,1 =b]) - (1 = o) — — - as
T 71
1 . 1
>~ piy14(0,8] - (1= o) — — - ag (EC.30)
Y1 71

where the third inequality holds from exp(—a) < 1 for any a > 0 and the last inequality holds from induction
hypothesis. Our proof is completed immediately by combining (EC.29) and (EC.30). O

EC.4.2. Proof of Theorem 5

Proof:  For each fixed t, we define Uy (s) = j; (0, 5] = P(0 < X, , < 5) for any s € (0, 1]. Note that by
Algorithm 3, we have E[)N(t,,] = Zizl - - ¥, . From integration by parts, we have that

nyT-wT:IE[Xm]:/ stt(s):Ut(l)—/ U, (s)ds (EC.31)
s=0 s=0

T=1

We then bound the term f::o U,(s)ds. If U;(1) < 1, then we immediately have

t
P(Xt,wzo)zl—%Zl—’Yl—Z’YT'¢T

T=1
which proves (14). Thus, in the remaining part of the proof, it is enough for us to only focus on the case
Ut(].) > Y1
If U;(1) > 7, then there must exists a constant u* € (0, 1) such that

y1-ut =1 - In(u”) = U (1).

‘We further define

1
min{s € (0,1/2]: Uy(s) >y, -u"}, ifUt(i)Zvl-u*
1
27

Following the proof of Theorem 3, we can show that

. 1 .
if Ut(i) < Y1 U

1
/ U(s)ds <s*-(2v1-u” —7 -In(u”)) + (1/2 — ") - max{2vy;, - u* — v - In(u*), 2y }
s=0
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We further simplify the above expression separately by comparing the value of 2v; - u* — 7y, - In(u*) and

2’}/1.
Case I:If 27, - u* — 1 - In(u*) < 27;, we have f::O Ui(s)ds < 2s*y; +7 — 2s*y; = ;. From (EC.31), we

have that

Ut(l) §71 +Z'77' '1/}7'

T=1

Case 2: 1f 2y, - u* —~; - In(u*) > 27, we have f::o Ui(s)ds <1 -u* — 2 -In(u*). From (EC.31) and the

definition of ©*, we have that

t
V1) = -w" =71 In(u) € 3y b 9" = - Inu”)

=1

The above inequality implies that
2 t
u” > exp(ii ’ Z’Y‘r ! ¢‘r)
n T=1
Note that the function = — In(z) is non-increasing on (0, 1), hence we have
t 2 t
U(1)<2:> 7 ¥ +m -exp(—;-Z%-wT)
T=1 1 T=1

Combing the above two cases, we conclude that
t t 2 t
Ut(l) S max{71 + Z’YT : 1/}7'7 2- Z’YT : w‘r +’71 : eXp(_? ' Z’YT : 1/}7)}
T=1 T=1 1 T=1
Note that P(X,., =0) =1 — U,(1), we conclude that

t t t
5 . 2
P(Xt,'y :0) Z mln{l - 71— Z,YT '¢T7 1-2 Z’YT 'w‘r - M 'eXp(_I : Z’VT 1/17)}
=1 =1

T=1

which completes our proof. [J

EC.4.3. Proof of Lemma 5

Proof:  Since the function h,(-) is non-increasing and non-negative over [0, 1], it is direct to see that
1>2% 229020

Note that foreacht=1,...,T, we have

ki t
/ By (T)dT = Z Yr - Pr
7=0 T=1



e-companion to Jiang, Ma and Zhang: Multi-unit Prophet Inequalities and Online Knapsack ec31

and o > ;. Then, foreach ¢t =1,...,7 — 1 and each 7 € [k;, ki+1], it holds that

T kt

t
hoo ()T <1 =40 =Y Ao -t

/=1

hvo(T)Sl—%—/

/=0

hoyo (T)dT" <1 =9 — /

/=0

which implies that

t
Sen <130 — 3 At

/=1
since 4, is defined as the average of function h.(-) over [k, kyy1] in (18).

Similarly, note that the function 2x + v, - exp( - ) is monotone increasing when x > 0. Then, for

2
T
eacht=1,...,T —1andeach 7 € [k, k;, 1], we have

T / / 2 i ! !
hoy(7) <1—2- hoo (T7)dT" — 70 - exp(—— - hyy (T7)dT")

7/=0 Yo =0

ki 2 kt
gl—z/ thwf—%fmF-'/ oy (7))

=0 Yo
¢ 9 t
=1-2. Z%"%' — Yo - exp(—— - Z’%"ﬂ)ﬂ)
/=1 o /=1
which implies that

t

t
. . 2 .
’Yt+1§1—2'§ %"Tﬁr'—’YO'eXp(—,?'E Yrt - Prr)
0

/=1 '=1
since 4, is defined as the average of function h., (-) over [k, k;11] in (18). Thus, we conclude that {%,}/_,

is a feasible solution to OP(¢)). O

EC.4.4. Proof of Proposition 3

It is enough for us to consider a problem setup H with T" queries, where each query has a deterministic size
% + % and is active with probability % It is clear that UP(#) = 1. However, any online algorithm 7 can
serve at most one query, given at least one query has arrived. Then, the expected capacity utilization of any

online algorithm 7 is upper bound by

trh-a-a-2n="" 1o

This implies an upper bound % as T'— oo.



