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Electronic Companion

EC.1. Additional Discussion of Related Learning Paradigms
EC.1.1. Inverse reinforcement learning

Inverse Reinforcement Learning (IRL) is the problem of estimating the reward function of a rein-
forcement learning problem (see Russell (1998), Ng and Russell (2000) and Arora and Doshi (2021)
for a recent survey). Since reinforcement learning can be used to solve MDPs, early IRL methods
are fundamentally similar to Inverse MDPs (see Section 3.3). However, modern IRL methods draw
more from the machine learning and reinforcement learning literature (Sutton and Barto 2018).
Nonetheless, the similarity of problems suggest that new data-driven inverse optimization methods
may be obtained by adapting IRL techniques.

A reinforcement learning problem is defined by the tuple (S,.A4,p, 0,v) comprising a state space,
action set, transition probabilities, reward function, and discount factor. We deviate slightly from
the notation of Section 3.3 and refer to specific rewards and value functions as 6(s,a) and v(s),
respectively. We assume without loss of generality that there is an initial state sq from which all
trajectories begin. In IRL, we may observe a policy 7(s) from an agent, or instead only observe N
length T state-action trajectories D = {7;}¥., where 7, := ((s0,a}), (si,a%),...,(s%,a%)). The goal
is to estimate a reward vector @ for which the observed policy or trajectories are optimal.

Early IRL methods observe a policy 7 and solve an inverse problem with convex programming.
For instance, the original Max-Margin framework estimates a reward function such that the actions
taken by 7r achieve higher expected rewards than any other actions (Russell 1998, Ng and Russell
2000, Abbeel and Ng 2004, Ratliff et al. 2006). Let ¢(s,a) :=0(s,a) +v3 s P(s']|s,a)v(s’) be the
state-action ¢-function. Then, given a policy 7, the Max-Margin loss function is

() =3 (s~ _mx alsva)).
The above loss computes the difference in ¢g-values between the actions from an observed policy and
the next best action. For MDPs where the reward only depends on the state, i.e., 8(s,a) = 6(s) for all
a € A, Ng and Russell (2000) note that this loss is a convex function of 8. They formulate a convex
program where the estimated reward is constrained to ensure that the observed policy satisfies an
optimality condition for the MDP. Below, we present a variant of the original formulation:

BIE%a:ii,q eMM(ﬂ-)_Huonl

s.t.  q(s,a) :0(s)+72p(s’|s,a)v(s’), VseS,Vae A
s'eS (EC].)
v(s) >q(s,a), VseS,acA

v(s)=q(s,a’), VseS, d =7(s).
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Algorithm 1 General max-margin inverse reinforcement learning framework

Input: Data set of trajectories {r;} ¥,
Output: Reward function estimate 6(s,a) =y, 6,f®(s,a)
1: Initialize a reward estimate 6; Memory of rewards P = ()

2: while Convergence criteria not met do

3: Solve the reinforcement learning problem with 6 to obtain a candidate policy
7t < RL(S, 4,p,0,7)

4: Update P < P U {7} and solve an approximate Max-Margin IRL problem, e.g.,

6 < arg min Zﬁ (v’~r (s0), ]ifz (9(30)+27t9 (5%”)))

6c® 7P

5. return Final reward estimate 0

The constraints of Problem (EC.1) match (9b)—(9¢c) but with the g-function. Ng and Russell (2000)
further use a regularization term « ||@||, that encourages “simpler” small-magnitude rewards.
Problem (EC.1) can be typically too difficult to solve for practical applications where the state
and action spaces are large and we only observe trajectories rather than policies and state transition
probabilities. The Max-Margin literature proposes two resolutions to address these concerns. First,
we may model the reward as a linear combination of fixed basis functions 8(s) = 31, 6, f®(s);
this can reduce the number of variables to estimate and further ensure linearity in the parameters
identical to convex-separable bases in the inverse optimization literature. Second, we may eschew
designing a reward function itself and instead minimize the margin between the value function of

the optimal policy 7(0) and the empirical expected state-action g-function value, i.e.,

ggg Y (Uﬂ'(ﬂ) (s0), % ZN: (9 (s0) + i’yté’ (S,El))))

i=1
where {((so,ab),(s},al),... sk, ak)) Y, is the data set of observed trajectories and £(vy,vy) is
a penalty function on the difference of values. This problem is typically approximately solved
by iteratively computing the margin with respect to a set of candidate policies 7t. Algorithm 1
highlights the general steps of a Max-Margin method.

Note that the problem formulation of large-scale Max-Margin methods parallel the formulation
of data-driven inverse optimization. In inverse optimization, inverse-feasibility becomes hard to

satisfy with large decision data sets, necessitating data-driven loss functions that penalize the
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violation of optimality conditions. On the other hand, classical IRL is too large to model using
optimality criteria, leading to loss functions that penalize the sub-optimality of the trajectories.

Recent IRL methods relate more closely with modern machine learning, e.g., Maximum
Entropy (Ziebart et al. 2008, Boularias et al. 2011), Bayesian IRL (Ramachandran and Amir 2007,
Lopes et al. 2009, Levine et al. 2011), or supervised learning of g-values (Taskar et al. 2005). For
example, the Maximum Entropy literature posits that in an MDP with stochastic state dynamics,
the observed trajectories 7 are drawn from an optimal policy and must have the highest likelihood
over all other trajectories. This can recast IRL as a maximum likelihood problem maxy Ep [log py(7)]
where pg(7) o p(so) HtTZOp(stH |s¢,a:) exp(7'0(s, a;)) follows a Boltzmann distribution.

We conclude this section by highlighting a common weakness of both inverse optimization and
IRL. Both problems face the risk of obtaining uninformative degenerate estimates. Note that for
any MDP, the all-zero reward function 6(s,a) = 0 will ensure that every policy (including an
observed one) is optimal. In IRL, this necessitates well-designed objectives such as the Max-Margin.
However, Ng et al. (1999) further show that the optimal policy for an MDP with reward function
0(s,a,s’) is invariant to the transformation 6(s,a,s’) + y®(s') — ®(s) for any arbitrary function
® : S — R. Effectively, if a policy is optimal, there are an infinite number of reward functions for
which it is so. To mitigate this problem, Fu et al. (2018) propose an adversarial IRL framework that
estimates ‘disentangled’ rewards. Although not to the same extent, the scaling invariance property
(see Section 4.2.2) is a similar characteristic in inverse optimization. However, scaling invariance

is often easily mitigated by a normalization constraint in inverse optimization.

EC.1.2. Decision-aware learning

Consider a contextual optimization problem
min { f(0,x)|x € X(6)},

where 6 is unknown and must be predicted using contextual information u. Given a historical data
set {(11;,0;)}i—1.. v of past contextual information (i.e., features) and observed values, a standard
machine learning approach is to fit a predictive model to minimize the prediction error on 6. In
contrast, decision-aware learning fits a predictive model that minimizes the suboptimality of the
optimal decision x € X generated using the predicted value 6.

In this section, we formalize the decision-aware learning framework and highlight its connection
with inverse optimization. To do so, we first consider a setting where we seek to fit a linear predictive

model 8" u for 0 in a contextual optimization problem with a strictly convex objective function
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f(0,x) and a convex feasible region X. For each éi, let X; denote the unique optimal solution to
the corresponding contextual problem. The decision-aware learning problem is then modeled as
N
DAL({(x;,1;,0;) z]\;) = eminﬁ Z (f(0:,%;) — f(0:,%;)) (EC.2a)
i i=1

s.t. xi:argmin{f(é’i,xﬂxé/\,’}, Vie{l,...,N} (EC.2b)
0,=08"w;,, Vie{l,... N} (EC.2c)

This problem closely resembles the data-driven inverse optimization models covered in Section
4. Specifically, we could recast the decision-aware learning problem as an inverse problem where
(i) the input data is observed decisions {%X;}%, and contextual information {@,}% ,, (ii) the loss
function is a variant of the absolute sub-optimality loss defined in Section 4.2, and (iii) each forward
model instance has a context-dependent objective function defined by the linear function 8" u.

The connection between decision-aware learning and inverse optimization can be extended
beyond our illustrative example to more general problem structures, such as linear programs (Sun
et al. 2023). More importantly, the similarities between the two problem classes imply that solution
techniques developed for one area can potentially be relevant for the other. For example, solution
methods for decision-aware learning revolve almost entirely around reformulating or approximat-
ing the problem so that iterative gradient-based methods can be applied, the latter of which are
grounded in the machine learning literature (Sadana et al. 2023). On the other hand, inverse
optimization models have typically been examined using ideas from the bilevel optimization com-
munity, where reformulation techniques and algorithms (e.g., cutting planes) can leverage specific
problem structure and/or notions of optimality and duality (e.g., KKT conditions). In theory, both
types of approaches can be tailored to both problem classes, but may lead to differences in com-
putational performance and approximation quality (e.g., Jeong et al. 2022). We believe that there
exists significant value in the cross-pollination of methodology between these two research areas

(e.g., Munoz et al. 2022, Sun et al. 2023).

EC.2. Additional Details for Select Applications

In this section we provide additional mathematical details of some applications that are discussed

in the main body of the paper.

EC.2.1. Toll design for risk mitigation

Let G(V,.A) denote a network with nodes V and arcs .A. Assume the carrier’s problem is a multi-
commodity flow problem over G minimizing the cost of transporting S types of hazardous materials

between a set of source-sink pairs. For each material type s € {1,...,5}, let ¢ denote the cost of
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transporting the material s on arc a € A and let 2 € {0,1} be a binary variable that equals one if

material s is transported on arc a. Given resource and flow balance constraints in the form of X,

XEX}.

We use X°P*(c) to denote the set of optimal solutions to this problem under transportation costs

the carrier’s multi-commodity flow problem is

s
3 S .S
min g E cx

s=1acA

c. Now suppose the estimated risk posed by transporting material s over arc a is p;. To find a set

of arc tolls 8 € ® that makes the minimum-risk solution optimal for the carrier, we can solve

s
min g ngmZ
x,0

s=1 a€A

x € X (c+0), 020}.

To solve this problem, we can use the master-subproblem technique, described in Section 6,
which decouples the computation of the lowest-risk solution and the corresponding tolls into two

sequential linear programs. Specifically, we first solve the master problem

S
min {Z Zp;xi XGX},

s=1 acA
to yield a feasible flow X that minimizes the risk. Then we solve an inverse optimization subproblem

to obtain the tolls for which X is now also optimal for the carrier, i.e.,

S
min {Z > 0xi

s=1 acA

X € X (c+0), 920}.

Note that this inverse problem computes the minimum amount of tolls that must be collected from

the carrier to induce the minimum-risk solution.

EC.2.2. Estimating traffic equilibrium models

We first describe the traffic assignment model (i.e., the forward problem which produces equilibrium
conditions), then provide details on inverse optimization framework used to estimate this model.
The forward problem. Let G = (V,.A) define a road network consisting of a set of m nodes
V and a set of n directed arcs A, and let P =V x V denote the set of all node pairs in the
network. Let A € {0,1,—1}"™*" denote the node-arc incidence matrix. The value d; ; denotes the
demand between each pair of nodes (i,5) € P, and we define a corresponding vector b*/ € R™
where b7 is a vector of all zeros except for elements i and j where b/’ = d, ; and bé-’j = —d,; ;. Let
x" = (237 ,...,217) denote a vector of flows on each arc corresponding to demand between node i

and j. Finally, let X be the set of aggregate flows satisfying all pairwise demand, i.e.,

X={x|x= > x", Ax" =b" x>0, V(i,j)€P

(i.9)eP
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For a given flow x € X, let f(x) = (fi1(x1),..., fu(x,)) be the vector of marginal travel time costs
on each arc under x. In the transportation literature, these costs are commonly modeled as

fa(®a) =cag <::> ;

a

where ¢, is a parameter measuring the uncongested travel time of arc a, m, is a parameter corre-
sponding to the “capacity” of an arc (e.g., the number of lanes and the speed limit) and g(z) is
a monotonically increasing function modeling congestion effects. Thus, arc costs are differentiated
only by ¢, and m,, where they increase when ¢, or z, increase, or when m, decreases.

Given a demand matrix and known cost functions, different flow solutions can be computed
using various transportation models which differ by the underlying assumptions made. A widely
studied model is the traffic assignment problem (Dafermos and Sparrow 1969, Patriksson 2015),
which produces solutions describing decentralized traffic flow, where every driver has complete
information on costs and makes their routing decisions independent of decisions made by other

drivers. This defines the forward model

min {i /O " p(s) ds

Since f(x) represents the marginal travel time cost, it is the gradient of the objective function in

XEX} . (EC.3)

the forward model. This model is considered to be a good approximation for describing real-world
traffic movement. However, for this model to be of practical use, f(x), and more specifically the
g(+) function, must be known. The standard approach in transportation modeling is to assume a
specific g(-) function, a common choice being g(7=) = (14 1.15(2)*), as well as a specific value
of m, (Chow et al. 2014, Bertsimas et al. 2015). However, assuming such functions, rather than
deriving from data, can result in poor modeling and out-of-sample performance.

The inverse problem. Suppose we observe spatiotemporal data of transportation flows and
demands over T periods, denoted by {(%;,X;)}_, with %, € &; for all ¢. In the inverse problem,
we estimate the marginal travel time cost functions f(x,0) where f,(z,,60) = c.g(;*,0) are now

parametrized by 6. Following Bertsimas et al. (2015) and Zhang et al. (2018), we model g(;*,6)

using polynomial kernels

g(x“ﬁ):1+01<x“>+...+0n<x“> ) (EC.4)
me mg Mq

In order to estimate 0 using the data set {(x;, X;)}]_,, Bertsimas et al. (2015) leverage an important

property from the transportation literature, that when f(x, ) is strongly monotonic and continu-

ously differentiable, the optimal traffic flows satisfy a Wardrop equilibrium (Dafermos and Sparrow
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1969, Patriksson 2015). That is, the unique optimal solution x* to (EC.3) is also the unique solution

to the following set of variational inequalities
f(x*,0)"(x—x") >0, VxecAX.

The Wardrop equilibrium ensures that for every (i,j) € P, and for any route between the pair with
positive flow in x*, the cost of traveling along that route is no greater than the cost of traveling
along any other feasible routes between i and j (Patriksson 2015). Practically, this implies that
every driver acts selfishly and takes the lowest cost route.

With this connection to variational inequalities, and with the observation that the forward
problem is conic, we can employ the Inverse Variational Inequality problem (see Section 4.3, and
in particular Theorem 6) for problem (EC.3) to estimate the arc cost functions by solving the

following inverse optimization problem

3\

n
iy el +x 30
Z

8. 1. ani‘a’tg <$a7t,9> - (b?)T}‘ZJ < €ty vte{la"'aT}v
acA Ma (i,j)€P
ATNY —c,g (x“’tﬁ) <0, YacA te{l,... T},
me

0cO.

The vector A, denotes the a-th row of matrix A, and the variables A/ € R™ are duals associ-
ated with data point ¢ and node-pair (i,7) € P. The parameters d; define a penalization term for
polynomial kernels (see Bertsimas et al. 2015, Zhang et al. 2018). The set © includes constraints
that impose monotonicity on f(-) over the observed flow ranges, either in the form of a general
constraint @ > 0 or as a set of individual constraints on each arc in the form of f,(x,) > f.(Z,) for
all observed arc flows z, and Z, where z, > Z,. Note that because g(i—‘;, 0) =1 in equation (EC.4),
we avoid inferring the “trivial” objective vector ¢g(-) =0 that would render all observed solutions
equivalent and optimal. Finally, the regularization term k in the inverse problem can be tuned
using cross-validation.

Zhang et al. (2016) and Zhang et al. (2018) show that the estimated cost functions can be used
in a different model to measure network efficiency. Specifically, we can use {f,(-)}sea to solve a

system-optimal routing model, which minimizes the total cumulative cost of travel for all drivers:

m)in {Z xafa(xa)

acA

XEX} . (EC.6)

Unlike solutions from model (EC.3), solutions from model (EC.6) are Pareto efficient. The ratio

of the total travel time between system-optimal and user-optimal solutions, known as the “price
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of anarchy”, provides a measure of the efficiency of the system. While the ratio has been studied
extensively as a theoretical concept, the inverse optimization approach enable the authors to provide

one of the first empirical estimates of this ratio.

EC.2.3. Inferring constraints of market-clearing models

Consider a market with J participants situated across I different nodes. Let v; denote the total
amount of electricity consumed (v; < 0) or produced (v; > 0) by participant j € {1,...,J} who is
situated at node n(j). Let S;(v;) describe an offer or bid function submitted by participant j, i.e.,
S;(v;) (or —S;(v;)) denotes the price that a consumer (or producer) j is willing to pay (or be paid)
for v;. We assume S;(v;) is stepwise linear. Finally, let z; represent the total amount of electricity
consumed or produced at node i € {1,...,I}. The market-clearing model as defined in Birge et al.
(2017) maximizes social welfare subject to constraints on M different transmission links as well as

constraints v € V defining individual production and consumption, i.e.,

J
max ZS’j(vj) (EC.7a)
sV =1
st Y w=ax, Vie{l,... I}, (EC.7h)
Jin(g)=i
Ax<b (EC.7c)
vev. (EC.7d)

The matrix A € RM*! and vector b € RM define the grid and the transmission capacities (based
on DC power flow). The vector of optimal dual variables &« € R/ and A € RM corresponding to
constraints (EC.7b) and (EC.7c) represent the prices of electricity at every node and the shadow
prices of various capacity constraints, respectively; these are used to decide payments.

To recover the matrix A, Birge et al. (2017) assume a noise-free environment and use a publicly
available data set {(%;, 5\2-, ;) HY, where N > M to find a matrix A and vectors b; that satisfy the
following set of optimality conditions (Birge et al. (2017) include other constraints related to the

physical transmission of electricity, which we omit here for simplicity):
m=XNA, A%, <b;, \;®(A%x;—b;)=0, Vie{l,...,N}.

Finally, we note that the operations of electricity markets vary significantly across geographic
regions, and these distinctions offer new research opportunities. For example, Ruiz et al. (2013)
examine a market where the model constraints are published rather than the bids. The authors

describe a duality-based inverse optimization model to infer stepwise bid functions of producers.
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EC.2.4. Clinical pathway concordance measurement

Let G denote a graph with nodes N and arcs A. The nodes describe the set of activities patients
can undertake, including concordant activities like medical imaging and treatment, and discordant
activities like emergency department visits and extra consultations. A walk through the graph
accumulates costs along the arcs it traverses. Clinical pathways developed by experts are assumed
to be shortest paths through G. Implicit costs of arcs between activities can then be estimated with
model (26), which identifies a single set of arc costs 8 that minimizes the aggregate sub-optimality
of clinical pathways with respect to the difference between their costs and the shortest path cost.

While model (26) considers the expert-defined clinical pathways as input, it does not consider
actual patient data from either successful or unsuccessful clinical workflows. Consequently, Chan
et al. (2022) employ a second-stage inverse problem to refine the cost vector 8 from model (26) with
real patient pathways. Consider a set of patient-traversed pathways from patients who survived
their cancer, X3,...,X% and a set of patient-traverse pathways from patients who died, x¢,...,x%.
The refined problem penalizes the duality gaps with respect to patients who survived and encour-
ages higher duality gaps for patients who died, while fixing the optimal duality gaps €]* from
problem (26). We can write this problem as

_D S D
. s d
Jmin 2> g 6
s.t. ATASO

0T%; =b' A+

7 )

Vie{l,...,N}

EC.8
0'x:=b"A+¢, Vje{l,...,S} ( )

0'x¢=b"A+e!, Vke{l,...,D}

0] =1

A6 =0.
The objective minimizes (maximizes) the aggregate sub-optimality with respect to the patients
who survived (died). Because €;* is fixed, this model chooses among the optimal cost vectors from
model (26) to find one that maximizes the “separation” between the pathway costs of patients who
survived from those who died.

Finally, using the optimal cost vector 8* from problem (EC.8), Chan et al. (2022) construct a
concordance metric w € [0, 1] as follows:
«To *T s

wE)=1— W.

This metric measures the cost difference between a patient pathway x and a shortest path x*, and

normalizes it based on the cost difference between the longest walk with the same number steps
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as X (denoted M (%)) and a shortest path. Using w, it becomes possible to rigorously score any
patient pathway %X against the clinical pathways. Using a real dataset of colon cancer patients, the
authors establish a statistically significant association between concordance and mortality, even
after adjusting for patient covariates, which supports the clinical meaningfulness of the metric.
An extension that has not been considered yet is the incorporate of cost of care into the concor-
dance measurement. This can be done by modifying formulation (EC.8) to favor patient pathways
that are lower cost (in terms of real dollar amounts of imaging, treatment, diagnostic tests, etc.),

rather than separating patients by their survival outcome.

EC.2.5. Radiation therapy treatment planning

The optimization problem contains multiple objectives used to balance multiple (potentially
dozens) conflicting objectives, such as escalating dose to the tumor while minimizing dose to the
healthy organs. The overall objective is formed by taking a weighted combination of the various
objectives f(x) =31, 0 fx(x) where 6, is the weight of the k-th objective fi(x) for k€ {1,..., K}.
Assuming linear objectives (i.e., f;(x) = c¢’Tx), the objective function can be rewritten as ' Cx,
where the j-th row of C is ¢’.

The traditional clinical procedure of designing treatments involves manually selecting the objec-
tive function weights, solving the optimization problem, evaluating the treatment using several
quantitative and qualitative metrics, and then iterating, if needed. As an alternative, inverse opti-
mization can infer appropriate weights from historical treatments (Chan et al. 2014). We present
a simplified version of this model below.

Let B be the sent of beamlets and x; be the intensity of beamlet b. Let 7 be the set of voxels
(volumetric pixels) in the tumor and V be the set of all voxels. Let Oy, be the set of healthy voxels
corresponding to the k-th objective. Each objective fi(x) penalizes the total dose delivered above

a threshold 7% for each voxel v, i.e.,

fe(x) = E maX{O,ZDvybmb —Tf} ,

veDy, beB
where D, ; is the dose deposited to voxel v by unit intensity of beamlet b. The complete formulation

of the forward problem is

min 3 0 max< 0 D, yxy, — 7"
Z k Z ’Z v,b&b v
k=1

= veQy beB
s.t. Z Dv,bzb > lv, Yv € T,
beB
Z Dv,bmb S Uy, V’U € V?
beB
xeX,

(EC.9)
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where [, and u, denote lower and upper bound constraints on the tumor and healthy voxels, respec-
tively, and X describes a set of linear constraints on the intensity values including nonnegativity.
Both the Absolute and Relative Sub-optimality loss functions (see Sections 4.2.1 and 4.2.2) have

been used in the literature in the inverse formulation for the above forward problem.
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