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Electronic Companion for:
Learning in Stackelberg Games with Non-myopic Agents

EC.1. Supplementary Material for our Reduction (Section 2)
EC.1.1. Reduction to robust learning with delays (proof of Proposition 1)

Proof of Proposition 1. Given a D-delayed policy A, we show by contradiction that the policy
B of a -discounting agent satisfies B(H;_y,x;) € BR"(x;) for any pair (H;_;,x;) that occurs with
positive probability, where 7 = ﬁﬁyD . Our choice of D = [T, log(T,/¢)] ensures that v <e/T,, and
so T=T,vP <e¢, as desired. If B(H;_1,z;) € BR"(z;) for a pair (H;_1, ;) that occurs with positive
probability, we can construct a modified agent policy B’ with strictly higher expected payoff. Define
B’ so that B'(H,_1,z,) € BR(z;) and B'(H',z') = B(H',2’) for all other pairs (H',z’). Conditioned
on history H; 1, a D-delayed policy A plays the same sequence of actions x;y1,...2;,p_1 under
both B and B’. Therefore, conditioned on playing history H; ; and observing action x;, the agent
loses at most ». -~ ., v*=7"""/(1—7) in discounted future payoff by switching to B’ because the
principal’s policy is D-delayed. Moreover, the agent gains more than v'7 =~”7/(1 — v) payoff at

time ¢. Thus, switching from B to B’ yields a strictly positive gain in expectation for the agent. [J

EC.1.2. A batch-delay equivalence (proof of Proposition 2)

Before proving the result, we define a general framework for bandit problems that generalizes the
Stackelberg setting. We consider bandit problems over T rounds. An abstract bandit problem is
defined by a tuple (X,Y,r), where X is the principal’s action set, ) describes possible unknown
states, and r is a regret function r: H — R mapping the set H = [J,-,(X x V)" of histories to
regret values. We assume r is subadditive: if a history H € ‘H is partitioned into two complementary
subsequences H', H" € H, then r(H) <r(H')+r(H"). Subadditivity is satisfied by common notions
of regret: in stochastic settings, regret is simply the sum of regrets over individual rounds; in adver-

sarial settings, regret is subadditive. We further distinguish a subset H* C H of feasible histories,
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and assume that any subsequence of a feasible history is also feasible. In our setting, feasible histo-
ries correspond to restrictions on the agent’s behavior, e.g., the agent plays an e-approximate best
response at each round. The principal’s policy is a map A: H — X. During the ¢-th round, the prin-
cipal plays action z; = A(H;_,) (where H;_; is the history up to the start of round ¢) and observes
y; (which may be chosen randomly and adaptively based on ;). We say that A satisfies the regret
bound R4(T) if, for each history H € H* of length T such that z, = A(H;_1), then r(H) < RA(T).

Given any abstract bandit problem (X, ), r), we define learning with delayed feedback and batched
queries as follows. As before, A is D-delayed if A(H;_;) depends only on the prefix H; p, and A is
B-batched if A(H,_) depends only on the prefix Hp| 1))

To cast our principal-agent learning setting as an abstract bandit problem, we let X be the
set of principal actions, ) be the set of agent actions, and regret be Stackelberg regret. Note
that Stackelberg regret (1) is subadditive because max, (f(x)+ ¢g(z)) < max,(f(x))+ max,(g(x)).
Finally, we take the set of feasible histories to be those where the agent policy belongs to a class 8.

We now present a proof of the batch-delay equivalence (Proposition 2), which relies on the fol-
lowing lemma. It states that a 1-delayed policy A can be converted into a 2-delayed policy by

instantiating two independent copies of A and following them on alternating rounds.

LEmMMA EC.1. Let A be a policy with regret bound R_4. Consider the policy A’ that instantiates two
independent copies Ay and Ay of A, and on round t plays x, = A.(((xy,ye))t'=r (mod 2),+'<t), Where

t=r (mod 2). Then A’ is 2-delayed and satisfies a regret bound of Ra(T) <2R4(T).

Proof. To bound regret, note that A, is run on the history ((@,%))#=0 (mod 2),+#<r, Which is
by definition feasible. Thus, it incurs a total of R4([7/2]) regret on this subsequence of the actual
history. Likewise, A; incurs at most R4(]7/2]) regret as well. Therefore, by the subadditivity
axiom, the total regret is at most 2R4([T/2]) < 2R4(T), since regret is monotonic in the delay
length. The lemma now follows, since by definition, A’ is 2-delayed. [

Proof of Proposition 2. The first claim follows from the definition of a batched algorithm, since
t—D<D|(t—1)/D)]|. The second claim follows from an application of Lemma EC.1 to the “B-

batched” (X2, Y8 rB) bandit problem, where X? and Y be are the B-fold products of X and ),
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respectively, and rZ is given by evaluating 7 on the history given by the concatenations of actions
((x1,...,xB),(Y1,-..,yp)). That is, in this new bandit problem, the principal simply chooses B-
tuples of actions and receives feedback on these B-tuples at once, with regret measured according
to the original (X',),r) bandit problem. This new problem is by definition equivalent to our B-
batched bandit problem defined above. By Lemma EC.1, an algorithm A for this equivalent problem
can be converted into an algorithm A’ for the 2-delayed version of this problem achieving 2R 4 (T')
regret. Forgetting about the batch structure, we see that this algorithm A’ is B delayed, since any
batch starting at time ¢ = kB + 1 depends on the history H.pp_1)+1. Hence the second claim is

proven. [

EC.2. Supplementary Material for Theoretical Results on SSGs
(Sections 3-4)

EC.2.1. Simplifying design & analysis of CLINCH when X' = A,,_; (Remark 1)

When X = AS | == {x:||x|, < 1Az, > 0¥y}, we may as well restrict to X = A,,_;. Indeed, since each
agent utility function v¥ is continuous and strictly decreasing, we can increase coverage probabilities
of any x € X'\ A,,_; to obtain x’ € A,,_; with BR(x') = BR(x) and v(x’,br(x’)) < v(x’,br(x’)). This
argument also implies that the optimal stable strategy x* guaranteed by Proposition 3 belongs to
A, _;. From now on, we thus fix X = A, _;.

For this setting, we present a simplified (simplexified) algorithm CLINCH.SIMPLEX that achieves
the same query complexity as Theorem 1 but admits a simpler analysis. Similarly to CLINCH,
CLINCH.SIMPLEX maintains an (approximate) entry-wise lower bound x for x* initialized to the 0
vector. This time, however, we envision the remaining mass 1 — ||x||; as a potential that is decreased
with each step. To ensure a significant reduction, we query x which distributes this remaining mass
evenly across the coordinates of x and update x, <z, for the attacked target y € ). Finally, we

normalize x so that it lies on the simplex and apply the same perturbation used by CLINCH.

ProrposiTioN EC.1. Fiz 0 <A <1. Then CLINCH.SIMPLEX returns a A-approzimate equilibrium

WA
12C3n°

strategy using O(nlog %) queries to an e-approximate best response oracle with € <
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Algorithm 8: CLINCH.SIMPLEX: a robust algorithm for learning SSGs when X = A,

input : target accuracy A € (0,1], best response oracle ORACLE with ORACLE(z) € BR"(z)

output: M\-approximate equilibrium strategy
x4 (0,0,...,0) eR™, 6 %5
fori=1,2,...,[nln3] do

y < ORACLE(x)

T, Ty
x <« x/||x/x
Y4 argmax,cy.;. w2 u(2,y)
return X — 22x;

® N O ok W N

Proof.  First, we note that z, < x; + Ce for each y € ), by the same argument applied in the
proof of Theorem 1. Next, we analyze convergence. Notice that the quantity 1 — ||x||; decreases by
a factor of 1 — 1 after each iteration. Since 1 — ||x||; is initially 1, after [nln 3] iterations, it holds

that

nln 4
1 L)
1-— <|1l-—-— < —.
HXI|1_< n) <7

We may thus conclude, for x :=x/||x||;, that
1% = % |oo <[5 = %0 < (Il " = 1) flxlls + 1 =50 < 1= Il + [ = %71,

by the triangle inequality. By the entry-wise lower bound property of x, we further note that

. 0
I — x|y <1 =[x}y + Cne <1 - [ + 5,

and so ||x —x*||o, <. Finally, Lemma 4 gives that the returned point is a A-approximate Stackelberg

equilibrium strategy, as desired. [

EC.2.2. Minimizing agent best response utility (proof of Lemma 2)

To show that CLINCH makes continual progress, we require an approximate version of Griinbaum’s

inequality (Griinbaum 1960). First, we state the classic result.

LEMMA EC.2 (Theorem 2 in Griinbaum (1960)). If K is a non-empty compact convez set in
R?, then for any halfspace H containing its centroid x = E, unir(x)[2], we have voly(H N K) >

%VOld(K).
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For our approximate case, we use the following, which implies that each update to x will suffi-

ciently shrink the volume of the active search region S (so long as no target is removed from R).

LEMMA EC.3. Let K C [0,1]* be conver and downward closed with centroid x = E, uwit(r)[2],
and write o = sup,c g z1. Then for 8> 0, we have volu({z € K : 2, >z, — f}) < (1 +eB/a)*(1 —

1/e)voly(K).

Proof of Lemma EC.3. For convenience, assume that K is closed; this does not affect the vol-
umes. Similarly replace 8 with min{3,z,} so that x; — 5 > 0. Proving the result with this update
implies the original result.

Now define the halfspace H := {z € R?: 2; >z, — 8}. First, we observe that the related halfs-
pace Hy={z € R*: z; > a1} satisfies 1voly(K) < voly(Ho N K) < (1 — 1) voly(K) by Griinbaum’s
inequality (Lemma EC.2). By downward closure, we have ae; € K and deduce that voly(HyNK) <
(1 — —) voly(K). This requires that x; < (1 — f)a to avoid violating the first inequality.

Next, consider the (d —1)-dimensional intersection of K with the hyperplane defining Hj, denoted
by Lo:={z € K : zy = 2} for Hy. Convexity requires that HyN K contain the convex hull of Ly and

e

aey, a cone we denote by A with voly(A) = “Zvoly_1(Lg). Moreover, every point in H N K\ Hy

is outside of A and connected to ae; by a line segment contained in H and passing through L.
Thus, HN K \ Hy is disjoint from the cone A but contained by the cone B obtained by intersecting
H with the union of all rays emitted from «e; and passing through L,. Similarly to A, we compute

the volume of B to be w(w) VOld_l(Lo). Consequently, we have

a—xq

voly(HN K \ Hy) < vold( ) —voly(A)

= |(a—z+8) (aailx—rﬁ) (a—331)] %VOld 1(Lo)
< —5514‘5) ]

< — 1| voly(HyNK)

« I
— < > —1]V01d HomK)

a—1
ef

< <1+a> - ]VOld(HoﬂK)'
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Finally, we can bound
voly(H N K) =voly(HyNK) +voly(HN K \ Hy)

ef ¢
< <1—|—a> voly(Ho N K)

(1Y (1 v,

We now prove the guarantee for the primary stage of CLINCH.

as desired. O

Proof of Lemma 2. First, we observe that x always approximately lower bounds x* in each
entry. Note that whenever z, gets updated, we set z, = z,, — Ce for some x such that y € BR*(z).
By monotonicity of v¥ and our slope bound, this implies z; >z, — Ce =z, as desired.

Next, we will show that the termination condition at Step 2 is satisfied after at most O(nlog %)
rounds, recalling that 0 < <1 is our desired accuracy. To start, we establish a bit of notation to
keep track of variables between iterations. For each round ¢ =1,2,... before termination, we write
R; for the remaining targets and S; for the active search region after Step 5, x(¥ for the queried
point at Step 6, y; for the oracle response at Step 7, and x(¥) for the value of x after Step 8. Set

n; = dim(S;), defined as the minimum dimension of the subspace spanned by S; — w over some

_d_
4C?

w € 5;. Finally, write A = for the threshold used to flatten S. Now, we fix ourselves at some
round % and consider two cases.

Case 1: R;y1 ="R;. In this case, no targets are removed from R; and n;,; = n;. Since we selected
x( as the centroid of S;, we can apply Lemma EC.3. Indeed, S; is convex, and its translation
K =8, —x""1 is downward closed. Moreover, sup, ¢ s 2y, = Sup,cs. 2, — &\ ") > A (otherwise, the

—Yq

target y; would have been removed from R; to obtain R;,1). Consequently, we have

vol,, , , (Siy1) = vol,,; (Siy1) = voly,, ({z €51z, > xé? — C€}>

< <1+ e'fg)n <1 - i) voly(S,)

1 9
< 61/3 <1 _ e) VOld(Si> < EVOId(Si)a

. . . . . )\ _ 6
where the penultimate inequality uses that ¢ < ;25— = 555
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Case 2: R;y1 C R;. In this case, n;,.; —n; > 0 targets are removed from R; in the next step.
Writing K; = {x' € S;: 2, =20~V V2 & R;,} for the region which enforces the locked coordinates

for the next step — but not the updated lower envelope — we (loosely) bound

n\ i "i41
vol,,,, (Sip1) < voly,, (Ki) < <X) vol,, (S;).

The first inequality uses that S;.; C K;. For the second, convexity requires that S5; contains the
convex hull of K; and the points {20~ + Xe, : 2 € R; \ Ri41}, which has volume loosely bounded

from below by (\/n)mi+1~"ilyol,  (K;).

Mj41

Combining these cases inductively, we deduce that

vol,.,(S)) < (g)” (190>_n o, (EC.1)

On the other hand, once vol, (S;) < A\"/n!, every coordinate must have slack less than A, and the
termination condition at Step 2 will be satisfied. Consequently, we compute that the outer loop must
terminate after at most 15nlog QC‘T" <15nlog @ iterations. At this point, we have y € BR*(x) for
x € X with x > x and either x+ Ae, € X or z,+ A >x,. In the former case, downward closure of X
implies z;, <z, + A <w, + A, and the same relations hold for the latter, since z; <7, at this point

from the input guarantee. Hence, we obtain

v(x*, br(x,)) > v¥(x;) > v¥(x, + \)

EC.2.3. Mass conservation (proof of Lemma 3)

Proof of Lemma 3. Fixing y € ), define the thresholds

ry=sup{p€ e, z,): BRY (c+p—x,le,) = {y}}

Sy = Sup {p € [Qy’xy} :BR(x+[p— xy]ey) = {y}} )
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ty=sup {pelz,z,):ycBRY (x+[p—,Je,)},

where we define each to be z, if the corresponding set is empty. (Note that the set for s, can contain
at most one point by strict monotonicity of v¥.) By monotonicity of v¥ and our slope bound, we
have s, — A <r, <s, <t, <s,+ A. By our choice of binary search, either &, >z, — A, or £, >m — A\
at some iteration for which ORACLE(x — [z, —m]e,) # y. In the latter case, monotonicity of v¥ and
the slope bound require that z, > r,, while, for the former, we have z, > r, — A. Similarly, either
&, =z,, or &, <m for a search iteration during which ORACLE(x — [z,, — m]e,) = y. In the latter
case, monotonicity of v¥ and the slope bound require that &, <t,, while, for the former, we have
#, <t,. Combining, we have that &, € (s, — 2\, s, + A].

By definition of s,, we must have v¥(s,) < v(x,br(x)) (with equality unless s, = z,). Hence,
v (Z,) < v¥(s,) + 20X < v(x,br(x)) + 2CA. Since this holds for all y € Y, we have v(x,br(x)) <
v(x, br(x)) +2C\, proving the second part of the claim. Now, if &, > z,, we must have t, > 2, >z,
and so y € BRY(x + [&, — z,]e,). The previous result then implies that y € BRY "X (x 4 [#, —
z,)e,). We bound A\/C +2C§ < 3C for conciseness, and note that each binary search use O (log %)

queries. [

EC.2.4. Perturbing estimates of x* (proof of Lemma 4)

Proof of Lemma 4. The error bound implies that &, > W/2 only if 7 > 0. On the other hand,

if z; >0, then our regularity width assumption requires that x; > W, and so , > W — 602 >W)/2.
As noted in the proof of Proposition 3, there are no y € BR(x*) with z; =0, and so
BR(x")={yeV:z,>0}={ycd:z,>W/2}.
Now fix ¢ as defined in Step 8, and consider the returned strategy x :=x — —ey We know that

X € X since T, > W/2 and X is downward closed. We claim that BR(x) = {y}. Indeed, we have

Iy <ay— (P2 — ) <xp —WA/3, and so our lower slope bound requires that

WA WA

(@) > () + 5 = v br(x")) + 5
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For y # §, we have ,, > x; — %, and so our upper slope bound requires that
A A A
v(Ty) <v¥(zy)+ C% <w(x*, br(x*)) + Ig% <w(x*, br(x*))+ Ig/—c —€.

Consequently, we have BR*(x) = {¢}. Finally, we compute

>u(x}) — Clay; — 7y
> u(x*, br(x*)) — %

verifying that X is indeed a A-approximate Stackelberg equilibrium strategy for the principal. [

EC.2.5. Exact search with bounded bit precision (discussion in Section 3.4)

We now analyze CLINCH imposing the additional regularity assumptions of Peng et al. (2019).

AssuMPTION EC.1. Agent utilities are linear with rational coefficients whose denominators are at
most 2¢, and that each non-empty best response region has volume at least 2~"L. Moreover, X is a
polytope represented as the intersection of a finite set of half-spaces, each of the form {x € [0,1]™:
x"a <b} where b€ R and each entry of a € R"™ are rational with numerators and denominators at

most 2L,

By the discussion of our regularity assumptions in Section 3.1, it suffices to take C' = 2L. With
these settings, Theorem 1 states that CLINCH terminates in O(nL 4+ nlog %) oracle queries, and the
returned strategy x € X satisfies ||X —x*||» < . A more careful analysis can eliminate dependence on
W—yielding query complexity O(nL +nlog %)—by avoiding the final perturbation step of CLINCH.
However this improvement will not impact our final result.

Next, we bound the bit complexity of x*.

LEmMA EC.4. If agent utilities are linear with rational coefficients whose denominators are at most

2L then the entries of X* are rational with denominators at most 23",
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Proof. Fix any y € BR(z*), and write v¥(t) = d, — ¢,t, where ¢,,d, € (0,1] are rational with
denominators at most 2%. As noted in the proof of Proposition 3, we must have x, > 0. Writing
w* = v(x*, br(x*)) = v¥(x}), we can solve for 2} = (d, —w*)/c,. For y & BR(2*), we have 2} = 0.

Now, since x* minimizes the agent’s best response utility, we know that w* is as small as possible
so that the x* as determined above lies in X'. In other words, x* must lie on a face of X', represented

as {x € R":a"x =b}. Thus, we have > yeBrexr) Gy (dy —w*) /e, =b and can compute

N ZyGBR(x*) ayd,/c, —b

w =
ZyEBR(x*) ay/cy

Our bit precision assumptions imply that w* € (0, 1] is rational with denominator at most 25"+%
and so each 7 € [0,1] must also be rational with denominator at most 25/ [J

Hence, rounding appropriately, we have the following.

ProPOSITION EC.2. Under Assumption EC.1, running CLINCH with 6 = %Q_SL" and rounding

each entry of the result to the nearest multiple of 278" gives x* using O(n*L) best response queries.

EC.3. Full Details for Myopic Numerical Simulations (Section 3.4)

In Figure 3 of Section 3.4, we compare the performance of CLINCH to that of the previous state-
of-the-art, SECURITYSEARCH (Peng et al. 2019), given queries to a best response oracle. Here, we
provide further details on these experiments. Recall that code for the algorithm implementations

and plots is available at https://github.com/sbnietert/learning-stackelberg-games.

EC.3.1. Implementation details

We implemented each algorithm in Python and NumPy according to their respective specifications.
The best response oracle was straightforward to implement for the SSGs describe below, since their
utilities are linear. We note that CLINCH is fully-specified without knowledge of C' since the best

response oracle is exact (i.e., € =0).
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EC.3.2. Experimental setup

Figure 3 depicts the query complexity of CLINCH and SECURITYSEARCH on a sequence of SSGs
with number of targets n ranging from 5 to 100. We examine two settings:

Setting 1. Given n, we consider the SSG where the defender’s strategy space is the unit simplex
A,,_; with payoffs such that the attacker (resp. defender) receives value 1 if they successfully attack
(resp. defend) and value 0 otherwise. While it is clear that the optimal defender strategy is to mix
uniformly over all n targets, this problem specification is unknown to the algorithms (and thus they
must learn this from scratch).

In practice, we find that SECURITYSEARCH suffers from severe numerical stability issues due to
the symmetry between the targets of the problem described above. To alleviate stability problems
of SECURITYSEARCH and obtain a fairer comparison, we run this algorithm on a perturbed version
of this problem where the payoff for successfully attacking or defending each target is slightly
perturbed, by a uniformly random quantity between 0 and 0.0005.

Setting 2. Given n, we sample an SSG where the defender’s strategy space is the unit simplex
A,,_1 with payoffs as follows: for each target, the attacker and defender have independent values for
a successful attack or defense, each sampled independently and uniformly from [0, 1]; furthermore,
each agent receives payoff 0 if they unsuccessfully attack or defend. Note that these games are
non-zero sum, since the attacker and defender have independent valuations.

For each value of n, we sample 3 games as described above and report the averaged number of
oracle queries across these three instantiations. In each setting, we run the algorithms until they

solve for the equilibrium nearly exactly, up to an accuracy of 107® in each coordinate.

EC.3.3. Results

To illustrate the asymptotic scaling of sample complexity clearly, Figure 3 depicts our results on a
log-log scale (n versus query count). In addition, to estimate the scaling rate, we plot a best linear

fits of the log-transformed variables for each curve.
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Figure 3 shows that, in Setting 1, CLINCH requires fewer than 100 samples when n =5 and
fewer than 2000 samples when n = 100, whereas SECURITYSEARCH requires over 10* samples
when n =5 and over 10® samples when n = 100. Figure 3 also shows that, in Setting 2, CLINCH
requires fewer than 100 samples when n =5 and fewer than 2000 samples when n = 100, whereas

SECURITYSEARCH requires over 4000 samples when n =5 and over 2-10° samples when n = 100.

EC.3.4. Discussion

We find CLINCH outperforms SECURITYSEARCH both in the constant factor hidden by the big-O
and the asymptotic query complexity in n. The empirical complexities match theory, with the cost of
SECURITYSEARCH scaling roughly as n® and the cost of CLINCH scaling roughly as n. (We note that
the SECURITYSEARCH scales with exponent around n? on the random instantiations, suggesting
better average- than worst-case performance; however, it is still outperformed by the linear scaling
of CLINCH.) CLINCH is even efficient for small n, improving over SECURITYSEARCH by two orders
of magnitude in the query complexity.

In summary, we find that CLINCH runs efficiently, being both asymptotically optimal and having

a small constant factor in practice, while SECURITYSEARCH struggles even in these simple settings.
EC.4. Full Details for Non-myopic Numerical Simulations (Section 4.3)

In Figure 4 of Section 4.3, we compare the performance of multi-threaded and batched CLINCH
against simulated non-myopic agents. Here, we provide further details on these experiments. Recall
that code for the algorithm implementations and plots is available at https://github.com/

sbnietert/learning-stackelberg-games.

EC.4.1. Implementation details

Both batched and multi-threaded versions of CLINCH were implemented using Python and NumPy.
They were structured to advance their state one round of agent interaction at a time, so that
the agent can copy their state and use it to simulate several potential future trajectories. The

batched variant uses the naive repetition approach described at the beginning of Section 4.1.
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WA
6C2

WA
200C5n

Given a batch size B, it sets accuracy A =nB/T and runs CLINCH with § = and € =
until some & is returned, naively repeating each query B times. Then & = PERTURB(Z, ) is
played for the remaining rounds. Our multi-threaded algorithm runs log7 threads in parallel, as
in MULTITHREADEDCLINCH. However, the exploration phase for thread with delay B simply per-
forms the batched search described above, instead of the full algorithm’s series of searches. During
each thread’s exploit phase, we play the perturbed result of the highest-indexed thread which has
entered the exploit phase. This variant is faster to simulate than the full algorithm and still achieves
O(nT7 logo(l)(TC/W)) regret.

Our agent is defined by a discount function v mapping delay 7 to discount level v(7), taken to
be 47 for the geometric discounting plots in Figure 4. Then, at each round ¢, it selects target y € Y

maximizing v(z,y) + Zil v(T)v(zsr, br(ziy,)), where the future z,,, strategies are obtained by

simulating the principal’s algorithm forward with best responses.

EC.4.2. Experimental setup

Figure 4 uses a simplex SSG with random linear utilities and n = 3 targets, nearly as described in
Setting 2 of Section EC.3.2. The only modification is that utilities are sampled randomly between
0.25 and 0.75 instead of 0 and 1, to ensure that the minimum width W is not too small. For the
principal’s algorithms, we take W =0.25/(0.25+ (n—1)-0.75) and C' = 1. The slope bound is always
valid since the coefficients are less than one, and the minimum width bound is valid when n = 2
and empirically worked well for larger n. Although W can feasible be much smaller for n > 2, we
achieved strong performance with no additional tuning. Figure 4 depicts results for a single random

SSG instance, though qualitatively similar results are observed for additional random instances.

EC.4.3. Additional results with geometric discounting

For Figure EC.1, we repeated the experiments for Figure 4 with four additional random SSG
instances. Observe that the multi-threaded algorithm always achieves sublinear regret, while any

fixed batch size performs poorly if the discount factor is too large. For each instance the set of
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Figure EC.1 Regret achieved by batched and multi-threaded variants of CLINCH against a simulated ~-
discounting agent on four random SSG instances with n = 3. For each instance and discount factor,

we note the optimal batch size B* at T' = 500.

batch sizes displayed is selected to include the best batch size for each discount factor at T' = 500
(computed via brute-force search), along with an intermediate and larger batch size.
Finally, in Figure EC.2, we present results for an extended set of experiments with n =10. The

maximum time horizon was extended from T'= 500 to 7" = 1000, so that enough rounds pass by for
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Figure EC.2  Regret achieved by batched and multi-threaded variants of CLINCH against a simulated ~-
discounting agent on four random SSG instances with n = 10. For each instance and discount factor,

we note the optimal batch size B* at T = 1000.
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searches to complete. Additionally, the set of discount factors was updated to {0.5,0.92,0.94}. The
latter two were increased so that the simulated non-myopic agent has significant incentive to deviate
from best-response behavior. We observe qualitatively similar results to Figure EC.1, although the
overhead of multi-threading compared to selecting the optimal batch size, or slightly larger, is more
pronounced in some regimes (particularly when v = 0.92). Importantly, the regret of multi-threaded

CLINCH is still sublinear, in contrast to the linear regret suffered when the batch size is too small.

EC.4.4. Additional results with hyperbolic discounting

In Figures EC.3 and EC.4, we repeat the experiments above for the alternative choice of hyperbolic
discounting, taking v(7)=1/(1+ k) for varied k. Here, the optimal batch size for fixed k is very
sensitive to the time horizon T', so we use a fixed set of batch sizes for each choice of n € {3,10}.
Interestingly, the multi-threaded algorithm occasionally outperforms all of batched algorithms. To
understand why this is possible, note that the number of future rounds which the agent can impact
with their current action is substantially fewer with multi-threading, since the principal never com-
mits to any fixed strategy for very long. Moreover, it is natural that this phenomenon is more
pronounced with the less-aggressive, hyperbolic discounting. Indeed, a collection of many future
rounds can impact the agent’s discounted utility far more than any single future round (whereas

they are within a factor of 7', under geometric discounting).

EC.5. Supplementary Material for Demand Learning (Section 5.1)
EC.5.1. Stochastic bandits with delays and perturbations (proof of Lemma 7)

Without loss of generality, we assume that each random interval [¢;, ;] is always contained within
[0,1]. For analysis, it will be convenient to define empirical counts, means, and confidence bounds

for all arms ¢ and rounds ¢ as
n;(t) = max {Z 1{i, =i}, 1} L ()= nl(t) > Wi, =i},
LCB,(t) = fu(t) — v/21og(T) /ni(t) — 6, UCB,(t) = fu(t) + /2log(T) /ni(t) + 6

To start, we show that the confidence intervals are valid with high probability.
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Regret of Multi-Threaded vs. Batched Clinch w/ Hyperbolic Discounting
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Regret of Multi-Threaded vs. Batched Clinch w/ Hyperbolic Discounting
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LEMMA EC.5. With probability 1— 2

T3

we have LCB;(t) < u;(t) <UCB;(t) for each arm i and

round t.

Proof.  If arm i has not been pulled by time ¢, the confidence bound [LCB;(t), UCB,(¢)] is trivially
valid. Otherwise, conditioning on any arm pulls iy,...,i; and considering the intervals [¢;, u;| guar-
anteed by the perturbation bound, Hoeffding’s inequality implies that the corresponding empirical

mean [i;(t) satisfies

. 1 1 2logT
fui(t) = Ty < w <pi+0+
n;(t) Tzﬁ n;(t) ; t n;(t)

with probability at least 1 — ;. Likewise, we have fi; > p; — 0 — /2log(T)/n;(t) with the same
probability. Taking a union bound gives y; € [LCB;(t), UCB;(t)] with probability at least 1 — 2.
Since one confidence interval is modified per round, a union bound over rounds gives the lemma. [

Next, we note an arm ¢ can only contribute O(d) regret in a given round if A; = O(4). Hence,
we call an arm acceptable if A; <8 and unacceptable otherwise. Conditioned on the “clean” event

above, we show that the number of unacceptable arm pulls is bounded, extending the analysis from

Theorem 2 of Lancewicki et al. (2021) to the perturbed setting.

LEMMA EC.6. Conditioned on the event from Lemma EC.5, no unacceptable arm i is pulled more
than 1281og T /A2 + D/m + 2 times, where m is the number of remaining arms when it is pulled

last.

Proof. To simplify analysis, we split the history of the algorithm into epochs, where epoch ¢ =
1,2,... denotes the ¢-th iteration of SUCCELIMDELAYED’s main while loop. With this convention,
after ¢ epochs, the remaining arms in .S have been pulled exactly ¢ times.

Now fix any unacceptable arm ¢, and consider the first epoch £ such that running UPDATEBOUNDS
with the full (non-delayed) history through epoch ¢ would eliminate arm ¢ after the corresponding
update to S. Then ¢ must be truly eliminated after D + m additional rounds have passed, where

m is the number of arms remaining when ¢ is pulled for the last time. During these extra rounds, ¢
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is pulled at most D/m + 1 times due to the round-robin nature of arm pulls; this is the overhead
from delayed feedback.

Now if £ <1, we are done. Otherwise, fix .S as the set of arms remaining after the final round ¢ of
epoch £ —1, and let S = {j € S: UCB;(t) > LCB,(t) for all k € S} denote the hypothetical update
to S based on non-delayed data. By the minimality of ¢, we know that i € S, and so

2logT
-1

2logT
-1

fui(t) = max i; (t) — 2 — 20 >maxp; — 3 -39,
Jje J

where the second inequality follows by conditioning (noting in particular that the optimal arm is

not eliminated). On the other hand, we have

2logT
-1

2logT

5.
-1

fi(t) < pi+

+0 =maxpu; — A; +
J

Combining, we find that
(< 32logT | < 128logT
(A; —44)? A

Adding this upper bound to the overhead from delays gives the lemma. [
Now we are equipped to prove the main result.

Proof of Lemma 7. By Lemma EC.6, we control regret by

D np(i)A;+85T <128 )

A; >80 A;>0

logT" D
(Og ++1>+8(5T,
Ai m;

where m; is the number of remaining arms when arm i is pulled last. Bounding >~ = < Zf(

log(K) +2, we obtain a final bound of 12837, _, logST) +128Dlog(K)+85T. O

EC.5.2. Perturbation bound for stochastic values (proof of Lemma 8)

Proof of Lemma 8. 1f a=1, then v, > p—¢ and a = 1{v; > p — €} = u, while, if a =0, then

vy <p-+eand a=1{v, >p+e} =~ Moreover, we have
pE[u] =pPr(v, > p—¢) <pd(p) + pLe < f(p) + Le,
using the definitions of d and f, the Lipschitz property of d, and that p € [0, 1]. Likewise, we bound

pE[{] =pPr(v, >p+e)=pPr(v,>p+e)> f(p)— Le. O
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EC.6. Supplementary Material for Finite Stackelberg Games (Section 5.2)

This section provides full details and analysis for MULTITHREADEDROBUSTSTACK (Algorithm 10)
to prove Theorem 6. We introduce this algorithm and its principal subroutine ROBUSTSTACK (Algo-
rithm 9) in Section EC.6.1. In Section EC.6.3, we state a search guarantee for ROBUSTSTACK,
Lemma EC.7, and use it to prove the theorem. In Section EC.6.3, we state three lemmas, pertaining
to polytope conditioning bounds and robust convex optimization with membership queries, and
use them to prove Lemma EC.7. We prove the remaining lemmas in Sections EC.6.4 and EC.6.5.

Throughout, we make use of the constants r, A, and V' defined in Section 5.2.

EC.6.1. Algorithm definitions and discussion

We first present ROBUSTSTACK (Algorithm 9), a procedure for learning in finite games with e-
approximate best responses. Formally, the algorithm takes as input a desired search accuracy ¢
and an approximate best response oracle ORACLE which, given query x € X', returns ORACLE(x) €
BR®(x) for some € > 0. For meaningful guarantees, we require & < (%)O(l). This will later be imple-
mented against discounting agents via delayed feedback. ROBUSTSTACK outputs a d-approximate
Stackelberg equilibrium pair (see Section EC.6.2 for a formal statement).

The algorithm initially samples 6(V*1) points from X uniformly at random. For each sampled
point x, we obtain an approximate best response y from ORACLE and run CONSERVATIVEBESTRE-
SPONSE (Algorithm 11 in Section EC.6.4). This subroutine tests whether x is robustly within K,
using multiple queries to ORACLE in the neighborhood of x. We are left with a collection {X(y)}yeyo
of sampled points which passed this test. Under the regularity assumptions, we prove that y* € )
and that each x* is well centered within K, with high probability.

Next, for each y € ), we run an optimization procedure MEMBERSHIPOPT (Algorithm 12 in Sec-
tion EC.6.5) to find an §-approximate maximizer X for u(-,y) over K, starting at initial point x*).

This subroutine applies convex optimization with membership queries, noting that 1{ORACLE(x) =

y} ~1{x € K,}. ROBUSTSTACK then returns the strategy X¥) maximizing u(x®,y).
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Algorithm 9: ROBUSTSTACK: robust learning for finite Stackelberg games
input : search accuracy d >0, approximate best response oracle ORACLE
output: d-optimal principal strategy X € X
Vo0, n+6(3[V-'log %} )t
fori=1,...,[V'log2] do
y <~ ORACLE(x) for x sampled uniformly at random from X
if y ¢ )y and CONSERVATIVEBESTRESPONSE(y,x,7/2,17, ORACLE) = TRUE then
Vo Do U{y}, x¥ —x
for y € Yy do x <~ MEMBERSHIPOPT(y,x¥), 2 ORACLE)
return X9 for §j € argmax, ., u(X¥),y)

b\ = I B VR VI

Finally, we present MULTITHREADEDROBUSTSTACK (Algorithm 10), a policy for the repeated
game with ~-discounting agents (for unknown <) that mirrors the layered approach of
MULTITHREADEDCLINCH. As before, each of O(logT') parallel threads runs a separate instance of
ROBUSTSTACK, with thread %k experiencing delay 2*. Once a copy of ROBUSTSTACK terminates,
its thread always plays the strategy returned by the largest eligible thread, where thread k& becomes

eligible 2¥ rounds after termination.

Algorithm 10: MULTITHREADEDROBUSTSTACK

1 for thread k=1,...,|logT| +1 do
Initialize copy A*) of ROBUSTSTACK with § =71
for roundt=1,...,T do
k <+ argmax{f € Ny, : 27! divides ¢} // Identify current thread
if A% has not terminated then
Simulate oracle query/response for A® using x*, y,
if A®) terminates with output X then x*) «+
else Play x(*) <~ %) where k = max{/: thread £ terminated by round ¢ — 2¢}

® N o otk WN

EC.6.2. Learning against y-discounting agents (proof of Theorem 6)

We now provide a formal guarantee for ROBUSTSTACK, deferring the proof to Section EC.6.3.

LEMMA EC.7. Fiz § € (0,1), and let ORACLE be an e-approzimate best response oracle for some
£ > 0. Then ROBUSTSTACK(S, ORACLE) terminates after at most 100V ~'y/mlog’ (3)logV—' +

10"m?®nlog® (1%mn) oracle calls. If e < (208:””)20 A, then, with probability at least 1 — 4, the returned

strategy X € X satisfies u(X,y) > maxyer u(x,br(x)) — 0 for all y € BR°(X).

We are now equipped to prove the main theorem.
Proof of Theorem 6. Denote by Q = 100V ~'y/mlog®(3T)log V="' + 107m*5nlog®(10mnT/r)

and € = ( “A the query complexity and oracle accuracy required by Lemma EC.7 when

T
200nmT
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§d =T"'. As with MULTITHREADEDCLINCH, thread k runs on rounds 2*7*(2¢ —1) for £=1,2,...
and hence experiences delay 2* while copy A®*) of ROBUSTSTACK is running. For this copy’s final
oracle call, the selection rule at Step 8 ensures that the 2% round delay is maintained. We term the
rounds up to this point for thread k its “exploration phase,” since it is learning from agent feedback.
Once A™® has terminated, thread k enters an exploitation phase and ignores agent feedback (i.e.,
infinite feedback delay).

We now establish several consequences of Lemma EC.7, applied with our choice of § = T1.
First, we can bound the total number of exploration rounds by (|log7'| 4+ 1)Q. Next, let k* =
log, {TW log %—‘ be the index of the first thread whose delay during exploration induces e-
approximate best responses by Proposition 1 (we can assume that k* < |logT| 4+ 1 is a valid
thread index; otherwise the regret bound holds trivially). We freely condition on the event that
the search of A®) terminates successfully for all k > k*, since the complement has probability at
most O(T~'logT) by a union bound over threads. Starting at time 2*" (Q + 1), once copy A*") has
terminated and a delay of 2% has passed, the strategy x® played at Step 8 incurs regret at most

T—', since k > k*. Combining the above, we bound the regret by

(logT] +1)Q+ 25 (Q+1)+1=(logT| +1)Q + {Tylog]j-‘ (Q+1)+1

~ 1 T
@) <<logT + T, log rA) (V‘l\/ﬁlog2 T 4+ m?*°nlog® r))

1 T 1
-1 3 2.5 4
0] (ﬂ ([/ vmlog®(T) log " +m*°nlog " log >> .

Substituting the given values for () and ¢ gives the desired bound. [

EC.6.3. Robust search with s-approximate best responses (proof of Lemma EC.7)

Our search guarantee for ROBUSTSTACK relies on several lemmas, which we state below after
establishing notation. For ease of presentation, we assume in what follows that the principal has
|Xo| =m + 1 actions, rather than m, so that X can be identified with its isometric embedding into

the ball B(v/2) CR™ (this poses no difficulties as the bulk of our analysis is coordinate-free). We
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write B(A,r) C R™ for the Minkowski sum of a set or point A in R™ with the ¢;-ball of radius r,
with B(r) = B(0,,,r), and, for a set A CR™, write B(A,—r) ={x€ A: B(x,r) C A}.

Finally, for any (potentially negative) ¢ € R and x € X', we define BR*(x) :== {y € Y : v(x,y) >
v(x,y") —eVy € Y\ {y}}. For each y € Y, let K; :={x € X :y € BR(x)} CR™ and set K, :=
Kg . Negative values of € are relevant because they control the extent to which neighboring |e|-
approximate best response regions can overlap with K. In particular, if ¢ >0 and z € K 22 then
BR®(x) = {y} (with the constant of two taken to avoid reliance on tie-breaking).

We first provide a correctness guarantee for CONSERVATIVEBESTRESPONSE.

LEMMA EC.8. Fizxe€ X, y €Y, margin A\ >0, and failure probability § € (0,1). Let ORACLE be
an e-approximate best response oracle for € > 0. Then, CONSERVATIVEBESTRESPONSE(y, X, A, 0,

ORACLE) terminates after 12v/mlogd=" oracle calls. If further ¢ < 6’\—\/%, then, with probability

at least 1 — ¢, the subroutine returns TRUE only if x € B(Ky‘%,—ﬁ) and FALSE only if x &

B(Ky_%, —A).
Within the proof of Lemma EC.8, we show the following useful fact.
LEMMA EC.9. For each y €)Y and e >0, we have B(Ky, —€/A) CK,*.

This result translates a distance margin of ¢/A from the boundary of K, to a utility margin of

€. Next, we give an optimization guarantee for MEMBERSHIPOPT.

LEMMA EC.10. Fizy€ Y, accuracy § € (0,1), initial point xo € X, and radius p > 0. Let ORACLE
be an e-approzimate best response oracle for € > 0. Then MEMBERSHIPOPT(y,d,Xg, p, ORACLE)

terminates after at most 105m?3 logg(%) oracle calls. If further e < (1f(fm)13A and B(zg,p) C

K,, then, with probability at least 1 — ¢, MEMBERSHIPOPT returns x € X such that BR®(x) = {y}

and u(z,y) > maXxek, u(x,y) — 0.

Together, these suffice to prove the search guarantee.
Proof of Lemma EC.7. Since the initial sampling loop at Steps 2-5 calls CONSERVATIVEBE-

STRESPONSE N = [V ~"'log 2] times with margin A =r/2, and ¢ < #AE, the accuracy guarantee of



e-companion to Haghtalab, Lykouris, Nietert, and Wei: Learning in Stackelberg Games with Non-myopic Agents ec2b

Lemma EC.8 holds for all calls within the loop with probability at least 1 —§/3. Conditioned on this
event, we analyze the sampling loop. Let S C K« denote the ball of radius 2r guaranteed by the
regularity assumptions. The sample count N is taken sufficiently large such that some sampled point
x will lie inside B(S,—r) C B(K,,—r) with probability at least 1 — ¢/3; indeed, the probability
that any single point lies inside B(S,—r) is V. Condition further on this event.

Since € <rA/4, Lemma EC.9 implies that x € B(Ky_*za, —r/2), and so ORACLE will return y* when
x is queried. Moreover, since CONSERVATIVEBESTRESPONSE is run with margin /2, Lemma EC.8
implies that x will pass the check at Step 4 unless ), already contains y*. Thus, the final set )
will contain y*. Moreover, for each y € ), Lemma EC.8 requires that the accepted strategy x®
have margin at least ﬁ
N - (1+412y/mlog 2¥) queries to ORACLE.

within K7. Again by Lemma EC.8, this sampling loop terminates within

Finally, we examine the search loop at Step 6, where each call to MEMBERSHIPOPT is run with

accuracy 7 = 7 and radius p = Tvm - Since e < (Jg’m)”A, Lemma EC.10 that implies that the

120m

” ) queries

search over K, will terminate with a y-approximate maximizer ) within 10°m?? log?’(
to ORACLE, with total success probability over all regions at least 1 — /3. Taking a union bound
over the three high probability events, we see that ROBUSTSTACK returns the desired maximizer

with probability at least 1 — 6. Indeed, conditioned on these good events, the returned strategy %%,

with § € argmax, ¢, u(xW), y) satisfies

@) 5y — W ) > 5 _ _
u(x",g) gle%%(u(x ,y)_xléll%;c*u(x,y) 0% Iglea)ﬁcu(x,br(x)) 7>1£1€a§(u(x,br(x)) d,

and BR*(x®) = {4}, as desired.
For the final query complexity, we bound
3N 120
N - <1 +12v/mlog 5) +n-10°m*°log® <’ypm>

3V711 3 120 - 12m35
S2V’1log% <1+12\/mlog 6"ng> 1 10°m25 log? <05mn>
.

1
<100V ~'y/mlog® (2) log V! 4+ 10"m>*n log® ( 05mn> 7
r

as desired. [
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EC.6.4. Conservative best response data (proof of Lemma EC.8)

To ensure that the principal may safely commit to a strategy despite inexact best response feedback,
we introduce CONSERVATIVEBESTRESPONSE (Algorithm 11) to determine whether a strategy x lies
robustly within the best response polytope K, . Specifically, given x € X', we query the best response
oracle at O(y/mlogd ') small perturbations of x, only returning TRUE if the oracle always responds
with the fixed action y. If K, is sufficiently well-conditioned, a TRUE output indicates that x lies

firmly within the interior of K, with high probability, despite inexact best responses.

Algorithm 11: CONSERVATIVEBESTRESPONSE
input : action y € Y, query x € R™, margin A > 0, failure probability ¢ € (0,1), approximate
best response oracle ORACLE
output: conservative estimate of 1{x € K}
1 for i=1 to [6y/mlogd~'] do
2 w; < x + \S;, where S, is sampled uniformly at random from $™~!
3 if ORACLE(w;) # vy or w; ¢ X then return FALSE
4 return TRUE

Our accuracy guarantee for CONSERVATIVEBESTRESPONSE relies on the following lemma, which

provides a certain conditioning bound on each best response polytope K as e varies.

LEmMMA EC.11. Ifye€e Y, A >0, and €1,e5 € R with &1 < &y, then any x € K_Z? with margin A +

(e2—€1)/A has margin X\ within K:'. That is, we have B(K:?,—(A+ (e2 —&1)/A)) C B(K:, — ).

Proof. For this proof, we will view X and the best response polytopes as subsets of the affine
subspace A == {w € R™*!: Z?j{l w; = 1} in the natural way (rather than their isometric embeddings
into R™). With this change, the sets of the form B(S,—r) in the statement should be updated to
Ba(S,r)={x€S:B(x,r)NAC S}. For readability, we also write v, = v € R™*! for each y € ),
where these are the centered utility profiles defined in the regularity assumptions. We naturally
extend to the uncentered utility profiles, defined for each y € Y and i € [m + 1] by v, (i) = vo(i,y).
Writing ¢, = 15 S 0o (i, ), we have ¥, = v, — ¢, 1,41 for each y € V.

We shall prove the contrapositive. To start, fix any x € A\ B4(K;',—\). That is, there exists
x' € A\ K;' such that ||x —x'[|; <. Since K;! is a polytope, a hyperplane tangent to one of its
faces must separate x and x’. If this hyperplane corresponds to one of the non-negativity constraints

defining X = {w € A:w; > 0Vi}, then x’ € A\ X, and so we trivially have x € A\ B4(K;?,—A) C A\
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Ba(K:2,—(A+(e2—¢1)/A)). Otherwise, the hyperplane must take the form {w e R™™ :w ' (v, —

v,) =¢1} for some y' € Y\ {y}. In this case, the vector x” € A defined by x" :=x’ + 2= Yy

A vy =vyli2

must satisfy

<N (v.)—v >€1+€2_€1 (‘71/ _{’y)T<Vy’ _Vy)
Y Yy

A ||‘_’y’ _‘_’y||2
=g+ g2 —¢1 (Vy — vy)T(vy’ —Vy+(cy —¢y) L)
' A ||‘7y’ _vy”2
I (Vy —V,) " (Vy — V)
' A [y = vy l2
Eg— €& _ _
=&+ ZA 19y = ¥y ll2 > e,

using our minimum distance assumption. Thus, x” € A\ K2 and, since [x" — x|y <A+ =2 we

A
obtain x € A\ B4 (K52, —(A+ (e2—¢e1)/A)), as desired. [
As a simple consequence, we obtain Lemma EC.9.
Proof of Lemma EC.9. Setting A=¢e,=0 and &; = —¢, we find that B(Ky, —6/A) CK, < O
Next, to analyze the sampling procedure of CONSERVATIVEBESTRESPONSE, we recall a standard

lower bound for the volume of a spherical cap (see, e.g., Lemma 9 of Feige and Schechtman 2002).

We provide a brief proof below to clarify the constant prefactor.

LEMMA EC.12. Let Z ~Unif(S™ ') and t > 0. Then Pr(Z, >t) > \/217T7m(1 —2)(m=1)/2,

Proof. The set {z € S™!':2 >t} is an open spherical cap, whose boundary is an (m — 1)-
dimensional sphere with radius /1 — t2. The surface area of the cap is bounded from below by the

volume of the sphere, which is given by (1 —¢2)(m=1)/2 ”(mil)/z). Normalizing by the surface area of

L((m+1)/2

Sm1 gives
(1 o tz)(m—l)/zr(m/2)
VAl ((m+1)/2)

as desired, using that T'(m/2)/T'((m+1)/2) >1/v2m. O

(1 _ 752)(m—1)/2

V2mm ’

PI'(Zl > t) > >

Finally, we prove the desired guarantee for CONSERVATIVEBESTRESPONSE.

Proof of Lemma EC.8 Suppose that a query x € X does not lie robustly within K, in that x ¢

B(Ky_za, —ﬁ) Then, applying Lemma EC.11 with ; = —2¢, 5 = ¢, and margin ﬁ, we find that
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x ¢ B(KZ, —ﬁ — 36/A). Assuming that e < %, this implies that x ¢ B(K;,—)\/\/TTL). There

thus exists an open half-space H tangent to (but disjoint from) K, such that d(x, H) < \//m.

Next, consider w =x + AS, for S ~ Unif(S™~!), as in Step 2. By Lemma EC.12, we must have

Pr(w¢ K;) >Pr(we H)
=Pr(AS; > \/vm)

= Pr(S, > 1/vm)
1

>

T V2rm(1— L)m-1/2
> 1 > 1

T 2V2rm T 6ym’

Consequently, the probability that CONSERVATIVEBESTRESPONSE returns TRUE is at most

-1
(1- ém_l/Q)G\/ﬁog(S < exp(logd) =.

On the other hand, if x € B(K_ 2, —)\), the algorithm will return TRUE with probability 1, as
Yy

desired. Regardless of whether ¢ is sufficiently small, the total number of calls to ORACLE is at most

[6y/mlogd~] <12y/mlogd~t. O

EC.6.5. Robust linear optimization with membership queries (proof of Lemma EC.10)

Our second subroutine, MEMBERSHIPOPT (Algorithm 12), seeks to maximize the linear objective
u(-,y) over a fixed best response region K, using queries to an e-approximate best response oracle
ORACLE. Since the feedback 1{ORACLE(x) =y} approximates 1{x € K}, our approach mirrors
existing work for robust convex optimization with membership queries (c.f. Lee et al. 2018).

In particular, we introduce a method SIMULATEDSEP (Algorithm 13) that simulates a conservative
separation oracle for K. That is, unless a query x € R™ lies within K ¢ SIMULATEDSEP returns
a normal vector w € S™! for a half-space approximately separating x from K,. To achieve this,
we implement a conservative membership oracle for K, using CONSERVATIVEBESTRESPONSE and

apply a reduction from separation to membership due to Lee et al. (2018).
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We then apply the standard center of gravity method (c.f. Section 2.1 of Bubeck 2015) to max-
imize our objective over K, using separation queries. More precisely, at each round ¢, we query
SIMULATEDSEP at the centroid x; of the current search space S; and update S;,; to incorporate the
obtained feedback, either intersecting S; with the returned half-space or eliminating all strategies
with u(x,y) < u(x,y). After a moderate number of queries, MEMBERSHIPOPT returns a queried
point which maximizes u(-,y), among those which SIMULATEDSEP failed to separate from K,. We

note that CLINCH from Section 3 has a similar flavor, since both are cutting-plane methods.

Algorithm 12: MEMBERSHIPOPT: robust linear optimization via membership queries

input : action y € ), optimization accuracy § > 0, initial point x, € X, radius p > 0,
approximate best response oracle ORACLE
output: approximate minimizer X for maxyeg, u(x, y) or “1”
1 So ¢ B(x0,V2), A0, t; <+ {Bmlogé |, a <+ min{;-2

2 fort=0,...,t; do

tp+1? 16\/2m}

3 if SIMULATEDSEP(y, X;, p, @, ORACLE) returns w € S™! then
4 S+ {xeS:wx>w'x}

5 else

6 Si1 < {x €S ulx,y) > u(xs,y)}

7 A+~ AU{x}

8 Xi41 < Ewanif(St) [X]

9 if A=( then return L else return argmax,,, u(x,y)

Algorithm 13: SIMULATEDSEP: simulation of separation oracle via best response queries

input : action y € ), query x € X, radius p, separation accuracy d € (0, 1),
approximate best response oracle ORACLE
output: normal vector w € S" ! of half-space approximately separating x from K,, or “1”
1ifx¢ X then return any w € S ! such that w' (x —z) <0 for all z€ X
2 A\ W’ Q < 2mllog,(2/A)] + 1,7« %
3 Define membership oracle MEM with domain R™ by
MEM(x) - CONSERVATIVEBESTRESPONSE(y, X, A, ¥, ORACLE)
4 Run Algorithm 1 of Lee et al. (2018) with query access to MEM and parameters “n” < m,
“P7 e p/2, “R7 < /2, “€” < \; terminate after Q) queries to MEM
5 if Algomthm 1 asserts that no cut exists or is terminated before completion return L
6 else if Algorithm 1 returns half-space defined by g then return —g/||g||»

We first bound the query complexity of SIMULATEDSEP. While this method always terminates
after a fixed number of queries, we only obtain meaningful performance guarantees if ¢ is sufficiently

small and K, contains a ball with radius bounded from below.

LEMMA EC.13 (Membership to separation). Fiz y € Y, x € R™, radius p > 0, and accu-
racy § € (0,1). Let ORACLE be an e-approximate best response oracle for some & > 0. Then,

SIMULATEDSEP (Y, X, p, 6, ORACLE) terminates after at most 103m' log? (100m) queries to ORACLE.
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If further K, contains a ball of radius p and e < %, then, with probability at least 1 — 6,
SIMULATEDSEP only returns “L” if x € Ky_%, and, if, SIMULATEDSEP returns w € S™~!, then

x'w<z w4 for every z e K.

Proof. We first address sample complexity. Due to the manual cutoff at Step 4, we make at most
Q =2m][log,(2/A\)] + 1 queries to the simulated oracle MEM. By Lemma EC.8, each query to MEM
uses at most 124/mlog % queries to ORACLE. Combining gives the stated query complexity bound

of

3 2
Q- 12y/mlog TQ < 48m'*log, (A) <log —=2

237 7/2 12mlog, #
86 b 08

< 10°m*'® log® <100m> .
op

= 48m"®log, (

6 6
For the remainder of the proof, we assume that ¢ < %. This bound was taken to ensure that

e< min{%, 21 and our choice of A was taken to ensure that 3600m™/S\Y/3p=25=1 < 4.

AA

VL the accuracy guarantee of Lemma EC.8 holds for all queries to MEM with

First, since ¢ <
probability at least 1 —«/3, by a union bound. Writing K = K v 2 we have by Lemma EC.9 that
B(K,,—2¢/A) C K. Since K, contains a ball of radius p and ¢ < pA/4, K must contain a ball of
radius p — p/2 = p/2. Moreover, by Lemma EC.8, the simulated oracle MEM, defined at Step 3, is
a A-approximate, conservative membership oracle for the set K; that is, MEM only returns TRUE
for a query z if z € K and only returns FALSE if z ¢ B(K, —\). Of course, the lemma’s guarantee is
slightly stronger, but this relaxation suffices.

Our result now nearly follows from the proof of Theorem 14 in Lee et al. (2018), which provides an
optimization guarantee for the Algorithm 1 which we apply at Step 4. We will slightly adapt their
analysis to obtain explicit constants and to incorporate the conservative nature of our simulated
membership oracle. First, we observe that the query cap of @ =2m/[log,(2/A)] 4+ 1 never goes into

effect. Indeed, their Algorithm 1 calls MEM once at the beginning, and then at most [log,(2/))]

times within each of 2m binary searches performed by their Algorithm 2 subroutine.
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Next, we verify our first guarantee, when SIMULATEDSEP fails to find a separating hyperplane
and returns “_1.” Given a query x € R™, we only return “1” when their Algorithm 1 fails to return
a half-space, which only occurs when MEM returns TRUE; in this case, we must have x € K, as
desired. If x ¢ X', then the returned half-space separates x from X’ (and thus K) with no error.

Otherwise, we must have x € X \ B(K,—\) C B(0,v/2)\ B(K,—\). In this case, we perform the
same error analysis appearing in their proof of Theorem 14, but explicitly state constants appearing
due to an implicit use of Markov’s inequality. With our notation, they start by proving (within their

Lemma 13) that the returned vector g € R™ satisfies

6270m7/6>\1/3p_1 > gT(Z _ X)

for all z € K, with probability at least 1 — /3. Then, they lower bound
g'x > ||x[ls = ClIx[loc — 64m™/ A2 p7 1,

where ( is a non-negative random variable with E[¢] < 24m/6A\Y/3p~1. Applying Markov’s inequality,

we find that

QTXZg—A— <72—64> m7/6>\1/3p—12:;’_)\1/3<

72m"/6
; )

op
with probability at least 1 — §/3. Since A < ;’& this implies that g'x > p/4, in which case

25,,7/27

I8l = zfp > /6. Accounting for a normalization factor of 1//g||> and taking a union bound, we
obtain an error bound of 3600m™/6\'/3p=25~1 < § with cumulative error probability at most §. [

Next, we compare the maximum value of u(x,y) over x € K, to that over x € Ky_ZE.

LEMMA EC.14. Let € >0, and fix any y € Y such that K, contains a ly-ball of radius p> 0. We

2me

then have max__, —2- u(X,y) > maxyex, u(X,y) — 2 R
Y
Proof. By Lemma EC.9, we have B(K,, —2¢/A) C K_**. Moreover, since the principal utilities
lie in [0,1], u(-,y) is y/m-Lipschitz under the ¢;-norm. Fixing A =2¢/A and K = K, it suffices to

show that, for each x € K, there exists x' € B(K,—\) with [x — x'[|2 < v2)\/p (i.e., a Hausdorff
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distance bound between the setes B(K,—\) and K). If A > p, then this is trivially true by the
diameter of K. Otherwise, fix any x¢ € B(K,—p). Since K is convex and B(xg,p) C K, we have

conv({x} U B(xg, p)) C K. This convex hull contains the ball B( xo+(1— %)x, A), since A < p and

B (Ax(ﬁ— <1—)\> x,)\) = <1—)\>X+)\B(X0,p).
p P P P

Thus, we have x' = %xo +(1— %)x € B(K,—\), with

A2

A
% =x[l> < Aﬂm—XH<——*
p

as desired. O
Finally, we are equipped to analyze MEMBERSHIPOPT.

Proof of Lemma EC.10. We first address query complexity. Recall our parameter settings of

ty = [3mlog gw and a = mln{t T 16\/%} By Lemma EC.13, we query ORACLE at most

1 100 - 164/2 - 6m?log 18 1
(ty+1)-10°m™® log® ( OOm) <6-10°m*°log® ( 55 log 16

ap 0p? op
100 - 164/2 - 6m?log ¢

<6-10°m>?log? &5 bgg

0p? op

<10°m?®log® (120m>
op

times, as claimed.

From now on, we suppose that ¢ < ( ) PA < % and that K, contains a ball of radius p.

140m
Condition on the Lemma EC.13 guarantee for SIMULATEDSEP holding for all of its ¢y 41 calls. Since
€ obeys the lemma’s bound, this event has probability at least 1 —§ by a union bound. Under this
event, SIMULATEDSEP only returns “_1” if a query x lies in K = Ky_ge, and only returns a normal
vector w e S"if (x —z)'w<a forallze K.

As in the proof of Lemma EC.13, we note that K must contain a ball of radius p/2 by Lemma EC.9.

Write V,,, = 7™/2T'(m/2+1)~! for the volume of the unit ball in R™ and set 7 = Now, we have

4F
vol,,(Sp) = 2™/2V,,, and, by Griinbaum’s inequality (Lemma EC.2), vol,,(Si;1) < (1—1/e)vol,,(S;).
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Fixing x} € argmax, ., u(x,y), we define C' = [(1 — 7)x% + 7K] N B(K,—a) and bound its volume

from below by
vol,,(C) > vol,, (B(TK, —a)) >(tp/2— )"V, > (1p/4)" Vi,

using that o < 7p/4. Thus, after t; > mlog, (;—jﬁ)/logQ(l —1/e) rounds, we cannot have C' C S;, and
so there exists r € {0, ...,t;} for which we have some x € CN S, \ S,41. This  may not be removed
at Step 4, because x € C' C B(K, —«). Thus, x must be removed at Step 6 with u(x,,y) > u(x,y),
and x, must be added to the set of candidate maximizers A.

In particular A # (), and so we do not return “L.” Instead, for the returned strategy x =

arg max, . , u(x,y), we have

w(X,y) = u(Xr, y) > u(x,y)
> u(xz,y) =[x, — x[2v/m
> u(x},y) — diam(7K)v/m
>u(xt,y) —2vV2mr
— ()~ /2

> —
_Q%M&w 5,

as desired. The second inequality uses that u(-,y) is y/m-Lipschitz under the ¢;-norm, and the final

inequality uses Lemma EC.14. [
EC.7. Supplementary Material for Strategic Classification (Section 5.3)

First, we derive two lemmas from the regularity assumptions.

LEMMA EC.15. At any strategic round t, the agent’s payoff is bounded from above by R*(1+1/a)

and the best response bry(0;) is unique with payoff at least —R*.

Proof.  First, by the a-strong convexity assumption on f;, v,, is a-strongly concave in 6, and

so the best response br;(8,) is unique. In the proof of Theorem 2 on page 8 of Dong et al. (2018),
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the authors show that v,, (6;,br,(0;)) <6/ br,(0,) =x, 0,4+ 2f;(0,), where f; is the convex conju-

gate of f;. In the proof of Claim 2 on page 20, they further show that f; () = sup,cgi—1 (f;(vv);.

The numerator of this objective is bounded from above by R?, while the denominator is bounded
from below by 2q, since ||v|2 =1 and f; is a-strongly convex with minimum of 0 the origin (due
to homogeneity). Thus, f;(6;) < 12%2, and s0 v,, (0, %) < 4, (0;,bry(6;)) < R*(1 + 5=). Finally, by

playing x = x, the agent obtains payoff 8, x, > —R*. [0

LEMMA EC.16. Each map 6 — £(6,br,(0),y,) is convex, (R + 2R/«)-Lipschitz, and bounded in

absolute value by 1+ R*+ R*/a. Moreover, each map X+ £(0,%,y;) is R-Lipschitz.

Proof. Convexity of £,(0) = £(0,br,(0),y;) is implied by Theorem 2 of Dong et al. (2018). For
Lipschitzness of ¢;, we turn to the proof of Theorem 7 on page 17 of Dong et al. (2018). The
discussion there implies that ¢,(0) is Lipschitz with constant ||x;||o < R plus twice the Lipschitz
constant of f;. To compute this, we bound

(07v)? B (0'Tv)? < 2R||0 — 6|,

Afi(v) ARy [T 2a

0T 2 0/T 2
wp 07V (0""v)

— su su
e T AT By AT AT ;

vesd—1

using the same lower bound on f;(v) as in the proof of Lemma EC.15. Combining gives a Lipschitz
constant of R 4+ 2R/« for ¢;. Finally, discussion on page 18 of Dong et al. (2018) implies that
[6:(0)] <14 07x,)|+2f;(0), which we bound by 14 R*(1+ 5-) as in the proof of Lemma EC.15.
Finally, the same discussion on page 17 implies that the map x — ¢(0,%,y;) has Lipschitz constant
bounded by that of the map x+ 0%, which is |0, < R. O

Bandit convex optimization. By Lemma EC.16, each loss function ¢;(0) = ¢(0,br;(0),y;) in the
myopic setting is convex, Lipschitz, and bounded. When y; = 1, feedback X; is sufficient to deter-
mine the gradient V/,(0;), suggesting regret minimization via online convex optimization (OCO).
Although this is not the case when gy, = —1, since the agent’s manipulation costs encoded by d;
are hidden, the regime of OCO with one-point function evaluations, or bandit convex optimization,
is well-studied. Dong et al. (2018) employ the classic “gradient descent without a gradient” proce-
dure GDWOG of Flaxman et al. (2005) (Algorithm 14) to obtain regret O(v/dT?/*) against myopic

agents, computing unbiased gradient estimates from stochastic function evaluations.
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Algorithm 14: Online Gradient Descent without a gradient (Flaxman et al. 2005)
input: domain S C R? With B C S < RB, L-Lipshitz convex fn.s ¢1,...,cp0: 8 = [-C,C]
104 /2 =14 e vy < (0,...,0) € R?

3(L+C) cf
2 for roundt=1,...,7T do
3 Sample unit vector s, € S4~! uniformly at random
4 u, < v; +0s;
5 Virr ¢ Hass(ve —ne(uy)sy) // Mg is the Euclidean projection onto K

LEMMA EC.17 (Flaxman et al. (2005), Theorem 2). If functions cy,...,cr: S — [—C,C] are

conver and L-Lipschitz, and S C R? is conver with B C S C RB, then the queries ui,...,ur of
GDwOG satisfy E [ZtT:l ct(ut)} —Minyes Y., ¢ (u) <6734 /RAC(L + C) + 5C(Rd)>

Our extension to non-myopic agents. We now extend this approach to robust learning, due to an

intrinsic robustness of GDWOG. First, we prove the relevant error bound.
LEMMA EC.18. If the agent chooses X, € BR*(8,), then [£(0;,Xs,y;) — £(0;,bri(0;),y:)| < Ry/2¢e/ .

Proof. By the strong convexity assumption, we have ||x; —br,(0;)||2 < 1/2¢/a, and so the result
follows from the Lipschitz bound R from Lemma EC.16. [

We next provide an appropriate robust learning guarantee for GDwWOG.

LEMMA EC.19. Under the setting of Lemma EC.17, GDWOG achieves the same regret up to an
additive factor of ARAT' /6 if each c,(u;) is substituted with an adversarial perturbation ¢ (u;) €

[ci(uy) £ A

Proof sketch. The proof of Lemma EC.17 for the unperturbed setting goes through the smoothed
functions ¢,(u) = E[¢,(u+ 0s,)]. The key observations are that each ¢, is convex and Lipschitz with

|:(u) — ¢;(u)] < L6 and, crucially, E[$¢;(u;)se] = V&, (vy). With adversarial perturbations, we have
[E[5e (w)s:] = Vevill, = [[E[§ (@ (w) - c(u))s]]l, < 5

At this point, the proof of Theorem 2 in Flaxman et al. (2005) for the unperturbed setting nearly
applies, so long as their Lemma 2 is adjusted to our setting where gradient estimates g; have bias

b= 2 rather than b = 0. Switching to their notation for the lemma, if we have E[g;|x,] = Ve, (x,) +&;

)

with [|&;]l2 < b, then the final chain of inequalities in their proof of Lemma 2 still holds, up to an
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added term of Y7 & (x; — x,) < nbR. Switching back to our notation and substituting our value

for b, this gives the claimed regret overhead of O(2£L4). [

Finally, we provide our combined algorithm and prove its non-myopic regret bound.
Algorithm 15: Cycled gradient descent without a gradient (CGDwOGQG)
1 e+ a(RYMT*5)™', D« [T, log(R*(1+1/a)T,/e)]
2 Initialize copies Ay, ..., Ap of Algorithm 14 w/ S=0, C =1+ R*+ R?/a, and
L=R+2R/a
3 for round t=1,...,7T do
4 Write t =D(k— 1)+ (r —1) for k,r € Z~
5 Simulate query uy, and perturbed feedback ¢ (uy) for A, using 0; and £(0;, %X, y;)

Proof of Theorem 7. Since Stackelberg regret is subadditive over disjoint sequences of rounds,
we obtain regret DR, ([T/D]) against e-approximate best-responding agents. Combining Lem-
mas EC.16, EC.18 and EC.19 and substituting our choices of constants, we bound the regret of any

single copy by

R, (T

1

T T

Z ot)xt7 yt %161826(0’ brt(0)7 yt)]

t=1 t=

T T

Z (8,,br,(x;), yt)—l‘rgneiggf(e,brt(e) y)| + TR/ 2¢/a

2
< 6T3/*\/RAC(L+ C) +5C(Rd)* + TR/ Eg(Rd/(S +1)

=0 (R*2aVar* 4 R'a %)

where & = min{a, 1}. By Proposition 1 and Lemma EC.15, our feedback delay induces e-approximate

best responses, so we obtain a final regret bound of
0 (RS/Q@*T;/‘*\/&T?’/‘* log"/*(TRd/a) + R45f2d2> . O

REMARK EC.1. Asnoted in (Dong et al. 2018), GDWOG can be replaced by more modern methods
with regret O(poly(d)yv/T) (Bubeck et al. 2021), at the cost of substantial complexity and worse
scaling with d. While beyond the scope of this paper, robustifying such algorithms would imply

improved non-myopic regret bounds.



