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Supplement to “ Optimal Regularized Online
Allocation by Adaptive Re-Solving ”

12. Proofs of Main Results
12.1. Proof of Lemma 1

We prove the bound of the deterministic optimal solution. Consider 2/, = {—0r(a)|a € Z} . The bounded
subgradient in Assumption 2 suggests that the dual variable region {2/, we defined is bounded by G. We
explain this definition by the optimal conditions of stochastic programming. Note that for problem (2.8),

1 is unconstrained. The optimal condition suggests that we can take
0 (=) = Ebyga (b (X" +417)),

if we assume the Fubini theorem holds. Then, by the Fenchel conjugate function, we have p* = —9(Eb,z;).
This shows that by defining {2/, we indeed define the possible region that contains optimal solution p*,
ie,u* €Q, CQ, Thus we have ||| <G.
For the second bound of ||A*||__, we only need to check that d' \* < 2(f + ) always holds. Otherwise
if d"A\* > 2(f +7), we have
D(X*,d) =Esup{f,(z) — (N +p*) "byx,} +sup{r(a) +a p*} +d " X >Ef,(0) +7(0) +d" \*
>(fj—F)ZD(O,d), '

which suggests that A* is not optimal. Thus we have d' \* < 2(f 4 7), i.e.,

M < %jﬁ. The bound of
empirical optimal solution A7, follows exactly the same argument.
The following proposition on the growth of second order term s(v, d) will be useful in the development

of our theory.

ProprOSITION 4. Under Assumptions 1-3, the second order objective function s(v, d) in stochastic program

satisfies the following growth condition:
L,lly ="l < s(v) < Lo flv = w7, (12.1)
where the constant £ := 01inL;/2, Lo:=bLs)2.
Proof: By definition, we have
s(v)=D(v,u*,d) — D(v*,p*,d) — V, D", u*,d) (v —v*)

1
= [ VDU =)+ d) = I D () (= )i
0

where V, D(v,d) =Eb, f; (b/ v). Then for any z, we have
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VD, (2(v—v*) +v*, 1*,d) — VD, (v*, pu*,d)] " (v —v*)
<|[Bbigi (b (2(pn+ A —p* = A*) + " + A°) = Ebyge (0] (1 + X)), lv = v7|l,
<||2£BE [b] (A — " = )] |, lIv ="
2Ly |lv— vt
where the second inequality is by Assumption 3.1 when conditioned on b,. By the integral of z we have

s(v) < L, ||v — v*|)5. For the other direction, it is also clear that
VD, (2(v —v*) + v, 1, d) = VD, (v, u*,d)] " (v —v*)
= (Ebugi (b (2(u+ A — ™ = N) "+ X7) = Ebyga (b (u* +X37))) " (v =)
B [(VA5 (07 (2t A= " = X)o7+ A7) = V7 (57 (AT (st A — gt = 2] [

>2 LGB || (4 A= " = N3 > 2L p0min 11+ A — " = N[5

12.2. Proof of Proposition 1: Empirical Risk Minimization
In this proof, we generalize our discussion to a broader setting: we consider the convergence of the classical
ERM method. In many areas of statistics and machine learning research, we aim to solve the following
problem, named Empirical Risk Minimization (ERM): given 7" empirical convex risk functions £(A,§;) :
R™ — R, t € [T] where &, are i.i.d realizations from an unknown distribution, with its population version
L(A) =El(N, &), we seek to find a good parameter b\ by minimizing the empirical risk

~ _ 1 <&

A =argminf(\,{&}E ) = argmin T Z 0N &)

AER™ —

AER™

as a proxy of the parameter that minimizes the population risk A" = arg min, £(\). In statistics, such A
is also called M-estimator.

The following approach will show that, under second-order-growth condition of £(\), the ERM method
-2 =o@)

T

provides a estimate A with optimal convergence rate £

AssuMpTION 6 (Lipschitz continuity). Suppose the subgradient of each ((\,€,) satisfies
VLA, &) < L.
AssuMPTION 7 (Second order growth). The population risk satisfies the following second order growth
(VEA) = VEA) A= X) > L, [A = X5

AssuMmPTION 8 (Smoothness of the first moment). For any A € R™, with § = || A — A”||, we have

E sup |V, &) — VI, &)| < M,

N EB(A*,65)

where BOX,7) = {X : || X = X"

gr}.
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To investigate the convergence of X, one classical approach is to compute the statistical complexity of
function group {{(X, &), A € ©} to get a uniform bound of sup, e [¢(A, {&}7_;) — £(A)]. However, this
approach may fail to reach the optimal convergence rate because it neglects the second-order information.
Instead, we consider the second-order part of losses and improve our analyses by a localized argument
near the optimal solution A*. Equipped with localized Rademacher complexity, which shares a similar idea
as Bartlett et al. (2005), we are able to derive a sharp local probabilistic bound of || A — X*||. To fix this idea,

we define the second-order part of our loss function:

$(A &) = LN &) — (VU &), A= A7) — (X7, &), Z

T
with its population version S(A) = Es(A, &) = £(A) — (VE(A),A — X) — £(X"). Define localized

Rademacher complexity of s within a small neighbourhood of A™ as

Rs == EEE

sup Zats (A& ] ,

AEB(A* e)

where o, are independent Rademacher random variables. We have the following result:

ProrosiTION 5. Under Assumption 6-8, the following inequality holds

2L Me?
R < 2mlog(3K)—6 c

VT K

100M

for any constant K > 0. Consequently, if ¢ > %L log 7

< TL e TLe?
— < _ ~,
P(‘ = )—mexp< 8L2m )+exp< 5000L2>'

Proof Define K as a -cover of the set A € B(A",¢), then by the covering number of a ball, it is

, we have the following probabilistic bound:

valid that log |KC| < mlog(3K). Define a projection () that project each A € B(A", €) onto the closest
element in the cover K. By Assumption 6, we have a uniform bound |s(, ;)| < 2Le. Then it follows that:

T
1
R.=E:E, | su —E oS(A,
¢ AE]B()B T s Et)]
| I
<E: |E, sup = o18(N, & sup s(A &) —s(N, €
¢ aec T Z ' 2hl 7 AEB(ATe) A= IC(A)TE; 708 = s 8)

T

E, sup 12@(3()\7&)—8()\/:@))] )

ACB(A ) N =K(A) 1 Py

2Le
<v2mlog(3K)—= +E¢
VT

where the second inequality is by Massart’s finite class lemma. We focus on controlling the second term

by computing the first order moment of ’s()\, &) —s(N) &) }:
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E sup | (A &) — s()\',ft)‘ =E sSup V()Mft) - é()‘/aft) — (VA &), A — X)‘

AEB(A* ), A=K (N) AEB(A* ), N =K (N)

1
=E sup </ v (VI +v2,&) — VI, §t))dz> , where v =X — X’

AEB(A*,e), A =K(X)

1

<sup|jv|-E sup / [VON +vz,&) — VU, &) dz
AEB(A*,e) X =K(X) Jo

1 Me 2

< E sup VEIN +vz,&) — VEN,&)||dz <

K o Ae]B()\*,a),X:IC()\)H ( ) Il K

e

where the last inequality we use the Assumption 8. Then it follows that

T li
sp 2 Z oi(s(N &) —s(N,&)) gZt=1EfsuPAew'—/<<;>!S(A,ﬁt)—S(A,&)I

AEIB A'=K(A) T —

E¢ | E

g2

?

which proves the first statement. We then prove the second statement by choosing a suitable K.

If A which minimizes the empirical risk satisfies > ¢, then by the convexity of /, there exists

a X € B(A", ) such that /(A) — £(X*) < 0. Together with the second order growth Assumption 7, we have

(A) = S(A) =LN) = LX) = (E(A) = £(A7)) = (VEAT) = VEA"), A= X7)

vl

g—% 4 ||VEA) = Ve | e

By Hoeftding’s concentration inequality, we have

7 * * é@ Té?€2
— > = < — .
P <HV€(A )= VEXY)| > 1 5) _mexp< Si2m

Define the event that inequality || V/(A*) = VE(X")|| > %5 holds as &,. Then under { || X —

5

we have
L
sup  [5(A) —S(\)| > =Le?.
AEB(A*e) 4
Choosing K = 32M . When € > %L log =7 100M e have
L
2R. < =te?
8°

thus we have the following inequality:
_ Li >
sup  [5(A) = S(A)| = 2R+ —
AEB(A* ¢) 8 °

By the convergence theory of empirical process (Koltchinskii 2011, Boucheron et al. 2005),

6Lez 22
P su S(A >2R.+ — | fex ,
<Aem&i,g>’ (A)— S| ﬁ> o(-5)
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Tiﬁ 2

. c .
>e}nNé&f) <exp (fm), ie.,

TL;e? TL;e?
2 6) smexp\ =g ) TP T500002 )

THEOREM 8. The following bound holds for the convergence rate of A:

thus we conclude that P({ HX A"

(lax

[EHX—)\*

T

Proof This is a direct consequence of Proposition 5. By the integral formula of expectation, we have

QZ/OOOP(HX—X‘ > \/z)dz

51202 100M\ 1 [® |~
< ] - P H)\—)\*
<(z )7

2 512L72 100M  8m2L?+5000L%\ 1
= > log + 2 I
é@ ée éé

EHX—A*

2 512L72 100M \ 1
>2)d h = 1 —
> z)dz, where ¢ < I og Z, ) T

- 5122 log 100M 1 +/°°me TL;> e TL;> &
l < [ — < [ —
=\ % )T P\ 78em P\ 500022
51202 100M  8m?L>+5000L%\ 1
< 5— log + 5 —
ée éé éz T
which finishes the proof.

By simply equating ¢(\, ;) with Fenchel conjugate f;(A) in online convex allocation, we are able to
prove the optimal dual convergence rate O(#). Notice that, here, our Assumption 4 is equivalent to the

Assumption 8 we used in the proof.

12.3. Proof of Proposition 2

For any given € > 0, we define the neighbourhood of v* for given ¢ as
Q(e):={v:|lv—v"|  <4He}.

We then construct a good event £(¢) with pro only depends on ¢ that under this good event, the convex
function 51 (v, d) is larger than a quadratic function in €, (¢), which serves as a lower bound of dual func-
tion. The construction of this good event £ (¢) is based on the following splitting scheme and concentration
of objective function:

1. We first split €2, (¢) into multiple cubes layer by layer, and in every single cube, we control the

difference of second-order terms between all the v in the cube and the central point of the cube.

2. Then, we uniformly control the deviation of second-order terms for all central points.

We now discuss the second order term 5r(v,d) defined in (3.1). To derive an uniform lower
bound of 57 (v,d), we do the following split on €, (g) according to Huber (1967). Define set QF(e) =
{v|llv—v*|| <q¢"4He},0 < k < N, where ¢ € (0,1) and N € N, will be identified later. This split
divides €2, (¢) into N layers {Q"~!(e)\Q%(e)}1_, and a center cube Q)Y (¢). We then split each layer into
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disjoint cubes {Q2*(¢)}i% | with edges of length (1 — ¢)¢*~'4He, and denote the center cube by QN (e).
Huber (1967) shows that there are at most (2V)™ cubes. This split is not unique to get the desired conver-
gence order, but it makes our result tight enough. The center of each cube Q¥ (¢) is defined as v;. Define

Upl = argmax, e ||V — v*||,, and

Y= max [sy(vp,d) — si(v,d)]. (12.2)

veQkl(e)

Then for k € {0,...,N — 1}, and Vv € Q¥!(¢), 51 can be decomposed as

1 < 1 <& 1 —
:T;St(l/,d)—TtZSt(Vkl,d)‘i‘Tzst(ykl,d)

1 7 (12.3)
>Es; (v, d) — ETF 4 — TZFM—FEFM—F Zst (Vt, d) — Esy(vi, d) .
12.3.1 =1 .
12.3.2 12.3.3

We study the lower bounds of these 3 terms in (12.3) respectively.
Lower bound of 12.3.1:

ET} =E max [£7(bf (A + ) = £7 (0 (A + 1)) = gu(bf (X + 1) b7 (At + prit — A — )]

veQkl(e)
1
& | [ 0100 00 O 0400090 - 07O 4] ]
veQFkl(e) 0 (12 4)
. .
<b max v —vill, - {/ E max Hgt ()+v1 z) — gt(bT Hdz}
Verl( 0 erl

<Lib? (Vef%%lﬁ) v = vl) - 17w — v Hz )

where vy (v) = b (Mg + pr — A — ) is the direction vector, and the second inequality is obtained by
Assumption 4.

According to Proposition 4, we have
2
Esi (v, d) = L, lvw —v7 |5 -
So for the first term, it is clear that

—ET} + By (v, d) > L, (v — v*[l; — Lab*( max i = vlly) - [k — V7], - (12.5)

Lower bound of 12.3.2: Since the gradients ||g;||_ is bounded by D, by the integral form of I, in the

second equality of 12.4, we also have:

”Fflﬂz <2v/nbD max HI/—I/kl||2,

veQkl(e

for any ¢ € [T']. Define event

T
1
Skz,1(€1):{ 7 ' 4+ ETF < —2e,v/nbD max ||1/—1/kl||2} (12.6)

QFkl(e
t=1 ve )
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Then according to Hoeffding’s inequality, P(&y, 1 (1)) < exp(—%%)

Lower bound of 12.3.3: We calculate the norm of each s;(vy;, d):

H&@mﬂﬂb—H[AIGT%@AA“+M3+WTZ)—QA@Q*+uﬂﬂd4dz

<2y/nbD ||vg —v*,,

for any ¢ € [T], where v, = b (14 — v*) is the direction vector. Define event

) (12.7)

Erio(ea) { ZSt Vi, d) — Esy (v, d) < —2e23/nbD ||y — V*‘z} . (12.8)

Then we have P(&y,;2) < exp(— TEQ) by Hoeffding’s inequality. Now we would like to make all the quan-

tities in the lower bound uniform by leveraging the splitting scheme. From the split, we have

max Hl/ —vll, = vm(1—q)¢" '4He,

erl
nu—wm52q4ﬂa

And also . i
V" —Dull, < v —sz’\ﬁgg%“V—szHz

\/ﬁ(l—Q)‘ \/m(l—Q)‘
q q

max v —wvyl, < V" = Dl -

veQkl(e)

Thus we have the following result for the 12.3.1 term in (12.5).

V" =, <

—ET} +Esy (v, d) >L,(lve — v*|[3 — Lib*( max vy —vly) - |7 — v,
veQkl(e)

‘Cs — * m(l — 7 — *
> Ee = - O L -
m(l—g
(1 ] )
So there exists ¢ = MIL such that when ¢ > ¢, ‘F(l D<A 4L iz, and
4Ly b2
L, 1-— -
(1 + \ﬁ(l Q)) q i
Choose g =qV % Then for the 12.3.1 term in (12.5) we have
Loy .
—ETY 4+ Esy (v, d) > 5 [ — v I5- (12.9)

Let £, = £5 = v/mlog me. For 12.3.2, under event &, ; (£1) in (12.6) we have

T
1
T Fkl+EI‘kl> —2ey/nmlogmbD( max v —v*,)
€ (e)

\/nmlogme —4) 1Tk — v, -

(12.10)
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For 12.3.3, under event &, ,(¢) in (12.8) we have

T
Tz (Vii, d) — Esy (v, d) > 2£\/nmlogmeHykl—1/H2 (12.11)

Now we combine second order lower bounds in (12.9), (12.10), (12.11) together under the desired good

event
E(e) = mllcvzl M (5151,1(5) N 5151,2(5))7
where we choose N by setting the radius of Q! (g): \/mqV4He < 2He, i.e.,

1 4L, b
5| < Vo Vin.

Under £(¢), for any v € Q,(¢) satisfying ||v — v*||, > 2He, there exists k = {0,..., N — 1} and [ such
that v € Q¥ (¢), and

= [log,(

= ‘Cs — * 7 Yalll 1— — *
5r(v,d) Z? | op — v Hz —2ey/nbD(1 + (QQ)) ok — v,
L _
> 7w — || — 4= /nmlog mbD |7 — vl -

Compute the probability of £(¢) we can show that

PEE) 21— D (P(Eua(e)) +P(Ena2(e)))

0<k<N-1,1

1 Te?
>1—2(2[log,( mlogmre’

2

11)™ exp(— mlogm(Te* — 1)) .

>1-2 -
21 e (-2

1
2y/m
The following Lemma can show the concentration of the first-order term:

LEMMA 6. Under Assumptions 1-3, the concentration of the gradient in the first order term ¢, (v*, d) satisfies

]P’(HgET(Z/*,d) - VDV(I/*,d>H2 >€) <2mexp (—Jﬁ)) , (12.12)

forany e > 0.

Proof:  According to Hoeftding’s inequality, we have

P(| (&T(u*,d))i —(VD,(v*,d)),| > ¢/v/m) <2exp <—2mT\/€;—)D)

for Vi € [m]. Combining all m dimensions together, we conclude that

T

1 Te?

Pl = E X.d)—VD(\,d <2 _ .
( T pot 0(A%d) = VD(A", d) >€> - mexp( 2m\/ﬁbD>
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For the first order term, denote event &y(go) = {||¢r(X,d) — VD(X",d)|, > €o}. Take g, =
evnmlog mbD. Then by Lemma 6, we have

T/nlogmbDe? >

P(&(g0)) <2mexp (‘ 9

Under event £5() N E(e), we have

Dr(A,d) — Dr(X",d) > 57 (v,d) + (¢r,, (v*,d) = V,D(X",d),v — v*)

O-miné % (|2 b % *
> : f [ H2_55W5DH%—V [ (12.13)
o O-minéf Jminéf

e T e A Y

where we define H = 10y/nmlog mi)D/(aminéf).
We now show how the first inequality leads to the probabilistic bound of || — v*||,. By the definition
of 5r(v,d), if the first inequality holds, an argument similar to (3.2) will lead to
Dr(Ad) = Dr(A",d) > 5r(v,d) + (Gr(N",d), A= A")
> gT(Va d) + <¢T,IJ(V*’ d) - VVD(A*’ d)7 V= V*> (1214)

aminé %112 *
L (| = vy - 2He | — v

v

T\/nlog mbDe?

> ), where we use the optimality of A™ and the concen-

with probability at least 1 — 2m exp(—
tration of gradient. If ;. is part of the optimal solution, then we claim that, the dual optimal solution v,
must have ||v}. — v*||, < 2He. Otherwise:

1. If 2He < ||v} — v*||, < 4He, then there will be a v}’ such that ||} —v*||, > ||v; — v*||, > 2He,

and

*

Dy (X, d) — Dr(X",d) >

*/
Vp —V

Ominl
mins f
4 (Il ) >0,

which contradicts the optimality of A
2. If |vy — v*||, > 4He, since Dy (X", d) — D(X",d) =0 and Dy (A}, d) — Dr(X",d) <0, by the con-
vexity of Dy we can always find a A such that 2He < || — v*||, < 4He and Dy (A, d) Dr(X*,d) <

0. However, according to (12.14), we have
Dr(hd) — DX d) > TnE TS (1 — vy~ 2He |5~ v, >0

which also ends up with a contradiction.
To better present our idea to readers, we draw a figure here. This clearly shows that when our empirical
function is lower bounded by a quadratic function with He as the axis of symmetry, we essentially have

v — v, < 2He.
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Figure 1  The value of Dt with respect to || — v*||,,. Since the quadratic lower bound has He as the axis of symmetry, we

have Dr (A, d) — Dp(X*,d) > 0 for ||v — v*||, > 2He.

12.4. Proof of Theorem 1

We first show the dual convergence bound for a fixed d € 2. By the tail expectation formula, for constant

H >0, we have
EHV;—V*;@_LLH?/ P(||lvi — v*|2 > 4H?2)d>.
0

According to the probabilistic bound in Proposition 2, for any z > 0,

T/nlogmbDe’ logm(Te” — 1
IP’(HI/:’;—U*HE>4H2Z)S?mexp(— VnlogmbDe >\/1+2exp(—m ogm(Te )>\/1.

2 4

Then, calculating the integral, we get
Blvi — v [ = H? [ Bl — v} 2 482)ds
0

400nm1 »2D? [ Tnl bD 2
2 ) T+\/nbD

02l /(T /bD 2
400nmlogmb>*D? [ mlogm(Tz—1) 1
2 — —|d
+ o2 L5 /1 P 4 7]
min= T
b>D? nmlogm
SCI ) 2 &
O-minéf T

For the optimality of the O(T~') order, let us consider a non-regularized case when = € [0, 1] and

fi(@) == f(x,&) = —(x — 2&)?/4 + &, with the single constraint d = 1/2 and cost b; = 1. The dual
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problem is

A ifA>¢&

Di(A) =9 —1+&—1X ifA<&—1

N =206 —PA+E ifG -5 <A<LE,.
Let & be any distribution varies within [1/2, 3 /4] with variance o7 > 0. Then, for any ¢, we have {, —1/4 €
[1/4, 1/2] C [¢, —1/2,&). Thus, for the sample average Dr(\) := T~ 3/, Dy()\), when X € [1/4, 1/2],
Dr(N) := A2 —2(& — 1/4) A+ €2 with the optimal solution being A := & — 1/4. We have E(\; — \*)? >
Var(¢r) = o2 /T. This shows that our O(T ") dual convergence rate is indeed optimal.

However, both the aforementioned analyses and previous works (Li and Ye 2021) only care about a
fixed d € Q,, which neglects the intricate dependence of d when d changes in the process according to
the accumulated data H;. We are going to show that, by applying the chaining argument on €2,;, we can
prove the dual convergence uniformly for all d € §2,;. We would like to thank an anonymous reviewer
for pointing out a possible approach to achieving a uniform bond, which greatly inspired our subsequent
proof. It is worth noting that our argument can be used for both (i) localized Rademacher complexity;
and (ii) proving a second-order lower bound of empirical function, to show the uniform bound of dual
convergence. Here, we show the approach (ii) for demonstration, but the same argument can be applied
to (i).

Proof of the uniform bound

We start from the step (12.14):
Dr(X,d) = Dr(X"(d), d) = 37 (v, d) + (dr (X" (d), d), A = X*(d))
> 5p(v,d) + (¢r,,(v*(d),d) — V,D(X*(d),d),v —v").
We first show the uniform concentration of the gradient, ie., the first-order term. Notice that
b1, (v*(d),d) — V,D(X(d),d) = — 3°/_, Lb,g:(b] v*(d)) + Eb,g(b] v*(d)). To ease the notation, we
shall write ®; 7(d) = 3°,_, X (b.g: (b v*(d))),, and write ®;(d) = E (b;g,(b v*(d))),, with each element
®,;,(d) = (bygs(b) v*(d))),. At each dimension 4, we have

sup
defy

= sup |®; 1(d) — @,(d)]

defly

S o (g0 (), ~ B (bege 07 v (),
= sup |®; 7(d) — ®:(d)| — E sup |©;.r(d) — Di(d)| + E sup |@; 7(d) — @4(d)|-

dey

: l

Then, by the bouned difference condition (Koltchinskii 2011), we have the concentration

_ _ Te?
(sup 0000~ o000 =80 > /) <es0 5 )

We now compute the Rademacher complexity of ®; (d) to control the third term:

T

1
E, sup — Zth)i,t(d)] .

deQy =1

E sup |®; 7(d) — ®;(d)| < 2R(®;,Qq) :=2E

deQy
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We now consider two cases: in the first case, we assume f; is linear such that f;(z;) = v/ z;. Then, we

have

n

frb/v) = Z (vit — bll/)Jr ,

i=1
with the gradient @, ,(d) = —>_"_, b I(vi — bjiv*(d) > 0), which is composed of indicator functions
with finite VC dimension (Vapnik and Chervonenkis 1971). In the space (1, if we define the semi-
norm Lo(®;,Pr)(dy,ds) = \/<ZtT:1 (P4 (dr) — @i’t(dg))z) /T, then the semi-norm can be bounded by

Ly(®,;,Pr)(dy,da) < \/ﬁl_)\/(thl (T (vy — bjv*(dy) > 0) — T (v — bv*(da) > ()))2) /T, which is also
a semi-norm defined on the function class G; := {I(v;; — bj,v*(d) > 0) : d € Q4}. This shows that, the

covering number N (¢, 4, Lo(®P;,Pr)) can be bounded by
N(E, Qd) LZ((piv ]P)T)) S N(Ea Qd) \/EBLQ(GD]P)T))?

which can be uniformly controlled by the VC dimension on G, see, e.g., van der Vaart and Wellner (1996),
van der Vaart and Wellner (2011), and Giné and Nickl (2021). Then, by Dudley’s chaining argument on d,

we have

o /b
R(@,,Qd)g%/ \/10gN(€,Qd,L2(¢i,PT d€</ \/IOgN 6/ fb) Qd,LQ(Gl,PT))d
0

Cynb (! — Cby/mn
< /0 VIog(1+e(1/€) )deﬁT,

where we used the VC dimension bound VC-dim(G) < m + 1. In the following discussion, we will treat

the diameter of Q, as O(d) for simplicity. This gives the bound on the Rademacher complexity in the linear
case. We now consider the second case, i.e., the function is general. In this case, since we assume that g, is

Lipschitz continuous near v*(d), we have Ly(Pr)(d1,ds) < L1b? ||v*(dy) — v*(dy)]|, < UriilnBZf |dy — da],.

Here, we use the continuity of v*(d; ), which will be proved in Lemma 7. This leads to the bound of the

covering number N (€, Qy, Lo(®;,Pr)) < N(Uminéfe/(Lllgz), Q4, Ly). We then have

R(®,, ) < / VIOEN (Gl pe/(LiB2), Qu, L) de

< CL,b?
N O.IIliIléf\/T 0

_ CLib*dym

O’mméfd/(le )\/ —
log(1+c(d/e)?™)de <
g( ( / ) ) UIIIIIIEff

where in the integral, we only consider the part that € is smaller than o, L f51, which gives
lv*(d1) — v*(d1)]|, < 9 for a given small constant d; because the large part in the integral can always

be bounded by the constant d/(L,b?) - \/log (1+c(d/(ominl;01))>™) S /m - dy/log(d/61)/(L1b?). In

the following computation, we will use the bound in the second case (for the general functions) because
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this can show more general results reflecting the role of smoothness L;. For the linear problem, L; will

be substituted by /n. This leads to the bound that our gradient can be controlled by

m 2
sup ¢z, (v*(d),d) — V,,D()\*(d),al)H2 <€+ Z <E sup |®; r(d) — @i(d)‘>
ey =\ ey (12.15)
<e+ CL152Jm
= O—minéf\/f’

will probability at least 1 — m exp (—%).

We now consider the uniform lower bound of 57(v,d), for v in a local region close to the optimal
solution v*(d), say, B(v*(d),e) = {v:|lv —v*(d)||, < €}. Notice that, the expectation of 5r(v,d), ie.,
s(v,d), as is shown in Proposition 4, shares the following lower bound for every d € Q4: s(v,d) >

TminL /2 || — v*(d)|)5. This gives

$r(v,d) =57(v,d) — s(v,d) + s(v,d) > r(v,d) — s(v,d) + ““;ﬁf lv = v (d)];

OminLl
> mink f ok 2 . _ . . . _ .
22— lv—v*(d)|,+ d,uelBl(Ig*f(d),s) [57(v,d) — s(v,d)] Ed,ue]Bl(Iulf(d),e) [57(v,d) — s(v,d)]
+E  inf [57(v,d) — s(v,d)].

d,veB(v*(d),e)

For ease of exposition, we now consider v as v = v*(d) + Av, where we confine Av € B(0, ), which will

be denoted by B(e) for simplicity. We then have, for every d € Q,, Av € B(¢),

]P’( inf  [sr(v,d)—s(,d)]—E inf [ST(V,d)—s(V,d)]g—@) <exp (-TE%) (12.16)

d,AvEB(e) d,AvEB(<) 8nb2D2e?

where we use the bounded difference condition (Koltchinskii 2011) and the norm bound of s,(v*(d) +
Av,d) as in (12.7)

1
500" (d) + A, )] = ] [T a0 ) 2 a0+ )] ]
0
<2v/nbD ||Av|, <2v/nbDe,

where the direction vector v, = b Av, and we use the fact that ||vs]|, <b||Av||,, and | g:||, < v/nD. We

now consider the expectation of the minima, Einfy a,ep(.) [57(v,d) — s(v,d)], where we can again use
the Rademacher complexity to control it. It is clear that

T

E inf [57(v,d)—s(v,d)]| <2R(s,Qq4 x B(e)) :=2E |E, sup Z o5 (v (d) + Av,d) | .

d,AveB(e) d AVE]B(E

We now use Dudley’s chaining argument on both Av and d to establish a sharp bound of R (s, Q24 x B(¢)).
We first construct a chain on Av, say {7}/(Av)},- |, where each two elements in the chain is bounded by

H7r§€’_1(Ay) — 7} (Av) H2 <2 %z and ¥ (Av) =0, 7% (Av) = Av.
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Then, by Dudley’s chaining argument on Av, we have

R(s,QsxB(e)) < f:IE

sup sup — Zat se(v +7r,Z_1,d)—st(u*(d)+7rz,d))].

@ty a T

For each k, the elements in SUDrv  (Au)x¥(Ay) ATE finite and the number can be controlled by

N?(27%¢,B(e), Ly). Thus, we can use chaining again for d given each k. For each k, we have

|St(V*(d)+ﬂ-Zfl’d)_s d)+my,d ‘—H/ vy [ge(b) (v (d) +7_1) +v3-2) — g:(b) v*(d))] dz]
gz\/ﬁBDHw,'g,l—w;ngfbD 27",

which serves as an envelope of each s,(v*(d) + 7} _,,d) — s;(v*(d) + 7}, d). Here the direction vector v; =

b (m¥ — ¥ _,). Still, we first consider the linear case. If f; is linear, we have f;(z) = v,/ z and f;(b/ V) =

o (v — biTtu)+, and g;, (b v) = —I(v;, — bjTtV > 0).
se(V*(d) + Av,d) = f7 (b] (v*(d) + Av)) — f7(b] v*(d)) + Z Z byi.ol(vie — blv* (d) > 0) A
=1 j=1
We now control the semi-norm defined using s;(v*(d) +7_;,d) — s¢(v*(d) + 7}, d) for each k. It is clear

that for any fixed chain element 77, 7;_, and any d;, d», we have
|(se(v*(dy) + 7} _y,dy) — 5. (v (dv) + 77 dv)) = (se(v* (do) + 7f_y, do) — s (V¥ (do) + ), da)) |
(30 = b (v (d2) + 71_1)) " = (vie = by (V" (i) +77))
~ (i =bE " (o) + 7)) = (v = b (d2) + 7)) )|
+ BQ‘ksnm?X T (vie — by (d1) > 0) — I (vie — byv*(d2) > 0)| .

< nmax
(2

Then, the semi-norm defined using s,(v*(d) +7}_,,d) — s;(v*(d) + 7}, d) can be controlled by the semi-

norm defined using the function class
Gaim { (v — B0 (d) + 7)) — (v — b0 (d) + 7)) " sd e}
and the semi-norm defined using G1 := {I (v, — bj,v*(d) > 0) : d}, i.e,,
Ly(s4,Pr) < nr%z;x Ly(Gy,Pr) 4+ 02 "en r%z;x Ly(Gy,Pr),
and thus
N(€,Qq, La(s4,Pr)) < I%?XN(E/2, Q4,02 "enLy (G, Pr)) 'H]%)%XN(G/2,QCI,7’LL2(G2,PT)),

where the inequality holds because we can construct the first layer of covering with €/2 and the second
layer of covering on each ball of the first covering with €/2. For Ly(Gy,P7), we have VC-dim(G;) <
m + 1; for Ly(Gy, Pr), the subgraph of elements in G, can be covered by

sub(G) C sub (v — by (v*(d) + m}_,)) Usub (—vy + by (v*(d) + 7f) ) Usub (b, (mf, — w}_1)) Usub (0),
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which shows that the function class G also has the VC dimension bounded by VC-dim(G3z) < m accord-
ing to van der Vaart and Wellner (1996). Moreover, s, and G, are uniformly bounded by 2,/nbD - 2~ ¢.

Together we have

T
1
E E, sup SUszat (s:(v*(d) +mf_y,d) —st(y*(d)—}-m’;,d))]
t=1

i (Av), 7 (Av) d

T 1
< C;iﬁ\/bji)g i \/Iog (N2(2—ks,IBé(5),L2) -N (\/ﬁBDZ—’fse,Qd,LQ(st,PT)))de

< Cy/nbDey/log N(2-*¢,B(¢), L)
- 2T

C%: </01 \/logN(e/ZQd,\/ﬁLz(Gl,PT)) + \/logN(\/ﬁBm—kae/Q,Qd,\/ﬁLQ(GQ,PT))de>

C/nbDe <\/log N(27%¢,B(e), L) + \/mn>
<
- 28T

C/nbDe («/mn + \/logN(2*’f5,]B%(a),L2)>
< 9
- 2kV/T

(12.17)
where for each n, the covering number is at most N?(27%¢,B(e), L,) times the covering number on d.
Here, we omit the maximum over Pr since the VC dimension bound is uniform. Summing up & from k£ =1

to oo will result in the bound of the whole Rademacher complexity R (s, 2, x B(¢)):

C/nbDe (W + [ /logN (6,153(1),L2)d6> _ Cy/nbDey/mn
VT ST

Similarly, if f; is general, we have stronger smoothness condition on f;*, which means that for different

R(s,QqxB(e)) < (12.18)

dy, ds, the semi-norm can be bounded given that
‘ (se(v*(dv) + 7}y dy) — so(V* (do) + 77, dr)) — (s:(v* (do) + 70—y, da) — s:(V (d2) + 77, d2)) ‘

[/0 vg [ge(be(v* (dy) + 7} 1) +vs-2) — ge (b (V¥ (do) + 7} _) + 03 - 2) — go(b) v* (dv)) + g: (b V" (d2))] dz}

S 2L1\/ﬁ[_?2D Hﬂ—;clfl — 7[';;“2 Hl/*(dl) — I/*(d2)”2 S 2L1\/ﬁB2D . 27]66 ”I/*(dl) — ]/*(dQ)H27

which also gives a controlled covering number for each £k with the smoothness of v*(d):
N(€,Q4, La(54,Pr)) < N(ominLl se/(2L17v/nb> D27 ), Qy, Ly).

We then have the Rademacher complexity bound using the same argument as (12.17) and (12.18) in the

first case:

C/nbDe (lezJ/(amin;f) + [ \/logN(e,]B%(l),Lg)de> _ CL, i dDe
\/T N O—minéfﬁ '

R (5,024 xB(e)) <
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Here, we use the fact that

1 1 77
| o (N (VitbD2 e, 0, Lasr Br)))de < [ VO8N G/ (2Lib). 0 Layde < ¢V
0 0 o-minif

Associate this result with (12.16), we have the uniform lower bound of

OTmink 2 . _ . _
sr(v,d) > Tf lv—v*(d)||; + inf [57(v,d) —s(v,d)] — E inf [57(v,d) — s(v,d)]

dvEB(v*(d).c) d.weB(v* (d).c)

+E  inf [57(v,d) — s(v,d)]

d,veB(v*(d),e)
CLy/mnb*dDe
Uminéf\/T

9

which gives the uniform lower bound of the whole dual function by applying (12.15):
Dr(X,d) — Dp(X*(d),d) > 5r(v,d) + {¢7., (v*(d),d) — V,D(X"(d),d),v —v*).

OminL CLb%dm CL,/mnb*dDe
> - (@ (a+———= | lv—v ()], — e — —
2 O-minéf\/f O-minéf\/f

)

which holds uniformly for alld € Q, and v € B(v*(d), €) with probability at least 1 —m exp ( T ) _

" 2m+/nbD
2 s %
exp (—ﬁg%) .Choosing €; = oyin L /8c and €, = Umin§f62/64, itis clear that when ¢ > CLalmi 2;";;’\/‘;—,]38,
we have

_ _ Ominl e\2 &2
. * min~ f ok < <
Dr(Ad) = Dr(A'(d),d) = 2= (v — v (@), - 5) - -

If the A7 is the optimal solution, we must have sup,cq,, [|[v;(d) — v*(d)]|, < 2 following the same reason
as Proposition 2. We then use the tail expectation formula again on the probability bound to get the result

L2b*d*>D? nmlogm
o2 éi T

min

E sup v3(d) v (@)= [P (suplvp v > =) d £ Cy
0

deQy

where an additional L2b*d? term appears due to the chaining argument on d.

12.5. Proof of Theorem 2

We first prove this result for a fixed d. The uniform result can be similarly proved by simply using the
argument in the proof of Theorem 1. Recall that, by the proof of Proposition 2, the convex function Dy is
larger than a quadratic function in a neighborhood of v* with a high probability claimed there. Then, for
any e satisfying € < 2H?c?0 i, L s> with the same high probability, the e-optimal solution must belong to
Q, (¢), because, for all the points in the border || — v*||, = 4He, we already have Dy (X, d) — Dr(X*, d) >
2H?%0,,,, L s Then, with the same high probability, it follows that

Uminéf
4

Urninéf
4

€= Dr(Ay,d) — Dr(X7,d) > ot = v l; 2He|lvy —v7|l,,
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which suggests that ||v§. — v*||, < ||[v§ —v*||, < He + (H?e* + 46/(Jmin§f))1/2. Still, applying the tail
expectation formula, we get

2e

H2 o'mmﬁ
E(|lv5 — v ||§>=4H2/ F (| — v, > 2H /Z)dz
0

—|—4H2/ P(||lvs —v*|l,>2H/2)dz
H2‘7r2n€in£f
8 e o)
Sa ‘ +4H2/ P(||lvg —v*|, > 2H+/2)dz
min&=f €

H2Lp

Let 2H\/z = He + /H252+Um?7§£f. When z > ﬁ’ we have € < 2H’c*0,iwL;, thus
P(||v5 — v*||, > 2H+/%) can be bounded by Proposition 2. Also when 2H/z = He 4+ , /H?e? + Um?ncf

we have e > z — m By the integral of z, we get the second part of the bound. We note that this

analysis can also be applied to the uniform bound in the proof of Theorem 1. For the uniform bound, there

will be an additional L?b%d? term due to the chaining argument.

12.6. Proof of Corollary 1

We first prove this result for a fixed d. The uniform result can be similarly proved by simply using the argu-
ment in the proof of Theorem 1. Recall the proof of Theorem 2 that when ¢ satisfying ¢ < 2H?c%0 1, L s
with high probability the deterministic e-optimal solution must be in €, (¢). Similarly, for the stochastic
ol =

:|Dr)

can still be bounded by . Notice that, although our Proposition 2 only focus on 2, (¢), it also bring us

e-optimal solution, we try to confine it in a larger region so that with high probability E [Hw}

information outside €,,(¢). For any ¢ and ¢, under the event when Proposition 2 holds, and any Dy we
have:
1. If Dp(Ag,d) — Dr(X",d) < 2H?¢*0,nin L, then ||vg. — v} ]|, < 4He.
2. If Dy(A7,d) — Dr(XN",d) > 2H?¢%0,1, L, then we have [[vg, —vj|, < m(DT(Aﬁp,d) —
Dr(X*,d)). Because the convex function Dz(X,d) — Dp(A*,d) = 0 when A = X, and when
|v—v*|,=4He, Dy(A,d) — Dp(X",d) > 2H?c* 0,01 L.

We conclude that under the event when Proposition 2 holds, for any € < 2H?c%0,,;, L f,

1/m (257 +G)
2| Dr] <1621 - €

Hao—minéf

because ||v5 —v*||, <44 /m <2 de”: + G). The RHS term has a minimum value

—3.8¢3 (m (2f;_77 +G>>3 /(Uminéf)%

s |l
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1
when g, = €3 <m (2% + G)) ’ J(2H (ominLly) 3). When the RHS term is larger than is minimum value,

we can always take the corresponding ¢ at the right side where € > ¢, and it follows that

1y/m (25 +G)
2= 16H?c? + - ce < ARH?&2.

Hgaminéf

Then by the tail expectation formula we have

20 _ oo
Bap 5 v~ [ P8 lv5 - vI2[Dr] 2 20+ [ P(Ea -7
0 20

> T\/nlogmbDz/(48H?
Szo—i-/ [Qmexp <— vnlogmbDz/(48 )> \/1] dz
20

DT] > 2)dz

2
o 1 Tz/(48H?) —1
+/ [2€Xp <m ogm( Zi( 8H°) )> \/1] dz.
<ZZO+C b?D?* nmlogm
= <0 20_12111“&? T

For the uniform bound, there will be an additional L?b*d? term due to the chaining argument.

12.7. Proof of Lemma 2

Recall the Lagrangian of program (2.5). By duality, we have

R*(P):=Ep glgi(th(xt) +T-r (W) , 8.t th:rt =<dT
SEY [fl@(v)) +r@(u) + @) = b, () " + (d = b (7)) TA]
—T (")

12.8. Proof of Proposition 3

Since r is proper, by Fenchel conjugate function, the definition of i implies

T T
b b
" (Zt_% x) b I () — B E () + D)

>r(a(p*)) + fira(p’).

Combined with R (A|P) =E » [Zthl filx)+T-r (%)] , we have

ZtT:I by,

AlP)>E
R(AIP) 2 .

D filw) +Tr (a(u) + Thga(p) = Ty

t=1

The Assumption 2 suggests that

iz, < vmG, and [la]l, = [[9" (=p)ll, < v/nDb.
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Thus
R(AIP)ZE > [fi(@(vir)) + 7 (a(u"))] + <ﬂT,Z(d(u )—btxt)>]
) [Z h(ve_1) + <ﬂT — Y (@) - bta:t)> - <)\*,Z(d— btxt)>]

Combined with (5.2), we can show that

R*(P) - R(A|P)<E [Z h(v*) = h(ve_q) + <)\*, > (d- btxt)>] ,

t=1

or, equivalent, in a two-phase form:

> h(v?) = h(vioy) + <)\*, > (d- btmt)>

t=1 t=1

R*(P) - R(A|P)<E +2(f +7+ vVmnGDb)(T — 7).

We conclude the proof.

12.9. Proof of Lemma 3

For technical convenience, we assume that, for each non-binding dimensions ¢ € I\, the updated con-
straint d;, never exceeds the threshold d (the uniform bound defined in Assumption 1) at all iterations.
This is a mid assumption both for theory and in practice. Indeed, if d;; is larger than the d, this means that
the constraint d;; is very loose so that its impact to the optimization problem is negligible. In this case,
such a constraint can essentially be discarded. We start with a lemma on the continuity of dual optimal

solution to prove Lemma 3.

LEmMA 7 (Continuity of dual optimal solution). Under Assumption 1, 2, 3, for the stochasitc program
n/l\igloD()\, d)=BEfr(b] (u+N)+7(—p) +d "\ letd bed,,d, € Qq separately, then the corresponding
HyAZ
optimal solution v*(dy),v*(d}) satisfies
* * 2 1 ’ 2
[v7(dy) = v (dy)[|5 < 5 [ldy — dal5-
min=~f

If further dy, d,, identify the same binding/non-binding dimensions, then

* ! * ! 1 !/ !
[v*(dy) —v (dz)HZ < 52 12 Z(dli —dy,)?,

min=~f iclg

where the binding dimension I is with respect to d| and d,.

Proof of Lemma 7 By Proposition 4 and the uniform assumption on d, we have

* ! * / / * / ! 1 * ! * !
D(v*(dy), p(dy),d}) — D(X (dl)’d1)2§‘7minéf”” (dy) —v (dl)H;
1
2

D(v*(dy), u* (dy), dy) = DN (dy), dy) = SominLy v (dh) — v ()5 -
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Summing up two inequality we have
(dy —d) T (v (dy) = V" (d})) = Omanlly V7 (dy) =" ()5, (12.19)

or equivalently, > °, . (dy; —dy,) (v} (d3) — v (d})) = ominLy ||V (dy) — v*(d}) ||Z if further d/, d), share the
same binding/non-binding dimensions. From (12.19) we can show that
*( 3 * (7|12 ! ! Yl *( g0 ! / *( g *( 9
TminLy V7 (dy) — v (dy) 5 < (dy — dy) T (v (dy) —v™(dy)) < |y — dyl, [[v™ (da) — v (dy) I,
* ! £ ! 1
I () = v (@), < —

Iy — s -

min&~ f

Thus we get the first statement. For the second statement, we focus on the binding dimensions:

TuinLy ||V (dh) — v (dy) |5 <> (dh; — db,) (v (dy) — v (d})

i€lp
< Yy —dy)? D> (v vy (dy))?
i€lp iclp

< > (= db)? (v (dh) — v (dy)l
iEIB

which completes the proof of Lemma 7.

Then, we return to Lemma 3 and consider the original constraints d and the its binding/non-binding
dimensions: Iy = {i|d; — E (b,2,(v*)), = 0}, and I\s = {i|d; — E (b:Z(v*)), > 0}. Here we write the cor-
responding optimal solution to n}\ln D(X,d) as X", and write A" (d’) if we change d to d’. Then if i € Iz and
i changes to non-binding dimensions for d’, by Lemma 7 and Assumption 5.2, for any ||d’ — d||,, < o A

we have
! ! * ! 1
0=, 2 i [0 (@) = 01, > Oin g (N~ 0]~ s = ) > Sommld,  (1220)

where A = min {\}|i € Iy }. If on the other hand, i € I\s and i changes to binding dimensions for d', by

Assumption 4, we have

E v (d) [E (0:2:(v7(d))); — E (b2 (v7)),] = |d; = E (b2, (v7)),]

1
-, > ——
e 2b2L
> WLl (|di _E(btjt(y*))A - |d; _di‘)'

Denote the minimum of remaining resources in non-binding dimensions by

v =min {d; — E (b,2,(v")),} .

i€INB

By Lemma 7 we have

L; L
/ * Omink ’ Omink f /
a2 ouin L B (&) = v7ll, = Gt (3= i = i) > =L (=l =),
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|| 'Yo'minéf
2= Umi11£f+2l_72L1

1 ’)/O—minéf 1 A
5 - . = ANl = miné A /\5 A ~
¢ Vm (Umin£f+2b2L1> <20- ! > 0 2 r

we can conclude that when |d; — d;| < 4, the binding/non-binding dimensions will never change. More-

ie, |d—d . Combined with (12.20), taking

D

over, enlarging the constraint in a non-binding dimension will never change this constraint to the binding

dimension. So, for the non-binding dimensions, d; — d; can be any large. This finishes the proof.

12.10. Proof of lemma 4

Proof of this lemma under frequent resolving is similar in spirit as that in Li and Ye (2021), but with different

induction and dual convergence rate. Here we focus on the infrequent re-solving scheme in Algorithm

4. All the proof for the infrequent re-solving scheme is valid for the frequent resolving case. we define

dy =dr, if T; <t <Tj. Then d; will only update when ¢ = Tj for some j. Without loss of generality, we
1

K
assume % is a integer and 1" = (;) for some integer K. Denote the ratio C, = p/(1 — p). Also assume

Cy= O(mnlogm) in Condition 1. Decomposing the perturbation of dual variables will lead to

* 112
ﬂzm_m

t=1

<2E [Z vy =2 (de-)5 + V7 (dems) =715

t=1

By the definition of stopping time 7 and Condition 1, the first term in the RHS has

J
1
[ZH% 1=V (di—s ||2] SZ - (T — j)0fc4ﬁ'(Tj+1*Tj)§2C4(10gT+1)-
=1 j
Notice that, we need a good initialization: I ||, — v*||> = O(1/T) to reach this condition for the first

(1 — p)T terms in infrequent resolving case. For the second term, we apply lemma 7 to it.

Ezwwwm$; hzn ].

t=1 i€l

Thus we transform the perturbation of v*(d;) into the deviation of d; in the binding dimensions.
To ease our analysis, we define a new sequence d,

" dt7 lftST
dt: . )
di_q, ift>T1

which shares the same stopping time with d; and define 7, = mtin{T — ["‘EE—‘ Yu{t|d,, ¢ D;} for i € [m)]
as the stopping time on each dimension with 7 = min{r, ..., 7,, }. We follow a similar approach as Li and
Ye (2021) to bound the stopping time. The distinction is that our analysis is more refined and we use a
martingale argument that is different from Li and Ye (2021) to study the infrequent resolving scheme.

We first consider the binding dimensions. For any 7 € Iy, we derive:
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2 [ — o)
T—Tm

T; - 12

V(e i) g T [~ () )

E(dy,,, —di) =E(dz —d) +E Ty LI(r > T))

-~

A/

d; Tj1 d;"Tj + I[(T > T])

(12.21)

By = ) (S8 1 [ i, = (budel(v* (),

JH T
T-T,,, (r>15)
B/
a0, — ;) ( Q%H(m@@@»,—@@uw«mnx)ﬂ
T—T;

Cl

+2E<

+2E<

T>1T}).

For the term A’ we have
_ 2

¢ op ) ] [ ] b )

B (T'—Tj)?

1 ! ~ 2

<2E( i & E[@“%@%DJH@}>
B (T = Tj4.1)?
Tit1 ERb~ G i
k=Tj+1 kxk(VTj))i |IHT]} - (bkwk(VTj))Z)

—Tj41)?

(
2 (B[00 01)), - (ualom) [11,])
T-Ti

T>T;)

asl

<2E

- 2
§2b4 1 )—VT].H2
_ Cb'Li+4nD%  Cib'L3
= T-T, T,

J

For the second inequality, since i € I and d; € o(H,), conditioned on past history Hr,, we always have
d;,Tj —-E [(bkfi:k(y*(de)))i‘HTj} =0, forany k> T; + 1.

This also indicates that B’ = 0. For the third inequality, we use Assumption 4. For the term C’, we apply

Assumption 4 and Condition 1:

’ T; = = *
C'=2E |E <di7Tj - di) ( k];leH (;kwk;VTj))i S (de)))z) I(r > T;)|Hr,
Brant
d 7, — d; Tj_ﬂ ’I/T. - V*(dT.)H
<20°L\E

<2\/Cib* Ly \|E Lj— 1/ .
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Here the first inequality is because of Assumption 4, and the second inequality is from Condition 1 and
Cauchy inequality. Here in the derivation, we can treat {1, } as a new sequence generated by {d, }, which
has the same value with the original one when t < 7, and takes v, = B,(H,,d;) when ¢t > 7. We then get

the recurrence relation of d; , —d;:
K

C’4b4L2 +4nD2b2 Cy b4L2

E(d;TH d,») <E(dgT di)2+

+2v/Cib?Ly \/E(d, — 1/

Since dy = d, assigning C; = O(mnlogm) and by induction we have

2 _ pfj -1
E(d, s, —d:) <CsComnlogmD*' 13—
So, we have
QE[ZHV (di— _’/Hz] <2E[ZZ it-1—d ]
t=1 iclp
2 _
<2mEZ [(d;T dl-) ] < CsC,m*nlogmD?*b* L3 logT + C,

C
23>logT+2C'2,

=D

and E [Z |lve—1 —1/*||§] < (
t=1

Notice that, by Condition 1, C, can take as small as O(Limnlogm/(c2; L )), which completes the proof

that

m?nlog mD2b4L4 logT
£2

mll’l—

<cC.C, i)

t=1

. [z "

In the following discussion, we will treat C, as a constant and thus can be omitted. In the case of frequent

resolving, we only need to substitute the recurrence relation of d;, — d; with:

(J_'_ \/HDI_))Q 2\/ 202[/162 m —|— - ]E (d;t — dz)Q
T—t-1) T 11

E (d;,t-&-l - di)2 <E(d, — di)2 +

which can be derived by the same analysis as the infrequent resolving case. Since dy = d, by induction we
_ _ _ 2

have E (d, — di)2 < C},%, where C; = (2 . (d + \/?L.Db)2 Vv (2\/202L1b2) + 1) . The lemma still

holds.

12.11. Proof of lemma 5

We prove this Lemma under an infrequent resolving setting. The frequent resolving can be handled analo-
gously. Since 7 = min{ry, ..., 7,,, }, we only need to show E(7 — 7;) < C'log T for any ¢ in binding dimen-

sions and non-binding dimensions. By the definition of p, and 7, the algorithm will only hit the stopping
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time after the first update of d;, i.e, 7 > T}. For the binding dimensions, applying Chebyshev’s inequality,
we have
a N
E(T-r)<) Pist)Sl+>—+) P(r<T)(T;=T5)

i=1 j=2

VDb <
§1+—d +;P(

dir, — d;

> 6q) (T —T;-1)

(12.22)

2
\/ﬁDl_) J E (d;aTjJrl B dl) g
<1+ Y= i1(1—p)T
s+ +j:2 (P (1=p)T)

&3

Db Csm2nD?*b*L*
<o+‘/ﬁd + = log T.
v d

For the non-binding dimensions, D ensures that binding/non-binding dimensions remain unchanged

when d’ € D. Then for d’ € D, we define

K2

J— d;, ificly
) d, -6y, ifielys

We know that v*(d’) = v*(d') because the non-binding constraints are loose, then
E (b (v" (d)), = E (b (v" (d))) < di .

Recall that &4 (-) 1L H,, thus E [(b,2(v*(d,)),|H] < d; — 64 for any k >t + 1, i € Iyg and d; € D. This
implies that

t/

P(r; <T;) <P Z(bti't (V4-1)); >t (di — 04) + T4 for some 1 <t <T;

=1

t/

<P Z (0% (Vi-1))i —E[(beZe (v (de—1));|Hi—1]] > T4 for some 1 < t' < Tj

t=1
¢

<P Z [(bsZy (V-1))i = E[(bZy (v-1))il Hea]] +

t=1

t/
Z [E[(b:Z (v (di-1));| He1] = E[(biZr (vi-1))i| Hi1]| = T4 for some 1 <t/ < T
t=1

t/
) ) Ts ,
<P Z [(b:Zy (Vi1))i — E(bes (e—1))i|He 1] > Td for some 1 <t' <T;
t=1
2 5
+P Z |E[(b:Z¢(v* (di—1)); | He1] —E[(bes (ve—1))i| Hea]| > Td for some 1 <t' <T;

t=1
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Since sequences in the last two lines are martingales/sub-martingales, we use Doob’s martingale inequality
and get the following derivation:

1L ] )
T252 Z]E btxt (Vt 1)) [(btxt (thl))i‘Htfl]]

d =1

P(r; <T;) <
N (12.23)

4 P .
+ TQ‘%E; [[E[(b:Z: (v (dt—l))i\%—l] —E[(b:7: (Vt—l))il%-l]!f .
By Assumption 4, we have

16nb°D*T; | 8L &

P(TZST7)S T2(53 T252 ZE”Vt 1_]/ dt 1)H2
16nb%D?T; N Csm? nlong2b4I/11 logT
- T2 1252 ’

where for j = 1, we use the assumption on initialization. We now go back to calculate the E(T' — 7;):

NG
E(T—m;) < y (1 <T5) (T; = Tj-1)
d =
Db s 16nb2D*T(T; — T;— T, —T;_ _
<0 YD 5 100 TQ((;; =) Gl T Y (2 logm D L2 log T)
d =
VnDb  Csnb*D*logT  Cym?*nlogmb*D?L} logT
<C+ ¥ + 52 52
a (12.24)

Notice that, by Condition 1, C; can take as small as O(L?mnlogm/(c? )) Putting together (12.22)

mm

and (12.24) we conclude the proof of lemma 5:

1 b*D2L41 T
IE(T_T)SC'mn ogmb i og
030 min L

mln

12.12. Proof of Theorem 3

Equipped with Lemma 4 and 5, we now continue sketching the proof of Theorem 3. By Proposition 3, it
suffices to bound the two terms there.
Proof of Theorem 3 The proof continues from Proposition 3.

Step 1: bounding R.1. By Fenchel conjugate function, we re-write the bridging function h(v) by
h(v) =E [fi(Z:(v)) +7 (a(n)) + (@) = bz (v) "' + (d = bie(v)) TA']
=E [f; (b, A+ ) + 7" ()] + E(u" — ) " (@) = bee (v)) + EN" = A) T (d — by (v))
=E [f; (] (A + 1)) + 7" (=p)] = E [gu (b A+ ) Tbf (A= X" — p1")
—9" (=) (= p*) +dT (A= A7)
=s(v,d) — (V,D(v,p*,d) — V,D(v*, i*,d), (v — "))
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By Assumption 2 and 3, we get
h(y*) - h(”) :S(V*7d> - S(V7d) + <VVD(V,,U,*,d) - VVD(V*vu*vd)7 (V - V*)>
+(Vs(v,d) - Vs(v*,d),v —v*) < (2L, — L,) ||v — v*|
- 1 .
= (VLy = 5omnLy) v ="l

Then Lemma 4 gives rise to the following bound.

Zh h(vi—1)

Step 2: bounding R.2. This term can be controlled by the definition of stopping time and Lemma 5.

<O(logT).

2(f+7+Cs)(T —7) + <A*, i(d— bt:zt)>]

t=1

=E[2(f+7+Cs)(T—7)+ (\",d (T —7) —d(T — 7))]

2(f + 27+ Cs)(T—7) + Y _ A (di+64)(T —7)

i€l
< (2f + 27 +2C5 + (||d|| + vVmdy)

Thus we finish the proof.

2(1?; E(T — 1) = O(log T).

Step 3: bounding R.3. This term requires the most effort. It concerns the combined effects of variable splitting

and complementary slackness. The following lemma is important for bounding this term.

LEMMA 8. Suppose i € Iys. Under Assumptions 1-5, Algorithm 1 with selected dual optimizer {B,},>1 satis-

fying Condition 1 and stopping time (5.5) ensures

r 2

Z(&(ﬂ*) —bimy)

t=1

logT
E [[ryer = i ll; < O(Z2=), and E <O(TlogT),

2
The proof Lemma 8 exploits the local smoothness of r and Z; with the help of the optimality of u*, i.e

a(p*) =Eb,z,(v*) . We first check the binding dimensions: for all the binding dimensions i € I3, since
E(b;Z;(v*)); = d;, by the definition of stopping time, it can be shown that

E<[”B,T _M;yzd(u*)ls - (btxt)IB> <IU’IB /'LIszdIB btmt >
t=1
<Eym GDb(dJréd)( _7)

=0O(logT).
We then go back to the non-binding dimension i € Iys with the help of Lemma 8. By Cauchy-Schwarz

(12.25)

inequality, we get

E !</11NB,T - /’L;NszévL(M*)INB - (btwt)INB>

t=1

Z(Ebtﬁt(y*) — bt$t)INB

t=1

< (B ir = i B
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Thus R.3 can be controlled by logT'. The proof is concluded. The constant factor is as large as

i 21 B8 DAG2 LS . B 22 2652
Cgm”;{fﬂj - 1.<(f+f+\/%GDb)v” ;m TO)
d min=< 0

from the proof of Theorem 1 and Lemma 8. Generally, taking m < n we have the order of C =

O(m?*n?*logm)

12.13. Proof of Lemma 8

For the E HﬂINBaT - M}NB , 1 € Iys, the optimality of p* implies a(u*) = Eb,Z;(v*), thus by conjugate we

have

EHHINBT MINBH =E

% Zthl by i
vINB ( ( ))_VINBT (T)

2

T T ’
; b ; b
< nb*G2P ( Eb. i, (v") — Z"}twt > 50) +EmLYa(n") - Zf‘%”“
2
— - T o~ T T ’
nb?G? + mL252 E Zthl byx, — Eb 2y (v*) _ D1 B (b (veo1) [Hia] + 21 B b (V1) [Hi ]
2
. ~ - 2
<30 E 2 iz b (vim1) = E [0y (v )[Hi-] (part 12.13.1)
<30, - 2 p .13.
T ~ ~, * 2
130, F Zt:lE [btxt(yt—l)’Ht—l] _Ebtxt(y ) (part 12.13 2)
; - 2 .13.
- ~ 2
byxy — Eb *
430, E I txtT (V) (part 12.13.3).
2

For the part 12.13.1, notice that this is a martingale series. Thus we have

EHZZ_1 bt (vio1) = E b (vi1) Mo || < Sy Var(be@(ve—1) — E (0@ (ve-1) | Hi-1])
T - T2

2
nD?b?
< .
- T
For the part 12.13.2, applying Assumption 4 we can yield

E H Z;l E b2 (v 1) He 1] — b (V") ’ < ETZ::1 |E [0 (ve—1)[Hi 1] — btjt(’/*)Hg

T ) T2
< B> I [bede(ve—1)|Hio1] = bdie (v*) [ 1(E < 7)
- T
_ S BIE B (vi-1) = b (V) [ e, b LE < 7))
T
SRS »-a o | AR (5] RN 1o/ A o
< Lib? =L
- T ! T
(2) Lb*m? nlongzb4 logT
EQ

mm
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(a) is by Assumption 4 and the fact {t <7} € 0(H;-_1), and Z;(-) LL v;_4. (b) is by Lemma 4.
For the part 12.13.3, since ||bz; — Ebyd, (v*) |2 < n.D?b?, by Lemma 5, we have

 E [(T — 7)Y e —Ebtfﬁt(V*)”Z]
< T3
2
SnD2l_)2E<T_ T) < Cm?*n? 10gml)26D4L6 logT
T 0202, L7 T

mm

btﬂft — ]Ebti't (V*)
T

2

. This can be bounded exactly by
2

§<a<u*> —byy)

We then go back to control the next term E

é(d(ﬂ*) — bixy)

2

is controlled by
2

part 12.13.1 and 12.13.2. From the argument above, we show that E
O(TlogT) . Thus we finish the proof.

12.14. Proof of Theorem 4 and 5

Suppose m < n. We specify a non-regularized case where f,(z) = — Y"1 [1(z; —2&;)? + & ], with fixed
cost by = [I,,, 0y, (n—m)], average resource capacity d = %Dlm, and ;; are i.i.d for every ¢, but may be dif-

ferent for each dimension i, following a distribution within [1 D, 2 D] and we take E&;, = 2 D for example.

Then the dual problem is
m 3D if A > &
Di(A) = Di(\;),where D;y(\;) ={ =D +&, — DX if \; <& — 3D
=t N =20&— D)\ +E& & —iD <N <&

Suppose \* is the optimal solution to the deterministic problem miny>o D(\) =ED;()). Without loss

of generality, we assume that our dual variable ); is taken within [lD, %D] since we know that \} =

1
E& — 1D = %D € [iD, %D] . Then, we have
D\ = ff(\N) +d" A= Z [)\2 2(& — D)\ + 2|

For the dual-based police {)\t}?:_ol, the corresponding primal variable for 1 <i<misx; =Ty (N ¢-1) =

2&;1 — 2, 4—1 or void if the resource is depleted. We have the following regret:
Regret(A) =R*(P) — R(A|P)

=E $tH€l%XD {th $t St th$t< _D]. }
- I?i‘&{th }

~E [Z ﬁ(:ct)]
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Define the corresponding
h(X) =E[fi(Z¢(N)) + (d = bZ(N), A")] = D(X) = (VD(XA), A = \").

We have h(\*) = D(A*) and h(\*) — h(\) = (A\* — X\)% For the quadratic function D, we always have
D;(A1) = Di(A2) = VD (A2) (A1 — A2) 4+ (A1 — A2)?. Thus it follows that

> Di(M)

T

ZDt ML) = Dy(NY)

Regret(A) =E —TD\)+TD(X") [Z fi(zy ]

th CCt ]
T
E | VDA A = AR+ T (A = A;)?
t=1

thxt].

By the dual convergence in Theorem 1, we know that the first term TE(A* — \}.)? can be bounded by

=K +Th(\")

+Th(\

30|

= —TE\" = A3)2 + Th(\

a constant. Now, we handle the second term by controlling the stopping time. Define the stopping time
To = min; {t € [T] ‘22:1 z;; > DT — D} U{T}. Then when t < 7y, we always have z;; = Z;(\; ;1) =
26 —2X;1—1,and 0 < ZtT:TOH i < D for t > 7. Then we have

[Z fulz)

T

> fula)+ <%D1m —z,(\), A7)

t=10+1

<E th (Ae-1)) < D1, —bd(M1),\) | +E

<EZh (M\_1)+E

Z 4D1Tmt—|— DlTA]

t=10+1

3 3
—mD?E[T — 1) + ZmDQ.

§EZh()\t71)+ 16

t=1
The first inequality is because of the resource constraint, and the second one is because f;(z) <V f,(0)(z —

0) < %Dl;x. If we specify A;;—1 = & when the resource constraints are violated, we also have

E [Zthl ft(%)} <E Zle h(A¢—1). Then

orTh(A\*)—E [Zthl ft(:pt)} >E [Zthl (A — >\t—1)2] . Applying van Trees inequality to the estimation
of \* (Li and Ye 2021) by changing the distribution of ;;, we can prove the Theorem 4. To prove the
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Theorem 5, we only need to show the stopping time E[T — 7] > Q(+/T) given the convergence condition.
To this end, we consider the two-point distribution P(¢;; = £ D) = P({;; = 2D) = 1. This proof is inspired
by Arlotto and Gurvich (2019). Denote ¢’ = | T — v/T'|. We show that (7, < t') is larger that a constant ¢
sothat Ery < (1—¢)T+¢(T —vT) < T —¢v/T. Now, we focus on one dimension and assume m = n = 1.

The stopping time of one dimension can be extended to multiple dimensions. This gives

DT
P(ngt/):P 22 )\t 1 >7—D

Y
=

DT 2
22 >7—D+5D\F N4 Ao = N <eDVH
t=1

DT a
>P Zz >T—D+5D\/t7 P[> A= AN [=eDVE
t=1

With the condition E|\; — \*| < 2 D/v/t + 1, we have P <Zi;1 | A1 — A*[ > 6D\/?> < 2% by Cheby-
shev’s inequality. Then it holds that

DT 2
P(ro<t)>P § 26 -A) = -~ D+eDVEp | - 22
g
t/
4. D _t %0,
=P 7 e G AT N T T/ ) [
t§_1D<ft o) 25 H (T =) =24 2eV1 .
t/
4 D _t 20,
>P Bl R I W V7 S
S G I B

where 22/:1 +(& — 2) follows the binomial distribution B(t', 1), with mean p1 = % and standard devi-
ation o = ‘/?. The second inequality is because T — ¢’ < VT +1and VT — V¥ < VT — \/T—T =
ﬁ < 1. For the binomial distribution, P(X > y+ zo) converge to ®(—x) for any = with known
O(ﬁ) speed by Berry-Esseen CLT where ®(x) is the distribution function of standard normal distri-
bution. We let ¢y = sup,.,e®(—2 — 4¢) /4. Then there exists £, > 0 such that when 7" is large enough,
P ({Zilzl 2(&—-2)> % +(1+ 280)\/77}) > 36%, which indicates that (7o <t') > 2. This makes our

proof complete.

12.15. Proof of Theorem 6

Theorem 6 can be proved following the same path as in the proof of Theorem 3. The key is that, with a
good initialization, Lemma 4 and 5 still hold. This has actually been mentioned in the proof of Lemma 4

and 5 and thus omitted here.
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12.16. Proof of Theorem 7

To prove the O(log” T') bound, we revise the previous proof of Lemma 4 and 5 and re-compute some
important rates. For online gradient descent, without loss of generality, suppose d; € §2; before the stop-
ping time 7. Then By Assumption 3 and the stochastic gradient descent approach in Rakhlin et al. (2012),

for ¢t > T} ,we have
B (vess = I + s = () 2) < B = sV Desn o)~ ()|
+E |1 — p(dr;) — 77t+1VDt+1,u(Vta,Ut,de)Hz7
and we also have

EHZ/t_;,_l—I/* dT. H2<IEHyt—77t+1VD (ut,ut,dT.)—y* dT. H2 by projection
EHVtHfV dT H (1 =211 10minl IEHI/th dT H +nt+1n52D2

And hence, by choosing 7, = 1/(0minL;(t —T; + 1)), we have

} Anb®D?

E[H%—V*(d%)”z Ez(t—T+1)

(12.28)

where v (dr,) is part of the optimal solution to D(, dr, ). See Rakhlin et al. (2012) for a detailed approach.

By this convergence rate, we have the following rates

LQ

J 7 2
Anb*D?(log (T — Tj) +1 C’anD2 log™=T
E :HVt l_V dt L ||2] 2 : ( g( J+1 J) )< ( g )

2
j=1 mmE O mink

We now revisit the previous induction of d; in (12.21). For the three parts A, B’, C’, we have the new

rates:

, ngle d&; 7, — E | (023, (v (dry))), [Hoy | +E (02 (v (dy))), [Hoy | — (0xZr (1)), 2
gk [ —E | (T}_Tjﬂ[)z ) )

. 2
Z’;TIJ.H (E [(bkjk(y*(de)))i — (OkZk (ve-1)), ]])
T—Tjn
2nb4L2D2 log( =T )
C'4nb4L2D2 logT
mlnﬁzp]T .

T>T;)

<2E

And for B’, we also have:

d;A,T]- —E {(bkjk(V*(de)))i‘HTj} =0, forany k > T} + 1.
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For part (, it follows that

/ T; ~ ~ «
C'=2E |E (di*Tﬂ' _ di) ( o211 (e (Vi) = (b (v (de)))i) I(r > T})|Hr,
T=Tj J
< 9*I,E di; —di Tﬁl‘ |Vk—1 —v*(dz))

Cf DL, d’
Ominl \/ oTj T— T
Cf bSDL1 / : 2 [1
d’LT
Omink pJT

Thus, we then get the recurrence relation of d; ;.

2 b*L?D?logT
E(d;T di> <E (d;T_ —di) 4 Ganb Ly D" log
i Y mlnﬁprT

N C\/nb*DL, (d;T 4 > 1

O'minéf pJT :
Since dy = d, by induction we have
2 . log T
E (dé,Tj - di) < C5C,nD*°L OELQ
So, we have
2R ZHV (diy) — v <2E[ZZ 1 ]
t=1 i€l
/ 2 TTL?’L.DQEe’L2 ]0g2 T
<2mEZ [(dz T; di) } <Cs mmLQ e}

T

and E [Z [P

t=1

CmanDQL2 (log®T)
< c

mlIl

+ 2027

Extending this computation to the control of stopping time, we also have
Cmnb®D*L?1log” T
d2o? [,2 ’

mll’l

E(T—-7)<

where the proof essentially follows Lemma 5. Similarly, following the proof of Lemma 8, we also have

- 2

Z(d(ﬂ*) — byxy)

t=1

log> T

<O(Tlog’T).

~till; €O(=5), and B

2
Combining these together, we have the regret upper bound

Regret(A) < Clog® T,

for some constant C = O(mn?) depending on the values in Assumptions 1-5. Here, the additional n factor

comes from the complementary slackness bound by our problem’s scale, as shown in Lemma 8.
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13. Numerical Experiments

The implementation details on multiple input models are as follows: the dual updates are calculated by
closed-form solutions to Equation (4.3) under input I-IIl and by cvxpy (Diamond and Boyd (2016)) under
input IV. See Table 1 for parameter settings of different inputs. For each 7T, we randomly generate T’
observations from distribution, run each algorithm in an online fashion, and keep a record of their output.
The regret is calculated as the difference between the offline optimal (solved by cvxpy) and the online

output. We report the average regret over 10 repetitions for all the following graphs.

Input fi(x) r(z) bit d;
I a x —wllz—d/2|3] U(0,1) 0.1
I al w —k |l —d/2|5 | Bernoulli(p;) | U(0.25,0.75)
I | -2’ + & 0 1 0.5
IV | —%2°+ %5 | kmin, z,/d; U(0,0.5) 0.3

Table 1 Parameter Settings of Inputs

Input model I: Online welfare maximization with costs, independent reward, and resource consumption.
The reward functions are linear as f;(z) = a/z. The regularization function is the ¢, loss 7 (z) =

—kK ||z —d/2|

;, which corresponds to the application of online welfare maximization with square costs.
The reward coefficients a;’s and the constraint coefficients b,’s are i.i.d. random vectors with dimension
m = 6. Sepecifically, a;; is generated from the uniform distribution U (0, 10), and b;; is generated from the

uniform distribution U (0, 1). » is set to 0.001.

2501 — OGD
Resolving with SGD
2254 — Nonadaptive resolving with SGD

2001

1751

Regret

1501

1254

1001

754

501

500 1000 1500 2000 2500
T

Figure 2  Regret versus horizon (T) under Input I. OGD stands for online gradient descent in Balseiro et al. (2020); resolving
with SGD is our Algorithm 2; nonadaptive resolving with SGD is the nonadaptive version (i.e., without updating

the constraints) of Algorithm 2.
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(a) Online gradient descent (b) Nonadaptive version of Algorithm 2 (c) Algorithm 2
Figure 3  Remaining resource of one binding dimension versus time under input model I with T = 512. Ten curves are dis-

played, each of which corresponds to one simulation.

To illustrate how the regret scales with the time horizon 7', we evaluate the algorithms with different
T chosen from {256, 512,1024, 1536, 2048, 2560 }. We find that Resolving with SGD (Algorithm 2) shows
logarithmic regret, while its counterpart without constraint update (d; = d in Equation 4.2) shows a much
worse regret. We name the latter algorithm as the “Nonadaptive resolving with SGD”. The online gradient
descent (OGD) method in Balseiro et al. (2020) exhibits a O(+/T') regret as indicated in their theoretical
findings. The regret comparison between the algorithms can be found in Figure 2. In Figure 3, we plot
the dynamics of resource consumption for one binding dimension of the aforementioned algorithms. Ten
curves are displayed, each of which corresponds to one simulation. Being adaptive to the level of remaining
resources, Algorithm 2 controls carefully the constraint consumption to ensure that the resources are
consumed at a steady rate till they are used up. In comparison, both the OGD and the nonadaptive version
of Algorithm 2 stop allocating resources too early, demonstrating the benefits of the constraint updates,
which exploit the history of past actions.

Input model II: Online welfare maximization with costs, dependent reward and resource consumption. The
parameter setting below is based on Balseiro et al. (2022). The reward functions and the regularization
function are the same as in input I, whereas input II considers the case when the reward coefficients a;
are random variables conditional to the constraint coefficients b;s. We set a, = Proj[mo]{@tT by + 01},
where 6, is generated from a multi-variate Gaussian distribution /N (0, diag(1)), and d; is generated from
the standard Gaussian distribution N (0, 1). The constraint coefficients b;,’s are generated from Bernoulli
distribution with probability parameter p;, with p; = (1 + «)/2, and « is generated from the beta dis-
tribution Beta(1,3). The average resource constraints d;’s are generated from the uniform distribution
U(0.25,0.75). k is set to 0.001.

Similar to the setting of input I, we evaluate the algorithms under input II with different 7”s and fix m =
6. The regret performances and resource consumption are displayed in Figure 4 and Figure 5, respectively.
Among the three algorithms (Algorithm 2, the nonadaptive Algorithm 2 and the OGD method in Balseiro
et al. (2020)), Algorithm 2 achieves a logarithmic regret, the nonadaptive Algorithm 2 suffers from a higher

regret while the regret of OGD grows in a much faster speed.
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— 0GD
Resolving with SGD
—— Nonadaptive resolving with SGD
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Figure 4  Regret versus horizon (T) under Input II. OGD stands for online gradient descent in Balseiro et al. (2020); resolving

with SGD is Algorithm 2; nonadaptive resolving with SGD is the nonadaptive version of Algorithm 2.

(a) Online gradient descent (b) Nonadaptive version of Algorithm 2 (c) Algorithm 2
Figure 5  Remaining resource of one binding dimension versus time under input model II with 7" = 512. Ten curves are

displayed, each of which corresponds to one simulation.

Input model III: Non-regularized online convex resource allocation with one resource. In this model, we
assess the algorithms’ performance under a non-regularized special case, where there is only one resource,

the reward function f;(x) = f;(z,&) = —ixQ + &,x, the constraint d = % and cost b, = 1. The random

13
274

variable &, follows a two-point distribution that takes value in {3, 2} with equal probability, i.e., P[§; =
2] =P[&, = 2] = 0.5. This special case is used in the proof of Theorem 5.

For input model III, the optimal solution to Problem (2.8) admits a closed-form due to the simple distri-
bution, which also leads to a relatively small regret compared to other input models. We compare further
with the “No learning” algorithm, which is the convex version of Algorithm 1 in Li and Ye (2021). It
requires the computation of optimal dual solutions, while neither Adaptive (Algorithm 2) nor OGD needs
this information. The regret comparison is shown in Figure 6a. The empirical performance corroborates
the theoretical results in that the infrequent resolving saves computation significantly with a relatively
small performance loss. We further explain the reason for the performance advantage by plotting the

remaining time before stopping in Figure 6b. Benchmark algorithms without constraint update (No learn-
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—— No learning
—&— Adaptive

—+— OGD

—¥— Infreq-adaptive
—®— Fast

== No learning
—&— Adaptive

—+— OGD
0.25 —¥— Infreq-adaptive
—e— Fast o] L0 A 0 A S -
0.00 T T T T T T T T T T
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T T
(a) Regret versus horizon (T°) under input Il (b) Remaining time (T" — ) versus horizon (") under input III

Figure 6  Performance evaluation under input III. No learning is the convex version of Algorithm 1 in Li and Ye (2021); OGD
is online gradient descent in Balseiro et al. (2020); Adaptive is Algorithm 2; infreq-adaptive is Algorithm 4; Fast is
Algorithm 5.

ing, OGD) stop allocating resource O(+/T) steps earlier than Adaptive (Algorithm 2) and Infreq-adaptive
(Algorithm 4), which leads to the terrible regret performance. In comparison, Fast (Algorithm 5) uses both
the updated constraints and the original constraints, leading to a less accurate dual solution compared to
Algorithm 4 and worse performance.

Input model IV: Online convex allocation with max-min regularizer. To demonstrate that our algorithm
also works well for nonsmooth regularizers, we set up input model IV. The reward functions are f;(z) =
—%g? + Stx, where a, € R is generated from the uniform distribution U(0,10). Each dimension of the
tth constraint coefficient, i.e., b;,7 € [m], is generated from the uniform distribution U (0,0.5). We set
m = 12 in this input model. The regularization function is 7 (z) = kmin; x;/d; so that the minimum
allocation is not too small. x is set to [0,0.01, 0.1] to compare the performance of algorithms under different
regularization levels.

In Figure 7, regret curves under different «s of Nonadaptive (Algorithm 3 with OGD), Adaptive (Algo-
rithm 2), Infreq-adaptive (Algorithm 4) and Fast (Algorithm 5) are plotted. The regret of Algorithm 2 and
Algorithm 4 grow slower than the other two, which shows the advantage of using updated constraint
information. It is observed in Figure 7d that the per-step reward decreases as we regularize the solution
by setting > 0, which is consistent with the intuition that regularization has a negative impact on the
revenue. Also, it is observed that the reward decreases when the regularization level further increases, but
we also observe a slight increase for Fast (Algorithm 5) when & increases from 0.01 to 0.1, which indicates
that a proper regularization level may not decrease the reward too much. It would be interesting to study

the problem of choosing the appropriate regularization level in the future.
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Figure 7  Regret versus horizon (7') under input IV with different xs in Figure 7a. Nonadaptive is Algorithm 3 with OGD;
Adaptive is Algorithm 2; Infreq-adaptive is Algorithm 4; Fast is Algorithm 5. Figure 7d shows the impact of different

regularization levels on the per-step reward (with 95% confidence interval).

14. More Discussions
14.1. Computational cost

Specifically, for strongly convex dual objectives, Our algorithm of frequent resolving requires computing
gradients for O(7?) times in total; for more general dual objectives, it requires O(7T*) times of gradient
computation in total. With a good initialization, we can unevenly divide time horizon 7" into logT" epochs
and only solve empirical dual optimization at the beginning of each epoch. This infrequent algorithm only
takes gradient computations for O(7'logT') times for strongly convex problems (which is nearly linear)
and O(T?logT) for general problems, while delivering an optimal regret bound. The fast algorithm we
established has only linear computational cost O(T'), which is comparable with OGD but reaches sub-

optimal regret O(log” T').



Ma, Cao, Tsang, and Xia: Optimal Regularized Online Allocation
Article submitted to Operations Research; manuscript no. OPRE-2022-09-486 73

14.2. Fenchel conjugate of regularizers

Here, we provide Fenchel conjugates for three commonly used regularizers.

1. 41-loss: 7(a) := —k|al|,. Define Z := {al||all <L}, h(a) = r(a) — p'a then r*(u) =
max,cz{r (a) —p'a}:=max,cz{h(a)}. We have the subgradient: Vh(a) = —rsign(a) — p. Since
el < G =k, we know that h(a) takes its maximum only when a = 0. the conjugate 7* in Q,, is
thus of the form 7*(u) =0 when kK > G = k.

2. Max-min loss: 7 (a) := kmin,;(a;/d;). Define Z := {al|a;| < d,L, i € [m]}, and z; = a;/d,. Then
we define the function to be maximized as h(z) :=r(a) — p'a = kmin(z;) — > p;d;2;, for the
region ||z|| . < L. By computing the subgradient of each dimension, we know that the optimal z that
maximizes the h(z) must have:

L if p1;d; <0
zi=4 —L if pd; > K
min;(z;)  if pd; € [0, K]
Therefor, we have z; = min;(z;) if y1; > 0. Moreover, whether min;(z;) takes L or — L depends on the
value k — > d; (ps),. If & — Y d; (11;) . > 0, then we will have min,(z;) = L, otherwise min;(z;) =
— > di (i) ).

3. Negative max loss: 7 (a) := —xmax;(a;/d;). Define Z := {al||a;| < d;L, i € [m]}, and z;, = a,/d,.

— L. Thus, the conjugate r* in €2, is of the form r*(u) = L+ (|x — > d; (i),

Then we have h(z) :=r(a) — u"a = —kmax(z;) — > p;d;2;. Following an analogous argument as

in the max-min loss, we have 7*(u) = L - (‘K,-f- Sodi (i) |+ di (1))




