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Electronic Companions

14. Supplementary Experiment

Reward Recovering on a Tabular Grid World. In order to validate the proposed algorithm
as a method for IRL and show we recover correct rewards, we test our algorithm on a tabular Grid
world setting, by using an open-source implementation®. The classical method Ziebart et al. (2008)
requires repeated backward and forward passes, to calculate soft-values and action probabilities
under a given reward and optimize the rewards respectively. By using a single-loop algorithm
structure, our proposed algorithm could avoid the expensive backward pass in optimizing the
policy under each given reward without compromising reward estimation accuracy. In Figure 1,
we visualize our recovered rewards in the discrete GridWorld environment. According to Fig. 1,
we show that ML-IRL converges much faster compared with MaxEnt-IRL while achieving similar

accuracy on the recovered reward function.

3 https://github.com/yrlu/irl-imitation

Rewards Map - Ground Truth

—— MaxEnt-IRL
—1.401 ML-IRL

I
g
i
el

Log-likelihood
I

IS

0 250 500 750 1000 1250 1500 1750 2000 0.0

Number of Soft Policy Iteration

Reward Map - Maxent-IRL Reward Map - ML-IRL

1.0 1.0

o

IS

0.2 0.2
"
0.0

0 1 2 3 4 0 1 2 3 4

Figure 1 Tabular Grid World. We use a discrete GridWorld environment with 5 possible actions: up, down,

left, right, stay. Agent starts in a random state. (With 30 expert demos).



Zeng, Hong and Garcia: Dynamic Discrete Choice Estimation with High-Dimensional State Space and Finite-Time Guarantees
Article submitted to Operations Research; manuscript no. 1

MountainCar(10 Expert Trajectories) MountainCar(20 Expert Trajectories)
— MLIRL —1001 —— ML-IRL
—— MaxEnt-IRL —— MaxEnt-IRL
-120
el kel
_ —
© @©
S 3 _140
[} 9]
4 [~
g 3 —160
© @©
o c
g g
z Z -180
~200 ¢
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Episode Episode

Figure 2 Mountain Car. We compare ML-IRL with MaxEnt-IRL under different numbers of expert trajectories.

Inverse Reinforcement Learning on Mountain Car. To further demonstrate the superiority
of ML-IRL over MaxEnt-IRL, we test our algorithm on the classic reinforcement learning task —
Mountain Car. According to Fig. 2, we show that ML-IRL is able to achieve faster convergence

through leveraging the alternating updates between the policy and the reward estimator.
15. Proof of Lemma 1

Recall that in (8), the likelihood objective L(#) can be expressed as:

L(0) =E.5_,z [iw(st,at; 9)} ~Eagmp | Vals0)]

t=0

Moreover, given a dataset of collected expert trajectories, we have defined the estimation problem

~

L(6;D) as below:
E(05D) =B | S_'r(61,030)| = Buye [Viton)
t=0
Then we have the following result:

|L(0) — L(6;D)| =

E,e B [i’ytr(st, ay; 6’)] —E. 5 p [i’ytr(st, ay; 0)} ’
=0

t=0

According to Assumption 1, we obtain that the discounted cumulative reward of any trajectory

follows 0 < 3% 'r(ss, ar;0) < lcﬂ‘ Then by applying Hoeffdings inequality, for any € > 0, we have

the following result:

P(‘ET"W\'E [g'ytr(st,at;@] —E;op [g’ytr(st,atﬂ)} > 6) < 2exp (— ?@;Z)
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Then by setting d = 2exp ( — (QEJT'E; ), with probability greater than 1 —J§, we have
=5
. - C, [In(2/§
ETNTI'E [;’Y%(Staat;e)} _ETND[;’VtT(Stvat;G)} ‘ S 1_7 2(‘14‘ )a (60)

where C,. is the constant defined in Assumption 1. According to (60), we obtain the concentration

bound to quantify the approximation between L(#) and E(G;D) as below:

In(2/6
Cr M with probability greater than 1 —9.

This completes the proof of this lemma. |
16. Proof of Lemma 2

Proof. Recall that we have defined Vj, QQy as the soft value function, soft Q-function under reward
parameter 6 and the optimal policy 7y in an entropy-regularized MDP. Hence, the following expres-

sions hold for any s € S and a € A:

Vilo) = Epny | 30 (rlonait) + im0 ) so =3 (615
Qo(s,a) :=7(s,a;0) + VEyp(s,a) [Vo(s)]. (61b)

According to Cen et al. (2021), the soft value function V, and the policy 7y in the entropy-

regularized MDP satisfy the following relations for any s €S and a € A:

Va(s) =log <Z exp Qo(s, a)) , (62a)

anA
exp (Q@(S, a))
>acaexp (Qols, @)

mo(als) = (62b)

According to (8), we are able to express the objective function L(f) in (4a) as below:
L0) = ot | S 7'7(50060)] ~ B Vi) (63
t=0

Based on (63), we calculate the exact gradient of the objective function L(6) as below:

VoL(0):=E,&.,& [Z'ytvgr(st, ay; 9)] —Egpnp [V(;Ve(so)]

t=0
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© EEe_.E [Z’}/tvm‘(st,aﬁ 0):| —Espnp [V@ log <ZeXp Qg(So,a)>}

t=0 acA

:ETENWE[i'YtVQT(Styat;H)}_ESONP[Z< XP P {20,0) V@Qe(%ﬂ))]

t=0 acA Z&GA €xp Q9(807d)

@) E e_.E |:Z’YtV97“($t, Qg 9):| —Esonp |:Z7r9(a‘50)v(9@9(30’ a)} ) (64)

t=0 acA

where (i) follows (62a) and (ii) is from (62b). Then we calculate V,Qg(s0,a0) as below:

VGQG(SO, ao)

© Vo (T(So, ao; 0) + YEs)~P(1s0.a0) [%(81>]>
(2) VQT(SO; ap; 9) + 7E51NP(‘|SO,¢10) [v0 log <Z exp QQ(S()’ a)>:|
acA

exp Qy(s1,a)
ZVT'SMI;Q"” ESN ‘1s0,a |: ~VQ s’a:|
0 ( 05 o ) Vs~ P(c]s0,a0) ;ZaeAeXer(Sha) ’ 9( 1 )

(é9) Vor(so0,a0;0) +YEs,~p(.|s0,a0) [Z mo(al51)VeQs (51, a>]
acA

(iv)
= Vor(50,00;0) + YEs, ~P([s0.a0),a1~70(-|51) [Va (7"(81, a1;0) + VEsypis1,an) [Vo(s2)] )]

© E Ar, [Z’ytvgr(st,at; 0) | so, ao} (65)

t=0

where (i) and (iv) follows the definition of the soft Q-function, see (14b); (ii) follows (62a); (iii) is
from (62b); (v) is shown by recursively applying (i) - (iv).

Finally, plugging equation (65) into (64), the gradient expression of L(6) follows:

VoL(0)=E & e Z'ytvgr(st, a;;0)| —Egonp [Z mo(also)VeQa(so, a)]
L +—0 4

acA

=E. E5..E nytvgr(st,at; 0)| —Eso~p [Zﬂe(a’%) Erry [Z’ytvgr(st, as;0) | so,a]]
L—o ] =0

acA
=E &_.E Z’ytvgr(st,at;e) —E A, [Z’ytver(st,at;e)} (66)
L t=0 J =0

Following the same proof steps, we can also show the gradient expression of the surrogate objective
L(6;D) as below:

V(;E(Q;D) =E s.p [thVQT(St,at; 9)} —E aig, [Zytvgr(st,at; 9)} . (67)
=0 =0

This completes the proof of this lemma. |
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17. Proof of Lemma 3

To prove Lemma 3, we show the inequalities (20a) and (20b) respectively. The constants L, and

L. in Lemma 3 has the expression:

Lo Lo 2L LCo/ISTA] | 2L,
L ) c - 177 1777

where L,, L, are the constants defined in Assumption 3 and Cj is the constant in Lemma 5.

17.1. Proof of Inequality (20a)

Proof. The proof of (20a) consists of two steps: 1) @y has bounded gradient with respect to any
reward parameter 6, 2) the inequality (20a) holds due to the mean value theorem.
Recall that in (65), we have shown the explicit expression of VyQy(s,a) for any s € S and a € A.

Using this expression, we have the following relations:

IV6Qa(s, @) 2 \ E,A~r, [ifvmww@) (s0-0) = (S’”)} H

t=0
(ii) =
<E,awn, [Z’ytvar(st,at;Q)H ‘(So,ao) = (s,a)}
=0
(344) > .
S ETAN.,FQ Z’Y Lr (807 aO) = (870’)
t=0
L,
L (68)

where (i) is from the equality (65) in the proof of Lemma 2, (ii) follows Jensen’s inequality and
(iii) follows the inequality (19) in Assumption 3. To complete this proof, we use the Mean Value

Theorem to show that

|Qo, (5,0) = Qo, (5,0)| < [|max Ve Qo(s, a)|| - 61 — o] < Ly |61 — 6,

Ly
1—~"

where the last inequality follows (68) and we denote L, := Therefore, we have proved the

Lipschitz continuous inequality in (20a). |
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17.2. Proof of Inequality (20b)

Proof. In this section, we prove the inequality (20b) in Lemma 3.

~

According to Lemma 2, the gradient V,L(6;D) has the expression as follows:

~

VoL(0;D)=E. & p [Z’ytvgr(st,at; 9)} —E ann, [Z’ytvgr(st,at; 9)} . (69)

t=0 t=0

Using the above relation, we have

IVoL(61;D) — V4L(6; D)

(é) <]ETE~D |:Z7tv‘9r(8t’ Ay, 91):| — ETANTFQI [thver(st, Ay, 91):| )
t=0 t=0
_ (ETEND |:Z’th9r(8t’ Ay, 92):| — H‘:,TANﬂ_g2 [thvgr(st, Ay, 92):| ) H
t=0 t=0
< ‘ Ee.p [Z'ytvgr(st,at;&)} —E.&p [Z’ytvgr(st,at;%)} ’ +
t=0 t=0
i=term A
‘ B, [Zytver(st,at;&)} —Errn,, [Zytver(st,at;%)} H (70)
t=0 t=0
:=term B

where (i) follows the exact gradient expression in equation (69). Then we separately analyze term

A and term B in (70).

For term A, it follows that

E &.p [Z'ytvgr(st, ay; 91)} —E. e p [Z’ytvgr(st,at; 92)] H

t=0 t=0

(4) >
<Erm.p |:Z’YtHVQT'(St,CLt; 01) — Vor(ss, at;ez)M

t=0

(i1) e
Brnn| S Lyl - 6]

t=0
L,
= 0, —0
1_7” 1= bs]

where (i) follows Jensen’s inequality and (ii) is from (19) in Assumption 3.

For the term B, it holds that

ETANﬂ"gl [thvﬁr(shat;el)] _ETANTK‘QQ [thvﬁr(shat;QQ)] H

t=0 t=0



Zeng, Hong and Garcia: Dynamic Discrete Choice Estimation with High-Dimensional State Space and Finite-Time Guarantees
Article submitted to Operations Research; manuscript no. 1

ETANTI'GI |:Z ’ytVQT(St, Qg 91):| - ETANTI'GQ |:Z fytve’r(stv Qg ‘91):| H
t=0 t=0

+ HETANTr92 |:Z’ytv07ﬂ(8tv Qg 91):| — ]ETA~7r92 [thVQT(St,at; 02):| H
t=0
(21)

< — HE(S a)~d(-, [VQT(Sta Qg 91)] - E(s,a)Nd(.ﬁﬂ%) [Vg?“(st, Qy; 91)] H

(@) ‘
<

+E7A~w62 [Z’ytHVgr(st, ap;01) — Vor(sy, ay; 92)“]

(iil)
_1_

Z Vor(se, ae;01) (d(s,a;ﬂgl) —d(s, a;7r92)> H +E A, [Z’ytLg\Gl — 92]@

s€S,acA t=0

(w) 2L

— o] (72)

( » 77['91) d(‘?';ﬂ-el)HTV

where (i) follows the triangle inequality, (ii) is from Jensen’s inequality and the definition of the

discounted state-action visitation measure d(s,a;) := (1 —)m(als) >~y ¥ P™(s: = s|so ~ p); (iii)

is from (19) in Assumption 3; (iv) is from (19) and the definition of the total variation norm.
Plugging the inequalities (71), (72) to (70), it holds that

2L, 2L,

IV L(61;D) — VGZ(Q%D) ('7'§7T01)—d('v'Qﬂez)HTer177”91—92”

2L +Ca

2L
I\Qel Qo, |l + 7 _g,y||91 — 0]

< 2LrOd \V ‘8| ‘A‘

2L
< Qs - Q92\|m+1_;\|01—92u

(1) (2L,L,.Cyr/|S||A 2L,

1—7 1—

Given the fact that my is a softmax policy parameterized by @, where 7y (al|s) x exp(Qy(s,a)), we
show the inequality (i) from the inequality (30) in Lemma 5. Moreover, the inequality (ii) follows
the conversion between the Frobenius norm and the infinty norm, where the inequality |Qg, (s,a) —
Qo,(s,a)| < ||Qp, — Qo, |l holds for any s € S and a € A so that ||Qg, — Qp, | < \/m |Qo, —
Qo,||oo- Last, (iii) is from the inequality (20a) in Lemma 3.

Define the constant L. — 2Lk Cd V 1STIA %, we have the following inequality:

Hve (617 ) v@ (927 )HSLCHelieQH

Therefore, we complete the proof of the inequality (20b) in Lemma 3. |
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18. Proof of Lemma 4

Proof. Suppose the expert trajectories 7 in (4a) is sampled from an expert policy 7%. Moreover,
we parameterize the state-only reward as 7(s;6). Then the objective function L(6) can be rewritten
as follows:

L(0) ==E xe [ivt log m(atlst)]

t=0

® Ee..& [thr(st; 0)} —Esyone) |:‘/9(80):|
t=0
(i) -
= Eooone) [VE(50)] = Eogrn(y [Vo(50)] — Erpone [Zywust)] (74)
t=0

where (i) follows (63) and the fact that the reward is a state-only function r(s;6); (ii) follows the
definitions of the soft value function.
Ignoring the constant term E & 5[ > o, 7' H(:|s:)] in (74), the maximum likelihood formulation

(4a) is equivalent to the following bi-level problem:

min Euone) [Vo(s0)] = Eagony [Vo (50)]

st. myi=argmax E a, [ivt <r(st;0) —l—H(W(-\st)))].

t=0
Therefore, we complete the proof of Lemma 4. As an alternative interpretation to (4), the formu-
lation above aims to minimize the gap between the soft value function of 7y and 7 under the

state-only IRL setting. [ |
19. Proof of Lemma 6

Proof. Based on the definition of soft Q-functions Q, 1 and Qgy1, it follows

Qryr(s,a):=7(s,a;0) + Ear, [ZWt (T(St, a3 Oy) + H(Wk+1('|8t))>

t=1

(s0:00) = (5. (75)

Qurr(5,0) = r(5,050052) + Eorns [iv (rseithsn) + HmaaCls) ) |(s0a0) = )] (70

Then it holds that

Qur (5:0) = Queal0) = B | 3 (o0 = (s 0i0he)) (50000 = (5.0
t=0
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(1) >
< Eonnnyy | 0 o i) = 1o sn.00) = (5.)
t=0

(i) ETAM%H [Z’yt’<V9T(St7at§ QC)’ek - 9k+1>”(50’a0) = (S’a)]

t=0

D[S Sortoat] o

t=0

<oy, | Y r(s )] 62— O

t=0

(S0,a0) = (s,a)}

(s0:00) = (5.0

(iv) i
< B, | S L 100~ |
t=0

L,
L—~

16k — Ot | (77)

where (i) follows Jensen’s inequality; (ii) follows the mean value theorem where 6° is a convex
combination of 6, and 6. ; (iii) follows the CauchySchwarz inequality; (iv) follows inequality (19)

in Assumption 3. n

20. Proof of Lemma 7

In this section, we prove the inequalities (32) and (33) respectively.

20.1. Proof of Inequality (32)

Proof. Recall the definitions of the soft value function and the soft Q-function in (14a) - (14b).
Moreover, we also defined the soft Q-function @, 1 in (75). Similarly, let us define the correspond-

ing soft value function V, 1 (under reward parameter 0, and policy 7j1) as:

Vk+% (s) = Eracm., [Z’Yt (T(St, as; Or) + H(Wk+1('|5t))>
t=0

sozs], VseS. (78)
According to the definitions of Vj in (14a) and V., in (78), we could rewrite Q) and @, as:

Qk(sv a) = T(Sv as; gkr) + ’YES/NP('IS,CL) [Vk(sl)] )

Qry1(5,0) =7(5,0;08) + VByop(15.0) [Vis 1 ()]

According to the expressions above, the following relation holds for any s € S and a € A:

Qk(sv a) - Qk+% (s,a) = YEg ~p(.|5,a) [Vk(sl) - Vk+% (5/)] : (79>
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In order to measure the difference between @, 1 and Qy, we need to bound the gap between V, 1

and V. Here, we could define an auxiliary sequence {7 }x>0 generated as below:
Trt1(-]s) o exp (Qx(s,)) Vse€S. (80)
As a comparison, let us recall the approximated soft policy iteration (15):
Trr1(als) ocexp (@k(s, a)), where ||@;C — Qoo < €app- (81)

Then for any s € S, we have the following series of relations:

i

—
=

Vi(s) ank(-\s)[—10gﬂk(a’3)+Qk(S>aﬂ
=FEaur(s) [ —log Txr1(als) + Qx(s, a)] +Ear(ls) [log Trv1(als) —log Wk(a\s)}

D5, o8 S (@) )| D () 1l 7))

aceA
(i)
< Eormpgr(1s) [10% <ZGXP (Qr(s, 50))]
acA

(iv) ~
= Earmyyq(ls) [ —log 7p11(als) + Qr(s, a)}

. T [— log s (als) + Qu (s, a)] Byt [logw(aw) ~log ml(am]

(iv)
< Eanmg i (ls) [— log iy 1(als) + Qx(s, a)} + || log mi 11 — log Thi1 ]| oo (82)

where (i) follows the definition of the soft value function Vj; (ii) follows the fact in (80) that

ﬁk+1(a’s) . __expQu(s,0)

= S o Qr(d) and the definition of the KL divergence; (iii) follows the non-negativity

of the KL divergence and the fact that log (ZdeA exp (Qk(s, &))) is independent of any action a €
A; (iv) follows the fact that —log 7441 (als) =log (Y. 4 exp Qr(s,a)) — Qx(s,a), which is derived
from the definition of 7441 in (80); (iv) follows the definition of the infinity norm || - ||, such that
| log 1 — log Trt1]|co = Max,es maxea (log metr(als) — log Tt (als)).

We further analyze the approximation error ||logmy.; —log 11|00 in (82). We first show that

for any s € S and a € A, the following relations hold:

| log .11 (als) —log xi1(als)]



Zeng, Hong and Garcia: Dynamic Discrete Choice Estimation with High-Dimensional State Space and Finite-Time Guarantees
Article submitted to Operations Research; manuscript no. 1

10g< eXp@k(Sva) ) _10g< eXka(sva) >‘
ZaeA exp Qk(sv a) Z&EA exp Qx (s, @)

Qk(s,a) — Qu(s,a)| + |log (Zexpéms,a)) —log (Zexpws,a))‘ (83)

acA acA

)

_l’_

where (i) follows (80) and (81); (ii) follows the triangle inequality. We further analyze the second
term in (83).
We first define a short-handed notation log (| exp(v)||1) :=log(|| >_;c .4 €xp(va)|l1), where the vec-

tor v € RMI and v = [vy, vz, -+ ,v|4]. Then for any v/,v"” € R, we have the following relation:

@)

(v =", V, log ([l exp(v) 1) lo=ve)

|log ([l exp(v')]l1) —log (|l exp(v”)I|1)
< =0l - 1V log ([l exp(v)[|1) fo—ve

Ly - (84)

where (i) follows the mean value theorem and v, is a solution lies between v and v”; (ii) follows

the following relations:

exp(v;) Al
V., log (|| exp(v = , V., log (|| exp(v =1, YwveRY.
[ (H ( )Hl)] Zlgag\_/u exp(va) H (H ( )Hl)Hl

Through plugging (84) into (83), it holds that
|log i1 (als) —log 7y (als)| < ‘@\k(s, a) — Qx(s,a)| +max ‘@k(s, a) — Qx(s,a)l. (85)
Taking the infinity norm over RIS/*I4l the following result holds:
||10g7rk+1_log7~7k+1”00§2||@k_Qk”oo- (86)

Through plugging (86) into (82), it follows that

‘/;C(S) S ]Ea~7rk+1(~|s) |: 10g 7Tk;+1((1|5) + Qk(sa CL):| + H lOg T4+1 — 10g7‘%k¢+1 Hoo

() —
L Bmr [—1ogm+1<a\s> +Qk<s,a>] 20— Qull

(@)

D By ) P ) [ ~logmin(als) + (s, a;00) +AVils) | 4 2ep  (87)



Zeng, Hong and Garcia: Dynamic Discrete Choice Estimation with High-Dimensional State Space and Finite-Time Guarantees
Article submitted to Operations Research; manuscript no. 1

where (i) is from (86); (vi) follows the definition of the soft Q-function and the fact that the

approximation error H@k — @kl is bounded by €.,,. By recursively using the inequality (87), the

following result hold for any s € S:

o0

Vi(s) < E A, [E ( —log 71 (ag|s;) +r(se, a; Hk)>

t=0

) 2€.
50:5} y Zarp :vﬂl(s)ﬂe—pp (88)
where (i) follows the definition of V1 in (78). By plugging (88) into (79), we finish the proof. W

20.2. Proof of Inequality (33)

Proof. For any s€ S and a € A, the following results hold

Qek (Sa a) - Qk+% (57 a)

O] <r(5,a;9k) +YEonp(|s.a) [log ( Z exp Qo, (5, d»])

acA

— <r(s, a;6y) +YEo o p([s,a).0/ ~mpss (157 {— logmyy1(a’|s") + Q,H_%(s’, a’)})

(id) _ exp@ s’ a
= ’yEs’NP(<|5,a) [lOg(ZeXpng (s/,a))} _VES/NP("S,G),QINWR;+1("5,) |:_10g ( k(A /) ~ ) +Qk+§(8/aa/>:|
acA ZaeA €xXp Qk(s 7a)

= WESINP(<‘S,G) |:10g ( Z eXp Qﬂk (5/7 EL)) - 1Og ( Z €xXp Q\k (8/5 a’)):|

acA acA
- ’YES’NP('\S’G%G'WU«H(‘\5’) [Qk-&-é (Sl’ a/) - Qk(slv al):l

< B | |00, (0 - Qe )] | <7 _min (@usy(s.0) - Quts))

s€S,acA

(iv) N ~
<00 = el i (Quey(5:0) - Quts) )

s€ES,aceA

<0Gk~ Qb +301Qu, ~ Qulle =7 i (Quc (5.0 = Qulov))

s€ES,aceA

< #7100, ~ Qe =1 gpin (Quey (5.0~ Qs (9)

s€ES,aceA

where (i) follows (61b), (62a) and the definition of the soft Q-function @, in (75); (ii) is from
the definition of m;,; in (15); (iii) follows (84); (iv) follows the definition of the infinity norm such
that [|Qp, — Qx| , =max,cs max e |Qo, (s,a) — Qu(s, a)].

Given the fact that @, is the soft Q-function under the reward function (-, -; 6;) and the optimal

policy my, , we have the relation that

Q(,k(s,a)—QH%(s,a)ZO, VseS,ac A (90)
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This implies that

max {Q, (5:0) ~ Qyry (5,0)} = | Quy, — @yl (01)

s€S,acA

Combining (90) and (89), we bound the absolute difference between Qp, and @, 1 as below:

190, = Qe <16 7100~ Qulle = i (Quey(5:0) - Qulsr))- (2

Then we further bound the last term above. For any s € S and a € A, note that:

Q}ch%(S)a) - @k(saa)

= (Qk+%(57a) - Qk(saa’)) + (Qk(saa) - Qk(saa))

_ 27y€app

>
=T,

— €app

where the last inequality follows (32) and the definition of the approximation error €,p,.

Through plugging the inequality above into (92), it holds that:

2"}/€a 276a
HQOk - Qk+% oo < 7”@% — Qkllo + Y€app +7(€app + ?;p) = ’YHQ@;C — Qklloe + ?I:;- (93)

This completes the proof of the lemma. |



