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Electronic Companion

Appendix A: Proof of Results in Section 4

A.1. Proof of Lemma 1

The Revelation Principle (Myerson 1982) implies that there exists a direct revelation mech-

anism, which is optimal for the benchmark problem. The optimal direct revelation mecha-

nism, which we refer to as Mechanism D, can be characterized by a set of functions denoted

as
(
QD

n (t̂), Ỹ
D
n (t̂,θ),ZD

n (t̂,θ),MD
n (t̂,θ), Y D

n (t̂,θ),UD
n (t̂,θ) : n= 1,2, . . . ,N

)
and implemented

by the following steps:

(i) The buyer announces the sequence of events of Mechanism D as well as the associated func-

tions (namely, QD
n (t̂), Ỹ

D
n (t̂,θ), ZD

n (t̂,θ), MD
n (t̂,θ), Y D

n (t̂,θ), and UD
n (t̂,θ)).

(ii) The buyer solicits the suppliers’ types and announces the reported type vector t̂.

(iii) Supplier n is asked to exert an input effort QD
n (t̂). Then, the vector of random yields θ is

realized.6

(iv) Supplier n is also asked to purchase Ỹ D
n (t̂,θ) units from the reliable supply sources of com-

ponent n, and deliver ZD
n (t̂,θ) units to the buyer. Thus, Supplier n’s leftover quantity, denoted

as ŨD
n (t̂,θ) is determined by:

ŨD
n (t̂,θ) = θnQ

D
n (t̂)+ Ỹ D

n (t̂,θ)−ZD
n (t̂,θ). (A.1)

The buyer then pays MD
n (t̂,θ) to Supplier n.

(v) The buyer procures an additional quantity Y D
n (t̂,θ) of component n from the

corresponding reliable supply source and sells UD
n (t̂,θ) units for salvage value.

Therefore, the quantity of component n available for assembling the final product

equals
(
ZD

n (t̂,θ)+Y D
n (t̂,θ)−UD

n (t̂,θ)
)
.

Given that all suppliers other than Supplier n report their types t−n truthfully in step (ii), we

define PD
n

(
t̂n
∣∣t,θ) as the profit of Supplier n, who reports his type tn as t̂n. From the definition of

Mechanism D, we have:

PD
n

(
t̂n
∣∣t,θ)=MD

n (t̂n, t−n,θ)+ vnŨ
D
n (t̂n, t−n,θ)− pnỸ

D
n (t̂n, t−n,θ)− tnhn

(
QD

n (t̂n, t−n)
)
.

6 Mechanism D can enforce suppliers to take the prescribed actions in steps (iii) and (iv) by imposing large penalties for deviations,
as the suppliers’ actions in these steps are observable to the buyer in the benchmark problem. The same holds for Mechanism A,
which will be defined below.
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The equilibrium outcome under Mechanism D is as follows: For any realization of t and θ, Sup-

plier n reports his type truthfully (t̂n = tn), exerts an input effort of QD
n (t), purchases Ỹ D

n (t,θ)

from the reliable supply source, delivers ZD
n (t,θ) to the buyer, and receives a payment

of MD
n (t,θ). Thus,

E(t,θ)

[
PD
n (tn|t,θ)

]
≥E(t,θ)

[
PD
n

(
t̂n
∣∣t,θ)] , ∀tn, t̂n ∈ Tn. (A.2)

Moreover, for every t and θ, the buyer’s profit in the equilibrium under Mechanism D equals:

r

(
min

n=1,2,...,N

(
ZD

n (t,θ)+Y D
n (t,θ)−UD

n (t,θ)
))

+
N∑

n=1

(
vnU

D
n (t,θ)− pnY

D
n (t,θ)−MD

n (t,θ)
)
.

(A.3)

We now define an alternative mechanism, namely, Mechanism A. The implementation steps of

Mechanism A are identical to those of Mechanism D, except for the following modifications:

• In step (iv), the buyer asks Supplier n to purchase no quantity from the reliable supply source

of component n and to deliver exactly the production quantity θnQD
n (t̂), ensuring zero leftover

quantity. The payment to Supplier n is
(
MD

n (t̂,θ)− pnỸ
D
n (t̂,θ)+ vnŨ

D
n (t̂,θ)

)
.

• In step (v), the buyer purchases
(
Ỹ D
n (t̂,θ)+Y D

n (t̂,θ)
)

units of component n from the cor-

responding reliable supply source and sells
(
ŨD
n (t̂,θ)+UD

n (t̂,θ)
)

units for salvage value.

Mechanism A is feasible because all supplier actions, namely, the choices of input efforts, pro-

duction quantities, purchasing quantities from the reliable supply sources, and delivered quantities

are observable to the buyer in the benchmark scenario. Furthermore, Mechanism A satisfies the

two properties in Lemma 1.

Assume that all suppliers other than Supplier n report their types truthfully under Mechanism A.

It is straightforward to verify that, for any realization of t and θ, Supplier n’s profit from reporting

his type as t̂n equals PD
n

(
t̂n
∣∣t,θ), which is the same as his profit under Mechanism D. Inequal-

ity (A.2) implies that Supplier n finds it optimal to report his type truthfully. Therefore, in the

equilibrium under Mechanism A, all suppliers report their types truthfully.

Consequently, the buyer’s profit under Mechanism A is as follows:

r
(

min
n=1,...,N

(
θnQ

D
n (t)+ Ỹ D

n (t,θ)+Y D
n (t,θ)−UD

n (t,θ)− ŨD
n (t,θ)

))
︸ ︷︷ ︸

Revenue from assembled product

−
N∑

n=1

vn
(
Ỹ D
n (t,θ)+Y D

n (t,θ)
)

︸ ︷︷ ︸
Cost from reliable supply sources
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+
N∑

n=1

pn
(
ŨD
n (t,θ)+UD

n (t,θ)
)

︸ ︷︷ ︸
Salvage value

−
N∑

n=1

(
MD

n (t̂,θ)− pnỸ
D
n (t̂,θ)+ vnŨ

D
n (t̂,θ)

)
︸ ︷︷ ︸

Payment to suppliers

= r
(

min
n=1,2,...,N

(
ZD

n (t,θ)+Y D
n (t,θ)−UD

n (t,θ)
))

+
N∑

n=1

(
vnU

D
n (t,θ)− pnY

D
n (t,θ)−MD

n (t,θ)
)
,

(using (A.1))

which is the same as (A.3). This proves that Mechanism A, which satisfies the two properties in

Lemma 1, is also optimal. ■

A.2. Proof of Lemma 2

For any given (x,y,u), the buyer’s revenue from assembled product, plus the salvage values, and

minus the purchasing costs incurred from the reliable supply sources equals r̂(x,y,u) (defined

in Lemma 2), where x is the vector of production quantities of the suppliers, y is the vector of

quantities the buyer purchases from the reliable supply sources, and u is the vector of leftover

quantities. Thus, for any given x, the buyer maximize r̂(x,y,u) by choosing y and u.

We now show that the solution to the maximization problem exists. To this end, we prove that

fixing x, function r̂(x,y,u) is a continuous function of (y,u), and the feasible region is bounded:

Recall that in Lemma 2, we define function r̂(x,y,u) as follows:

r̂(x,y,u) = r

(
min
n∈N

{xn+ yn−un}
)
+

N∑
n=1

(vnun− pnyn) .

For any given x, this is obviously a continuous function of (y,u). Moreover, since

limζ→+∞ r
′
(ζ) = 0, we have that ∀ϵ > 0, ∃ζ̄(ϵ)<+∞, such that 0≤ r

′
(ζ)< ϵ, ∀ζ ≥ ζ̄(ϵ). There-

fore, for all ζ ≥ ζ̄(ϵ):

∂

∂ζn
r(min{ζ1, . . . , ζN})

∣∣∣
ζn=ζ

< ϵ, ∀n= 1,2, . . . ,N.

By taking ϵ =min{p1, . . . , pN}, we have that for any given x and for all ζ ≥ ζ̄(ϵ), the following

inequality holds:

∂

∂yn
r̂(x,y,u)

∣∣∣
yn=ζ

< 0, ∀n= 1,2, . . . ,N , and 0≤u≤x.
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Therefore, the feasible region of (y,u) is bounded by 0 ≤ yn ≤ ζ̄(ϵ) and 0 ≤ un ≤ xn for all n.

Thus, for any given x≥ 0, the solution to the maximization problem exists. In Lemma 2, we denote

the solution as

(Y ∗(x),U∗(x))∈ argmax
y≥0

0≤u≤x

r̂(x,y,u).

The monotonicity of r∗(x) is straightforward. For any given x̃≥x, we have

r∗(x̃)≥ r̂(x̃,Y ∗(x),U ∗(x))≥ r̂(x,Y ∗(x),U ∗(x)) = r∗(x).

We now prove the concavity of r∗(x). Let ûn =−un and define

r̃(x,y, û) = r̂(x,y,u) = r

(
min
n∈N

{xn+ yn+ ûn}
)
−

N∑
n=1

(vnûn+ pnyn) .

Since r(·) and min{·} are both increasing and concave, r̃(x,y, û) is a concave function. Therefore,

for any ϵ > 0 and x(i) ≥ 0, where i∈ {1,2}, there exists
(
y(i), û(i)

)
, where y(i) ≥ 0 and −x(i) ≤

û(i) ≤ 0, such that r∗(x(i))− ϵ < r̃(x(i),y(i), û(i)). Therefore, for any β ∈ [0,1], the following

inequality holds:

βr∗(x(1))+ (1− β)r∗(x(2))− ϵ < βr̃
(
x(1),y(1), û(1)

)
+(1− β)r̃

(
x(2),y(2), û(2)

)
≤ r̃

(
βx(1)+(1− β)x(2), βy(1)+(1− β)y(2), βû(1)+(1− β)û(2)

)
≤ r∗(βx(1)+(1− β)x(2)).

The second inequality follows from the concavity of r̃(·, ·, ·), and the third inequality is obtained

by the definition of r∗(·). Thus, r∗(x) is concave for all x≥ 0.

Next, we prove that r∗(·) is a supermodular function. Since r(·) is an increasing function, we

have that for all non-negative x(i)n , y(i)n , and û(i)n , where n= 1,2, . . . ,N and i∈ {1,2}, the following

inequality holds:

r

(
min
n∈N

{x(1)n + y(1)n + û(1)n }
)
+ r

(
min
n∈N

{x(2)n + y(2)n + û(2)n }
)

≤ r

(
min
n∈N

{min{x(1)n + y(1)n + û(1)n , x(2)n + y(2)n + û(2)n }}
)

+ r

(
min
n∈N

{max{x(1)n + y(1)n + û(1)n , x(2)n + y(2)n + û(2)n }}
)
.

(A.4)

Therefore, r(minn∈N{yn + xn + ûn}) is a supermodular function of (x,y, û), and thus r̃(x,y, û)

is also supermodular. Furthermore, supermodularity is preserved by the pointwise maximization
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operation as follows: Let i ∈ {1,2}. For any x(i) ≥ 0, there exist
(
y(i), û(i)

)
, where y(i) ≥ 0

and −x(i) ≤ û(i) ≤ 0, such that

r∗(x(1))+ r∗(x(2)) = r̃
(
x(1),y(1), û(1)

)
+ r̃

(
x(2),y(2), û(2)

)
≤ r̃

(
x(1) ∨x(2),y(1) ∨y(2), û(1) ∨ û(2)

)
+ r̃

(
x(1) ∧x(2),y(1) ∧y(2), û(1) ∧ û(2)

)
≤ r∗

(
x(1) ∨x(2)

)
+ r∗

(
x(1) ∧x(2)

)
.

(A.5)

Therefore, r∗(x) is supermodular. ■

A.3. Proof of Proposition 1

Under a direct revelation mechanism,
{
(Q(t̂),M (t̂)) : t̂∈ T

}
, Supplier n’s profit depends on t̂,

which is the vector of the suppliers’ reported types. Given that all suppliers other than Supplier n

report their type truthfully (i.e., t̂−n = t−n), we denote the optimal profit of Supplier n, whose

cost type is tn, as:

Pn(tn|t−n) := max
t̂n∈Tn

{
Mn(t̂n, t−n)− cn(Qn(t̂n, t−n), tn)

}
= max

t̂n∈Tn

{
Mn(t̂n, t−n)− tnhn(Qn(t̂n, t−n))

}
.

Note that Pn(tn|t−n) is the pointwise maximum of a set of affine functions and is thus a con-

vex function of tn. Therefore, for any given t−n ∈ T −n, function Pn(tn|t−n) is also uniformly

continuous and almost everywhere differentiable on tn ∈ Tn.

We now prove that a mechanism is incentive compatible if and only if the following two condi-

tions are satisfied simultaneously: (i) The prescribed input effort Qn(tn, t−n) is decreasing in tn.

(ii) The payment function Mn(·) satisfies

Mn(tn, t−n) = Pn(tn|t−n)+ tnhn(Qn(tn, t−n))+

∫ tn

sn=tn

hn(Qn(sn, t−n))d sn. (A.6)

We now proceed to establish this claim.

First we show the only if condition. The IC constraint is equivalent to

Mn(t̂n, t−n)− t̂nhn(Qn(t̂n, t−n))≥ [Mn(t)− tnhn(Qn(t))] + tnhn(Qn(t))− t̂nhn(Qn(t)),

−(tn − t̂n)hn(Qn(t))≥ Pn(tn|t−n)−Pn(t̂n|t−n), ∀t̂n and t.
(A.7)

Fix arbitrary tn ∈ Tn, where Pn(tn|t−n) is differentiable. By taking t̂n ↓ tn, we have

dPn(tn|t−n)

d tn
≥−hn(Qn(tn, t−n)).
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Analogously, by taking t̂n ↑ tn, we have

dPn(tn|t−n)

d tn
≤−hn(Qn(tn, t−n)), and thus

dPn(tn|t−n)

d tn
=−hn(Qn(tn, t−n)).

Since Pn(·) is convex and hn(·) is strictly increasing, Qn(tn, t−n) is decreasing in tn. Since hn(qn)

is non-negative for all qn, we have Pn(tn|t−n) is decreasing in tn. Also, Pn(tn|t−n) is almost

everywhere differentiable, and thus under an incentive compatible mechanism, the payment func-

tion Mn(·) is defined by the input effort function Qn(·) as shown in equation (A.6).

For the if condition, we note that if Qn(tn, t−n) is decreasing in tn, and (A.6) is satisfied,

then (A.7) holds, and thus the mechanism satisfies the IC constraint.

As formulated in POE , the buyer’s problem is:

max
M(·),Q(·)

∫
T

[
Eθ

[
r∗(θ1Q1(t), . . . , θNQN(t))

]
−

N∑
n=1

Mn(t)
]
dF (t), (A.8)

subject to the IR and IC constraints. Recall that in Proposition 1, we denote the solution to this prob-

lem by (M ∗(t),Q∗(t)). Since Pn(tn|t−n) is decreasing in tn, the IR constraint can be replaced by

the one with the largest cost type tn as follows:

Pn(tn|t−n) =Mn(tn, t−n)− tnhn(Qn(tn, t−n))≥ 0, ∀n, and t−n, (A.9)

Furthermore, the IC constraint can be replaced by (A.6), and the condition that Qn(tn, t−n) is

decreasing in tn on Tn. Substituting (A.6) into the objective function of (A.8), we have∫
T

[
Eθ

[
r∗(θ1Q1(t), . . . , θNQN(t))

]
−

N∑
n=1

Pn(tn|t−n)−
N∑

n=1

tnhn(Qn(t))
]
f(t)dt

−
∫
T

N∑
n=1

∫ tn

sn=tn

hn(Qn(sn, t−n))dsnf(t)dt.

(A.10)

Interchanging the order of integration for each n in the last term, we have∫
T −n

∫ tn

sn=tn

hn(Qn(sn, t−n))

∫ sn

tn=tn

fn(tn)dtndsnf−n(t−n)dt−n

=

∫
T −n

∫ tn

tn=tn

hn(Qn(t))Fn(tn)dtnf−n(t−n)dt−n =

∫
T
hn(Qn(t))

Fn(tn)

fn(tn)
f(t)dt.

Therefore, (A.10) equals∫
T
R̂(Q(t), t)f(t)dt−

∫
T

N∑
n=1

Pn(tn|t−n)f(t)dt,

where R̂(q, t) =Eθ [r
∗(θ1q1, . . . , θNqN)]−

N∑
n=1

hn(qn)ψn(tn) and ψn(tn) = tn+
Fn(tn)

fn(tn)
.

(A.11)
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To minimize the latter integral in (A.11), we minimize Pn(tn|t−n) under the constraint of (A.9).

The solution to this minimization problem is as follows:

Pn(tn|t−n) =Mn(tn, t−n)− tnhn(Qn(tn, t−n)) = 0, ∀n, and t−n.

From (A.6), the solution to problem (A.8), which we denote by (M ∗(t),Q∗(t)), satisfies the fol-

lowing equality:

M∗
n(t) = tnhn(Q

∗
n(t))+

∫ tn

sn=tn

hn(Q
∗
n(sn, t−n)) dsn, n= 1,2, . . . ,N,

which is part of the result in Proposition 1.

We now establish the function of the suppliers’ input efforts Q∗(t) which solves (A.8). If we

temporarily neglect the monotonicity constraint of Qn(tn, t−n), then to maximize the first integral

in (A.11), we can simply maximize the integrand for every t. That is,

Q(t)∈ argmax
q≥0

R̂(q, t), ∀t. (A.12)

Therefore, if we can find a choice of Q(t) for every t that is decreasing in tn and satisfies (A.12),

then this choice is optimal for POE .

To achieve such a result, we first show that argmaxq≥0 R̂(q, t) is bounded for all t: (i) R̂(q, t)

is continuous. (ii) Since limz→+∞ r
′
(z) = 0, and tn > 0, for some sufficiently large q̄ > 0 and

Q := [0, q̄]N , we have

argmax
q≥0

R̂(q, t)∈Q, ∀t.

It is easy to see that Q is a bounded lattice. In what follows, we will prove that the function Q∗(t)

defined in Proposition 1 is decreasing in t and satisfies (A.12).

As shown in Lemma 2, r∗(z) is a supermodular function. Thus, for any θ, r∗(θ1q1, . . . , θNqN)

is a supermodular function of q ∈Q⊂RN
+ . Since the expectation operator preserves supermodu-

larity, Eθ

[
r∗(θ1q1, . . . , θNqN)

]
is also a supermodular function of q. Also,

∑N
n=1 hn(qn)ψn(tn) is

supermodular, and consequently, R̂(q, t) is a supermodular function of (q, t)∈Q×T . Addition-

ally, for all t and t̃ in T , with t≤ t̃, the following quantity

R̂(q, t̃)− R̂(q, t) =
N∑

n=1

hn(qn)[ψn(tn)−ψn(t̃n)],

is decreasing in q. Therefore, R̂(q, t) has decreasing differences in (q, t) on Q×T .

We have verified the conditions for the following Lemma A.1 (Theorem 2.8.1 of Topkis 2011):
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LEMMA A.1. If Q is a lattice, T is a partially ordered set, R̂(q, t) is supermodular in q on Q for

each t in T , and R̂(q, t) has decreasing differences in (q, t) on Q×T , then argmaxq≥0 R̂(q, t)

is decreasing in the strong set order in t on T .

Strong set order (Topkis 2011): For two sets S and S ′ , we say that S is greater than or equal to S ′

in the strong set order if for any s∈ S and s′ ∈ S ′ , s∧ s′ ∈ S ′ and s∨ s′ ∈ S.

From Lemma A.1, we have that for all tn, t̃n ∈ Tn with tn < t̃n, the set argmaxq≥0 R̂(q, tn, t−n)

is greater than or equal to argmaxq≥0 R̂(q, t̃n, t−n) in the strong set order for all t−n. Thus, for

all q̃ ∈ argmaxq≥0 R̂(q, t̃n, t−n) and q ∈ argmaxq≥0 R̂(q, tn, t−n), we have:

q̃ ∧ q ∈ argmax
q≥0

R̂(q, t̃n, t−n), and q̃ ∨ q ∈ argmax
q≥0

R̂(q, tn, t−n). (A.13)

Next, we prove that argmaxq≥0 R̂(q, t) is a compact sublattice for all t. Picking arbitrary q̂

and q̃ from argmaxq≥0 R̂(q, t), the supermodularity of R̂(q, t) implies

0≤ R̂(q̂, t)− R̂(q̂ ∧ q̃, t)≤ R̂(q̂ ∨ q̃, t)− R̂(q̃, t)≤ 0.

Therefore, both R̂(q̂ ∧ q̃, t) and R̂(q̂ ∨ q̃, t) belong to the set argmaxq≥0 R̂(q, t), which is thus

a sublattice. Moreover, since for all t, we have argmaxq≥0 R̂(q, t) ⊂ Q, which is bounded,

and R̂(q, t) is continuous, we have that argmaxq≥0 R̂(q, t) is a compact set. For any compact

sublattice, there exists exactly one least element (Corollary 2.3.2 of Topkis 2011). Let

Q∗(t) =
∧{

argmax
q≥0

R̂(q, t)

}
be the least element of the argument of the maximum, for each t. Precisely, we define

Q∗
n(t) =min

{
q̃n

∣∣∣∣q̃ ∈ argmax
q≥0

R̂(q, t)

}
, n= 1,2, . . . ,N.

Since Q∗(t)∈ argmaxq≥0 R̂(q, t) for all t, from (A.13), we have

Q∗(tn, t−n)∧Q∗(t̃n, t−n)∈ argmax
q≥0

R̂(q, t̃n, t−n), ∀n, tn < t̃n, and t−n.

Since Q∗(t̃n, t−n) is the least element of argmaxq≥0 R̂(q, t̃n, t−n), we have

Q∗(tn, t−n)≥Q∗(tn, t−n)∧Q∗(t̃n, t−n) =Q∗(t̃n, t−n).

Therefore, Q∗
n(tn, t−n) is decreasing in tn for any given t−n and satisfies (A.12). Consequently,

the mechanism (Q∗(t̂),M∗(t̂)) in Proposition 1 is optimal for problem POE . ■
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Appendix B: Proof of Results in Section 5

B.1. Proof of Proposition 2

We use backward induction and establish the PBE in the following four induction steps.

Step one: We examine the suppliers’ strategies after realizing their production quantities x. In this

step, Supplier n’s decisions include the purchase quantity ỹn from the reliable supply source and

the delivered quantity zn. The leftover quantity ũn is determined by xn, zn and ỹn with ũn = xn +

ỹn−zn. To be concise, we define Ŵ S
n (xn, on, t̂n) as part of the payment functionW S

n (xn, zn, on, t̂n)

as follows:

Ŵ S
n (xn, on, t̂n) =



Et−n

[
M∗

n(t̂n, t−n)
]
+hn(on)ψn(t̂n)+ βn(on)xn, if 0≤ xn <αn,1on,

Et−n

[
M∗

n(t̂n, t−n)
]
+hn(on)ψn(t̂n)+

(
βn(on)− β

n
(on)

)
αn,1on+ β

n
(on)xn,

if αn,1on ≤ xn ≤ on,

Et−n

[
M∗

n(t̂n, t−n)
]
+hn(on)ψn(t̂n)+

(
βn(on)− β

n
(on)

)
αn,1on+ β

n
(on)on,

if xn ≥ on.

Therefore, we have

W S
n (xn, zn, on, t̂n) = Ŵ S

n (xn, on, t̂n)− vn (xn− zn)
+ . (B.1)

Disregarding the sunk costs incurred before this step, Supplier n aims to maximize his monetary

income, which includes the payment from the buyer and the salvage value from the leftover com-

ponent (if any), minus the purchasing cost incurred from the reliable supply source, as follows:

max
zn,ũn,ỹn

W S
n (xn, zn, on, t̂n)+ vnũn− pnỹn. (B.2)

Given ũn = xn+ ỹn − zn and (B.1), this problem is equivalent to

max
zn,ỹn

{
−vn (xn − zn)

++ vn (xn+ ỹn− zn)− pnỹn
}
.

The set of solutions to this problem is {(zn, ỹn) : 0≤ zn ≤ xn, and ỹn = 0}. Thus, the set of solu-

tions to (B.2) is {(zn, ũn, ỹn) : zn = xn− ũn,0≤ ũn ≤ xn, and ỹn = 0}.

We now consider the following set of choices of Supplier n: Supplier n purchases zero quantity

from the reliable supply source (i.e., ỹn = 0), delivers a quantity of zn = xn −U∗
n (x) to the buyer,

and sell the leftover quantity of ũn =U∗
n (x) to the salvage market. This set of quantities satisfies

(xn −U∗
n (x) ,U

∗
n (x) ,0)∈ {(zn, ũn, ỹn) : zn = xn− ũn,0≤ ũn ≤ xn, and ỹn = 0} . (B.3)



Bu, Dawande, and Janakiraman: Procurement for Assembly Systems under Supply Uncertainty: Optimal Mechanisms
ec10 Article submitted to Operations Research

and is thus a solution to (B.2). Therefore, for any given x produced by the suppliers, it is a

dominant strategy for Supplier n to choose ỹn = 0, zn = xn − U∗
n (x), and ũn = U∗

n (x). By fol-

lowing this dominant strategy, Supplier n delivers a quantity of (xn−U∗
n(x)) of his component

to the buyer, receives a payment of
(
Ŵ S

n (xn, on, t̂n)− vnU
∗
n(x)

)
from the buyer, and has a sal-

vage value of vnU∗
n(x) for his leftover components. As a result, Supplier n’s monetary income

equals Ŵ S
n (xn, on, t̂n). Moreover, step (vii) of the SC mechanism shows that the buyer subse-

quently purchases a quantity of yn = Y ∗
n (x) of component n from the reliable supply source

herself. Consequently, the buyer’s revenue from the final product minus her total cost in this step –

consisting of payments to the suppliers and purchasing costs incurred from the reliable supply

sources – equals:

r

(
min
n∈N

{xn +Y ∗
n (x)−U∗

n(x)}
)
−

N∑
n=1

(
Ŵ S

n (xn, on, t̂n)− vnU
∗
n(x)

)
−

N∑
n=1

pnY
∗
n (x)

= r∗ (x)−
N∑

n=1

Ŵ S
n (xn, on, t̂n).

(B.4)

This equality is implied by the definition of Y ∗
n (x), U

∗
n(x), and r∗(x) in Lemma 2.

Step two: We now examine the suppliers’ choices of their input efforts q in response to the buyer’s

choice of o. We show that for any type t̂n Supplier n reveals in the screening and any on chosen by

the buyer, Supplier n has a dominant strategy to choose an input effort equal to the buyer’s desired

quantity on; i.e., choose qn = on. We now proceed to establish this claim.

Since β
n
(on) =

tnh
′
n(on)∑I

i=1 αn,iλn,i
, and hn(·) is convex, we have that for all qn > on,

tn [hn(qn)−hn (on)]

qn − on
≥ β

n
(on)

I∑
i=1

αn,iλn,i, and thus

onβn
(on)

I∑
i=1

αn,iλn,i − tnhn(on)≥ qnβn
(on)

I∑
i=1

αn,iλn,i − tnhn(qn), ∀tn ∈ Tn.

(B.5)

Add Et−n

[
M∗

n(t̂n, t−n)
]
+hn(on)ψn(t̂n)+

(
βn(on)− β

n
(on)

)
αn,1on

∑I
i=1 λn,i to both sides:

Et−n

[
M∗

n(t̂n, t−n)
]
+hn(on)ψn(t̂n)+

(
βn(on)− β

n
(on)

)
αn,1on

I∑
i=1

λn,i

+ onβn
(on)

I∑
i=1

αn,iλn,i − tnhn(on)
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=Eθn

[
Ŵ S

n (θnon, on, t̂n)
]
− tnhn (on) (from the definition of Ŵ S

n (xn, on, t̂n))

≥Et−n

[
M∗

n(t̂n, t−n)
]
+hn(on)ψn(t̂n)+

(
βn(on)− β

n
(on)

)
αn,1on

I∑
i=1

λn,i

+ β
n
(on)qn

I∑
i=1

αn,iλn,i − tnhn(qn) (since (B.5))

≥Et−n

[
M∗

n(t̂n, t−n)
]
+hn(on)ψn(t̂n)+

(
βn(on)− β

n
(on)

)
αn,1on

I∑
i=1

λn,i

+ β
n
(on)

I∑
i=1

(max{αn,iqn, on} ·λn,i)− tnhn(qn)

=Eθn

[
Ŵ S

n (θnqn, on, t̂n)
]
− tnhn(qn), ∀t̂n ∈ Tn. (from the definition of Ŵ S

n (xn, on, t̂n))

(B.6)

That is, choosing any input effort of qn > on is less profitable than choosing qn = on. Furthermore,

since βn(on) =
tnh

′
n(on)

αn,1λn,1
, and hn(·) is convex, we have the following inequality for all qn < on:

βn(on)αn,1λn,1 ≥
tn [hn (on)−hn(qn)]

on− qn
, and therefore

onβn(on)αn,1λn,1− tnhn (on)≥ qnβn(on)αn,1λn,1− tnhn(qn) ∀tn ∈ Tn.

By adding
∑I

i=2 λn,iŴ
S
n (αn,ion, on, t̂n) + (λn,0 + λn,1)(Et−n

[
M∗

n(t̂n, t−n)
]
+ hn(on)ψn(t̂n)) to

both sides, we have the following inequality:

I∑
i=0

λn,iŴ
S
n (αn,ion, on, t̂n)− tnhn (on) =Eθn

[
Ŵ S

n (θnon, on, t̂n)
]
− tnhn (on)

≥
I∑

i=2

λn,iŴ
S
n (αn,ion, on, t̂n)+

1∑
j=0

λn,jŴ
S
n (αn,jqn, on, t̂n)− tnhn(qn)

≥
I∑

i=0

λn,iŴ
S
n (αn,iqn, on, t̂n)− tnhn(qn) (since W S

n (xn, on, t̂n) is increasing in xn)

=Eθn

[
Ŵ S

n (θnqn, on, t̂n)
]
− tnhn(qn), ∀t̂n ∈ Tn. (B.7)

This inequality proves that Supplier n’s profit, by choosing any input effort qn < on, is less than or

equal to that by choosing on. Therefore, it is a dominant strategy for Supplier n to choose the input
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effort qn equal to the desired quantity on. By choosing qn = on, Supplier n’s monetary income

minus the non-refundable deposit, equals

Eθn

[
Ŵ S

n (θnon, on, t̂n)−DS
n(on, t̂n)

]
=

I∑
i=0

λn,iŴ
S
n (αn,ion, on, t̂n)−DS

n(on, t̂n)

=Et−n

[
M∗

n(t̂n, t−n)
]
+hn(on)ψn(t̂n)−Et−n

[
hn(Q

∗
n(t̂n, t−n))ψn(t̂n)

]
.

(B.8)

Furthermore, given that Supplier n always exerts the input effort of qn = on for any on chosen

by the buyer, the production quantities satisfies x = (θnon : n= 1,2, . . . ,N). The buyer’s profit

equals the summation of her revenue from final product and the non-refundable deposits paid by

the suppliers, minus her payment to the suppliers, and minus her purchasing costs incurred from

the reliable supply sources. From (B.4), for any given o and t̂, the buyer’s total profit equals

r

(
min
n∈N

{xn +Y ∗
n (x)−U∗

n(x)}
)
+

N∑
n=1

DS
n(on, t̂n)−

N∑
n=1

(
Ŵ S

n (xn, on, t̂n)− vnU
∗
n(x)

)
− pnY

∗
n (x)

= r∗ (x)−
N∑

n=1

Ŵ S
n (xn, on, t̂n)+

N∑
n=1

DS
n(on, t̂n)

= r∗ (θ1o1, θ2o2, . . . , θNoN)−
N∑

n=1

Ŵ S
n (θnon, on, t̂n)+

N∑
n=1

DS
n(on, t̂n) (since xn = θnon).

Step three: In this step, we show that given the suppliers’ dominant strategies for choosing their

input efforts (qn = on for all n), an optimal vector of desired quantities for the buyer is o=Q∗(t̂),

where t̂ is the vector of types the suppliers reveal in the screening. We now establish this claim.

The buyer’s problem is to choose a vector of desired quantities o, which maximizes the buyer’s

expected total profit. That is,

max
o≥0

Eθ

[
r∗(θ1o1, . . . , θNoN)−

N∑
n=1

[
Ŵ S

n (θnon, on, t̂n)−DS
n(on, t̂n)

]]
.

The latter part is a summation of (B.8), for all n = 1,2, . . . ,N . Since in (B.8), M∗
n(t̂n, t−n)

and hn(Q∗
n(t̂n, t−n))ψn(t̂n) are independent of on, the buyer’s problem is equivalent to

max
o≥0

Eθ [r
∗(θ1o1, . . . , θNoN)]−

N∑
n=1

hn(on)ψn(t̂n).

The following vector of desired quantities is a solution of this problem:

o=Q∗(t̂) =
∧{

argmax
q≥0

Eθ[r
∗(θ1q1, . . . , θNqN)]−

N∑
n=1

hn(qn)ψn(t̂n)

}
. (B.9)
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Therefore, the buyer has a dominant strategy to choose the desired quantity of on = Q∗
n(t̂), for

all n= 1,2, . . . ,N .

Step four: We prove that the suppliers reveal their types truthfully in the PBE; i.e., Supplier n

chooses contract
(
DS

n(on, tn),W
S
n (xn, on, tn)

)
from his menu, for every n= 1,2, . . . ,N . We now

establish this claim.

Given that the buyer and the suppliers will follow their dominant strategies established in the

previous three steps, and that all suppliers other than Supplier n reveal their types truthfully, we

examine the expected profit of Supplier n, who reveals his type as t̂n. From (B.8), Supplier n’s

monetary income minus the non-refundable deposit paid by Supplier n, in expectation over t−n

and θ, equals:

Et−n

[
M∗

n(t̂n, t−n)+hn(Q
∗
n(t̂n, t−n))ψn(t̂n)−hn(Q

∗
n(t̂n, t−n))ψn(t̂n)

]
=Et−n

[
M∗

n(t̂n, t−n)
]
.

(B.10)

Thus, Supplier n’s profit, in expectation over t−n and θ, equals

Et−n

[
M∗

n(t̂n, t−n)− tnhn(Q
∗
n(t̂n, t−n))

]
. (B.11)

Recall that in Proposition 1, we establish the OE∗ mechanism characterized by function Q∗(·)

and M∗(·). This mechanism satisfies the IC constraint, and therefore, function Q∗(·) and M∗(·)

satisfy the following inequality:

M∗
n(t)− tnhn(Q

∗
n(t))≥M∗

n(t̂n, t−n)− tnhn(Q
∗
n(t̂n, t−n)), and thus

Et−n
[M∗

n(t)− tnhn(Q
∗
n(t))]≥ Et−n

[
M∗

n(t̂n, t−n)− tnhn(Q
∗
n(t̂n, t−n))

]
, ∀t̂n ∈ Tn and t∈ T

(B.12)

Analogously, since the OE∗ mechanism satisfies the IR constraint, we have that function Q∗(·)

and M∗(·) satisfy the following inequality for all tn ∈ Tn,:

Et−n
[M∗

n(t)− tnhn(Q
∗
n(t))]≥ 0. (B.13)

Consequently, Supplier n willingly participates in the SC mechanism and reveals his type truth-

fully. The result follows. ■

B.2. Proof of Theorem 1

We now consider the profit of each participant in this PBE under the SC mechanism.

From (B.11), in expectation over t−n and θn, Supplier n’s profit under the SC mechanism
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equals Et−n
[M∗

n(t)− tnhn(Q
∗
n(t))], which is the same as that under OE∗. Furthermore, by plug-

ging on =Q∗
n(t) and t̂n = tn into (B.9), we have that the buyer’s expected profit in the PBE equals

E(θ,t)

[
r∗ (θ1Q

∗
1(t), θ2Q

∗
2(t), . . . , θNQ

∗
N(t))−

N∑
n=1

Ŵ S
n (θnQ

∗
n(t),Q

∗
n(t), tn)+

N∑
n=1

DS
n(Q

∗
n(t), tn)

]

=E(θ,t)

[
r∗ (θ1Q

∗
1(t), θ2Q

∗
2(t), . . . , θNQ

∗
N(t))−

N∑
n=1

hn(Q
∗
n(t))ψn(tn)

]

which is also the same as that under the OE∗ mechanism. ■

Appendix C: Limitations of “Rigid” Mechanisms: An Example

We refer to a mechanism as “rigid” if suppliers receive payment only upon delivering the exact

ordered amount. The following example illustrates that rigid mechanisms may fail to achieve the

optimal profit for the buyer in settings when suppliers face supply uncertainty.

Example 1: Consider a special case of our model, where a buyer procures a product from an unre-

liable supplier. The buyer’s revenue from selling the product is r(z) = 2
√
z, where z denotes the

product’s quantity. The supplier’s production cost is c(q) = q, which is linear and deterministic

with respect to the input effort q. The production quantity x equals the input effort q with proba-

bility of 0.5 and equals q/2 otherwise, which represents a supply disruption. We assume that both

the buyer and the supplier can purchase supplemental product from an alternative, reliable supply

source at a unit price of p= 2. Consistent with our model, the input effort q remains unobservable

to the buyer, whereas the production quantity x is observable.

• In the optimal mechanism for this special case, the buyer suggests that the supplier exert an

input effort q = 3+2
√
2

8
≈ 0.73 and deliver the production quantity to the buyer. The buyer

agrees to pay the supplier 4
3
q if he delivers q units of product and pay 2

3
q if the delivery

quantity is 1
2
q. The supplier finds it optimal to follow this suggestion. The buyer’s expected

profit is 3+2
√
2

8
≈ 0.73.

• On the other hand, the optimal rigid mechanism specifies that the supplier should deliver 4
9

units of the product, and the corresponding payment is 2
3
. The supplier’s optimal strategy

involves an input effort q = 4
9
. If the produced quantity equals 1

2
q = 2

9
, the supplier willingly

purchases 2
9

units from the alternative supply source and delivers the entire amount of product

on hand. In this case, the buyer’s expected profit equals 2
3
≈ 0.67, which is less than 0.73.
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Example 1 demonstrates that no rigid mechanism can achieve the optimal profit for the buyer when

suppliers face supply uncertainty. To optimize the buyer’s profit, it is necessary to use a quantity-

flexible mechanism such as our SC mechanism.

C.1. Proof of Results in Example 1

In this proof, we use the same notation as in the base model. We eliminate the supplier’s index n

since there is only one supplier in Example 1. Additionally, we eliminate the supplier’s type t since

there is only one possible type.

Part 1: The optimal mechanism for the buyer.

Let us denote the mechanism design problem in Example 1 as P1. The setting is a special case of our

base model discussed in Section 3. Therefore, the analysis and results of our base model (Section 5)

are applicable. Here, we briefly outline the key steps establishing the optimal mechanism:

We first consider a benchmark problem where the buyer directly observes the supplier’s input

effort q and purchasing quantity from the reliable supply source ỹ. Let zT be the quantity that

satisfies r′(zT ) = p, where r(z) = 2
√
z is the function of the buyer’s revenue defined in Example 1.

Here, we have zT = 1
4
. Using backward induction, Lemma 2 in Section 4 implies that the buyer

purchases zT −x units of product from the reliable supply source if the production quantity x falls

below zT . Otherwise, if the production quantity x exceeds zT , then the buyer does not purchase

any quantity from the reliable supply source. Thus, the two output quantities in Proposition 1 in

Section 4 are as follows:

Q∗ = argmax
q≥0

{
Eθ [r

∗(θq)]− q

}
=

3+2
√
2

8
,

and M∗ =Q∗ =
3+2

√
2

8
.

Consequently, the optimal mechanism for the benchmark problem is as follows: The buyer pays

the supplier an amount of M∗ if and only if the supplier exerts an input effort of Q∗ and delivers

the entire production quantity. Under this mechanism, the supplier finds it optimal to exert the

prescribed input effort Q∗ and deliver the entire production quantity (either Q∗ or Q∗

2
) to the buyer.

Also, the buyer does not purchase any quantity from the reliable supply source since even if a

disruption occurs, the supplier produces and delivers Q∗

2
, which is greater than zT . This optimal

mechanism for the benchmark problem establishes an upper bound (namely, 3+2
√
2

8
) on the buyer’s

expected profit in problem P1.
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We now consider the mechanisms for problem P1. In Section 5, we have established an optimal

and practical screening mechanism (SC) for problem P where the buyer’s profit achieves the upper

bound. Since P1 is a special case of P, the corresponding SC mechanism is also optimal for P1.

Moreover, in Example 1, we propose an alternative and simpler mechanism for P1. It is easy to

verify that the buyer’s expected profit under that mechanism also achieves the upper bound of the

buyer’s profit 3+2
√
2

8
, thereby establishing the optimality of the mechanism.

Part 2: The optimal rigid mechanism.

We now examine the optimal rigid mechanism. A rigid mechanism, denoted as (z,w), consists of

an order quantity denoted by z and a corresponding payment denoted by w. The supplier receives

a payment of w if he delivers exactly z units to the buyer, and zero payment otherwise.

The supplier accepts a typical rigid mechanism if and only if the following participation con-

straint is satisfied: The supplier’s expected profit is non-negative by following his optimal strategy.

It is easy to verify that to deliver z units, the supplier incurs a cost of at least z. Therefore, a neces-

sary condition for participation is w≥ z. We now consider the following three cases regarding the

supplier’s input effort q, for a given contract (z,w) which satisfies the participation constraint:

• Case 1: The supplier chooses an input effort q = z:

If disruption occurs, and the production quantity x equals q
2
, then the supplier willingly pur-

chases ỹ = q
2

units of the product from the reliable supply sources to fulfill the order, sincew≥
z. Thus, the supplier’s expected profit equals w− q− pỹ

2
=w− 3z

2
, since p= 2.

• Case 2: The supplier chooses an input effort 0< q < z:

We consider the following four sub-cases regarding the supplier’s other decisions:

◦ Sub-case 2.1: The supplier fulfills the order by delivering z units of product to the buyer,

regardless of whether disruption occurs (θ = 1
2
) or not (θ = 1). Therefore, the expected

payment to the supplier equals w and the supplier’s expected cost equals q + p(z−q)
2

+

p
2

(
z− q

2

)
. Consequently, the supplier’s expected profit is w− 2z+ q

2
<w− 3z

2
.

◦ Sub-case 2.2: The supplier fulfills the order by delivering z units of product to the buyer

when no disruption occurs (θ = 1), but chooses not to fulfill the order in the event of

a disruption (θ = 1
2
). In this case, the expected payment to the supplier equals w

2
and

the supplier’s expected cost equals q+ p(z−q)
2

, where p= 2. Consequently, the supplier’s

expected profit is w
2
− z ≤w− 3z

2
, since w≥ z.
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◦ Sub-case 2.3: The supplier chooses not to fulfill the order when no disruption occurs (θ=

1), but fulfills the order in the event of a disruption (θ = 1
2
). Thus, the expected payment

to the supplier equals w
2

and the supplier’s expected cost equals q+ p
2
(z− q

2
), where p= 2.

Consequently, the supplier’s expected profit is w
2
−z− q

2
<w− 3z

2
, since w≥ z and q > 0.

◦ Sub-case 2.4: The supplier does not fulfill the order, regardless of whether disruption

occurs (θ = 1
2
) or not (θ = 1). The supplier’s profit is negative in this case, since the

supplier incurs a positive production cost, but receives zero payment. Thus, in this case,

it is better for the supplier not to participate.

Therefore, choosing any input effort 0< q < z is less profitable than choosing q = z, for any

contract (w,z) which satisfies the participation constraint.

• Case 3: The supplier chooses an input effort q > z:

Since choosing any q > 2z is obviously less profitable than choosing q = 2z, without loss of

generality, we focus on the choice of input effort q where z < q ≤ 2z. When no disruption

occurs (θ = 1), the production quantity x equals q > z. The supplier thus willingly delivers

the production quantity to the buyer and receives a payment of w. When disruption occurs

(θ= 1
2
), we consider the following two cases:

◦ Sub-case 3.1: The supplier fulfills the order when disruption occurs (x= q
2
≤ z). To fulfill

the order, the purchase quantity from the reliable supply source is z − q
2
. Therefore, the

supplier’s expected profit equals w− q− p
2
(z− q

2
) =w− z− q

2
<w− 3z

2
.

◦ Sub-case 3.2: The supplier chooses not to fulfill the order when disruption occurs. Thus,

the expected payment to the supplier is w
2

and the production cost equals q. Consequently,

the supplier’s expected profit is w
2
− q≤w− q− z

2
<w− 3z

2
, since w≥ z and q > z.

As a result, choosing any input effort q > z is less profitable than choosing q = z.

Therefore, for any given rigid contract (z,w) that satisfies the participation constraint, the sup-

plier has a dominant strategy to choose an input effort of q = z, purchases z
2

units of product

from the reliable supply source if disruption occurs, and delivers the ordered amount of z to the

buyer. The supplier earns a corresponding profit of w − 3z
2

. Furthermore, the participation con-

straint requires that the supplier’s optimal profit is non-negative with w− 3z
2
≥ 0. To search for an

optimal rigid mechanism for the buyer, we can, without loss of generality, restrict attention to the

set of mechanisms where the supplier earns zero profit; i.e., w= 3z
2

.
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Recall that zT = 1
4

is the quantity that satisfies r′(zT ) = p. Given the supplier’s dominant strat-

egy above, the buyer’s purchase quantity from the reliable supply source is solely determined by

the ordered amount z as follows: the buyer will purchase zT − z units of product from the reliable

supply source, if the delivered quantity z falls below zT . Otherwise, if the delivered quantity z

exceeds zT , then the buyer will not purchase any quantity from the reliable supply source. There-

fore, the buyer’s expected profit, denoted as R̃(z), is determined by the order quantity z as follows:

R̃(z) =

r(z)−w= 2
√
z− 3z

2
, if z ≥ 1

4
,

r(zT )−w− p
(
zT − z

)
= z+1

2
, if z < 1

4
.

(since w=
3z

2
)

The maximum of this function equals R̃(z = 4
9
) = 2

3
, which is less than the buyer’s optimal

profit 3+2
√
2

8
under the optimal mechanism. ■

Appendix D: Proof of Results in Section 7

D.1. Proof of Proposition 3

Similar to the notations used in Section 3 and Section 4, let yn denote the quantity of component n

that the buyer purchases from the corresponding reliable supply source. Additionally, we denote

Supplier n’s leftover quantity by ũn. For the benchmark problem POES , the buyer also has access

to the salvage market, and we denote her leftover quantity of component n by un.

Similar to Lemma 1 in Section 4, Lemma D.1 below demonstrates that to search for an optimal

mechanism for the benchmark problem POES , we can restrict attention to the direct revelation

mechanisms where Supplier n neither purchases any quantity from the reliable supply source nor

sells any quantity for salvage value.

LEMMA D.1. There exists an optimal mechanism for the benchmark scenario with the following

two properties for every n = 1,2, . . . ,N : (1) Supplier n does not purchase any component from

the reliable supply source, and (2) Supplier n delivers the entire production quantity to the buyer.

In other words, under this optimal mechanism, for any realization of the vector of production-cost

types t and the vector of random yields θ, we have ũn = ỹn = 0 and zn = xn = θnqn.

Proof of Lemma D.1:

The Revelation Principle (Myerson 1982) implies that there exists a direct revelation mecha-

nism, which is optimal for the benchmark problem; we refer the optimal direct revelation mech-

anism as Mechanism DS . In such a direct revelation mechanism, for every n = 1,2, . . . ,N , Sup-

plier nmakes four distinct decisions, namely, the reported type t̂n, input effort qn, purchase quantity
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from the reliable supply source ỹn, and the delivered quantity zn. Since pn and vn are stochastic

and realized after Supplier n produces their components in this extension, the purchasing quantities

from reliable supply sources and the leftover quantities may depend on the realizations of p and v,

where p= (p1, p2, . . . , pN) and v = (v1, v2, . . . , vN).

Therefore, Mechanism DS can be characterized by a set of functions denoted

as
(
QD

n (t̂), Ỹ
D
n (t̂,θ,p,v),ZD

n (t̂,θ,p,v),MD
n (t̂,θ,p,v) : n= 1,2, . . . ,N

)
. The implementation

of Mechanism DS is similar to that of a direct revelation mechanism for problem POE proposed in

Section 4. In addition to the sequence of events of a direct revelation mechanism for problem POE ,

under Mechanism DS , the buyer asks Supplier n to purchase a quantity of Ỹ D
n (t̂,θ,p,v) from the

reliable supply source and delivers ZD
n (t̂,θ,p,v) units of component n. Here, we omit the other

detailed implementations steps. The equilibrium outcome under Mechanism DS is as follows:

For any realization of t, θ, p, and v, Supplier n reports his type truthfully (t̂n = tn), exerts an

input effort of QD
n (t), purchases Ỹ D

n (t,θ,p,v) units from the reliable supply sources, delivers a

quantity of ZD
n (t,θ,p,v) to the buyer, and receives a payment of MD

n (t,θ,p,v).

We now define an alternative mechanism, namely, Mechanism AS as follows: First, the buyer

solicits suppliers’ types. Then, the buyer asks Supplier n to exert an input effort ofQD
n (t̂), purchase

zero units from the reliable supply source, and deliver exactly the production quantity of θnQD
n (t̂)

to the buyer. If Supplier n follows the requirements, the buyer pays Supplier n an amount of

MD
n (t̂,θ,p,v)− pnỸ

D
n (t̂,θ,p,v)+ vn

(
θnQ

D
n (t̂)+ Ỹ D

n (t̂,θ,p,v)−ZD
n (t̂,θ,p,v)

)
.

Otherwise, Supplier n need to pay a penalty of xnvn to the buyer, where xn is the quantity produced

by Supplier n. The buyer then purchases Ỹ D
n (t̂,θ,p,v) units of component n from the reliable sup-

ply source herself. MechanismAS is feasible because all the suppliers’ actions, namely, the choices

of input efforts, production quantities, purchasing quantities from the reliable supply sources, and

delivered quantities are observable to the buyer in the benchmark scenario. Furthermore, Mecha-

nism AS satisfies the two properties in Lemma 1.

Is is straightforward to verify that, in the equilibrium under Mechanism AS , Supplier n reports

his type truthfully and exerts the prescribed effort QD
n (t̂). Also, for all realization of vt, Supplier n

delivers the entire produced quantity to the buyer, because the penalty xnvn for deviation is suffi-

ciently large.
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Therefore, for any given t and θ, under both Mechanism DS and A, the buyer incurs a total

cost of
∑N

n=1M
D
n (t,θ,p,v) and has ZD

n (t,θ,p,v) units of component n on hand, and Supplier n

earns a profit of

MD
n (t,θ,p,v)−pnỸ D

n (t,θ,p,v)+vn

(
θnQ

D
n (t)+ Ỹ D

n (t,θ,p,v)−ZD
n (t,θ,p,v)

)
−tnhn

(
QD

n (t)
)
.

In other words, the equilibrium outcomes under these two mechanisms are exactly the same for the

buyer and each supplier. Thus, Mechanism AS , which satisfies the two properties in Lemma D.1,

is also optimal for POES . □

We now search for an optimal direct revelation mechanism that satisfies the two properties

outlined in Lemma D.1. The sequence of events under a direct revelation mechanism for prob-

lem POES is identical to that of problem POE in Section 4, except for the modification introduced in

Section 7.1: In step (i), the buyer still pays Supplier n an amount ofMn(t̂) if the supplier exerts the

prescribed input effort Qn(t̂) and delivers exactly the quantity he produces. However, if Supplier n

deviates, he now pay a penalty of xnvn to the buyer, where xn is the quantity produced.

We also need the following modifications for the formulations of quantities: Recall that in

the formulation of problem POE in Section 4, function Yn(x) denotes the additional quantity of

component n that the buyer procures from the corresponding reliable supply source, and Un(x)

denotes the quantity of component n the buyer decides to salvage, where x = (x1, x2, . . . , xN) =

(θ1q1, θ2q2, . . . , θNqN) is the vector of quantities produced and delivered by the suppliers. For prob-

lem POES , the unit costs p from the reliable supply sources and salvage values v of leftover com-

ponents are both stochastic, and the buyer’s decisions can depend on the realizations of these two

vectors. Therefore, under a direct revelation mechanism, we now denote the procurement quantity

of component n from the reliable supply source as function Yn(x,p,v) and the leftover quantity

of component n that the buyer sells for salvage value Un(x,p,v). An optimal set of these two

functions are as follows:

LEMMA D.2. For any given vectors x, p, and v, the buyer’s optimal choice of (a) purchasing

quantities from the reliable supply sources and (b) salvage quantities, denoted by

(Y ∗(x,p,v),U∗(x,p,v))∈ argmax
y≥0

0≤u≤x

r̂(x,y,u,p,v) exists,

where r̂(x,y,u,p,v) := r

(
min
n∈N

{xn+ yn−un}
)
+

N∑
n=1

(vnun− pnyn) .
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Furthermore, the pointwise maximum of this objective function, defined as,

r∗(x,−p,v) := max
y≥0

0≤u≤x

r̂(x,y,u,p,v),

is an increasing, concave, and supermodular function of (x,−p,v).

Proof of Lemma D.2:

Using the proof of Lemma 2 in Appendix A.2 and Assumption 7, it is straightforward to prove

that (Y ∗(x,p,v),U∗(x,p,v)), as defined in Lemma D.2, exits and is optimal for the buyer, for

any given x, p, and v. Denote w = (x,−p,v). In what follows, we prove the monotonicity, con-

cavity, and supermodularity of function r∗(w) sequentially:

For any given w̃= (x,−p,v)≥w= (x̃,−p̃, ṽ), we have

r∗(w̃)≥ r̂(x̃,Y ∗(x,−p,v),U ∗(x,−p,v), p̃, ṽ)≥ r̂(x,Y ∗(x,−p,v),U ∗(x,−p,v),p,v) = r∗(w),

which proves that r∗(w̃) is increasing.

We now prove the concavity of r∗(w). Let ûn =−un and û= (û1, û2, . . . , ûN). We define

r̃(x,y, û,p,v) = r̂(x,y,u,p,v) = r

(
min
n∈N

{xn+ yn+ ûn}
)
−

N∑
n=1

(vnûn+ pnyn) .

Since r(·) and min{·} are both increasing and concave, r̃(x,y, û,p,v) is a concave function.

Therefore, for any ϵ > 0 and w(i) = (x(i),−p(i),v(i)), where i ∈ {1,2}, there exists
(
y(i), û(i)

)
,

where y(i) ≥ 0 and −x(i) ≤ û(i) ≤ 0, such that r∗(w(i))− ϵ < r̃(x(i),y(i), û(i),p(i),v(i)). Thus,

for any β ∈ [0,1], the following inequality holds:

βr∗(w(1))+ (1− β)r∗(w(2))− ϵ

< βr̃
(
x(1),y(1), û(1),p(1),v(1)

)
+(1− β)r̃

(
x(2),y(2), û(2),p(2),v(2)

)
≤ r̃

(
βx(1) +(1− β)x(2), βy(1)+(1− β)y(2), βû(1)+(1− β)û(2), βp(1)+(1− β)p(2), βv(1) +(1− β)v(2)

)
≤ r∗(βw(1)+(1− β)w(2)).

The second inequality follows from the concavity of r̃(·), and the third inequality is obtained by

the definition of r∗(·). Thus, r∗(w) is concave, where w= (x,−q,v).

Next, we prove that r∗(w) is a supermodular function. In Appendix A.2, inequality (A.4)

has proved that r(minn∈N{yn + xn + ûn}) is a supermodular function of (x,y, û), and
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thus r̃(x,y, û,p,v) is also supermodular. Since supermodularity is preserved by the pointwise

maximization operation (see, e.g., inequality (A.5) in Appendix A.2), r∗(w) is supermodular. □

When choosing the purchasing quantities from the reliable supply sources y and the leftover

quantities u, the buyer’s problem is a deterministic optimization problem that only depends on

the vector of quantities x delivered by the suppliers, the vector of unit purchasing costs p from

the reliable supply sources, and the vector of salvage values v. Given the solution to this problem

established in Lemma D.2, r∗(x,−q,v) is the buyer’s corresponding revenue from the assembled

product, plus the salvage value from the leftover quantities, and minus the costs incurred in pur-

chasing the supplemental components from the reliable supply sources. In other words, from the

buyer’s perspective, r∗(x,−q,v) is the value associated with the vector x of delivered compo-

nents, the vector q of purchasing costs from the reliable supply sources, and the vector v of salvage

values in problem POES .

Using Lemma D.2, a simplified version of problem POES can be formulated as follows:

max
M(·),Q(·)

∫
T
E(θ,q,v)

[
r∗
(
θ1Q1(t), . . . , θNQN(t),−q,v

)
−

N∑
n=1

Mn(t)

]
dF (t),

subject to Eθ

[
Mn(t)− tnh̃n(Qn(t), θn)

]
≥Eθ

[
Mn(t̂n, t−n)− tnh̃n(Qn(t̂n, t−n), θn)

]
, ∀t, t̂n,

(IC)

and Eθ

[
Mn(t)− tnh̃n(Qn(t), θn)

]
≥ 0, ∀t. (IR)

Since t is independent of θ,q, and v (Assumption 5) and Eθ

[
h̃n(qn, θn)

]
= Eθn

[
h̃n(qn, θn)

]
=

hn(qn), this problem is identical to the simplified formulation of problem POE on page 13, except

that the function r∗(·) – which represents the value associated with the delivered components –

additionally depends on p and v in problem POES .

It is straightforward to verify that the statement and proof of Proposition 1, with

corresponding modifications to the r∗(·) function, remain applicable in problem POES:

The proof of Proposition 1 in Appendix A.3 relies on three properties of the func-

tion r∗(θ1Q1(t), . . . , θNQN(t)), namely monotonicity, concavity, and supermodularity. For prob-

lem POES , the counterpart r∗ (θ1Q1(t), . . . , θNQN(t),−q,v) also has these three properties, as

established in Lemma D.2. This completes the proof of Proposition 3. ■
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Up to this point, we have derived the optimal mechanism for the benchmark problem POES , which

provides an upper bound on the buyer’s profit in our original problem PS . In what follows, we

proceed to demonstrate that the SCS mechanism we propose for PS achieves this upper bound.

D.2. Proof of Theorem 2

It is noteworthy that the statement of Theorem 2 essentially combines the statements of Propo-

sition 2 and Theorem 1, with minor notational adjustments. Following a similar approach to the

proof of Proposition 2 in Appendix B.1, we use backward induction to establish the PBE under

the SCS mechanism in four induction steps:

Step one: We examine the suppliers’ strategies after realizing their production quantities x, pur-

chasing costs from the reliable supply sources p, and salvage values v. In this step, Supplier n’s

decisions include the purchase quantity ỹn from the reliable supply source and the delivered quan-

tity zn. The leftover quantity ũn is determined by xn, zn and ỹn with ũn = xn + ỹn − zn. To be

concise, we define Ŵ S
n (xn, on, t̂n) as part of the payment functionW S

n (xn, zn, on, t̂n, vt) as follows:

Ŵ S
n (xn, on, t̂n) :=



Et−n

[
M∗

n(t̂n, t−n)
]
+hn(on)ψn(t̂n)+ βn(on)xn, if 0≤ xn <αn,1on,

Et−n

[
M∗

n(t̂n, t−n)
]
+hn(on)ψn(t̂n)+

(
βn(on)− β

n
(on)

)
αn,1on+ β

n
(on)xn,

if αn,1on ≤ xn ≤ on,

Et−n

[
M∗

n(t̂n, t−n)
]
+hn(on)ψn(t̂n)+

(
βn(on)− β

n
(on)

)
αn,1on+ β

n
(on)on,

if xn ≥ on.

Therefore, we have

W S
n (xn, zn, on, t̂n, vt) = Ŵ S

n (xn, on, t̂n)− vn (xn− zn)
+ . (D.1)

Disregarding the sunk costs incurred before this step, Supplier n aims to maximize his monetary

income, which includes the payment from the buyer and the salvage value from the leftover com-

ponent (if any), minus the purchasing cost incurred from the reliable supply source. Therefore, for

any given pn and vn, Supplier n’s problem in this step is as follows:

max
zn,ũn,ỹn

W S
n (xn, zn, on, t̂n, vt)+ vnũn− pnỹn. (D.2)

Given ũn = xn + ỹn − zn and (D.1), this problem is

max
zn,ỹn

{
−vn (xn − zn)

++ vn (xn+ ỹn− zn)− pnỹn
}
.
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The set of solutions to this problem is {(zn, ỹn) : 0≤ zn ≤ xn, and ỹn = 0}. Thus, the set of solu-

tions to (D.2) is {(zn, ũn, ỹn) : zn = xn − ũn, 0≤ ũn ≤ xn, and ỹn = 0}.

We now consider the following set of choices of Supplier n: For any given realization of p and v,

Supplier n purchases zero quantity from the reliable supply source (i.e., ỹn = 0), delivers a quantity

of zn = xn − U∗
n (x,p,v) to the buyer, and sell the leftover quantity of ũn = U∗

n (x,p,v) to the

salvage market7. This set of quantities satisfies

(xn −U∗
n (x,p,v) , U

∗
n (x,p,v) , 0)∈ {(zn, ũn, ỹn) : zn = xn− ũn,0≤ ũn ≤ xn, and ỹn = 0} ,

and is thus a solution to problem (D.2). Therefore, for any given x, p, and v, it is a dominant strat-

egy for Supplier n to choose ỹn = 0, zn = xn −U∗
n (x,p,v), and ũn = U∗

n (x,p,v). By following

this dominant strategy, Supplier n delivers a quantity of (xn−U∗
n (x,p,v)) of his component to the

buyer, receives a payment of
(
Ŵ S

n (xn, on, t̂n)− vnU
∗
n (x,p,v)

)
from the buyer, and has a salvage

value of vnU∗
n (x,p,v) for his leftover components. As a result, Supplier n’s monetary income

equals Ŵ S
n (xn, on, t̂n). Moreover, under the SCS mechanism, the buyer subsequently purchases

a quantity of yn = Y ∗
n (x,p,v) of component n from the reliable supply source herself. Conse-

quently, for any given vectors x, p, and v, the buyer’s revenue from the final product minus her

expected cost in this step – consisting of payments to the suppliers and purchasing costs incurred

from the reliable supply sources – equals:

r(min
n∈N

{xn +Y ∗
n (x,p,v)−U∗

n (x,p,v)})−
N∑

n=1

(Ŵ S
n (xn, on, t̂n)− vnU

∗
n (x,p,v))−

N∑
n=1

pnY
∗
n (x,p,v)

= r(min
n∈N

{xn +Y ∗
n (x,p,v)−U∗

n (x,p,v)})+
N∑

n=1

(vnU
∗
n (x,p,v)− pnY

∗
n (x,p,v))−

N∑
n=1

Ŵ S
n (xn, on, t̂n)

= r∗ (x,−p,v)−
N∑

n=1

Ŵ S
n (xn, on, t̂n).

The second equality is implied by the definition of Y ∗
n (x,p,v), U∗

n (x,p,v), and r∗(x,−p,v) in

Lemma D.2. This completes Step one.

Step two: The proof of this induction step is the same as Step two in Appendix B.1. As a result,

for any type t̂n Supplier n reveals in the screening and any on chosen by the buyer, Supplier n

7 Function U∗
n (x,p,v) is defined in Lemma D.2 above.
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has a dominant strategy to choose an input effort equal to the buyer’s desired quantity on; i.e.,

choose qn = on. Consequently, for any given o and t̂, the buyer’s total profit equals:

r∗ (x,−p,v)−
N∑

n=1

Ŵ S
n (xn, on, t̂n)+

N∑
n=1

DS
n(on, t̂n)

= r∗ (θ1o1, θ2o2, . . . , θNoN ,−p,v)−
N∑

n=1

Ŵ S
n (θnon, on, t̂n)+

N∑
n=1

DS
n(on, t̂n) (since xn = θnqn = θnon).

(D.3)

Step three: In this step, we show that given the suppliers’ dominant strategies for choosing their

input efforts (qn = on for all n), an optimal vector of desired quantities for the buyer is o=Q∗(t̂),

where t̂ is the vector of types the suppliers reveal in the screening. We now establish this claim.

The buyer’s problem is to choose a vector of desired quantities o, which maximizes the buyer’s

total profit obtained in (D.3) in expectation over (x,p,v). The buyer’s problem is:

max
o≥0

E(θ,p,v)

[
r∗ (θ1o1, θ2o2, . . . , θNoN ,−p,v)−

N∑
n=1

[
Ŵ S

n (θnon, on, t̂n)−DS
n(on, t̂n)

]]
, (D.4)

where E(θ,p,v)

[
Ŵ S

n (θnon, on, t̂n)−DS
n(on, t̂n)

]
=

I∑
i=0

λn,iŴ
S
n (αn,ion, on, t̂n)−DS

n(on, t̂n)

=Et−n

[
M∗

n(t̂n, t−n)
]
+hn(on)ψn(t̂n)−Et−n

[
hn(Q

∗
n(t̂n, t−n))ψn(t̂n)

]
.

Since, M∗
n(t̂n, t−n) and hn(Q∗

n(t̂n, t−n))ψn(t̂n) are independent of on, the buyer’s problem (D.4)

is equivalent to

max
o≥0

E(θ,q,v) [r
∗(θ1o1, . . . , θNoN ,−q,v)]−

N∑
n=1

hn(on)ψn(t̂n).

Obviously, the following vector of desired quantities is a solution of this problem:

o=Q∗(t̂) =
∧{

argmax
q≥0

E(θ,q,v)[r
∗(θ1q1, . . . , θNqN ,−q,v)]−

N∑
n=1

hn(qn)ψn(t̂n)

}
.

Therefore, the buyer has a dominant strategy to choose the desired quantity of on = Q∗
n(t̂), for

all n= 1,2, . . . ,N .

Step four is the same as that in Appendix B.1, establishing the PBE under the SCS mechanism.

Following the same argument as in the proof of Theorem 1 (Appendix B.2), the buyer’s profit in

the PBE under the SCS mechanism achieves its upper bound, as established by the OES∗ mecha-

nism in the benchmark POES . Thus, the SCS mechanism is optimal for problem PS . ■
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D.3. Proof of Theorem 3

It is straightforward that the buyer’s optimal profit increases with more information. Therefore,

PS1 ≥PS2 ≥PS4, and PS1 ≥PS3 ≥PS4.

Additionally, we denote the difference between the high unit production cost and the low unit

cost as as ∆c = ch − cl, and the difference between the the high disruption risk and the low risk

as ∆p = pH − pL. We now analyze the profit of the four settings sequentially.

Proof of S1: Both the supplier’s disruption risk and effort are observable to the buyer in S1.

The revelation principle (Myerson 1981) implies that, to search for an optimal mechanism, we can

restrict attention to the class of direct revelation mechanisms under which the payment is a function

of the supplier’s input effort. Specifically, a direct revelation mechanism is defined collectively by

a set {(qij,mij)|i= l, h, and j =L,H} and can be implemented as follows:

(i) Given the observed disruption risk pj , where j ∈ {L,H}, the buyer specifies to the supplier an

input effort qij and a monetary payment mij for each cost type i∈ {l, h}. The buyer commits

to pay the supplier an amount of mij if and only if that supplier exerts the specified input

effort qij and delivers exactly the quantity he produces.

(ii) For any realization of the production cost ci, the supplier finds it optimal to exert the corre-

sponding input effort qij and to deliver the entire produced amount (if any) to the buyer.

(iii) The buyer pays mij to the supplier and sells the delivered quantity (if any) for revenue.

Over the set of such mechanisms, the buyer’s problem PS1 is to maximize her expected profit,

taken over the distributions of both disruption risk type and cost type. Since the buyer’s revenue

r(z) is zero in the event of a disruption, the formulation of problem PS1 is as follows:

max
qij ,mij

∑
j=L,H

∑
i=l,h

(
pj · r(qij)−mij

)
tci · tdj , where pj = 1− pj, (PS1)

subject to,

mij − ci · qij ≥mîj − ci · qîj, for all i, î∈ {l, h} and i ̸= î, (IC1)

mij − ci · qij ≥0, for all i∈ {l, h}. (IR1)



Bu, Dawande, and Janakiraman: Procurement for Assembly Systems under Supply Uncertainty: Optimal Mechanisms
Article submitted to Operations Research ec27

We now solve this optimization problem. We denote P S1
ij =mij − ci · qij as the supplier’s profit

when the cost is i, the disruption risk is j, and the input effort is qij . For any given j, it is straight-

forward to verify that the IC1 constraint holds if and only if qlj ≥ qhj and the following inequality

is satisfied:

mhj − ch · qhj +∆c · qhj ≤ mlj − cl · qlj ≤mhj − ch · qhj +∆c · qlj,

that is, P S1
hj +∆c · qhj ≤ P S1

lj ≤ P S1
hj +∆c · qlj. (D.5)

Therefore, to solve

max
PS1
ij

∑
j=L,H

∑
i=l,h

(
pj · r(qij)−P S1

ij − ci · qij
)
tci · tdj ,

we use P S1
lj = P S1

hj +∆c · qhj (from D.5) and P S1
hj = 0 (from IR1). Thus, the following mechanism,

denoted as S1∗, is optimal for PS1: For both j ∈ {L,H},

qS1hj =argmax
q≥0

{
pj · r(q)−

(
ch +

∆c · tcl
tch

)
· q
}
= r−1

(
ch +

∆c · tcl
tch

)
,

qS1lj =argmax
q≥0

{
pj · r(q)− cl · q

}
= r−1 (cl) ,

mS1
lj =cl · qS1lj +∆c · qS1hj ,

and mS1
hj =ch · qS1hj . (S1∗)

Note that the constraint qlj ≥ qhj is also satisfied. Consequently, the buyer’s optimal profit under

this mechanism is:

PS1 = tcl · tdL ·max
qlL

{pL · r(qlL)− cl · qlL}︸ ︷︷ ︸
Term 1

+tch · tdL ·max
qhL

{
pL · r(qhL)−

(
ch +

∆c · tcl
tch

)
· qhL

}
︸ ︷︷ ︸

Term 2

+ tcl · tdH ·max
qlH

{pH · r(qlH)− cl · qlH}︸ ︷︷ ︸
Term 3

+tch · tdH ·max
qhH

{
pH · r(qhH)−

(
ch+

∆c · tcl
tch

)
· qhH

}
︸ ︷︷ ︸

Term 4

.

(D.6)

For both setting S2 and S3, the buyer’s profit is smaller than or equal to PS1 since the buyer

has less information. For each of these two settings, we will directly propose a direct revelation

mechanism under which the buyer’s profit is equal to PS1.
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Proof of S2: This setting differs from S1 in that the supplier’s input effort q is unobservable

to the buyer. For each type ij of the supplier, where i ∈ {l, h} and j ∈ {L,H}, our mechanism

for S2, which we denote as S2∗, is characterized by two quantities: an order quantity qS2ij and

a corresponding payment wS2
ij . The implementation steps of this mechanism are similar to those

in S1, but the buyer pays wS2
ij to the supplier only if the supplier delivers exactly qS2ij . The values

of quantities are as follows:

qS2hj = qS1hj = r−1

(
ch+

∆c · tcl
tch

)
,

qS2lj = qS1lj = r−1 (cl) ,

wS2
lj =

mS1
lj

pj
=

cl · qS1lj +∆c · qS1hj

pj
,

and wS2
hj =

mS1
hj

pj
=

ch · qS1hj

pj
. (S2∗)

We now verify that the buyer’s profit under the S2∗ mechanism is the same as that under the S1∗

mechanism in setting S1.

Fix the supplier’s disruption risk pj , where j ∈ {L,H}. If the supplier realizes a cost of ci and

exerts an input effort qS2
îj

= qS1
îj

(where i, î∈ {l, h}), then his expected profit is:

pj ·wS2
îj

+ pj · 0− ci · qS2îj
=mS1

îj
− ci · qS1îj

,

which equals his profit from choosing the same input effort under the S1∗ mechanism. Since

the S1∗ mechanism (in particular, the quantities qS1ij and mS1
ij ) satisfies the IC1 and IR1 con-

straints, the supplier has a dominant strategy to choose qS2ij under the S2∗ mechanism. Additionally,

the payment equalsmS1
ij in expectation. That is, both the supplier’s (dominant) actions and expected

payment are the same under S1∗ and S2∗. Therefore, the S2∗ mechanism is optimal in setting S2,

as the buyer’s profit achieves its upper bound PS1.

Proof of S3: Setting S3 differs from S1 in that the disruption risk pj is privately known by the

supplier. Our mechanism in setting S3 is denoted as S3∗. For each combination of ij, where i ∈

{l, h} and j ∈ {L,H}, the S3∗ mechanism is characterized by three quantities: (1) an order quan-

tity qS3ij , (2) a payment for the supplier’s effortmS3
ij , and (3) an additional payment for the supplier’s

delivery wS3
ij . The implementation steps of this mechanism are as follows:
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(i) For each combination of ij, the buyer specifies an input effort qS3ij , a payment for the supplier’s

effort mS3
ij , and an additional payment for the supplier’s delivery wS3

ij . The buyer commits

to pay the supplier mS3
ij if the specified input effort qS3ij is exerted. Additionally, the buyer

commits to pay wS3
ij if no disruption occurs and the full amount qS3ij is delivered.

(ii) For any realization of the supplier’s production cost and disruption risk, the supplier chooses

his input effort, realizes the production quantity, and decides the quantity to deliver.

(iii) The buyer pays mS3
ij to the supplier if the supplier exerts input effort qS3ij for some ij. Addi-

tionally, the buyer pays wS3
ij if the supplier delivers qS3ij without disruption. The buyer then

sells the delivered quantity (if any) for revenue.

The quantities under this mechanism are defined as follows:

qS3hj = qS1hj = r−1

(
ch+

∆c · tcl
tch

)
,

qS3lj = qS1lj = r−1 (cl) ,

mS3
lH =mS1

lH = cl · qS1lH +∆c · qS1hH ,

mS3
lL =mS1

lL −
pL ·∆C ·

(
qS1hL − qS1hH

)
∆p

= cl · qS1lL +∆c · qS1hL−
pL ·∆C ·

(
qS1hL − qS1hH

)
∆p

,

mS3
hj =mS1

hj = ch · qS1hj ,

wS3
hH = wS3

hL = wS3
lH = 0,

and wS3
lL =

∆C ·
(
qS1hL − qS1hH

)
∆p

. (S3∗)

That is, the buyer’s payment is determined solely by the supplier’s input effort when the sup-

plier reveals his type as hH , lH , or hL in the screening (i.e., when the supplier exerts an input

effort of qS3hH , qS3lH , or qS3hL). However, if the supplier reveals his type as lL (i.e., exerts an input

effort of qS3lL ), then his payment is uncertain. The supplier receives mS3
lL if a disruption occurs but

receives (mS3
lL +wS3

lL ) if no disruption occurs.

To demonstrate the performance of the mechanism, we first establish the supplier’s strategy in

response to the S3∗ mechanism. Recall that in setting S1, the disruption risk is public information,

so in the incentive compatibility constraints, we only need to compare the two types with the same

disruption risk; see IC1. In contrast, when both the production cost and disruption risk are private



Bu, Dawande, and Janakiraman: Procurement for Assembly Systems under Supply Uncertainty: Optimal Mechanisms
ec30 Article submitted to Operations Research

information, the incentive compatibility constraints assure that revealing his type truthfully is better

than pretending to be any of the other three types. Precisely in setting S3, we need:

mij + pj ·wij − ci · qij ≥mîĵ + pj ·wîĵ − ci · qîĵ, for all i, î∈ {l, h}, j, ĵ ∈ {L,H}. (IC3)

Additionally, a direct revelation mechanism must satisfy the IR constraints:

mij + pj ·wij − ci · qij ≥0, for all i, î∈ {l, h}, and j, ĵ ∈ {L,H}. (IR3)

We now verify that the S3∗ mechanism satisfies these constraints. If the supplier, whose type

is ij, chooses the prescribed input effort qS3ij under the S3∗ mechanism, his expected profit equals:

mS3
ij + pj ·wS3

ij − ci · qS3ij =mS1
ij − ci · qS1ij . (D.7)

In contrast, if the supplier chooses qS3
îj

, where î ̸= i, then his expected profit equals

mS3
îj

+ pj ·wS3
îj

− ci · qS3îj
=mS1

îj
− ci · qS1îj

. (D.8)

Since
{(
qS1ij ,m

S1
ij

)∣∣i= l, h, and j =L,H
}

satisfies the IR1 and IC1 constraints, the agent’s profit

in (D.7) is non-negative and greater than or equal to that in (D.8). Thus, the IR3 constraints are

satisfied, and the supplier prefers to choose qij rather than qîj .

To compare the supplier’s profit between choosing qS3ij and qS3
iĵ

, we consider the following cases:

• Case 1: The supplier’s production cost is ch and the disruption risk is pj , where j ∈ L,H .

Regardless of whether he exerts an effort of qS3hj or qS3
hĵ

, where ĵ ̸= j, he receives a payment

that precisely covers his production cost, with mS3
hj = mS1

hj = ch · qS1hj , resulting in 0 profit.

Therefore, the supplier is indifferent between these two choices.

• Case 2: The supplier’s production cost is cl and disruption risk is pH . If the supplier distorts

his disruption risk and chooses qS3lL , then he has a relatively low probability pH to earn wS3
lL ,

which is the payment for delivering qS3lL without disruption. Specifically, his expected profit

is:

mS3
lL + pH ·wS3

lL − cl · qS3lL

= cl · qS1lL +∆c · qS1hL −
pL ·∆C ·

(
qS1hL− qS1hH

)
∆p

+ pH ·
∆C ·

(
qS1hL− qS1hH

)
∆p

− cl · qS1lL

= ∆c · qS1hH =mS3
lH + pH ·wS3

lH − cl · qS3lH ,

which is the same as the profit from choosing qS3lH .
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• Case 3: The supplier’s production cost is cl and disruption risk is pL. If the supplier distorts

his disruption risk and chooses qS3lH , then the supplier’s profit is:

mS3
lH + pL ·wS3

lH − cl · qS3lH = ∆c · qS1hH < ∆c · qS1hL = mS3
lL + pL ·wS3

lL − cl · qS3lL .

That is, the supplier gets fully reimbursed for his production cost, but earns less information

rent as compared to choosing qS3lL .

Together, these three cases prove that the supplier prefers qij rather than qS3
iĵ

.

Similar to our analysis in (D.7) and (D.8), we can prove that for the supplier whose type is

ij, choosing qS3
iĵ

is better than or equal to choosing qS3
îĵ

. As demonstrated above, the supplier

prefers qS3ij over qS3
iĵ

. Thus, the supplier prefers qS3ij over qS3
îĵ

, for all î ̸= i and ĵ ̸= j, completing the

proof for the IC3 constraints.

Therefore, for any type ij, the supplier has a dominant strategy to exert the input effort qS3ij = qS1ij

corresponding to his actual type, and the payment, in expectation, equals mS1
ij (see (D.7)). Conse-

quently, the buyer’s profit under the S3∗ mechanism is the same as that under the S1∗ mechanism

with PS3 =PS1.

Proof of S4: Our goal is to establish an upper bound on the buyer’s optimal profit PS4 in S4,

where both the disruption risk and the supplier’s effort are unobservable to the buyer. The revela-

tion principle (Myerson 1981) implies that, to search for an optimal mechanism, we can restrict

attention to the class of direct revelation mechanisms. A direct revelation mechanism in S4 can be

defined by a set {(qij, dij,wij)|i= l, h, and j =L,H} and implemented as follows:

(i) For every ij, the buyer specifies an order quantity qij , a non-refundable deposit dij , and a

payment wS3
ij . The buyer commits to pay the supplier wij if and only if the supplier reports ij

in Step (ii), pays deposit dij to the buyer, and delivers exactly qij units of product.

(ii) The supplier is asked to report his type ij and pays the corresponding non-refundable

deposit dij to the buyer.

(iii) The supplier finds it optimal to choose an input effort equal to the order quantity qij , and

deliver the entire produced amount (if any) to the buyer.

(iv) The buyer pays wij to the supplier if the supplier delivers the order quantity qij . Otherwise,

the payment is 0. The buyer then sells the delivered amount (if any) for revenue.
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Over the set of such mechanisms, the buyer’s problem, denoted as PS4, is to maximize her

expected profit, taken over the distributions of both disruption risk type and cost type. Since the

buyer’s revenue r(z) is zero in the event of a disruption, the formulation of problem PS4 is:

max
qij ,dij ,wij

∑
i=l,h

∑
j=L,H

(
pj · r(qij)+ dij − pj ·wij

)
tdj · tci , where pj = 1− pj, (PS4)

subject to,

pj ·wij − dij − ci · qij ≥pj ·wîĵ − dîĵ − ci · qîĵ, for all i, î∈ {l, h}, j, ĵ ∈ {L,H}, (i, j) ̸= (̂i, ĵ)

(IC4)

pj ·wij − dij − ci · qij ≥0, for all i,∈ {l, h} and j ∈ {L,H}, (IR4)

pj ·wij − dij − ci · qij ≥− dîĵ, for all i, î∈ {l, h} and j, ĵ ∈ {L,H}. (EE)

The exerting effort constraint EE ensures that the supplier prefers to report his type truthfully and

exert the prescribed effort, rather than reporting îĵ and exerting zero effort for any îĵ. Lemma D.3

below simplifies the EE constraint.

LEMMA D.3. To search for an optimal solution to PS4, we can, without loss of generality, substi-

tute the EE constraint with the condition that the deposits are non-negative; i.e.,

dij ≥ 0, for all i∈ {l, h} and j ∈ {L,H}. (EE∗)

Proof of Lemma D.3:

For any given direct revelation mechanism {(qij, dij,wij)|i = l, h, and j = L,H} which satis-

fies IC4, IR4, and EE, if min{dij} = a < 0, then we consider another mechanism denoted

as {(qij, d̃ij,wij)|i= l, h, and j =L,H}, where d̃ij = dij − a≥ 0 for all i and j. Since the original

mechanism {(qij, dij,wij)} satisfies the EE constraint, we have the following inequality:

pj ·wij − dij − ci · qij ≥− a > 0

pj ·wij − d̃ij − ci · qij ≥− a+ dij − d̃ij = 0, for all i and j.

Thus, the mechanism {(qij, d̃ij,wij)} satisfies the IR4 constraint. Moreover, it is straightforward

to verify that {(qij, d̃ij,wij)} also satisfies IC4 (respectively, EE) because the original mecha-

nism {(qij, dij,wij)} satisfies IC4 (respectively, EE). □
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Therefore, the buyer’s optimal profit PS4 is the optimized objective function value of prob-

lem PS4 with EE substituted by EE∗. This problem consists of twelve IC4 constraints for differ-

ent pairs of ij and îĵ, four IR4 constraints for different values of ij, and four EE∗ constraints. In

what follows, we will derive a set of necessary conditions of these constraints.

Denote Pij = pj ·wij − dij − ci · qij . When the supplier’s type is hH , the IR4 constraint implies

that:

PhH = pH ·whH − dhH − ch · qhH ≥0. (D.9)

Combining with the EE∗ constraint, we also obtain:

pH ·whH − ch · qhH ≥dhH ≥ 0,

and thus whH ≥ch · qhH
pH

. (D.10)

From IC4, we have the following three streams of inequalities:

PhL ≥pH ·whH − dhH − ch · qhH +(pL ·whH − pH ·whH)

=PhL +∆p ·whH

≥∆p · ch · qhH
pH

, (from (D.9) and (D.10)) (D.11)

PlH ≥pH ·whH − dhH − ch · qhH +(ch · qhH − cl · qhH)

=∆c · qhH , (from (D.9)) (D.12)

PlL ≥pL ·whL− dhL − ch · qhL+(ch · qhL − cl · qhL)

=PhL +∆c · qhL

≥∆p · ch · qhH
pH

+∆c · qhL. (from (D.11)) (D.13)

If we only consider constraints (D.11), (D.12), and (D.13), the maximization problem of PS4 is:

max
qij ,Pij

{∑
i=l,h

∑
j=L,H

(
pj · r(qij)−Pij − ci · qij

)
tdj · tci

}

≤max
qij

{
tcl · tdL ·

(
pL · r(qhH)−

∆p · ch · qhH
pH

−∆c · qhL − cl · qlL
)
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+ tch · tdL ·
(
pL · r(qhL)−

∆p · ch · qhH
pH

− ch · qhL
)

+ tcl · tdH · (pH · r(qlH)−∆c · qhH − cl · qlH)

+ tch · tdH · (pH · r(qhH)− ch · qhH)

}
=tcl · tdL ·max

qlL
{pL · r(qlL)− cl · qlL}︸ ︷︷ ︸

Term 1

+ tch · tdL ·max
qhL

{
pL · r(qhL)−

(
ch +

tcl ·∆c · qhL
tch

)
· qhL

}
︸ ︷︷ ︸

Term 2

+ tcl · tdH ·max
qlH

{pH · r(qlH)− cl · qlH}︸ ︷︷ ︸
Term 3

+ tch · tdH ·max
qhH

{
pH · r(qhH)−

(
ch +

tcl · tdL ·∆p · ch
tch · tdH · pH

+
tdL ·∆p · ch
tdH · pH

+
tcl ·∆c

tch

)
· qhH

}
︸ ︷︷ ︸

Term 4

.

(D.14)

We denote the right-hand side of (D.14) as PS4
. Since we have only considered a set of neces-

sary conditions of the constraints in problem PS4, PS4
serves as an upper bound for PS4, which

represents the optimized objective function value of problem PS4.

We now compare PS4
with PS1, which represents the buyer’s optimal profit in setting S1 (see

equation (D.6)). Note that Terms 1, 2, and 3 in inequality (D.14) are respectively identical to

Terms 1, 2, and 3 in equation (D.6). Moreover, in Assumption 9, we have assumed that the buyer’s

marginal revenue at 0 is sufficiently large under the following condition:

r′(0)>
1

pH
·
(
ch +

∆c · tcl
tch

)
.

Therefore, Term 4 in (D.6) is strictly greater than Term 4 in (D.14) as follows:

max
qhH

{
pH · r(qhH)−

(
ch +

∆c · tcl
tch

)
· qhH

}
>max

qhH

{
pH · r(qhH)−

(
ch+

tcl · tdL ·∆p · ch
tch · tdH · pH

+
tdL ·∆p · ch
tdH · pH

+
tcl ·∆c

tch

)
· qhH

}
≥ 0.

Since the weights of Term 1, 2, 3, and 4 are strictly positive and identical in both (D.6) and (D.14),

we conclude that PS1 >PS4 ≥PS4, thereby completing the proof of Theorem 3. ■
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Appendix E: Supplemental Details for Section 6

E.1. Definition and Analysis of the m-TPT Mechanism

As assumed in Section 6, when using the m-TPT mechanism, the buyer ignores the distribution of

the random yield θn and instead takes each supplier’s expected cost per unit as the supplier’s actual

cost per unit without supply uncertainty. In other words, the buyer incorrectly conjectures that

Supplier n’s production cost per unit is t̃n = tn/Θ, where Θ= E[θn] = λ+ (1− λ) ·α. Therefore,

from the buyer’s perspective, Supplier n’s private information becomes his production cost per

unit t̃n which is uniformly distributed on [ 1
Θ
, 2
Θ
]. We denote the cdf. (resp., pdf.) of t̃n as F̃ (t̃n) =

Θt̃n − 1 (resp., f̃(t̃n) =Θ), where t̃n ∈ [ 1
Θ
, 2
Θ
].

The m-TPT mechanism can be implemented in the following steps:

(i) The buyer offers each supplier a menu of contracts{(
W T (t̃n), F

T (t̃n)
)
: t̃n ∈ [

1

Θ
,
2

Θ
]

}
.

Each contract
(
W T (t̃n), F

T (t̃n)
)

(henceforth, contract t̃n for brevity) consists of an upfront

payment F T (t̃n) and a per-unit payment W T (t̃n); these functions are defined below after the

implementation steps.

(ii) Each supplier is asked to choose one contract (i.e., choose a t̃n ∈ [ 1
Θ
, 2
Θ
]) from the menu.

Alternatively, the supplier can choose not to participate in the mechanism, earning no profit.

We say Supplier n chooses contract t̃n = 0 when the supplier does not participate.

(iii) If both suppliers participate, then the buyer pays the upfront payments F T (t̃n) to Supplier n

and places an order ofQT
(
t̃n, t̃m

)
units from both suppliers, wherem ̸= n. Each participating

supplier must deliver the ordered amount to the buyer (same below).

(iv) If Supplier n participates while Supplier m does not, the buyer orders QT
(
t̃n,0

)
units from

Supplier n and purchases the same amount of component m from the reliable supply source.

(v) If both suppliers do not participate, the buyer chooses a quantity of the assembled product

sourced solely from the reliable supply sources. To maximize her profit r(z)− 2pz, the buyer

finds it optimal to choose z = ( 5
2p
)2.

Denote the derivative of the buyer’s revenue function as ṙ(z) := dr(z)
dz

. We now precisely define

the functions under the m-TPT mechanism:

W T
(
t̃n
)
= t̃n +

F̃ (t̃n)

f̃(t̃n)
=

2Θ · t̃n− 1

Θ
,
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F T
(
t̃n
)
=

(
t̃n −W T

(
t̃n
))

·
∫ 2

Θ

1
Θ

QT
(
t̃n, t̃m

)
dF̃ (t̃m)+

∫ 2
Θ

1
Θ

∫ 2
Θ

t̃n

QT
(
sn, t̃m

)
dsn dF̃ (t̃m),

QT
(
t̃n, t̃m

)
=


ṙ−1

(
W T

(
t̃n
)
+W T

(
t̃m

))
=

(
5Θ

2Θ·(t̃n+t̃m)−2

)2

, if t̃m ∈ [ 1
Θ
, 2
Θ
],

ṙ−1
(
W T

(
t̃n
)
+ p

)
=

(
5Θ

2Θ·t̃n+Θ·p−1

)2

, if t̃m = 0.

(E.1)

Therefore, the monetary payment to Supplier n, which we denote as MT
(
t̃n, t̃m

)
, is:

MT
(
t̃n, t̃m

)
=


F T

(
t̃n
)
+QT

(
t̃n, t̃m

)
·W T

(
t̃n
)
, if t̃n ∈ [ 1

Θ
, 2
Θ
],

0, if t̃n = 0.
(E.2)

While in the setting of Hu and Qi (2018) without supply uncertainty, the m-TPT mechanism

is optimal and satisfies the individual rationality (IR) and incentive compatibility (IC) constraints,

the IC and IR constraints may not be satisfied in our setting with supply uncertainty. Specifically,

for some realizations of the production type, Supplier n may prefer not to participate in the m-TPT

mechanism rather than choosing any contract within the menu. Therefore, we have added Steps (iii)

and (iv) to the implementation steps above as a reasonable response to supplier non-participation.

Furthermore, under the m-TPT mechanism, suppliers do not necessarily find it optimal to choose

the contract corresponding to their actual types. Without loss of generality, we consider that the

two rational and symmetric suppliers form a symmetric Bayesian Nash equilibrium (BNE).

To establish the equilibrium, we need each supplier’s profit in response to the choices of con-

tracts. Fix contracts t̂n and t̂m chosen by the suppliers, where t̂n, t̂m ∈ [ 1
Θ
, 2
Θ
] ∪ {0}. Supplier n

decides on his input effort qn ≥ 0, which incurs a cost of tnqn =Θt̃nqn. Recall that the produced

amount equals qn with probability λ and α · qn otherwise. If the produced amount is less than the

ordered amount, Supplier nmust purchase the shortage from the reliable supply source. Therefore,

Supplier n, whose actual type is t̃n, earns an optimal profit as follows8:

P ∗
n

(
t̃n, t̂n, t̂m

)
= 1[t̂n ̸= 0] ·max

qn≥0

{
F T

(
t̃n
)
+QT

(
t̃n, t̃m

)
W T

(
t̃n
)
−Θt̃nqn−λp ·

(
QT

(
t̃n, t̃m

)
− qn

)+
− (1−λ)p ·

(
QT

(
t̃n, t̃m

)
−αqn

)+}
.

Define function S(·) : [ 1
Θ
, 2
Θ
]→ [ 1

Θ
, 2
Θ
]∪{0} as a symmetric equilibrium strategy, where for any

given realization of type t̃n, Supplier n chooses contract S(t̃n) from his menu. Also, S(t̃n) = 0 indi-

cates that Supplier n does not participate by following strategy S(·). We simulate discrete values

8 Let 1[t̂n ̸= 0] = 1 if t̂n ̸= 0 and 0 otherwise (i.e., when Supplier n does not participate with t̂n = 0).
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of t̃n distributed over [ 1
Θ
, 2
Θ
] and iteratively search for a strategy S(·) that satisfies the equilibrium

condition below:

Et̃m

[
P ∗
n

(
t̃n, S(t̃n), S(t̃m)

)]
≥Et̃m

[
P ∗
n

(
t̃n, t̂n, S(t̃m)

)]
, for all t̃n ∈ [

1

Θ
,
2

Θ
] and t̂n ∈ [

1

Θ
,
2

Θ
]∪{0}.

Figure E.1 showcases the equilibrium reporting strategy S(t̃n) for two set of parameters in our

test-bed: (λ,α) = (0.75,0.75) and (0.5,0.5). For some values of t̃n within its domain, Supplier n

chooses a contract corresponding to a higher cost type or opts not to participate in the mechanism.

Consequently, the buyer’s profit is suboptimal under the m-TPT mechanism.
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Figure E.1 An illustration of the BNE strategy S(t̃n) for different (λ,α).

Given the suppliers’ equilibrium strategy S(·) for choosing contracts under the m-TPT mech-

anism, we have the buyer’s corresponding profit PT (λ,α). Consequently, we have the results

illustrated in Figure 1.

E.2. Definition and Analysis of the RF Mechanism

The RF mechanism can be implemented in the following steps:

(i) For every n,m∈ {1,2} with n ̸=m, the buyer offers Supplier n a menu of contracts:{(
QT

(
t̃n, t̃m

)
,MT

(
t̃n, t̃m

))
: t̃n ∈ [

1

Θ
,
2

Θ
]

}
.

Each contract
(
QT

(
t̃n, t̃m

)
,MT

(
t̃n, t̃m

))
(henceforth, contract t̃n for brevity) consists of a

desired quantity QT
(
t̃n, t̃m

)
of component n and a payment MT

(
t̃n, t̃m

)
. These functions
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depend on t̃m, which is chosen by the other supplier in step (ii) below, and are precisely

defined in equation E.1 and E.2 in Appendix E.1.

(ii) Supplier n is asked to choose one contract (i.e., choose a t̃n ∈ [ 1
Θ
, 2
Θ
]) from the menu. Alter-

natively, the supplier can choose not to participate in the mechanism, earning no profit. We

denote non-participation as t̃n = 0.

(iii) For every n = 1,2, if Supplier n participates, then the buyer pays MT
(
t̃n, t̃m

)
/QT

(
t̃n, t̃m

)
for every unit of component n produced by Supplier n, up to the buyer’s desired quan-

tity QT
(
t̃n, t̃m

)
.

(iv) After receiving deliveries (if any) from the suppliers and making the corresponding payments,

the buyer decides her purchase quantities from the reliable supply sources to maximize her

revenue from the assembled product minus the associated purchase costs.

Similar to the m-TPT mechanism, the RF mechanism does not necessarily satisfy the incentive

compatibility (IC) and individual rationality (IR) constraints, leading to the following responses

of the suppliers: (a) Supplier n may prefer to exert an effort different from the desired quan-

tity QT
(
t̃n, t̃m

)
specified by the buyer. (b) During contract selection, the two suppliers form a

Bayesian Nash equilibrium (BNE), in which they may find it optimal to misreport their types or

choose not to participate.

For any given t̃n, t̃m ∈ [ 1
Θ
, 2
Θ
]∪{0}, the unit payment MT

(
t̃n, t̃m

)
/QT

(
t̃n, t̃m

)
is smaller than p

in our numerical setting. Therefore, the suppliers never purchase any quantities from the reliable

supply sources but willingly delivers precisely his produced quantity (if any) to the buyer under

the RF mechanism. Consequently, Supplier n, whose actual type is t̃n ∈ [ 1
Θ
, 2
Θ
], earns an optimal

profit as follows:

PR
n

(
t̃n, t̂n, t̂m

)
= 1[t̂n ̸= 0] ·max

qn≥0

{
−Θt̃nqn+λ ·MT

(
t̃n, t̃m

)
·min

{
qn

QT
(
t̃n, t̃m

) , 1}

+(1−λ) ·MT
(
t̃n, t̃m

)
·min

{
αqn

QT
(
t̃n, t̃m

) , 1}}.
Define function SR(·) : [ 1

Θ
, 2
Θ
]→ [ 1

Θ
, 2
Θ
]∪ {0} as a symmetric equilibrium strategy of choosing

contract from the menu. That is, Supplier n chooses contract SR(t̃n) from his menu in the BNE,

when his actual type is t̃n. We search for a strategy SR(·) that satisfies the equilibrium condition:

Et̃m

[
PR
n

(
t̃n, S

R(t̃n), S
R(t̃m)

)]
≥Et̃m

[
PR
n

(
t̃n, t̂n, S

R(t̃m)
)]
, ∀t̃n ∈ [

1

Θ
,
2

Θ
] and t̂n ∈ [

1

Θ
,
2

Θ
]∪{0}.
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Using the suppliers’ equilibrium strategy SR(·) for choosing contracts under the RF mechanism,

we have the buyer’s corresponding profit PR (λ,α). Consequently, we have the performance gap

between the RF mechanism and our SC mechanism illustrated in Figure 3.
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