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Electronic Companion

Appendix A: Proof of Results in Section 4]
A.1. Proof of Lemmal(i]

The Revelation Principle (Myerson [1982)) implies that there exists a direct revelation mech-
anism, which is optimal for the benchmark problem. The optimal direct revelation mecha-
nism, which we refer to as Mechanism D, can be characterized by a set of functions denoted
as (QS(E),Y/”D(E, 9), Z0(£,0), MP(%,6), Y (£,0),UP(£,0):n=1,2,..., N) and implemented
by the following steps:

(i) The buyer announces the sequence of events of Mechanism D as well as the associated func-
tions (namely, QP (), Y,°(£,0), ZP(t,0), MP(t,0), Y,°(t,0), and UP(%,9)).
(ii) The buyer solicits the suppliers’ types and announces the reported type vector .

(iii) Supplier n is asked to exert an input effort Q7 (#). Then, the vector of random yields 6 is
realized [l

(iv) Supplier n is also asked to purchase ?nD (£,0) units from the reliable supply sources of com-
ponent n, and deliver Z2 (£,0) units to the buyer. Thus, Supplier n’s leftover quantity, denoted

as UP(£,0) is determined by:
U (£,0) = 0.Q;) (8) + V. (£,0) - 2,)(£,0). (A1)

The buyer then pays M (£,0) to Supplier n.

(v) The buyer procures an additional quantity Y”(£,0) of component n from the
corresponding reliable supply source and sells UP(#,6) units for salvage value.
Therefore, the quantity of component n available for assembling the final product

equals (ZP(,60)+Y,(t,0) - UP(t,0)).

Given that all suppliers other than Supplier n report their types £_,, truthfully in step (i1), we
define P (i,

t, 0) as the profit of Supplier n, who reports his type t,, as t,,. From the definition of

Mechanism D, we have:

PP (i,

t,0) =MP(t,,t_0n,0) +0,U° (.t 0, 0) — D Y,2 (F, 0, 0) — 1 (QP (F0, 1)) -

6 Mechanism D can enforce suppliers to take the prescribed actions in steps (iii) and (iv) by imposing large penalties for deviations,
as the suppliers’ actions in these steps are observable to the buyer in the benchmark problem. The same holds for Mechanism A,
which will be defined below.
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The equilibrium outcome under Mechanism D is as follows: For any realization of ¢ and 6, Sup-
plier n reports his type truthfully (¢, = t,,), exerts an input effort of Q' (), purchases f/nD (t,0)
from the reliable supply source, delivers Z2(¢,6) to the buyer, and receives a payment

of MP(t,8). Thus,

IE(t,e) [PnD (tn|t70)} > E(t 0) [P (

0)], V.t €T, (A.2)

Moreover, for every t and 0, the buyer’s profit in the equilibrium under Mechanism D equals:

N
T n=1
(A.3)

We now define an alternative mechanism, namely, Mechanism A. The implementation steps of

Mechanism A are identical to those of Mechanism D, except for the following modifications:

* In step (iv), the buyer asks Supplier n to purchase no quantity from the reliable supply source
of component n and to deliver exactly the production quantity 6, Q7 (f), ensuring zero leftover

quantity. The payment to Supplier n is (M,?(f, 0) — p.Y.P(1,0) +v,UP(t, 0)>

* In step (v), the buyer purchases <}7nD (t,0) +YP(t, 0)) units of component n from the cor-
responding reliable supply source and sells <U£ (t,0)+UP(t, 9)> units for salvage value.

Mechanism A is feasible because all supplier actions, namely, the choices of input efforts, pro-
duction quantities, purchasing quantities from the reliable supply sources, and delivered quantities
are observable to the buyer in the benchmark scenario. Furthermore, Mechanism A satisfies the

two properties in Lemma

Assume that all suppliers other than Supplier n report their types truthfully under Mechanism A.
It is straightforward to verify that, for any realization of ¢ and @, Supplier n’s profit from reporting

his type as ¢, equals P” (%,

) which is the same as his profit under Mechanism D. Inequal-
ity (A.2) implies that Suppher n finds it optimal to report his type truthfully. Therefore, in the
equilibrium under Mechanism A, all suppliers report their types truthfully.

Consequently, the buyer’s profit under Mechanism A is as follows:

7’( min (6,QP(8) + Y, (t,0)+ Y,2(t,0) — UP(t,0) - ) Z (VP (t,0)+YP(t,6))

(& J/

N

J/

-~

TV
Revenue from assembled product Cost from reliable supply sources
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N N
+> P (UP(,0)+UP(2,0)) =~ (MP(.0) — p.Y,”(£,0) +v,U7(1,0))
=1 n=1

J/

Salvager value Payment ?(;suppliers
N
=r(,_min (Z0(6.0)+Y,0(t,0) - U(1.6)) ) + ; (0, UP(t,60) — p,Y,°(£,8) — MP(t,6)) .

(using (A.T))

which is the same as (A.3]). This proves that Mechanism A, which satisfies the two properties in

Lemmal(l], is also optimal. [

A.2. Proof of Lemmal[2

For any given (x, y, u), the buyer’s revenue from assembled product, plus the salvage values, and
minus the purchasing costs incurred from the reliable supply sources equals 7(x,y,u) (defined
in Lemma [2)), where x is the vector of production quantities of the suppliers, y is the vector of
quantities the buyer purchases from the reliable supply sources, and w is the vector of leftover

quantities. Thus, for any given x, the buyer maximize 7(x, y, u) by choosing y and u.

We now show that the solution to the maximization problem exists. To this end, we prove that

fixing @, function 7*(x, y, u) is a continuous function of (y, w), and the feasible region is bounded:

Recall that in Lemmal[2] we define function #(z, y, u) as follows:

N
e, y,u)=r <g&%{xn+yn—un}) +nz::1 UpUn — DnYn) -

For any given @, this is obviously a continuous function of (y,u). Moreover, since
lime 4007 (¢) = 0, we have that Ve > 0, 3((€) < +oo, such that 0 < r'(¢) < ¢, V¢ > ((e). There-
fore, for all ¢ > ((e):

%r(min{gl, NNG2Y) - <e, Vn=1,2,...,N.

By taking € = min{py, ..., px}, we have that for any given & and for all ( > ((¢), the following

inequality holds:

—7(x,y,u) <0,Vn=1,2,....N,and 0 <u < x.
ayn Yn=¢
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Therefore, the feasible region of (y,w) is bounded by 0 < y,, < ((¢) and 0 < u,, < x,, for all n
Thus, for any given & > 0, the solution to the maximization problem exists. In Lemmal[2] we denote

the solution as

(Y*(x),U*(x)) € argmax 7(x,y,u).
y=0
0<u<zx

The monotonicity of r*(x) is straightforward. For any given & > x, we have

r* (&) >r(z, Y (x), U (x)) >7(x, Y (x),U"(x)) =r"(x).

We now prove the concavity of 7*(x). Let @, = —u,, and define

N
i(x,y, ) =r(z,y,u) =r <ggj\1}{xn + Y+ ﬁn}) — 2; (Ui, + Duin) -

Since r(-) and min{-} are both increasing and concave, 7*(x, y, @) is a concave function. Therefore,
for any € > 0 and x® >0, where i € {1, 2}, there exists (y(i),'&(i)), where y(i) >0and —z® <
@@ < 0, such that 7*(z®) — € < 7(x® y® 4®). Therefore, for any 3 € [0, 1], the following
inequality holds:

5r*(g;(1)) +(1— 5)r*(m(2)) —e< OF (w(1)7y(1)7ﬁ(1)) +(1-B)F (w(z)’ y(z)’ ﬁ(z))
<7 (Bx® + (1 - B)z®, By® + (1 - B)y@, pa® + (1 - B)a®) <r*(Bz™ + (1 - B)z?).

The second inequality follows from the concavity of 7(-,-,-), and the third inequality is obtained

by the definition of 7*(+). Thus, r*(x) is concave for all = > 0.

Next, we prove that 7*(+) is a supermodular function. Since 7(+) is an increasing function, we

have that for all non-negative x,(l), y( ) and a,(f), wheren=1,2,..., N and i € {1,2}, the following

inequality holds:
- <ggj\r}{x( + —i—u(l)}) +r (m1n{x(2 + 9y + SJ})
<r (mln{mln{x(l) + y,(l ) 4+ ug), 7(12) + y(2) + U(Q)}}) (A.4)
+7r (géiﬁ{max{x( +y,(1 ) —HLS), ;) —I—y,(1 +u(2 }})

Therefore, r(min,cn{y, + =, + Uy, }) is a supermodular function of (x,y, @), and thus 7(x, y, @)

is also supermodular. Furthermore, supermodularity is preserved by the pointwise maximization
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operation as follows: Let i € {1,2}. For any =¥ > 0, there exist (y®,a®), where y® > 0
and —x® <4 <0, such that
@D 4+ (@®) = 7 @D,y a®) 4 7 (@@, 4@, a®)
<7 (@D va® yO vy a®yva®) 45 (@D A2® y® Ay a®Aa®)  (AS)

r (zc(l) \/zc(z)) +r (:13(1) A 33(2)) .

IA

Therefore, r*() is supermodular. |

A.3. Proof of Proposition (]

Under a direct revelation mechanism, {(Q(£), M (£)):£ € T}, Supplier n’s profit depends on £,
which is the vector of the suppliers’ reported types. Given that all suppliers other than Supplier n
report their type truthfully (i.e., t_, = t_,,), we denote the optimal profit of Supplier n, whose
cost type is t,,, as:

Po(talt—n) = max { My (En,t—n) — ca(Qu(En,ton),tn) } = max { My (Fr t—p) — tuhn(@u(fn t—n)) ).

tn€Tn tn€Tn

Note that P,(t,|t_,) is the pointwise maximum of a set of affine functions and is thus a con-
vex function of t,,. Therefore, for any given t_,, € T _,,, function P, (¢,|t_,) is also uniformly

continuous and almost everywhere differentiable on ¢,, € 7,,.

We now prove that a mechanism is incentive compatible if and only if the following two condi-
tions are satisfied simultaneously: (i) The prescribed input effort Q,,(¢,,t_,,) is decreasing in ¢,,.
(ii) The payment function M,,(+) satisfies

My (b t—n) = Pu(Ealt—n) + tuhin(Qu(tn, t—n)) + /  h(Qu(smtn))d s, (A6)

Sn=tn

We now proceed to establish this claim.

First we show the only if condition. The [[C] constraint is equivalent to

Mn@nv t—n) - {nhn(Qn(fnv t—n)) 2 [Mn(t) - tnhn(Qn(t))] + tnhn(Qn(t)) - fnhn(Qn@))?

—(ty — ) (Qn(t)) > Poltplt—p) — Pu(tnlt_n), Vi, andt.
(A7)

Fix arbitrary ¢,, € T,,, where P, (t,|t_,) is differentiable. By taking #, | t,,, we have

dP,(t,|t—n)
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Analogously, by taking ,, 1 t,,, we have

dP,(t,|t—n n{ln
% < —hp(Qn(tn,t—_p)), and thus — = —hn (Qn(tn,t_pn)).

Since P, () is convex and h,,(+) is strictly increasing, ), (¢,,t—_,,) is decreasing in ¢,,. Since h,,(qy,)

AP, (tlt—n)

is non-negative for all ¢,, we have P,(t,|t_,) is decreasing in t,. Also, P, (t,|t_,) is almost
everywhere differentiable, and thus under an incentive compatible mechanism, the payment func-

tion M,,(+) is defined by the input effort function @Q),,(-) as shown in equation (A.6).

For the if condition, we note that if @, (¢,,t_,) is decreasing in t,, and (A.6) is satisfied,
then (A.7)) holds, and thus the mechanism satisfies the IC| constraint.

As formulated in the buyer’s problem is:

Eo|r" (0:Q1(8), ... 0nQn(8)| = 3 M ()| dF( A8
Mrg})f?tg(_)/7_[ o | (01Q1(t),...,0NQN (¢ Z (A.8)
subject to the[[R]and[[C|constraints. Recall that in Proposition[I] we denote the solution to this prob-
lem by (M*(t),Q*(t)). Since P,(t,|t_,) is decreasing in ¢, the[IR|constraint can be replaced by

the one with the largest cost type £, as follows:
Pn(%n|t—'n,) = Mn(%fmt—n) - tnhn<Qn<zn7 t—n)) Z 07 vn, and t—n; (A9)

Furthermore, the [IC| constraint can be replaced by (A.6), and the condition that Q,,(t,,t_,) is
decreasing in ¢,, on 7,,. Substituting (A.6)) into the objective function of (A.8), we have

/[ o[ (01Q1(t),...,0nQn(t ZP (Falt—n) Ztnhn(Qn(t))]f(t)dt

(A.10)
/ Z / @t Ft)e
Interchanglng the order of integration for each n in the last term, we have
/ / "t (@50t —) / | bt fnlta)it
B F,(t,)
/ /tnt n(Qn () F(tn)dty f—n(t—pn)dt_,, = /7' hin(Qn(t)) () f(t)dt.
Therefore, (A.10) equals
N
| Q.o @it— [ 3Pt s
4 T n=1 v (A.11)
where R(‘]? t) = EO [T* (91Q1a s aQNQN)] - Z hn(Qn)wn(tn) and wn(tn) = tn + ?né:;n))

n=1
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To minimize the latter integral in (A.T1), we minimize P,(,|t_,) under the constraint of (A.9).

The solution to this minimization problem is as follows:
P(tult—n) = My (tn,t—p) — tnhn(Qn(tn,t—n)) =0, Vn,andt_,.

From (A.6)), the solution to problem (A.8]), which we denote by (M*(t), Q*(t)), satisfies the fol-
lowing equality:

tn

M;(t)ztnhn(QZ(t))Jr/ h(Q (5. t_n)) dsn, n=1,2,. ... N,

Sn=tn
which is part of the result in Proposition
We now establish the function of the suppliers’ input efforts Q*(¢) which solves (A.8)). If we
temporarily neglect the monotonicity constraint of @,,(¢,,,t_,,), then to maximize the first integral

in (A.11)), we can simply maximize the integrand for every ¢. That is,

Q(t) € argmax R(q,t), Vt. (A.12)

920
Therefore, if we can find a choice of Q(t) for every ¢ that is decreasing in t,, and satisfies (A.12)),
then this choice is optimal for

To achieve such a result, we first show that arg max, - R(q.t) is bounded for all t: (i) R(q,t)
is continuous. (ii) Since lim, r/(z) =0, and ¢, > 0, for some sufficiently large ¢ > 0 and
Q :=0,g]", we have

argmax R(q,t) € Q, Vt.

q=>0

It is easy to see that Q is a bounded lattice. In what follows, we will prove that the function Q*(t)

defined in Proposition |1}is decreasing in ¢ and satisfies (A.12).

As shown in Lemma [2, 7*(z) is a supermodular function. Thus, for any 6, r*(61q1,...,0NqN)
is a supermodular function of g € Q C Rﬂf . Since the expectation operator preserves supermodu-
larity, Eq [r*(@lql, o ,HNqN)] is also a supermodular function of q. Also, ZnNzl R (@) (ty) is

supermodular, and consequently, R(q,t) is a supermodular function of (g,t) € Q x T . Addition-
ally, for all ¢ and £ in 7", with ¢ < £, the following quantity

~

R(q, i:) - R(qu t)= Z P (@) [Wn () — ﬂ)n(t;z)h

is decreasing in q. Therefore, R(q, t) has decreasing differences in (q,t) on Q x T

We have verified the conditions for the following Lemma (Theorem 2.8.1 of Topkis 201 1):
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LEMMA A.1. If Qs a lattice, T is a partially ordered set, ﬁ(q, t) is supermodular in q on Q for
each t in T, and I%(q, t) has decreasing differences in (q,t) on @ x T, then arg max R(q, t)

is decreasing in the strong set orderint on T.

Strong set order (Topkis|2011): For two sets S and S’, we say that S is greater than or equal to S’
in the strong set order if forany s € Sands € S, sAs €S andsVs € S.

From Lemma , we have that for all t,,,t,, € T,, with t,, < t,,, the set arg max,sg }?i(q, tnyt_n)
is greater than or equal to arg max, g .ﬁi(q, tn,t_y) in the strong set order for all ¢_,,. Thus, for
all § € argmax o R(q,1,,t_,) and q € argmax o R(q,t,,t_y,), we have:

g\ q € arg max R(q, tn,t_pn),and GV q € arg maXR(q, by t_n). (A.13)
q>0 q=0

Next, we prove that arg max,- R(q.t) is a compact sublattice for all t. Picking arbitrary §

and g from argmax,- R(q,t), the supermodularity of R(q,t) implies

Therefore, both R((j A q,t) and R(q V g,t) belong to the set argmax,- Z%(q,t), which is thus
a sublattice. Moreover, since for all ¢, we have argmax, R(q,t) C Q, which is bounded,
and fi(q,t) is continuous, we have that arg max g fi(q,t) is a compact set. For any compact
sublattice, there exists exactly one least element (Corollary 2.3.2 of [Topkis|2011). Let
Q*(t)= /\ {arg max R(q, t)}
q>0

be the least element of the argument of the maximum, for each t. Precisely, we define

Q:(t) = min {q;

g € argmax R(q,t)}, n=1,2,...,N.
q>0

Since Q*(t) € argmax,-q fi(q, t) for all ¢, from (A.13)), we have

Q*(tn,t_n) ANQ*(tn,t_y) € argmax R(q, tn,t_p), Vn, t, <t,,and t_,,.

q=>0

Since Q*(t,,,t_y) is the least element of argmax R(q, 1y, t_y), we have

Q" (tnt_n) > Q*(tnt_p) ANQ*(tn,t_p) = Q*(tn, t_p).

Therefore, Q7 (t,,t_,) is decreasing in ¢, for any given t_,, and satisfies (A.12]). Consequently,
the mechanism (Q* (%), M*()) in Proposition is optimal for problem |
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Appendix B: Proof of Results in Section 5|
B.1. Proof of Proposition [2]

We use backward induction and establish the PBE in the following four induction steps.

Step one: We examine the suppliers’ strategies after realizing their production quantities a. In this
step, Supplier n’s decisions include the purchase quantity ¥, from the reliable supply source and
the delivered quantity z,,. The leftover quantity ,, is determined by z,,, 2,, and y,, with @,, = z,, +

Un — Zn. To be concise, we define Wf (L1, On, t,) as part of the payment function W2 (z,,, 2, 0n, 1)

as follows:
' ~ A —
E;_, I:M';:(tna t—n)] + b (0)Un(tn) + By (0n) 2, if 0 <zn <ani0n,
E;_, [M;;(fm t—n)] + hn(On)@Dn(fn) + <_n(0n) - @n(on)> Qi 10n +én(0n)wna
Wf(l‘n, On, fn) = if Qp, 10n S In S Onp,

~

n) + (Bn(on) - ﬁn(on)> Qn,10n “'ﬁn(on)onv

if z,, > o,.

Ee_ [M;:(fnvt—n)] + hn(on)wn(

\

Therefore, we have
W;?(xn, Zny Oy ) = Wf(wn, on,fn) — U (@ — zn)+ ) (B.1)

Disregarding the sunk costs incurred before this step, Supplier n aims to maximize his monetary
income, which includes the payment from the buyer and the salvage value from the leftover com-

ponent (if any), minus the purchasing cost incurred from the reliable supply source, as follows:

max W2 (2, 2n, 0ns ) + Unlin — Prijn- (B.2)

Zn »ﬁn ﬂgn

Given u,, = z,, + Uy, — 2, and (B.1)), this problem is equivalent to

max {—vn (xn — zn)+ + U (Tp + U — 2n) —pnﬂn} )

Zn,gn
The set of solutions to this problem is {(z,,%,): 0 < z, < x,, and g, = 0}. Thus, the set of solu-
tions to (B.2) is {(zn, Un, Un) : 2n = Ty — Uy, 0 < Uy, < x,,, and g, = 0}.
We now consider the following set of choices of Supplier n: Supplier n purchases zero quantity
from the reliable supply source (i.e., 7, = 0), delivers a quantity of z,, = x,, — U (x) to the buyer,

and sell the leftover quantity of u,, = U (x) to the salvage market. This set of quantities satisfies

(2, = U (), U (2),0) € {(2n, Un, Un) : 2n = Tp — Un, 0 < Uy, < T, and g, =0} . (B.3)
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and is thus a solution to (B.2). Therefore, for any given x produced by the suppliers, it is a
dominant strategy for Supplier n to choose ¢, =0, 2, = z,, — U} (), and u,, = U} (x). By fol-
lowing this dominant strategy, Supplier n delivers a quantity of (z,, — U} (x)) of his component
to the buyer, receives a payment of (Wf (Tpy Opy 1) — an;';(:z:)> from the buyer, and has a sal-
vage value of v,U(x) for his leftover components. As a result, Supplier n’s monetary income
equals Wf (xn,on,fn). Moreover, step (vii) of the SC mechanism shows that the buyer subse-
quently purchases a quantity of y,, = Y.*(x) of component n from the reliable supply source
herself. Consequently, the buyer’s revenue from the final product minus her total cost in this step —
consisting of payments to the suppliers and purchasing costs incurred from the reliable supply

sources — equals:

r (gg\r}{xn +Y(x) — UZ(:I:)}) — i <Wf($n, On, tn) — an;(:n)> - ipnY;(m)
n=1 n=l (B.4)

N
=r"(x)— Z WE(2, 0, 10).
n=1

This equality is implied by the definition of Y;*(x), U} (), and r*(x) in Lemmal[2]

Step two: We now examine the suppliers’ choices of their input efforts g in response to the buyer’s
choice of 0. We show that for any type ¢,, Supplier n reveals in the screening and any o,, chosen by
the buyer, Supplier n has a dominant strategy to choose an input effort equal to the buyer’s desired

quantity o,; i.e., choose ¢, = 0,. We now proceed to establish this claim.

: _ __tyhn(on) :
Since ﬁn(on) =S e and h,,(+) is convex, we have that for all ¢,, > 0,,,

th [Pn(@n) — I (0n)]

qn — On

I
> ﬁn(on) Z p i An,i» and thus
i=1

1 ] (B.5)
onén(on) Z Qpidni — tnhn(0n) > qnﬁn(on) Z Qnidni — tnhn(qn), Vi, € Th.
i=1 i=1
A By, [M(Ft—)] + h(0n)tn(En) + (Bn(on) - @n(on)) 0100 521 A to both sides:
I

Ee_p, [M; (s te)] 4 i 00)n(E) + (Ba(00) = B,(00)) @00 D~ Aus

I
+ Onén<0n) Z O‘n,z)\n,i - tnhn(0n>
=1
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o 2,9 » .. 29 »
=Ly, [Wn (0,00, On, tn)} —tyhy, (0n) (from the definition of W) (x,,, 05, 15))

1
Z Et_n [M;:(fna t—n)] + hn(on)wn(fn) + <Bn(0n> - én(on)> an,10n Z )\n,i

I
+8,,(0n)dn Z UniAni = tnhin(qn) (since (B.3))
i=1

1

> By, [M;(Fnyton)] + hn(00) 000 (F) + (Bn(on) - én(on)> 100 3 i

=1

1
+ én(On) Z (maX {Qn,iqna On} : )\n,z) - tnhn(Qn)

i=1
=T,, [Wf(Gnqn, On, fn)} —tohn(qn), Vi, €T,. (from the definition of Wf(mn, Ony 1))
(B.6)

That is, choosing any input effort of g,, > o, is less profitable than choosing ¢,, = o,,. Furthermore,

Tnh. (0n)

since 3, (o,) = == and hy,(+) is convex, we have the following inequality for all g, < 0y

B”(On)anvl/\n,l > ty [hn (OO:)__qfn(qn)]

, and therefore
0n3n<0n)an,1>\n,1 - tnhn (On) 2 QTLBn<On)O‘n,1>\n,1 - tnhn(Qn) th S 771

By adding 3", A\ WS (00, 00, B0) + (Mo + At (B, [My(Enton)] + hao(0n)tn () to

both sides, we have the following inequality:

1

Z )\n,iwf(an,iona On, fn) - tnhn (On) = ]E9n [Wf(enona On, Z?n):| - Zfnhn (On)
=0
1 1
Z Z )\n,iwf(an,ion7 Op, tAn) + Z )\n,quz‘S(an,an) Op, fn) - tnhn(Qn>
=2 7=0

I
> Z )\ninf(an,iqn, On, fn) —tnha(qn) (since W;?(xn, On, fn) is increasing in x,,)
i=0

A

= Bo, WS Onns0n,f0)| — tanlan), Vi €T (B.7)

This inequality proves that Supplier n’s profit, by choosing any input effort ¢,, < 0,,, is less than or

equal to that by choosing o,,. Therefore, it is a dominant strategy for Supplier n to choose the input
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effort ¢, equal to the desired quantity o,. By choosing ¢, = 0,, Supplier n’s monetary income
minus the non-refundable deposit, equals

I

EG,,, [WS(QnOm On, fn) - Dg(om fn)} - Z /\n,iwf(an,iona On, fn) - DS(Om fn)
i=0 (B.8)

=Ee_, [My(tn,t—n)] + ha(0n)n(tn) = Er_, [hn(@5(En, t—n))¥u(ln)] -
Furthermore, given that Supplier n always exerts the input effort of ¢, = o,, for any o,, chosen
by the buyer, the production quantities satisfies = (6,0, : n=1,2,..., N). The buyer’s profit
equals the summation of her revenue from final product and the non-refundable deposits paid by
the suppliers, minus her payment to the suppliers, and minus her purchasing costs incurred from
the reliable supply sources. From (B.4)), for any given o and £, the buyer’s total profit equals
N N
r (it + 2@ U@ ) + 32 D80 ) = 3 (W o o) — @) i)

n=1

N N
=r*(x) =Y W20, 0n,10) + Y _ D3 (0n, 1)
n=1 n=1
N N
=1"(0101,0509,...,0N0N) — Z W5(0,,00, 0, 1) + Z D3 (0, 1,) (since x,, = 0,,0,,).
n=1 n=1

Step three: In this step, we show that given the suppliers’ dominant strategies for choosing their
input efforts (¢, = o, for all n), an optimal vector of desired quantities for the buyer is 0 = Q* (%),

where £ is the vector of types the suppliers reveal in the screening. We now establish this claim.

The buyer’s problem is to choose a vector of desired quantities o, which maximizes the buyer’s

expected total profit. That is,

0>0

N
max Eg [r*(6101,...,0n0N) — Z [Wf(@non, On, fn) — Df(on, fn)]] )

n=1

The latter part is a summation of (B.8), for all n = 1,2,... N. Since in (B.§), M;(fn,t_n)
and h, (Q% (t,,t_y))¥n(t,) are independent of o,,, the buyer’s problem is equivalent to

N
max B [1* (6101, ., Ovon)] - 2 N (00 ().

The following vector of desired quantities is a solution of this problem:

0o=Q"(t)=/\ {arg max Bo[r*(61q1, ..., Onan)] = > hn(qn)wn(fn)} : (B.9)

q>0
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Therefore, the buyer has a dominant strategy to choose the desired quantity of o, = Q7 (f), for

alln=1,2,...,N.

Step four: We prove that the suppliers reveal their types truthfully in the PBE; i.e., Supplier n
chooses contract (D3 (on,t,), W (24, 05,1,)) from his menu, for every n=1,2,..., N. We now

establish this claim.

Given that the buyer and the suppliers will follow their dominant strategies established in the
previous three steps, and that all suppliers other than Supplier n reveal their types truthfully, we
examine the expected profit of Supplier n, who reveals his type as #,. From (B.8), Supplier n’s
monetary income minus the non-refundable deposit paid by Supplier n, in expectation over t_,,

and 6, equals:

IEt_n [M; (fm t—n) + hn<QZ(£m t—ﬂ))l/’n(fn) - hn(Qq*q(tAm t—n))wn(fn)] = IE:if_n [M;:(fm t—n)} .
(B.10)

Thus, Supplier n’s profit, in expectation over t_,, and 8, equals

Ee_,, [M}(tn,t—p) — tahn(Qr(Lh, t—n))] - (B.11)

Recall that in Proposition |1} we establish the mechanism characterized by function Q*(+)
and M*(-). This mechanism satisfies the [[C| constraint, and therefore, function Q*(-) and M™*(-)

satisfy the following inequality:

M) — tohn (Q5(8)) > M, t_p) — tnhn(QF (£, t_y)), and thus

Ee , [M:(t) — th(QL(1)] > By, [Myi (L t—p) — tahn(Qr(Eat—p))] . Vi, € T, and t € T
(B.12)

Analogously, since the mechanism satisfies the [IR| constraint, we have that function Q*(+)
and M *(-) satisfy the following inequality for all ¢,, € 7,,,:

Er_, [M;(8) — tuha(Q3(8))] > 0. (B.13)

n

Consequently, Supplier n willingly participates in the SC mechanism and reveals his type truth-

fully. The result follows. [
B.2. Proof of Theorem(i]

We now consider the profit of each participant in this PBE under the SC mechanism.

From (B.11), in expectation over t_,, and 6,,, Supplier n’s profit under the SC mechanism



Bu, Dawande, and Janakiraman: Procurement for Assembly Systems under Supply Uncertainty: Optimal Mechanisms
ecl4 Article submitted to Operations Research

equals E;_ [M;:(t) —t,h,(Q;(t))], which is the same as that under [OE"} Furthermore, by plug-
ging o, = Q*(t) and ¢,, = t,, into (B.9)), we have that the buyer’s expected profit in the PBE equals

Efos) 7" (1Q5(1),0:Q5(8). ... On QN (D) ZWS 6.0 +ZDS

N

r* (01Q3(£), 02Q3(8), ..., ONQN () = D hn(QL(£)) (1)

n=1

=K@,

which is also the same as that under the mechanism. [ |

Appendix C: Limitations of “Rigid” Mechanisms: An Example

We refer to a mechanism as “rigid” if suppliers receive payment only upon delivering the exact
ordered amount. The following example illustrates that rigid mechanisms may fail to achieve the

optimal profit for the buyer in settings when suppliers face supply uncertainty.

Example 1: Consider a special case of our model, where a buyer procures a product from an unre-
liable supplier. The buyer’s revenue from selling the product is r(z) = 2,/z, where z denotes the
product’s quantity. The supplier’s production cost is ¢(q) = ¢, which is linear and deterministic
with respect to the input effort q. The production quantity x equals the input effort ¢ with proba-
bility of 0.5 and equals ¢/2 otherwise, which represents a supply disruption. We assume that both
the buyer and the supplier can purchase supplemental product from an alternative, reliable supply
source at a unit price of p = 2. Consistent with our model, the input effort ¢ remains unobservable
to the buyer, whereas the production quantity x is observable.

e In the optimal mechanism for this special case, the buyer suggests that the supplier exert an

3422
3

input effort ¢ = ~ 0.73 and deliver the production quantity to the buyer. The buyer

agrees to pay the supplier %q if he delivers ¢ units of product and pay %q if the delivery
quantity is %q. The supplier finds it optimal to follow this suggestion. The buyer’s expected
profit is 222 ~ .73,

e On the other hand, the optimal rigid mechanism specifies that the supplier should deliver ‘51

units of the product, and the corresponding payment is % The supplier’s optimal strategy

involves an input effort ¢ = 3. If the produced quantity equals ¢ = 2, the supplier willingly

purchases % units from the alternative supply source and delivers the entire amount of product

on hand. In this case, the buyer’s expected profit equals % ~ (.67, which is less than 0.73.



Bu, Dawande, and Janakiraman: Procurement for Assembly Systems under Supply Uncertainty: Optimal Mechanisms
Article submitted to Operations Research ecl5

Example 1 demonstrates that no rigid mechanism can achieve the optimal profit for the buyer when
suppliers face supply uncertainty. To optimize the buyer’s profit, it is necessary to use a quantity-

flexible mechanism such as our SC mechanism.

C.1. Proof of Results in Example 1

In this proof, we use the same notation as in the base model. We eliminate the supplier’s index n
since there is only one supplier in Example 1. Additionally, we eliminate the supplier’s type ¢ since

there is only one possible type.
Part 1: The optimal mechanism for the buyer.

Let us denote the mechanism design problem in Example 1 as IP;. The setting is a special case of our
base model discussed in Section[3] Therefore, the analysis and results of our base model (Section[5)

are applicable. Here, we briefly outline the key steps establishing the optimal mechanism:

We first consider a benchmark problem where the buyer directly observes the supplier’s input
effort ¢ and purchasing quantity from the reliable supply source 7. Let 27 be the quantity that
satisfies 7/(z7) = p, where r(z) = 2+/Z is the function of the buyer’s revenue defined in Example 1.
Here, we have 27 = %. Using backward induction, Lemma |2 in Section 4| implies that the buyer
purchases 2T — x units of product from the reliable supply source if the production quantity z falls
below 2. Otherwise, if the production quantity x exceeds 27, then the buyer does not purchase
any quantity from the reliable supply source. Thus, the two output quantities in Proposition [I]in
Sectiondl are as follows:

3422

— {Eg [ (0g)] - Q} 3

q>0

and M*=Q* = # )

Consequently, the optimal mechanism for the benchmark problem is as follows: The buyer pays
the supplier an amount of M * if and only if the supplier exerts an input effort of (* and delivers
the entire production quantity. Under this mechanism, the supplier finds it optimal to exert the
prescribed input effort )* and deliver the entire production quantity (either ()* or %) to the buyer.
Also, the buyer does not purchase any quantity from the reliable supply source since even if a

disruption occurs, the supplier produces and delivers %, which is greater than z”. This optimal
mechanism for the benchmark problem establishes an upper bound (namely, %5) on the buyer’s

expected profit in problem P;.
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We now consider the mechanisms for problem P;. In Section |5 we have established an optimal
and practical screening mechanism (SC) for problem P where the buyer’s profit achieves the upper
bound. Since P, is a special case of [P, the corresponding SC mechanism is also optimal for ;.
Moreover, in Example 1, we propose an alternative and simpler mechanism for PP;. It is easy to
verify that the buyer’s expected profit under that mechanism also achieves the upper bound of the

buyer’s profit %5, thereby establishing the optimality of the mechanism.
Part 2: The optimal rigid mechanism.

We now examine the optimal rigid mechanism. A rigid mechanism, denoted as (z,w), consists of
an order quantity denoted by z and a corresponding payment denoted by w. The supplier receives

a payment of w if he delivers exactly z units to the buyer, and zero payment otherwise.

The supplier accepts a typical rigid mechanism if and only if the following participation con-
straint is satisfied: The supplier’s expected profit is non-negative by following his optimal strategy.
It is easy to verify that to deliver z units, the supplier incurs a cost of at least z. Therefore, a neces-
sary condition for participation is w > z. We now consider the following three cases regarding the

supplier’s input effort g, for a given contract (z,w) which satisfies the participation constraint:

» Case 1: The supplier chooses an input effort ¢ = z:
If disruption occurs, and the production quantity x equals £, then the supplier willingly pur-

chases § = £ units of the product from the reliable supply sources to fulfill the order, since w >

Py __ 3z

z. Thus, the supplier’s expected profit equals w — g — 5 =w — <, since p = 2.

» Case 2: The supplier chooses an input effort 0 < q < z:

We consider the following four sub-cases regarding the supplier’s other decisions:

o Sub-case 2.1: The supplier fulfills the order by delivering 2 units of product to the buyer,

regardless of whether disruption occurs (6 = %) or not (# = 1). Therefore, the expected

payment to the supplier equals w and the supplier’s expected cost equals ¢ + ’@ +

p

3z
5 .

(z — %) Consequently, the supplier’s expected profitis w — 2z + 4 <w — 3

o Sub-case 2.2: The supplier fulfills the order by delivering z units of product to the buyer

when no disruption occurs (f = 1), but chooses not to fulfill the order in the event of

a disruption (6 = %). In this case, the expected payment to the supplier equals % and

the supplier’s expected cost equals ¢ + @, where p = 2. Consequently, the supplier’s

expected profitis T —z <w — %, since w > z.
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o Sub-case 2.3: The supplier chooses not to fulfill the order when no disruption occurs (6 =
1), but fulfills the order in the event of a disruption (# = %). Thus, the expected payment
to the supplier equals % and the supplier’s expected cost equals ¢ +£(z — 1), where p = 2.

3z

: ] . w q .
Consequently, the supplier’s expected profitis & —z — 3 <w — <7, since w > z and ¢ > 0.

o Sub-case 2.4: The supplier does not fulfill the order, regardless of whether disruption
occurs (0 = %) or not (¢ = 1). The supplier’s profit is negative in this case, since the
supplier incurs a positive production cost, but receives zero payment. Thus, in this case,

it is better for the supplier not to participate.

Therefore, choosing any input effort 0 < ¢ < z is less profitable than choosing ¢ = z, for any

contract (w, z) which satisfies the participation constraint.

» Case 3: The supplier chooses an input effort q¢ > z:
Since choosing any ¢ > 2z is obviously less profitable than choosing ¢ = 2z, without loss of
generality, we focus on the choice of input effort ¢ where z < ¢ < 2z. When no disruption
occurs (# = 1), the production quantity = equals ¢ > z. The supplier thus willingly delivers
the production quantity to the buyer and receives a payment of w. When disruption occurs

0= %), we consider the following two cases:

o Sub-case 3.1: The supplier fulfills the order when disruption occurs (r = £ < 2). To fulfill

the order, the purchase quantity from the reliable supply source is z — £. Therefore, the

3z

supplier’s expected profitequals w —q¢ —5(z =) =w -2 -1 <w -5

2
o Sub-case 3.2: The supplier chooses not to fulfill the order when disruption occurs. Thus,
the expected payment to the supplier is 5 and the production cost equals g. Consequently,

the supplier’s expected profitis § —¢<w —q¢— 5 <w — %Z, since w > z and ¢ > z.
As aresult, choosing any input effort ¢ > z is less profitable than choosing ¢ = z.

Therefore, for any given rigid contract (z,w) that satisfies the participation constraint, the sup-

plier has a dominant strategy to choose an input effort of ¢ = z, purchases 3 units of product

from the reliable supply source if disruption occurs, and delivers the ordered amount of z to the
buyer. The supplier earns a corresponding profit of w — 377’ Furthermore, the participation con-
straint requires that the supplier’s optimal profit is non-negative with w — 372 > 0. To search for an

optimal rigid mechanism for the buyer, we can, without loss of generality, restrict attention to the

3z

set of mechanisms where the supplier earns zero profit; i.e., w = <.



Bu, Dawande, and Janakiraman: Procurement for Assembly Systems under Supply Uncertainty: Optimal Mechanisms
ecl8 Article submitted to Operations Research

Recall that 2T = % is the quantity that satisfies r'(27) = p. Given the supplier’s dominant strat-
egy above, the buyer’s purchase quantity from the reliable supply source is solely determined by
the ordered amount z as follows: the buyer will purchase 27 — z units of product from the reliable
supply source, if the delivered quantity z falls below z7. Otherwise, if the delivered quantity z
exceeds 27, then the buyer will not purchase any quantity from the reliable supply source. There-

fore, the buyer’s expected profit, denoted as R(z), is determined by the order quantity z as follows:

r(z) —w=2yz -2, if 2> 1, 3z

r(zT)—w—p (T —2)=2  ifz<i.

The maximum of this function equals é(z = g) = %, which is less than the buyer’s optimal

profit 3¥2¥2 under the optimal mechanism. |

Appendix D: Proof of Results in Section

D.1. Proof of Proposition 3|

Similar to the notations used in Section 3|and Section 4] let y,, denote the quantity of component 7
that the buyer purchases from the corresponding reliable supply source. Additionally, we denote
Supplier n’s leftover quantity by ,,. For the benchmark problem P?#°, the buyer also has access
to the salvage market, and we denote her leftover quantity of component n by w,,.

Similar to Lemma [I]in Section ] Lemma [D.1|below demonstrates that to search for an optimal

POES | we can restrict attention to the direct revelation

mechanism for the benchmark problem
mechanisms where Supplier n neither purchases any quantity from the reliable supply source nor

sells any quantity for salvage value.

LEMMA D.1. There exists an optimal mechanism for the benchmark scenario with the following
two properties for every n=1,2,... N: (1) Supplier n does not purchase any component from
the reliable supply source, and (2) Supplier n delivers the entire production quantity to the buyer.
In other words, under this optimal mechanism, for any realization of the vector of production-cost

types t and the vector of random yields 0, we have u,, =1, =0 and z, = x,, = 0,q,,.

Proof of Lemma [D.1;

The Revelation Principle (Myerson| 1982) implies that there exists a direct revelation mecha-
nism, which is optimal for the benchmark problem; we refer the optimal direct revelation mech-
anism as Mechanism D?. In such a direct revelation mechanism, for every n =1,2,..., N, Sup-

plier n makes four distinct decisions, namely, the reported type £,,, input effort ¢,,, purchase quantity
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from the reliable supply source ¢, and the delivered quantity z,. Since p,, and v, are stochastic
and realized after Supplier n produces their components in this extension, the purchasing quantities
from reliable supply sources and the leftover quantities may depend on the realizations of p and v,

Wherep: (p17p27' . 7pN) and v = (U17U27" . aUN)'

Therefore, Mechanism D° can be characterized by a set of functions denoted
as <Q£(f),}7nD(f, 0,p,v),Z2(t,0,p,v), MP(t,0,p,v):n=1,2,..., N). The implementation
of Mechanism D¥ is similar to that of a direct revelation mechanism for problemproposed in
Section In addition to the sequence of events of a direct revelation mechanism for problem
under Mechanism D?, the buyer asks Supplier n to purchase a quantity of anD (£,0,p,v) from the
reliable supply source and delivers Z2(#,6, p,v) units of component n. Here, we omit the other
detailed implementations steps. The equilibrium outcome under Mechanism D is as follows:
For any realization of t, , p, and v, Supplier n reports his type truthfully (¢, = t,), exerts an
input effort of QP (t), purchases f/nD (t,0,p,v) units from the reliable supply sources, delivers a

quantity of ZP(t,0,p, v) to the buyer, and receives a payment of M (t,0, p, v).

We now define an alternative mechanism, namely, Mechanism A® as follows: First, the buyer
solicits suppliers’ types. Then, the buyer asks Supplier n to exert an input effort of Q2 (f), purchase
zero units from the reliable supply source, and deliver exactly the production quantity of 6,,Q” (%)

to the buyer. If Supplier n follows the requirements, the buyer pays Supplier n an amount of
MP(£,0,p.v) = Y.L (£,0,p,0) + v, (0,00 (F) + V,2(E,0,p,0) — Z(£.6,p,v) ).

Otherwise, Supplier n need to pay a penalty of x,,v,, to the buyer, where z,, is the quantity produced
by Supplier n. The buyer then purchases fan (£,0,p,v) units of component 7 from the reliable sup-
ply source herself. Mechanism A® is feasible because all the suppliers’ actions, namely, the choices
of input efforts, production quantities, purchasing quantities from the reliable supply sources, and
delivered quantities are observable to the buyer in the benchmark scenario. Furthermore, Mecha-

nism A¥ satisfies the two properties in Lemma

Is is straightforward to verify that, in the equilibrium under Mechanism A®, Supplier n reports
his type truthfully and exerts the prescribed effort Q2 (£). Also, for all realization of v,, Supplier n
delivers the entire produced quantity to the buyer, because the penalty x,,v,, for deviation is suffi-

ciently large.
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Therefore, for any given ¢ and 6, under both Mechanism D and A, the buyer incurs a total
cost of ij:l MP(t,0,p,v) and has ZP (¢, 0, p,v) units of component n on hand, and Supplier n

earns a profit of
MP(£,0,p,9) ~paV.P (£,0,p,0) + v, (0.QE (8) + V(£ 6,p,0) — Z2(t,6,p,v) ) — tuha QL (1)

In other words, the equilibrium outcomes under these two mechanisms are exactly the same for the
buyer and each supplier. Thus, Mechanism A, which satisfies the two properties in Lemma D.1}

is also optimal for POF%, O

We now search for an optimal direct revelation mechanism that satisfies the two properties
outlined in Lemma [D.1] The sequence of events under a direct revelation mechanism for prob-
lem P95 is identical to that of problemin Section except for the modification introduced in
Section In step (i), the buyer still pays Supplier 7 an amount of M,, (%) if the supplier exerts the
prescribed input effort Q,, (%) and delivers exactly the quantity he produces. However, if Supplier n

deviates, he now pay a penalty of z,,v,, to the buyer, where z,, is the quantity produced.

We also need the following modifications for the formulations of quantities: Recall that in
the formulation of problem in Section 4} function Y,,(x) denotes the additional quantity of
component n that the buyer procures from the corresponding reliable supply source, and U, (x)
denotes the quantity of component n the buyer decides to salvage, where © = (21,23, ...,2x) =
(01q1,02q2, . .. ,0nqn) is the vector of quantities produced and delivered by the suppliers. For prob-
lem P9F5| the unit costs p from the reliable supply sources and salvage values v of leftover com-
ponents are both stochastic, and the buyer’s decisions can depend on the realizations of these two
vectors. Therefore, under a direct revelation mechanism, we now denote the procurement quantity
of component n from the reliable supply source as function Y,,(x, p,v) and the leftover quantity
of component n that the buyer sells for salvage value U, (x,p,v). An optimal set of these two

functions are as follows:

LEMMA D.2. For any given vectors x, p, and v, the buyer’s optimal choice of (a) purchasing

quantities from the reliable supply sources and (b) salvage quantities, denoted by

(Y*(x,p,v),U*(x,p,v)) € argmax 7(x,y,u,p,v) exists,
y>0
0<u<z

N
where 7(x,y,u,p,v) =7 (gélj\r}{xn + Y — un}) + Z (VntUpn — PnYn) -

n=1
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Furthermore, the pointwise maximum of this objective function, defined as,
7"*<£U, —D, ’U) = IZI}E())( f(.’D, y,u,p, U)a
0<u<z

is an increasing, concave, and supermodular function of (x, —p,v).

Proof of Lemma [D.2!

Using the proof of Lemma [2]in Appendix [A.2]and Assumption [7] it is straightforward to prove
that (Y*(x,p,v),U*(x,p,v)), as defined in Lemma exits and is optimal for the buyer, for
any given x, p, and v. Denote w = (2, —p, v). In what follows, we prove the monotonicity, con-

cavity, and supermodularity of function r*(w) sequentially:

For any given w = (¢, —p,v) > w = (&, —p, V), we have

T*(w> Z 72<£57Y*(w7 —p,’v),U*(w, _puv)aﬁuﬁ) Z f(w,Y*(w, —p,’l)),U*<ZU, —p,’U),p,U) :T*(T,U),

which proves that 7* () is increasing.

We now prove the concavity of r*(w). Let @, = —u,, and @ = (0y,Us, . . ., Uy ). We define
N
r(x,y,a,p,v) ="7(x,y,u,p,v) =71 <}1Ig/\r}{l’n +yn + ﬁn}) — Zl (Unn, + Pn¥n) -
Since 7(-) and min{-} are both increasing and concave, 7(x,y, @, p,v) is a concave function.
Therefore, for any € > 0 and w® = (x®, —p® v®), where i € {1,2}, there exists (y@®,a®),
where y® >0 and —2® < a(® <0, such that 7 (w®) — e < 7#(x® y@ a® p® @) Thus,

for any 3 € [0, 1], the following inequality holds:

B (D) + (1 - B (w®) —
< BF (a:(l),y(l),ﬁ(l),p(l), v(l)) +(1-pB)F (w(2)7 y(2),ﬁ(2),p(2),v(2))
<7 (B2 + (1= p)z®, By + (1= 8)y®, pa® + (1 - g)a®, pp® + (1 - 5)p®, po® + (1 - p)v®)
<r*(Bw® + (1= plw®).

The second inequality follows from the concavity of 7(-), and the third inequality is obtained by

the definition of 7*(-). Thus, *(w) is concave, where w = (¢, —q, v).

Next, we prove that r*(w) is a supermodular function. In Appendix inequality (A.4)

has proved that r(min,en{y, + =, + @,}) is a supermodular function of (x,y,4), and
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thus 7(x,y,a, p,v) is also supermodular. Since supermodularity is preserved by the pointwise

maximization operation (see, e.g., inequality (A.3) in Appendix [A.2), 7*(w) is supermodular. [

When choosing the purchasing quantities from the reliable supply sources y and the leftover
quantities u, the buyer’s problem is a deterministic optimization problem that only depends on
the vector of quantities « delivered by the suppliers, the vector of unit purchasing costs p from
the reliable supply sources, and the vector of salvage values v. Given the solution to this problem
established in Lemma r*(x,—q,v) is the buyer’s corresponding revenue from the assembled
product, plus the salvage value from the leftover quantities, and minus the costs incurred in pur-
chasing the supplemental components from the reliable supply sources. In other words, from the
buyer’s perspective, 7*(x, —q,v) is the value associated with the vector « of delivered compo-
nents, the vector g of purchasing costs from the reliable supply sources, and the vector v of salvage

values in problem POF9,

Using Lemma D.2] a simplified version of problem P#5 can be formulated as follows:

N

Mr(n)%(() /TE(H,q,v) [T* (elQl(t)a s 76NQN(t)7 —-q, 'U) - Z Mn(t)] dF<t)7

n=1

subject to Eq [Mn(t) —tn/}n(Qn(t),en)} > Eg [Mn(fn,t_n) —tnﬁn(Qn@n,t_n),en)], vt i,
(IC)
and Eg | My() — tahn(Qu(t).0)]| 20, ¥t (IR)

Since t is independent of 6,q, and v (Assumption and Eq [ﬁn(qn, Hn)} =y, [ﬁn(qn, Hn)] =
hn(gn), this problem is identical to the simplified formulation of problem on page except
that the function r*(-) — which represents the value associated with the delivered components —

additionally depends on p and v in problem P95,

It is straightforward to verify that the statement and proof of Proposition with
corresponding modifications to the 7*(-) function, remain applicable in problem POFS:
The proof of Proposition in  Appendix relies on three properties of the func-
tion r*(01Q1(t),...,0nyQn(t)), namely monotonicity, concavity, and supermodularity. For prob-

]P)OES

lem , the counterpart r* (6,Q1(t),...,0nQnN(t),—q,v) also has these three properties, as

established in Lemma[D.2| This completes the proof of Proposition |
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Up to this point, we have derived the optimal mechanism for the benchmark problem P¥%, which
provides an upper bound on the buyer’s profit in our original problem P°. In what follows, we

proceed to demonstrate that the SCS mechanism we propose for P¥ achieves this upper bound.

D.2. Proof of Theorem [2

It is noteworthy that the statement of Theorem [2] essentially combines the statements of Propo-
sition [2| and Theorem |1} with minor notational adjustments. Following a similar approach to the
proof of Proposition [2] in Appendix we use backward induction to establish the PBE under

the SCS mechanism in four induction steps:

Step one: We examine the suppliers’ strategies after realizing their production quantities x, pur-
chasing costs from the reliable supply sources p, and salvage values v. In this step, Supplier n’s
decisions include the purchase quantity y,, from the reliable supply source and the delivered quan-
tity z,. The leftover quantity «,, is determined by z,, 2, and ¢, with 4, = x,, + ¥, — 2,. To be

concise, we define VV;? (L1, 0n, t,) as part of the payment function W (x,,, 2, 0y, £, v;) as follows:

]Et_n [M;: (tAn7 t—n)} + hn(on)wn(fn) + n(On)xna lf O S Tp < an,IOna

B
Et—n [M:; (tAm t—n)} + hn<0n>¢n<1§n) + (Bn(on) - én(on)> Qi 10n +§n(0n>xm
WS(I}L, 0n7£n) = if Oy 10p S Tn S On,,

W)+ (Bulon) = B,(00)) @100 + B, (00)on,

if z,, > o,

E:_,, [M;: (tAnv t—n)} + hn(on)wn(

Therefore, we have
Wf([lfna Zny On, tAna Ut) = W:(an, On,, 'En) — Up, (l’n — ,Zn)+ . (Dl)

Disregarding the sunk costs incurred before this step, Supplier n aims to maximize his monetary
income, which includes the payment from the buyer and the salvage value from the leftover com-
ponent (if any), minus the purchasing cost incurred from the reliable supply source. Therefore, for

any given p,, and v,,, Supplier n’s problem in this step is as follows:

max WS(memOmfmUt) +Unan _pngn- (D2)

Zn,yUn,Yn

Given ,, = &, + Un — 2z, and (D.I), this problem is

max {—vn (xn — zn)Jr + U (Tp + U — 2n) —pnﬂn} )

Znagn
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The set of solutions to this problem is {(z,,%,): 0 < z, < x,, and g, = 0}. Thus, the set of solu-

tions to (D.2) is {(2n; tin, Un) : 20 = T, — Uy, 0 < Uy <z, and G, = 0}

We now consider the following set of choices of Supplier n: For any given realization of p and v,
Supplier n purchases zero quantity from the reliable supply source (i.e., y,, = 0), delivers a quantity
of z, =z, — U} (x,p,v) to the buyer, and sell the leftover quantity of @, = U} (z,p,v) to the

salvage markeﬂ This set of quantities satisfies

(xn - U; (337p,'l7), Un* (Cl)',p,’U), O) € {(vaﬂ’mgn) N ) un)o <un < T, and y Yn _0}

and is thus a solution to problem (D.2). Therefore, for any given «, p, and v, it is a dominant strat-
egy for Supplier n to choose ¢, =0, z, = z,, — U} (z,p,v), and @,, = U} (x, p,v). By following
this dominant strategy, Supplier n delivers a quantity of (x,, — U (x, p, v)) of his component to the
buyer, receives a payment of (Wf (Tpy O, tn) — 0, U (2, p, v)) from the buyer, and has a salvage
value of v, U} (x,p,v) for his leftover components. As a result, Supplier n’s monetary income
equals Wf (1, On, t,). Moreover, under the SCS mechanism, the buyer subsequently purchases
a quantity of y,, = Y* (x,p,v) of component n from the reliable supply source herself. Conse-
quently, for any given vectors x, p, and v, the buyer’s revenue from the final product minus her
expected cost in this step — consisting of payments to the suppliers and purchasing costs incurred

from the reliable supply sources — equals:

WE

7"(miﬁ{3cn—l—Y,;k (x,p,v)—=U} (x,p,v)}) — (W;?(xn,on,f ) — v, U (x,p,v anY* T,p,v
ne

3
I

Mz“

_ . * * * S
_r(gélﬁ{xnjLYn (x,p,v)—U; (x,p,v)})+ (x,p,v) —pY, (x,p,v ZW Try Oy L)

n:l

CE —p,v ZWS JZn,On, n)

The second equality is implied by the definition of Y* (,p,v), U} (x,p,v), and r*(x, —p, v) in
Lemma[D.2] This completes Step one.

Step two: The proof of this induction step is the same as Step two in Appendix As a result,

for any type t, Supplier n reveals in the screening and any o, chosen by the buyer, Supplier n

" Function U;; (&, p, v) is defined in Lemma above.
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has a dominant strategy to choose an input effort equal to the buyer’s desired quantity o,; i.e.,

choose ¢, = 0,,. Consequently, for any given o and #, the buyer’s total profit equals:

N
(x, —p,v ZWS Ty, On,t )—i—ZDg(on,fn)

N N
=r (01017 02027 s 70N0Na ) ’U) - Z Wf(9n0n7 On, En) + Z Dg(ona tAn) (Sil’lCG Ty = enqn = enon)
(D.3)

Step three: In this step, we show that given the suppliers’ dominant strategies for choosing their
input efforts (¢,, = o, for all n), an optimal vector of desired quantities for the buyer is 0 = Q* (%),

where £ is the vector of types the suppliers reveal in the screening. We now establish this claim.

The buyer’s problem is to choose a vector of desired quantities o, which maximizes the buyer’s

total profit obtained in (D.3) in expectation over (x, p, v). The buyer’s problem is:

N
max IE(pr) [T* (9101702027 <o 79N0N7 _pa'v) - Z |:W7f<9n0n70n7£ ) DS(Ona A )i| ) (D 4)

0>0

where E g p 1) [W (01,00, 0p, 1) — DS(on,fn)}
I

Z > (Qni0n, 0y 1) = Dy (0, 1)

=0

:Et_n [M;(tmt—nﬂ +hn(0n)¢n(£n> _Et_n [hn(Q:;(fmt—n))l/)n(fn)} :

Since, M*(,,t_y,) and h, (Q%(t,,t_n))n(t,) are independent of o, the buyer’s problem (D.4)

is equivalent to

N
max IlE’(G,q,v) [T*<01017 cee aHNONa —dq, ’U)] - Z hn(On)d)n(fn)

0>0

Obviously, the following vector of desired quantities is a solution of this problem:

q>0

N
0= Q* (f) = /\ {arg max IE(@,q,’u) [T* (elcha s 79NQN7 —q, ’U)] - Z hn(‘]n)wn(fn)} .
n=1
Therefore, the buyer has a dominant strategy to choose the desired quantity of o,, = Q;(f), for
alln=1,2,..., N.
Step four is the same as that in Appendix [B.1] establishing the PBE under the SCS mechanism.

Following the same argument as in the proof of Theorem I] (Appendix [B.2), the buyer’s profit in
the PBE under the SCS mechanism achieves its upper bound, as established by the mecha-

nism in the benchmark P, Thus, the SCS mechanism is optimal for problem P, |



Bu, Dawande, and Janakiraman: Procurement for Assembly Systems under Supply Uncertainty: Optimal Mechanisms
ec26 Article submitted to Operations Research

D.3. Proof of Theorem|[3|

It is straightforward that the buyer’s optimal profit increases with more information. Therefore,
7)51 > 7)5'2 > 7)5747 and 7)5'1 > 7)53 > 7354.

Additionally, we denote the difference between the high unit production cost and the low unit
cost as as A. = ¢;, — ¢, and the difference between the the high disruption risk and the low risk

as A, = py — pr. We now analyze the profit of the four settings sequentially.

Proof of S1: Both the supplier’s disruption risk and effort are observable to the buyer in S1.
The revelation principle (Myerson|1981) implies that, to search for an optimal mechanism, we can
restrict attention to the class of direct revelation mechanisms under which the payment is a function
of the supplier’s input effort. Specifically, a direct revelation mechanism is defined collectively by

aset {(qg;j,m;;)|i=1,h, and j = L, H} and can be implemented as follows:

(i) Given the observed disruption risk p;, where j € { L, H }, the buyer specifies to the supplier an
input effort ¢;; and a monetary payment m;; for each cost type ¢ € {[, h}. The buyer commits
to pay the supplier an amount of m,; if and only if that supplier exerts the specified input

effort ¢;; and delivers exactly the quantity he produces.

(i) For any realization of the production cost ¢;, the supplier finds it optimal to exert the corre-

sponding input effort ¢;; and to deliver the entire produced amount (if any) to the buyer.
(ii1) The buyer pays m;; to the supplier and sells the delivered quantity (if any) for revenue.

Over the set of such mechanisms, the buyer’s problem is to maximize her expected profit,
taken over the distributions of both disruption risk type and cost type. Since the buyer’s revenue

r(z) is zero in the event of a disruption, the formulation of problem is as follows:

max Y > (D r(qy) —mi) t-t],  where p; =1—p;, (P51)
Qij>Mij k
j=L,H i=l,h
subject to,
Mij = Ci* Gij =My, — Ci - @y, Torall i,i€{l,h} andi#1, (IC1)

mij —C; qij 20, fOI' all 7 - {l7 h} (IRl)
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We now solve this optimization problem. We denote PS ' =m;; — ¢; - gi; as the supplier’s profit
when the cost is 7, the disruption risk is 7, and the input effort is ¢;;. For any given j, it is straight-
forward to verify that the constraint holds if and only if ¢;; > ¢5,; and the following inequality

is satisfied:

Mpj = Ch Qg+ De - qng < Mg — - qiy < — cr - qj + Ac - quy,

thatis, P+ Ac gy < P' <P+ Ao qy. (D.5)

Therefore, to solve

mex 33 (e P )t

W j=LH i=lh

we use Plf = P,f;.l + A, - qn; (from|D.5) and P,fjl = 0 (from | R1)). Thus, the following mechanism,
denoted as is optimal for[P°T} For both j € {L, H},

_ At o At
th =arginax pJT'(Q)— cp+ c qpe =T Cp+ c )
q=0 th th

a; = arg max {Br@—a-at=r"(a),
a=

S1 __
my; =¢- qu +A thv

and mfml =cp th (517)

Note that the constraint g;; > ¢y, is also satisfied. Consequently, the buyer’s optimal profit under

this mechanism is:

— ¢ D A 'tc
P =gt - maxc {p - r(qu) = e quo} - - max {pL lan) = (Ch M ) ' th}
L

qnL ty
Term 1 Term 2
c 4d — _ c 4d — o AC i t?
+t7 -ty -max {py - r(qu) — ¢ - qu ;g -ty -max < Py - 7(qh) Cht+—0 “qnH ( -
& B qhH 23
T;n:’g‘ Te:1;4

(D.6)

For both setting S2 and S3, the buyer’s profit is smaller than or equal to P! since the buyer
has less information. For each of these two settings, we will directly propose a direct revelation

mechanism under which the buyer’s profit is equal to P
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Proof of S2: This setting differs from S1 in that the supplier’s input effort ¢ is unobservable
to the buyer. For each type ij of the supplier, where i € {l,h} and j € {L, H}, our mechanism
for S2, which we denote as is characterized by two quantities: an order quantity qff and
a corresponding payment wsz. The implementation steps of this mechanism are similar to those
in S1, but the buyer pays wfj2 to the supplier only if the supplier delivers exactly qisf. The values

of quantities are as follows:

_ Ac'tc
qlij :q;fjl =T 1 (Ch+ tc l>7
h

ql] - qlsjl - T_l (Cl)a

S1 S1 S1
mp G g +Ac'th

S2
T 2 ’
J J
S1 S1
my- Cr - g2
and wi? = 9 — h hj (52%)
P P

We now verify that the buyer’s profit under the mechanism is the same as that under the
mechanism in setting S1.
Fix the supplier’s disruption risk p;, where j € {L, H}. If the supplier realizes a cost of ¢; and

exerts an input effort qi? = qg.Sj1 (where i,z € {1, h}), then his expected profit is:

~ 5
pj - W3

S2 S1 S1

St 0—ciqf=md —ci-q

which equals his profit from choosing the same input effort under the mechanism. Since
the mechanism (in particular, the quantities qul and mfjl) satisfies the and con-
straints, the supplier has a dominant strategy to choose qff under themechanism. Additionally,
the payment equals mfjl in expectation. That is, both the supplier’s (dominant) actions and expected
payment are the same under and Therefore, the mechanism is optimal in setting 52,

as the buyer’s profit achieves its upper bound P*1.

Proof of S3: Setting S3 differs from S1 in that the disruption risk p; is privately known by the
supplier. Our mechanism in setting S3 is denoted as For each combination of 7j, where 7 €
{l,h} and j € {L, H}, the [S3" | mechanism is characterized by three quantities: (1) an order quan-
tity qu?’, (2) a payment for the supplier’s effort m;s;»?’, and (3) an additional payment for the supplier’s

delivery wff’. The implementation steps of this mechanism are as follows:
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(i) For each combination of 77, the buyer specifies an input effort q” ,a payment for the supplier’s

effort m?>3

i » and an additional payment for the supplier’s delivery w 3. The buyer commits

to pay the supplier m 3 if the specified input effort q 3 is exerted. Additionally, the buyer

commits to pay w 3 if no disruption occurs and the full amount qZ-Sj3 is delivered.

(i) For any realization of the supplier’s production cost and disruption risk, the supplier chooses

his input effort, realizes the production quantity, and decides the quantity to deliver.

(ii1)) The buyer pays m 3 to the supplier if the supplier exerts input effort qlf for some 77. Addi-
tionally, the buyer pays w 3 if the supplier delivers q 3 without disruption. The buyer then

sells the delivered quantity (if any) for revenue.

The quantities under this mechanism are defined as follows:

_ AVEY
i =i} = (a2,

qgi’) _ qgl — ,r,—l (Cl)7

51
miy =miy = c- g+ A qhgs

my; = mZng—ﬁL.AC'XJEE_qE[g) = qp +A g} — pL'AC.(Aqu_QEISX
p p
mi;’ _ms]l = Cp- th
wipy =wip = wi = 0,
and wa?) = Ac: <qi£ —qf}{)' (53
P

That is, the buyer’s payment is determined solely by the supplier’s input effort when the sup-
plier reveals his type as hH, [H, or hL in the screening (i.e., when the supplier exerts an input
effort of ¢33, ¢, or ¢;2). However, if the supplier reveals his type as [L (i.e., exerts an input
effort of ¢;}%), then his payment is uncertain. The supplier receives m;}> if a disruption occurs but

receives (m;> + w;}?) if no disruption occurs.

To demonstrate the performance of the mechanism, we first establish the supplier’s strategy in
response to the [S3*|mechanism. Recall that in setting S1, the disruption risk is public information,
so in the incentive compatibility constraints, we only need to compare the two types with the same

disruption risk; see In contrast, when both the production cost and disruption risk are private
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information, the incentive compatibility constraints assure that revealing his type truthfully is better

than pretending to be any of the other three types. Precisely in setting 53, we need:

Mij + D, - Wig — Ci - qij =My + D, - wy; — ¢ gy, forallii € {I,h}, j,j€{L,H}. (IC3)

1,

Additionally, a direct revelation mechanism must satisfy the IR constraints:
mij +D; - wij — ¢; - qi; >0, foralli,i€{l,h}, and j,j € {L, H}. (IR3)

We now verify that the mechanism satisfies these constraints. If the supplier, whose type
is 7, chooses the prescribed input effort qisj?’ under the mechanism, his expected profit equals:

S3

53 | — S3__ . S1 S1
m;; +Dj Wi —Cit G =M Cit Qi - (D.7)

ij
In contrast, if the supplier chooses qiSj:‘, where = 1, then his expected profit equals

S3  — .83 _ . 83_ .S _ Sl
M Py W = G g =M = G g (D.8)

Since { (qul, mfj'l) ‘z =l h,and j=L, H } satisfies the and constraints, the agent’s profit
in (D.7) is non-negative and greater than or equal to that in (D.§)). Thus, the constraints are

satisfied, and the supplier prefers to choose g;; rather than ¢;;.
To compare the supplier’s profit between choosing qug and qZ:.S, we consider the following cases:

* Case 1: The supplier’s production cost is ¢, and the disruption risk is p;, where j € L, H.
Regardless of whether he exerts an effort of q;ff’ or qu’, where j # j, he receives a payment
that precisely covers his production cost, with m};? = mj! = c;, - g}, resulting in 0 profit.
Therefore, the supplier is indifferent between these two choices.

* Case 2: The supplier’s production cost is ¢; and disruption risk is py. If the supplier distorts
his disruption risk and chooses g;°, then he has a relatively low probability pj; to earn w;},
which is the payment for delivering ¢> without disruption. Specifically, his expected profit

is:
53, — 53 53
mip, +Py Wi, — ¢

Ac - (gi1 — Ghn)
AP

_Pr-Ac (a1 — @)
Ap

_ S1 St _ S1

=ca-qp +Ac gy +Pu- —a-qr
St S3 , — 53 53

=Ac-Qrg =My + Py Wi — G,

which is the same as the profit from choosing ¢.7.
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* Case 3: The supplier’s production cost is ¢; and disruption risk is py,. If the supplier distorts

his disruption risk and chooses ¢;3, then the supplier’s profit is:
53, — 53 53 51 51 S3 ., — 93 53
M+ DL Wi — - G = De Gy < Ac- @y, = myp +Pp-wip — gy -

That is, the supplier gets fully reimbursed for his production cost, but earns less information

rent as compared to choosing ¢;7°.
Together, these three cases prove that the supplier prefers ¢;; rather than qff’.

Similar to our analysis in and (D.§), we can prove that for the supplier whose type is
17, choosing qff’ is better than or equal to choosing q%.?’. As demonstrated above, the supplier
prefers ¢ over qu.?’. Thus, the supplier prefers ¢;° over q%?’, for all 7 # i and j # j, completing the
proof for the constraints.

Therefore, for any type 77, the supplier has a dominant strategy to exert the input effort qu?’ = qul

corresponding to his actual type, and the payment, in expectation, equals mfjl (see (D.7)). Conse-
quently, the buyer’s profit under the mechanism is the same as that under the mechanism
with P53 = P51,

Proof of S4: Our goal is to establish an upper bound on the buyer’s optimal profit P°* in 54,
where both the disruption risk and the supplier’s effort are unobservable to the buyer. The revela-
tion principle (Myerson||1981)) implies that, to search for an optimal mechanism, we can restrict
attention to the class of direct revelation mechanisms. A direct revelation mechanism in 54 can be

defined by a set {(¢;;,d;;,w;;)|i =1, h, and j = L, H} and implemented as follows:

(i) For every ij, the buyer specifies an order quantity ¢;;, a non-refundable deposit d;;, and a

ijs
payment wff’. The buyer commits to pay the supplier w;; if and only if the supplier reports 7

in Step (ii), pays deposit d;; to the buyer, and delivers exactly ¢;; units of product.

(i1) The supplier is asked to report his type 75 and pays the corresponding non-refundable
deposit d;; to the buyer.

(ii1) The supplier finds it optimal to choose an input effort equal to the order quantity ¢;;, and

deliver the entire produced amount (if any) to the buyer.

(iv) The buyer pays w;; to the supplier if the supplier delivers the order quantity g;;. Otherwise,

the payment is 0. The buyer then sells the delivered amount (if any) for revenue.
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Over the set of such mechanisms, the buyer’s problem, denoted as 1s to maximize her
expected profit, taken over the distributions of both disruption risk type and cost type. Since the

buyer’s revenue 7(z) is zero in the event of a disruption, the formulation of problem is:

I e Z Z (7 - 7(ij) + dij =D -wi) ] - 15, where p; =1 —pj, (P5*)
Gy D H

subject to,

pj * Wij _dij — G i 22_7] wij _dij — G QQj, for all ’L,% € {l7h}> ]73 € {LaH}7 <Z7]) 7£ (&j)

(I1C4)
]_Jj-wij—dij—cl--qij ZO, for all i,E{l,h} andjE{L,H}, ([R4)
P; - wij — dij — ¢; - qi; > —dy;, foralli,i€{l,h}and j,j € {L,H}. (EE)

The exerting effort constraint[E'E] ensures that the supplier prefers to report his type truthfully and
exert the prescribed effort, rather than reporting +j and exerting zero effort for any ij. Lemma
below simplifies the[E'E] constraint.

LEMMA D.3. To search for an optimal solution to we can, without loss of generality, substi-

tute the @] constraint with the condition that the deposits are non-negative; i.e.,

d;; >0, forallie{l,h}andje{L,H}. (EE™)

Proof of Lemma [D.3:

For any given direct revelation mechanism {(g;;,d;;,w;;)|i = [,h,and j = L, H} which satis-
fies and if min{d;;} = a < 0, then we consider another mechanism denoted
as {(qij, dij, wi;)|i =1,h, and j = L, H}, where d;; = d;; — a > 0 for all i and j. Since the original
mechanism {(¢;;, d;;,w;;)} satisfies the constraint, we have the following inequality:

pj-wij —dij—¢i-qij > —a>0

]_?j -wij —dNZ'j — C; q,] Z—a+dij —Czij :O, foralliandj.
Thus, the mechanism {(g;;, d;;, w;;)} satisfies the constraint. Moreover, it is straightforward
to verify that {(g;;, Jij, w;;)} also satisfies (respectively, D because the original mecha-

nism {(g;;, d;j, w;;)} satisfies (respectively, |[E E)). O
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Therefore, the buyer’s optimal profit P* is the optimized objective function value of prob-
lem with substituted by This problem consists of twelve constraints for differ-
ent pairs of ij and ¢J, four constraints for different values of 77, and four constraints. In

what follows, we will derive a set of necessary conditions of these constraints.

Denote Pj; = p; - wi; — dij — ¢; - q;;. When the supplier’s type is hH, the constraint implies
that:

Py =py - Wiy — dpg — ¢ - qra 2>0. (D.9)
Combining with the [E'E™ constraint, we also obtain:

DPr - Whi — Ch - Ghpr >dp > 0,

and thus  wy g > IH (D.10)

Pu

From[IC'4] we have the following three streams of inequalities:

Pur 2Py - whg — dpr — cn - qom + (D, - Wi — Dy - Wair)
=Pur + A, why

Ao - -
>Zp S (from (D) and (D-10)) (D.11)
Pu

Py >Py - wag — dpg — ¢h - qur + (Ch - G — €1+ Q)

=A. - qnH, (from (D.9)) (D.12)

Py, >Pr - wnr — dnr — ¢ qur, + (Ch - qar — 1+ Gur)

=P, +Ac-qnr
A

2% YA g (from (DIT)) (D.13)
H

If we only consider constraints (D.1T]), (D.12)), and (D.13)), the maximization problem of is:

;%??{Z Z (2_93"7’(%)—Pz'j—cz"qij)t?'tf}
©jyt iy

i=Lh j=L,H

c _ Ap-chqnu
<max {tl 17 - (pL r(ghy) — ———— = Ac qnr — - Qu
4ij Ph
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c _ Ay -cnquu
+th-t%-(pL-r<th>—pT—ch-th
H

+t;- th Py (@) — De- Qo — - Qi)
+ 15 t% - By - 7(quer) — ch - Grr) }

=tf -1} - max {pr-r(qr)—ca-qr}

Vv
Term 1

- A,
+ 15,17 - max {?L’T(QhL) - (Ch+l—th) 'QhL}

C
ahL iy

J

Vv
Term 2

+ 5t max Py r(am) —a-qn}
IH

(. /
~~

Term 3

tetd Ay 1A ey AL
+t,cl-td-max{ﬁH-r(qhH)—<ch+ lCL =4 P24 . “QhH ¢ -
1 g th't%['pH t?{‘PH th

(. 4
v~

Term 4

(D.14)

. . =54 . .

We denote the right-hand side of (D.14) as P~ . Since we have only considered a set of neces-
. o =54 .

sary conditions of the constraints in problem P serves as an upper bound for P54, which

represents the optimized objective function value of problem

We now compare 554 with P51, which represents the buyer’s optimal profit in setting S1 (see
equation (D.6)). Note that Terms 1, 2, and 3 in inequality are respectively identical to
Terms 1, 2, and 3 in equation (D.6). Moreover, in Assumption[9] we have assumed that the buyer’s
marginal revenue at O is sufficiently large under the following condition:

1 A, -6
?”/(0)>_—'(Ch+ - l).

Py th

Therefore, Term 4 in (D.0)) is strictly greater than Term 4 in (D.14) as follows:

_ Actlc
max < Py r(qgny) — [ en + “GnhH

dhH
-t Apep Ay A,
Y R Ey g c “an ¢ 20
ty Uy Pu th  Pu th

9nH

> max {ﬁH 1r(qnu) — (ch +

Since the weights of Term 1, 2, 3, and 4 are strictly positive and identical in both (D.6) and (D.14),
we conclude that P! > 7_354 > P4, thereby completing the proof of Theorem |
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Appendix E: Supplemental Details for Section [6|
E.1. Definition and Analysis of the m-TPT Mechanism

As assumed in Section [6] when using the m-TPT mechanism, the buyer ignores the distribution of
the random yield 6,, and instead takes each supplier’s expected cost per unit as the supplier’s actual
cost per unit without supply uncertainty. In other words, the buyer incorrectly conjectures that
Supplier n’s production cost per unit is #,, = t,,/©, where © = E[f,] = A + (1 — \) - a. Therefore,
from the buyer’s perspective, Supplier n’s private information becomes his production cost per
|. We denote the cdf. (resp., pdf.) of 7, as F(t,) =

The m-TPT mechanism can be implemented in the following steps:

(i) The buyer offers each supplier a menu of contracts
- - ~ 1 2
WT(t,), Fr(t,)): th€[=, =] ¢.
[ Fra): e g2
Each contract (WT(fn), F T(fn)) (henceforth, contract ¢,, for brevity) consists of an upfront
payment F'7(#,) and a per-unit payment W7 (¢,); these functions are defined below after the
implementation steps.

(ii) Each supplier is asked to choose one contract (i.e., choose a ¢, € [%, %]) from the menu.
Alternatively, the supplier can choose not to participate in the mechanism, earning no profit.

We say Supplier n chooses contract £, = 0 when the supplier does not participate.

(iii) If both suppliers participate, then the buyer pays the upfront payments F'7'(#,,) to Supplier n
and places an order of Q7 (£, ¢,,) units from both suppliers, where m # n. Each participating

supplier must deliver the ordered amount to the buyer (same below).

(iv) If Supplier n participates while Supplier m does not, the buyer orders Q7 (fn, 0) units from

Supplier n and purchases the same amount of component m from the reliable supply source.

(v) If both suppliers do not participate, the buyer chooses a quantity of the assembled product

sourced solely from the reliable supply sources. To maximize her profit r(z) — 2pz, the buyer

finds it optimal to choose z = (5)*.

Denote the derivative of the buyer’s revenue function as 7(z) := dg—(j). We now precisely define
the functions under the m-TPT mechanism:
F(t,) 20-f,-1

wWT(t,) =t,+— :
(h) =tt 55 o
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FT (i) = (= W7 (i) - / " QT (B ) dE(E) + / ° / Q7 (s ) dsndF (D)),
2
P (W (6,) + W () = (W) , ift,els, 8l
Q" (tn,tm) = (E.1)

. 2 o
! (WT (tn) +p) = (%) ; if ¢, =0.

Therefore, the monetary payment to Supplier n, which we denote as M7 (fn, fm) , 18:
M7 (tn,tm) = (E.2)

While in the setting of Hu and Q1 (2018)) without supply uncertainty, the m-TPT mechanism
is optimal and satisfies the individual rationality (IR) and incentive compatibility (IC) constraints,
the IC and IR constraints may not be satisfied in our setting with supply uncertainty. Specifically,
for some realizations of the production type, Supplier n may prefer not to participate in the m-TPT
mechanism rather than choosing any contract within the menu. Therefore, we have added Steps (iii)
and (iv) to the implementation steps above as a reasonable response to supplier non-participation.
Furthermore, under the m-TPT mechanism, suppliers do not necessarily find it optimal to choose
the contract corresponding to their actual types. Without loss of generality, we consider that the

two rational and symmetric suppliers form a symmetric Bayesian Nash equilibrium (BNE).

To establish the equilibrium, we need each supplier’s profit in response to the choices of con-
tracts. Fix contracts 7,, and ¢,, chosen by the suppliers, where %,,,%,, € (&, 6] U {0}. Supplier n
decides on his input effort ¢,, > 0, which incurs a cost of ¢,,¢,, = Ot,q,. Recall that the produced
amount equals ¢, with probability A and « - g,, otherwise. If the produced amount is less than the
ordered amount, Supplier n must purchase the shortage from the reliable supply source. Therefore,

Supplier n, whose actual type is #,,, earns an optimal profit as follow
*(F 7 7 YT . T (7 T (i F TFY_OFf» . (OT(F 7 )_, )\
P (tn, tn,y b)) = 1[t, # 0] max {F (t) + Q" (tn, b)) W' (E1) — Olngn — Ap- (Q" (tn,tm) — )
c oz -
— (1= Np- (Q (inF) — 0g) }
Define function S(-) : [§, 2] = [, &) U {0} as a symmetric equilibrium strategy, where for any
given realization of type t,,, Supplier n chooses contract S (%, ) from his menu. Also, S(#,) = 0 indi-

cates that Supplier n does not participate by following strategy S(-). We simulate discrete values

8 Let 1[f,, # 0] = 1 if £, # 0 and 0 otherwise (i.e., when Supplier n does not participate with £,, = 0).
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of 1, distributed over | and iteratively search for a strategy S(-) that satisfies the equilibrium

1 2]
0’96
condition below:
e - - P ~ ~ 1 2 - 1 2

Ei, [Py (tn,S(tn), S(tm))] = B, [Py (tn, 10, S(tw))] . forallé, € =, =]and i, € [=, =] U{0}.

m m @ (,_) @ @

Figure showcases the equilibrium reporting strategy S(,) for two set of parameters in our
test-bed: (), a) = (0.75,0.75) and (0.5,0.5). For some values of ¢, within its domain, Supplier n
chooses a contract corresponding to a higher cost type or opts not to participate in the mechanism.

Consequently, the buyer’s profit is suboptimal under the m-TPT mechanism.

5] 3]
s g
= =
o) o)
O O
G4 — G |
) <)
0] 5]
Q Q
3 §s)
5 ; 3 ;
0.5 [ 5(tn) . 0.5 [ S(tn) y
_ _ _ Benchmark: _ _ _ Benchmark:
Truthful Report Truthful Report
oL \ \ \ ! oL \ \ \ w
1 1.2 1.4 1.6 1.8 2 1 1.2 1.4 1.6 1.8 2
Actual Type Actual Type
Example 1: A\=a=0.75 Example 2: A=«a=0.5

Figure E.1  Anillustration of the BNE strategy S(%,) for different (), ).

Given the suppliers’ equilibrium strategy S(-) for choosing contracts under the m-TPT mech-
anism, we have the buyer’s corresponding profit P (), ). Consequently, we have the results

illustrated in Figure

E.2. Definition and Analysis of the RF Mechanism

The RF mechanism can be implemented in the following steps:

(i) Forevery n,m € {1,2} with n # m, the buyer offers Supplier n a menu of contracts:
(QF (s T) M7 (FusBn)) : T €[, 21 b
0’0

Each contract (Q” (Z,,%,), M” ({,,1,,)) (henceforth, contract #,, for brevity) consists of a

desired quantity Q7 (fn,tm) of component n and a payment M7 (fn,fm). These functions
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depend on t,,, which is chosen by the other supplier in step (ii) below, and are precisely
defined in equation [E.T|and [E.2]in Appendix [E.T]

(i) Supplier n is asked to choose one contract (i.e., choose a tn € [ ) from the menu. Alter-

CE 9]
natively, the supplier can choose not to participate in the mechanism, earning no profit. We

denote non-participation as %, = 0.

(iii) For every n = 1,2, if Supplier n participates, then the buyer pays M7* (fn, fm) /QT (fn, fm)
for every unit of component n produced by Supplier n, up to the buyer’s desired quan-
tity Q7 (F 7).

(iv) After receiving deliveries (if any) from the suppliers and making the corresponding payments,
the buyer decides her purchase quantities from the reliable supply sources to maximize her

revenue from the assembled product minus the associated purchase costs.

Similar to the m-TPT mechanism, the RF mechanism does not necessarily satisfy the incentive
compatibility (IC) and individual rationality (IR) constraints, leading to the following responses
of the suppliers: (a) Supplier n may prefer to exert an effort different from the desired quan-
tity Q7 (fn,fm) specified by the buyer. (b) During contract selection, the two suppliers form a
Bayesian Nash equilibrium (BNE), in which they may find it optimal to misreport their types or

choose not to participate.

For any given t,,,1,, € [&, 2] U{0}, the unit payment M7 (¢,,%,,,) /Q” (£,, ) is smaller than p
in our numerical setting. Therefore, the suppliers never purchase any quantities from the reliable
supply sources but willingly delivers precisely his produced quantity (if any) to the buyer under

the RF mechanism. Consequently, Supplier n, whose actual type is t,, € [ earns an optimal

1.2,
e el
profit as follows:

QT (tn,tm)’
+(1=N)-M" (. 10) .min{%, 1}}

Define function S%(-) : [§, 3] = [§, 5] U{0} as a symmetric equilibrium strategy of choosing

Pf(fn,fn,f ) 1[t, #0] - max{ Otngn + - MT (tn,t ) mm{# 1}

contract from the menu. That is, Supplier n chooses contract S%(#,,) from his menu in the BNE,

when his actual type is £,,. We search for a strategy ST(-) that satisfies the equilibrium condition:

s, [P (b, 57(E), ™(10))] 2 B, [PR (Fasf S7(F0))] Vo € [, 2] and € [, 21U {0}
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Using the suppliers’ equilibrium strategy S%#(-) for choosing contracts under the RF mechanism,
we have the buyer’s corresponding profit P (\, ). Consequently, we have the performance gap

between the RF mechanism and our SC mechanism illustrated in Figure [3]
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