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Proofs for Theorems
In this electronic companion, we present the proofs of the technical results presented in our
manuscript “Many-Server Queueing Systems with Heterogeneous Strategic Servers in Heavy Traf-

fic”. The proofs are organized following the sections in the main document.
EC.1. Additional Notation

In addition to the notation described in Section we define the short-hand notation x Ay :=
min{z,y}. Set dg to be the metric for Skorokhod-.J; topology and lastly, we denote the optional

quadratic variation of a stochastic process Y (t) as [Y];.

EC.2. Proofs for Results Presented in Section

LEMMA [l For 1/2 < a <1 and t >0, the sequence of processes {(X(t))* }nen and {I™(t)}nen
are stochastically bounded. Moreover, for 1/2 < o <1 there exists a time tyr > 0 such that

suptMStST(X];(t))Jr 20 for all T >ty as n— oco.

Proof. Let T>0, neN, and set ™0 :=inf{t >0: (X"(t))* <0}. Then, for all 0 <t <O,

(Xn(0)F < (XD +n"A" (1) =S S(ipt),

NZ
< (X2(0)) T 407 (A" () = A"t) ==Y (Sk(jirt) — fint)
k=1
NG
A0 (A = N2p)t—n" Y (jif — fir) t
k=1
B gy — BN bt (EC.1)

Defining 67" :=inf {5 > 6™0: (X7(s))" > ¢} and 7" :=sup {40 <s <1 : (X7(s)) " <e/2},

P ( sup ()A(Zj(s))Jr > e) <P (9”’0 <Ot <gmt < T)

on.0<s<T
b ( s {’A"(SQ) — A" (1) = A" (52— 51)

n(X

IN

om0<s1 <59<T
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SN (Sk(finss) — Sk(first) — fin(s2 — 51)) |

(A" = 320 i) (52 — 1)

nOé

_|_

n

< 2P (n="|A"(s) — A"s[p > €/16) + 2P | n=* | > Si(s) — figs| >¢/16

k=1 T

N
+P (0 [ A =D | >0 (EC.2)
k=1

The right-hand side of (EC.2) converges to 0, and combining (EC.1) and (EC.2)) we obtain the

stochastic boundedness of {(X7(t))* }nen. Now, setting ty; = (Mo +1)/A* ik, we have

P < sup ()E'Z(s))Jr > e) <P < sup ()E'Z(s))Jr >e,0M0 < tM> +P(0™° > ta).
tpy <s<T 0m:0<s<T

Equation implies that the first probability term on the right-hand side converges to 0. For

the second term, 6™° > ¢, implies that (Xg’(tM))+ > 0. Equation then implies that the

probability of this event goes to 0, which proves the second part of the lemma.

We now prove the stochastic boundedness of {I"(£)},.cx. The case when a = 1/2 was established

in Lemma 1 in [Bitke and Qin|(2023). The proof for 1/2 < a <1 is simpler. We have

| < |3 A(t) = xnt | N sp(t)— ppt| Nappt— ant|
I2(t) <‘XZ(0)’_|_‘ ()a n Py ki) M n Zkzl,u];
T n T n , n .
R (WIJ(X”(S)—NS)*ds) —y [J(X"(s) = N2)*ds - .
: - +y [t tas
0 T

T

The stochastic boundedness of {(X"(t))* },en and the martingale central limit theorem (c.f., Pang
et al.| (2007)) implies that the last two terms converge to 0 in probability. The second and third
terms converge to 0 in probability due to law of large numbers for Poisson processes. Finally, the
first and the fourth terms are stochastically bounded due to Assumption [2|and the central limit

theorem. This proves the lemma. [J

EC.3. Proofs for Results Presented in Section [4]

THEOREM Suppose that the limiting fairness process under the adopted routing policy is 1 ;.

Then, the scaled system length processes {XZ}neN =&, as n— 0o, where
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1. if « =1/2, then the process &, is the strong solution to the stochastic differential equation

§o+\/7W + (BrABR)? 4+ G) t+ (Mg /5 s)ds — /f+

for all t >0 where {; ~ Normal(0,0:2\*[iz*) and W is a standard Brownian motion.

2. if 1/2< <1, then the process &, is the solution to the ordinary differential equation

E(t) =& + BA“ g “t+ (1, Mo /5 s)ds, for allt>0.

Proof. Our proof follows the same steps as Theorem 5 in [Biike and Qin| (2023) with the addi-
tional modification on the number of servers. Adding and subtracting appropriate terms to and

normalizing with n®, we get

X7 (t) = X2(0) + M2 () — M2, (t) — M2 5(t) +n (A" = NI ip)t —n~ Z ~ N'fip | t

N n

= [ = [ (G s (©03)

where
iz, (= 2O
ey S (S (t - I£<s>ds22 - S (- f )
iy T RO N ds) = (X0G5) - M)

no
Using the martingale central limit theorem, both ]\Z/g’l(t) and ngz(t) converge weakly to 0 when
a>1/2 and to VAW (t), where W (t) is a standard Brownian motion when a =1/2. To see this,
we focus on Mgg. The process M ,(t) is a compensated Poisson process and is a martingale with

predictable quadratic variation

Ny ~n torn n 7
AT (t— [N (s)ds) CNe YN e [LIn(s)ds

n2a n2o¢ N(';L ne

The stochastic boundedness of I (Lemma implies that the second term on the right-hand side

converges 0 for all 1/2 <« < 1. Using the law of large numbers, the first term converges to 0 if



ecd e-companion to Biike, Dos Reis and Platonov: Many Server Queues with Heterogeneous Strategic Servers

a>1/2 and to A if a =1/2. The jumps of M ,(t) are bounded by 1/n*, hence the martingale
central limit theorem implies that M ,(t) = VAW (t). The proof for M, (t) follows the same
steps. Similarly, M o3(t) =0 for all @ >1/2 as a result of the stochastic boundedness of Lemma
Plugging in , we get n=*(\" — N"[ip)t — — B[y *t. Finally, using the central limit theorem,
we have n™ (Zkal g — N(;‘ﬂp) t50 for @ >1/2 and n=® (Zgﬁl oy — Ngjﬂp) t = (At for
a=1/2, where ( is a normal random variable with mean 0 and variance o%. As St , = Sefja,¢ for
any € > 0, using Lemma 2 in|Biike and Qin|(2023), a modification of the Skorokhod representation
theorem, we can assume that all the above processes converge with probability 1 and to prove the
theorem, we need only to prove that for any p >0, P(dg(X",£,) > p) = 0 as n— co, where dg(-, -)
is the metric for Skorokhod-J; topology.

For any w > 0, we can find a sequence of homeomorphisms A™(t) : [0,7] — [0,T] with derivative

A"(t) and N, such that for any n > N,

L2 (8) + N2, () + 312,(0) = VAW (A"0)| V|1 San ) = (o Setonoco) [, v () = 1| <2,
if «a=1/2 and
N2 (0)+ N2 o)+ M2 (8)| V[0 Smt ) = (o Semannco) [V [A7(0) =1 <=,
if 1/2 < a <1. We will prove our result by showing
sup |X7(t) — ga(A”(t))‘ 5 0,w.p. 1. (EC.4)
0<t<T

Using the tightness of the processes, without loss of generality, we can assume that

sup { | (e, ) v | X2 Viga®l } < K.

neN
Now, taking £, (t) to be the solution of the appropriate equation in the statement of the theorem,

plugging in the definition of fairness process for the seventh term on the right-hand side of (EC.3)),

for any w we have an N such that n > N_ implies

R t AT (t)
X2(6) — €A (1) S @ +4 / (X7 (s))* ds - / (€(s) " ds

A"(2)

() / (X2())"ds — (01 pnce) / (€(s)ds|.  (EC.5)

+
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We can bound the second term on the right-hand side of (EC.5) as

t A”(t)
/ (Xg’(s))*ds—/ ))Tds| <
0 0

A"(8))€a (A" ()| ds

/‘X” (A" (s ds‘—l—

</,

To bound the third term on the right-hand side of (EC.5),

C7(s) — Ea(A"(s) ds‘—l—wKt

A(t)

() / (X2(5))ds — (1 Tl an) / (€(s))ds

t A(t)
< () — (WSt ) / (X2(5))d5 — ({127 e)) — (62 SeTlo o) / (als))ds

t

(S ) = e Sonae) [ (2 (9) s = (1S ) / ((Xz:(s))‘ - (@(A(s)))‘) ds

| Settann) / (1= A(5)) (€. (A(s))) ds

< (2 +w(1+K)) X7(s) — E(A(s)) | ds.

Plugging these bounds in (EC.5)), using Gronwall’s inequality, and choosing € and w appropriately,
our result follows. [J
Now, we prove the interchangeability of many-server limit and limit as ¢ — co. To do so, we need

the following uniform integrability result.

LEMMA EC.1. For any 1/2 < «a <1, the stationary scaled system lengths {X”(oo)}neN are uni-

formly integrable and hence tight.

Proof. For any n € N, we decompose the scaled system length process into its negative and
positive parts as
% n % n + % n h
Ka(00) = (X2(00)) = (X2(0))
and prove the uniform integrability of each part separately. We consider (Xg(t)>7 and use a
coupling argument. Now, suppose we fix n >0 and let 0 ; be the occurrence time of the ith event

for Poisson process A"(t). Assume that we know (47, ..., [i%n») and define S™(t) to be a Poisson

process with rate ch\’:l fi, and let 05, be the occurrence time for the ith event. We also define a
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sequence {U"};cn of independent uniform(0,1) random variables. For any given time ¢, we know
that the system should be serving with a rate equal to the sum of service rates of busy servers,

ie., Z;V:nl ap(1l —1I7(t)), hence we use the thinning property of Poisson process where event i of

no_
DI g (A=15(05 ,-))
noo.
Zszl Ay

Sn(t) is accepted as an actual departure with probability (0% —)= by checking

whether U < p} (05 —) or not. The processes I} (t) can be rigorously defined by using U;'s and a
routing process based on our routing policy. As this does not play a major role in our proof, we
refer the reader to |Biike and Qin| (2023) for the detailed construction of idleness processes. Now,

we can write

5™(1)

(X10) =(X2@) +n 3o ((Xz:(ez,i—))+ - 0) (U <2} (65,-))
A™(t)

YT <(Xg( gﬁi—))_ > 0) .

i=1
We define a birth-death process {Y*(t)}nen with Y7*(0) = (X™(0))” w.p.1, whose birth rate at
Y™(t) =i is Y ,_, fif — Mmin? and death rate is A" if Y"(¢) > 0. Then, we can couple the scaled

process Y7"(t) = n~*Y;*(t) with the system length process by writing it as

" (t) A" (t)
VIO =7 (0) 40 > 1(Ur <57 (02,-)) —QZH(Y”GM 0).

i~ To see that (Xg(t)) <Y (t) for all ¢ > 0 with probability

Zk 1Hk Hmmy (92
Ekfl fig

-)
1, define ¥ = {t: (Xg(t))i > Y (t )} As at most one event occurs at any given time ¢t with

where p? (6" —) =

probability 1, we have (X;‘(ﬁ”—)) =Y*(9"—). By definition we have

pi (0" =) = p; (9" —).

Hence, if 9" is an event epoch for S™(t), we have (ng(ﬁ")) < Y*(9™) and if 9™ is an event epoch
for A™(t), we have (Xg(ﬂ"))7 =Y (9"), both contradicts with the definition of ¥”. Hence, we
conclude that (X'Z (t)) < Y (t) for all ¢ >0 with probability 1.

Now, define (" :=n"¢ (Ziv:nl ap—N "ﬂ) and by re-arranging the terms we have

Z = X'+ B (A G 4 noCn.
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Take M, := (8 (A\")" @'~ +n2¢")* +2n%, and define a new birth-death process Y;*(t) with Y;*(0) =
Y*(0) with probability 1, whose birth rate at Y;*(t) =4 is A" — pyin min{é, M; } and death rate is
A" at Y)*(t) # 0. By definition, Y5(¢) is stochastically greater than Y;*(¢). Using a similar argument
as above, we can couple Y3(t) with a simple birth death process Y5(¢) where Y;*(0) = (Y;*(0) — M)*
with birth rate A™ — pmi, My, death rate A™ and Y5 (¢) < M, 4+ Y;*(¢) for all ¢ > 0. As birth and death

rates are constants, Y3(¢) is equivalent to an M/M/1 queue. Hence, we can prove that (X ”(oo))

is uniformly integrable by showing that supE [(n_o‘(Ml + Y},}”(oo)))ﬂ <oo. ForneN,

E [ (n™ (M, +¥3'(00))"| = 0% (EIMI] + 2E[M,Y; (00)] +E [ (%7'(0))])

=n2 (B [M?) + 2B [ME[V (c0)| ] + B [E [(¥7'(00))" 7] ])
e e )

3 2\™ (/\n)2 A"
=n"2(E[M? —2E [M;] +2E —3E 1
" ( [ J +Mmin [ 1]+ |: M%} [Nmian] * )

Il’lll’l

2\" 2(A" 3"
<n72 (]E [M:7]+ + 2E [M,] + (") + +1> :

Fimin Hiin*® Prnin
Assumption [I] implies that the second, fourth and fifth terms converge to a finite number for any
«>1/2 and hence can be bounded uniformly for any n. Also, using the identity (a+b)? < 2a?+2b?,
we have
n"2E [M2] < 26 (V) 22 4 E[(C")] + 2.
Again we can use Assumption to show that the first term converges to a finite number. Using

independence we have

sierons| ()

which also converges and hence can be uniformly bounded for all n. Similarly,

2

NTL

= n*ZGE lz (/12 - M)Z] S n72aN"(/1’max - Mmin)Qa
k=1

n_za]E[Ml} < n_gaE[ﬁ (/\n)a ﬂl_anax - Mmin‘ + 2n_a] - n_QaNnv

which also converges and proves the uniform integrability of {(Xg(oo)> _} . The proof of the
neN

. +
uniform integrability of {(Xg(oo)> } follows the same lines and hence is omitted. [J
neN
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THEOREM 3| For many-server systems with random and heterogeneous service rates, for any 1/2 <
a <1 the following convergence results hold as n — co:

1. X7(00) = £a(00),

2. E[X7(00)] = E[a(00)],

3. 1% = Moo

where &,(t) = £,(00) and 1, = N as t — co.

Proof. Suppose X™(0), (7, ... ; i) are distributed according to the stationary measure of the
nth system 7". Then, X"(t), (i7, ... , i) are also distributed according to 7. As we know that
the {7} are tight and X" (t) = £, (t), the first convergence holds and the second convergence holds

as a result of the uniform integrability. To see the third one, we need to see that

T— 00

N T N
. 1 *n n —
lim T g 6ﬂZ(A)/() I} (s)ds = E Sp (A)E[L (00) ]
k=1 k=1

Again, starting with a stationary system and using the uniform integrability the result follows.

O
EC.4. Proofs for Results Presented in Section [5]

LEMMA [2] The set of scaled instantaneous allocations, {4} nen, 18 tight.

Proof. We define the discrete-time measure-valued stochastic process U} ;(A) =
Oy (A)I(X™(07% ,—) < 0) for all A € B(Ry) if the ith incoming arrival in the nth system is
immediately routed to server k and 0 (thought as a measure) otherwise. Similarly, we define
U (A) =9, (A)I(X"(05,—) <0) for all A € B(R,), if the ith potential service completion is from
kth server, if it is not an actual service completion U5, = 0. Then, for any f € C* we have the

following balance
- - S™(t) AT (t)
(Fry = () +nt Y (fUg) —n ' Y (fUL). (EC.6)

i=1 =1

To prove tightness, we use the conditions introduced by [Jakubowski|(1986) that we recall next.
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THEOREM EC.1 (Jakubowski| (1986)). A sequence of stochastic processes {0} },en taking values
in Dp[0,T] is tight if and only if:
J1. (Compact Containment Condition) For each p,T >0, there exists a compact set K, C P such

that

liminf P(¢)" € K,, for allt €[0,T]) >1—p.

J2. There exists a family of functions F such that
i. HeF:P—R,F separates points in P and F is closed under addition.
ii. For any fited H € F, the sequence of functions {h™(t) := H(n}"), for allt € R}, ey is tight in

Dg[0,00) endowed with Skorokhod-Jy topology.

We now return to our proof. Using Lemma we know that, for all € > 0, there exists a K, such
that P(supy<,<r |I"(t)| > K.) < € for all n € N. Define K, as the set of measures bounded by K, on
the support [fimin, #max]. The set K. is compact and Lemmaimplies J1.

To show that J2 holds, we define
F = {H : M [fimin fimas] = R : 3f € C, [0,00) such that H (1)) = (f,1) for all 1) € My},

where M p[fimin, fmax) 18 the set of finite measures on [fimin, max]- The set F separates the points
in My and is closed under addition. Take Ky such that H(y) = (f,¢) with f(u) < K; for all
1 € [fanin, fmax)- To show tightness of {(f,1")}nen, We need to show that for all €, p >0

1. there exists an My, such that P (supg<,<q [(f,97)| > M;,.) < e and

2. there exists a p and an N, such that for all n> N,,, P (w({f,¥}),p) > €) <, where

w({f,¥7),p) =infmax sup  [(f,9)) — (f,47)]

{tid 1 4<t,s<tip

and {t;}o<i<, Is any p-sparse set, i.e., 0 =1ty <t; <---<t, =T with min; |t,11 — ;| > p.

Again taking My , = K,K;, we have

P ( sup [, > Mf,p) <P (Kf sup 1(t) > Mf,p) <,

0<t<T 0<t<T
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which implies the first condition. Now, we prove the second condition. Using (EC.6), for any
0<s<t<T we have

S™(¢) A™(t) S™(s) A" (s)

[(F07) = (Fpm) = |n7" Y (FUE) —n™t Y (f Uy ) —nt > (fUE) =0t Y (fU )

i=1 i=1 i=1 i=1

<n 'K;|S"(t Zukt+2uks +n” 1KfZ,uk [t —s]

Fn UK AT (E) — AT(s) — A"t ] +n*1fob It —s|

N’ﬂ
Sn_le Zukt —I—n Kf Sn Z,LL]CS
k=1
N B
K Y i = AL+ B [t — |+ n K A () = X't 4| A7 () = A7
k=1

+n LKA [t — 8|+ A1+ B) |t — s

NTL
<n '2K; sup Z,ukt +n 2K, sup |A"(t) — A"t
ogth pt 0<t<T
N" B B
FKp T = ML+ B)| [t — | +n T KX [t — |+ A1+ B) [t — 5]
k=1

(EC.7)
Using the martingale central limit theorem , the first and second terms on the right-hand side
converges to 0 in probability. Similarly, using the law of large numbers, we can show that the third
term also converges to 0 in probability. Finally, from Assumption [1| we know that n='A" — X.
Hence, choosing p < €/2(K;A\(2+ )) and N large enough the second condition follows. Moreover,

by examining (EC.7)), one can conclude that any limit is continuous. [

LEMMA [3] Assume the subsequence )% =1, as nj, — oo. Then, 1, satisfies

<f,¢71,t>:<f,1zl,o>+2<1+ﬁ><fm,F> / I(6,.. < 0)ds — / (F % 1 YI(Er0 < 0)ds

—A/ th ‘/’“ XM ) pee, < 0Vds for all £ > 0. (EC.8)

Proof. The martingale central limit theorem (c.f., [Pang et al.| (2007)) implies

Supg<;<pn S (t) — Zg:nl pit] 2 0 and supyo,pn'[A"(t) — A"t| 5 0 Using the Skorokhod
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representation theorem (see, e.g., Theorem 6.7 in |Billingsley| (1999)), we can assume that these
and the subsequence in the statement of the lemma converge almost surely. Also, as mentioned
in the proof of Lemma [2| for any f € Cg,[0,7], the limit (f,1) is continuous and hence, the
convergence holds in the supremum norm as well as the Skorokhod dg metric. We define the

processes

S™(t) S™(t) Né}l 1— In(6n 5 H Xn(gn ) <0
M) ::Z<f,u;ii>—2<f, e )>,
i=1 i=1 k=1 Mk

A"(t) A™(t) N
n L k)f;?(%z )%J(X"(G" —-)<0)

where 0/0 is assumed to be 0. It is easy to see that both M;* and M} are F; martingales. After

some algebraic manipulations, Equation (EC.6) becomes

. _ Rl Na (1= I2(0%,— )8, TI(X"(02,—) <0
(03 = (F0) + 0 M)+ S <f, il I SiNi);k( =0 >
i=1 k=1Hk

A" (t) N
« h(pu) I (0% .—)6, I(X™(0% .—) <0
M) — Z f, 2oy hpr) ’;v(" hi~) u: (L (0%,—)<0)
k1 () I (951‘*)
71<f><Ler¢V=1 )
Ziv:LMk

_n- / x| Ek w:/jk (X"(s—) <0)dS"(s) —n~' MZ(2)

_n—l/ <f><h:77/}27>
o (hyi)

= () + MO <f“”12“~k>/otH<X"<s—><O>d<sn<s>—§ﬁ:1uks>

Nn
! Zk 1 Mk

e o [1(X0D <o) a
/ <fl><zb;w;>k (an;) . 0) d(sws)—nsz’luks)_ / e @ﬂ(xn?(j) SO) N

_Mi()_/0 <f<>< Zf§_>H<XnnS_)<O>d(M>

/o <f<x ]:bw> o w (Xv(m - SO) ds. (EC.9)

i=1

= {5 98) 4 M)+ [ 1) <ojas s

I(X"(s—) < 0)dA"(s)
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Since f € C 0,00), we assume that f(u) < K for all 1 € [fimin, fmax)- By our assumption,

[#min Hmax] [

we know that supy<,<7 [(f,97*) — (f,1:)] — 0 almost surely, along the subsequence {t;*};2,. The

martingales M} (t) and M} (t) can be written as

™ (1)

M) =0Tt Y (U UE) — BICUE ) P ),
A™(t)

and n M) =n"" > ((fUL ) —EI(f,Us ) Fun)).

i=1
Since both are pure jump martingales, we can write the optional quadratic variation of these

martingales as

S™(t) 2

[ M) =07 Y (fUS) = EIfUE ) Fup ) < izf sup S"(t)

i—1 n= o<t<T
An(t) K2
[ My (6] =077 Y ((FUR ) —E[(f UG ) Fur-])* < — sup A"(2)
ne o<t<T

i=1
which converges to 0 almost surely. We know that A(u) > 0 and it is continuous on the closed interval
[Hmins Pmax] and hence, there exists €, and K}, such that 0 < e, < h(u) < K, for all gt € [tmins fmax) -
Also, Assumption (1| implies the existence of Ky and k, such that 0 < ey <n 'N™ < Ky < o0.

Hence, we have the following bounds:

Ny NP
5 ) < xn ™S ) < Ky Koctimas (F % B B) < (F x hon 'S 8,0) < KKy Ky
k=1 k=1
<f X LJZ?> <f XL, nt Zk al 5#k> < KfKN:U'maX and <f X h_’j—};t> < Kth.
1Zk llu]C Zk 1lu’k EN <h7ws—> €n

These bounds along with sup,,.n""[S"(t) — Zg:l pit] = 0 and supg,cpn'[A™(t) — X't — 0
almost surely as n — oo, the third, fifth and the eighth terms on the right-hand side of (EC.9)

converges to 0 almost surely. Using the dominated convergence theorem, we deduce that

/Ot<f><t,w§‘_>1[ (X” )<0> ds%/ (f % 4,9, )1 (E(s—) < 0) ds

/Ot<f<z’f;_££>‘>w<m S)ds%/ f””/’s A ((s—) < 0) ds.

n

36?

—~

3

Hence, our lemma follows. [
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THEOREM [5| When ao=1, the stationary limiting fairness measure m o, under an h-random policy

can be written as

[, (1+ Lph(u))~*dF (1)

Moo (A) = —2— s , for all A € B[fimin, fmax] (EC.10)
1 o (14 Lph(u) ' dF (1)
where h(p) =h(p)/p and Lp is the unique solution of
Hmax
/’ p—P ap =3 (EC.11)
Hmin I'LF(1+LFh(M))

Proof. We know that &;,, > 0, and hence any fixed point of satisfies

<f X h’ z/7}1,15>

2U+5ﬂfX%FWGMSOV—UXA¢MH@MSO%%X(miu>

I(&1, <0). (EC.12)

As implies that 121,00 is absolutely continuous, it possesses a Radon-Nikodym derivative g(u)

with respect to F'. Setting f(u) =1 for all u, we have

/ " @) dF (1) = 3. (EC.13)

min

As the equation holds for any f € Cl[)umin,umax] [0,00), defining ¢, = ["™* h(1)g(u)dF (1) to simplify

Hmin
the notation, for F-almost all p

G0+ I _ Ay g
9 fir

Defining Lp = \/ ¢, and re-organizing terms, we obtain

gl0) = - (14 )L+ Lef(u) ™ (EC.14)

Plugging in (EC.13) we obtain (16), and since the integrand is decreasing in Ly then the Lp

that satisfies this equation must be unique. This proves that for any limit point 1, ;, we have

(fobrs) = [ f(1)g(p)dF (i) as t — oo for all feC? [0,00). Hence, using the fact that

Hmin [Hmins#max]

the indicator function of any Borel set A can be approximated by functions in (Cf#mim ] [0, 00),
we have 11 ¢(A) = [, g(u)dF(u). Using Theorem [3| this implies that ¢ (A) = [, g(u)dF(n) as

n — oo. Plugging v, , into the definition of the fairness process, the result follows. [
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LEMMA 4] Define hyin =min,, . h(u) and hpa.x = max h(p) and let Ly be the

Hmin<p<pmax

solution of for some service rate distribution F'. Then,

B p
<Lp<
hmax == hmin

. (EC.15)

Proof. Dividing both sides of (EC.13)) by A3, this equation defines a probability measure F on

[Hmin, fmax] and ¢, in the proof of Theorem can be written as c, = A3 f:"fax M ”?\(B”) dF(u). The

integral is the expectation of h(f1) where fi has distribution F', and hence, is bounded from below

by Ami and from above by hy.,. The result follows as Ly = 5\/ cg. O

COROLLARY [1] Suppose that g(u) satisfies strictly. Then, g(p) is the density function of 11

with respect to F under the h-random policy where

(U B)(Er) " = Bles e~ g(m) )

hlm) = BA(L, M1 00) " g (1)

Proof. Let g(u) be the density function of ¢, ., with respect to F. The definition of the limiting
fairness measure and (10) implies that g(u) = BA(,71.00) *g(p). Plugging into the definition of c,,

we can see that for the proposed h(u) we have

-~ () o) ) )

min 'H’F
1 + /8 Hmax _ Hmax
= pdF (1) — B, m1.00) 1/ g (1) dF (p)
HE HFmin Hmin
=1.

Hence, Ly = \. Now, plugging this in (EC.14), we get the desired result. [
EC.5. Proofs for Results Presented in Section

THEOREM [6] If sup,

n' = E[I} (00)|fip = 1] — Bg() A iF (1, Nao) ~H| = 0, then,

min<p<pmax
L if n* L f'(n*ta) = 0 for all x >0 as n — oo, then for any € >0 there exists an N, such

~n,%

that n > N, implies that the optimal strategy for any server k in the nth system is ;" €

[ﬂ;in,mﬂgﬁn,k +e),
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2. if the limiting stationary fairness measure is deterministic with a decreasing density g(u), then
for any € > 0 there exists an N, such that n > N, implies that the optimal strategy for any
server k in the nth system is [i" € [l g finin g 1 €)5

3. if ntf'(n* ) — 0o for all x>0 as n— oo and g(p) is strictly increasing and concave,
then for any € > 0 there exists an N, such that n > N. implies that the optimal strategy for

any server k in the nth system is fi" € ([ — € i x] with probability 1.

Proof. To simplify notation, define C' = BA*"'fi%. *(1, 1) ~'. The uniform convergence assump-

tion implies that for any p > 0, there exists an N, such that for all fimin < 1t < fimax
[E{I} (o) = ] — ™ Cyl)| <n*p. (EC.16)
First, we analyze the best response for server k for all large n for the approximating problem

max — f(n*"'Cg(w) - aje(p). (EC.17)

i
min,k max,k

Taking the derivative of the objective, we get

n* g () f' (" Cy) = @i (). (EC.18)

First, we analyze part 1, i.e., the situation when n®~! f/(n®"1z) — 0 for all z > 0. We know that
f(p) is concave and thus its derivative is decreasing. Since g(p) is continuous, it attains its minimum
at (1} € [fimintmax)- Then, we have f'(n®'Cg(u;)) > f'(n*'Cg(u)) for all pimin < pt < fimax. Hence,
there exists an Ny such that n*~' f'(n*'Cg(u})) < “unmin for all n > Ny and hence, the minimizer

f (EC.17) is p.™ = i}, 1. for all k and n > N;. Using the gradient inequality for concave functions

on f(n® 'z), we get for any fimin < it < fimax that
Fo= Cg(p) — age(p) < f(n* ' Cglpmm i) + 0 CF ("7 Cylpg)) (9(1) = 9(brin i)
- ELZC(ILLZﬁn,k) - CLminCmin(,LL - u:\in,k)'

Hence, for any n > N;, we have

a— ~n a— n ~n n a’miﬂcmin *
f(n 109(,“)) —agc(p) < f(n lc(g(:umin,k)) - akc(:urnin,k) - T(.U - Nmin,k)a
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and for any g > puy,, . + 6€(@minCmin) '

F(n = C(g(n)) — age(n) < ("7 Clg(piminr)) — @5 c(Hpmin, i) — 3. (EC.19)

Again using (EC.16), there exists an N, such that n > N, implies

E[L} (00) | = p] = n

Using the mean-value theorem and the concavity of f(-), for any fimin < ft < fimax and n> Ny V N,

n**Cg(uy)
— )P

‘f(E[I]ZL(OON/lZ = ‘u]) — f(”aflC’g(u))\ < na—lf/ (
Now, choosing N3 such that n > N3 implies

ot (no‘_ Z!J(M;)) <

)

€
p
and using (EC.19), we have

JE[L (00) |y = p) — age(u) < f (B (00) |2y = fimin ]) — R c(iin k) — €

for all pu> plt;, 1 4 6€(AminCmin) " and > (Ny VN,V N3V N,).
Now, we consider the second case where g(u) is decreasing. As is negative for all u, the
minimizer of (EC.17) is y;" = Himin i, for all n. Following the same steps as in part 1, part 2 follows.
Now, we analyze the part 3. As f(-) is concave, f'(n® *Cg(u)) > f'(n* ' Cg(fimax)) for all ppi, <

1 < fimax- Using this and the convexity of ¢(u), there exists an Ny, such that for n > N, the derivative

in (EC.18) is positive for all pimin <t < fhmax, Which in turn implies the maximizer of (EC.17) is

n,

" = oy - NOw, choosing Ny such that n > Ny implies n® " f'(n® "' Cg(tmax)) >

20yin Cmi
ainamin. and
min

following the same steps as in part 1, the theorem follows. [

To prove Theorem |7} we needd the following uniform integrability result:

LEmMMA EC.2. For any o> 1/2, the collection of random variables {(I"(c0)) I(I"(c0) > 0)}nen

is uniformly integrable.
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Proof. We need to prove that for any p > 0, there exists an M > 0 such that

sup [I:(L;)H(In(oo) > 0)I (I"(L;) > M>] <p. (EC.20)

For any n € N, we have

E LZE:O)]I(I”(OO) > 0)I (I:Z;) > M)]

ne n n® N n . B nar— \—a
—E | (00> 00 >M)H<;uk,—zv | < 200 ) )]
n® n n* N " . B e o
B | fg 1 (oo)>0)11([n(oo) >M>]I<;uk—N jir| > SO0 (ir) )]
<g |- ]1(1"(00)>0)11< n >M>| f:m—N",zF < B (apy-e
| I*(o0) I7(00) p F -2
4P ( > wi - N | > §<A”>a<nF>1-a> . (EC.21)

First, we concentrate on the first term of the right-hand side. From Assumption [1| for any €; > 0,

there exists an N, such that for any n > Ny, n='A" < X\ +¢€;. Hence, with n > Ny, we define

P L)
4,u'max

Now, we consider a sequence of birth-death processes {Y"(t) },,en. The birth rate in the nth system
is uniformly equal to A" for any state. When the system is at state Y™(¢) = ¢, the death rate is

given by

U fbmin ifi1<N*"—n*K,
V; =

A" B if i > N" —n°K,
Now, we show that the process N™ — Y™ (t) is stochastically smaller than I”(t). Remembering that
due to non-idling property, we have I"(t) = (X™(t))~, we can write

I:;L _ (Xn(O))i 4+ Sg)ﬂ <<Xn(egﬁi_)>+ = O> I (Uln SP? (egz_))
i=1
A™(t)

31 ((X”( ’;,J.—))_ >0) :

i=1
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Similarly, we can couple the birth-death process with the idleness process as

n A™ (f)

Y"(t) =Y"(0) ~ 0 f LU <57 (0%,-)) + n—azﬂ((ﬁ”wz,z——))ko),

i=1

where pf (0% —) = Suppose N" —Y™(0) = I"(0) and define 9" = inf{t : N* —=Y™(t) > I"(¢)}.

Ziv:ﬁ Ay
Then, with probability 1, N —Y"(J—) = I"(J—). As for any state where I"(t) =i, —x#—

b —
Zk 1“k

M, if ¥ is an event epoch for S™(t), we have N* — Y"(J—) < N* —Y"(¥—). If 9§ is

Zk 1 ME

an event epoch for A", then N™ —Y"(¢¥—) < N™ —Y"(¥—). This leads to a contradiction and we
conclude that N™ —Y™(t) is stochastically less than I"(t). Now,

2 | 69> (g > 7 )| < (o< 55
K.n

)

Now, as v; > A" for all i > N" —n*K,, for each n, the birth-death process Y™ () is positive recurrent
and for all i > N" —n®K,, we have

P(Y"(c0) =1i) = ( An B (Am)es

i—N"4+n®Kq
< A
- A" + g()\n)aﬂ};a

e \n n*Ka/2 ()\n+é()\”)a71_a)na
neP (Y"(OO) 2 N" — n ) S — 4 /;LF )
2 A GO (

i—N"4+n“Kq
a) x P(Y"(00) = N" — n°K,,)

Hence,

When « > 1/2, we see that the first-term on the right-hand side approaches 0 exponentially fast,
whereas the second term increases linearly as n — oco. This implies that there exists an N, where
the first term on the right-hand side of is less than p/2 for n > Nj.

To address the second term on the right-hand side of 7 choose p to be the smallest even

number such that pa > p/2+ a. Then, using Markov’s inequality

N
IFD (
k=1

n

a ZP/Q (Mmax - Mmin)p

> 5<A”>a<m“> < Y -
2 EOma(ar) =)

_NnﬂF
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It is now easy to see that the numerator scales with p/2+ o where as the denominator scales with

pa. Hence, the right-hand side approaches 0 as n — oo and there exists an N3 such that n > N3

nP (

Choosing M =max{2/K,,N{, Ny, Ng'}, (EC.20) holds and our result follows. [

implies
NTL
> mi =N

k=1

> §<A”>a<nF>1a> <p/2.

mg (hﬂZ’oo>

THEOREM [7] As n— oo, we have E[I}(00)|ur = my] — T S

Proof. We define U}, ; =1 if the ith event epoch of A"(t) corresponds to an arrival directly
route to server k and 0 otherwise. Similarly, we define Ug, , =1 if the event epoch of S"(t) corre-
pondes to an actual service completion at server k. Then, we have the following balance equation:

S™(t) AT (t)

=10+ > U, — > Uiy,
=1 =1

S™(t)

=)+ | 3 U= [ 0= Tpds |+ [ (1= Tp=)as

AT (t) tg o~ tg o~
no A" [T h(Ep) I (s—) A" [ h(ap) I (s—)
(Dot o) =5 |

Ak,i
oon

(h, gy, ) n

i=1
The second and fourth terms on the right-hand side are Poisson martingales with initial value 0.
Assuming that the system is in stationarity, taking the expectation of both sides and using Fubini’s

theorem, we have

Theorem |5| implies that (h,9™) 5 (h,1..) where the limit is deterministic. Using Lemma

and the notation Ly = A(h,t.,)~ !, we can find an N, such that n > N, implies

| Lph(p)E[I}; (00) | = p] + pE[L}? (00) [k = p]) — p| =€

Re-arranging the equation, the desired uniform convergence result holds. [
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THEOREM 8] For 1/2 <a <1, under any idle-time order based policy, holds and we have

n'"E[I}} (o)

fp=p) = pBA N (pton + e ),  forall1/2<a<1, and

n ~n __ ﬁ<[’7771,00>71 o
E[L; (o0)| iy = p] = P SESE for a=1,

as n — 0o, where My « s the limiting fairness measure for h-random policy with h(u) =1 as given

in Theorem

Proof. Theorem 9 in |Gopalakrishnan et al.| (2016|) ensures that all the idle-time order based
policies have the same stationary distribution. Hence, it is enough to prove the theorem only for
one idle-time order based policy for each «. Hence, the case when oo =1 follows from our Theorem
when taking h(p) =1 for all pmin < i < fimax. To prove the result for 1/2 < a < 1, we concentrate
on the longest-idle-server-first policy and follow a similar approach to the proofs of Lemma 4 and
Theorem 6 in|Biike and Qin|(2023).

As in the proof of Lemma |l| we define the ith event epoch of the arrival process A™(t) as 0% ;
and the inter-arrival time between arrival i —1 and i as uj =07, — 0% ;, ;. As the arrival process
is a Poisson process, u] are independent exponential random variables with rate A". Similarly, we
define the ith epoch of the potential service completion process, Si(t), of server k as 05 ;.. and the
inter-event time between (i —1)st and ith epoch as vi; =05, , — 05, ; , for all i € N, where v} ; are
independent exponential random variables with rate fi};. We also denote the ith epoch of the actual
service completion process, Dy (t), of server k as 973 ki~ We define ¢y ; the idling time of server k after
the ith server completion as ¢y, :=inf{t — 0%, ;: I;'(t) = 0,¢ > 0%, ;}. For longest-idle-server-first,

we have
1™ (05 14)

on o __ n _ _nn
i = E UA@s, )+ + (UA(ngk’iH—l 0 ki)
j=2

Using the expression as the start point, for the ith event epoch of the potential service completion

process S}!(t), we associate the potential idling time of server &, ¢ ;, defined as
103 k,s)

no__ n — o™
Pri = E Uagoy, o+ T (wagor, y+1 =05 14)-
=2
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We also define ¢", :=inf{t > 0:1I}*(t) =0} as the first time server k is busy and

17(0)

PS>l
j=1

Similar to equation (14) in [Biike and Qin|(2023), we can write

t Dy (#) - -
/ (s)ds = (@ A+ 3 (B A (E—02,0))
0 i=1
Dy (t) - D (t)
= (@ A+ D P > (i —t+0L, )" (EC.22)
=1 =1

For the proofs in this section, we assume that the system starts in stationarity. Hence, for all
t >0, we have
E[1} (o0) [ = 1] = ELL; (8)| i = .
We need the following lemma to prove our theorem.

LEMMA EC.3. For any k, I} (00) 20 and E[I}(co)|u} = ] — 0 as n— oo,

Proof. We have

E| / T(s)dslig = 1] = / E{I (), = plds

Dy (t)

E[(@2 At = p] + B Z% t—05,.) ik =

Sp ()

E[¢" g =pl +E | > épilip =p
=1

_ ElI"(x0)
< G
103 ks

+E ZH O, < t) Z uA(H i)t (UA(vak,i)Jrl*egk,i) i, = p

_ ElI"(c0)
iy A"
I"(G’g k, 7,)

+ZE H(eg,k,igt)E Z UA(& L)t (UA((?g,k,iHl _eg,k,i) |~Fég’k,i_ |t = p
i=1

E["(0)] |, Sf“"(egkw -

< =

< El"(00)] | ptE[™(00) + LIk = p]

— 0.
- A" A"
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As p < fimax, the convergence is uniform. The convergence in probability follows using Markov’s

inequality, which concludes the proof. [J

Our stationarity assumption combined with (EC.22) implies that

— n ~n nlia ¢ n ~M
W B o) =) =" [ B = pds
0

Dy (t)
— k
nl [e]

= T —E[(¢, A = 1 Z¢

e [DEO)
Ty E Z( t+95kz) |, = p
i=1
Hence, for all ¢t >0, we can bound n'~*E[I}}(co)|f} = p] as
—a  [PR® i - DR (t)
11—« n ~n n o n|~n n “ n nn +|~n
n'~“E[Iy (oo) |t = p] = 7 E Z ol =p| — : E Z (97 = (t—=05,.:) " | = p
i=1 i=1
(EC.23)
l-a _DZ(t) 1 l-a
l—-a n ~n n n n n o |~n
n " E[I (o0) | = p] < 7 E Z ok =p| + P Elo” | ak = u]. (EC.24)

The first terms on the right-hand sides of (EC.23) and (EC.24) are the same and we first concentrate

on this. We have then

Di(®) nl-o [Sp &) 1™ (95 k)
Z o7 |y = = E Zl Zl uA(ég,kyiHjmk =K
1= Jj=
e [SR® I"wg,k,n
n n n n ~MN
—— E Z = I (05 ) Z UA(og,ki)HWk =H
i=1 j=1
lea  [SEOTO5K)
n n ~n
- E Z Z “A(eg,k,iwﬂﬂk =p
i=1 Jj=1
ST(t) I"(035 1, 5)

an 05,,i—) Z Uﬁx(e)g,k’i)ﬂmzzﬂ
j=1

t[”(.s )+1

/ D koo ASENAE =

- I"(s )
nl «a
_tE/ Zumm dsy (s)| i
0
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n b _ .
— | [ (Gt aslit =
0

[ a2 (am) 4ol ~4].

Using the stochastic boundedness of I " and Lemma the second term converges to 0. Using

the stationarity assumption,

sup

Hmin <H<pmax

t

’I’L,U, n —a ~n lu’ n ~n

Sl [/ (Lo (s=) +n=")ds|fiy =u] — L Elaoo)l i = u]’ —0.
0

Next, we concentrate on the second term on the right-hand side of (EC.23)). Each summand cor-
responds to the remaining idling time from the service completion at ég,“ This implies only the

summand corresponding to the last service completion is positive and

1" ()

(@7 = (=02, )T <D wan(eyes-
j=1

Hence,

[ ()

E | D67 = (=05, i = | <= E | " wanolui =
j=1

1" (1)

nl—u N
= E|E ZUA"(t)+j|-7:t i =
- j=1
n

= B |10l = 1]

n

= B L2 (00 i = ]

Similarly, we can bound the second term on the right-hand side of (EC.24) as

nl—a nl—a In(oo) n .
—E[6 i = ) < —E | 3wl = 1| = 5B | L (o0) i = ]
j=1

Taking ¢ large enough, both terms can be made arbitrarily small and hence (EC.23) and (EC.24)
implies

—a n ~n H T ~n
sup  |n! (1} (00) | = ] — BB (00) i} = ]| 0.

Hmin SHS Hmax A

Now, plugging in the expected value to be BA*fip *(t,Mn.0o) With (1,7n.00) = iz (0% + i2), the

result follows. O
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LEMMA |5 Under Assumption the limiting utility function Uy (p) is concave.

Proof. The utility of idleness function is increasing and concave. Hence, to prove the concavity
of the first part, it is enough to prove that the idleness experienced by a server with rate u,
(1+ LF(o)il(p))’l7 is concave (see, e.g., page 86 in |Boyd and Vandenberghe| |2004). Taking the

second derivative yields

P+ Lpoh(n) ™" _ Lpo) (Lpo (20 (1)* = h(p)h" (1)) = B (1)) .

dp? (14 Lo h(p))?

Using the convexity of fL(,u), we can conclude that the second derivative is negative for the idleness

experienced by a server with rate p is concave under and hence, the result follows. O

THEOREM [9] If F is an equilibrium service rate distribution, the distribution function F has the

form in , where Lp is the solution of

/#mx MdF(MLF) -0

Proof. As Lp uniquely characterizes the distribution of idleness among servers, our result will
follow if the distribution of service rates resulting from L also yields the same Ly for the h-random

policy under consideration. Plugging in , this can be written as

HMmax 1+ﬂ
— = dF(u|Lp)=38.
/pmm Fn (it Ly W) =0

Taking fir to the right-hand side and writing it as an integral, we get

Hmax 1 + /8 Hmax
p————dF(p)=p pdF (p|LF).
/Nmin 1 + LFh(:LL) Hmin

Re-arranging the terms, we get the desired result. [

PROPOSITION [2] Let the distribution of a}, F,, be continuous. Then, Equation (28) has a solution

in the interval [1/(Bh(ftmin)), 1/(Bh(ftmax))] and has no solution outside of this interval.
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Proof. As a} is a continuous random variable, using the continuity of C(u, L)) we can con-

clude that if L; — L0, we have F'(u|L;) = F(p|L x)) for all @ € [timin, lmax)- Hence,

Hmax 1 _ LZ;L Hmax 1 _ L ;L
[ W ap ) - [ A0l g
Hmin 1 + Llh(u) Hmin 1 + LF(O) h(u)

_ /m L~ BLih(p)
T 1+ L;h(p)

/‘L“‘“ M 1— BL o h()
Hmin 1 + LF(O) h(l’l’)

) - [ p Rl gy

pmin L+ Lpoh(p)

dF(pu|L;) - / L ALro bl AL (1)
HFmin 1 + LF(O) h(l’l’)

min

+ AF(p|Lpo)

As i — o0, the first term on the right-hand side converges due to continuity of the integrand, and
the second term converges using the definition of weak convergence, which implies the left-hand
side of (28) is continuous with respect to Lr. Now, if Lp = 1/(ﬁﬁ(y,,li,l)), the integrand of is
non-negative for all /1 € [fimin, ftmax] and h(y) being strictly decreasing, implies that the integral is
positive for all Ly <1/(8h(pimim)). Similarly, if Ly = 1/(8h(jimax)), the integrand is non-positive

and the integral is negative. Using the intermediate value theorem, the result follows. [



