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EC.1. Missing proofs in Section 4.2

In this section, we first provide additional intuition on the AA. Then, we prove Lemmas 1, 2, 3, 4,

5 and Claim 3 in Section 4.2, and the loss factor of (1 —O(M/C)) in the CR.

EC.1.1. Additional Intuition on AA

In this section, we further illustrate with an example how the AA assigns the dual variables, and

discuss some intuition on the design of the AA using the example.

ExaMPLE EC.1. Consider a two-class setting with C' =2, D = D®? =10, rMW DM =, r2 DA =
h, where [ /h is small, e.g., 0.001. For this setting, the optimal booking limits C(®* and CV* as in (5)
are close to 1, i.e., 2/(2—0.001) and (1—0.001)2/(2—0.001) respectively. For the sake of exposition,
we treat both booking limits as 1. Consider an instance I with T'= 20, (r;, D;) = (r®¥, D) for all
t € [20]\{4}, and (r4, D,) = (r®, D®).

The primal constraints and the dual constraints (11) without z; for this example are shown in
Figures EC.1 and EC.2 respectively. To elaborate, each row in Figure EC.1 is a primal constraint
corresponding to (2), and each column in Figure EC.2 is a dual constraint corresponding to (11)
but without z,. We omit Zz; here since we aim to show that the inequality (15) holds. Indeed, if
property (15) holds, z; will not affect the CR since it is the revenue surplus which comes together
with the primal increment (revenue). In addition, we show dual constraints vertically as columns,
since it is visually convenient to keep the shape of the constraints consistent in both the primal
and dual.

Despite the same shape of the constraints, it is still a formidable task to analyze these constraints.
To further visually simplify the dual constraints, we use a vertical line to represent each dual
constraint (without z; at each t) in Figure EC.3, and we show the rejection price R, at the bottom
of each line.

The assignment of the dual variables can now be seen clearly. With such an assignment, for every

line (i.e. dual constraint), the sum of g, along the line is at least the corresponding rejection price
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the modified example

R, so property (15) holds. If we alter the setting slightly so that D™ =5 and (ry, D;) = (r®, D))

while all other parameters remain unchanged, which we refer to as the modified example, the dual

constraints look like Figure EC.4. It can be seen that property (15) is still satisfied, since the sum

of g, along each vertical line is at least min{R;,r;D;}.

Exact dual optimum. The surprising fact is that, when the monotonicity condition holds and

the durations are divisible, this simple way of assigning the dual variables achieves the exact dual

optimum for instances in which at least C' class ¢ customers arrive for each i € [m], in low-then-high

order, for any m € [M]. Indeed, in Example EC.1, the optimal revenue is at least C'(h+1), while the

revenue collected is 2l +h = C(

), which equals the best possible CR 1/T'=1/(2—1/h)
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times C'(h+1). Consequently, the dual value of any feasible dual solution is at least C'(h+1), which
is exactly what we achieve with our dual variables. This exact dual optimum achieved by the dual
variables constructed in AA leads to the asymptotic optimality, when the monotone condition and
duration divisibility hold.

Design to ensure primal-dual ratio bound. In fact, the exact dual optimum is achieved by
design of the AA. In particular, a dual variable increment r(™ D™ — p(m=1) D(m=1) i5 only made
when a revenue equal to a 1/I" fraction of the resulting dual value increment is earned within a
cycle of D. In Example EC.1, starting from ¢ = 1, when C©* units are allocated, a value of [ is
assigned to one of the 7; and the dual value increment is Cl. At this point, the primal-dual value
ratio is exactly C©*/C'=1/T'=1/(2 —1/h). At the next time step (¢t =2), the rejection price is
raised to [. The intuitive explanation is that we concede that C class 1 customers could arrive,
but we are willing to accept only C(@* of them and risk losing the rest if there are no subsequent
arrivals, in order to reserve capacity in anticipation of future arrivals of class 2 customers. One
can easily verify that if some of the first C(©* units (1 in Example EC.1) are allocated to class 2
customers, the primal-dual value ratio is still at least 1/I", even though some z; (z; in Example
EC.1) becomes positive.

When the remaining C"* units are all allocated, i.e., to class 2 customers, a value of h — 1 is
assigned to another g;, and the total dual value becomes Ch. The primal-dual increment ratio is
again exactly CW*h/C(h —1) =1/T =1/(2 —1/h). After the last unit is allocated, the rejection
price is raised to h. The intuitive explanation is that we concede that the actual optimal revenue

could be Ch; however, we can only accept C')*

class 2 customers due to the previous allocation
to class 1 customers. Lastly, since every primal-dual increment is bounded by 1/T", naturally, the
overall primal-dual value ratio is (CO*] +C®*h)/Ch=1/T =1/(2—1/h).

Design to ensure dual feasibility. Such incremental assignment of ¥, is feasible thanks to the
monotone condition. In particular, since we assign the value r™D® to 4, every D™ time steps
and DU < D@ if min{r,D;, R,} =r® D®  then it must hold that dorem ST <t+ D —1)y, >
r® DWW, Consequently, the property (15) can be satisfied at ¢ by just incrementing a ¢, with a value
of r@D® —rMWDW where 7 € [t,t+ D, — 1]. Indeed, in Figures EC.3 and EC.4, every vertical line
(dual constraint) that passes through the blue horizontal line (g, with value h — 1) must also pass

through at least one red horizontal line (g, with value ). Therefore, the monotone condition allows

a dual variable assignment that simultaneously achieves low dual value and dual feasibility.

EC.1.2. Proof of Lemma 1

Proof of Lemma 1  We demonstrate Lemma 1 as follows. For every ¢t € {t' € [T]: Ry >
rM D™ consider the smallest time index £ € ®(™) that satisfies t < f. We assert that the inequal-

ities t <t <t + D —1 hold. We demonstrate the assertion by a contradiction argument, where



e-companion to Huo and Cheung: Online Reusable Resource Allocations ech

we suppose that ¢ > ¢+ D™ — 1, meaning t <t — D™ + 1. The inequality ¢t < — D™ +1 implies
the following statement: in the iteration of the while loop when ¢ is identified in Line 7, the time
index t is still in A after the update in Line 12. However, by the definition of ¢ and by the fact
that the time indices identified in Line 7 form a decreasing sequence, we know that the ¢’ identified
in Line 7 in the next iteration of the while loop must satisfy ¢’ < ¢. The inequality ¢’ <t leads to
a contradiction to Line 7, since in Line 7 the Auxiliary Algorithm should have identified ¢ instead

of t'. The contradiction means that the inequalities ¢t <t <t + D) —1 hold. [ |

EC.1.3. Proof of Lemma 2

Proof of Lemma 2 R, =7r™ D™ means that t € A™ for all n € {1,...,m}. If D, > D™ by
Lemma 1, we know that for every n € {1,...,m}, there exists a t{™ € ®™ such that t <™ <
t+ D™ —1<t+ D, — 1. However, if D, < D™ the same holds only for n € {1,...,index(D,)},
i.e., there exists a t™ € ®™ such that t <¢™ < ¢+ D, — 1 only for such n, where index(D;) €
{0,...,m} denotes the class of the time t customer, identified by (7;, D;) (under monotone r
and D, D, < D™ implies that this class is at most m). To summarize both scenarios, for every
n € {1,...,min(m,index(D;))}, there exists a (™ € & such that ¢t <t <t+ D, — 1. By Line 8
in Algorithm 2, we have gtﬁ(’;)) =M DO =) DE-1 which means that Zle 1(t<7<t+D;—
Dy > D —p=1) D=1 for all n € {1,..., min(m, index(D,))}. Thus, by the definition of ¥,

(see Line 16), we have

T min(m,index(D¢)) T
Y1t <r<t+D,—1)y, > > i< r<t+D -1y
=1 n=1 T=1

min(m,index(Dy))

(n) H(n) _ .(n=1) (n—1)
Z (r D r D )
n=1

Y

=min{r™ D™ r.D,},
which proves the lemma. |

EC.1.4. Proof of Lemma 3

Proof of Lemma 8 To see Lemma 3, note that whenever the Auxiliary Algorithm includes a
time index ¢ into ®™ (Line 9), the time indices in A™ N{# — D™ 4 1,... ¢} are removed from
A (Line 12). Consequently, the next time step #' to be included must satisfy # <t— D™ . 1

EC.1.5. Proof of Lemma 4

Proof of Lemma 4 Let n = >, gy 1(t € Chargegm)). By the definition of the sets
{Charge!™ },neq1... ary.err) in Line 10, we have Z?Zl H{t<t<t+ D, —1}1{t € ™} > n. Due to
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Lemma 3, we also know that these n values of ¢ must be at least D™ time steps apart from each
other. This means that these n values of £ must lie in n disjoint intervals of length D™ . By the fact
that D) < D) ! € {1,...,m}, and the way ¢ € ®m") are identified and sets A™") are updated
in Lines 7 and 12 for all m’ € {1,...,m}, we know that each newly identified ¢ € (™) removes at
most D) < D™ time steps from A™") in an iteration. As a consequence, the number of € ®(™")
within the period from ¢ to t + D, — 1 must be at least n as well, for every class m’ € {1,...,m}.

That is,

T
Y ou{t<t<t+D,—1}1{f €™} > Y~ 1(t€Charge™) Vm'€{l,....m}.  (EC.1)
t'=1 fep(m)
Therefore, we have

T
Y it<r<t+ D —1)g, >

T=1

M-

1t<t'<t+D,-1i(Fe | &)

m/e{l,....m}

B
I
-

[t

T
Y o1t<t <t+D—1)1(F €)™

=1

NE

1

3

T
(r<m’>D<’n’> - rW*l)D(m’*l)) S 1(t<F<t+ D~ 1)1 € ™)

1 t'=1

Il
NE

!

3

> Z z 1(te Chargegm)) (T(m ) pm’) _ .(m'=1) p(m —1)) ’ (EC.2)

m/'=1tcp(m)

where the equality uses the fact that g}m ) = p(m) pm) _ p(m'=1) pm'=1) for a]l # € &™), Therefore,

Z Z 1(te Chargegm))(r(m')p(m’) _ r(m’—l)D(mL1))

m/=1gcp(m)

= r(m) pm) Z 1(t e Chargegm)),
ted(m)

(EC.3)

which proves the lemma. |

EC.1.6. Proof of Lemma 5

Proof of Lemma 5 According to the way each Charge set is constructed in Line 10, all sets
{Chargeﬁm)}Teé(m%me{l)._ﬂM} that ¢ belongs to have the same m, which equals index(R;) + 1, where
index(R,) is the type index of R,. Therefore, R, = r(m~Y D=1 Since all such 7 belong to ®™)

for the same m, they are at least D™ time steps apart from each other. Consequently, at most

[ DL(’,;)—‘ such 7 can lie within the range from ¢ to t 4+ D; — 1, which proves the lemma. |
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EC.1.7. Proof of Claim 3

Proof of Claim 8 First of all, it is true that if ¢t € Chargegm) for an m € {1,...,M},t € ™),
then 7,D, > R, =™~V D™= By the monotone r and D assumption, D, > D™,

Claim 3 follows from Lemmas 4 and 5. From Lemma 4, we know that

T
Y 1t <r<t+Dy—1)g, >r™D™ Y 1(t € Charge!™)
=1 ted(m)
Dy
> p(m) plm) Z 1(t € Charge!™) -2 (EC.4)
Dy
ted(m) ’VD(M -‘
Lemma 5 states that
D
(m) t
Z 1(t € Charge; ") < {D(m)-‘ ,
tea(m)

which implies that

(m) ) D,

m p(m

Z 1(t € Charge;") [ o .‘ < Ok
ted(m) D(m)
Consequently, b
t
r(m) plm) Z 1(t e Chargeg—m)) D;m) <r™D,<rD,. (EC.5)
ted(m) "D(;l)-‘

Now, according to how Z; is set up in line 19 of the Auxiliary Algorithm, we can consider the

following 2 situations:

o if 2, >0,
T
Zt:TtDt_zl(t§T§t+Dt - 1)@7‘
T=1
Dy
<r,D,—r™ D" Z 1(t € Charge!™) -2 (EC.6)
Dy
ted(m) ’VD(m) -‘
where (EC.6) follows from (EC.4).
o if Et = 0,
Dy
5=0<rD,—r™D™ 3" 1(t e Charge!™) D;’” , (EC.7)
rea(m {D@M
where (EC.7) follows from (EC.5).
Therefore, we always have that
Dy
5 < _ (m) (m) (m)y__D(m)
ze <rDy—r""™D Z l(t € Charget ) ’, D, .‘ ,
ted(m) D(m)

which proves the claim. |
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EC.1.8. Proof of the loss factor of (1—O(M/C)) due to rounding of the booking limits

In rounding the booking limits {C(™*}Y -+ as in (5) to {C™*}M -} as in (7), the booking limit of

m=0 m=0
each class is reduced by at most 1. Therefore, we have

qj(c(mfl)* — 1)7~(m)D(m)

CRof PLP-RR with {C4"}ic(o. -1y > minuc as) i D~y D D)

M-1 R pk)
. 1 1 o v M -3 wmpEm
=MNpe{1,..,M} T 1—W = Mype(l,...,M} T - »(m—1) p(m—1)
C<1—W)
D e o
_ =1 (&+1) p(k+1L
— min g 1_%'1 M >1-0 % g
me L. M} T ¢ 1_fmopmm | = c)) T

r(m) p(m)

EC.2. Proof of the CR of PLP-RR in the general case

In this section, we prove the CRs of PLP-RR in the general non-monotone case in Theorems 4 and

5.

EC.2.1. Proof of Theorems 4 and 5

In this section, we consider the general case with no monotone assumptions on either the prices
per unit time or the durations, and we prove Theorems 4 and 5. When the monotone assumptions
do not hold, we could have D™ < D(™=1 for some class m. According to the Auxiliary Algorithm,
the interval between adjacent positive gjt(mfl) could be longer than that of a higher class, gjt(m).
Therefore, for a time step t € A™), though the dual constraint at time ¢ contains an element in
®(™) it does not necessarily contain elements in ®(") for all m’ < m. This means Lemma 2 no
longer holds.

To solve this issue, the Auxiliary Algorithm needs to be modified for the general case. We change
Line 12 to

Set A < AN\ {t — D, +1,...,1}.

To explain this change, we need to make sure that for any class m, the interval between adjacent

) is at most that of a higher class. Since the highest class M might have the shortest

)

positive g™
duration, we assign positive y‘§m every D,,;, time steps for all classes m. As a result of this

modification, Lemma 5 will be replaced with Lemma EC.1 as follows.
LEMMA EC.1. If t € Chargel™, then t € Charge(Tm) for at most [%-‘ values of T € [T]. In addi-
tion, Ry = r(m=Y pDm=1)

Proof of Lemma EC.1 This holds since the 7’s are at least D,,;, time steps apart from each

min

other. Consequently, at most {D&—‘ such 7 can lie within the range from t to t + D; — 1, which

proves the lemma. |
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Consequently, Claim 3 also needs to be replaced with Claim EC.1 as follows for the non-monotone

case.

CLamM EC.1. Ift e Charge™, then r.D, > z, 4™ D™ Yicatm L(tE Chargegm))ﬁ.

Dmin

The proof of Claim EC.1 is provided in Section EC.2.2. Next, we establish the CR of PLP-RR for

the general case.

T M
ZTtDti‘t = Z re Dy + Z Z ri Dy
t=1

teNoCharge m=1 tECharge<m)
M M )
zZ z (m) y(m) (m)y +
> Z zri—Z Z Zt—i-z Z r'"™ D Z 1(t € Charge; )’7Dt—‘
t€NoCharge m=1teCharge(™) m=1teCharge(™) fea(m) Dmin
. 1
ZAme?ll,ln,M} [ (M)—‘ . Z Zt—’_czyt (ECB)
Dpin te[T]
Z Zt+czyt (EC.9)
te[T)

Inequality (EC.8) is derived following a procedure similar to that for the case of monotone r and
D. Inequality (EC.9) is because
Dm) Dox
me(M] {Dmij = [Dmin-‘ -

Therefore Theorem 4 is proved. By setting {C(™~V}M_ according to equation (5), A becomes 1/T.

Therefore, we have

ZTtDtxt > Z zZi+ T CZyt > ir Opt(LP D)

t=1 te[T]

The rounding of the booking limits from (5) to (7) gives rise to the same loss factor of 1 —O(%5),
which can be proved in the same way as in the case of monotone r and D. Altogether, Theorem 5

is proved.

EC.2.2. Proof of Claim EC.1

Proof of Claim EC.1 Similar to Claim 3, Claim EC.1 follows from Lemmas 4 and EC.1. From

Lemma 4, we know that

S0 70D e 2rD™ 5 e )

= ted(m)

r(m) p(m) Z 1(t € Charge!™) —— (EC.10)

Y D
tea(m) {Dmﬂ
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Lemma EC.1 states that

D
Z 1(te Chargeg”)) < [ i -‘ ,

fea(m) Dmm
which implies that

1
Z 1(t € Charge!™) —— < 1.

ted(m)

Consequently,

r(m plm) Z 1(t e Chargeém))i <rMmpm <y, D,. (EC.11)

tealm) [Dmtmw
Now, according to how Z; is set up in line 19 of the Auxiliary Algorithm, we can consider the
following 2 situations:

[ ] lf2t>0,

T
Zt:rtDt—Zl(thSt—f—Dt—l)ng

T=1
1
<7D, —r™pm Z 1(te Chargegm)) , (EC.12)
Dy
fe(I)(m) [Dmi7z—|
where (EC.12) follows from (EC.10).
[ ] lf gt — O,
1
Z=0<rD,—r™D™ Y 1(te Chargegm)T, (EC.13)
Fea(m) [DWZJ
where (EC.13) follows from (EC.11).
Therefore, we always have that
1
= < D, p(m) y(m) (m)
z <r,D,—7r'""™D Z 1(t € Charge, ){ o _‘,
{€q><m> Dnin
which proves the claim. |

EC.3. Missing details and proofs for the FCFS policy

In this section, we show the FCFS policy, and prove its CR. in the monotone setting in Theorem

3, and that in the general non-monotone setting in Theorem 6.

EC.3.1. First-Come-First-Served (FCFS) policy, phrased as a special case of PLP-RR

In this section, we present the FCFS policy as a special case of PLP-RR as follows.
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A

Igorithm 4 FCFS policy, phrased as a special case of PLP-RR

1: for time step t=1,...,7 do

2: Set the rejection price R;, based on the protection levels (C™)M_" and the occupancy
measures 11" where I\”) = S E 1t <7+ D, —1):
R0 if 1, <C
T rnpen 0 =

3: Set T, = ].(Ttl)t > }%t)-

4: end for

A

lgorithm 5 Auxiliary Algorithm for the FCFS policy (AA-FCFS)

1

10:
11:
12:
13:
14:

2
3
4
5
6:
7
8
9

. Initialize A= {t € [T]: R, =r® DO} & =), Charge = 0.
: For t € [T}, initialize Charge, = 0,7y, = 0.
: while A #( do

Identify ¢ = max{t:t € A}.

Set @ + dU {t}.

Set Charge;={7:t— D, +1<7<% 7, =1}

Set Charge < Charge U Charge;.

Set gz =r(M DA

Set A+ A\{t— Dmin+1,...,}.
end while
fort=1,...,7 do

Set z, = max{r,D, — Zle 1(t<7<t+D,-1)y,,0}.
end for

Return ({# }eer), {2 beer)-

EC.3.2. Proof of Theorem 3

To prove Theorem 3, we construct the AA for the FCFS policy as in Algorithm 5 to construct a

set of feasible dual variables that satisfies P > .

+() p)
(M) p(M)

- D, where P and D represent the primal

objective value achieved by the FCFS policy and the dual objective value achieved by the dual

variables constructed in Algorithm 5, respectively.

Similar to the AA for PLP-RR in the non-monotone case, the distance between any two time

steps in @ is at least Dy, = D™, so Lemma EC.1 still holds here with the superscript (m) removed.

Consequently, Claim EC.1 is replaced with Claim EC.2 as below.

Dy

Cramm EC.2. Ift € Charge, then z, <r.Dy, —rMDW Y. 1(t € Charge;) o)

Dy |
p(1)
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Proof of Claim EC.2 Due to the construction of AA for the FCFS policy in Algorithm 5, the

following inequalities hold.

T
YAt <7 <t+D,—1)g, >rMDM Y "1(t € Charge;)
=1 ted
Dy
1) (1) DD
>rYD Zl(t € Charge;) [ o .‘ . (EC.14)
ted D(l)
Lemma EC.1 states that
D
Z 1(t € Charge;) < {D(i)—‘ .
ted
Consequently,
Dy
rWpW Z 1(t € Charge;) {Dzi? <rYD, <r.D,. (EC.15)
ted D(l)—|

Now, according to how Zz; is set up in line 12 of the AA for the FCFS policy, we can consider the
following 2 situations:

[ ] 1f2t>0,

T
Et:TtDt_Zl(tSTSt‘i‘Dt_l)?jf

=1
Dy
<r,D,—rYDW Z 1(t € Charge;) DD(1> , (EC.16)
ted {D(i)—|
where (EC.16) follows from (EC.14).
[ ] lf Et == 0,
Dy
Z=0<rD,—r DM Y "1(t € Charge;) D;” : (EC.17)
ted {D(i)—|
where (EC.17) follows from (EC.15).
Therefore, we always have that
Dy
— 1
Z, <r.Dy —rWDW Z 1(t € Charge;) [D;t)_‘ ,
ted D
which proves the claim. [ |

Now, we are ready to establish the competitive ratio and prove Theorem 3:

Proof of Theorem 8

T
ZTttht: Z ry Dy + Z ri Dy
t=1

teNoCharge teCharge
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> > A+ Y A+ Yy, r“)D”Z”GCharget){Dﬁ

teNoCharge teCharge teCharge ted F5160)
>3 Z+0) > rOpW (EC.18)
te(T] ted tcChargey
> Z Z,+ U Z Cr®pw
te[T] ted
SN g, rDY (1) py(a)
= E Zt (M) D) Z
te(T] ted
- 1 p@ N 1 p@
_ T T
= i+ () D(M) Czyt D) DO Zzt+czyt
te[T] te[T) te[T)

With this, Theorem 3 is proved.

EC.3.3. Proof of Theorem 6

The proof for Theorem 6 largely follows the proof for Theorem 3 in Section EC.3.2, and the AA
used in Section EC.3.2 is also used in this section. However, unlike the proof for Theorem 3 in

Section EC.3.2, here we replace Claim EC.2 with Claim EC.3 as below.
Cramm EC.3. Ift € Charge, then z, <r.Dy —rM DMWY 1(te Charget)m.

min

Proof of Claim EC.3 Due to the construction of AA for the FCFS policy in Algorithm 5, the

following inequalities hold.

T
Z 1(t<7<t+ D, —1)g, >rM DA Z 1(t € Charge;)
T=1

ted®
S 0 W) Z 1(t e Charget)m (EC.19)
ted Dopin,
Lemma EC.1 states that
D
Zl(t € Charge;) < { L -‘ .
= Dmin
fed
Consequently,
DM Z 1(t € Charge;) <rWpW <D, (EC.20)

1
- [ Dy —‘
tee Dpin
Now, according to how Z; is set up in line 12 of the AA for the FCFS policy, we can consider the

following 2 situations:

o if 2, >0,
T
Zt:rtDt_Zl(tSTSt+Dt_l)gT

T=1

<r.D,—rMWDW Z 1(t € Charge;)

- D, |’
ted Dpin

(EC.21)
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where (EC.21) follows from (EC.19).

o if 2 = 0,
zZ=0<r,D,—rPDW Z 1(t € Charge;) ———, (EC.22)
- Dy
ted ’VDm’Ln-‘
where (EC.22) follows from (EC.20).
Therefore, we always have that
> _ M p _
zZ <rDy—r"D Zl(te Charge;) [ o .‘ ,
te® Dmin
which proves the claim. [
Now, we are ready to establish the competitive ratio.
Proof of Theorem 6
T
Z riDyr; = Z riDi + Z i Dy
t=1 teNoCharge teCharge
1
> Z Z + Z Z + Z r DM Z 1(t € Charge;) ———
teNoCharge teCharge teCharge ted ’VDZtm-‘
> Z Z+— Z Z r DM (EC.23)
te[T) f€<I> teChargey
SR
te[T] e
1 I)D(l
= 5 (M) (M)
Zzztﬂ{ (M) D(M) CZ D
te(T] ted

1 rOp® 1 O D@
:Zzt—i_g FM) D) Zyt k. r) DO Zzt+czyt
te[T] te[T)

With this, Theorem 6 is proved.

EC.4. Extension to advance booking

In this section, we study the case where advance booking on the resource units is allowed. We start
with the advance booking model, then we propose a modified version of PLP-RR, PLP-AB, and

show its performance guarantee and analysis.

EC.4.1. Model

We assume all customer classes have the same usage duration D. Unlike the admission control
setting, for a customer arriving at time ¢, the usage starts at time s; > ¢ instead of t, where s;

is revealed upon the arrival of customer ¢. The usage start times {s,},c[r) can be chosen by an
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adaptive adversary. We define S = max,c(rj{s:} as the latest starting time of any usage period
across all customers. All other settings on the online dynamics, model uncertainty, decision choices,
objective and model assumptions are the same as those in the admission control setting.

The underlying IP of the advance booking problem is as follows, which is also revealed column

by column in an online manner.

T
(IP-AB): max Z riDx,
t=1
T

s.t.Zl(sthgsmLD—l)xtSC Vredl,...,S},
t=1

v €{0,1} Vte{l,... T}

EC.4.2. Protection Level Policy for Advance Booking (PLP-AB)

In the following, we propose the Protection Level Policy for Advance Booking (PLP-AB), displayed
in Algorithm 6. For each time step t, each 7€ {1,2,...,S+ D —1} and m € {0,1,...,M — 1}, we

Algorithm 6 Protection Level Policy for Advance Booking (PLP-AB)

M-1
m=0 *

1: Input: Booking limit parameters (C(™))
2: for time step t=1,...,7 do

M-1
m=0

3: Set the rejection price R;, based on the protection levels (C™)) and the occupancy

----------

r© D ifvre{s,....,ss+D—1}, I}V <C©

t,T

rOD if 3re{s,....ss+D—1}, 19 =CO),

t,T

vre{s,...,s;+D—1}, I <cW®

,T

R, = : . .
' rm™D ifvme{0,....m—1}, Ire{s,...,sy +D—1}, I™ = o)

t, T
Vre{sy...,s + D -1}, I <Cm

rD  ifv¥me{0,...,M—1}, Ire{s,....s,+D—1}, I™M=cm

4: Set jt = 1(TtD > Rt)

5. end for

define the quantity

t—1
W= "3, 1(s;<7<s;+D—1) - 1(R;=r"D) (EC.24)

j=1
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which is analogous to It(m) defined in (4) in the admission control setting. The quantity It()'f) counts
the number of accepted customers who arrive at time steps 1,...,f — 1 and are still occupying a
unit of resource at time 7, with the additional property that their rejection price is equal to 7™ D.

PLP-AB is based on a similar concept of booking limits as in PLP-RR. The difference here
check {It(ff)}me{o,__.7M_1}7T€{st,__i7st+D_1}. That is, with the intuition of the nested protection level,
PLP-RR only checks the number of units of each subset being occupied at time ¢, while PLP-AB
checks the number of units of each subset being occupied for the whole usage period requested by
the customer at time ¢, which is from s; to s, + D — 1. As long as there exists a time step 7 within
the usage period from s; to s; + D — 1 such that the booking limits of the 1st to m-th subsets are
all reached at time 7, i.e. It(f? =CW for all k € {0,...,m — 1}, the rejection price R, needs to be
raised to at least (™ D. The reason for such a difference between PLP-RR and PLP-AB is the
generality of the usage start time in the advance booking setting. Next, we show the performance

of PLP-AB.

THEOREM EC.1. For the advance booking problem with identical usage durations, PLP-AB with
{C™},ct0....m—13 € Ac has a competitive ratio of :-A.

THEOREM EC.2. For the advance booking problem with identical usage durations, PLP-AB with

{C(m)}me{07_..7]\,{_1} = {Cz(m)*}mE{O,A..,M—l} has a competitive ratio of (1 — O(%))%

Theorem EC.2 says that with large capacity C', PLP-AB has a CR that is at least half of the
CR upper bound. In addition, the loss factor in the CR, 1 — O(M/C), is again due to the round-
ing from the optimally chosen set of booking limits, {C(m)}me{07,,,, M—1}, to their closest integers,

{Cz(m)*}me{o,...,Mq}-

EC.4.3. Analysis

Our analysis involves the following linear programming relaxation (LP-P-AB) of the IP:

T
(LP-P-AB): maxz riDxy
t=1
T
s.t.Zl(stSTgst—l—D—l)xtSC vVredl,...,S},
t=1

$t§1 VtE{l,,T},

T s
(LP-D-AB): minz z+C Z Yr
t=1 =1
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st+D—1

s.t.zp + Z Yyr > 1D Vte{l,...,T},
T=S8¢

ytZO Vte{l,,S},

Similar to the admission control setting, to establish Theorem EC.1, we show that there exists
({#}i=1,{z}i2,) such that

1. ({g:},,{z:}L,) is feasible for (LP-D-AB).

2. the inequality >°,_, 7Dz, > L-A- (31, Z +CY°_ §,) holds.
Again, we do so by constructing a dual solution ({7}, {z:}_,) with the Auxiliary Algorithm,
as shown in Algorithm 7, and we show that such a dual solution is indeed feasible for (LP-D-AB)
and makes the inequality in property 2 hold. We first need to define some notation to be used in
the auxiliary algorithm. Similar to before, for m € {1,..., M}, define A™ = {t € [T]: R, > r™ D}.
By definition of R, and A", for each t € A™) we can identify a 7 € {s,,...,s,+ D — 1} such that

t—1
[V =3 "z 1(s; <7< s;4+D—1)-1(R;=r" VD) =Ct" Y,
j=1

For each t € A, we define
(m—-1) _ . i _ (m—=1) _ ~(m—-1)
Py =min{r:7€{s,...,s, + D -1}, ;7' =C }. (EC.25)

Now we are ready to show the Auxiliary Algorithm for the advance booking model.

To briefly explain the Auxiliary Algorithm for advance booking, the main difference from the
one for admission control is that a pruning process is added. The key idea is that we need to
upper bound the number of p € ®™ within each interval of D for each class m € {1,..., M}, such
that we can constrain the value of Zme{l,‘..,]\/f} Zpep(m) yé’”), which is related to the dual objective
value. The problem without the pruning process is that there could be an excessive number of p in
®(™). Consider the following case. Suppose a p is identified as p in line 7 and included in set ®(™).
According to line 9, time steps with usage starting time from p — D + 1 to p will be removed from

A(™) | Therefore, the time step corresponding to p is removed from A®™). Suppose there is a time

step ¢ such that s, = p — D, then ¢ must still be in A). Now, the definition of pgm_l) states that
every pim_l) is within the range from s; to s; + D — 1, which means that pim_l) could be as large

as p—1. Then p—1 will be identified as the new p in the next round, therefore there is no distance
guarantee between the p’s in ®(™) for each class m.
To remove the redundant p from ®™, we add the pruning process such that we can still ensure

that there exists a p € ® for all t € A™ such that s, < p <s;+ D — 1 (formalized in Lemma
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Algorithm 7 Auxiliary Algorithm - Reusable Resource Advance Booking
1: for m=1,...,M do

2: Initialize A0 = {t € [T]: R, > (™ D}, (™ =, Charge™ = ).
For t €[], initialize Charge(™ = 0, 7™ = 0.

3

4: end for

5: for m=1,...,M do
6: while A(™ = () do
7 Identify p= maxteAm){pgm*l)}, where p{™ ™" is defined in (EC.25).
8 Set ®(m) «+ @™ y {p}.

9 Set At «+— AN\ {te A 5, <p<s,+D—1}.

10: end while

11: Set p=max{p:p€ ®™} (if (™) =), skip the pruning process below).

12: while {p:pe @™ p<p}#0 do > Start of pruning process
13: if {p:pc®™ p-D+1<p<p}#0 then

14: Identify ppin =min{p:pe ®™ s—-D+1<p<pl.

15: Set @) =&\ {pyin +1,...,5—1}.

16: Set P <= Pmin-

17: else

18: Set p+max{p:pec ®™ p<p}.

19: end if

20: end while > End of pruning process
21: for pc @™ do

22: Set Charge(™ ={j:s,<p<s;+D—-1, z;=1, R;=r""YD}.

23: Set Charge™ « Charge!™ U Chargeﬁm).

o1, Set g™ = (r0™) — p(n=D) D,

25: end for

26: end for

27: for s=1,...,5 do

28:  Set g,=> o _, gim.

29: end for

30: fort=1,...,7T do

31: Set z, = max{r,D — th:stD_l Ur,0}.

32: end for
33: Return ({y,}5_,,{z.}1_,).

EC.2), which is critical in ensuring Zi:;?il 7> > R;, and at the same time, we can constrain the

number of p € ®™ within each interval of D to 2 for all m € {1,..., M} (formalized in Lemma

EC.4). In fact, this is where the factor of 1/2 in the CR originates. Indeed, with such a construction,
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the overall dual value could potentially be doubled as compared to that with AA for admission
control, halving the CR.

Next, we proceed to establish property 1. We establish property 2 in Section EC.4.4. Again,
the output ({7.}5_,,{z}L,) is indeed feasible for (LP-D-AB) due to the way they are set up in
Lines 28 and 31 respectively. The establishment of property 2 for the advance booking problem
largely resembles that of the admission control setting, and we show it in Section EC.4.4. Since
both properties 1 and 2 hold, Theorem EC.1 is proved. A similar analysis to that of admission
control in Section 4 can be used to prove Theorem EC.2, given that Theorem EC.1 holds.

EC.4.4. Establishment of Property 2 for advance booking

To establish property 2, we first define the set NoCharge the same way as in the admission control
setting. Again, we need some lemmas and claims to facilitate the proof of property 2, and we state

them below.
LEMMA EC.2. For each t € A™), there exists one p € ®™ such that s, <p<s,+D —1.

The proof of Lemma EC.2 is provided in Section EC.4.5.1. Note that Lemma EC.2 corresponds

to Lemma 1 in admission control in Section 4.2. Lemma EC.2 is used to prove the following lemma.
Lemma EC.3. If R, =r(™ D, then it holds that 32"~ . > r(™D.

The proof of Lemma EC.3 is provided in Section EC.4.5.2. Note that Lemma EC.3 corresponds

to Lemma 2 in admission control in Section 4.2.
LemMmA EC.4. For all s €[S], it holds that Ziif_l 1{pecdm} <2,

Proof of Lemma EC.4 Lemma EC.4 can be proved using a contradiction argument. If Lemma
EC.4 is not true, then there exists an s € [S] such that Z;:f_l 1{p € ®™} =n > 2. Denote these
p’s as p1, pa, ..., Pn. Then Line 15 prunes the p’s in the middle, namely p», ..., p,_1, and leaves only
p1 and p, in @™ within the range from s to s + D — 1, which contradicts the assumption that
Zf;f*l 1{p € ®™} =n > 2. This shows that Lemma EC.4 holds. [ ]

We remark that Lemma EC.4 pinpoints the biggest difference between the properties of AA in
the admission control and advance booking settings. In particular, in the admission control setting,
all elements (%) in the set ®™) are at least D™ time steps apart from each other. However, in the
advance booking setting, we can only guarantee that there are at most 2 elements (p) within each
interval of length D time steps, which is due to the complexity caused by the arbitrary starting
time of customers. This is essentially where the 1/2 in the CR of PLP-AB originates. Lemma EC.4

is useful in proving the following lemmas.
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LEMMA EC.5. If t € Charge™, then t € Chargeg)m) for at most 2 such p € [S]. In addition, R, =
rm=1D,

Proof of Lemma EC.5 According to the way each Charge(pm) set is constructed in Line 22, all
such sets {Charge(pm)}pe(b(m)’me{l’_”,M} that ¢ belongs to have the same m, and R, =™~V D by
definition of Charge;m). By Lemma EC.4, there are at most 2 such p in every interval of length D.
Consequently, at most 2 such p can lie within the range from s; to s; + D — 1, which proves the

lemma. [ |

LEMMA EC.6. If t € Charge™, then it holds that

st+D—1

N m
Z .%257“( 'D Z 1(t e Chargefj ).
)

T=5¢ ped(m
The proof of Lemma EC.6 is provided in Section EC.4.5.3. Note that Lemmas EC.5 and EC.6
correspond to Lemmas 5 and 4 in admission control in Section 4.2 respectively.
Now we are ready to establish property 2. Again, we break down the primal objective into the
sum of the revenue earned at time steps in Charge(m) for all m € {1,..., M}, and the revenue

earned at time steps in NoCharge.

T M
Z r,Dx, = Z reD + Z Z r.D.
t=1

teNoCharge m=1 tECharge(m)
Next, we lower bound the revenue in NoCharge and revenue in Charge(m) respectively using the

following claims. They correspond to Claims 2 and 3 in admission control in Section 4.2 respectively.
Cram EC.4. Ift € NoCharge, then r,D > Z;.

Proof of Claim EC.4 This is true because of the way Z; is set for all ¢ in line 31 of the Auxiliary
Algorithm. |

CrLam EC.5. Ift € Charge'™, then r,D >z, + %r(m)D Zpe@(m) 1(te Chargeg)m)).

The proof of Claim EC.5 is provided in Section EC.4.5.4. Now, with Claims EC.4 and EC.5, we

can proceed with the inequality as follows:

T M
ZTtD«’ft: Z ry D+ Z Z rD
t=1

teNoCharge m=1 ¢cCharge(™)
M M 1
_ — m (m)
SID OIS Dl DEEES DD DR LT3 DR
tcNoCharge m=1¢cCharge(™) m=1tecCharge(™) ped(m)

Similar to the admission control setting, the first two terms can be combined because of the

following claim, which corresponds to Claim 1 in admission control in Section 4.2.
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Cram EC.6. If i‘t = 0, then ’l"tD Z Zt =0.

Proof of Claim EC.6 T, = 0 implies that R; > r,D. Now, Lemma EC.3 asserts that
Zst“} "4, > R, >r,D, hence z =0 by line 31 of the Auxiliary Algorithm. |

T=S¢t

With Claim EC.6, we have:

T M
Z r.Dx, = Z r. D+ Z Z ryD
t=1

tENoCharge m=1tcCharge(™)

M M
> Z Z + Z Z Z + Z Z %r(m)D Z 1(t e Chargegm))

tENoCharge m=1 tGCharge(m) m=1 tGCharge(m) pE‘i’(m)
=S a+g Y Y s
te[T] m=1 pep(m) tECharge( ™)
>sz+ Z 3 ¢ hpmp
te(T) m=1 ,cp(m)
M
Clm=1) . (m) D
(m) _ p(m=1)
- Z 2ty Z C rm) D — p(m—1) ¢ Z D—r D)
te[T] pe®(m)
M
Cm=1) . (m) )
- (m)
- A+ 2 CD D) Czy
te(T]
1 Cm=pm d
> — . Uy
2 aty, min, { C(rm D —ym=1) D) D
te(T) T=1

= Zzﬁ A CZyT
te[T)
ZZH-CZ?JT

te(T)
Therefore, property 2 holds, which completes the proof of Theorem EC.1. When the booking
limits take the values of {C{™*},,c(0....a—1y as in (7), Theorem EC.2 can be proved with the same

analysis as in the admission control setting.

EC.4.5. Proofs of claims and lemmas for advance booking

EC.4.5.1. Proof of Lemma EC.2

Proof of Lemma EC.2 First, we refer to Lines 12 to 20 as the pruning process. We demonstrate
Lemma EC.2 in two parts. In the first part, we prove that the property holds before the pruning
process. In the second part, we prove that the property still holds after the pruning process by
arguing that the pruning will not leave any t € A’ with no p € ®(™ such that s, <p<s,+D —1.
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The first part follows a structure similar to that of the contradiction argument in the admission

control setting. For every t € A(™) consider the time index € A’ such that pémfl) is the smallest

gm—l)
t

p € O™ that satisfies p{™ " < p . We assert that the inequalities s; < p%m_l) <s;+ D —1 hold.

—1) (m—1)

Suppose that p;"" "’ > s, + D — 1, meaning s, < p; — D + 1. The inequality s; < pém_l) —-D+1

implies the following statement: in the iteration of the while loop when pémfl) is identified in Line

7, the time index ¢ is still in A™) after the update in Line 9. However, by the definition of ,ogm_l)
and by the fact that the p’s identified in Line 7 form a decreasing sequence, we know that the
pgnfl) identified in Line 7 in the next iteration of the while loop must satisfy pgnfl) < p™ Y The

inequality ,02(;,7"_1) < pi™ Y leads to a contradiction to Line 7, since in Line 7 the Auxiliary Algorithm

(_'m—l)
t’

should have identified ptm_l) instead of p . The contradiction means that the inequalities
s¢ < p,(;m*l) <s;+ D —1 hold, which proves that Lemma EC.2 holds before the pruning process.
Now we show that after the pruning process Lemma EC.2 still holds. Consider every p pruned in
Line 15, from Line 13 we know that there must be a p, € ®™) and p;, € ®™ such that p; < p < p;,
and pj, — py < D. Therefore, after the pruning of p, for all t € A" such that p; — D+ 1 < s, < pp,
there exists p’ € @™ such that s, < p’ < s, +D — 1 due to the existence of p; and p, in ®™). Since
{t:p—D+1<s,<p}C{t:p—D+1<s;<p,}, the pruning does not affect the property. With

this, we have proved that Lemma EC.2 holds. |

EC.4.5.2. Proof of Lemma EC.3

Proof of Lemma EC.8 R,=r)D means that t € A™ for all n € {1,...,m}. By Lemma EC.2,
we know that for every n € {1,...,m}, there exists a p € ®™ such that s, <p<s + D — 1.
By Line 24 in Algorithm 7, we have g[()") =r™D — =YD, which means that Zi:;?ilgjﬁn) >
r™ D — =YD, Thus, by the definition of 7, (see Line 28), we have

st+D—1 m st+D—1
=Y g
T=5¢ n=1 7=s¢
> Z (r(”)D r("*l)D)
n=1
—rmp
which proves the lemma. |

EC.4.5.3. Proof of Lemma EC.6

Proof of Lemma EC.6 t€ Chargef]m) means that s; < p<s,+ D — 1 by the way Charge;m) is
set in Line 22 of AA. t € Chargefgm) also means that R, = r(™m=YD, and therefore t € A™") for
all m" € {1,...,m — 1}. By Lemma EC.2, we know that there exists a p(m/) € ®(m) that satisfies
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_(m/)

s: < pm) < s,+D—1 for each m’ € {1,...,m—1}. We also know that for all pm) e §m"), U ) =

rm) D — (=1 D Therefore, we have

st+D—1 m
> =Y (rD - UD) =rp,
T=5¢ m/=1

Now, by Lemma EC.5, we know that }° _gm) 1(t € Charge;’”)) <2, which means 3 > peam Lt €

Charge(pm)) < 1. Therefore, we have
si+D—1 )
Z g, >r™D> ir(m)D Z 1(te Charge(pm)),
T=s¢ ped(m)
which proves the lemma. |

EC.4.5.4. Proof of Claim EC.5
Proof of Claim EC.5 This claim follows from Lemmas EC.6 and EC.5. From Lemma EC.6, we
know that

st+D—1 1
> Gz 5rD Y 1(te Charge["). (EC.26)
T=5¢ pE‘P(m)
Lemma EC.5 states that
Z 1(t e Chargeﬁm)) <2.
pE<I>(m)
Consequently,
1 m m
Qr(m)D Z 1(te Chargef) )) <r™mp<rD. (EC.27)
p€q>(7n)

Now, according to how Z; is set up in Line 31, we can consider the following 2 situations:

[ ] lf Zt > 0,
st+D—1
Zt = TtD — Z gT
T=S¢
1 m
<rD— ir(m)D Z 1(t e Charge(p ), (EC.28)
ped)(m)

where (EC.28) follows from (EC.26).
[ ] lf Zt - 0,
1
zz=0<rD— §r(m)D Z 1(te Charge;m)), (EC.29)
p€<I>(m)

where (EC.29) follows from (EC.27).

Therefore, we always have that

1
zZ <rD— §r(m)D Z 1(t e Charge(pm)),

pecp(m)

which proves the claim. |
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EC.5. Main results for PLP-AP on Assortment Planning

We first define the parameters I'; and I, where I'; corresponds to I" in (6), but concerns the type

1 resource in the assortment setting.
M-1 D(m)

Ti=M-— Z D I = maxT. (EC.30)

We claim that the CR upper bound in Proposition 1, with I' replaced by I"”, still applies to the
assortment setting, as shown in Proposition EC.1. Indeed, one can easily show this by considering
the allocation of each resource type in the same low-then-high instances as in the admission control

setting. Proposition EC.1 is proved in Section EC.7.3.

ProrosiTION EC.1. For the assortment planning problem, no online policy has a competitive ratio
larger than 1T’ if DY > M - C; for all i € [n).

We highlight that the upper bound in Proposition EC.1 applies to all online policies, not only
to protection level policies. Before we show the performance of PLP-AP, we define the following
notation. The parameter ¥; corresponds to ¥ in (8) but is specific to type ¢ resource, and A’

corresponds to A in (9).

D™ /D™
U, = min DD U’ =min ;. (EC.31)
m/>m,me[M] "D(m /D(m)~| i€[n]
C(m—l)D(m)
A= min - TN (EC.32)
me[M],ic[n] Cz‘(DEm) *ngf ))

THEOREM EC.3. For the assortment planning problem, PLP-AP with {Ci(m)}me{o’,,,,M,l},ie[n] €

Ay has a competitive ratio of %\IJ’ N> AI,.

For Theorem EC.3 to hold, we require C; > M for all i € [n], so that such a choice of protection levels
{Ci(m)}me{o,...,M—1},ie[n] € A/ exists. To compare the CR in Theorem EC.3 with the CR upper bound
in Proposition EC.1, we provide the following theorem. We first define the following notation. In
particular, {Cfm)*}me{o7,__7M_1} corresponds to {C™*},,co a1y in (5), and {Ci(g)*}mE{O,A..,M—l}
corresponds to {C§7")*}me{0,,,,7M_1} in (7).

. Cz Dl(’rn)
(I Ymego.m-1y = {R- (1 - D@nm)} : (EC.33)
me{0,...,M—1}

3

ZC(")* J {ZCW J} : (EC.34)
me{0,...,M—1}

THEOREM EC.4. For the assortment planning problem, PLP-AP with protection levels
{Clm)*}me{o, M—1},icln] achieves a CR of (1 — (L))i >(1-0(22—2)) -

ming e () C; /721! ming e () C;

{Cl'(;r:)*}mE{O,...,J\l_l} = {
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Theorems EC.3 and EC.4 are proved in Appendix EC.6.1. The proofs largely follow those of
Theorems 1 and 2 in the admission control setting, but with a more involved establishment of

dual feasibility. Similar to the admission control setting, the factor O(M/min;ep, C;) in Theorem

.....

Recovery of the CR of 1/2 for the greedy policy in the identical-duration setting.

In the special case when Dgl) =...= DEM) for all resources ¢ (which relaxes the strict ordering in

C’l-(M_l)* =0, so that PLP-AP coincides with the greedy policy. In this case, the CR of PLP-AP
becomes 1/2, which recovers the CR of the greedy policy in Gong et al. (2022). Indeed, in this case
we have IV =1, ' =1, and the loss factor due to rounding becomes 0 since all booking limits are
integers.

Comparison with the greedy policy in the general-duration setting. We next show,
via the following results, that PLP-AP outperforms the greedy policy in general in the setting of
assortment planning with customer-dependent durations. The greedy algorithm in this setting is
shown in Section EC.6.2. We define the following notation, where W/ corresponds to ¥ in (10).

= mnel%lr\/ll] m, U = {2[1;]1 8 (EC.35)

CoRrROLLARY EC.1. For the assortment planning problem, PLP-AP with protection levels

(m)* : S . M v’ 1
{C Ymeqo,....Mm~1}.ic[n) achieves a competitive ratio of(l_O(W))T' e (0507
THEOREM EC.5. For the assortment planning problem, the greedy policy has a CR of (@’/2)-
minep {Df"/ DM}

(m)
M—-1 D:
mel ) =
=1 o

Corollary EC.1 follows directly from Theorem EC.4 and the fact that I'; = M — >

1-— ln% for all ¢ (since x > 1+ Inz for > 0). Theorem EC.5 is proved in Section EC.6.3.
By inspecting Corollary EC.1 and Theorem EC.5 side by side, we see that PLP-AP outper-
forms the greedy policy in general. Indeed, the CR of PLP-AP has a logarithmic dependence on
minie[n]{DEI) /D) while the CR of the greedy policy has a linear dependence on the same model

.....

algorithm when Dfl), . ,DEM) are “far away”, which is defined by the following condition (denote
ex = O(M/min;{C;})):
U'(1—ep) 1 0’ DY
. Y= > - -ming —oe o (EC.36)
2 maxXie(n] {M =2t ng)/ngH)} 2 el D;
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To get more intuition, let us specialize to M =2, and the above inequality holds true when
D§2) > (/0 (1— 62))D£1) for all resources 7, which can be interpreted as the case when the longer
duration type is “much longer” than the shorter duration type, where “much longer” means the
condition in (EC.36). Intuitively, PLP-AP performs better than the greedy policy, since the former
reserves resources in anticipation of future customers with long durations. Hence the former is able

to achieve a better CR than the greedy policy on “low-then-high” instances in particular.

EC.6. Proof of CR lower bounds for assortment planning

In this section, we prove the CRs of PLP-AP in Theorems EC.3 and EC.4 in Section EC.5. In
addition, we show the greedy policy and prove its CR in Theorem EC.5 in Section EC.5.

EC.6.1. Proof of Theorems EC.3 and EC.4

Our analysis involves the consideration of the linear program (LP-P-assort) and its dual formulation

(LP-D-assort):

T n T
(LP-D-assort): min Z Z+ Z C; Z Yit (EC.37)
t=1 i=1 t=1
n T n
stz+ Y > Lt<T<t+Diy—1)6:(Si)yir > Y 1iDisi(S,i) VS €S te(T),
i=1 7=1 i=1
Yie =0 Vie[n],telT).

To proceed, we first define {Zs;}scs,icir), where Tg, = 1(S = S5,) for each S € S,t € [T]. The
expected reward under PLP-AP is precisely E[Y),_, > ses 2oy TiDi (S, 1) Zs,]. To establish The-
orem EC.3, we show that there exist random variables ({;: }icin],ccir], {2t }rer) such that

1. ({E[gi)}ictn terr)s {E[Z] }eim) is feasible for (LP-D-assort).

2. the inequality E[ZtT:l Yses 2ory TiDi (S, 1) s > 20 - A E[Z; Z+ > ,C ZtT:l Ui t]

holds.

As shown in our forthcoming construction, ({;}icpn)terr), {2t }teir)) are random variables that
correlate with the randomness in the online dynamics.

Given random variables ({9 +}icmn),ter), {2t }eepr) that satisfy properties 1 and 2, Theorem EC.3
is established as follows. To start with, we observe that opt(LP-P-assort) = opt(LP-D-assort).
Denote the revenue achieved by PLP-AP as P. We have

E[P]=E Z Z Z 1 D; 104 (S,1)ZT sy

t=1 SeS§ i=1

ZEW’-A’-E
2

<Z Z+ ZC th)] (EC.38)

1
> —0'. A" opt(LP-D-assort) > 5@[" -\’ opt(LP-P-assort), (EC.39)

N
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where the inequality in (EC.38) is by property 2, and the first inequality in (EC.39) is by property
1. Thus, the theorem is proved.

We construct such dual variables with an Auxiliary Algorithm (AA-AP) as in Algorithm 8.
Similar to the AA in the admission control setting, the AA-AP takes the realized decisions
{Zs+}ierr),ses and rejection prices {R;;}ieiricin) as input, and AA-AP outputs a dual solution

({¥it Fiem)teir)s {2 feerm) that satisfies properties 1 and 2.

Algorithm 8 Auxiliary Algorithm for Assortment Planning (AA-AP)
1: fori=1,...,ndo

form=1,...,M do
Initialize A™ = {te[T]:Ri; > riDl-(m)}, 3™ =, Charge!™ = 0.
For ¢ € [T, initialize Chargegf) =0, gi(,T) =0.

end for

: fori=1,...,ndo
for m=1,...,M do

2
3
4
5
6: end for
7
8
9 while 4™ () do

10: Identify = max{t:t e A"™}.

11: Set ®™) « ™ U {£}.

12: Set Chargeg?) ={r:t—D;,+1<7<¢ 1(i is chosen at 7) =1, R, , = ringfl)}.
13: Set Chargegm) +— Chargegm) U Chargeg;).

" Set 3% — (DI — D),

15: Set A" « AN\ {F— D™ 4+1,..., %}

16: end while

17: end for

18: fort=1,...,7 do

19: Set g =M 5.

20: end for

21: end for

22: fort=1,...,T do

23: Set z,=>."_ (r:D;; — R;;)1(i is chosen at t).
24: end for

25: Return ({91 }eeqryicn)s {2t feern))-

Next, we proceed to establish properties 1 and 2. We start by stating the following lemmas which

are essential for proving the feasibility.
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LEMMA EC.7. For each t € {t' € [T]: Ryy > r;D™}, there exists a time index t € ®\™ such that
t<t<t+D™ —1.

Lemma EC.8. If R,y = r D™, then it holds that .1 1(t < 7 <t + D;y — )i, >
min{riD(m),riDi’t}.

Note that Lemmas EC.7 and EC.8 are analogous to Lemmas 1 and 2 in admission control (in
Section 4.2) respectively. Lemma EC.7 is useful to show Lemma EC.8, since the former ensures
the existence of a time index 7 such that y; , >0 and 1(t <7 <t+ ng) —1)=1for any t e Agm).
The proofs of Lemmas EC.7 and EC.8 follow those of Lemmas 1 and 2 in the admission control
setting, with the addition of the subscript ¢ to the relevant quantities, since the lemmas here
concern resource type i. Hence, we omit the proofs of Lemmas EC.7 and EC.8. Now we are ready
to establish the dual feasibility. To show that the expectations of the dual variables are feasible,
we take the expectation of z; conditioned on (i) F;_1, the history up to the end of time step t — 1,

and (ii) the duration type and the choice model of the customer at time ¢, ({D;; }icin), ¢1):

E[Z) Foeo1, ({Dis}iem) )] =B | (riDy, — Rit)1{i is chosen at ¢} Fy_y, ({Di,t}ie[n]a¢t)]

=1
= z;(riDi,t — R )i (Se,1) = max {Z(TiDi,t — Ri) (S, 2)} )
i= =1
where the last equality is because S; = argmaxgeg » . (1:D;r — Rit)$:(S,i). The weak substi-
tutability assumption ensures that a product ¢ with 7, D; ; — R; ; <0 is not included in S;. Therefore,

we have

E[gtu:t—h ({Di,t}ie[n]a¢t)] = SEag‘c {Z(TiDi,t - Ri,t)¢t(svi)}
n T
> %125( {Z (nDiyt — Z 1{t<7<t+D,;,— 1}§i,—r> ¢t(87i)} )

i=1 T=1
(EC.40)

where (EC.40) is because Y. 1{t <7 <t + D;; — 1}g;, > min{ R, D;,} for all i € [n] and
t € [T] according to Lemma EC.8. Therefore, the feasibility of the expected values of the dual
variables is ensured.

Next, we prove that property 2 holds. To proceed, we lower bound the expectation of the primal
objective value in terms of the expectation of the dual objective value. More precisely, we show

that .
E[P] >E [th] , E[P]>A-VU.E
t=1

n T
Y G ym] . (EC.41)
i=1 t=1
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We first establish the first inequality in (EC.41):

E[P] =E

- .
Z Z Z 7:D; 10:(S,1) - T

Lt=1 SeS§ i=1

| t=1 i=1

T

=E

L t=1 i=1

Z ZriDi,tl{z’ is chosen at t}

=FE

T n
ZE Zr,-Dul{i is chosen at t}|(¢s, {Dit}iq), St

>E

T n
ZZﬁDi,tﬁbt(St,i)

t=1 i=1

|

t=1

|

In the second-to-last equality, the inner conditional expectation is purely over the random choice

of resource in S; U{0}, conditioned on the adversarial choice of customer type (¢, {D; .} ;) which

specifies the choice model ¢, and the subsequent choice of assortment S; by the DM. The last

inequality is because for all t € [T],

ZriDi,tl{i is chosen at t} =z, + ZRi?tl{i is chosen at t} > z,.

i=1

=1

Before we establish the second inequality in (EC.41), we provide the following essential lemmas:

LEMMA EC.9. For distinct t,8 € ®™, it holds that | — | > D™,

LEMMA EC.10. Ift € Chargel™, then t C’hargegjf) for at most [D; /D™ values of 7 € [T]. In

addition, R; ;= Ting_l).

Note that Lemmas EC.9 and EC.10 are analogous to Lemmas 3 and 5 in admission control (in

Section 4.2) respectively. Lemma EC.9 is useful for proving Lemma EC.10, since the former estab-

lishes a lower bound on the distance between consecutive time steps belonging to @Em), which leads

to an upper bound on the number of charge sets that a time step can belong to. The proofs of

Lemmas EC.9 and EC.10 follow those of Lemmas 3 and 5 in the admission control setting, with

the addition of the subscript ¢ to the relevant quantities, since the lemmas here concern resource

type i. Hence, we omit the proofs of Lemmas EC.9 and EC.10. Now we are ready to lower bound

the primal objective value in terms of the second term of the dual objective value.

[T n n M
E[P]=E Z ZriDml{z' is chosen at t}| > E Z Z 7D,
Li=1 i=1 i=1m=1 tECharge(,m)
D;./D,
BN Y w0 Y afre Changel) . P
_i:l m=1 tGChargeZ(.m) fe@z(.m) ’VDl’t/DZ -‘ i
n M (m)
D, /D!
_ (m) it i
al DI) D DD DR e
_i:l m=1 t’e<I>§m) tEChargeETg) [ i’t/ i —‘

(EC.42)

(EC.43)
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where the last inequality in (EC.42) follows from the definition of Chargegm) in Line 12 in AA-AP,
and (EC.43) is because of Lemma EC.10. Recall the definitions of ¥,;, ¥' and A’ as in (EC.31) and
(EC.32). We have

n M
EPIZE (> Y Y w,-cf" Vr,D™ (EC.44)
i=1 m=1_q(m)
n M (m—1) 1y(m)
C. D
=E i " S ae ry(D{™ — DY
2 2 amppmy G 2 |

cmYpim )
=" ZZ C,(D™ — piY -Gy ]

i i ) t=1

n C-(m_l)D(m) T
>E min Z(m) Z(mfl) W, - Z Yt
o MM Cy(D; = D; )

C(mfl)D(m)
> min L L T -min¥, -E
me[M],i€[n] C’Z.(D(m) — ng_ ))

n T
Z C; Z yi,t] )
=1 =1

where (EC.44) is because each non-empty Chargeg?) set contains exactly Ci(m_l) time steps. This

=\ -U.E

is true because of the definitions of R;; and IZ-(VT) and the way Chargez(-ftn) is constructed in AA-AP.

Since we also have E[P] > E[Z; Z;], we have

T n T
Zzt+zcizyi,t] = % AU -E[D],
1 =1 t=1

t=

E[P]>=-A -V -E

1
2

where D is the dual objective value achieved by the dual variables in AA-AP. Therefore, property
2 is established. Combining this result with the feasibility established in property 1, Theorem EC.3
is proved.

By setting {Cfmfl)}me[M] to be {Cfmfl)*}me[M] as in (EC.33) for all i € [n], A’ becomes 1/I".

Therefore, we have
ql/

E[P] >
[ ]*21“

"E[D).

.....

.....

the derivation of the corresponding loss term in Section EC.1.8, we can show that

M %
CR of PLP-AP with {C™*} e > (1m0 ————— ) ) —.
(©) W1 { 0,z } €{0,...,M—1},ie[n] = ( <mlnz€[n] CZ>) 1N

With this, Theorem EC.4 is proved.
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EC.6.2. The greedy policy in assortment planning

We show the greedy algorithm in Algorithm 9. The greedy algorithm is cast as a special case of
PLP-AP by setting C\” = C; and C'V = ... = ¢~ =0 for each i (allowing zero booking limits).
Consequently, in the specialization, it suffices to consider the occupancy measure

-1
Ii(g) = Z 1(i is chosen at 7)-1(t <7+ D, , — 1), (EC.45)

=1

and it is not necessary to track Ii(ff) for m e [M —1].

Algorithm 9 Greedy policy, phrased as a special case of PLP-AP
1: fort=1,...,T do

2: fori=1,...,ndo
3: Set the rejection price R,;;, based on the occupancy measure Ii(,(z) (see equation (EC.45) for the

definition of I i(,(z) ):

R0 if 19 <,
nt TiDl(A/I) if Iz(,('z) = Cz
4: end for
5: Offer assortment S, = argmaxges -, c(,)(riDiye — i) ¢:(S,1). If multiple optimal assortments exist,

we choose an optimal assortment of minimum cardinality.

6: end for

EC.6.3. Proof of Theorem EC.5

We prove the theorem in a manner similar to the analysis in Section EC.6.1. We show that there
exist random variables ({¥;+ }iejn),terr), {2t }eerr)) such that

1. ({E[gi) ity terr)s {E[Z] }iepm) is feasible for (LP-D-assort).

2. the inequality E[Z; Y ses Z:;l 7iD; 10 (S,9)Ts) > % - Mingep, {55;)} . E[Z; Z; +

>y Ci oy §id] holds. 1

({"i,t }ictnieerr)s { Ze beepr)) are random variables that correlate with the randomness of the online
dynamics. In property 2, we recall that Zg; € {0,1} is the online decision made by the greedy
policy at time ¢ for assortment S, where we recall that Z5, = 1(assortment S is offered at time ¢) =
1(S =S5;). We construct such a feasible dual solution with the following Auxiliary Algorithm for
the greedy policy.

The feasibility of the dual variables can be proved in a manner similar to the proof of feasibility
for AA-AP. However, Lemmas EC.7 and EC.8 need to be replaced by the following two lemmas,

respectively.
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Algorithm 10 Auxiliary Algorithm for Greedy policy (AA-GP)

1: fori=1,...,n do

Initialize A; ={t€[T]: R, , = r: DY, &, =0, Charge, = 0.

2

3 For t € [T, initialize Charge, , =0, ;. = 0.

4: end for

5. fori=1,...,n do

6:  while A; #0 do

7 Identify t = max{t:t € A;}.

8 Set @, + ¢, U{t}.

9 Set Charge, ;= {7:t—D; . +1<7<t, 1(i is chosen at 7) =1}.

10: Set Charge, «— Charge; U Charge, ;.
11: Set ;s =, D™,
12: Set A, « A, \{t— D" +1,....1}.

13: end while

14: end for

15: for t=1,...,T do

16: Set z, =" (r:D;; — R;,)1(¢ is chosen at t).
17: end for

18: Return ({Fi s }re (1) iein)s {2t fee(r))-

LEMMA EC.11. For each t € {t' € [T]: Ry = r; D}, there exists a time index T € ®; such that
t<t<t+D" —1.

LemMma EC.12. If Ry, =DM then it holds that .1 1(t <7 <t+ D;, —1)g, >r, D™,

Lemmas EC.11 and EC.12 resemble Lemmas EC.7 and EC.8 in the analysis of PLP-AP, respec-
tively, and are proved based on the way ¢ is identified in Line 7 of AA-GP. Hence, we omit the
proofs.

To establish property 2, which lower bounds the primal objective value by the dual objective
value times the CR, we first need to replace Lemmas EC.9 and EC.10 with the following two

lemmas, respectively.
LEMMA EC.13. For distinct £,T' € ®;, it holds that [t —1'| > D.
LemMA EC.14. If t € Charge;, then t € Charge; . for at most [Di}t/Dgl)] values of T € [T1.

Again, Lemmas EC.13 and EC.14 follow Lemmas EC.9 and EC.10 in the analysis of PLP-AP,
respectively, so we omit the proofs. Denote the revenue achieved by the greedy policy as P. We can
show that E[P] > E[}_, 7y 2] in a similar manner as in the proof of the CR of PLP-AP in Section

EC.6.1. Now we bound E[P] in terms of the second term of the dual objective function.
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T n n
E[P]=E | Y r:D;1{iis chosen at t}] >E > > D (EC.46)
Lt=1 i=1 i=1 te€Charge;

b

i,t

(1

SE Z Z TyD(l)Zl{teChargezt} { -‘
6)

U

(EC.47)

i=1 teCharge; ted;

.U

D¢

E[YY Y ngl)ny)W |

i=1 ted; tEChargei’g Dlit)
B

where the last inequality in (EC.46) follows from the definition of Charge; in Line 9 in AA-GP, and
(EC.47) is because of Lemma EC.14. Recall the definitions of ¥/ and ¥’ as in (EC.35). Therefore,

we have

E[PI>E|> Y . CrD" (EC.48)
_1_1 ted;
=E D(]w) \Ill CiZTiDi
=1 1 ted;

where (EC.48) is because each non—empty Charge, ; set contains exactly C; time steps. This is true
because of the definitions of R;, and I + ) and the way Charge, , is constructed in AA-GP. Since we
also have E[P] > E[thl Z;], we have

T
Z + 0. 516115]1{ M)} Z_: z_:gi,t
e 5 D}
IE[P]Z2.?€1[17%{ } [ZthrZO > G =< ze[n]{DZ(M)}'E[D]’

where D is the dual objective value achieved by the dual variables in AA-GP. Therefore, property

n

2 is established, and combining with the feasibility in property 1, Theorem EC.5 is proved.

EC.7. Proof of competitive ratio upper bounds

In this section, we prove the CR upper bounds in Propositions 1, 2 in admission control in Section

3.2, and in Proposition EC.1 in assortment planning in Section EC.5.
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EC.7.1. Proof of CR upper bound (Proposition 1)

Proof of Proposition 1 The proof for the upper bound of 1/T" largely follows the proofs for
Proposition 3 and Theorem 4 from Ball and Queyranne (2009), where Yao’s minimax principle
is used to show the best possible competitive ratio. In short, the bound of 1/I" is due to difficult
instances with a low-then-high structure, similar to the non-reusable setting. The set of extreme
instances in the proof for Theorem 4 from Ball and Queyranne (2009) becomes I; (i=1,..., M),
where in instance I; a sequence of i - C' requests, namely, C' requests for each price class 1,...,1,
arrive in this order. This is to suit our model where 1 denotes the lowest price class, and M denotes
the highest price class. Observe that the optimal offline revenue is still R*(I;) = r®D®C for all
ie€{l,...,M}, because the shortest duration among all classes is still strictly larger than M - C,
which is the horizon length of the longest extreme instance I;. Consequently, no unit will return in
any of the instances. As an adjustment of the notation, the random instance I realizes as instance
Iy with probability py, =1/T', and realizes as instance I; with probability p; = (1 — - flsgizlm )/T
for i € [M —1]. By the definition of T, we have 3. p; =1. Let z7* denote the number of requests
in class i accepted by algorithm A when presented with instance Ip;. Note that A has no way
of knowing whether it is facing instance I; or some I; with j > i (or some other instance) before
seeing the first ¢- C'+ 1 requests in the stated sequence. Therefore, the revenue earned by applying
algorithm A to these instances is R(A, ;) = Z;Zl r DWW, for all i € {1,...,M}.

Let ¢* denote the best possible CR over all online policies, A the set of deterministic online
policies, and xf the number of class j customers accepted by policy A (which is the same across the
instances I; with 7 > j, since the instances share the same prefix). Let P = {z € RY,: ij\il z; <C}
denote the set of feasible acceptance vectors, which contains x4 for every A € A since no unit is
released within the horizon of any I;. After adapting the last inequality in Ball and Queyranne

(2009) to our notation and definitions, we have the following as the last step in proving the propo-

sition:
i_ (j)Dm Mo pH) Y zA M A
1T T; DY) D T lz 1
¢ <su —— <su | L =su — ) =
This completes the proof. |

EC.7.2. Proof of CR upper bound involving 1 and ¥ (Proposition 2)

Proof of Proposition 2 The 1/T inside the minimum is derived from the same set of low-then-
high instances as in the proof for the monotone case in Section EC.7.1. Therefore, we focus on the

upper bound of 5 here, which is derived from a difficult high-then-low instance.
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D(m,)/D(m) . ,r("L/)

[p(m") ) pm)] r(m) *
D(m/)/D(m) ) 7'<m/>

}m’>m,m%m’€[]ﬂ] "D(m/)/D('mn r(m)

Recall that 7 = min,smm/ mem) We also know that (7,j) =

. G /pEh LGh .
which means that n = % . % Now, consider
T

a high-then-low instance I with C arrivals of class j' customers, followed by DU — ¢ class 7'

argming,, ..

customers. The arrival instance is shown below.

I={j,4,....,7474, ...,i'}
—

C' customers

D(’) customers

Note that since DY) — D) DU /D) | > 2C, it holds that [(DU") —20) /D(i/)—‘ - [DU’) /D(i')-‘.
Therefore, [DU) /D] rounds of allocations (each round contains allocations of C' resource units)
can be made to class i’ customers during [C'+ 1, D)), generating a total revenue of [DU") /D]
Cr@ DG On the other hand, any protection level policy would allocate at most C units to class
j' customers who arrive during [1,C], and reject all class i’ customers who arrive later. Indeed,
since j' > i’, by the time the first class i’ customer arrives, the rejection price is already r0H DG >
r(i/)D(il), and therefore by definition of online protection level policies, the booking limit for class

7' customers would have been reached. Consequently, the revenue achieved by any protection level

. . G PG LN . D(m/)/D(m) . .
po}})cy ES; at most Cr) DU, Suppose (i,7) = AGININ (), TG DO That is, ¥ =
%. Consequently, the CR of any online protection level policy is at most

CrtH pa" DU /D) U
C D /DO D@ — [DW /D@7 7@y ~
DY /DM ) DG /D ) )
= min ; . < : — . —— =V —.
{omm) o ety [ DO /DO ptm = DG /D@ 70 (0
This completes the proof. |

EC.7.3. Proof of CR upper bound for assortment planning (Proposition EC.1)

Proof of Proposition EC.1 Let Z denote the set of instances of the assortment planning prob-
lem, and Q denote the set of all probability distributions on the instance set Z. Let I(Q) denote
a random instance chosen according to probability distribution @ € Q. Let A denote the set of all
deterministic online algorithms. Let R(A,I(Q)) denote the revenue obtained by applying A € A to
instance I(Q), and R*(I(Q)) denote the maximum revenue achievable by an offline algorithm for
this instance. According to Yao’s minimax principle as in Seiden (2000), for any @ € Q, the best

possible competitive ratio ¢* satisfies

¢ <supEg [) (EC.49)

AcA
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Consider M types of picky customers who are only interested in product type 4, that is,
¢ (S,i) =1 if i € S and ¢"™(S,j) =0 for all j € S\{i}. We call these customers the ‘i-craving’
customers. Note that though they are all interested in type i product, each customer duration
type has its own requested usage duration. Consider a set of extreme instances {IZ-("L)}mG[ M) Where
in instance Ii(m) a sequence of m - C; requests, namely, C; ‘i-craving’ customers for each customer
duration type 1,...,m, arrive in this order. It is easy to see that the offline optimal revenue is
R*(I™) =7, D™ C; for all m € [M], because even the shortest duration among all duration types
is strictly larger than M - C;, which is the length of the longest extreme instance Ii(M). Consider a

random instance I; that equals instance Ii(M) with probability pEM)

I with probability p\™ = (1 — o _ it _ Mo (m) Am
; probability p;"” = ( 1 PRCESY /T';i. By definition of I'; we have >~ p;"” =1. Let x;

=1/I'; and each other instance

denote the number of units of type ¢ product offered to and selected by type m customers under

algorithm A when presented with instance I and let P, = {z € R : SM  x,, <Ci} denote the

(LUA’l A,M
[

RN

") since no unit is

set of feasible allocation vectors for product i, which contains z* =
released within the horizon of the instance. Note that here, A has no way of knowing whether it is
facing instance Ii(m) or instance Ii(k) with k& > m (or some other instance) before it has seen the first
m - C; + 1 requests in the stated sequence. Therefore, the revenue earned by applying algorithm A
to these instances is R(A, ™) = Z;L r:DP 24 for all m € [M].

Therefore, according to Yao’s minimax principle, we have

R(A, I,
c" <supEg (7’»
A€A R*( i)
- Z D! (7) AJ
< sup sz = 1(m)
AcA = D;"C;
. D(J) ] A,j
< X (S50 ) %
| l’i’
= sup —
w?ePi =1 Fl
1
=T

Now consider random instances fj for all j € [n]\{i}, which are formed in the same way as I

That is, fj equals instance I; ) with probability pg-M)

(m)

=1/I'; and each other instance I ;m) with

/T;, where I (1 .y §M) are the corresponding instances involving

probability p§m) = (1 W

‘j-craving’ customers. Therefore, we also have

¢ < Flj vj € [n)\{i}. (EC.50)

As a result, we have ¢* < 2 since % = min,¢| which proves the proposition.

1
T’ nl T,
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EC.8. Numerical experiments for advance booking and assortment planning

In this section, we complement Section 6 by examining the empirical performance of PLP-AB and

PLP-AP in advance booking and assortment planning respectively.

EC.8.1. Advance booking

Patterns similar to those in admission control in the monotone setting can be observed in advance
booking. In particular, our online policy has much better empirical performance than its competi-
tive ratio, dominates FCFS under both types of arrival instances, and its advantage grows as the
number of classes increases. Details are as follows.

The same setup as in Section 6.1 is used for the advance booking problem. The same adversarial
arrival instance is carried over to advance booking, and with probability 0.8 the starting time
sy for each time t is the time step after the end of the cycle that t is in, and with probability
0.2 s; is a random time between ¢t and 27'. That is, most of the arrivals in the same cycle have
the same starting time, which is after the end of that cycle. For the stochastic arrival instance
for advance booking, both the arrival class and the starting time of each arrival are random. For
advance booking, the revenue ratios of our online policy and FCFS on adversarial arrival instances

are shown in Table EC.1, and those on stochastic arrival instances are shown in Table EC.2.

C=20 C =50 C =100
Price classes | PLP-AB FCFS PLP-AB FCFS PLP-AB FCFS
M=2 0.82 0.70 0.82 0.70 0.81 0.72
M=5 0.63 0.41 0.65 0.41 0.64 0.39
M=9 0.53 0.28 0.54 0.26 0.52 0.21

Table EC.1 Adversarial arrival - Advance booking

C=20 C =50 C =100
Price classes | PLP-AB FCFS PLP-AB FCFS PLP-AB FCFS
M=2 0.89 0.87 0.91 0.88 0.93 0.89
M=5 0.66 0.51 0.68 0.51 0.71 0.52
M=9 0.51 0.30 0.53 0.30 0.55 0.31

Table EC.2 Stochastic arrival - Advance booking

EC.8.2. Assortment planning

In this section, we compare the empirical performance of PLP-AP with the Inventory Balancing
(IB) policy of Feng et al. (2019) and the greedy policy, under both a completely stochastic arrival
instance and an adversarial arrival instance with slight stochasticity. The experimental setups are

as follows.
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We construct the adversarial instance with slight stochasticity as follows. The instance comprises
two cycles, each of which is a low-then-high arrival instance. In particular, at each time step
within the i-th segment of length K, where ¢ € [M], one customer of duration type i arrives with
probability 0.95, and a customer with a random duration type arrives with probability 0.05. For
the rest of the cycle, no customer arrives. The value K is set such that K > >""" | C;, where n is the
number of product types, and C; is the inventory for type ¢ product. We set C; =20 for all i € [n].
In particular, we run the experiments with n =2, 3,4 and K = 50, 80, 100 respectively. This ensures
that IB and the greedy policy have the chance to exhaust the inventory on customers with the
shortest usage duration, which exposes their failure to hedge against future customers with longer
usage durations, thereby highlighting an advantage of PLP-AP. In addition, we run the experiments
with different numbers of customer duration types M = 2,3,4. We set D™ = D§m) =D for all
i,j € [n],i# j,m € [M]. The duration D™ for customers with duration type m is set as mMK
for all m € [M]. This ensures that no resource is returned within each cycle, so that no unit is
allocated twice within each cycle. We set the length of each cycle as M2K and T =2M?K. For the
stochastic arrival instance, at each time step a customer whose duration type is drawn uniformly
at random from all duration types (including the dummy type for no arrival) arrives. In addition,
the revenue per unit time for the type i product is r; = 5i.

Under both types of arrival instances, we use the multinomial logit (MNL) choice model for
the customers, and the weight of each product type is randomly generated at each time step such
that the weights of all product types sum to 0.99, and the weight of the outside option is 0.01.
Again, we use the revenue ratio, i.e., the revenue achieved by the algorithm divided by the optimal
objective value of LP-P-assort, which upper bounds the optimal expected revenue achieved by an
offline policy that knows the full instance from the beginning, as the performance measure for the
algorithms.

The empirical performance of PLP-AP, the IB policy, and the greedy policy under the adversarial
(with slight stochasticity) and completely stochastic arrival instances are shown in Tables EC.3
and EC.4, respectively. Each entry is the average over 10 simulation iterations, with the standard
deviation over the 10 simulation iterations in parentheses.

As we can see from Table EC.4, when the arrival instance is stochastic, all algorithms perform at
a similar level. However, when the arrival instance is adversarial, Table EC.3 shows that the revenue
ratio of PLP-AP exceeds those of IB and the greedy policy by approximately 0.16-0.22. This echoes
the intuition that IB and the greedy policy only look at the number of available inventory units
and therefore hedge only against future choice models, but not durations. In other words, they
do not reserve capacity in anticipation of future customers with longer durations. By contrast,

PLP-AP restricts the number of resource units that can be allocated to customers with shorter
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no. of dura- M=2 M=3 M=4

tion types

no. of prod- | PLP- 1B Greedy | PLP- 1B Greedy | PLP- 1B Greedy

uct types AP AP AP

n=2 0.81 0.64 0.63 0.76 0.56 0.57 0.81 0.60 0.63
(£0.01) | (£0.01) | (£0.01) | (£0.01) | (£0.01) | (£0.01) | (£0.01) | (£0.01) | (£0.01)

n=3 0.75 0.58 0.58 0.77 0.56 0.58 0.81 0.60 0.62
(£0.00) | (£0.01) | (£0.01) | (£0.01) | (£0.01) | (£0.01) | (£0.01) | (£0.01) | (£0.02)

n=4 0.75 0.58 0.58 0.77 0.57 0.57 0.81 0.62 0.65
(£0.01) | (£0.01) | (£0.01) | (£0.01) | (£0.01) | (£0.01) | (£0.01) | (£0.01) | (£0.01)

Table EC.3 Adversarial arrival - Assortment Planning

no. of dura- M=2 M=3 M=4

tion types

no. of prod- | PLP- 1B Greedy | PLP- 1B Greedy | PLP- 1B Greedy

uct types AP AP AP

n=2 0.86 0.87 0.87 0.85 0.86 0.87 0.83 0.81 0.81
(£0.00) | (£0.00) | (£0.01) | (£0.01) | (£0.01) | (£0.00) | (£0.01) | (£0.01) | (£0.01)

n=3 0.84 0.85 0.85 0.82 0.82 0.81 0.81 0.81 0.81
(£0.00) | (£0.00) | (£0.00) | (£0.00) | (£0.00) | (£0.00) | (£0.01) | (£0.01) | (£0.01)

n=4 0.84 0.87 0.87 0.82 0.83 0.83 0.82 0.81 0.81
(£0.00) | (£0.00) | (£0.01) | (£0.00) | (£0.01) | (£0.00) | (£0.01) | (£0.00) | (£0.01)

Table EC.4 Stochastic arrival - Assortment planning

durations and reserves capacity for potential customers requesting longer durations in the future.

In addition, we can see that the performance of PLP-AP under both types of arrival instances is

significantly better than its theoretical CR lower bound.




