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EC.1. Structural Properties for the Lost Sales Model
Since this part is not the focus of this paper, to avoid unnecessary repetition, we only briefly point

out the differences in the proofs compared with Janakiraman et al. (2014).

Proof of Proposition 1. In Theorem 1, Lemma 2, Theorem 3, and Theorem 4 of Janakira-
man et al. (2014), replace their function C®-@*(h,b,c,1¥ 1%, F) (optimal cost under given @ for the
backlogging system) by E[V(Q,S*(Q))] (optimal cost under given ) for the lost sales system) in
this paper and keep definitions of all the other notation unchanged, Theorem 1, Lemma 2, Theorem
3, and Theorem 4 continue to hold. In Theorem 5, Lemma 6, and Corollary 7, the definition of
C®*(h,b,c,I¥ 1% F) changes from the “optimal cost for the backlogging system” to the “optimal
cost for the lost sales system”, and Theorem 5, Lemma 6, and Corollary 7 continue to hold.

(a) Replace b by b— ¢, and Theorem 1 in Janakiraman et al. (2014) carries over directly.

(b) Lemma 2 in Janakiraman et al. (2014) carries over to the lost sales system because for any
given @, E[V(Q,S*(Q))] < C®@*(h,b,c,IF, I F) since b— ¢ <b.

(c) Theorem 3 is a direct application of Lemma 2.

(d) Theorem 4 holds true because for any given Q, E[V(Q,S*(Q))] < C®@*(h,b,c,IF, 1% F), thus
ming E[V(Q, S*(Q))] < ming C*:@*(h,b,c, 1”17 F).

(e) Theorem 5 can be proved in the same way for the lost sales case.

(f) Lemma 6 can be proved in the same way for the lost sales case for A < @', where A is a
parameter in Janakiraman et al. (2014).

(g) Corollary 7 is a direct application of Lemma 6.

(h) Theorem 8 can be carried over for the following reasoning. In the lost sales system, any reason-
able policy should satisfy dio, < Q < S. Given Q = djoy,, because S*(Q) = djow in the backlogging
system, then it is also true that S*(Q) = di.w in the lost sales system. Because S*(Q) is decreas-
ing in @, then for any @, one has S*(Q) = dj,. Setting S = dj,y in (6), one sees that the
optimal Q* decreases in the penalty cost. Because in the backlogging system Q* = dj,w, in the
lost sales system one also has Q* = djoy .

The proof of Proposition 1 is thus complete. Q.E.D.
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EC.2. Technical Proofs

Proof of Lemma 1. Construct another stochastic process as

01 =04(Q) and O, = (0, 4+ Q — D)™, (EC.1)
and we see that O, follows the same distribution as O (Q) for any t > 1. For any ¢ > L and any

measurable set = C [0,00), one has

IP(O; € E) —=P(0ue(Q) € B)| =[P(O; € B) —P(O, € B)| <P(OL, =O1) x 0+P(Op #OL) x 2,
(EC.2)

where the inequality holds because once O = OL, then the two processes couple, and |P(Ot €

) —P(Ox(Q) €E)| =0 for any ¢ > L and any measurable set = C [0, c0).

P( AL:OL)

N o o 1 . 1

> IP’( L :OL|O —longoglogT) (Ol < flongoglogT)
K K
L
1 1

> — > - -
> P(;(Dt Q) > max {1, }log Tloglog T)P(0, < ~ log Tloglog T)

L

1 —lo TloglogT

ZP(E(Dt—Q)Zmax{l,g}longoglogT) &1 ogloe ) (EC.3)
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L

1 h —logTloglogT

> P(Z(Dt—Q)—L(M—Q)Zmax{l,;}longoglogT_L(M_Q ))(1_6 g Tloglog T

t=1

L
> P(Z(Dt — Q) — L(,U,— Q) > —QUIOgT(loglogT)%) (1 _ 6710gT10glogT)

t=1

1
=1-7= (EC.4)

where o is the standard deviation of D;, and (EC.3) follows from Lemmas EC.2 and EC.3, and
(EC.4) follows from Lemma EC.4. Therefore, by (EC.2),

IP(O; € 2) —P(O(Q) €E)| <
The proof of Lemma, 1 is thus complete. Q.E.D.

Proof of Lemma 2. We proceed as the following, for any n,m,j € {l,c,r},

P(Bum;) = P(Nicpa

> P(A | Niegttm—13 Al )P(Oie gt 13 Al ). (EC.5)
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One has

( nmg‘ m’LE{l ,,,,, Imfl} A;mj) (ECG)

(O e S longoglogT @) AL Ornm+ImL|mi€{1 77777 Im—1} A;mj>.

By Lemmas EC.2 and EC.3, one has

) 1 1
IP’(OOO(Q%) > — longoglogT> < e r loaTloglosT < T (EC.7)
K
Under Nieqa,., zm_1}-/2\fmj, OTJ Im—1)L <1/klogTloglogT, then by Lemma 1 and (EC.7), one
has that
3
(O R longoglogT’ Mic{1,....Imn—1} Anm]) T3
which leads to
3
PO i longoglogT‘ ettty Ay ) > 1= 22 (EC.8)

Now we are going to study ]P(OT]' L = 0,

Tam+Im LT~ TS

Nie{a, ..., Im_1}Aflmj, one has that

|Orgm+(1m—1)L+1 Or%m+(1m—1)L+1| < |Snm] Sriﬁj_ll < ny,, max{h,c—b},
and
Orf;m+(1m71)L+1 < KglogTloglogT, OAT%m+(Im71)L+1 < KglogTloglogT.
In order for O, and O, to couple during period ¢t € {ri  + (I,, — 1)L +2,...,7J, + I,L}, a
sufficient condition is
7 mAImL—1
> (D; — @) > Kglog Tloglog T. (EC.9)

t=73m+Im—1)L+1

Therefore, one has

~ ~
(OT')ZLm‘i’I'm OTnm+I L ZE{l """ Im—1} Anm])
Tnm+ImL—1

>P( Y (Di- Q)= KlogTloglogT| icqr..r 1y Al )
t=73 o+ (Im—1)L+1

A ImL—1

=P > (D= Q) — (L= D(e- Q) = KslogTloglog T — (L= 1)(11= Q")| Miepr,ect 1) Ay

t=13 o+ (Im —1)L+1
"'*;Lm"!‘ImL—l
. . 3 A
> > (D= Q) — (L= 1)(p— Q) > ~20log T(loglog T)} | Ve, 1y Al )

t=19 o+ (Im —1)L+1

>1- - (EC.10)
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where the last inequality is implied by Lemma EC.4.
Combining (EC.8) and (EC.10), one obtains a lower bound for (EC.6) as

( nm]| ﬁ746{1 ,,,,, Im—1} A;m]) Z 1——. (EC11>

and continue the same procedure, one will have

P(Bnmj) - P(mie{l ..... Im}A;mj)

41, —1) -
> (1- T)P(‘A'}Lmj)
41, — 1) .
> (1_ T)P( nm]|BF(nmJ ) (BF(nmj)), (EC12>
where I'(nmj) denotes the tuple right before n,m, j. P(Aim]’lgp(nm]‘)) in (EC.12) can be bounded
as
P( AL Broumi) =P(0,, ., < logTWogkg]“C)g =00 1 |Bromn ). (EC.13)
Again, by Lemmas EC.2 and EC.3, one has
1
< 0o (Q7) > longog log T) 75"
By definition, OTj 41 =0, and by Lemma 1, one has
L1og Tlogl 3 <
(O i E ogT loglogT Bp(nm]’)> < 75
which leads to
1 3
(OT%ML ZlogTloglog T Br(nmj)) >1- (EC.14)

In order to bound ]P’(O i =0 %m+L]l’;’p(nmj)>, we start by analyzing the behaviors of stochas-
tic processes {O; }T"’"+1L and {O, }T’;’"LL
During periods t =77, +1,. +1—1, O, and O, follow different recursions as

Or1 = (04 + 83, —d)t +qff = Si)*
as opposed to

Op1=(0,+Q) —D,)* with O_;  =0.

Tnm+1
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Note that ¢ ,_, # @/, due to the I periods’ delay from the regular source.

During periods t =77, +1,...,7!  + L, they follow the same recursion, since the system of O,
starts to receive Q7 every period from the regular source, and because @’ < S7! ' we have

Ot+1 = (Ot + Q% - Dt)+,
and by definition, one has
Or1=(0,+Q), —Dy)*.

Under Brgumj), it holds that O . < (++1)logTloglogT, then O ; <O,  + Ky <
KiglogTloglogT. On the other hand, OAT%mH =0, and then OT£m+l < OAT%mH + K1 < Kqs.

The stochastic processes O, and O; will couple during a period t € {7/, +1+41,...,73  + L}, if
there exists to € {77, +1,...,7J, + L—1} such that

to
Y (Di=Q))>max{0,; .0, .}
t:‘r%m-ﬁ—l
Therefore, one has
P(0,3,.10= 0t 1a|Browms)
T%m—‘rL—l
> IP>< Y (D~ @)= KislogTloglog T Bp(nmj))
t:T,{m+l
T%m—‘rL—l
>P( Y (Di- @)~ (L=D)(i—Q}) = Kislog Tloglog T — (L — (11—~ Q)| Briwms) )
t:T,{m+l
T%m—‘rL—l
> P( > (D= Qi) — (L—1)(n—Q)) > —20log T (loglog T)? Br<nmj>)
t:T,{m+l
1
> 17, (EC.15)
where the last inequality is implied by Lemma EC.4.
Combining (EC.14) and (EC.15), one obtains a lower bound for (EC.13) as
. 4
Plugging (EC.16) into (EC.12), one has that
. AT, .
P(Byms) > (1— F)IP(ZS’FW,U-)). (EC.17)



ech e-companion to Chen and Shi: Tailored Base-Surge Policies with Demand Learning

Set O, =0, =0 (or to achieve the same theoretical result, set P(Br(lll)) =1), and repeat the

above procedure, one will obtain that

41

(8111) >1— ﬁa

then by (EC.17), one has that for any n,m,j € {l,c,r},
LONEIRE 3 3 o
The proof of Lemma 2 is thus complete. Q.E.D.

Proof of Proposition 3. One has

E|> ¢ -c”
1; M, T3 il
\ [ZZ S Y (e nsh 0 ny

n=lm=lje{ler} i=14—rd 4 (i—1)L+1

n»~nm

—(b—c)min{S?" +0O,,D,})—G(Q’, S’ ))] ‘ + cE[zr44]

Y M Z > ((—cQ? +h(S¥, + 0, — D)) — (b— ) min{S% + Oy, D;})

‘ |: N My Tnm-‘rzL
n=1m=1je{l,c,r} i= 1t Tnm+(l 1)L+1

— (=cQ} +h(S%, + Oy — Dy)" — (b—¢)min{S):, +Ot,Dt}>)] ‘

N M, Thm il )
D5 3D I SIS SR (RIS
n=lm=lje{le,r} i=14—rd 4 (i—1)L+1

To bound the first term in (EC.18), for any given n,m,j € {l,¢,r} and any realizations of 77,
we proceed as the following.

For i =1 and periods t =73, + (i — 1)L +1,...,7J, +iL, one has that, on event Br(m;),

0, — O,| < K14log T loglog T;

on event (Bp(nmj))c,

For i = .1, and periods t =77+ (i—1)L+1,.. +4L, one has that, on event B,,,,;,

° nm

0, — 0, < |87, — S5V | <y max{h,c—b};
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on event (Bm;)C,

Sit 40, < Kypt and §7 4+ 0, < Ki5(t—77 ). (EC.20)

Therefore, one has

'r%eriL
> Y [Be@ bS5+ 0~ D)~ (b o) min{Sih, + O D} e
=1 p—rd - (i—1)L41
—E[-cQ) +h(S3, + Oy — D))" — (b— ) min{ S}, + Or, Di}|Brmy)]
T mAiL

< Z Z E[maX{h,b—C}|Ot—Ot||BF(nmj)]
=1 g+ (i—1)L41
< KiglogTloglogTL

= Ky9(logT)*(loglog T)?,

and

Im 7 mAiL
S> [BlcQ (S, + 00— D)~ (b= c)min{S, + O, Dy} Buns]
=2 e o (i—1) L1
—E[—cQ’ +h(S7 +0O,—D))* —(b—c)min{S7 + O, D;}|Bm;]
Im 7 i
<y > E[max{h,b— c}|O; — O||Bum;]
=2 =] (i—1) L1
I
- KQO
<Y —2L
1=2 \/i

< K51 VTlog T(loglog T)2.

Then one has
Im T%m+iL
> Y [EcQi+h(S4,+ 0= D) — (b—)min{S}i, + O D,}]
=1y +(i—1) L1
~E[=cQ), + h(S}i, +Ou = D) = (b= ) min{ 83, + O, D1}
T8 il
< P(Br(umy) Koo (log T)* (loglog T)* + (1 = P(Breump)) Y . >, Kot
=1y +(i—1)L+1
Im Trjz.,m""iL
+P(Bum;) KoaVTlog T(loglog T)* + (1= P(Bny)) Y > Kast
=2 4—rd L +(i—1)L41

1
< K%\/TlogT(loglogT)2 + Ky T? x -
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This leads to

DY N Z > ((—eQi 4+ h(S7, + O, — D,)* — (b— ) min{S% + O;, D,})

‘ |:N My, ‘rnm+zL
n=lm=1je{l,c;r} =1 y—rJ 1 (i—1)L+1

(—eQl+ (82, + Oy — DY — (b— ) min{S%, + O, Dt}))] \

N My

< E[ZZ Z (Kgg\/flogT(loglogT)2 + Kag) |- (EC.21)

n=1m=1je{l,c,r}
The first term in (EC.18) is thus upper bounded.
To bound the second term in (EC.18), for any given n,m,j € {l,¢,r} and any realizations of 7,

@’ and S7!

nm?

nm’

we proceed as the following.

Im i
SY [Ble@h+ (S5, + 0~ D)~ (b= c)min{S, + O, D} ~ E[G(Q), S5,
=1y o+ (i—1) L1

Tnm+ZL

S B[EI(Ss, + 00— D)~ BI85, + 0ne(Q)) = D))
=1 ymrd 4 (i—1)L+1
Tnm+ZL
S S O)|BI(D: - S, — 0] = El(D: — 83, — 0w (@1))]|
=1 ymrd 4 (i—1)L+1

(EC.22)
To bound the first term in (EC.22), one has that for i =1,

S S MRSt 400 DO EI(SE + 0ui@) - D)

=1 4] +(i—1)L+1

Tnm-HL T'r];m‘f‘iL
<> Y Kel-mh)tY. Y (S"+EOL(QL)
=1y 4 (i—1)L+1 =ger (-1 L1
il Thm il o2
< Kay(t—73,)+ St ——
S 1 M =
=1y 4 (i—1)L+1 =1 =+ (i—1) L+

< Kay(log T)*(loglog T)*,

where the second last inequality follows from the Kingman’s inequality (Kingman 1970).

For i =2,...,1,, and any realization D; =d,
[EI(S2, + Oc = )]~ BI(S2, + 0(Q3) — )]

o0 o ) S +Qh (E—Thm) B R
= ‘/ P(S7, + O (Q7) d>z)dz/ P(S? +0O,—d>z)dz
0 0
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< / (ST 1 0 (Q3) —d> 2)dz
S

i+ QR (t=Tim)

S%,Zm*"QJ (t—Thm) - ) B R
/ [P(S” 4+ 0 (@) —d>z)—P(S? +0,—d>z)|dz

2
< / 0-c(@}) > 2+ d)dz + (S, + @it~ 70,)) g
Qi (t— Tn'm
o 2
< e "dz + (Sﬂ + QJ ( nTn))ig
Q (t— Tnm T
— 1 o FQh(t— Tnm)_i_(SJ'L +Q(t—1I ))i
K T3
1 2
< = 7"QQ (t— Tnm) h hiy _ J
<L S Q)

where the second inequality is implied by Lemma 1, and the third inequality is based on Lemmas
EC.2 and EC.3.
Therefore, the first term in (EC.22) can be bounded as

Im T%nf‘"il’
S Y nfEKSE, + 00 DY - EI(SE, + 0n(@)) - D))

=1yl 4 (i—1)L+1

I Thm+iL
< K33(logT)2(loglogT)4+Z Z h(E Q! (t=rhm) +(S"+Q"t—7I ))T?’)
=2 y—rd 4 (i—1)L+1
< Ks4(log T)*(loglog T')*. (EC.23)

The second term in (EC.22) can be bounded as the following. For i =1,

'r%eriL
> 6-0|EID S, — 00 ~El(D: — S, — 0x(Q0)]
=1 y=rd 4 (i—1)L+1

T%m +iL

<2 2. Ewlt-m)
=l y—rd (=1 L1
< Kao(logT)*(loglog T)".

For ¢ > 2 and any realizations of d,

[El(d - 835, ~ 0]~ El(d~ S}i, ~ O (Q}))"]

IN

d
/ IP(d— 57 — O, >2) —P(d— 0u(Q%) — O, > 2)|dz
0

< —
_T37

where the second inequality is implied by Lemma 1, which yields

[E[(D. — 525, ~ 0)*] ~E[(D, — S%, ~ 0 (@2))]] < 2. (EC.24)
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Therefore, the second term in (EC.22) is bounded as

$ (b~ )[EL(D, — 21, —~ 0)*] ~E[(D, — 5%, ~ 0 (@2))"]

=1 o) 4 (i—1)L+1

Im il 2u(b— )
< Ks7(log T)*(loglog T)* + Z z MT

=2 =) 4+ (i—1)L+1

< Kag(log T)?*(loglog T)*. (EC.25)

Combining (EC.23) and (EC.25), and plug them in (EC.22),

'rnerzL
Z Z ’E[—CQi+h(Siin+OAt—Dt)+ — (b—c)min{Sj}, + Oy, D} —~E[G(Q3, S5,
=1 y—rd 4 (i—1)L+1

< Kso(logT)*(loglog T)*. (EC.26)

Therefore, the second term in (EC.18) is upper bounded as

Yy vy (@i hSE + Oy DY — (b= JminfSt + 0 DY) — G i)

n=1m=1je{l,c,r} i=1 ;_ Tner(z 1)L+1

gE[Zi > K4o(logT)2(loglogT)4]. (EC.27)

n=1m=1je{l,c,r}

To bound the third term in (EC.18), let (ﬁ,fn,j) be the last complete round that has L periods,

then we proceed as

E[27+1] = Eler1]Byn5 P (Bing) + Elerst|(Bing) “TB((Biun) )

1
< Ky logT(loglogT)? + KT x T2
where the inequality is valid because under an57 Orﬁm;Jer L < %logT loglogT, and by the

definition of (#,77,7), T — (Tamj + NiwL) < L, which yields z74y < tlogTloglogT + KL =
Ky, log T(loglog T)?%; on the other hand, under (l’;’ﬁmg)c, T < KysT.
Therefore, the third term in (EC.18) is upper bounded as

E[zr1] < Ky6logT(loglogT)?. (EC.28)

Combining (EC.21), (EC.27) and (EC.28), and plug them into (EC.18), one has that

T N M,
E|> C-CP'||<E [Z > KiVTlogT(loglog T)?|. (EC.29)
t=1 n=1m=1

Proposition 3 is thus proved. Q.E.D.
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Proof of Lemma 3. We proceed as the following, for any n,m,j € {l,c,r},

]P)(Bnm]) = P(mle{l 77777 Im}Anmj)
> P(‘Ar{,m]| mie{l ,,,,, Im—1} A;mj)lp)(mie{l ,,,,, Imfl}-/ztilmj» (EC?)O)

Next we are going to develop a lower bound for P(A nm3| Mic{1,....Im—1} ft;mj)

One has

]P)(Anmj‘ mZG{l ..... Im—1} "Zvnm]) (EC31)

1 ~ -
o (. “logTloglogT, Oy ;=0 .\ [Nttt Aoy
By Lemmas EC.2 and EC.3, one has

~ 1
IP’(OT;;mHmL longoglogT) T3

,,,,

(O I . < longoglogT‘ ie{1yIm—1} AnmJ) >1-— (EC.32)

Now we are going to bound IP’(O i =0 | Die(n -1y AiLmj) as

.....

(OTngHm = OTg;mHmL Nic{1,....Im—1} flflmj)
2 P(O Thm+ImL Or,f;ersz Mie {1, Im—1} Anm_;’ Tner(Im D1 = 10gT10g10gT>
(O 3 o+ (Im— 1)L+1 10ngoglogT i€{1,.. Im—1} ./Zl;mj>
> PO it = O | Ciettatnty Ay Oy s < <1 ~logTloglogT) ~ (EC.33)
x (1= ),

where the last inequality comes from Lemmas EC.2 and EC.3 and the fact that 0) j is

7Lm+(Im 1)L+1
K2
Im—l}Anm_]

Im,l}flﬁlmj, one has that

independent of N;cy

.....

Under ﬂie{l

.....

Onjmﬁ(lm AR ( + 1) logT'loglogT,
and on the other hand,

o

o Im—1)L41 = IOgTIOg logT

by the conditional inequality definition in (EC.33).
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Therefore, in order for O, and O, to couple during a period ¢ € {5, +Un—1)L+2,....75 +

I,,L}, a sufficient condition is

A Im L—1 1
S (D-Q))= (E + 1) log T'loglog T. (EC.34)

t=13 4+ (Im—1)L+1

Hence, one has

- ~ 1
Mie(tidm—1} Anms» Ori r 1yp41 < longoglogT)

(Or,{mﬂm OranmL

Tnm+ImL—l

ZIF’( Y @)z ( +1> log Tloglog T
t=rhm+Im—1)L+1
‘mle{l ..... zm_1}Anm], D)1 S longoglogT>
7 mAImL—1 ]
=P Y (D) - (L-D(E-Q)= (; +1)log Tloglog T — (L.~ 1)(n — Q")

t=73 4 (Im—1)L+1

o

Tnm+Im— 1)L+1

log T'loglog T)

,,,,, m nm]’
7 A ImL—1
>P( Y (D@~ (L= 1)(u— Q) = —20logT(loglogT)?

t=19 o+ (Im —1)L+1
1
‘ﬂze{l ..... I — 1}«4nmJ, (I 1)L+1 longoglogT>

>1- (EC.35)

where the last inequality is implied by Lemma EC.4.
Plug (EC.35) back into (EC.33), one has that

~ ~i 2
(Of%mﬂm OTnm-‘rlmL ie{l,....Im—1} Anmj) 1- T3 (EC.36)
Combining (EC.32) and (EC.36), one obtains a lower bound for (EC.31) as
3
( nm]’ r_1746{1 ..... Iy,—1} An'm]) ﬁ (EC?)?)

Plugging (EC.37) into (EC.30), one has that for any n,m,j € {l,c,r},

P(Mieft,. iy Abm;) > (1= 3e 8T8 N P(N, g oy AL,

and continue the same procedure, one will obtain

P(Bum;) = P(Nicqr, .. 1y Apms)
(1—3(Im—1)€_lOgT10glogT)]P)(Al )

nmj

Y

> (1= 3(L, — 1)e Tt s TYPAL | Br (i) )P (Br(m))- (EC.38)
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P(AL,,;|Br(ums) in (EC.12) can be bounded as

P(A}lmj‘gp(nmj)):]?(o] 0 S longoglogTOJ 4L =0

Tnm+L

Browmi) ). (EC.39)

By Lemmas EC.2 and EC.3 and the fact that OTJ- 4o 18 independent of Bp(nmj), one has

1
(O i < longoglogT‘Bp(nmJ ) >1—— (EC.40)

In order to bound ]P’(O i o] i +L]3p(nmj)>, we start by analyzing the behaviors of stochas-

tic processes {O}T’”ﬁf and {O}T’;MLL

During periods t =77, +1,...,7J, +1—1, O; and O, follow different recursions as

Oi11= (0, + 82, —d)T + Qikl - St

as opposed to
Ot+1 = (Ot + Q% - Dt)+ with OT£m+1 = OOO(Q;)

Note that ¢, _, # Q7 due to the [ periods delay from the regular source.

During periods t =77, +1,. + L, they follow the same recursion, since the system of O,

7nm

starts to receive Q7 every period from the regular source, and because @’ < S7  we have

Op1=(0:+ QL —Dy)",

and by definition, one has
Op1= (0 + QL — Dy)".

Under Bp(nmj it holds that O ; , < < +logTloglogT, then O oS0, L+ Kig < (£ +
1)log T'loglogT. On the other hand, ]P’(O ;< LlogTloglogT) > 1— e~ leaTlogloaT,

The stochastic processes Ot and O, will couple during a period t € {7, +1+1,...,73 + L}, if
there exists to € {77, +1,...,74, + L—1} such that
to

Z (Dt—Qi)zmaX{OT%m+l, m+l} ( +1)logTloglogT.

t=1d
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Therefore, one has

P( it = Ot in BF(nmJ))
. . - 1 -
> IP’(OT%ML =0, 1 |Bremmg) On{mﬂ < ;longoglogT> X IP’(O i S longoglogT’Bp(nmJ))
~ - 1 1
> IP’(OT%ML =0, ., Br(nmgj) OT% < ElongoglogT) x (1— ﬁ)
‘rnm+L 1 1
> IP’( Z (D, —Q%) > ( +1)log Tloglog T|Br(nmy), O EETES —longoglogT)(l - ﬁ)
t:T'r;m‘H
T m+L—1 1
>P( Y (Di=Q)—(L=1)(n— Q) > (- +1)logTloglogT — (L) (1 — Q")
t—T'r;m‘H
1
‘Br(nmj 0) JmH longoglogT)(l—ﬁ)
Tram+L—1
>P( Y (D= Q) — (L—)(u—Q}) = ~20logT(loglogT)?
t=rd 41
1 1
Br(nmj 0) . < p longoglogT)(l — ﬁ)
2
>1— =5 (EC.41)
where the last inequality is implied by Lemma EC.4.
Combining (EC.40) and (EC.41), one obtains a lower bound for (EC.39) as
1 3
(Anm]]Bp(nmj)) >1- T (EC.42)
Plugging (EC.16) into (EC.12), one has that
5 31,
P(Bm) > (1 - F)IP(ZS’F(,”,U)) (EC.43)

Set O; =0 (or to achieve the same theoretical result, set P(Bp(ln)) =1), and repeat the above

procedure, one will obtain that

36

(3111) >1- T3

then by (EC.43), one has that for any n,m,j € {l,c,r},

B 21 5 ST S 1

The proof of Lemma 3 is thus complete. Q.E.D.
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Proof of Proposition 4. We proceed as the following
N M,

IE[CP' — CP?]| <log T (loglog T')? [ZZ > Z Q1,871 )~ G(Q,57(Q1))) |, (EC.44)

n=1m=1je{l,c,r} i=1

Based on Theorem 7 in Huh et al. (2009), for any n,m,j and Q?, one has that

ED " (EG(Q), 55,)] - G(Q15°(Q1)))]

i=1

< (2max{h,b— c}(S" — S)\/In + ( Z|5 (57 ) (EC.45)

. Therefore, for any s € [S',S"], one has

where 6(s) = E[v/%", (s)]s] — 2925
16(s)]
<hPO, L +s—dy . >0)=P(Ox(Q)+s—d; .., >0)|
+(b=0PO,; ,+s—dy . <0)=POx(Q})+s—d; ., <0)
=hPO,; i +s—dy  20)=PO,  +s—dy . >0)
+(b=0PO,; ,+s—dy . <0)=PO, . +s—d, .. <0 (EC.46)

‘S:s

n (EC.46), the first term can be bounded as

h|P(On{m+iL ts—dg . 20)— P(On{mﬂL ts—d; L2 0)]

<h|P(O,; . +s dﬂmm >0|Bumy) —P(O o +s—dy . >0|Buj)| X P(Bumj)
+ h‘]P)(OﬂszJr i L d‘r%er iL — 0’ "m]) ) (O‘rjm+zL drjer iL — = 0| "mJ )} X P((Bnmj)c)
6h
<0+ (EC.47)

where the last inequality is true because on B,,y,;, it holds that O, L= éTj i and P((Bpm;)€)
is bounded by Lemma 3.
Similarly, the second term in (EC.46) can be bounded as

~ 6(b—c
b=0PO, |, +s—d; ., <0)=PO, ., +s—d; . <0< (T2 ) (EC.48)
Combining (EC.47) and (EC.48), we have that, for any s € [S!, S"],
6(h+b—c
)| < 0=, (BC.49)

which yields that in (EC.45),

> (BIG(Q, 84,)] - BIG(@L 5*(@1)
< (2max{h,b— c}(S" — SY)\/Tm + ( ZW (EC.50)
60

< (2max{h,b—c}(5h—Sl))\/T—F(Sh—SZ) T )
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and the last inequality is due to I,,, <T.
Therefore, in (EC.44) one has that

”E[CBl o 032”

N Mp

log T(log o T)%E| -~ Y- 37 (61Q) 85,) - G(QL 5 (@)

n=1m=1je{l,c,r} i=1

,wagT&gkngE{§5§f > V?} (EC.51)

n=1m=1je{l,c,r}

IN

IN

The proof of Proposition 4 is thus complete. Q.E.D.

Proof of Lemma 4. We start by reviewing the two equivalent characterizations for sub-
exponential variables with parameter v,b. For a zero mean random variable X, the following
statements are equivalent:

(I) There are nonnegative numbers (v,b) such that

w222

1
Ele*] <e 2, forall |\ < 5

(IT) There are constants c;, ¢, such that
P(|X|>t) <cie " for all t > 0.

By Lemma 6 in Yuan et al. (2021), if condition (II) is satisfied, then X is sub-exponential with

parameters (2‘? 2). It can be seen that

WO, . +Si,—D f—(b—cmin{D,; .0,

Trm 1L + Sglzm}
- (hE[(OT%mJFiL + Sfffm - D-,—TJ;mjLiL)Jr] - (b - C)E[min{DT%eriL’ O~7—7J;m+zL + SﬁLzm}]”

< (h+b=0)(0,; Ly +5") +(h+b—c)(E[0.(Q})] +5")

2(pn— Q")

follows the same distribution as O (@), and the

Ti;m+z‘L)

< (h+b=0)(0, L, +5") + (h+b—0c)( + 8™, (EC.52)

where the first inequality is because O L

second inequality comes from the Kingman s inequality. Therefore, it is sufficient to prove that
(h+b— c)(0~7£m+m +S5")+ (h+b— c)(2(u oy +5") is sub-exponential.

Because ONT%m 4y, follows the same distribution as O (Q?), and then by Lemma EC.3, one has
that for = >0,

PO,

—RT
g >T)<e "™,
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which leads to
A h 0 2 '{<25h+2(uo_-2Qh)> Bl 'Z x
P (h‘i‘b—C)(OTrJl iL+2S +2(7 ;h)>>x <e e htb—c™,

Therefore, (h + b — ¢) <O~TJ‘ pip T 25" + ﬁ%) is sub-exponential with parameter

%.‘1 (25h+
<2(h+b—c)e

K ’ K

o2 )
2(n—Qh) 2(h+b—c)>

This implies that

+87 —D

mAiL nm T,{mHL)

- (hE[(ONT%eriL + S’gfm - d-,—%mjLiL)Jr] B (b - C)E[min{DﬂJ;eriL’ Or%m+iL + g#m}])

h(OTTJL + (b—C) min{Dﬁ{mﬂL,é J +5«ji

Tom+iL nm

is also sub-exponential with parameter

K ) K

1 25h+7‘72
(2(h+b—c)e2 ( 2(u—Qh>) 2(h+b—c))

The proof of Lemma 4 is thus complete. Q.E.D.

In order to prove Lemma 6, we first provide Lemma A1l and Lemma A2 in the following.

LEMMA Al. (Lemma 1 in Agarwal et al. 2011) Suppose that the event M holds. If epoch n
ends in round m, then the interval [l,,41,7,41] contains every Q € [l,,,7,] such that E[G(Q, S*(Q))] <
E[G(Q*, S*(Q"))] 4+ Ym- In particular, Q* € [l,,,r,] for all epochs n.

Proof of Lemma Al. Under the learning algorithm, epoch n ends in round m iff one of the
following two cases happen:

(1) max{LB,,,(Q.),LB,,,(@})} > min{UB,,(QL), UB,, (@)} + 7

(2) max{LB,,, (QL), LB,,, (@)} = UB,,,(Q5) + 7o

Suppose Case (1) happens. This means that either LB, (Q%) > UB,, (Q")+vm, or LB, (Q") >
UB,,, (Q%) 4+ ¥m. Consider the former case, and the argument for the latter case is analogous. Since

the event M holds, this implies that

E[G(Q,,, 5*(@.)] =2 E[G(Q,, 5™ (Q7)] + Yn-

Since E[G] is convex, we conclude that every Q € [l,,,l,11] = [l.,Q%] has E[G(Q,S*(Q))] >
E[G(Q", S™(Q" )]+ Ym-

Now suppose epoch n terminates in round m via Case (2). This means

max{LB,,,(Q,),LB,,, (@)} > UB,, (Q7) +¥m. (EC.53)

Suppose LB, (@) > LB, (Qn), and the argument for the case LB, (Q)) <LB,, (Q) is analo-

n n

gous. The above inequality implies

E[G(Q,, 5*(@.)] = E[G(Qr,, S™(Q7)] + Yn-
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By the same argument in Case (1), it can be shown that every Q € [l,,l,41] = [l., Q'] has

E[G(Q,57(Q))] 2 E[G(Q", S*(Q))] + V-
The fact that every @ € [I,,,7,] for all epochs n follows by induction. Q.E.D.

LEMMA A2. (Lemma 2 in Agarwal et al. 2011) Suppose event M holds. For a given epoch

n, if it continues from round m to round m—+ 1, then one has that for j € {l,c,r},

E[G(@7, 5" (@) <E[G(Q", S (Q)] + 127m. (EC.54)

Proof of Lemma A2. The algorithm continues from round m to m + 1 if and only if

max{LB,,, (Q4),LB,, (Q})} < min{UB,,, (QL), UB,, (Q})} + - (EC.55)

and
max{LB,,, (Q.).LB,, (Q})} < UB,,, (Q5) +7n. (EC.56)

This implies that G(Q!,S*(Q.)), G(Q%,S*(Q¢)) and G(Q",S*(Q")) are contained in an interval

of width at most 3+,,.
By Lemma A1, we have Q* € [I,,,r,]. Assume Q* < Q. (The case Q* > Q¢ is analogous.) There

exists v > 0 such that Q* = Q! +v(Q% —Q"), so

1 v

Q”:1+VQ +1+VQ"'

Note that v <2 because |Q¢ —,,| =w, /2 and Q! — Q% =w, /4, so

Lo =@l —Qh] w2 (EC.57)

Qn—Qnl — QL —@Q5l  wa/4

By convexity,

E[G(Q",5*(Q")] = (1+v)(E[G(Q5, S*(Q5)] - ——E[G(Q], 5°(QL)))

1
ElG(Qr, S™(@))] + (1+V)(E[+( w5 (Q0))] - ElG(Qr, S7(@)))
ElG(Qy,57(@)] = (L+v)[E[G(Q, S7(Q7))] — ElG(Qy,, 5™(@)]]
E[G(Qr, S™(@))] = (1+v)37m
ElG(Qy, 5(@0))] = 97

Then we conclude that for each j € {l,¢,r},

E[G(Q), SY (@) <E[G(Q;,, S Q)] +37m S E[G(Q", S7(Q))] + 129m.

The proof of Lemma A2 is thus complete. Q.E.D.
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Proof of Lemma 6. If M, =1, then E[G(Q, S*(Q))] —E[G(Q*,S*(Q"))] <|Q —Q*| <0(Q"
Q') for each Q7,4 € {l,c,r}. Therefore, for the given n, one has

ST 3 (BIG(@QL, S (@) - EIG(Q", S (Q)]) /(1) <

m=1je{l,c,r}

60(Q" - Q')

VM,

Now assume M,, > 2. By Lemma A2, one has for each j € {l,c,r},

E[G(Q7, S (@] <E[G(Q, S"(Q)] +127p,-1.

Therefore, one has

i Y (BG(Q, 57 ()] —EG(@Q", S (@) /(vm)?

m=1je{l,c,r}

My,
Z 367a1, -1/ (Ym)®
m=1

Mp—1

> 369/ (vm)” + 7270,/ (Y1)

m=1

36/var, + 72/,
= 108 /a1, -

IN

IN

IN

Then note that 7,, > (T/(logT)?(loglogT)3)~'/? at all epochs and rounds. Indeed, if v, <
(T/(log T)?*(loglog T)?)~*/2, then the mth round will contain more than logT (loglogT)?I,, =
(log T)?(loglog T)? / (7m)? = T periods. Hence we set ymin = (T/(log T)?(loglog T')?)~!/? and one has

108/, < 108 /~inin-
The proof of Lemma 6 is thus complete. Q.E.D.

Proof of Proposition 6. One has that

T
'E[Cm Yo ctR)

t=1

I
NE

\Eprﬁ+m5ﬁ+oP‘“>—D0+—(u—@nmq5ﬁ+oﬁ““%ng—EKthsw]+@E@ﬁisn

~
Il

1

NE

A[EI(S" + 0[5 = D)~ EI(S" + 0(Q7) - Do)

-
Il

1

+ + Bz, (EC.58)

MH

_C(E §* — O N —E[(D; — 8" — 0 (Q"))"]

t=1

To bound the first term in (EC.58), similar to proving (EC.23), one has that

T
> H|BI(Sz, + O = D)~ E[(S3, + 0(Q3) — D)*]| < Ksollog T)?(loglog T)*.  (EC.59)
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The second term in (EC.58) can be bounded similar to deriving (EC.25) as

T
S (b= )[BID, — 855, — 015 7) ] ~B[(D, - 83, — 0 (Q1))*]| < K (log T)* (loglog )",
t=1
(EC.60)
The third term in (EC.58) is bounded as the following,
* ik 1 * gk 1
Elzr1] =Bl |0¥ %) < - log T'loglog TP(O§% ") < - log T'loglog T')
* * 1 * * 1
+E[93T+1|O§,%1’S ) > - log T'loglog T]IP’(O(T?H’S ) > p logT'loglog T")
< KsylogTloglog T+ Q"T' x % (EC.61)
where the last inequality is valid because P(Or,, > %longog logT) < % by Lemmas EC.3 and 1.
Combining (EC.59), (EC.60) and (EC.61), and plug them in (EC.58), one has

T
€73 — B> C{957]| < Kis(log T)? (loglog T)*. (EC.62)

t=1
The proof of Proposition 6 is thus complete. Q.E.D.

Proof of Lemma 7. Recall that Vi, = (T'/(logT)?(loglog T)?) /2 < ~,, for any m. By defi-
nition, ~,, =2~ therefore, one has

T
(log T)%(loglogT)3"

1
m < ilogz

The bound of n is based on Lemma 4 in Agarwal et al. (2011). The rest of the analyses in this
proof is conditional on the event M. Define the interval I,,;, := [Q* — %'ymin, Q*+ %’ymin] which has
width 27min- For any Q € Imin7 E[G(Q,S*(Q))] - E[G(Q*75* (Q*))] S 0|Q - Q*| é Ymin- Moreover,

for any epoch n which ends in round m, Yuin < Vi, by definition and therefore by Lemma A1,

Inin C{Q €1Q", Q"] E[G(Q, 5"(Q))] <E[G(Q, " (@) +7in} C [li1, -

This implies that 2v,in < 7Ts41 — i1 = Wiy 1. Furthermore, by the definitions of 74 1,1z 1, Wi 1 in

the algorithm, it follows that

w < §w
n+l > 4 n
for any n. Therefore, we conclude that
3\ 3\
2r)/min S Wn+1 S (Z) w1 = (Qh - Ql) (Z) )

which renders that

T
n<log,s; <4(Qh — Q" (log T)?(loglog T)3> .
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Because P(M) > 1 then one has

_ 4
T

T 4
P{n<lI >1—=.
(” = <4(Qh — Q)(log T)*(l0g logT>3>> -T
The proof of Lemma 7 is thus complete. Q.E.D.

EC.3. Standard Technical Results

The section contains the previously known technical results. We omit the proofs for the most

standard results and only present the proofs for the less standard ones, for the sake of completeness.
DEerFINITION EC.1 (Adjustment Coefficient). For a random variable X, let the moment gen-

erating function be A(z) = E[e*¥]. The adjustment coefficient is defined as the positive solution of
Az)=1.

Lemma EC.1 (Existence and Uniqueness of Adjustment Coefficient). For a random
variable X, the adjustment coefficient of X exists and is unique, if the following conditions hold:

1. For some constant z >0, the moment generating function A(z) = E[e*X] < oo;

2. E[X]<0;

3. P(X>0)>0;

4. lim,_,,- A(2) > 1 for a:=sup{z >0, \(z) < o0}.

LEMMA EC.2 (Boundedness of Adjustment Coefficient). For any Q € [Q',Q"], the
adjustment coefficient of Q — D exists and is unique, and is bounded from below by a constant

k> 0.

Proof of Lemma EC.2. In Lemma EC.1, let X =@ — D. Condition 1 in Lemma EC.1 is
satisfied because Q — D < Q". Condition 2 is satisfied because Q" < p. Conditions 3 and 4 are
implied by Assumption 1 (3) and (4). Therefore, for any @ € [Q',Q"], the adjustment coefficient

of Q — D exists and is the unique z as the positive solution of
Mz, Q) =E[e*@ P =1.

Moreover, for any @ € [Q', Q"], it can be seen that \(z,Q) is convex in z, with A(0,Q) =1 and
MN0,Q)=Q —u<Q"—u<0. N'(z,Q)=E[e*?P)(Q — D)?], and we will show that \/(z,Q) is

continuous on [0, 2] x [Q', @"]. This can be shown by the Dominated Convergence Theorem, because
[¢@7P(Q ~ D) <2 (Q")* + D),

and E[2¢22" ((Q")? + D?)] is finite if E[D?] < 0o, which is implied by Assumption 1 (2).
So there exists 0 < 8 < oo such that \/(z,Q) < 8 for any z € [0,2] and Q € [@Q',Q"], which
yields that for any @ € [Q',Q"], the adjustment coefficient of Q — D is lower bounded by x >

min{£=2" 21> 0. E.D.
fe=a,




ec22 e-companion to Chen and Shi: Tailored Base-Surge Policies with Demand Learning

LEmMA EC.3 (Lundberg’s Inequality). Recall that O, (Q) is the stationary distribution for
the stochastic process O 1 = (Op + Q — D)™, then it holds that

PO (Q)>a) <e *?, (EC.63)
for a>0 and p is the adjustment coefficient of the random wvariable Q — D.

LEMMA EC.4 (Concentration Inequality for Independent Samples). Let&; be i.i.d. ran-
dom wvariables with mean 0 and standard deviation o. If the moment generating function of &

around 0 is finite, i.e., there exists a constant p >0, such that for any s € (—p,p) it holds that
E[e®*1] < +o0, (EC.64)
then one has
L
1
IP’<L ;gt > —20(loglog T)—1/2) >1 — ¢ losTloglosT (EC.65)
Proof of Lemma EC.4. Under the condition of (EC.64), and following similar lines of prov-

ing Lemma A2 in Besbes and Zeevi (2015), (EC.65) can be proved as the following. For s € (—p, p),
define

U (s) =log E[e**].

For x >0 and s € [0, p), by Markov’s inequality one has

L.
1 «— L.
i(¥(s)—sz)
P(L» t51§t>x>§e .

(2

Let # =20 (loglog T)~'/? and s* = /0. Apply Taylor’s expansion to the third order around 0, one
has
1

\I/(S*) — %0’2(8*)2 4 6@///(8)(8*)3’

where s € [0, s*]. Therefore one has

2 1133

T
U(s*)— sz < ———+ Kgo—
(s") S 5,2 + Ko el

where Kgo =max,ep,s+] U (s). This yields

]_ L :c2 903 Jc2
IFD(L th > 20(10g10gT)1/2> < eL(—%fg'i‘KGOaT;) < eL(—m) — eflongoglogT7
t=1
and similarly one has

L
1 ac2 w3 962
P<L § gt < _20,(10g10gT)1/2> S eL(*TUQ +K6Oﬁ) S eL(*fJg) — eflongoglogT?

t=1

The proof is thus complete. Q.E.D.
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LEmMA EC.5 (Azuma’s Inequality). Let {(Dy,Fr)}32, be a martingale difference sequence,

and suppose that for any || < i, we have E[e*Pk|F,_] < e¥"k/2 almost surely. Then the sum

,,,,,

n - 52 2
n 2 . v
P(|S D ze) < {2 Tt f0g < Sk and
€ En v2
k=1 2e” 2o« if § > =tk

LEmMA EC.6 (High Probability Regret Bound for SGD). Let f(-): K — R be a convex

function and {z;}"_, be a sequence generated by the projected stochastic gradient descent with respect

to f(+), i.e.,

~ 1
2 €K and  zi = Projclz —niNv,;] with n; = é—., fori=1,...,n—1,
c\i
where @l is a stochastic gradient of f at z; and n; is the step size in the i'" iteration. We make

the following assumptions:
(a) The diameter of function domain K is bounded by j3, i.e., Zzl,ZQE/C |21 — 22]|2 < B.

(b) Fori=1,...,n—1, the stochastic gradient ||<7,||» < ¢ almost surely for some constant ¢ > 0.

Then we have that for any £ >0,

n 2

1 . 3Bc .
P(ﬂ;(f(zz)—f(z ))§M+§>21—26 62

EC.4. Figures for Numerical Studies in Section 6
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Figure EC.3

Regret for Gamma Demand under Different b Values
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