E-companion for “In Which Matching Markets do Costly
Compatibility Inspections Lead to a Deadlock?”

This online appendix is an e-companion for paper “In Which Matching Markets do Costly
Compatibility Inspections Lead to a Deadlock?” and provides additional proofs and materials in
supplement to it. This online appendix is subdivided into several sections. Appendix EC.1 discusses
our search model and our model assumptions and situates them in the context of the related literature.
Appendices EC.2 — EC.4 contain proofs of the base model, including Lemma 2 — 5 in Section 4,
existence of the deadlock regime (Proposition 1), and Theorem 1. In particular, Appendix EC.2
contains proofs of lemmas regarding the MP algorithm and the PS process in Section 4, as well
as a description of the APS algorithm. Appendix EC.3 shows existence of the deadlock regime
(Proposition 1). Appendix EC.4 proves Lemma 1 and Theorem 1. Appendix EC.5-EC.6 contain
proofs for Theorem 2 and related supporting lemmas. Appendix EC.7 gives the heuristic argument
for Conjecture 1. We give a heuristic derivation of the giant component regime using MP in
Appendix EC.8. Appendix EC.9 discusses two model extensions, including vertically differentiated
agents and parallel inspections. Appendices EC.10 and EC.11 provide supplementary materials

regarding the model extensions.

EC.1. Discussion of our search model and model assumptions

In this appendix section, we describe in detail the connection between our partner search process
where agents perform satisficing search and the model of Immorlica et al (2020) which introduces
the notions of information deadlock and regret-free stable matching. In particular, we extend our
model to include cardinal utilities and inspection costs as in the model of Immorlica et al. (2020)
and show that the resulting model reduces to our satisficing search model of agent behavior. We
also detail the connection between our notion of guaranteed inspections and the regret-free stable
matching notion of Immorlica et al. (2020). Subsequently, we discuss our modeling assumptions
such as i.i.d. preferences and i.i.d. inspection outcomes and situate them in the context of the

theoretical literature on matching markets.

Connection between partner search and regret-free stable matching. Immorlica et al. (2020),
who introduce the notions of information deadlock and regret-free stability in matching markets,

explicitly model match values and inspection costs and insist agents perform optimal search among
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their option set. In such a setting, the optimal search among a subset of options can be calculated
using Weitzman’s index policy (1979). This policy assigns each option in the subset an index based
on the value distribution and inspection cost of that option alone. The agent then sorts the options
in decreasing order of index and inspects options in that order until finding one whose value is
greater than the index of the following option. She then selects the inspected option with highest
value (which may not be the most recently inspected option). Immorlica et al. (2020) define an
outcome to be regret-free stable if all agents optimally inspect the subset of options in their budget
set, 1.e., the set of matches that are attainable for them fixing the choices of others in the market.
In our paper, we consider a simplified “partner search” model in which agents perform satisficing
search (Simon 1956), i.e., given a fixed option set, agents wish to inspect options in decreasing
preference order until they observe a success (as is the case in the running example in Immorlica
et al, reproduced in Figure 1). To explore the optimality of this behavior, we extend our ordinal
model to a cardinal one in which agent i’s potential match partners have values, as opposed to just a
preference ordering >;. In particular, we assume agent i gets value ¥;; = v;; from matching to agent
J if agent j is compatible, and ¥;; = 0 otherwise, which happens with probability p.! To relate this
cardinal utility model to our base model, we assume the values (v;;) jen ;) are strictly ordered, and
furthermore assume that the Weitzmann index explained below o; =v;; — ¢/p are strictly positive
for all j € N (i) and take this order as the ordinal preferences of agent i over their consideration
set in our base model. Agent i knows v;; and p, and, at a cost of ¢ > 0, can learn whether ; is

compatible (i.e., whether her true value for j is v;; or 0).

ProposiTION EC.1. Within the framework of Immorlica et al. (2020), under the aforementioned
model of cardinal utilities and inspection cost, an agent performs satisficing search in the same

order as the one the agent follows under partner search in our base model.

Proof In the setting with cardinal utilities, the Weitzman indices tell us the order of inspection.
The index o; of option j is, by definition, the solution to the equation ¢ = E[max(¥;; —o7;,0)]. For
our binary-valued random variable ¥;;, this expression has a closed form, namely o; =v;; — ¢/p,
implying that agent i inspects according to the decreasing order of v;;. Furthermore, note that for
J >i j', we have o, <v;;» <v;;, and hence, the agent stops inspecting upon the first successful
inspection, i.e., upon finding j such that ¥;; = v;;. In other words, agents perform satisficing search

as per the ordinal preferences in our base model.

1 Such a value distribution is a special case of the one considered in Immorlica et al. (2020), but is the natural analogue of our
ordinal model in which the agent knows the preference ordering conditional on compatibility with certainty.
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Above, we assumed that inspection costs were identical for all j € N (7). More generally, consider
costs ¢; which may be different for different j € N (i). We now assume the resulting order of the
Weitzmann indices is strict and take this order as the ordinal preference of agent i in our base model
(we now do not assume that the order of the (v;;) en(;) is identical to the preference order in our
base model), then, once again we recover Proposition EC.1 by noticing that, for j* <; j, we have
oj < o; < v;;. However, if the two-point distribution of ¥;; is such that the low value is €; > 0,
then it is possible that agent i stops searching further even when the inspection for j fails. For
example, if the parameters satisfy v;; —c;/p > €; > vy — c;./p > €j >0 for some j € N (i) and all
other j € N (i), then, according to the Weitzman indices, option j has the highest order, with its
low reward realization higher than all other options’ indices. In this case, agent i will match with j
regardless of the inspection outcome.

For an outcome in our setting to be regret-free stable as defined in Immorlica et al. (2020), agent i
must therefore inspect options in this order among those in her budget set, i.e., among those that are
attainable given the choices of others. This is precisely our definition of a guaranteed inspection.
From this point of view, our results identify markets where any mechanism, centralized or not,
that guarantees regret-free stability would get stuck (deadlock regime); versus markets in which a
mechanism as simple as asking each agent to inspect their favorite remaining option (i.e., perform

guaranteed inspections) would clear the market efficiently (deadlock-free regime).

Further discussion of our modelling assumptions. Our model of a random market, including
i.i.d. uniform agent preferences is key to making our problem tractable, by allowing us to reveal
information sequentially (sometimes called “the principle of deferred decisions”) while still ensur-
ing that the residual market is uniformly random conditioned on what has been revealed so far (e.g.,
see Lemma EC.16 in Appendix EC.6). We note a rich tradition of theoretical advances in the field
of matching markets based on models of random markets with i.i.d. uniform preferences, e.g., see
influential papers by Pittel (1989), Knuth, Motwani and Pittel (1990), Ashlagi, Kanoria and Leshno
(2017), Roth and Peranson (1999), and others. Such preferences are an extreme of a well-studied
market structure (see, e.g., Immorlica and Mahdian (2005)) where deadlocks could be problematic.
Indeed, if preferences were perfectly correlated even on just one side of the market, there would
be no deadlocks — the most-preferred agent would receive their most-preferred match and so on. In
practice, preferences are thought to lie between these extremes. Similarly, our assumption of inde-

pendent inspection success with probability p is necessary for tractability, allowing the outcome of
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an inspection to be independent of the information revealed so far. In practice, this does not always
hold, and other literature studies implications of correlated success, see, for example, recent work
by Ali and Shorrer (2024).

We now discuss indirect empirical backing for our assumption that agents only perform guaran-
teed inspections. While there hasn’t been direct evidence for such behavior by participants, there
is related evidence for loss averse behavior by market participants in matching and other settings:
Hassidim et al (2021) find that participants in a truthful matching mechanism often report prefer-
ences which indicate that they prefer to not receive funding, even though the mechanism preserves
privacy and there is no downside to receiving funding. One possible explanation they suggest is
that participants may be trying to avoid the disappointment of asking for funding and not receiving
it. Dreyfuss et al (2022) document loss averse choice behavior more generally by participants in
truthful mechanisms. Connecting back to our setting, one may expect that a market participant who
is unwilling to even report a preference for a potential match if there is a risk of being rejected,
might more so be unwilling to spend the effort to inspect such a potential match at risk of being

later rejected by them, motivating our assumption that only guaranteed inspections are performed.

EC.2. The MP Algorithm and the PS Process

This section contains proofs of Lemma 2 — 5 regarding the MP algorithm and the PS process in
Section 4.

Before providing the proofs, we provide a precise description of the accelerated partner search
process in Algorithm EC.1. We use the term “best” to capture most preferred. We say a woman i is
waiting after ¢’ rounds of APS if i € I;,APS.

Algorithm EC.1: Accelerated Partner Search (APS)

—

: Initialize the market: IOAPS —0; JOAPS —0;
. for all i € I such that N (i) # 0 do

IOAPS (_IOAPS u{i}; N(;*PS(i) — N(i):

: end for

. for all j € g such that N(j) # 0 do

TIPS — JAPS U {1 NS (j) — N ()

: end for

|

9: while J2FS £ 0 do > round ¢’
10: jt{\P S t{*_PlS; I/,*P S It‘,\_P ls > Initialization. Will eliminate agents who match or reach the end of their list.
11: VjeJAFS do NAPS(j) — NAPS(j): Vi € TIPS do NAPS (i) — NAPS (i) > Initialize neighborhoods.
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12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:

31:
32:
33:
34:
35:
36:
37:
38:
39:
40:
41:
42:
43:
44:
45:
46:
47:
48:
49:
50:
51:
52:
53:

Phase 1 (Men):
for all j € th\_PlS do
forallie NV t/,*f ls ()n It/,\_PlS in the order >; do > Make offers to available women in order
Man j makes an offer to woman i

if j is not the favorite of i in her consideration set N;,Af? (i) then

NAPS

fi (i1) but not the best one.

break inner for > j must wait if j is in i’s consideration set
else
She inspects with j if he is the best in N;,AF]S (i1).
if the inspection succeeds then
She accepts the offer and the pair is matched. Remove j from JAFS and i from It’,\PS.
else > The inspection fails.
i rejects the offer. Remove i from Nt",\PS( j) and j from Nt/,\PS (i).
end if
end if
end for
it N2APS(j)=0and j e JAPS then
Remove j from jt{\PS
end if

end for
Phase 2 (Women):
for all i € 72*PS do

if i has matched already, i.e., i ¢ I/,*P S then

continue

end if

forall je N zj'\fls @Hn J;{\PS in the order >; do > Inspect available men in order
if / and j have already inspected then > Since they didn’t match, the inspection failed.

continue inner for
else if j has not made an offer to i then
break inner for > { must wait
else > Man j made an offer to woman 7 in the ongoing round
i and j inspect
if the inspection succeeds then
She accepts the offer and the pair is matched. Remove j from j;{\PS and i/ from It/,\PS.
else > The inspection fails.
i rejects the offer. Remove i from NtéP S(j) and j from N;,\P S@).
end if
end if
end for
it NPS(i)=0andie 7P then
Remove i from I;,APS
end if

end for
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54: ' —1t'+1
55: end while

Next, we prove Lemma 2 (MP tracks accelerated PS). In order to prove Lemma 2, we need the

next supporting lemma on MP.

LemmA EC.1. We have the following monotonicity properties on MP:

A1) _ A (1) _ /
1. If m”. . =A, then L, =A forallt' > t.

—i
2. Ifnﬁg.ii =R, then "), =R for all ' > 1.
3. 1) =1, then 1)) =1 for all ' > 1.
4, Ifml(ij =Y, then ml(t_?] =Y forallt >1t.
5. Ifm(t) =N, then ml(t_?] =N forallt’ > t.

i—j
The proof of Lemma EC.1 is obvious from the MP algorithm and is omitted here. Now we are
ready to prove Lemma 2.

Proof of Lemma 2 We will inductively show the following claims hold.

1. (i, ) inspected by 7(1) in accelerated PS iff m\)  =A and Il.(;_l) =1.

i
2. (i,j) inspected by 7(2) in accelerated PS iff rﬁgil =A and Il.(;) =1.
3. j is waiting for i at £(1) iff m"]) =U and ") =A.
4. iis waiting for j at #(2) iff nﬁyl}l =W and Il.(;) =1.
It’s easy to check that they are true when ¢ = 0. Suppose they hold for # — 1 and consider ¢.

First we show Claim 1. If (i, j) inspected by #(1), then it must be that (1) i sees j as the best by
(t=1)(2) (we’ll show this implies Il.(;_l) = 1) and that (2) j sees i as the best by #(1) (we’ll show this
implies rhgil = A). First consider condition (1). if i likes j the best by (¢ — 1)(2), then it must be true
that for all j” >; j, either (i, j*) inspected and failed by (# — 1)(2), or j* matched with a better agent

than i by (¢ — 1)(1). By assumption together with the MP update rule, this implies for all j* >; j,

. ~ (1=1) (r-1)
either o i

Now consider condition (2). If j likes i the best by #(1), then it must be that for all i’ > i, either

=A and ¢, =0, or i1 =R, which again by the MP update rule implies Il.(;_l) =1.

(i, j) inspected and failed by (r — 1)(2), or (i, j) inspected and failed during #(1), or i’ matched

with a better opportunity than j by (r — 1)(2). If (/, j) inspected and failed by (¢ — 1)(2), then by
(1=1) _

i'—j

assumption and MP update rule this implies m N. If i’ matched with a better opportunity than

J by (t—1)(2), then by assumption and MP update rule together with Lemma EC.1 this implies
(1=1)

My =N. Finally consider the case where (i’, j) inspected and failed during 7(1), then it must be

true that i’ sees j as the best by (¢ — 1)(2), which we have already shown implies Il.(fj_l) =1. Also
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since (7', j) inspection failed, it must be true that ¢;;» = 0, which by the MP update rule implies

m{~V =N. Putting it together we have shown m(t Y =N for all i’ > ; 1, which by the MP update rule

i'—j i'—j
implies m' =A.

J—)l

Now we consider the other direction of Claim 1. If n%yi)l =A and Il.(;_l) =1, then it must be true
that (7, j) inspected by 7(1). Suppose this is not true, then it must be one of the following four cases.
Case 1: i matched with a better opportunity than j by 7(1). Case 2: j matched with a better agent
than i by #(1). Case 3: i (still in the market) does not yet see j as the best by (¢ — 1)(2). Case 4: j
(still in the market) does not yet see i as the best by #(1). Case 1 cannot be true since by the previous

argument this implies m( )

(0 _
Ii

;=Aand ;s = 1 for some j’ >; j, which by the MP updated rule implies

=0 and hence by Lemma EC.1 contradicts with I =D =1, Similarly, case 2 implies m  =A

joi
lg_) ]) =Y for some i’ >; i, which by the MP update rule means m§ )

()

and m - =R and hence by Lemma

EC.1 contradicts with m ; =A. Case 3 implies i is waiting for some better opportunity than j at

» (1=1)

J'—i

-1

(t —1)(2), which by assumption implies 7t =W for some j’ >; j, and hence by the MP update

rule implies / l.(j_ ) = 0, contradicting with / l.(; = 1. Finally, case 4 implies j is waiting for some

better agent i’ than 7 at #(1), which implies that i’ (still in the market) does not yet see j as the best
by (7 - 1) (2). As we just argued, this implies /;, (’_1) = 0. Then it must be true that (by the MP update

b =U, since if it’s not true then it must be that m(t l), and [, (t 1) =1and ;- = 1 for some

l—>] ]—>l

rule) m
J’ > J, which by assumption implies (i’, j”) are matched by (¢ — 1)(2) and hence contracting with
i’ still in the market by (7 — 1)(2). Now that we know ml(t_)lj) X for some i’ >; i. This contradicts
with m ( ) ; =A (see the MP update rule).

Secondly we show Claim 3. If j is waiting for 7 at 7(1), then it must be that j sees i as the best

(t)

by (1) (we already know this implies m ; =A) and that i (still in the market) does not yet see

(1= )

J as the best by (z —1)(2) (we also know this implies m,_, " =U from the earlier argument). Now

consider the other direction of Claim 3. If ml(t Jl) =U and m< ) ; =A, then it must be that j is waiting

for i at 7(1). Suppose this is not true, then at least one of the following cases is true. Case 1: j (still
in the market) does not yet see 7 as the best by #(1). Case 2: j is matched with a better agent than i
by #(1). Case 3: i sees j as the best by ( — 1)(2). Case 4: i matched with a better opportunity than
J by (t—1)(2). We already know that both case 1 and case 2 contradict with 7i2 (t) ; =A from earlier

arguments. We also know that case 3 implies I (1) = 1 which contradicts Wlth ml(t__)]l) =X by the

MP update rule. Lastly, case 4 implies that n%(t,_l)) =A and / .(f,_l) =1 and ;s = 1 for some j’ >; j,

. 1) =N and hence contracting m'"~ " =U.

1—]

which by the MP update rule implies m;_
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Next we show Claim 2 and Claim 4. First we show one direction of Claim 2. If (i, j) inspected
by #(2), then it must be that i sees j as the best by 7(2) (we’ll show this implies / l.(;) =1) and that j
sees i as the best by 7(1) (we already know this implies mjil =A). If i sees j as the best by #(2),
then it must be true that for all j* >; j, either (i, ') inspected and failed by #(1) (by assumption

and the MP update rule, we know this implies m( )

;=Aand € =0), or (7, j’) inspected and failed
during 7(2), or j* matched with a better agent than i by #(1) (by assumption and the MP update
rule, we know this implies m( ) ;=R).If (i, j’) inspected and failed during #(2), then it must be that
J’ sees i as the best by #(1) (which we already know implies (t) ;=A) and that ¢;;- = 0. Putting it
together, by the MP update rule, we have shown that / l.(;) =1.

Next we show one direction of Claim 4. If i is waiting for j at #(2), then it must be that i sees
J as the best by 7(2) (we already know this implies / l.(;) = 1) and that j (still in the market) does

not yet see i as the best by 7(1). The latter implies that j is waiting for some better opportunity

i’ than i by #(1), which by assumption implies m{™Y =U and " , =A. In fact, this also implies

= joi
n%yll =W, since if otherwise (m(t) =R), then for some i” >; i m(,t,_l)i =Y and ﬁzy)ﬂ,, =AIf i >
then m§ ) =R by the MP update rule, which contradicts with m( ) o =A.If 7" >; 1", then by the MP

(1-1) =U contradicts with m(t)

i'—j Jj—i

update rule, m ., =A. Also it 0bv1ously cannot be that i’ =i” since the
messages they receive from j are different.

Now consider the other direction of Claim 2 and Claim 4. First start with Claim 2. If mﬁi [ =A
and Il.(;) = 1, the it must be true that (i, j) inspected by #(2). Suppose this is not true, then it must be
one of the following four cases. Case 1: i matched with a better opportunity than j by #(2). Case 2:
J matched with a better agent than i by #(2). Case 3: i (still in the market) does not yet see j as the
best by #(2). Case 4: j (still in the market) does not yet see i as the best by 7(1). By assumption,
case 1 implies there is some j’ >; j such that m A( ) ; =A and €;;» = 1, which contradicts with I O _1.
Case 2 1mphes (by assumption and the MP update rule) there is some i’ >; i such that mﬁil =A

=t

and m: . =Y, which again by the MP update rule together with Lemma EC.1 implies 7'

~ (1)

hence contradicting 7 _,,

=A by Lemma EC.1. Case 3 implies that i is waiting for some better

opportunity j’ than j by 7(2). We have already shown that this implies ') =W, which by the

J'—=i
MP update rule contradicts with 7, .(f) = 1. Finally, case 4 implies j is waiting for some better agent
(-=1)

l—)_]

i’ than 7 by 7(1). We have shown this implies m,
with ' =A.

J—i

=U, which by the MP update rule contradicts

It now only remains to the other direction of Claim 4. If n%jil =W and Il.(;) =1, the it must be

that 7 is waiting for j at 7(2). Suppose this is not true. Then at least one of the following cases must
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be true. Case 1: i (still in the market) does not yet see j as the best by 7(2). Case 2: i matched with
a better opportunity than j by #(2). Case 3: j sees i as the best by 7(1). Case 4: j matched with a

better agent than i by 7(1). We have shown case 1 and case 2 contradicts with / l.(;) = 1. We have also
(1) (1)

shown that case 3 implies n‘zj_) i
that case 4 implies nﬁﬁi ; =R which contradicts with m'D =W.

j=i T

; =A, which contradicts with /2", . =W. Lastly, we have also shown

Therefore we have completed the proof.

Next we prove Lemma 3.

Proof of Lemma 3. We define partial ordering >" on the set {A, R, W} of man-to-woman
messages by W >™ A >™ R. Similarly, we define partial ordering >" on the set {Y, N, U} of woman-
to-man messages by U >" N >" Y. Then, we can define the partial ordering >" of message vectors
on {A,R,W}Hélx{y,N,U}€! where (i1, m) =¥ (i#',m’) means M =" n%}_)i and m;_,; >" ml’._)j
for all (i,j) € &. Note that {A, R, W}"g| x{Y,N, U}"S| is a complete lattice. Now consider an
arbitrary sequence of message updates as defined in the MP algorithm in Algorithm 2, represented
by a permutation of ({j — i}v( jyes, {i = J}v(i,j)ee)- Let si be the kth element in this permutation.
For any realization of random market G y (e, K, p), this resequenced MP algorithm can be viewed as
iteratively performing F(-) : {A, R, W}Hel x {¥, N, U}l — {A, R, W}l x {v, N, U}/€! as defined
below (F depends on the realization of random market Gy («, K, p)):

First denote by m the permuted vector of (r2,m) according to the above defined order
(Sk)k=1,..218|- For each k=1, ...,2|&E|, s is either i — j or j — i for some (i, j) € &. For each of

the two cases, we define f;, () : {A, R, W}l x (¥, N, U}I€! as follows: if s; is j — i,

Alifforall i’ >;i,m;y_,; =N;
fi—i(m) =R if for some i’ >; i,my—; =Y, and m;»_,; = N for all i” >; i’;

W otherwise,
orif spisi—J,

~ 1 if for all j* >; j, either i ;.,; = A and €;;» =0; or mj._,; =R.
gij (1) =
0 otherwise,
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Y lfg,](l’?l) =1 and €j= 1;
~ Nif g;;(im) =1 and g; =0, or if for some j’ >; j,
Jimj (i) =

mji=Aand g;y(m)=1and ¢, =1;

U otherwise.

Then, define a sequence of vectors 7y, ..., iy g in{A, R, W}'S| x{Y,N, U}|8|, where each vector’s

elements are permutated according to (sx)x=1,...2|¢|- This sequence of vectors represents the updated

.....

messages following the resequenced MP update according to (si)k=1,. 2;g|- For each riy, the only

element that is changed from ;1 (let g = 1) is the kth element, and the update is according to
S5 (ig—1) as defined above.

Finally, F (i) = 1iyg.

From the definition, it’s not difficult to see that each f;, (-) is isotone, hence F is isotone
from a finite lattice into itself. By Tarski’s fixed point theorem, the set of fixed points of F is a
nonempty lattice, and iterated applications of F starting from the maximum point (W€l x U1€l)
in {A, R, W}"g| x{Y,N,U }|8| converge to the maximum fixed point. Observe that the permutation
of the (i1, m) vector, i.e., the order of the message updates in the MP algorithm considered here
is arbitrary. Also, for any different permutation of the (71, m) vector, we can similarly define the
corresponding F' function (just apply the above procedure for the new permutation), and any fixed
point of the new F function is also a fixed point of the old F' function (with proper reordering of
the indices) and vice versa. Therefore, iterated applications of F' starting from the maximum point
(W€l x Ul€lyin {A, R, W}el x {Y, N, U}®l converge to the same maximum fixed point, irrespective
of the permutation (s¢)=1,...2/g|- We have thus proved that the MP algorithm converges to a unique
fixed point that does not depend on the sequence of message updates.

Next we prove Lemma 4. To prove this lemma, we first establish the following claim.

CLAIM EC.1. Fix a sequence of times t =ty = w(1). Then for any L < oo, the following holds. For

any agent i, we have
Jim PN () € N7() =0

Proof The probability of there being more than ) nodes in the (L + 1)-neighborhood of agent
i is vanishing as N — oco. (The number of nodes in the (L + 1)-neighborhood has expectation

bounded above by ®(1) and the assertion follows from Markov’s inequality.) It suffices to show
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Nlliiﬂ) () SN f‘Ps(i), where /(L + 1) is the number of nodes in the (L + 1)-neighborhood of agent
i. Consider a subset of N (i), denoted by Ny (i), where we remove from N (i) all neighboring
opportunities that are inspected by i but failed as well as all neighboring opportunities that are
matched with a better agent than i during the first L rounds of APS. If i is matched during the first
L rounds of APS then we let N7 (i) = 0. Obviously N (i) C N fPS(i). Therefore if we can show
Nl}ZiH) (i) € Ni.(i) then we are done. If fact, it suffices to show that if (i, j) inspected by L in APS,
then (i, j) must also inspected by /(L + 1) in PS; and to show that if a neighboring opportunity of 7,
say j, matched with a better agent i’ than i by L in APS, then (i’, j) must also matched by /(L + 1)
in PS.

We first show the former. It suffices to show that in order to make the (i, j) inspection happen
by L in APS, all the prerequisite inspections needed are on edges within the (L + 1)-neighborhood
of agent i. Suppose this is not true, i.e., we need an inspection on edge (i’, j’) outside the (L + 1)-
neighborhood of agent i to happen as a prerequisite to make the (i, j) inspection happen by L in
APS. By Lemma 2, this means we need rhﬁ,L_))l, and / l.(,?) for some L’ < L to determine n%EL_)” and
Il.(J.L). By the MP rule, this is not true, hence a contradiction.

Now we only need show the latter. In fact it follows easily from the previous argument. The claim
hence follows.

Now we are ready to prove Lemma 4.

Proof of Lemma 4 The fact that PS and APS converge to identical outcomes is immediate

from Lemma 3. Take any agent i. Consider her consideration set just after the first # rounds of PS.

We carefully define the sequence ¢’ as follows. For each L € N, let Ny be the smallest number s.t.,

for all N > Ny, it holds that
1
PONS () NP (D) < 7 (EC.1)

By Claim EC.1, we know that N < co for all L € N. Note that N,, N3, N4, ... is a monotone non-
decreasing sequence. For all N, define 7}, = max{L : Ny < N}. Clearly, ), = w(1). By definition of

t.., in the N-th market we have

N’
1
PN (1) ¢ NP8 (i) < . (EC.2)
N tN
Since this holds for all agents, by Markov’s inequality,
: PS, APS (- N 1
P Hze]:/\/t (i) ¢ N (Z)HZ— <. (EC.3)
" Vi) Vi

The lemma follows.
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Finally we prove Lemma 5 (DE is exact on trees).

Proof of Lemma 5§ We prove by induction. First consider # = 1. Obviously the messages all
distance-1 opportunities from the root node i receive from their children agent nodes at time O are
X. Also, ex-ante, the messages i receive from her neighboring opportunity nodes come from i.i.d.
subtrees (by the MP update rule, the message i receives from her neighboring node j at ¢ only
depends on the messages j receives from its other neighboring agent nodes at # — 1), and hence

we only need to show the probability distribution of m(l)

is Aw.p.ai, Rwp.r;,and W w.p. wy.
~ (1) A1) _A s :

By the MP update rule, mj_”. can only possibly be A or W, and ;2 =A iff j sees i as most fit

ex-ante. Conditioning on (7, j) € &, the probability of the number d of better than i agents for j

has distribution Poisson(Ku/a), where u ~Uniform[0, 1]. Therefore the probability of j seeing i

as most fit ex-ante can be computed by

P(d = 0) = E,P(d = 0|u)

:Ee—Ku/a
_ e—K/a/—l -1
 —K/a

One can easily verify that this expression matches with a; in Definition 4, and that r; =0 and
wi=1-aj.

Now we know that Lemma 5 is true for # = 1. Next assume it holds for any 1, ..., — 1 rounds of
MP and consider the messages the root node i receives after  rounds of MP. We start by examine the
messages all distance-1 opportunities receive from their children agent nodes. Take all distance-1
agents and consider the subtrees starting from these agents. Clearly, ex-ante, these subtree are i.i.d.
GW trees with mark, hence by assumption, the messages each of these distance-1 agent nodes
receives from their children are i.i.d. A w.p. a;—1, R w.p. r;_1, and W w.p. w;_;. By the MP update
rule, this implies that the messages all distance-1 opportunities receive from their children agents

are i.i.d.. Next we will show that if we take any opportunity j; and its child agent i; that are both of
(1=1)

lﬁ_]]

distance-1 to the root agent node i, then the probability distribution of m,
(t 1)
I

is Y w.p. y;—1, N w.p.

vi—1, and U w.p. u;_1. We first compute the probability of = 1. From the MP update rule, we

know that I.(t._]) =1 iff for all j* >;, ji, either m AU A and €,;» =0, or m M) —R. We can also

_]—)l _]—)l

imply from the MP update rule that the message m ) . does not depend on €;, ;- or €;, ;~ for any other

J” >i, J1. Therefore we can treat Pr(e; ;s =0) =p for all j* >;, ji independently from mﬁ’ D for

all j/ >;, j1 (note that the probability distributions of n%(t,_])) for all j” >;, j; are also independent).
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Moreover, the probability distribution of the number d; of better than j; opportunities for i; is
Poisson(Ku), where u; ~Uniform[O0, 1]. Therefore, by the chain rule of conditional expectations
and utilizing the moment generating functions for the Poisson random variable d;|u; and Uniform

random variable u|, we can compute

P(Ii(ltj_l]) = 1) :P(for all j >;, ji, either m(, 1) =Aand ¢,;, =0, or 1 Aﬁt_l)l) R)
=Ey, [(at—l(l —-p)+ri1) 1]
=E,, [Edl [(at—l(l _p)+rl—1)dl|u1]]

=E,, [Edl [(at—l(l —p)+r,_1)d'|u1]]
~E,, [e—Kul(a,_1p+Wx—1)]

1 — e~ K(ariptwiy)

_ = 1. (EC.4)
K(a;-1ip+wi-1) -t

(1=1)

l—>]

=Y and the probability of m ™D =N, By the MP update

l—>]

Now, consider the probability of m;

rule, it’s obvious to see that

P(m(’ D _Y) P(I(’ V=1and e, = 1)=qt—1P:yt—1-

i1—]1

Also, by the MP update rule we have

(=1) _
P (mll_) ) N)
=P (It.(ltj_ll) =1 and ¢, j, =0 or for some ;" >;, ji, n%yjl)l =A and Il.(ltj_,l) =land ¢, ;= 1) :
Observe that by the MP update rule, if /; (t 1) =1, then there must not 3" >;, j; s.t. miD =A

J'—=i

and ¢, ;- = 1. Therefore the two events {for some j' >;, Ji, Ay_l)l)l =A, Il(’j D=1 and €, =1} and

{Il(ltjll) =1 and ¢;, ;, =0} are disjoint, and hence

P( (t 1) _N)
1]
P(I(Z D=1 and €,j, =0 or for some j’ >;, ji, mﬁf—ln) =A and I<t Y=1and €ijr = 1)

P( llljll) =1and €, —0) +P(f0r some j' >, i, y—]n) =A and I(I Y'=1and €= 1)
(EC.5)

The first term above is simply

P(z“ 1)—1and6,m—0) g (1= p). (EC.6)
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The second term can be written as the summation of a number of disjoint events’ probability, where
aU=D A =D 2

each event corresponds to i, ; =A, I,

=1 and ¢, = 1 for the [th best opportunity j* of iy,

[=1,2,...,d;. Taking the conditional expectation on d;, we get

P (for some j' >;, ji, my/_”) =A and Il.(l’j_,l) =land g, ;= 1)
Fd
=Eq4, Z P (for the /th best opportunity j* of i1, i (D A, 177V =1 and € j = l‘dl)

] =i > iy’
L I=1

1
=Ey4, Z(az—l (1-p) +rt—1)l_laz—lp

E (1—(a,_l(l—p)+rt_1)d1)a,_1p
=154

: | ar—1p + w1
_a-1p(1 = gi-1)

(EC.7)
ar-1p +we—1

where the third equality follows by applying the geometric series formula, and the last step follows
from the derivation of P (Il.(ltj_ll) = l) = ¢q;-1 in Eq. (EC.4). Therefore, combining Eq. (EC.5) —
(EC.7), we obtain

_ 1-g,_
P (mi ) =N) =gi1(1-p)+ = g, | (EC.8)
1= ar-1p + w1

One can also easily verify that u;_; =1 —y,_1 — v;,_1. Therefore we have shown that, ex-ante, the

(1-

probability distribution of the message m; ) , from any distance-1 agent i to her parent opportunity

J1is Y w.p. y,—1, Nw.p. vi—1, U w.p. us—_q, and is independent from all other such pairs.

Now consider m( )

; (as before, j; is any distance-1 opportunity from root agent node i) and its
probability distribution ex-ante. We already know that they are i.i.d for all neighboring opportunities
hence it suffices to consider just the pair (i, j;). Denote by d the number of better than i agents for
J1, which is distributed according to Poisson(Kii/«), where it ~Uniform[0, 1]. By the MP update

rule, we can compute

P (), =A) =P (forall # >, i, m{) ; =N)

l—)]l

=E; P(for all i’ >, i, ml(,t)_)j —N‘cf)
d

:EJ(Vt—l)

=5, [B (v, 1a)|

—E, (e%m_l—l))
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_ e%(vtfl_l) — 1

& T EC.9
Koy-1) (EC)

where the third step utilizes Eq. (EC.8), the fourth step applies the chain rule of conditional
expectations, and the last two lines follow from the moment generating functions of Poisson and
Uniform random variables.

Similarly, by the MP update rule for the R message,

J1—=i

p (n%(t) = R)

(1)

=i

(=1) " _N for all i” > i’)

_ Y3 Lo _
=P (for some i’ >j i, m =Y, and m;, i

=E; P (for the /th best agent i’ of j, mD =Y, and ml(f,__gl =N for all i” >, i’)

l’—)jl

(Vf:})’t—l)

[~ IV~

~
I

1
» (1 - V[d_l)yt—ll

l=vi

:)’t—i(l —a;) _

t
I—vi ’

where the second step follows from summing up the probability of d disjoint events, conditional
on the value of d and taking expectation over d. The fifth step results from applying E J (v;i_l) =a;
in Eq. (EC.9). One can also easily verify that w, =1 — a; — r;. The lemma follows.

The proof of Corollary 1 is straightforward from Lemma 5 and Lemma EC.1, and is omitted

here.

EC.3. Existence of the Deadlock Regime

In this section, we prove Proposition 1, which establishes that the deadlock regime ® is nonempty.
In other words, there exist market primitives @ > 0, K > 0, p € (0, 1) for which A(a, K, p) > 0.

Recall that, by Definition 4, a;, r;, wy, gy, y;, Vi, U; satisty

G- _q

e a — Ur—

ar= %, 1 s = 1ZIV1 (I-ar); we= l_tvl (1-ay);
v =) ! ! (EC.10)
1 — e~ Ktaptws) a;p(1-q;) wi(1-gq;)

qr= yi=q:p; vi=q/(1-p)+—"7">; uy=——->

—_ DUy :
K (a;p+w;) a;p+w; a;p+w;
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By Corollary 1, w; and a, are monotone in . We can similarly show that r;, ¢;, y;, v; and u, are

monotone in ¢ as well. Therefore the limits exist. Denote

a*:=1lim a;; r*=lim r;; w* = lim wy;
qg*=1lim q;; y* = lim yy; v = lim v; u* = lim u;,.

Obviously, they satisfy the following system of equations:

ea(V - 1 * *
_ﬁ w' = a’;
(v =1 * (EC.11)
* l_e_K(a ) * * * *(1 )+Cl*p(1_q*) * (1 q )
= ; =qp;, v = - w0 4T '
q K (a*p +w*) y=ar 1 p ax*p+w* a*p+w*

The next lemma characterizes the value of a* for the deadlock-free regime.

LemmA EC.2. If (K,p,a) ¢ A, then the corresponding a* is the unique root of e KP4 — 1 —
e_K a_
ae e +a=0on (0,1), denoted by a* (K p, @). Moreover, a*(K p, @) is increasing in a.

Proof 1f (K,p,a) ¢ A, then w* =u* =0 and one can easily show that Eq. (EC.11) reduces to

S0 | —eKap

at=——; r'=1-a"; y'= ;
9 9 Ka* 2

T vi=l—-y" w'=u"=0. (EC.12)
E(V —1)

In fact, by combining the three expressions for a*, y* and v*, we can obtain the following equation:

e_Ka¥p—l

e KP _ 1 _qe e +a=0. (EC.13)

—ca

Letc=Kpand F(c,a,a) :=e““—-1-ae “aa +a. Therefore Eq. (EC.13) implies F(c,a,a*) =0.
Since ¢ = Kp >0 and a > 0, we have ¢““ > 1 +ac and hence

l—e~%+a’ca

OF (c,a,a)  pemac e (1 +ac—e%*) <0

da B a?

— . — —ca . _c
1 =lim =4— =-< <0, and hence lim F(c,a,a) =—ae @ +a > 0.
a—>0 @ @ a—0

Also, F(c,a,1)=e" C—l—ae T +a<e C—l—a(e_cT‘l+1)+a:0since et > e_iT‘]+1.
Therefore, there exists a unique a*(c,a) € (0, 1) such that F(c,a,a*(c,a)) = 0. Also note that
F(c,a,a*)=0,1.e.,a"=a*(c,a).

To prove that a*(c, @) is increasing in @, compute

aZF(C’ a, Cl) B e_Hae(;aC (e—ac _ 1)2 0
oa? T a’a’ <Y
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Moreover,
OF (c,a,a) e iz (e7* —1—-aa)
—— =1+ )
oa aa
3 : OF (c,a,a) _ . . . OF (c,a,a) . .. .
One can easily see that lim —z2== =0, which implies that =—52== > 0. By the implicit function
a—00

da*(c. ) .. .
Theorem, we have aa(; D50, ie., a*(c, @) is increasing in a.

Next we show that the deadlock regime as characterized by ® is nonempty by showing that it
cannot be the case that (a,K,p) ¢® foralla >0, K >0and p € [0, 1].
Proof of Proposition 1 Recall from Eq. (EC.10) that

_ (I=qr-1)(1—a)w,
t (I=vim)(arip+wiet)

Since w; is decreasing in ¢ by Corollary 1, we must have (1-9,11)753,(11,;33,,1) <lforallt=1,2,....

In particular, % < 1.If w* = 0, this reduces to W < 1. Plugging in Eq. (EC.12),
(1-g")(1-a*)

T ap <1las

we can rewrite

(Ka*p-1 +e'K“*p) (I—-a")

a*pZ (1 _ e—Ka*p)

—_ b

or equivalently,

5 (Ka*p-1 +e_K“*p) (I—-a*)

P> =) (EC.14)

Let ¢ = Kp and note that we have proved a* = a*(c, @) in Lemma EC.2. Observe that the RHS
of Eq. (EC.14) is only a function of ¢ and «, hence we denote it by p*(c,@). Since ¢ > 0 and
a*(c,a) €(0,1) by Lemma EC.2, we have p*(c, @) > 0. Therefore fix any ¢ > 0 and a > 0, then for
Vp € (0, \/m) # 0, Eq. (EC.14) is not satisfied. In other words

{(K,p,a) p< \/p*(Kp,a)} co

and

{(K,p,a) :p< \/p*(Kp,a)} #0,

which means ® # 0.
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EC.4. Proof of Theorem 1

In this section, we prove Lemma 1 and Theorem 1.

We first prove Lemma 1 (random markets are locally tree-like).

Proof of Lemma 1 Note that conditional on the topology of B, (i) and 7, being identical, we
can easily construct a coupling of the preference/fitness rankings and latent inspection outcomes
such that B, (i) = 7,. Therefore it suffices to show the coupling without markings, i.e., without
preference/fitness rankings and without latent inspection outcomes.

We do a breadth-first search on Gy («, K, p) starting from node i. Put node i into a queue and
then iteratively do the following, starting from s = 1. In FIFO order, take one node from the queue
and count all nodes connected to it that have not been added to the queue. Denote this number Z;
and add these nodes to the end of the queue in arbitrary order. Then update s = s + 1. Repeat until the
queue is emptied. Denote by S the number of total iterations. Take any positive integer [. Consider
the first / A S nodes (including both agents and opportunities) examined from the queue. Next we
show that the probability of the subgraph (in the original economy) spanned by these nodes not
being a tree is bounded above by @(%). For integer s > 0, define set C; that contains all nodes in the
queue after the sth iteration in the above breadth-first search (Co = {i}). Also let v be the node taken
out from the queue in the sth iteration (vi =i). Let Uy = {u € Cy : {u,vs41} € E or {vei1,u} € E}.

Observe that |U,| ~Binomial(|Cs| — 1, K/(aN)). Therefore,

1
~

P(A1<s<IAS:|U]|#0) <E ZP(IUslthICS)

| s=1

Afsl--5)

| s=1
2
o[2).
N

where the first inequality is an application of the union bound, the second inequality follows from

the distribution of |U;|, and the last step follows from |C;| =1+ Zizl (Zs — 1), Jensen’s inequality,
and EZ; < (K/a) AK.

Similarly, we can also conduct a breadth-first search on the tree 7 («, K, p) in the same way
as above. Similar to Z;, denote by Z; the number of untouched nodes connected to the sth node
being examined from the queue. Denote by S’ the number of total iterations before the queue
is emptied. Consider the first / A S” nodes. Next we show that there exists coupling between

Zs and Z; such that P((Zy, ..., Zins) # (Z],...Z], ) < @(%). Define I; and J; to be the set
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of agent nodes and the set of opportunity nodes, respectively, that have not been added to the
queue nor taken out from the queue by (just after) the sth iteration in the breath-first search in
Gy(a,K,p) (Ip=1 - {i} and Jy = 9). Clearly we have Z;,| ~Binomial(|/|, K/(aN)) if v
is an opportunity node, and Z;,; ~Binomial(|Jg|, K/(a@N)) if v is an agent node. Let £;41 be
independent ~Binomial(N — ||, K/(aN)) if vs is an opportunity node, and ~Binomial(aN —
|Js|, K/(aN)) if vy is an agent node. Then Zg, | + &541 is ~Binomial(N, K/(aN)) if vy is an

opportunity node, and ~Binomial(aN, K/(aN)) if v, is an agent node. We have

P((Zla ~~~’Zl/\S) ;é (Zl +§1a "'aZl/\S+é:l/\S)) S E P(gs ;é O||1S—1|a |JS—1|7 vs)]

K N+aN—|I;_i|~|Js-1]
1-{1-—
aN
l K s—1+|Cs_1]
<E 1-|{1-—
aN
| s=1

). (EC.15)

<E

Note that Eq. (EC.15) still holds if we use [ instead of / A S on the L.H.S subscript and draw 1.1.d.
additional Binomial(aN, K/(aN)) samples for Z; and additional Os for &; if S < /. On the other
hand, it is known that the total variation distance between Binomial(aN, K/(aN)) and Poisson(K)
as well as the total variation distance between Binomial(N, K /(aN)) and Poisson(K /@) are both
no bigger than K/(aN). Thus, by maximal coupling, there exists a coupling between Z; + ¢ and
Z such that P(Z) + &, # Z]) < % We can hence inductively show that there exists a coupling
between (Z; +&1,...,Z; + &) and (Z1, ..., Z)) such that P((Z, + &1,....Z1 + &) # (Z],....,Z])) <
% provided it is true for vectors of length / — 1. This combined with Eq. (EC.15) imply that
P((Z1,....2Z1) #(Z],....Z))) < @(%). Since the values of S and S’ would be identical provided that
S <landthat (Zy,....,7Z;)=(Z,..., Zl’), we have the desired coupling between Z; and Z; such that
P((Z1s s Zins) 2 (Z),. Z), o)) <O(L).

Combine the results above implies that there exists coupling such that the probability of the
subgraph of Gy(a, K, p) spanned by the first / A S nodes being different from the subtree in
7 (a, K, p) spanned by the first / A S’ nodes is bounded above by @(%).

Clearly, the number of breadth-first search iterations on 7 (a, K, p) up to depth r is | 7;|. One can

check that E(|7;|) = e¢" where C =log(K?/a). Fix any sequence of r = o(log N), we can find some
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A =o0(N) such that ej% — o0. Define M (r) := \/Zezcr + A) so that P(|7,| > M(r)) < % — 0 as

n — oo. We have the following result:

P(B,(i) # T;)
=P(B.(i) # T:&&|T;| < M(r)) +P(B,(i) # T, &&|T:| > M(r))
<P(B,(i) # T||T;| < M(r)) + P(|T;| > M(r))

S@(M(r)2
N
=o(1).

)+o(1)

The lemma follows.
Take any agent i € Gy(a, K, p) and consider the probability of her waiting after 7 rounds of
accelerated PS. Apply the Message Passing (MP) algorithm on both Gy (e, K, p) and 7 (o, K, p),

Lemma 1 together with Lemma 2 and Lemma 5 imply the following corollary.

CoRoLLARY EC.1. Fixany a, K and p and suppress the notations. Take any agent i € Gy and define
Axps(t) =Pr(i e I,APS), where I,APS is defined in accelerated PS in Algorithm EC.1. Let w; and q,

be as defined in Definition 4. Then for any sequence of t = o(log N), M%PS (1) — Kwiqs| <o(1).

Proof Define X§ (1) =¥(i € I**5). Also consider a marked GW tree 7 (e, K, p) that satisfies
the coupling Pr(8B;(i) # 7;) < o(1) in Lemma 1. Conduct MP on the tree and denote by m. By
Lemma 2 and the MP update rule, we know that the probability of the root agent node waiting after
t rounds of APS is fully determined by 7;. Denote the indicator function of this event happening by
X;,(t). By Lemma 2 and Lemma 5, let d ~Poisson(K'), we can compute (by the MP update rule)

P(X](,(t) = 1) = P(the root agent node 7 of 7, is waiting after # rounds of APS)

:P(Hje‘]f:n%ﬁil,:WandIg):l)

J—

=P(3jeTy: mﬁil =W and V' >; j, either /i)’ . =A and €;;, = 0; or m;’L; -R)

d
=E | > wila,(1-p)+r)""
=1
1-(a;(1-p) +”t)d
agp +w;

_ W (l_e—K<azp+w,))
a[p+Wt

= WtE

:KWt(It,
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where the second step applies Lemma 2, the third step utilizes the MP update rule, the fourth step
follows from Lemma 5, and the last three steps results from applying the geometric series formula,
the moment generating function for Poisson random variables, and the definition of g, in Definition
4, respectively.

Therefore,

P(X$(t)=1) =P(XS (1) = 1&&B, (i) = ;) +P(X$ (1) = 1&&B, (i) # ;)
=P(X1 (1) = 1&&B, (i) = T;) + P(X§ (1) = 1&&B, (i) # Ty)
<P(XL(t)=1)+P(B,(i) )

S KWt‘]t + 0(1)9
where the last step follows from Lemma 1. On the other hand, we also have

P(X$ (1) =1) =P(X5 (1) = 1&&B, (i) = T;) +P(X (1) = 1&&B, (i) # ;)
>P(X5 (1) = 1&&B, (i) = Ty)
=P(X},(t) = 1&&B, (i) = ;)
=P(X},(t)=1) - P(XL(t) = 1&&B, (i) £ T7)
>P(Xy (1) = 1) =P(B:(i) # T,

> Kwiq;—o(1).

The lemma follows.
We also have the following corollary that establishes that the local neighborhoods of any two

agents in the market are two independent trees.

CoRroLLARY EC.2. Fix any a, K and p and suppress the notations. Take any two agents v{ and v,
in Gy and consider their distance t neighborhood B,(vy) and B;(v2), respectively. Denote this
subgraph by B,(v1,v1). Also denote by T the graph of two independent GW trees with marks
(under primitive (a, K, p)). Then for any sequence of t = o(log N), there exists a coupling between
Gy and T such that P(B,(v1,v2) # T,%) < o(1).

Proof Consider the following exploration process. Denote by V =1 U  the set of agent nodes
and opportunity nodes in G y. Maintain four sets Vs(l), Vs(z), U,, Cs which are a partition of V in each
iteration s. Start with Vél) ={i1}, VO(Z) ={ix}, Up=0, Co =1 \ {i1,i2}. In each odd (even) round
of iteration s =1,3,5,... (s =2,4,6, ...), take a vertex from set VS(_l)l (Vs(f)l), denote it by v. Define
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Li={ueU; 1 :{u,vs} €Eor{vs,u} € E}. If either V(l) or V(z) is empty, we let {v,} = I, = 0. Now
we update V) = ViV \ (v} UL (v = v VE =V v = VP \ (v} U L), U = U\ I,

s+1 s+1
Cy1 = C5 U {vy}. In fact, in each round s we can define set V; = V(l) U V(z)

then applying the
same technique as when proving Lemma 1, we get a similar result. Take any integer /. There exists
coupling such that the probability of the subgraph of G 5 spanned by at most the first (according to
the sequence of breath-first search) / nodes in the neighborhood of i; and at most the first / nodes
in the neighborhood of i, being different from the subgraph of 72 spanned by at most the first /
nodes in tree-1 and the first / nodes in tree-2 is bounded above by O( N)

Now we need to consider the depth-¢ neighborhood of i; and i;. Denote by ‘7;(1) and 7, ) the
two independent GW trees up to depth-7 in 72. We know that E(|7,'"|) = B(|7,?|) = ¢’ where
C =log(K?/). Fix any sequence of ¢ = o(log N), we can find some A = o(n) such that ez% — 00,
Define M (1) := \/(2C" + A) so that P(lT(1)| > M(1r)) = P(|T(2)| > M(1)) < M(t) —0as N — oo,

We have the following result:

P(B;(vi,v2) # T2)

<P(B,(v1,v2) # T2&&| TV | < M(1)&&|T, P < M(1)) +P(1 T,V > M (1)) + P17, 7| > M (1))
M(t)2

=0( )=o(l).

The lemma follows.

Now we are ready to prove Theorem 1.

Proof of Theorem 1 We first prove the deadlock-free regime. It is obvious that for any fixed
economy, the number of agents who wait is decreasing over time. Therefore, it suffices to consider
sequence of = w(1) that is also o(log N). By Lemma 4, there is a sequence of times ¢’ = w(1) (that

is also o(log N) since APS obviously proceeds faster than PS) such that for any ¢ > 0, we have

P(l{i e T NPS(i) ¢ NAPS (i)} < 6N/2) > 1-o(1). (EC.16)

Take any € > 0. Note that g, > (1 — e X)/K > 0 for any s > 0 from Definition 4. Therefore if
(a,K, p) ¢ O, then it must that sli_)rglo wg =0, and hence there exists some finite 7 > 0 such that
wr < €/K. Also by Corollary EC.1, for any ¢ = o(logN) we have [A475(1') — Kw,q;| — 0 as
N — oo, where /lxp S(#') is the probability of agent i waiting after ¢ rounds of APS. Therefore,

for any ' = w(1) that is also o(logN), when N is sufficiently large, we have ' > 7 and hence
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/lxps(t’) < e+o0(1). Since the choice of € is arbitrary, this implies /IQPS (") <o(1). Take any 6 > 0.
By Markov’s Inequality,
/11/?[1:’5 (t/)N

P(|{i eI :NM53)#0}|26N/2) < N2

=o(1). (EC.17)

This implies P(|{i € 1 : Nt’,*PS (i) #0}| <O0N/2) = 1—o0(1). Therefore combining Egs. (EC.16) —
(EC.17), we get

P(A(a,K, p) < 6N)
=P(|{i € T : NP5(i) # 0}| < 6N)
=P({i € T: N (D) #OANTS ) E NSO+ i € T NP (D) # 0 ANPS (i) € NS (i)} < 6N)
>P(|{i € I : NFS(i) ¢ NS ()| + [{i e T : NP5 (i) # 0} < 6N)
>P(([{i € T : NFS(i) ¢ NIPS ()} < SN/2) A (|{i € T : NAFS (i) # 0} < 6N /2))
>1-o0(1).

Since the choice of ¢ > 0 is arbitrary, we have the desired result.

It now only remains to show the information deadlock regime. If (@, K, p) € ©, then for any
€ > 0, there exists 7 such that for any s > 7 we have |[Kw;q; — 1| < €. By Corollary EC.1, since
t =o(log N), we have |37 (1) — Kwq;| — 0 as N — oo, where A3° (1) is the ex-ante probability
of an agent i waiting after 7 rounds of APS. Therefore, when N is sufficiently large, we have ¢t > 7
and hence 1 —e —o(1) < /lxps(t’) <A+ e+o0(1). Since the choice of € is arbitrary, this implies
A=0(1) <AWS(1') < A+0(1).

For any agent i, define X}, (i) to be the indicator function of agent i in Gy waiting at time ¢ in
APS. Let Al = 37 X4, (i). Then EA, = NARPS (1). Obviously A%, > A, (since the set of waiting

agents is decreasing over time and APS proceeds faster than PS). Take any 6 > 0, we have

P(AY = AN = 6N) > P(A}, > AN — 6N)
>P(|AL, = AN| < 6N)
=P(|A, — A5 ()N + A5 (1)N — AN| < 6N)
>P(JAY — AT ()N + |57 ()N — AN| < 6N)
>P(JAY —ANS(ON|<SN/2 A |43 (H)N —AN| < 6N/2)

N—oo

—— P(JAY, — A3 (t)N| < 6N/2),
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where the last step follows from 1 —o0(1) < A?JPS (t) < A+o(1). Therefore, to show the desired result,
it suffices to show P(|/~\§V - /l‘]?,PS(t)N| <6N/2) > 1-o0(1), or equivalently, P(|A} — /IQPS (1)N| >
ON/2) <o(1)

Note that Ef\ﬁv = AQPS(I)N . By Chebyshev’s inequality, we have

Xt )2
P(|Ay - AN (t)N| > 6N/2) < %,
where o (Al)? is the variance of Al:

o (AL)? =No (X4 (1))*+ N(N = 1)Cov(X4 (i1), X (i2)).

It’s easy to check that (1 - 1) —o(1) < o-(X]’v(il))2 <A(1=2)+o0(1). Now it only remains to com-
pute Cov (X}, (i1), X}, (i2)). Note that Cov(X} (i1), X} (i2)) = E[ X}, (i1) X}, (i2)] = EX}, (i) EX, (i2),

where
E[Xy (i) Xy (i2)] =P (X (i1) = Xy (i2) = 1)
<P (X} () = Xy (i2) = 1|8, (01.12) = T2 ) +B(B,(11,12) # T,)

=A% +o(1).
The last step above follows from Corollary EC.2 and the fact that = w(1). Now, we can compute
o (A2 < NA(1 =)+ N(N = 1)(2* = %) + o(N?) = o(N?),

and hence
- o (AL)?
t APS N7 _
P(lAN —Ay N|>6N/2) < m =o(1).
Therefore we have shown P(A}, > AN —6N) > 1-o(1).
Next we show P(A, < AN+6N) > 1-o0(1). By Lemma 4, there is a sequence of ' = w(1) that

is also o(log N) such that for any ¢ > 0, we have
P (|{i eI NG ¢ NP (i)} < 6N/2) >1-0(1). (EC.18)
Therefore

P(Aly < AN +6N)
=P(|{i € T : NP5(i) £0}| < AN +6N)
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=P([{ie T :NFS@)#0ANPSG) ¢ NSO+ {i e T NPSG) # 0 ANPS () S NOPS (i)} < AN +6N)
>P(|{ie T : NFS(@) ¢ NS (i)} +|{i € T : NAFS(i) £ 0} < AN +6N)
>P(([{i € T : NPS(i) ¢ NAPS (i)} < 6N/2) A ({i € T : NOPS (i) £ 0} < AN + 6N /2)).

Observe that

P(([{i € T : NFSG) ¢ NS (D)} <6N/2) A ([{i € T : NAFS (i) £0}| < AN +6N/2))
=1 -P(([{i e T : NFS(i) ¢ NS (i)} > 6N/2) v ([{i € T : NIPS(i) 0} > AN + 6N /2))
>1-P(|{i e T :NSGE) ¢ NIPS (i)} > 06N /2) —P(|{i € T : N2*P5(i) # 0} > AN + 6N /2).

Therefore

P(Ay < AN +6N)
>1-P(|{i e T : NG ¢ NS @)} > 6N/2) —P(|[{i € T : NMPS(i) £ 0} > AN + 5N /2)
>1—P(Al > AN +6N/2) - o(1)
>1-P(|AY, -~ AN| > 6N /2) - o(1),

where the second inequality utilizes Eq. (EC.18).
We just showed for ¢’ = w(1) that is also o(log N), P(l/N\ﬁ\l, —AN| <6N/2) > 1—-o0(1). Therefore,
we have the desired result that P(A%, < AN + 6N|) > 1 — o(1). Finally, combine both the lower

bound and the upper bound, we get
P(|Ay =AN| < 6N) =P(Aly <AN+S6N ANy = AN —6N) > 1 - o(1).

Since the choice of ¢ > 0 is arbitrary, the theorem follows.

EC.5. Proof of Theorem 2

We provide the proof of Theorem 2 in this appendix with several key steps and lemmas. The proof
of the key lemmas are provided in Appendix EC.6. So far, to analyze an agent’s state after some
rounds of partner search, we relied on one technical lemma (Lemma 1) to establish the local weak
convergence between the agent’s local neighborhood and some independent branching process.
However, the established local weak convergence result can at most reach an agent’s o(log N)-depth
neighborhood, and does not suffice for us to identify her final deadlock structure. That is to say, an

agent’s o(log N)-depth neighborhood is not deep enough for the chain of waiting to form a cycle,
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hence causing her to wait forever. In fact, a typical deadlock (which lasts forever) requires tracking
a chain of waiting of length in the order of VN. The intuition is roughly similar to the birthday
paradox, where a group of ®(VN) people are needed to have at least one pair of people with the same
birthday. In this case, we need the chain of waiting to close on itself forming a cycle, i.e., we need
a member of the chain to be waiting for an earlier member of the chain, as illustrated in Figure 5.
To tackle this challenge, we must use an entirely different approach. In particular, we will try to
directly identify an agent’s final deadlock structure at the end of the partner search process, and we
will do so via a depth-first-search-like neighborhood revelation procedure. Moreover, by revealing
only some partial information of her neighborhood structure instead of the full information, we can
introduce less correlation to the revealed structure. This enables us to analytically track an agent’s
relevant neighborhood up to depth ®(VN) by coupling it with a branching process which we call
the branching process of preferred partners.

We now present the key steps towards the proof of Theorem 2.

A neighborhood revelation procedure. We first describe a neighborhood revelation procedure
ALG-G, which selectively reveals information about the local neighborhood of a focal agent to
identify the agent’s final deadlock structure, if any. The idea is that ALG-G iteratively reveals the
chain of agents that are being waited for when the partner search process terminates.

We introduce some additional notation to facilitate our definition of ALG-G. For a node i, let
0; € {w,m} be its type where 6; = w indicates that node i is a woman node and §; = m indicates
that node 7/ is a man node; let d; € {0,1,2,...} be its actual degree; and for all j € N (i) let
ri(j) €{1,2,...,d;} be the rank of node j in the preference list of i, with rank 1 denoting the most

preferred partner. Let r;(0) = d; + 1. Let A;(i) be the level [ ancestor of i, with A;(i) being i’s

aN

o1 where the

parent. We denote the degree sequence of the nodes in the graph by (di)ili , and (d}
former (latter) are the degrees of all women (men) nodes.

Prior to the start of ALG-G, only a single piece of information about G is revealed: the degree
sequence. Algorithm EC.2 describes the ALG-G process stepwise. Observe that ALG-G visits a
subset of nodes in the focal node’s neighborhood like a depth-first search. Its route follows the chain

of waiting (see Figure 6) from the focal node at each step of partner search, while the current chain

of waiting is always given by the set ;. Whenever the chain of waiting forms a cycle, ALG-G
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Algorithm EC.2 The ALG-G process.

29:
30:
31:
32:
33:
34:
35:

36:
37:
38:
39:
40:
41:
42:
43:
44
45:
46:
47:
48:
49:
50:

: Inputs: amarket (7, 7,8, (>;,Vie I),(>},Vj€J)) with degree sequence (d;);c7, (d;.)jej, and latent inspection outcomes.
: A woman node i in the market.

: Outputs:
: Result € {DEADLOCK, CLEAR, INTERFERENCE}
: Revealed marked neighborhood (Dy, Uy, E;) of i including degree and rank of parent for revealed nodes, and inspection outcome

for inspected edges

: Initializations:

: For convenience, set the rank of i’s parent in its preference list r; (0) « d; + 1
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:

Active node v(1) « i; active set Dy « {i}; inactive set Uy «— O
Set of revealed directed edges Eg «— 0
Ap(D) < 0,ri(0) —di+1

while True do
Initialization: Dy «— D;_1; U — Uy—1; Er — E4—1
while D; # 0 and |[{j : (v(1),]) €E} =7y (1) (A1 (v(1))) - 1 do
> Repeat while the active node v(¢) # i has no offspring that it prefers to its parent
if v(7) =i then > Focal node i has reached the end of their list [{j : (v(¢), j) € &} = d;
Result «— CLEAR
break outer while
end if
The pair (v(t), A1 (v(2))) inspects and the result is revealed
Add edge &; «— E; U{(v(t), A1 (v(1)), Inspection outcome) } > Note that the inspection outcome is included
if inspection (v(t), A1 (v(t))) succeeds then
The pair matches and both nodes become inactive: Dy «— D; \ {v(1), A1 (v(2))}, Uy — U U{v(2),A1(v(2))}
The grandparent becomes the active node v(z) « A, (v(¢))
else
The child becomes inactive: D; «— D; \ {v(#)}, Uy < U; U {v(¢)}, and the parent node becomes the new active
node: v(z) «— A1 (v(¢))
end if
end while
if O; =0 then
Result « CLEAR
break
end if
Consider j that satisfies r,, ;) (/) = [{j’ : (v(1), ") € & }| + 1 > Reveal the active node’s next most preferred offspring. Note
that such a j must exist since Dy # 0 and [{j : (v(1),]) € E} <7y (1) (A1 (v(1))) — 1.
if j € D, then
& =& U{(v(0), )}
Result «— DEADLOCK
break
else if j € U; then
& =& U{(v(®), )}
Result < INTERFERENCE
break
else
Reveal j (including its type 6, its degree dj, the rank of its parent in its preference list (A1 (j)))
Dy DU {jhE & U{(v(®), Nhvt+1)
Advance time: 1 <1+ 1
end if
end while
return Result and (Dy, Uy, E;)
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terminates by revealing the same node in O, twice and return DEADLOCK?2. It is straightforward

to verify that the following is true.

Lemma EC.3. If DEADLOCK (CLEAR) happens in ALG-G, then the focal woman will (will not)

get stuck in information deadlock after the PS process?.

DerFiniTiION EC.1 (Deadlock event). Let A, be the event that ALG-G terminates at time ¢ and
DEADLOCK = TRUE.

We are interested in the probability of event | J;~A;, which is the probability of the focal node
waiting forever. In what follows, we will lower bound this probability using (J;e[g,] A for some

7=0(VN).

Coupling with a tree process. To understand what happens in ALG-G which runs on a bipartite
graph Gy (a, K, p), we couple it with its counterpart ALG-T that runs on a tree closely related to
Gn(a, K, p). We define ALG-T and the associated tree (generated by a branching process) below.
We slightly modify Definition 5 for a marked Galton—Watson tree to generate an associated tree.
In particular, to make the coupling argument convenient, instead of using Poisson distributions to
generate offspring for each node, we use the empirical distribution 7,, and 7, from the degree

sequence (d;);Y, and (d 751 of Gy(a, K, p),

N k{di=1}
N

“Neld; =1}

77w(l): aN

and  nn(l) = (EC.19)

We first generalize Definition 5 as follows.

DeriniTioN EC.2 (Marked GW tree with degree distributions (7,,(1));°, and (7,,(1));2,). A
marked GW tree 7 = 7 (1, 7, p) is a random tree with woman and man nodes constructed as
follows.
* The root is a woman node. The number of its man offspring nodes is drawn from the degree
distribution n,,: it has / man offspring nodes with probability n,,([), for [ =0,1,2, ....

* Each non-root woman node, independently, draws offspring from the women’s edge-

perspective degree distribution: it has / man offspring with probability Zg(,(l+l)'7w<l+l)
J

G+ Dnw G4 LT
1=0,1,2,....

2In Algorithm EC.2, CLEAR means the focal woman i is matched or reaches the end of the list. INTERFERENCE implies that
there is an agent revealed twice, but that does not cause the focal woman i to be deadlocked.

3 Note that if INTERFERENCE happens in ALG-G, then we can not be certain whether the focal woman will get stuck in deadlock,
since we stop looking for the deadlock structure before any conclusion can be made.



e-companion to Immorlica, Kanoria, and Lu: Costly Compatibility Inspections and Information Deadlock ec29

* Each man node, independently, draws offspring from the men’s edge-perspective degree dis-
T . . - (+D)m (1+1) _
tribution: it has / woman offspring with probability S oG G for/=0,1,2,....
* Each woman (man) node ranks its neighboring man (woman) nodes according to an indepen-
dent uniformly random permutation.

» Each edge has a latent inspection outcome, which is Bernoulli(p), independently drawn.

Then the associated tree of G y(a, K, p) with empirical degree distributions 7,, and 7, given by
(EC.19) is the marked GW tree with degree distributions n,, and 7,,,.

We define ALG-T to be the same process as ALG-G, but on a realization of the associated tree
of Gy(a,K,p). We add to the notation 9, a superscript G or T to indicate whether it comes
from ALG-G or ALG-T. Note that nodes no longer have the possibility of appearing twice in the
associated tree, so the conditions in line 36 and 40 of ALG-G are never true, and so ALG-T never
suffers DEADLOCK or INTERFERENCE. It either terminates with the result CLEAR (i.e., the
root node gets matched or reaches the end of their list) or the active set remains non-empty and the
tree continues forever, revealing an infinite chain of waiting.

Draw a market (7,,8E,(>;,Vie€ I),(>;,Vj € J)) randomly from Gy(a, K, p) on which we
run ALG-G, and draw a tree randomly from the associated tree of Gy(a, K, p) on which we
run ALG-T. Then, ALG-G and ALG-T each produce a stochastic process of information revealed
with ¢: Let P,G track all the information revealed up to the end of time ¢ of ALG-G, with Pg
=PY if ALG-G terminates before

t. Similarly, let P! track all the information revealed up to the end of time # of ALG-T, again

including the degree sequences (d,-)i]\i , and (d;. 751 We let Pgl
with SDOT including the degree distribution information n,,, 17,,. We find it useful to couple the two
stochastic processes maximally as follows: Note that PtG includes the identity information of each
revealed node up to time 7, according to which the deadlock (or interference) event can be identified
when the same node in the active (inactive) set is revealed twice. In contrast, the revealed nodes in
PT do not have identities (every node revealed is distinct from previous nodes revealed). To define
the proper coupling between ALG-G and ALG-T, we hence define a condensed version of PC,
called P, which erases the identity of each revealed node from PC. Note that conditional on the

history {PC }o<s<s and {PT}1 <</, the realizations of Pgl and P!

.. €ach follow some probability

distribution. We create a coupling between the two processes, in a sequential manner starting from
t =0, such that the next-step realization of ?331 and SDZH are maximally coupled for each ¢ and each
possible history such that PC = PT. Define the natural filtration F = {;},5¢ with respect to the

coupled process {PC, P! }1z0.
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In order for the coupling between ALG-G and ALG-T to persist up to ©(VN) time with nontrivial

aN

probability, we also need some regularity conditions on the degree sequence (di)l.li , and (d} Far

which control properties of the empirical degree distributions such as the average degree, the prob-
ability generating function of the degree distributions, the extinction probability of the associated
tree, etc. Details can be found in Definition EC.3 in Appendix EC.6. We show that the degree
sequence of Gy (a, K, p) is regular with high probability as N — co (Lemma EC.9). Therefore we
can focus on only degree sequence realizations that are regular. Let R be the event that the degree
sequence of Gy (a, K, p) is regular.

We next establish a coupling result in each step ¢, conditional on successful coupling in all
previous steps, event R, and a regularity condition on P! that is satisfied with high probability

conditional on R. In the rest of the proof, we assume inspection success probability p = 0.

LEmMMA EC.4 (One-step coupling). Let z' (t) be the sum of the actual degree of all revealed nodes
in PL. Define event

H,={"(t) < (t+ DW}

where W € (0, ) is a constant. There exists a constant €. = €,(K, @, W) € (0, 00) such that, for any

constant C, there exists No = No(C, K, @) € (0, 00) such that for any N > Ny and 0 <t < CVN,

2 2 5 t
P(P #PIR)=0, P (goG #; such that P = gozT,q-(t’qg) < %

t+1

T
# Pt+1

Lower-bounding the probability of waiting forever. Recall that we are interested in establishing
a lower bound on the size of the final deadlock. This requires us to lower-bound the probability
of a focal node waiting forever. A key step to show this is to establish, at each time t = 0(N), a
lower bound of %, for some &1 > 0, on the probability that ALG-G will identify the final deadlock
structure involving the focal node at time ¢ + 1, conditional on that the following has occurred up
to time #: (1) the coupling between ALG-G and ALG-T has held up, (i1)) ALG-T has not terminated

yet, and (iii) P! satisfies a certain regularity condition. This result is stated in the next lemma.

LeEmmA EC.5 (One-step deadlock). Consider P,T and the node s in it who will reveal the next
offspring. Let di’unre(t) be the total number of unrevealed edges of s’s ancestor (excluding the
parent) nodes with the opposite type to s (recall that node types are binary: there are man nodes

and woman nodes) in the active set in P! Define two events

Cr={D 0}, J; = {d}"™ (t) > 6ot}
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where 6o > 0 is a constant, and Z),T is D, under ALG-T at the end of time t. Then, there exists a

constant 61 = 81(0¢, K, @) > 0, such that for any t > 0,
o1t

P(A;41|F; such that P =PI, 7. Ci, R) > ~

The crucial event in the events conditioned on is C;. In order for the chain of waiting to be long
enough to form a cycle, we need C; to happen with a nonvanishing probability for # = w(1). This
crucially depends on a GW subtree of the associated GW tree in Definition EC.2 being supercritical
or not. In this GW subtree, only each node’s preferred offspring (compared to its parent) are
included, hence we refer to the subtree as the branching process of preferred partners in our
informal summary in Section 3.2. As N — oo, the branching factor of this GW subtree converges
to f—;. Therefore, the GW subtree is supercritical with high probability if and only if f—j > 1, in
which case there is a positive probability that C; happens for all ¢ > 0, i.e., the chain of waiting
goes on forever, providing opportunities for a deadlock to form via cycle formation in ALG-G, as
long as the coupling between ALG-G and ALG-T lasts. Event J; ensures that nodes in the active
set have enough unrevealed edges to provide opportunities for cycle formation. We later show (see
Lemma EC.15) that the chance of J; is small, provided that the degree sequence is regular and that
ALG-T does not terminate for a long time. The next lemma establishes the key condition on model

primitives for deadlock formation.
LeEmmA EC.6. Iff—; > 1, then limy_,oo P(R) =1 and P(C;|R) = g, Vt > 1 for some q = q(a,K) > 0.

We argued above that in order to create enough opportunities in ALG-G for deadlock formation, it
is sufficient for the chain of waiting in the coupled ALG-T process to go on forever. Lemma EC.6
shows that the latter happens with positive probability when the effective branching factor of the
GW subtree is above one. We include this requirement of the effective branching factor larger than
one in the regularity conditions. Recall that we are using the empirical degree distributions for the
GW tree. When f—i > 1, with high probability, the branching factor of the GW subtree is larger than
one. Lemmas EC.4-EC.6 together lead to the next key lemma, which establishes the probability

lower bound of the focal node waiting forever.

LemmA EC.7. If f—; > 1, then there exist constants C = C(K,a) < c0,0 = o(K,a) > O,N =
N(K,a) < oo, such that, for all N > N,

P(Uﬂ,) >P(A0<t<CVN:PC =PI A1 =1) > o.

>0



ec32 e-companion to Immorlica, Kanoria, and Lu: Costly Compatibility Inspections and Information Deadlock

By Lemma EC.6, the assumption that f—; > 1 ensures that the regularity conditions R is satisfied
with high probability. Therefore we can apply Lemmas EC.4 and EC.5 to infer that, for each
t < CVN, the probability of ALG-G terminating with a deadlock is (1) times the probability of
it terminating due to a breakdown in coupling if the tree process does not terminate. Moreover, if
the tree process does not terminate Co, and the active stack has sufficiently large unrevealed degree
J;, the total probability of terminating due to deadlock before time CVN is ZIC:‘]W Q(t/N)=Q(1)
by Lemma EC.5. Other than using Lemmas EC.4, EC.5 and EC.6, the full proof of Lemma EC.7
involves additional details involving concentration results to regulate the structure of P! We present
the full proof in Appendix EC.6.

With Lemma EC.7 in place, the proof of Theorem 2 is fairly straightforward.

Proof of Theorem 2 We will show that P(#Deadlocked women > 0*N) > o/(1+ o). To estab-
lish this, we will use Markov’s inequality on the number of women who are not deadlocked. By

Lemma EC.7, we know that
E[#Deadlock-free women] < (1 — )N . (EC.20)

By Markov’s inequality, we infer that

1- 1
P(#Deadlock-free women > (1 - o) N) < SO (EC.21)
1-0% 1+p
Hence,
P(#Deadlocked women > o*N) = P(#Deadlock-free women < (1 — 0*)N) > % . (EC.22)
Q
Choosing € = min(o?, %) we get the claim in the theorem.

To see that (@, K, 0) € O if and only if f—; > 1, notice that the system of equations in Definition 4

reduces to
§(l—vf_1)—1+e‘§“‘”-') K(1-a;)—1+eK(-a)
, w=1-v;=

K(1=vio1) K1 -ap)

We = 1- ay =
if we restrict p = 0. From this we can equivalently write

wr = f1(fa(wi-1))

where

K
Kx—1l+e @

fie) = . ()=

a

Kx—1+eKx
Kx '
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By straightforward algebra, one can verify that f;( f>(+)) is concave on [0, 1] with

dfi(f2(w))
dw

_ K dfith(w)
4o’ dw

w=0 w=1

Since wg = 1, we must have that lim;_,, w; is the largest root of w = fj(f>(w)) on [0, 1], and that

dfi(fo(w) ‘
dw w=0

lim;_,oo w; > 0 if and only if > 1, or equivalently, % > 1.

To conclude this section, we provide grounding for the informal intuition provided in Section 3.3
by defining one of the key objects discussed there, namely, the graph of preferred partners, and

noting some key properties it possesses.

Graph of preferred partners. We construct the graph of preferred partners (for a given market
and a given focal node) by modifying ALG-G as follows: we allow ALG-G to “continue” whenever
INTERFERENCE or DEADLOCK happens by eliminating lines 39 and line 43 (break commands).
The final returned (D, U, E) has no active nodes D = @ and the graph of preferred partners is the
directed graph given by (U, E).

Note that by construction, the directed graph returned by ALG-G is a substructure of the graph
of preferred partners; in particular, in cases where ALG-G concludes with DEADLOCK, the final
deadlock structure it outputs lives in the graph of preferred partners.

Standard arguments can be used to show that the graph of preferred partners converges locally
weakly to the branching process of preferred partners (see the next paragraph below) for any local
neighborhood of up to o(VN) nodes. We do not pursue a formalization of this convergence since

it is not needed for a proof of Theorem 2.

Branching process of preferred partners. The branching process of preferred partners is a
substructure of the branching process of all partners defined in Definition EC.2. We modify the
second and third construction step in Definition EC.2 as follows. In the second step, for each
non-root woman node, instead of drawing offspring from the women’s empirical edge-perspective
degree distribution derived from (EC.19), we use the empirical better-edge distribution derived from

(EC.19). That is, independently, each non-root woman node has / man offspring with probability
N ow{di=l+1}
ﬁl di
woman offspring from the empirical better-edge distribution derived from (EC.19), which equals /
(}KN d/-_l 1
with probability 2= =)

aN s
2,‘:1 dj

. Similarly, in the third step, for each non-root man node, we independently draw
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EC.6. Proof of Section EC.5

In this appendix we prove the key lemmas in Section EC.5 for proving Theorem 2. As outlined
in Section EC.5, we will prove the lower bound by identifying, in some cases, the final deadlock
structure that makes a focal node wait forever. To uncover those deadlock structures of interest,
we define a key neighborhood revelation process ALG-G (see Figure EC.2) and couple it with an
analogous process ALG-T on the associated tree of Gy (a, K, p), so that we can make full use of the
latter process’s independence property to facilitate the analysis. In Section EC.6.1, we define and
discuss some regularity conditions needed on the empirical degree distributions of G y(a, K, p), as
well as the implied nice properties about ALG-T that hold with high probability, including Lemma
EC.6. Section EC.6.2 proves the coupling result in Lemma EC.4. Section EC.6.3 proves Lemma
EC.5, i.e., the chance of deadlock formation in each step of ALG-G is on the order of £, up to some
©®VN time. Lemma EC.7 is also proved in Section EC.6.3.

To facilitate the analysis, we first introduce some preliminaries and auxiliary lemmas.

EC.6.1. Preliminaries and auxiliary lemmas

For convenience, we will use a random configuration model to describe the bipartite graph. This
is introduced in Section EC.6.1.1. We then present several useful probability bounds in Section

EC.6.1.2. These bounds are useful in the later proofs.

EC.6.1.1. A random configuration model Consider Gy(a, K,0), a random bipartite graph
with N women nodes and M = @ N men nodes, where each edge (connecting one woman and one
man) is present independently with probability %, and each node independently has a random
preference ranking over connected nodes. We now give an alternative way to generate G y(«, K, 0)
using a random configuration model.

We first fix a degree sequence of G y (a, K, 0) specified by d= ((oll-)l.l\:’1 , (d}. ;’51) Given the degree
sequence d, we can draw a random bipartite graph from the random configuration model as follows.
For each woman node i =1, ..., N, generate d; half-edges with a (independent) random permutation
of ranking among them. Similarly, for each man node j =1, ...,aN, generate d}. half-edges with a
(independent) random permutation of ranking among them. Then, connect women half-edges and

men half-edges uniformly at random. The relationship between this random configuration model

and Gy (a, K,0) is given in the next lemma.
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LemmA EC.8 (The random configuration model vs. the Erdds—Rényi graph). Fix any degree
sequence d in Gy(a, K,0). A bipartite graph drawn from the random configuration model with that
degree sequence, conditional on it being simple, has the same distribution as that of Gy (a, K, 0)

conditional on that degree sequence.

Proof Standard result in random graph theory, see, e.g., Cooper et al. (1996) and Molloy (2005)
for more details.

We call the degree sequence of Gy(a, K,0) regular if it satisfies a few conditions in the next
definition. All results about ALG-G will be established under regular degree sequences, and we

will later show that the degree sequence of Gy («, K, 0) is w.h.p. regular if K?/(4a) > 1.

: 7_ N r\yaN
DeriniTioN EC.3 (Regular degree sequence). Consider the degree sequence d = ((d;);.,, (d j);.’zl

of an Erd6s—Rényi graph Gy (a, K, p). Let

aN-1 N =
g}\v,(s) N Z (I+1) 20, ¥{d; l+1}sl

N
1=0 i=1 d;

N-1 (z+1)zj51uc{d;.:1+1}sl

aN
=0 j=1 dj

, gn(s) =

be the empirical probability generating functions of the (edge-perspective) woman nodes’ degree

minus 1 and the (edge-perspective) man nodes’ degree minus 1, respectively. Also let

aN-1 N N-1 v aN ’
Wi e o {di 2 1+ 1} S Xnd 2+ 1)
fN(S): Z 1 Nl = Sl, fN (S): J l
1=0 i=1 ¢i

aN
=0 21 4]

be the empirical probability generating functions of the (edge-perspective) number of better edges
of a woman node and of a man node, respectively. Let gy be the smallest nonnegative root of s =
v (fy (), and g% be the smallest nonnegative root of s = i (fy' (s)). Then the degree sequence
is called (a, B,v,k,&, u)-regular, where a > 1,8 > 1,y € (0,1),k € (0,1),£ € (0,1),u € (0,1), if
the following conditions hold:

L. gy(a) < B, gy(a) < B;

2. fy ) <k, iy () <k

11‘\:]1 di 4a+K? . Z;Ygdj’ K 4a+K? K. w /1 4a+K?
5. [ - k| < [ i [P ] < [ - K e K| < [ k]

[(hy (1) - &| <| 4522 - £,
4. gy <& qy <&
5. I8 U @Iy (ay) < s 1y Uy (@) iy (ay) < p

Condition 1 ensures that the average actual degree of all revealed nodes in P/ is not too large,

and serves to guarantee that the coupling between ALG-G and ALG-T persists for sufficiently long
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(probabilistically speaking). Condition 2, 3, 4 and 5 serve to ensure that the one step deadlock
probability is bounded below by a sufficiently large probability at each time step in ALG-G. In
particular, condition 2 is used to show that the unrevealed degree of nodes in the active set cannot
be too small, so that there are many opportunities for cycle formation during each step of ALG-
G, conditional on the coupling between ALG-G and ALG-T. In order for the chances of cycle
formation to continue for a sufficiently long time, we also need a positive probability of the ALG-G
process to go on forever. This is guaranteed by Conditions 3 and 4. Condition 3 requires that
the branching factor of the branching process under the empirical degree distribution is close to
the branching factor f% under the limit degree distribution, close enough such that the former is
above one whenever the latter is; quantitatively gy’ (1)gh’(1) > 1+ (K 2/(4a) — 1) /2. This implies
Condition 4, which ensures that ALG-T has a positive probability of going on forever. We state both
conditions separately for convenience in later proofs. Lastly, Condition 5 requires that the effective
branching factor of the branching process under the empirical degree distribution, rooted at either
a woman node or a man node, conditional on extinction, is bounded above by a constant strictly
less than one that only depends on K,a. Conditions 2-5 together guarantee that the size of the
active set, and the total number of unrevealed edges of nodes in it grow linearly in time with a high
probability, conditional on ALG-T not terminating for a long time, thus providing enough different

possibilities for deadlock to form.
LEmma EC.g (Degree sequence is regular w.h.p.). Suppose K?> > 4a. There exist constants a =

a(a,K)>1,=B(a,K) > 1,y=y(a,K) € (0,1),k =«(a,K) € (0,1), 6 =&(a,K) € (0,1),u =
u(a,K) € (0,1), such that,

A}im P(the empirical degree sequence of Gy(a, K, p) is (a,B,y, k,&, u)-regular) = 1.

aN
=0’

(N ;")ll\i o Note that it suffices to establish that, separately for each condition in Definition EC.3, the

Proof Consider Gy («, K, p) where K? > 4a and a realization of its degree sequence (N/)

probability that the condition is satisfied converges to one as N — oo.

First consider condition 1. Note that

aN-1 N
(I+1) 2l ¥{di=1+1} ]
g}\vz(s): ~ )
IZ(; i=1di
I+ Y di=1+ s N
) N | zl'ildi
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I I U {di=1+ 1) N

"ON
N i=1 di
N o di-1
Y odis? N
’—1]\; T (EC.23)
i1 di
Observe that + Y, d;s%! is the empirical mean of dis¥~!,...,dys?™ !, where d;

Binomial(a N, %). Take any a > 1, say, a =2. By the Law of Large Numbers, for any €; > 0,

N
1
lim P(N;diadf—l <E[dja""] +61) =1. (EC.24)

N—oo

Similarly, by the Law of Large Numbers, for any €, > 0,

N
lim P Ldi>E[d]—e =1
N - 1 2_ 9

N—>

or equivalently (suppose e, < E[d;] = K),

lim P

N—>o0

<
f\il dl’ E[dl]

! ) =1. (EC.25)
s

Eq. (EC.23)—(EC.25) together yield

E [dladl_l] + 61) 3

lim P|g¥ <
N (gN(“)— E[d] - e

Since d| ~Binomial(aN, %), one can verify that
lim E[d;] =K, lim
N—oo N
for some c; = ¢y (@, K) > 1. Therefore, there must exist 81 = 81 (a, K) € (1, c0) such that
Jim P(gyy(a@) < B =1.
Similarly, there must exist 8, = 82(a, K) € (1, ) such that
Jlim P(ghy(a) < B2) =1.

Take 8 =max{f1, 3>}, condition 1 is satisfied w.h.p..

Condition 2 can be treated similarly with the observation that

aN-1 N
" i {di > 1+1}
£(s) = Z 1 i §

N
1=0 i1 di
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_ Sty N k{di>1+1}s' N

N . f\il di
N o le{di > 1+1)s' N
) N | ilil di
B ﬁlZfiBIS’_ N
) N ?ildi
12 N
N N a4

i=1%i
The rest of the proof is similar to the proof of condition 1 and we omit the details.

Now consider condition 3. Note that, by the Law of Large Numbers, for any € > 0, & > 0,

N d:
. - i=1 i
lim P(E[dl] -6 < ——

< ér | =
Jlim N _E[d1]+62) 1.

> .
, /4‘151( -K ) > 0 since K? > 4a. Therefore we can

One can verify that limy_,o E[d;] = K. Also,

choose €; > 0, & > 0 appropriately such that

[ 2 N a1 [ 2
K—) 4a+K —K’SZZ:l ISK+‘ 4da+K —K‘
2 N 2

The second inequality in condition 3 can be treated similarly. Now consider the third inequality.

From Eq. (EC.23),

lim P

N—>

=1.

Lididi-1) N
N 511 di’

(gy)' (1) =

Similar to the previous argument, by the Law of Large Numbers, for any €; > 0, €; > 0, €3 > 0 and
€ € (0,K),

E -1 -
lim P [di(di—=1)] — e

w\/ E[dl (dl - 1)] + €3 _
N=eo Eldi]+e < ey (1) < )_1'

Eldi] — &
One can easily verify that

. Eldi(di-1)] _
im ———— 2 =

lim E[d,] =K, 1
aim Eldi] A =T

Therefore, we can choose €1, €;, €3, €4 appropriately such that (note that “/# -K ‘ > (0 since

K? > 4a)
, , 4a +K?
A;l_r&P()(g;\V,) (1)—1{(5‘\/ . —K'):l.
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[da+K? K
22 a

Now consider condition 4. Recall that g}, is defined as the smallest nonnegative root of s =

Sy (f3/ (5)). One can easily verify that 1 = f'(fy' (1)), hence gy € (0, 1]. Using the Uniform Law

We can similarly obtain

K
lim P||(¢™) (1) - =| < = 1.
Jim (gy)' (1) e

of Large Numbers (ULLN) from empirical process theory (see, e.g., Van der Vaart 2000, Wellner
et al. 2013), we can get that f/(-) uniformly converges to some function f”(-) on [0,2], where
f™(+) is the probability generating function of Poisson(Ku/a) where u ~Uniform(0, 1). Denote
= f"(2). Also, by ULLN, f\'(-) uniformly converges to some function f"(-) on [0, ], where
f"(-) is the probability generating function of Poisson(Ku’) where u’ ~Uniform(0, 1). By the
branching process theory (e.g., see Athreya and Ney 2004, Harris 1963), the smallest nonnegative
root of s = f(f™(s)), denoted by ¢" = ¢" (a, K), is strictly less than one if the branching factor
w T f—; > 1. In this case, since fy/(fy'(-)) is continuous, by the continuous mapping
theorem (see, e.g., Van der Vaart 2000), g}, converges to g" € (0, 1). The first part of condition 4
hence follows. The case with q% is similar, and condition 4 hence follows.

Finally, consider condition 5. Note that f3/'(f{'(gy)) 3 (q)) is the derivative of f3/(f'(-))
evaluated at gy. Since fy(fy (+)) uniformly converges to f™(f™(-)) on [0,1], g converges
to ¢" € (0,1), and f"(f™(-)) is continuous, we have that f'(f3 (gy)) 3 (q)) converges to
™) f™ (g"). By the branching process theory (e.g., see Theorem 3 in Chapter I, Part D,
Section 12 of Athreya and Ney (2004)), 4/ mflzws))/ a") . is the branching factor of a subcritical
branching process, denoted by w = w(a, K) € (0, 1). The result hence follows. The second part of

condition 5 is similar.

EC.6.1.2. Probabilistic bounds We prove several probabilistic bounds when the degree
sequence is regular. Recall constants a > 1,8 > 1,y € (0,1),x € (0,1),& € (0,1),u € (0, 1) that

depend on (K, @) from Lemma EC.9. Define event
R = {the degree sequence of Gy (a, K, p) is (a,B,y, k, &, u)-regular}. (EC.26)

From Lemma EC.9, we know that P(R) — 1 as N — co.

The first result upper-bounds the average actual degree of all revealed nodes in P!
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Lemma EC.10 (Upper bound on d” (t)). Let d” (t) be the sum of the actual degree of all revealed
nodes in PI. Also recall constants a, from the definition of R in Eq. (EC.26). Then, for any

€ € (0, 1), there exists some constant W= W(e, a, B) € (0, ) such that, for event
H; = {d" (1) < (t+ YW},
we have, for all t > 0 and any degree sequence deR,
P(H;|d e R) < €.
In particular,
P(H,|R) < €.

Proof of Lemma EC.10 We will show that the same result holds for any empirical degree
sequence deR.

Consider an empirical degree sequence (di)ili 1 (d;. 72’1 of Gy(a, K, p) satisfying R and its
corresponding empirical (edge-perspective) woman degree distribution F), and (edge-perspective)
man degree distribution F,. Observe that there are at most 7 + 1 revealed nodes in PIT , and the actual
degree of each of these nodes (unconditional on the information of P7) is independently drawn
from either F,, or F,,. Let d; be the actual degree of the ith revealed node in PtT if it is a woman
node, and d; be the actual degree of the ith revealed node in PT ifitis a man node. If the ith revealed
node in P! is a woman node, we also draw an independent sample d; from F,,. Similarly, if the ith
revealed node in PtT is a man node, we also draw an independent sample d; from F),. Furthermore,
if there are less than 7 + 1 revealed nodes (i.e., ALG-G stops before ¢), say, s <7+ 1 nodes, we also
draw independent samples d,1, ..., d;+1 from F,, and independent samples d; 120 d; L from F,.
Therefore, d, ..., d;+1 are i.i.d. random variables following F,,, and d,...,d, are i.i.d. random
variables (also independent from d1, ..., d;) following F,,. Moreover, we have d’ (t) < f:} (di+d)).

By independence, the probability generating function of Zf:} (d; +d}) evaluated at s is equal to
sz”zgx(s)’“g%(s)’“, where g/ (+), gi (+) are the probability generating functions of d; — 1, d -1,
respectively (see Definifion EC.3). Conditional on the event R, we know that gy (a) < 8 and

gl’c(a) < B, where a > 1, 8 > 1. Therefore, by the Chernoff bound,

t+1
P(H;|d eR) < P(Z(d,- +d) > W(t+1)|d eR)
i=1
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2t+2 1 1
a’tt g]v\‘}(a)H g]"\}(a)”
q+HW
(12[+2ﬂ2t+2

_ (B2,~(W=2)\+1
T W) (Ba )
Since a > 1, ,Bza_(W_z) can be made arbitrarily small by choosing W big enough. The choice of W
does not depend on the degree sequence (dl-)l.l\:' 1> (d;. 751 except that it satisfies R. The result hence
follows.
We next present an upper bound for the total progeny of the branching process conditional on it
being extinctive. Note that the total progeny of a tree is defined as the total number of nodes in that

tree.

Lemma EC.11 (Upper bound on the extinctive tree size). Consider an empirical degree sequence
of Gy(a, K, p) and its resulting empirical distribution F,, on the (edge-perspective) number of
better edges of a woman node, as well as the empirical distribution F,, on the (edge-perspective)
number of better edges of a man node. Then consider the branching process whose offspring
distribution for woman nodes and man nodes independently follow F,, and F,,, respectively. Let
71,72, ... be independent draws of the total progeny of this branching process rooted at a woman
node, and T\, 7T, ... be independent draws of the total progeny of this branching process rooted at
a man node. Recall constant u from the definition of R in Eq. (EC.26). For any t > 1, we have for

any degree sequence de R,

P(Tl >Z‘|T1 <00,J€R) <

(1=t
Moreover, for any €, € (0, 1), there exists some large constant My = M (€., 1) < oo, such that,

for any n > 1 and any degree sequence deR,
n L n .
P(Z(Ti"'fi) > MTn Z(T5+7~',') < Oo,deﬂ < €r.

i=1 i=1

Proof We will show that the same result holds for any empirical degree sequence deR.

We first consider E[71(|1] < oo,c?e?’{] and E[7|T] < oo,c?eR]. Let f,,(-) and f,,(-) be the
probability generating functions of the woman nodes’ offspring distribution and the man nodes’
offspring distribution, respectively. From classic branching process theory, e.g., see Athreya and
Ney (2004), Harris (1963), we know that
1

E[r|m < W,jER] =—F,
l_fw (1)



ec42 e-companion to Immorlica, Kanoria, and Lu: Costly Compatibility Inspections and Information Deadlock

where f,,(-) is defined as
S (fin(sqw))

qw

fu(s) =

with ¢, being the smallest nonnegative root of s = f,,(f»(s)). Conditional on R, we have

S (fm(aw)) fm(qw) < o < 1. Therefore,
1 1 1

E co,d eR] = ———— = < . EC.27
il < oo d R = e = T i ) )~ 1- (BC2D
Similarly,
R 1
E|7|T Oo,d R = =7 >
(71|71 < eR] 70
where f,,(+) is defined as
fm(fw(sqm))

fn(s) &
dm

with ¢, being the smallest nonnegative root of s = f,,(f,,(s)). Conditional on event R, we know

that f,, (fiw(qw)) Sy, (qw) < p < 1. Therefore,
R 1 1 1
E[f|f <co,d €R] = — = < EC.28
il < o d &Rl = T = T o ) = 1— 1 (FC28)

By Markov’s inequality and Eq. (EC.27),

E[ri|7] < 00, d €R]

P(T1>I|T1Sm,j€R)S p

1
< .
(1—pt
Similarly, by Markov’s inequality and Eq. (EC.27)—(EC.28), and since t1,... and 7p,... are all

independent,

Z(Tﬁﬁ-) < oo,cfeR

n n
P (Z(Ti +7~'l') > MTI’I
i=1 i=1

E XL (1+5)| S0, (14 7) < oo,d €R
< —
1 [Tt|Tz<OO dEﬂ] [T,|T,<OO deR]
2n B 2

< —— = —
(I-wMn  (1-p)M-

can be made arbitrarily small if we choose M big enough.
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We need the following bound as well.

Lemma EC.12 (Upper bound on the number of siblings). Suppose ALG-T does not terminate,
i.e., DL # 0. Consider the i-th node (according to the sequence of being revealed) in DL. Let s;
be the number of its higher-ranked (by the parent’s preference) siblings that share the same parent.
Recall & from the definition of R in Eq. (EC.26). Then, for any €, € (0, 1), there exists some large
constant My = M(es, K, @, &) € (0, 00) such that, for any n > 1 and any degree sequence deR,

P(i S; >Msn

i=1

DL +0,deR

< €.

Proof We will show that the same result holds for any empirical degree sequence de.

Obviously s1 = 0 since the 1st node (according to the sequence of being revealed) in the active set
is the root. We now consider E[s;| DL # 0, d eR] fori > 2. Let X; be the total number of offspring
(including both revealed and unrevealed) of the (i — 1)-th node in the active set. Obviously s; < X;.

In particular, E[s;| DL # 0, jeR] <E[X;|DL +0, 5672]. Moreover,

E | X#{DL £ 0}|d eR

E[X/|DL #0,d eR] = =
P(DL +#0|d eR)

E[X;|d eR]
T P(DL £0|deR)

From the classic branching process theory, e.g., see Athreya and Ney (2004), Harris (1963), we

know that the non-extinction probability
P(DL #0|d eR) = 1 - g,

where ¢g,, is the smallest nonnegative root of s = f,,(f,,(s)), and f,,(-), fin(-) are the empirical
probability generating functions of the (edge-perspective) number of better edges of a woman node

and of a man node, respectively. Conditional on the event R, we have ¢,, <& < 1, hence
P(DL #£0ldeR)=1—-q,, > 1—&.
Also, note that

E[X;|d €R] < max{(g,)" (1), (gm) (1)},
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where g,,(-),gn(-) are the empirical probability generating functions of the (edge-perspective)
woman nodes’ degree minus 1 and of the (edge-perspective) man nodes’ degree minus 1, respec-
tively. Again, conditional on event R, we have (g,)’(1) < K + |w/% - K‘ and (g,)'(1) <

K| [rek? K
a 2a2 a

E[s;|DL #0,d eR] <E[X;|DL #0,d eR]
ERNEaE

max{K+‘1/%—K
<
1-¢

We now prove the lemma statement. By Markov’s inequality,

P(Zn: S; >Msn

i=1

. Combine the above, we have that for all i > 2,

|

E [ 1 si‘Z)OTo # (Z),jeR]

DL £0,deR| <

Mn
" E[s;|DL #0,d eR]

Mgn
,4(1'+K2 K [4a+K2 K
n-maX{K+‘ T_K’E+| 7—5,1}
<

(1_§)Mvn
max{m\./%_m% 1/%—5,1}

(1-6)M,
Since K,a > 0,& < 1 are all constants, the above probability upper bound can be made arbitrarily
small if we choose M sufficiently big.
Lemma EC.11-EC.12 can be used to show the next lower-bound on the length of the active set

|DT|. Lemma EC.6 is also part of the following statement.
Lemma EC.13 (| D! is linear in t). Recall constants u € (0,1),& € (0, 1) from the definition of R
in Eq. (EC.26). Define event

C = {D!+0}.

Then, for any t > 1 and any degree sequence deR,

3
HU -t

P(CldeR) > 1-¢>0, P(ColCrdeR) < .

In particular,

3
—&) (1 -t

P(G|R) = 1-¢ >0, P(CulCi,R) < a
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Also, for any € € (0,1), there exists 6 = 6(€, K, a, u,&) € (0,1), and t, =t,(€1,&, u) € (0, 00) such

that, for event
L2 {|D] > 61},
we have, for any t >ty > t, and any degree sequence deR,
P(L|Cind eR) < €.
In particular,
P(L/|Cip. R) < €.

Proof of Lemma EC.13 We will show the same result holds for any empirical degree sequence
deR.

Note that C., C C; for any ¢ > 0, hence P(Ctljeﬂ) > P(Coolcieﬂ). From branching process
theory, e.g., see Athreya and Ney (2004), Harris (1963), the probability of event Cy is given
by 1 — g}, which is the smallest nonnegative root of s = fy/(fy (s)), where fy/(-), fy'(-) are the
empirical probability generating functions of the (edge-perspective) number of better edges of a
woman node and of a man node, respectively. Conditional on the event R, we have q]\”, <E<,
hence

P(C,|d €R) > P(Co|d €R) > 1 - & > 0.
Now consider P(Ce|C;, d €R). Note that

P(Co, Cr,d €R)
P(C,,d €R)
L P(CuCrdeR)
P(Coo, d €R)
_ P(C/|C,d €R)P(Cwld €R)P(d €R)
P(Coold eRP((d)1Y,, (d)7N.R)
_ P(C/|Ceor d €R)P(Cuold €R)
- P(Cwl|d €R) '

P(Coo|Cyrd €R) =

From the previous argument, we know that

P(Coo|d €R) _ &
P(ColdeR)  1-&

P(Coold €R) < €, P(Cold €R) > 1-&>0,
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Therefore it remains to bound P(Cy|Ceo, d eR). Observe that conditional on Cw, i.e., extinction, the
event C; is equivalent to ALG-T not yet terminated at ¢ after revealing 7 + 1 nodes in total, i.e., the

final tree size 7 rooted at the focal node is at least ¢ + 1. Therefore,

P(C;|Coo,d €R) =P(7] > t|Coo, d €R)
=P(7] > t|1] < o0, a?eR)

(by Lemma EC.11)
1
</
(1=t
where p € (0, 1) is a constant defined in R in Eq. (EC.26). Thus

&
(1=t

P(CulCr,d €R) <
t (1-9)
Finally, consider

P(ZL;|Ciyrd €R) =P(L;, Co| Gy d €R) + P(Ly, Coo| Gy d €R)
_B(Z1.Co. Gy d €R)
P(Cy,. d €R)
. P(L,, cooij eR)
P(Co,d €R)
<P(Z;|Coo,d €R) +P(C|Cp» d €R).

+P(Coo|Cy.d €R)

+P(Coo| Cry.» d eR)

We already know that P(al(),o, d eR) < It remains to bound P(£;|Ce, d €R). First

&
(1-6(I-wito*
consider time oo of ALG-T. Since we are conditioning on event Cs, there must be a non-empty
active set in PL. Consider the ith node (according to the sequence of being revealed) in DL and
its number of revealed siblings s;, for i =1, ..., |Z)IT |. Denote n, = le.g’T | s; the total number of
revealed siblings of these nodes and index the sibling by j =1,2,...,n,. For each sibling node j,
let 7; be the size of the final extinctive subtree rooted at j. Now we go back to time # of ALG-T.
If | D] < 6t and Cw = 1, then it must be that r — |D!| > (1 - §)z. Note that ¢ — |D]| is the total
number of inactive nodes revealed at time ¢ of ALG-T. These inactive nodes must belong to one of
the extinctive subtrees whose roots are siblings of nodes in Z)tT . In fact, an important observation
is that the total number of inactive nodes revealed in 7 must be no more than the total number of

inactive nodes revealed until the | D/ |-th last node (according to the sequence of being revealed) in

Z)oTo is revealed. That is,
ny |Z);r|
t— |Z),T| < ZTJ', where n; = Z Si.
j=1 i=1
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Pick any constant p € (0, 1), then

P(L;|Coord €R) =P(|D]| < 6t|Cuo, d €R)
=P(t—|DI| > (1-6)t, |D!| < 6t|Coo,d €R)

ny
< P(Z ;> (1=6)t, |D]| < 6t|Co,d €R)

J=1

ny
< P(ZTJ' > (1=06)t, n; <pt, |DF| < 6t|Coo,d €R)

J=1

+P(ZTJ->(1—6)t, 1> pt, |DF| < 6t|Coo,d €R).

Jj=1
We now bound each term on the RHS. Observe that conditional on Cs and R, 71, ... are independent
draws from a branching process rooted at either a woman node or a man node, conditional on being

extinctive. Therefore we can apply Lemma EC.11 to bound the first term:

ny

P(> 1> (1=8)t, m <pt, |D|<6t|Cx,d €R)

j=1

pt

< P(Z 7> (1-8)t, n < pt, |D7| < 6t|Cos,d €R)

J=1

(If pt > n,, we sample additional independent extinctive tree sizes from the woman-root branching process. )
ot

1-6 R
< P(Z T > sz|coo,d eR).

j=1
By Lemma EC.11, for any e; € (0, 1), there exists some large constant M, > 0 depending on €, 1,
such that the above probability is smaller than €, if 1;7‘5 > M.

Now consider the second term:

ny
P(Y 7> (1=0)t, n>pt, |D]|<6t|Co,d €R)

j=1
" D7 |

:P(ZT,->(1—5)¢, Zsl->pt, 1D | < 6|Ceo, d €R)
j=1 i=1

St
< P(Z s; > %)(Stl(]oo, jER).
i=1

By Lemma EC.12, for any ¢ € (0,1), there exists some large constant M, > 0 depending on

€, K, a, &, such that the above probability is smaller than € if § > M,.
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By straightforward algebra, one can verify that both % > M, and § > M, are satisfied if

P <o % and § < —= o This means that for any ¢ € (0, 1), there exists 6 > 0 depending on

T S+1 T s

€,K,a,u, &, such that

P(IDT| < §t|Coo, d €R) < %

and hence

3
(1= -wto

P(|D]| < 61/Cyp d €R) < %+

Furthermore, if 7y > , then

26
(1-8)(1-p)e

P(|D”| < 6t|Cyy.d €R) < .

Finally, we bound the average unrevealed degree of nodes in the active set in P. We need the

following bound.

LemmMA EC.14 (Upper bound on the number of inferior edges). Consider an empirical degree
sequence of Gy(a,K, p) and its resulting empirical distribution F,, on the (edge-perspective)
number of inferior edges of a woman node, as well as the empirical distribution F,, on the (edge-
perspective) number of inferior edges of a man node. Let di™, diznf, ... be independent draws from F,,
and Jl]nf, cf;nf, ... be independent draws from F,,. Recall constant k € (0, 1) from the definition of R
in Eq. (EC.26). Then there exists a constant W = W (k) € (0, 00) such that for any degree sequence

JER,
(K+l)n
< .
2

Proof We will show that the same result holds for any empirical degree sequence deR.

Recall the functions f}/(-) and fy(-) from Definition EC.3. It can be easily verified that f/(-)

deR deR

n
P (Z d™ < Wn

i=1

< —K+1 ' P S dn < w
, : n
=72 2, A <W

i=1

and fy/(-) are the probability generating functions of F), and F, (suppose the empirical degree

N
i=1’

we know that f{/(y) < « and f3'(y) < «, where y € (0,1), « € (0, 1). Therefore, since dil“f, diznf,

sequence of Gy (a, K, p) is denoted by (d;) (d;. ;’i\’l) respectively. Conditional on the event R,

and Jll“f, lenf, ... are all independent, we can apply the Chernoff bound to get

< <

Wn — Wn
y&

P (zn: di™ < Wn|d eR )"« = (K)/_W)n

i=1
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and

f](/n(Y)n < K"

n
= -w
< ')/En - 'ywn B (K’)/ ) '

n
P (Z A" < Wn|d eR
P

Since y € (0, 1), by choosing W > 0 small enough, xy™¥ can be made arbitrarily close to , in

particular, smaller than %1 <.

Lemma EC.15 (Upper bound on the number of unrevealed edges). Consider P! and the node s
in it who will reveal the next offspring. Let di’unre(t) be the total number of unrevealed edges of s’s
ancestor (excluding the parent) nodes with the opposite type to s (recall that node types are binary:
there are man nodes and woman nodes) in the active set in P. Recall constants «, i, & from the
definition of R in Eq. (EC.26). Then, for any €, € (0, 1), there exists 6¢g = 6o(€,, K, a, k, i, &) € (0, 00)

andt,=1,(€., K, a, k, u,&) such that, for event
Ji = {d"™" (1) = S0t}
we have, for any t > to > t, and any degree sequence deR,
P(E|C}O,cf€7€) <é€,.
In particular,
P(F|Cis R) < €.

Proof of Lemma EC.15 We will show that the same result holds for any empirical degree
sequence deR.

Note that

P(E|Ctoa jER) = P(Ea £Z+1 |Cl()’ d_)eR) + P(E’ ~£t+l |C[()a (ZER)

P(j, £t+1 |j€R)

<P(L+1|Cyd €R) + .
P(C;,|d €R)

We bound each term on the RHS. Recall that £, = {|D]| > 6¢}. By Lemma EC.13, for any
€, € (0,1), there exists 6 € (0,1) depending on €,,K,a, u,&, and ¢y larger than some constant
depending on €., &, u, such that for any ¢ > 1, P(ZIC}O, jGR) <e€,/2.

Now consider the second term. By Lemma EC.13, we know that P(C;, |c? eR) > 1-¢ > 0 for any
to > 1. We are left to bound P(?, L |56R).
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Recall the node s in P! who will reveal the next offspring. Let 1. AT (7) be the set of s’s ancestor
(excluding the parent) nodes with the opposite type to s in D! . Consider the set I T(t) if not empty.
Observe that it is either the set of all the man nodes or the set of all the woman nodes in D,

t+1

I Z)T and its first two ancestors). Denote the set of all the man nodes

(excluding the node in D,

in Z)Tl (excluding the node in Z)t | — DT and its first two ancestors) by M,, and the set of all

I — DT and its first two ancestors) by W,.

the woman nodes in Z)tT_H (excluding the node in D, |

Therefore event ., must be a subset of the union of two events 7 and 7, where " is the event
that the total unrevealed degree of nodes in M is less than 6oz, and J;" is the event that the total

unrevealed degree of nodes in W is less than §yz. In other words,

P(Jr, Lis1]d €R) <P(T"U T, Lisi|d €R)
< P(W, L |j€R) +P(W, L1 |j€R),

and it suffices to upper-bound each of the two probabilities on the RHS.

For each node i in “W,, let dli.nf denote the number of its unrevealed offspring that are less preferred
by node i than its parent (call it the inferior degree). Obviously, since the unrevealed degree of
i must be no smaller than the inferior degree of i, 7, J"C {Z'Wl a’“lf < dot}. Similarly, for each
node j € M, let dj.“f be the number of its unrevealed offspring that are less preferred by node j
than its parent, and we have 7" C {Z'jf:‘l" J}“f < 8ot}. Also observe that |'W,| > |D!|/2 -2 and
IM;| = |DTI|/2 - 2. Therefore,

Wi
P(F", Li1|d €R) <P def<5t 1D7| > (t+1)6|d R
|w,
t+1)6
<P def<5 1 |‘W,|2( +2) -2|d eR
|w,| . 51
<P dM <o, |th|>3—2deR
i=1
92
def < Sorld €R
i=1
ot

(If >~ 2 > |'W;|, we generate additional iid samples from

distribution F, in Lemma EC.14)

=P def —0 (3—2)

der|.
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Observe that when conditioning on R only, dilnf, .. a"?,f _,are 1.1.d. samples from distribution F,, in

Lemma EC.14. Therefore, by Lemma EC.14, there exrsts a constant W > 0 depending on « (see the

definition of « € (0, 1) in Eq. (EC.26)), such that the above probability is smaller than (’“”1)__2 if
_( -1)

250 < W, or equivalently, if 6¢p <

51 . Similarly, we have

st_p
_ . 1\2
P(T7, Lin|d €R) < (” )

(

large, e.g., when 1 > 3. Furthermore, since k < 1, the probability upper bound (%) 272 can be
Ea(zl‘._é:)

. W
under the same condition of dg < ~1) . This condition reduces to 69 < =~ when 7 is suﬂic1ently

smaller than

€4, K, E,0.

if ¢ is sufficiently large, in particular, larger than a constant depending on

Recall that W is a constant depending on « from Lemma EC.14 and ¢ is a constant depending
on €,,K, @, u,& from the first part of this proof. Therefore, combine the above, there exists 6o >
0 depending on €., K, a, k, u, &, such that, when ¢ is larger than some constant depending on
€, K,a,k, 1, &,

P(gyl:a ‘£1+1|d ER) a
P(Cy|d €R) =2

Thus we have the desired result.

EC.6.2. Proof of Lemma EC.4

To couple PtG with P!, we show that each step of ALG-G and ALG-T can be coupled. We first

need the following lemma.

LemmMA EC.16 (Uniform randomness). The bipartite graph after t-rounds of ALG-G is uniformly

random given PtG and the degree sequence.

Proof of Lemma EC.16 The proof is similar to the proof of Claim 1 in Molloy (2005). Given
PG and the degree sequence, consider any two feasible bipartite graphs G, G, and node 1 which
are consistent with the degree sequence and PC after ¢ rounds of ALG-G. Since G| and G, have
the same number of edges, the probability that the initial graph is G is equal to the probability that
the initial graph is G;. This implies the desired result.

Given the uniform randomness, we show that the probability distribution from which the next
step of ALG-G is drawn closely resembles that of ALG-T, given that the revealed nodes’ total actual
degree is not too large (event H; in Lemma EC.10). This result is stated in Lemma EC.4, and we

now provide its proof.
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Proof of Lemma EC.4  The initial coupling such that IP(S‘N)G # PT|R) =0 is trivial.

Consider t > 0. Let (d;)Y ey (d’) | be the empirical degree sequence. Suppose the next revealed
node according to PtT is a man node (this event is measurable with respect to 7). (We treat the
woman node case similarly later.) For any /,/” > O such that 1 +/+/" <N,

vE(1,1") :=P(The new revealed node in Pt(j:l has [ better (than parent) edges and I’ worse edges

|F; such that PG =PI (d )l 1 (d )j | » the next revealed node is a man node)

(by lemma EC.16)

number of men nodes not in P whose degree is 1+ +1’
~ number of remaining unrevealed men half edges at ¢

(denote 79 (1) the set of nodes in SD,G whose type is the same as the next revealed node,

d°"™ the revealed degree of node j in )

S k=1 +l+l'}—zjefcm»‘{d'- =1+l+l)
2 d ZlefG(t)d
) Z;’:"l’ué{d’. =1+1+10"}

ZaN d’
o ué{d;._l+l+l’}—2- IG(,)ua{d'.=1+1+1'} ;’z’\f%{d’.:1+l+l’}
Z 1d; - Z]EIG(I)d ZGN d;
. e T 2‘.”\1’#{d{=1+l+l }
In ALG-T, this probability is v*' ([,1’) := W for any /,!” > 0. We now bound the total

j=1"j
variation distance between the two measures. We have

J}‘{d'—1+l+l} D iefG JF{d—1+l+l} Z“ JF{d’—1+l+l}
VG(l,l/)—VT(l,l/)— JEITC (1)

N =Y jeroq di s,
ué{d’_1+l+l} Zjefa(t)ué{d _1+l+l} Z“ ué{d’_1+l+l}
]=1d} j:ld}
Zje]G(t)H‘{d} =1 +l+l,}

aN
J=1 dj
Also observe that 0 < 3} jc76(p a'j(.;’re < 2t since ALG-G reveals at most one edge in one time step.

Therefore,

aN ’ _ n_ v . ’_ ’ aN , ,
vG(l,l’)—yT(l,l'):21:1"‘{‘1]'_1””} 2 jercn ¥d; 1+l+l}_2_l.:1u<{dj 1+1+10"}

N S1d; = Xjercq d-G’re Zqi\’ d
ué{d’_1+l+l} Zjdc(,)ué{d =1+[+0"} Z ué{d’_1+l+l}
- C.KN d’.—2t ZEXN d/

ué{d’ _1+l+l} Z" ué{d’_1+l+l}
Fld}—Zt d’
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By the above two inequalities, we have, for any [,/ > O such that 1 +/+1’ < N,

G jivuc{d'.:1+z+l'} D, =141+ 3 icro)¥{d, _1+1+1}
V(L) =v (L) < - +
ZQ/N d. - Za'N d. aN d.
J=LT Jj=17j j=1%;

We now examine the total variation distance Z Zf,’_l LG (1,1 =V (1,1)]. Observe that

N-1N-1-1
D Kd=1+1+1'}=d]
=0 1'=0
and
N-1N-1-1 aN aN
uz{d}:1+1+z’}:2d;.
=0 I'=0 j=1 j=1
Therefore,
N—-1N—-1-1 N-1N-1-1 aN 1 1
> LN =D))< R e v 7
=0 1'=0 =0 I'=0 j=1 j=1%; j=1%;
Mo SN Sero Ed; = 1+1+1}
aN p
j= ldj
2t +ZjeIG(t)d’
aN gy aN y
Z} pd; =2t 2 1 d’
(let d° (¢) be the total actual degree of all revealed nodes in P,G )
2t d’(1)
aN aN '
Z] 1d] J= 1d/

Conditional on 75tG =PI, we have d(t) = d’ (t), where the latter is the total actual degree of all
revealed nodes in 7. Moreover, conditional on H; (see Lemma EC.10), we have d” (¢) < (¢ + HW.

Therefore,

=

—-1N-1-1
Z Ve (1,1 =T (1,1)] <

=

2t (t+ )W

+
Za/N d/ —2t qN d :
J=17j

l

Il
S
=)

Note that Z“N d’ = aNk,,, where k,, is the empirical mean of the man node’s degree in the bipartite

graph. Conditional on R, we know that ky > § - ‘w / % - § ,

N-—

—_

N-1-]

_Z vOLI) =V )] <

=0 [I'=

2t . (t+ )W
aNk,, -2t aNk,,

el
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2t (t+ )W

< + .
K 4a+K? K K 4a+K?2 K
“N(E_‘\/W_E)_m “N(E_‘\/W_E)

Therefore, there exists a constant €, > 0 that depends K, a, W, such that for any constant C, there

exists a constant Ny that depends on C, K, «, such that, forany N > Npand t < C \N, we have

N-1N-1-1]

>y |vG(l,l’)—vT(l,l’)|§%t.

=0 I'=0

Thus, by maximal coupling, there exists a coupling between {P },5¢ and {P},5¢ such that

- ~ -1
P(PS, # P | such that PC = P/, the next revealed node in P/ is a man node, H;, R) < %

The case when the next revealed node in ! is a woman node is analogous and yields the same
bound. The result hence follows.

We now establish the coupling up to time @VN.

LemMma EC.17 (Coupling between ALG-G and ALG-T up to time ®(VN)). Recall  constants
a, B in the definition of R in Eq. (EC.26). There exists a coupling between {PF},5o and {P!'},50
such that, fix any €y > 0 (e.g., €9 =0.5), there exists a constant C = C(€y, K, a,a,B) € (0,0) and
No=No(C,K,a) =Ny(ey, K, a,a,B) € (0,00) such that, for any N > Ny and t < CVN,

P(PC =PIR) > 1-e.
Proof of Lemma EC.17 We have

P(ﬁtG = PIT|R) 2 P(ﬁtG = ptT’ mOSsSthl‘R)
= 1 - P(UOSSSth{S OR f)tG 7‘—' PlirlR)
=1-P(Up<s«HIR) ~B(PF # P, Nocy< HIR).

Now we upper bound each of the two probabilities on the RHS. By Lemma EC. 10, for any €y € (0, 1),
there exists some large constant W depending on €y, a, 3, such that P(H,|R) < (%060)“rl forallz > 0.

Fix this choice of W for the rest of the proof. Therefore

t
P(Uo<s<HGIR) < > POFLIR)
s=0
! €
< ( 0 )s+l

pry 2+E()
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€0

2+€ _ €0
€ 5

T 2%e

The other term

PP # P/, No<s<HsIR)
t—1

= P(Pg * Pga mOSSSlq_[is) + Z P(Pﬁl #__
s=0

7’)6 PYT, No<s<tH;|R)

v+l’
t—1
<P(PY 2 PLIR) + Z P(PC

s+1 v+1’
s=0

(by Lemma EC.4, P(P # PL|R) =0)

PC =PI H,|R)

P(PS, #PLIPC =PI H,, R) - P(PC =PI, H,|R)

an l

T
L&

IA

( C #PLIPE =PT H,R).

By Lemma EC.4, there exists a coupling between {PC},50 and {P!},50, and a constant e, that
depends on K, a, W, such that, for any constant C, there exists Ny large enough that depends on

C,K,a, such that forany N > Npand 0 < s < CVN,

P(PC, #PLIPC =P, H,,R) < W
and
P(PS #PLIR) =0.
Choose C = :—f Therefore, C is a constant depending on €y, K, «, W, and there exists a constant

Ny that depends on C, K, @, such that for any N > Ny and ¢ < CVN,

H

—! -1 5
T PG T es €t(t—=1) €C €
( S+1 s+1 |Ps = Ps 57—{5" R) S 2 W = 2N S 2 — E

Il
(]

N

The result hence follows.

EC.6.3. Proof of Lemma EC.5-EC.7

We first restate the coupling result conditional on Cj,.
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Lemma EC.18 (Conditional coupling). Recall constants a,3,& from the definition of R in Eq.
(EC.26). There exists a coupling between {PtG},Zo and {PT},>o such that, fix any €y > 0 (e.g., €9 =
0.5) and any tg > 1, there exists a constant C = C(€y, K, a,a, 8,&) € (0,00) and Ng = Ny(C, K, a) €
(0, 00) such that, for any N > Ng and ty <t < CVN,

P(PC =PIICy R) = 1 - €.

Proof of Lemma EC.18 By Lemma EC.13, we know that P(C,,|R) > 1 - ¢ > 0 for any 79 > 1.
Also by Lemma EC.17, there exits a constant C that depends on €, &, K, @, a, 8, such that for any N
larger than some Ny that depends on C, K, @, we have P(PC # PT|R) < (1 —¢) forall t < CVN.
Therefore, for this choice of C and Ny, forany N > Ngpand ¢t < C VN,

P(PC =P]|C,,R) =1 -P(PE £ P! |Cry, R)
_PPF 2P CyR)
P(Ciy, R)
PP #PLR)
- P(R)P(C;,|R)
PP % PIIR)

P(Cyo|R)

_e(-9)
1-¢

Now we lower bound the probability of deadlock in one step of ALG-G (Lemma EC.5).

Proof of Lemma EC.5 Suppose ﬁf = PtT and C; =1, 1.e., ALG-G is not terminated at ¢ and

will reveal a next node s. Let (d;)Y (d;);yivl be the degree sequence used by ALG-G and ALG-T.

=1’

>1

=1—E().

Also suppose J; = 1, i.e., dﬁ’ume(t) > 0ot (recall that dz;’u“re(t) is the total number of unrevealed
edges of s’s ancestor (excluding the parent) nodes with the opposite type to s in D!. Given all
the information in SDtG and suppose the next revealed node is a man node, then the conditional

probability of Ay, is

P(A;+1|F; such that 55,G = 7’,T , Ji Cr, R, the next revealed node is a man node)

total number of unrevealed edges of nodes in 1 AG (1)

~ total number of remaining unrevealed men half edges at t of ALG-G’

where 7 AG(t) is the set of s’s ancestor (excluding the parent) nodes with the opposite type to s in
DI Note that the information of 7 AG only depends on PC. Therefore, conditional on P = P, we

have I (1) = I (1), where I] (¢) is the analogy of 77 () defined on #!. The numerator above
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is hence equal to the total number of unrevealed edges of nodes in 7} (1), denoted by di’“m(r).

Also, observe that the denominator above is no larger than the total number of men half edges in

the bipartite graph, which is 272’1 d}. Therefore, the above probability

P(A41|F; such that 55,(; = P,T , Ji» Cr, R, the next revealed node is a man node)

dT,unre t
= Aa/N ()
14

=14

(since J; = 1, see Lemma EC.15)
oot

aN jr°
J=1 dj

Note that 3‘51 d;. = aNk,,, where k,, is the empirical mean of the man node’s degree in the bipartite

graph. Conditional on R, we know that k,,, > g - “ / daK? g , hence the above can be rewritten as

20

P(As41|F; such that 55,G = SD,T , Ji» Cr, R, the next revealed node is a man node)

Sot
> 0 .
QN(K_) /%_5)
a 2o a

Therefore, there exists a constant ¢; > 0 that depends on d¢, K, @, such that for any 7 > 0, we have

- o1t
P(A;+1|F; such that SD,G = PtT , i, Cr, R, the next revealed node is a man node) > Wl

Note that the same bound works for any degree sequence (di)l.]i 1 (d;)j’ivl that satisfies R. The case
when the next revealed node is a woman node is analogous and yields the same bound. The result
hence follows.

We are now ready to prove Lemma EC.7.

Proof of Lemma EC.7 Fix any K, a such that K? > 4. By Lemma EC.9, there exist constants

a>1,>1,vye(0,1),k€(0,1),£ € (0,1),u € (0,1) that depend on (K, @), such that, for event
R = {the degree sequence of Gy (a, K, p) is (a,B,y, k, &, u)-regular}, (EC.29)
we have, for all N larger than some constant Ng depending on K, «,
P(R) > !
z 5

Fix these constants a, B8,v, k, &, 1, Ng, the event R, and N > N, for the rest of the proof.
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For any ¢y > 1,7 > 1 such that ty < 7, we have

>0

P(Uﬂ,) >P(3r>0:PC =PI, A1)

>P(Jtg<t<7:P’=P], A1)
>P(Cy, R, 3o <t <7:PC =PI Ayy)
=P(R) - P(C,|R) -P(3tg <t < 7:PF =P, Ar1|Cryo R)

1 3
2 SP(Cy|R) -P(Itp <1 <7 PC =Pl Ap1|Cs R).

By Lemma EC.13, P(C;|R) > 1 =& > 0 for any #p > 1. Thus we only need to lower-bound P(3zy <
t <7:PC =PI Api|Cy, R). Observe that the events {PC =PI, A.1|Cy, R} for different 7 are

mutually exclusive, since if A1 = 1, then it must be that f’lG * PtT, for all ¢’ > t. Therefore
P(Ftg<t<7: P =P}, Ap1|Cips R) (EC.30)

:ZP(@IG :PtT’ﬂHl|Cto’R)

t=ty

=Y P(PE =P!1C, R) - B(AIPE =P, Cp R). (EC.31)

=ty
Recall that the argument so far holds for any 1 <7y < 7. By Lemma EC.18, we can choose
7 =C+/N where C is a constant that depends on K, a, a, 3, ¢, such that for any N that is larger than

some constant Ny depending on C, K, @, and any ¢y > 1,
- 1
P(PC =PI|C,, R) = 3 (EC.32)

for all ¢ty <t < 7. Fix these constants C, T, Nog, and N > max{Ng, Ny} for the rest of the proof.
It now only remains to lower-bound ¥7_, P(Aw1|PF =P/, Cyy, R). We bound each term in this

summation. Recall that (see Lemma EC.5, and we will specify the choice of 9§ later)
i = {d """ (1) > 6ot}
Also, forany to <t <7,C; = {LtT > 0} € Cy,, hence (for any choice of ¢)

P(ﬂl+1|¢[G :P[T7 Cl‘()’ R) (EC.33)
>P(A1 NJNCIPE =P, Cp, R)
=P(A1|PC =PI, F:.C1.Cps R) -P(T N CPE =P, Clpn R)
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=P(Am|PC =PI, F.C.R) - P(FNCIPE =PI, Cpp. R). (EC.34)

By Lemma EC.5, for any choice of dp > 0 in ;, there exists a constant 6; > 0 that depends on

00, K, @, such that, for any # > 0,

- o1t
P(Api|F s.t. PC =P, F.C,R) > Wl,

in particular,

~ ot
P(A1|PC =Pl F.C.R) > Wl . (EC.35)

On the other hand,
P(kyl- N CtlﬁtG = P[T’ C[O’R) = 1 _P(Eualﬁlg = PIT, CZO’ R)
> 1-P(FIPF =P],Cip.R) —P(CIP =P!.Cy.R).  (EC.36)

We now upper-bound the probabilities P(EISB,G =PI C, R) and P(EI?ZG =PI, C,, R). First
consider
P(F,PC =PI, CpR)

P(?SZG = plT’ C;O,R)

P(F|PF =P, Cy R) =

< P(j, Ct()’ R)
" P(Cy,R) -P(PE =PT|C,, R)
P(jlcl()’ R)

TP(PE=PTICyR)

From Eq. (EC.32), we already know that P(PC = PT|C;,,R) > 1 for any 1 <t9 <t < 7 (where
to < 7). Moreover, by Lemma EC.15, there exists a choice of d¢ in f;, that depends on K, a, «, u, &,
and a choice of té that depends on K, a, k, u, &, such that P(EIC,O,R) < % for any t6 <ty<t<T
(where #o < 7). Recall that we have chosen 7 = CVN. Let N, be a large constant that C\/N, > t(’).
We fix this choice of d, t(’), N,, and N > max{Ng, Ny, N.} for the rest of the proof. As a result, for
anyt(’)StOStST,

P(F|PE =Pl CpR) < % (EC.37)

We now upper-bound P(EIP,G =PI C,,R) for any 1y <to <t <7.In particular,

P(a’ ﬁtG = PtTa Ctoa R)

P(C|PC =P, C,,R) = .
(GlP7 =P G R) P(PS =PI, C,y, R)
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B P(C:,Ciys R)

" P(Cyy.R) -P(PE =PT|C,, R)
- P(Coo Cigs R)

" P(Cy.R) -P(PE =PT|C,, R)
_ P(CulCiy,R)

PP =PTICyR)

Again, we already know from Eq. (EC.32) that P(PC = PT|C,,R) > % for any 1) <19 <t <T.

Moreover, by Lemma EC.13, for any 7 > 1, P(@IC}O, R) < . Thus there exists a constant

£
(1-6)(I-pto
1, that depends on &, u such that for any 79 > 7],

¢
R < o=

& 1

< < -.

TR

P(@lct()’

Fix 19 = max{té, té’ } that depends on K, a, k, u, ¢ for the rest of the proof. Also let N, be a large
constant such that Cv/N; > ty. Therefore, for any 79 < < 7 and N > max{Ng, No, N., N;} (so that

7=CVN > 19),
P(CIPF =P/, CypsR) < % (EC.38)
Combine Eq. (EC.36)—(EC.38), we have (with the chosen parameters)
P(F NCIPE =P],Cip,R) 2 1 =P(FIPF =P/, Cp, R) —B(CIP =P, Ci, R) > % (EC.39)
Egs. (EC.30), (EC.33), (EC.35) and (EC.39) together yield

N 1 < 61t
PEn<t<t:PC =P, Ai|Cip R) = EZW

1=ty

01 (T2 - t(z))
> — .
12N
Recall that 61 > 0 is a constant that depends on 6¢, K, a, t( is a constant that depends on K, @, «, u, &,
and T = CVN where C is a constant that depends on K, a, £. Therefore, there must exist a constant
Nj depending on K, a, «, i, &, such that for any N > max{Ng, Nog, N., Nz, N1}, the above RHS is
large than % > 0.

We thus complete the proof.
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EC.7. A Heuristic Argument for Conjecture 1

A heuristic argument of the branching factor. We first explain the branching factor in the special
case of p =0 and extend the argument (heuristically) for the general case of p > 0.

In standard branching process theory (e.g. Athreya and Ney 2004, Harris 1963), it is well known
that the branching factor of a branching process, given the offspring distribution being 1, can be
derived as follows. Let u* be the probability that this branching process does not go extinct. Then, a
key observation is that the tree rooted at the root node goes extinct if and only if all subtrees rooted
at one of the root node’s offspring go extinct. Since each subtree is an i.i.d. sample of the branching

process with offspring distribution 17, we have

u =F(u*) 2 1-Egopy[(1-u*)9]. (EC.40)
One can observe that
dF (u) 3
e =Eg-yld].
u=0

Therefore, even if the offspring distribution 7 of the branching process is hard to express, we can
still hope to obtain the effective branching factor E,4.,[d] of the branching process by deriving the
function F and evaluating its derivative at zero.

For example, consider the GW tree in Definition 5. Let u* denote the (edge-perspective) prob-
ability that a woman node in the GW tree waits forever, and w* denote the (edge-perspective)
probability that a man node in the GW tree waits forever. A key observation here is that a woman
node in the GW tree waits forever if and only if one of the better-ranked offspring man nodes (better
than her parent in her preference list), say, j, waits forever, and all the even better men (better than j
in her preference list) neither waits forever nor inspect with her and succeed. Similarly, a man node
in the GW tree waits forever if and only if one of his better-ranked offspring woman nodes, say, 7,
waits forever, and all the even better women neither wait forever nor inspect with him and succeed.
Moreover, a man only wishes to inspect the parent woman (denote this probability by a*) if all his
better-ranked offspring woman nodes neither wait forever nor inspect with him and succeed; and
a woman only wishes to inspect with the parent man if all her better-ranked offspring man nodes
neither wait forever nor inspect with her and succeed. Denote y* to be the probability that a woman
wishes to inspect with the parent man and that the inspection will be successful if conducted. Note
that the terms y*,a™,u*,w* defined above coincide with y«, dw, U, Woo defined in Definition 4.

We formalize this connection in Proposition EC.2 later in this section.
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From the above description, we can derive the mapping function between u and itself, as in
Eq. (EC.40). Note that the number of better-edge degree of a woman node is Poisson(Kz), where
z ~ Uniform(0, 1); and the number of better-edge degree of a man node is Poisson(KZ/a@), where

Z ~ Uniform(0, 1). Therefore,

y* = fl (W*, a*) = El~Poisson(Kz) [P(l -w' - a*P)l] s

a’= fl(u*, y*) = El~P0iss0n(KZ/oz) [(1 —u’ - y*)l] s

b

-1
u'=fr(w'a) = Epoisson(k z) |:Z w (1-w"—a*p)'
=0

-1
w* = f;(u*,y*) L E~P0isson(K§/a) lz u*(l —ut - y*)l] .
i=0

Equivalently, we write

u'= G (M*, y*) = fz(ﬁ(u*’ y*)’ ﬁ (I/t*, y*))’ y* = Gz(u*’ y*) = fl (ﬁ(u*’ y*)’ fl (I/t*, y*))
(EC.41)
We first examine Eq. (EC.41) when p =0. In this case, Eq. (EC.41) reduces to

-1

-1
Ll* = f(w*) 2 E~POiSSOH(KZ) |:Z W*(l - W*)l] , W* = f(u*) £ E~POiSSOH(KZ/lY) |:Z u*(l - l/l*)[“ ,
i=0

i=0

or equivalently,
u'=Gu") = f(f ). (ECA42)

Thus Eq. (EC.42) resembles Eq. (EC.40) in the standard branching process case. Moreover, one
can verify easily that G'(0) = f—;, which, as Theorem 2 states, identifies the deadlock regime if and
only if G’(0) > 1. In fact, another direct way of verifying that f—j is indeed the branching factor is
from the offspring distribution, which is the product of the woman node’s better-edge degree % and
the man node’s better-edge degree %

Now consider Eq. (EC.43) when p > 0. We are interested in the partial derivative 6G16—(u”’y)

evaluated at u = 0 and the corresponding value of y = J. One can solve the value of y by finding the
(nonnegative) root for ¥ = G, (0, 7) (see Definition EC.43). This gives

_dpwia)|  dbwon| | daa)
dw* du* da*

0G1(u,y)
ou

dfi(ut.y")
du*

u=0,y=% w=0,a=da u=0,y=% w=0,a=a u=0,y=%

1 a\ (1 ¥
-(5-5) (5 a) (B4
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where § and a are the unique nonzero solution (we show in Proposition EC.2 below that there

exists a unique nonzero solution) to
_ K _K
Kya=1-e¢ X _gy=1-¢"0a”.
o’

This is the expression given by Conjecture 1.

The connection between the branching factor and the density evolution equations. In the above
we heuristically conjecture a branching factor for the associated tree process of Gy (a, K, p). We
now formally establish the connection between this conjectured branching factor with the density

evolution equations in Definition 4.

ProposiTion EC.2 (Connection between density evolution and branching factor in Conjecture 1).

The system of equations in Definition 4 can be equivalently written as

Ur= Gl(ut—l,yt—l)’ Y = Gz(ut—l,)’t—l)

where G1(-,-) and G,(-,-) are as defined in Eq. (EC.43). Moreover, y = G»(0,y) has a unique

nonzero root, denoted by ¥, and

0G(u,y)
ou

u=0,y=y

is equal to the branching factor in Conjecture 1.

Proof of Proposition EC.2  The first part of the proposition can be verified using straightforward

algebra. Now consider the equation y = G;,(0, y), which gives
K
Kya=1-e¢Xw —gy=1- e,
a

Suppose y > 0, then this gives

_Ky
Ky _,a-ae @

a—qe @ =1-e P, (EC.44)
Note that the LHS increases in y > 0. To examine the RHS, let
_Ky

L l—e @
gly) = ——



ec64 e-companion to Immorlica, Kanoria, and Lu: Costly Compatibility Inspections and Information Deadlock

Take its derivative, we get

gy =

Note that e’ > 1 + %, hence g’(y) <0 for all y > 0, which implies that the RHS of Eq. (EC.44)

decreases in y > 0. Since

Ky Ky

lim ¢ —a@e @ =0, lim a—ae @ =q;
y—0* y—00
_Ky _Ky
_,a—ae @ _ . _aa—ae @
liml-e¢? 5 =1-¢PX liml-e¢? 5 =0,
y—0* y—00

we have that Eq. (EC.44) has a unique nonzero root. Therefore we have the desired result stated in

Proposition EC.2.

EC.8. A Heuristic Derivation of the Giant Component Regime Using MP

As a simple illustrative example, we now heuristically derive the classical result that for any ¢ > 1,
with high probability (w.h.p.) there is a “giant” connected component involving €2(n) nodes in an
Erd6s—Rényi (ER) graph with edge probability ¢/n, whereas for any ¢ < 1, whp there is no giant
component: As n — oo, for any node i, the (random) local neighborhood of i (up to any fixed depth)
converges in distribution to a Galton—Watson (GW) process with offspring distribution Poisson(c),
i.e., a tree rooted at i where i has Poisson(c) children, each of these children, independently, has
Poisson(c) children, and so on. Hence, one would expect there to be a giant component in the
ER graph if and only if, with positive probability the GW process does not suffer extinction (see
Durrett (2007) for a formalization of this intuition). Whether the GW process suffers extinction can

be captured via the following simple message passing algorithm with binary messages in {0, 1}:
(0)
j—
mﬁik =1 if there exists [ € N(j)\k such that ml(:]l) =1, else mﬁik = (. (Note that mﬁik does
(t=1)

initialize m’._ =1 for all edges (j, k). Thereafter for all # > 0, update the messages as follows:

not depend on m i.e., the self-exclusion property holds.) Observe that if k is the parent of

k—j~
J then mﬁi . = 1 if and only if the subtree rooted at j has depth at least 7; we are interested in
lim; 0 mﬁi  Whichis 1 if and only the subtree has infinite depth. Fixing a node j (and not revealing

its subtree), the probability 7() = Pr(mﬁ.i , = 1) can be iteratively computed to be 70 =1, and
7"} = probability that j has no children who sent a 1 to it at 7 — 1. Since each child independently
sent a 1 with probability 7(=1)), the number of children who sent it a 1 is Poisson(pz“~1), and we

obtain 7 = 1 —exp(—pa~D). It easy to verify that 7* = lim,_,., 7" exists and is strictly positive
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if and only if ¢ > 1. Thus, if ¢ > 1, the GW process avoids extinction with positive probability 7*,
and correspondingly a giant component of size nearly n*n occurs in the ER graph. On the other
hand if ¢ < 1, we have 7 < ¢! N 0, i.e., the GW process suffers a quick extinction, and w.h.p.

there is no giant component in the ER graph.

EC.9. Model Extensions

In this appendix, we discuss two extensions of the base model presented in Section 2. First, we
consider vertical differentiation between agents, i.e., instead of assuming all agents are ex ante
homogeneous, we assume a certain fraction of them are more preferred than the rest. In the second
extension, we model agents on one side of the market as being willing to conduct parallel inspections
with their current top two potential partners, thus expanding the set of inspections which can be
conducted. We show that our analysis framework can still be applied to these extensions with proper
modifications, and that we can still characterize the size of information deadlock in these markets.
Moreover, we show that introducing vertical differentiation and allowing parallel inspections help

reduce deadlock.

EC.9.1. Vertical Differentiation Between Agents

Assume there are two types of women, popular (P) and ordinary (O). The random consideration
graph is generated as in the base case, as well as the women’s preference rankings. The men’s
preference rankings are generated as follows: any P-type woman in a man’s consideration set is
ranked higher than any O-type woman in that consideration set, while within each type the rankings
are independent uniformly random permutations. We denote by Gy (e, 8, K, p) a random market
with BN P-type women, (1 — 8)N O-type women, and N men, where each woman-man pair
considers each other independently with probability %, and any inspection succeeds independently
with probability p. Given such a randomly generated market, following the PS process defined in
Algorithm 1, we can similarly count the number of P-type and O-type women who have not cleared
at time ¢, denoted by A;’N(a,ﬁ, K,p) and Ato,N(O"ﬁ’ K, p), respectively. Let A%,N(a,,@, K,p) be
their sum. Also, we can probabilistically describe the residual market for N — oo by the MP
algorithm in Algorithm 2 and associated density evolution (DE) equations. Note that the DE
equations come with an amendment that there are two densities for each message, one for each
type of woman (characterized by a superscript). For example, the densities for accept message are

denoted by a” and a?, where a’ is for when the recipient woman is of P-type, and a? is for when
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the recipient woman is of O-type. We give the corresponding DE equations in Definition EC.4
in Appendix EC.10 in the e-companion. Similar to A(a, K, p) := lim;—,.o Kw,q; in Definition 4
capturing the fraction of women in deadlock in large random markets in the base model, we define
here A7 (a, B, K, p) :=lim,,o KwPqF and 29 (@, B, K, p) :=1im, .o, Kw? ¢ to capture the fraction
of P-type and O-type women in deadlock, respectively, in large random markets where S fraction
of women are of P-type. Moreover, AB(a/,ﬁ, K,p) ::ﬁ/lp(a/,,B, K,p)+(1 —,8)/10 (a,B,K, p) is the
fraction of both types of women in deadlock in such a market. This result, which is analogous
to Theorem 1 in the base model, is formalized in Theorem EC.1 in Appendix EC.10 in the e-

companion.

Deadlock Size for P-type Under Different Primitives (p=0.3, a=1) Deadlock Size for O-type Under Different Primitives (p=0.3, a=1)
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Figure EC.1 Deadlock size A and A9 for P-type and O-type women, respectively, as a function of the women® average degree
K. We fix the inspection success probability p = 0.3 and the men-to-women ratio @ = 1. In the left figure we
plot the deadlock size for P-type. In the right figure we plot the deadlock size for O-type. We compare values for
different H-type proportion .

Deadlock Size Under Different Primitives (p=0.3, a=1, K=4)
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Figure EC.2  Deadlock size A, 19 and A8 for P-type, O-type, and All women, respectively, as a function of the P-type women
fraction 8. We fix the inspection success probability p = 0.3, the men-to-women ratio & = 1 and the women’s
average degree K =4. The yellow curve plots the deadlock size for O-type. The blue curve plots the deadlock size

for all type. The red curve plots the deadlock size for P-type.

The outcomes of P-type women are not affected by the presence of O-type women. The submarket
consisting only P-type women and men is equivalent to the base model with parameters (K, a /8, p).

Therefore the size of deadlock for P-type women increases with 3, since in the base model the size
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of deadlock decreases with «. For O-type women, their outcomes are affected by both O-type and
P-type women. There are two competing forces that drive O-type women into/out of deadlocks.
If the fraction of P-type women is larger, since they are systematically more popular than O-type
women, the effective number of match opportunities for O-type women is smaller, causing more O-
women to be stuck in a deadlock. On the other hand, since the number of O-type women decreases,
the level of competition from within the group (O-type women) decreases, alleviating deadlock.
Figure EC.1 shows that the size of deadlock for both types increases with women’s average degree
K, and P-type women experience the same outcome as in markets with primitives (K, a /g, p). The
fraction of O-type women in deadlock, however, is not monotone in . Figure EC.2 shows the size
of deadlock as a function of the P-type fraction . Note that the size of O-type deadlock is first
decreasing then increasing in . For small values of 3, the outcomes of O-type women are mainly
driven by the in-group competition, hence deadlock decreases with 8 since the number of O-type
women decreases. For large values of S, the competition effect from P-type women increases and
dominates the effect of other O-type women. Therefore the size of deadlock increases for O-type
women as it increases for P-type women. Holding (K, @, p) fixed, the total size of deadlock for
women is minimized for S lying at the threshold S* between the deadlock versus deadlock-free

regime for P-type women.

EC.9.2. Parallel Inspections

Assume that while women are only willing to inspect with their top one most preferred men, men
are willing to inspect with their top two most preferred women. Therefore the inspections conducted
now include any woman-man pair (7, j) such that woman i has no preferred man in her consideration
set and man j has at most one preferred woman in his consideration set. We call this top-2 mutual
inspections. However, since every agent only has match capacity one, not all successful inspections
are guaranteed to match. For example, a man j may conduct a top-2 mutual inspection with his
second most preferred woman i’ and succeed, hence (i’, j) are temporarily matched. Later, the same
man j may perform another top-2 mutual inspection with his top most preferred woman i because
she now sees him as the most desirable in the remaining consideration set. If this later inspection
succeeds, j will break up with i’ to form a new match with i. What’s more, the formation and
breaking-up of temporary matches may propagate in the network. In the previous example, woman

i’, after her temporary match with man j breaks up, can then go to her next favorite man j’ for
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Algorithm EC.3 Partner Search (PS) following top-2 mutual inspections
1: Input: A market (7,7 ,&, (>;,VieI),(>;,Vj e J)) with latent inspection results.

2: Initialize the market: agents 1y «<— 7 ; opportunities Jy < J ; potential pairs &y <— &; temporary
matched pairs &y « 0; time ¢ « 1.

3: while |Z,_1| >0 do

4 Initialization: I — I,_1; J, — Ji-1: & — E-1: & — &,

5: while 3 a top-2 mutual inspection (i, j) € &1 \ {(i',j/) : j” s.t. (i, j) € E;_1} do

6: Perform inspection (i, j).

7: if inspection (i, j) succeeds and Vi’ >; i, (i’, j) ¢ & then

8: The pair matches and leaves the market: 7, «— 7, \ {i}, J; — J \ {j},&E «— &\
{@,j):i"=i OR j"=j}.

9: else if inspection (i, j) succeeds and 3i’ >; i such that (i’, j) € &; then

10: The pair temporarily matches: &, «— &, U {(i, )}, & «— &\ {(',j) : i’ <ji}.

11: Any inferior temporary matches get unmatched: &, «— &, \ {(7', j) : i’ < ji}

12: else > The inspection fails

13: The pair is removed from the set of edges, but the agents remain: & «— &;\ {(i,j)}.

14: end if

15: end while

16: Eliminate any woman i and man j with empty consideration sets: 7; « I, \ {i}, J; «
NARVIE

17: Advance time: 1 <t + 1.

18: end while

a mutual inspection, which, if it succeeds, may cause j’ to break-up with his previously formed
match, and so on. The partner search process for this setting is described in Algorithm EC.3.

Note that although matches can be formed and then broken-up, the same match cannot be
reformed again after it’s broken-up, and the PS process will eventually converge (we show this

in the next paragraph). Define /~\§\, = |J} \ {i’ :3j st (I, )) € St}

, which is the number of women
waiting at time# ¢. Intuitively, in the final market outcome, the size of deadlock should be smaller

than that in the base model since a man previously stuck waiting for his favorite woman can now go

4We do not count women who are temporarily matched, since if the process ends then, they can leave the market with their
temporariry partner, as opposed to waiting for the next available guaranteed inspection.
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to his next favorite. We show that this is indeed the case, and we characterize the market outcome
using a modified Message Passing algorithm in Algorithm EC.4.

Similar to the base model, the modified MP algorithm tracks an accelerated version of the
modified PS process, described in Algorithm EC.5 in Appendix EC.11 in the e-companion. With
the modified PS, MP and APS, Lemma 2—4 follow as in the base case. Note that similar to Lemma

Algorithm EC.4 Message Passing (MP) following top-2 mutual inspections.
1: Input: (7,9,86,(>,Vi € I),(>;,¥j € J)) with latent inspection results ¢€; ~

Bernoulli(p),V(i, j) € &.

2: Initialize the messages: m( ) =U,m (0) =W forall (i,j) € &.

3 te1
4: do
5: Update man-to-woman messages: For all (7, j) € &, let
Alif forall i’ > ;i ml(,t_)]) N except for at most one i” > i such that m(,t,_l)i U;
() R if for some i’ > i m(f_)l) Y, and m(f,_l)) N for all i” > ; i’ except
j=i

4

> suchthatm(t D - =U;

//_)J

for at most one §

W otherwise.

(EC.45)
6: Inspection ready: For all (7, j) € &, let
1 if for all j* >; j, either m ,) ;=Aand €;,=0; or AO)_} =R.
1) = ’ g U (EC.46)
0 otherwise.
7: Update woman-to-man messages: For all (i, j) € &, let
Ylfl(t) =landg; =1,
N if I.(.) =1and ¢; =0, or if for some j' >; ,
m! = K ’ (EC.47)
) =Aand I[)=1and & = 1;
U otherwise.
8: t—1t+1

9: while some message changed
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3 and its proof (in Appendix EC.2 in the e-companion), we can also show that the outcome of
the modified MP algorithm does not depend on the sequence of message updates, by defining
a partial ordering over message vectors and utilizing Tarski’s fixed point theorem. Observe that
there is a natural ordering of the man-to-woman messages {A, R, W} here, since the MP algorithm
will only update the W message to either A or R, and update the A message to R. Likewise, the
woman-to-man messages will only possibly be updated from U to either Y or N, and from N to Y.
The rest of the argument is analogous to that in the proof of Lemma 3 in Appendix EC.2.

The result of Theorem 1 also follows in this modified case, with a set of modified DE equations

and A given in Definition EC.5 in Appendix EC.11.

Market Primitives: a=1, p=0.3

T T
~ = # deadlocked M

08 ™ < = =#single
S o # matched
0.6 ~o - {

-

Fraction of women
!

0 1 2 3 4 5 6 7 8 9 10
‘Women average degree K

Figure EC.3 Size of information deadlock, singleton, and matched women as functions of women’s average degree K when
men are willing to inspect their top two most preferred women. We fix the men-to-women ratio to be @ = 1 and an

inspection’s success probability to be p =0.3.

Figure EC.3 shows the value of A (fraction of women in deadlock), together with the fraction of
women who exhaust their consideration sets (termed “single” as before) and the fraction of women
matched. By comparing the solid blue curve with that in Figure 14, we can easily see that the
deadlock regime indeed reduces as agents are willing to perform more inspections. For example,
in a market with the same number of men and women, where women’s average degree is five and
the inspection success probability is 0.3, if men are willing to inspect their top two candidates, this
transforms a situation with 87% deadlock into a deadlock-free market.

Call the modified PS process which includes top-2 mutual inspections as top-2 PS. We formalize

in the next lemma that top-2 PS clears the market better than the vanilla PS.

LemMA EC.19. If a woman-man pair (i, j) match and leave by time t under standard PS, then they

also match and leave by time t under top-2 PS. Also, the residual market at time t under top-2 PS

is always a subset of that under standard PS, i.e., 8;0}7 "2 PS Cc 8;3 S,



e-companion to Immorlica, Kanoria, and Lu: Costly Compatibility Inspections and Information Deadlock ec71

EC.10. Appendix for Section EC.9.1

In this section, we provide supplementary materials for Section EC.9.1, including the modified
density evolution in Definition EC.4 and the modified main result in Theorem EC.1.

We first give the derivation of density evolution. The derivation is similar to the proof of Lemma
5 (DE is exact on trees). By induction, assume that DE is exact on trees for up to iteration ¢ — 1.

Then, at iteration ¢, by the MP update rule,

af) =P (man j sends A to neighboring P-type woman i in the ¢th iteration)

=E4.{( vi 1)df’ |P-type woman i ranks number dp + 1 for man j}

K
(note that dp ~P0isson(u) where u ~Uniform[0, 1])
a

BKu (Vﬁl_l)

= Eue [e4

BK (P
e a v~ Z 1

%K(Vil -1

a? =P (man j sends A to neighboring O-type woman i in the th iteration)

= ]Edp,do{(vil)dp (vto_l)do |O-type woman i ranks number dp + dp + 1 for man j}

K 1- K
(note that dp ~P0isson(ﬁ—) and do ~P0isson(ﬂ
a

) where u ~Uniform[0, 1])
a

BK (. P (-B)Ku . O
:EueT(Vt—l_l)e o D

(I-BK 0 _
BK (VP -1 e a Vic1 h_ 1
t—1 .

=ea
I—BK ’
U-pHK vtol—l)

rf =P (man j sends R to neighboring P-type woman i in the tth iteration)

)
=Eap | ) (O D
L =1

P-type woman i ranks number dp + 1 for man j ]

(1= (7 )yl
=Eq4, (1 =l B Vi1 P-type woman i ranks number dp + 1 for man j
| Vi
_yf_l(l _af)
1—vP ’

-1

rtO =P (man j sends R to neighboring O-type woman i in the tth iteration)
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dp+dop

Z(v, D R S (7 L ( L

I=dp+1

_Edp do

O-type woman i ranks number dp + dp + 1 for man j }

(1_(V£])dp)ytp1 (1_(1/; ])d())(yt l)dpyt 1

P
l—vt_1 1-v t

:Edp,do

1

O-type woman i ranks number dp + dp + 1 for man j }

BK (P _ BK
S ) I G g b

= +
—yP _,0 ’
l-v_, 1-v7,
P_ P_ P 0 _ o_,0
w,=1l-a, —r;, w/=1-a;/ —-r/,

q,P =P (man j is inspection ready for neighboring P-type woman i in the rth iteration)

d
=Ey4 [(af (I-p)+ rf ) ‘man J ranks number d + 1 for P-type woman i

(note that d ~Poisson(Ku) where u ~Uniform[0, 1])

l—e" K(atp+w )

K(atp+wt

th =P (man j is inspection ready for neighboring O-type woman i in the zth iteration)

d
=Ey [(a?(l -p)+ r,o) ‘man J ranks number d + 1 for O-type woman i

(note that d ~Poisson(Ku) where u ~Uniform[0, 1])

1 _ e—K(al p+wy 0)

B K(atp+w )

y=qp, ¥ =4%p,

vf =P (P-type woman i sends N to neighboring man j in the tth iteration)
d

-1
Yi(ar-py+rf) alp

=1

=q"(1-p)+Ey man j ranks number d + 1 for P-type woman i
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afp(1-q°F

P
= I-p)+
q[( p) a;)p_i_wzp

vtO =P (O-type woman i sends N to neighboring man j in the tth iteration)
: 0 L\ o
Z(Clt(l—p)+r,) ar p
=1

,arr(-g?)

o
=4°(1- A

=q°(1-p) +Ey man j ranks number d + 1 for L type woman i

P _ P P O _ 0] 0]
u, =1-y;, —v, u/ =l-y/ —v.

The DE equations for this case is summarized in the following definition.

DeriniTioN EC.4. For any (o, 8,K,p) € Ry x (0,1) xRy x (0, 1), let uf =uf =1,yf =y =v{ =

vg =0 and define sequence (af,ato,rf,r,o,wf,wlo,qf,qto,yf,y?, vf, vto,uf,uf))tzl as follows.

Forallt=1,2,...,let

BK

ea (D yE,(1-af)
_ . Pp_ -1 1), P_ P P,
a, =—4———; I, =—————; W, =1-a, —r;;
BK (P _1 1-vF

@ (Vt—l_ ) l—l

1- e—K(afp+wf)
q; = .y =qlp; vi=qf(1-p)+ P

P P
a 1-
tp( Qt); uf=1—yf—vt.

K(aPp+wF al p+wf
BK (P _ BK (P _
oo e EEO2 S yly (1w ) (T —af) 50,
aO = eT(Vt—l_l) . : }"0 = =+ N
1 UBK 0 1y’ ! 1-vP, 1-v9, ’
a -1 - -
| — o-K(aEpsn?) a?p(1-4?)
wl=1-a%-r%, ¢°= K@pawl) W =4/ p; V,O=61§)(1—P)+—taop+w<§ :
t t t t

u? =1-y9 -9,

Also define A* (@, B, K, p) :=1lim—o KwFg?, 2% (a, B, K, p) :=lim;,co Kw9q?, 1B(a, B,K, p) :=
BA" (@, B,K,p)+(1-pB)A°(a,B,K, p), and

O ={(a,B,K,p):a>0,€[0,1],K>0,p€[0,1],4 (e, B,K, p) >0}

forr=P,0,B.

Next we state the main theorem of this extension, which is analogous to Theorem 1 in the base

model. Recall that in a random market G y(«, 8, K, p) with SN P-type women, following the PS
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process defined in Algorithm 1, the number of P-type and O-type women who have not cleared at
time ¢ are denoted by A{,’N(a/,ﬁ, K, p) and A’O’N(a/,ﬁ, K, p), respectively. Also, Ay, \ (@, B, K, p) is

their sum.

THEOREM EC.1. Consider a sequence of markets G y(a, 3, K, p) indexed by N and the correspond-
ing Ay y(@. B, K, p), AIO,N(a/,ﬁ, K, p) and Ny \ (e, B, K, p), for some sequence of t also implicitly
indexed by N. Consider set ®" and A" (a,B,K, p) for r = P,O, B in Definition EC.4. Then the
following statements are true forr = P, O, B.
o If(a,B,K,p) €@, ie, I (a,B,K,p) >0, then for any sequence of times t =w(1) that is also
o(log N), we have

lim P(JA7 y(@.8.K.p) =4 (.. K. p)N| < f(N)) = 1

for some f(N)=o0(N).
o If (a,B,K, p) ¢ O, then for any sequence of t =w(1), we have

Nligop(/\;w(a,ﬁ, K.p)< f(N)) -1

for some f(N)=o0(N).
Proof of Theorem EC.1. Analogous to the proof of Theorem 1.

EC.11. Appendix for Section EC.9.2

In this section, we provide supplementary materials for Section EC.9.2, including the modified
APS in Algorithm EC.5, the DE equations in Definition EC.5, and the proof of Lemma EC.19.

We first give the modified APS definition in Algorithm EC.5.

We now give the derivation of density evolution for this extension. Note that in the modified MP
algorithm in Algorithm EC.4, the only part that is different from that in the base model (Algorithm
2) is the message updates for A, R, and W. Therefore we only give the derivations for d,; and 7,
below, while w, = 1 — d; — 7; and the other parts are the same as before. By the MP update rule in

Figure EC.4,

d, =P (man j sends A to neighboring woman i in the tth iteration)
=E [P (Vi’ > i,i’ sends N to j except for at most one i” >; i such that i” sends U to j)|

=Ey [17;1_1] +Ey [dﬁtd__ll ﬂ,_l] ( d ~Poisson(Ku/a), where u ~Uniform(0, 1).)
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Algorithm EC.5 Accelerated Partner Search (APS) following top-2 mutual inspections.

1:

Input: A market (1, J,8E, (>;,VieTI),(>;,Vj€J)) with latent inspection results.

2. Initialize the market: E375 = 0; IAPS T3 JAPS — T NDPS (i) — N (i), Vi € To; NP5 ()

7:

8:

N(j),Yj € Jo. Eliminate women and men with empty consideration set.

1
. while 3 a woman / with a nonempty consideration set /\/[A_PlS (i) do > round ¢’
[Phase 1.] Each man j € jtj“_fis makes an offer to his best woman i; in the consideration

set N2PS(j). Woman i; (case 1) rejects the offer if i; ¢ 72°FS. She (case 2) does nothing if j

-1 -1
APS

is in her consideration set N7’ (i1) but not the best one. She agrees to inspect with j if he is

the best in NF3(i1). If the inspection succeeds (case 3), she accepts the offer and the pair is

temporarily matched. If the inspection fails (case 4), i rejects the offer. Under case 1, 2 and

4, j makes a second offer to his second best woman i, in Nl’,*_PlS( J). i then acts according to

the same rules as did i;. j stops only when his offer is accepted, or when he does not hear
back from two women, or when j reaches the end of his consideration set. Then we update the
consideration set of j by removing all women who rejected his offer and call it N;,*P (). Also

update 7, APS by removing all men with an empty consideration set. If a man j is temporarily
matched with i during this phase, update EFS

A
t

by including (i, j) and removing any pair (i’, j)

APS
L0

[Phase 2.] Each woman i € It‘,“_PlS finds her best man j; € \Z{*PS in her consideration set

where i’ #i. If (', j) is removed from E4PS, then move i’ to

N[‘,*fls i) and inspects with j; if she received an offer from him. If the inspection succeeds, the

pair is temporarily matched. If the inspection fails, i goes to her second best man j, € jthPS

in Nt‘/A‘_Pls(i). i stops searching only when she is temporarily matched, or when her next best

man in jt'fAPS did not make her an offer. Then we update the consideration set of i by removing

all men that failed the inspection and all men that are not in J*"S and call it NP5 (7). Also

update Z**> by removing all women who are temporarily matched and all women with an

empty consideration set. Update Sﬁps by including all temporarily matched woman-man pairs
(i, j) in the current phase, and remove (i’, j) where i’ #i.
V' —t'+1

end while

K- _ 5(17:—1 _ 1)e%(VH‘1) S V| )

Ur-1,
Eviei-1) E#-1-1)2 !
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7 =P (man j sends R to neighboring woman i in the ¢th iteration)
=E[P(3i" >;i,i sends Y to j and Vi” >; i’,i” sends N to j for at most one i"’ >; i’
such that i"”” sends U to j)]

d
Z (175:% +(1- 1)‘75:%%—1) yz—l]

=1

=B,

~ - Ve1—1-2i,_ K = K 1)~
1- Vi1t U1+ % (ea(VH D_ 1) +éea (-1 I)M[_l

i (=71 e

We summarize the DE equations in Definition EC.5 below.

DeriNiTION EC.5. For any (a, K, p) e Ry xR, x (0, 1), let iig = 1, o = o = 0, and define sequence
(@¢ 71, Wiy Gy V1o Vi, g )e>1 as follows. For all 1 =1,2, ..., let

ew D 1 K 2 1)ewUmmh _ ot 4

;= - + = Ur—1;
S -1 E@a-1)2
1- ‘71‘—1 +ﬂt_1 + % (el(_i(ﬁtfl_l) — 1) +e%(17t—1—1)ﬁ[_1 )
ry = 15
’ (1=71)? o
W;Zl—d;—ft;
1 — e~ K(aip+w:) ip(l=ad v(1=3a
G, = € . Je=dip; Vi=§ (1_p)+atp( gdr) . p :Wt( gr)
K (@ap+w) o T T ap+w, ' ap+w

Also define A(a, K, p) := lim K, q;.

Next we prove Lemma EC.19.

Proof of Lemma EC.19 We prove this lemma by induction. Obviously the statement is true
at time ¢ = 1, since the initial market at = 0 under either PS or top-2 PS is identical, and any
guaranteed inspection under standard PS must also be a top-1 guaranteed inspection under top-2
PS (so this pair must be permanently matched as opposed to temporarily matched). This implies
that the residual market at time # = 1 under top-2 PS must be a subset of that under standard PS,
ie., SEOP'Z PS¢ &S, Assume the statement is true by time 7 — 1, i.e., assume that if a woman-man

pair (i, j) matched and left by time ¢ — 1 under standard PS, then they must also matched and left

by time 7 — 1 under top-2 PS. Also assume that the residual market under top-2 PS is a subset of the

top-2 PS

that under standard PS at time ¢ — 1, i.e., 8;-1

- 8}) _Sl. Consider time t. We will show that if a
woman-man pair (7, j) matched and left by time 7 under standard PS, then they must also matched
and left by time ¢ under top-2 PS. We will also show that the residual market under top-2 PS is a

subset of the residual market under standard PS at time 7, i.e., 8tt°p'2 PS¢ EPS.
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We first show that if a woman-man pair (7, j) matched and left by time 7 under standard PS, then
they must alsohave matched and left by time ¢ under top-2 PS. If (i, j) matched and left before time
t under PS, then by assumption they must also matched and left before # under top-2 PS. It only
remains to consider the case that (7, j) match and leave at time ¢ under PS. If (7, j) match and leave

at time ¢ under standard PS, then there are two cases for the same pair at time ¢ under top-2 PS.

top-2 PS

In case one, (i,) €&,

, meaning (i, j) are still considering each other at the beginning of the

top-2 PS

t-th iteration. In case two, (i, j) € &,

, meaning (i, j) are no longer considering each other at

the beginning of the #-th iteration. Next we discuss the two cases respectively.

top-2 PS
-1

top-2 PS

-1 <

In case one, (i, j) €& . Since (i, j) is a guaranteed inspection in Sf_sl and since &

top-2 PS

1 - Therefore, (i, j)

StP_Sl by assumption, (7, j) must also be a top-1 guaranteed inspection in &
must inspect, match and leave at time ¢ under top-2 PS (note that their latent inspection outcome is

a success by assumption).

top-2 PS

1 . This can be further classified into two subcases. In subcase one,

In case two, (i,j) ¢ &
woman i is already matched and left (note that this excludes the possibility of i being temporarity
matched) with a preferred man by time ¢ — 1 under top-2 PS. In subcase two, man j is already
matched (possibility temporarily matched) with a preferred woman by time ¢ — 1 under top-2 PS.
The possibility of (7, j) inspected and failed is excluded since their latent inspection outcome must
be a success. The possibility of i or j matched and left with a less preferred partner is also excluded
since this means that j or i was ruled out by i or j, i.e., j or i matched with some preferred partner.
This goes back to one of the two subcases above. Next we discuss the two subcases.

First consider subcase one. If i is matched and left with j, then we are done. Otherwise, i is
matched and left with another man j’ >; j, say, at time ¢' under top-2 PS, for some ¢’ < t. This

implies that (i, j) must be considering each other at the beginning of time ¢* under top-2 PS, i.e.,

.. 2PS q: 2P
(i,j) € &P 5. Since P2

o1 o1 S &PS by assumption, (i, j*) must also be considering each other

-1

at the beginning of time ¢’ under PS. In order for (i, j) to inspect at time ¢ > ¢’ under PS, i must
have ruled out all preferred men before 7, including j’. Denote by ¢” the time i ruled out j” under
PS. We must have ¢ < t” < t. Note that (i, j*) cannot inspect and fail, since their latent inspection
outcome is a success. Therefore j* must be matched and left with some other woman i’ # 7 at time
¢” under PS in order to be ruled out by i. By the induction assumption, this indicates that (i’, j’)

must also be matched and left by time ¢ under top-2 PS, contradicting the presumed fact that j’ is

matched and left with woman i # i” at time #’ under top-2 PS.
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Now consider subcase two. Suppose j is matched (possibly temporarily) with another woman

top-2 PS

) c &PS by assumption, it must

i’ >} i, say, at time ¢’ under top-2 PS, for some ¢’ < t. Since & 1

be that (7, j) € EFS

.~ 1- In order for (i, j) to be able to match and leave at ¢ > " under PS, j must

have ruled out i before ¢ and after #. This implies that i" matched and left with a preferred man
Jj' > J, say, at time t” € [t’,¢) under PS. By the induction assumption, (i’, j’) also matched and
left by time ¢” under top-2 PS, making it impossible for (i’, j) to also match and leave. The only

remaining possibility is that (i, j) temporarily matched at ¢, and later (i’, j*) matched and left by

top-2 PS

t” > ¢’ under top-2 PS, indicating (i, j") € &,

. However this is also impossible since j' >/ j

top-2 PS

P . .
and hence (', j) cannot be a top-2 guaranteed inspection in &,,”

We have thus proved that if a woman-man pair (7, j) matched and left by time ¢ under standard PS,

then they must also matched and left by time 7 under top-2 PS. It remains to show that 8;01}2 PS¢ EPS,

It suffices to show that if (7, j) inspected and failed at time ¢ under PS, then (i, j) ¢ 8:°p'2 PS 1

top-2 PS

(i,7) ¢ 8;(};'2 S then we are done. Suppose (i, j) € &7 Note that (i, j) inspected and failed
at time ¢ under PS implies that (i, j) is a guaranteed inspection in 8?_51. Then since 8:(3'2 PS¢ 8}’_51

by assumption, (i, j) must also be a guaranteed inspection in 8:?‘;'2 Fs

fail at  under top-2 PS, and hence (i, j) ¢ &/

. Thus (i, j) must inspect and
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