Online Appendix to “Pooling Agents for Customer-Intensive Services”

Appendix A: Technical Details
A.1. Proofs of Results from the Base Model

Proof of Lemma 1 By Figure 1, we have the following balance equations where {7, m,,m1,,m; ==

T1i, + iy, T2, T3, ..} are the steady-state probabilities:

7o(2N\) = 71, 1 + 1, o,

iy (2)‘ + pho
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1, (2A + 1) = oA + Moo,
) = T\ + Tapi1,
)=
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Zﬂ'i =1.
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1(2)\) +7TZ'+1(,U1 + IUQ) for ¢ > 2,

It follows from (A.4) that
m=m-p tfori>1

where p=2\/(u1 + p12). Because mp + > m; = 1, we have

=1
m=(1-7)(1—m).
Substituting (A.6) and (A.7) into (A.2) and (A.3) gives
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Combining (A.1), (A.8), and (A.9) gives
papio(1—p)p

"N+ p(1-p)p

(A.6)

(A7)

Hence, all the other steady-state probabilities can be derived by plugging 7, into (A.7)-(A.9). The

expected queue length is LP(uy, uz) = > m;(i —2). Thus, by Little’s Law, the expected wait time

=3

in the queue is given by W (jur,ji2) = L2 (1, 12) /(2X) = o - s

2224+ p1pa(1-p)p

For part (ii), the throughput of Agent 1 is

)\1:,U1‘

T, + Z Wi] .
i=2

which proves part (i).



_ Apu1[2A+p2(1-p)]

Plugging the steady-state probabilities gives A\; = 55 Y

. A2 can be derived similarly. [

Proof of Proposition 1
First, we search for an equilibrium when there are no customers balking, that is, all customers
join in equilibrium or A; = Ay = X in which case the agents will set service rate > A. We can derive

the first-order and second-order conditions of (2) with respect to u as follows.
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It implies that %}f“)] is decreasing in p > A. Since %ﬂ(u)]‘uzﬁ = +o00 and %u(m’ﬂ:“ = —Aa,

D
there exists a unique p” that maximizes ITP (u) and g uniquely solves a[néif‘)] = 0. Define 05 := A%«

D
and ¢p(p,0s) := z—% — f«(/’l(f;)g) —e. It can be shown that 8H317H(”) =0< ¢p(p,6y)=0.

Therefore, the maximum agent payoff for each dedicated queue can be attained at u? = \/pP?

for the p” defined in Proposition 1. However, (u”, u?) can be sustained as an equilibrium if and

only if agent payoff is positive, that is,

A A D\2 D

1P (pP = A)

If agent payoff were negative, the agents would have incentives to set service rate u; > V/a to

leave customers with no incentives to join, and as a result \; = Ay =0 and II;(u;) = 0. This leads
to the case of customer balking.
If customers balk in equilibrium, then we must have (V —a - ;) —c- W;(+) <0 from customers’

point of view, which implies that the agent payoff satisfies

Both agents then have incentives to set service rate p; > V/a to stop customers from joining, and
as a result A} = Ay =0 and II;(u;) = 0. These equilibria are sustained when V < Vp (A, a). In this

case, 1 = fo = V/a (with all customers balking) would be sustained as an equilibrium. O

Proof of Proposition 2
We first establish the following Lemma.

LEMMA 3. For any fized total throughput 2\, \;(ji1, po) is strictly increasing and concave in ju;

while W (uy, p2) is strictly decreasing and convex in u; for any fized ps_;, where i =1,2.



Proof of Lemma 3
(1) For any fixed throughput A, when p < 1, i.e., the system is stable, we can verify that Ay (u1, f12)

is continuous and differentiable in p;. Taking the derivative of A (1, p2) with respect to u; gives

O (1, ) _ 5\2,“% [4/_\N1 + (1 + M2)2] >0

O (A (3 4 113) 4 g i (1 +M2)]2 ’
PXalp, po) _ 25N+ p2) [A(Bpd = 243) + (pa + )] _
i N3+ 13) + pa oo + 1)) '

That is, A (u1, p2) is strictly increasing and concave in p; € (A, 00) for any fixed ps.
(2) For any fixed throughput A\, when p < 1, we can verify that W (uy,ps) is continuous and
differentiable in p;. By re-writing W (uy, u2) as a function of u; and p, i.e., W(uy,p), we have

OW (u1,p) Ap2p®
o= S <0,
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Combining these results derived above gives
AW (p,p) _ OW1,p) | OW(m,p) 9p _
dp O op O 7
EW (. p) _ PWp)  PWp) 0p  PW () < /2 > WGP P
A opi Opops O op? o ap opy ~
That is, W (1, p2) is strictly decreasing and convex in ;. O

Similar to Proposition 1, we first study the case where all customers join, i.e., A; + Ay = 2. For

any fixed p,, taking the derivative of IT¥ (uy, uo) with respect to p; gives
Oy (p1, pi2) _ O (i, pra) OV — oy — W (p, pr2) — e/ pa]

[V —apy — W (pr, p2) — e/ pa] + A1 (g, pa)

O O O
OPIY (pa, p2) 02Ny, paa) O (p1, p12) OV — apn — W (pa, pa) — e/ ]
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For any fixed o, if [V — apy — W (1, p2) —€/p1] <0 for all py € (0,00), then the best response
of Agent 1 WLOG is fi;(p2)>V/a so no customers join and the agent has a zero payoff. If
[V —apr — W (p, p2) — €/ pa] > 0 for some py € (0,00), there must exist 0 <y < fiy < oo such that
[V —apr — W (pi, po) —e/pa] > 0 if and only if py € (), fin) since [V —apy — W (1, pio) — e/ ]

is strictly concave in p; by Lemma 3. Therefore, there exists a unique cutoff fi such that

[V —ap — W (g, po) — e/ ] is increasing in py € (p, 1) and decreasing in p € (i, fi1 ).

Next, we proceed to show that the best response fi1(usz) € (Hlvﬁl) is unique. Since W >0
and [V — oy — W (p1, o) — e/ ] is increasing in p1y € (p, ), it implies that IT{ (111, o) is increas-
9211P 1y, ) )

% < Oa L.e., H{D(MM/LQ) 18

ing in gy € (p, ). For any py € (fi,f11), we can verify that
concave in fi; € (fi, fir). Thus, TI (p1,p2) is unimodal in ju € (p,, /1) Since Hf(ul,m)\mzﬁl =

IY (g1, p12) |y =, = O, there exists a unique maximizer fi; () € (1, fir) for any fixed pus.

Because we are investigating a symmetric equilibrium between the two servers, in equilibrium,

Y (u1,p2)

an» We can solve for u? by setting

we have uf = ul’. Therefore, by letting py = py in

MY (p1,u2) ’
I pa=p1

=0, i.e.,
AleA® (N =221 +3pF) — 2p0 (A — ) (A + ) (@ (A + 1)) — e = AV)]
203N = )2 (A + pu)?

Scpi[(L—p1)* +2]+20,1p7 (1= p1)* (14 p1) = 205(2p1 + 1) (pr + 1) (1= p1)* =0

cpilpi —2p1 +3] 20103
201+ 1)(p1+1)(1—p1)*  2p1+1

=0

<:>¢P(p1a91;02):: ( 7292:07

where p; = A/uy €[0,1), 6, := AV +e. Next, we show that ¢p(p1,61,62) =0 has a unique solution

in p;. First, we can show that ¢p(p1,6,6,) is increasing in p; € [0,1) as follows. It is not difficult

2013

to verify that the second term of ¢p(p1,601,02), T

is increasing in p; € [0,1) because

o2
d (2,011+1) ~ 2p1(2+p1)

= > 0.
dp: (2p1+1)
4r 2
Then it suffices to show that the first term of ¢p(p,6;,6,), (2plcfi)[€;;ff)l(ﬁ]pl)2’ is increasing in
4
p1 €10,1). Note that it can be expressed as @mﬁ% . (1 + ﬁ), where the second term of

the product is obviously increasing in p; € [0,1). Taking the derivative of the first term of the

product with respect to p; gives

4

o
d [m} P2 (44 9p1 +4p?2)

dp (143py +202)°

for all p; €[0,1). Thus ¢p(p1,6:,06,) is increasing in p; € [0,1). Moreover, notice that

¢p(p1,61,02)]5 =0 = —20, <0,

¢P(01,91792)!p1:17 =400 > 0.



Thus, there exists a unique p that solves ¢p(p,0;,6,) =0. And the symmetric equilibrium service

rate p” is given by \/p”. Taking the derivative of ¢p(p1,6:,0;) with respect to 6; and 6, gives

a¢P(p17‘91792) _ Qp%

= >0,
891 2p1 + 1
0 ,0.,0
W — _9<0.
2
ves 205 9¢p(p” 01.09)/001 dp” __ 96p(p”.01,02)/002 : P
It gives 00T = Do n(pP 0,02 0P <0 and Ay = T BopoP 0y 0 P > 0. Thus we can establish that p

is decreasing in 6 (i.e., \V +e¢) and increasing in 6, (i.e., A2«). That is, the symmetric equilibrium
service rate (if it exists) uf = \/p? is increasing in V' and decreasing in «, respectively. Therefore,
if a symmetric equilibrium with all customers joining exists, it must be u” =X\/p".

Next, we need to establish the existence of symmetric equilibrium.

o If TIP[X/p”,A\/pF] > 0, by the analysis in the beginning of this proof, there exists a unique

oy (u1,

maximizer when pu, = \/pf. Notice that B £7) |,.;=,.7 = 0; hence, we can conclude that p; =

¥ is the unique maximizer when py = p”, which naturally identifies the symmetric equilibrium
strategy.

o If IV [N/pP, \/p"] <0, u” = A\/p" cannot continue to be an equilibrium because agent payoff
is negative. Furthermore, by our analysis at the beginning of this proof, customer joining cannot
be sustained in equilibrium. Hence, in this case, u; = ps = V/a (with all customers balking) is an
equilibrium.

Finally, we will identify the threshold of V', beyond which a symmetric equilibrium with customer

joining can be sustained. Notice that

c(p”? ep” c(p")’[5=3(p")% | 2ep”
TR E I S S H (RO e

A
P/ p" A/pF] > 06 V > p—f} +

P\3 P2
where the last inequality follows from the condition that ¢p(p1,0:,6,) = 0. Since %
2¢p” c(p")?[5-3(o")?)

A 22(1-pP)2(1+pT)2

P\3 P\2
ing in V. Thus, there exists a unique V¥ (\,«) which solves V = 23((’1_)[)1[35;(31(_‘;[,33)]2 + 2efp so that

P
is increasing in pf’ and p” is decreasing in V, it follows that + 22— is decreas-

a symmetric equilibrium with customer joining is sustained if and only if V' > VF(\ «). Other-
wise (if V < Vp(A, ), we have ¥ =V/a and all customers balk. Denoting & = p”|,_yr(y ) and

eliminating V' by combining the following equations

cz?[5 — 32 2ed
V= - —+— and ®p(2,0,,0,)=0
IN1—2)2(1+2)2 A P (2,01, 62)

. (e} 42 —A2 e . . . le% A2 —A2 e . .
give 25 — % — £ =0. It is not difficult to verify that 2% — 2,\(6136—5?72(&)1)2 — & is decreasing
A o ci2(3—32 e a ci®(3—i? e :
mxc (0,1) and %—W—X‘@Z(ﬁr :+OO>0> —%:%—W—X‘izl—, which



22(3—32
implies that there exists a unique & € (0,1) such that 2§ — % — 5 =0 and we have
VEX a) =22+ Y m2) + <&, which completes this proof. O
Proof of Lemma 2

P _ A cd’ ci?(3—22)
Recall that V(X a) = 5% 4 57752y + 55 where Z uniquely solves 25 — ATz~ x =0, and
D A C( D)Q e D A c D(27 D) . .
VP a)= g + ,\(1ppr) + %—, where p” € (0,1) uniquely solves (pD"‘)Q — /’\’(kpg)z —$=0. It is not
22(3—22 (2 o
difficult to verify that both 2§ — % — ¢ and 2§ — % — £ are decreasing in x € (0,1),
2 2
and ;3—%—§>%—%—7 Then it follows that & > pP.

Note that

+ —. (A.10)
It follows that

y*(3—2y) | 2ey

VD()\,a):[ a2 +]§ VP()\’a):[x3(5—3w2) 2ex] ¢

+—1 1
2022 -1 ¢ ] A
where y = p” € (0,2) and z =2 € (0,1). (A.10) indicates that

e_ {yg’(?—y) 3 w4(3—w2)} 1
c [(A-y? (Q-22%] (z-y)(z+y)

By plugging e/c into VP (A, ) and V(A ), it follows that

I4(3—x2)_y3(2—y)} 2 [y2(3—23/)_ﬂf3(5—3x2)
(1-22)? (1-y?|zt+y [ Q-y)? 2@@2-1)

To show VP (A, a) — VF(X\ a) >0, it suffices to prove ¥, (z,y) >0 for any 0 <y <z < 1. Note that

VP V)] = i) = |

for any fixed x € (0,1), we have

O (w,y) _ 2(y—2®) (2" +2*((4=3y)y —3) +v°) (A11)

Oy (22 = 1)° (1= y)*(z +y)?

Let g(z,y) =2 (y —2?) (z* +2?((4 = 3y)y — 3) + y*), we have

I 5 a2y — 1)+ (23— 1) +17).
0*g(z,y)

o 0 et 1=3y)+y),

a3g(x,y) _ 2

We consider two subcases below. (i) If 6(1 — 3z?) > 0, then min 82;;2"”) o g(“’ |y=o > 0, which
Y

implies that 39(96 Y is increasing in y € (0, ). (i) If 6(1 —3z2) <0, then min o g(ﬁ v - & g(”” V|, =

6x(z® +x — 322+ 1) >0 for any z € (0,1), which also implies that ag(Iyy) is increasing in y €



(0,). Since %Z’y)bio =—-32%(z*+1) <0 and %”;’y)b:m =6(x — 1)%2* > 0, we know g(z,y) first
decreases then increases in y € [0,x). Since g(z,0) =2(z — 1)z > 0> g(z,x) = 2(z — 1)323, we
know that there exists a unique y’ € [0, z] such that —g(x,y) <0 for y € [0,y') and —g(z,y) >0 for

y € (y',z], which implies that y' = z? by (A.11). Therefore, it follows that ¥, (z,y) > ¥,(x,2?%) =
m3(7+$73x27a¢3)

—aorerne > 0 for any x € (0,1), which implies that Wy(z,y) >0 for any 0 <y <z <1. O

Proof of Theorem 1

(i) We first consider the case where all customers join in equilibrium under both the dedicated and
pooled settings, i.e., V > VP (X «) (which implies that V > V¥ (), «) by Lemma 2). Recall that p”
is determined by A?a(1—p)? —cp?(2 — p) — ep*(1 — p)? =0, which is independent of V', and that p”

cpt[p® —2p+3) + 2(AV+e)p?
p+1)(p+1)(1—p)2 2p+1
ep’(1-p)® _ cp*lp®—2p+3] _

Proposition 2). In particular, when V = 0, p* is determined by A\2a/(1—p)? — T 2EA D =

2

is determined by @ —2X?a =0, which is decreasing in V' (see the proof of

0. We can verify that when V =0, p” < p? because Na(1 — p)? — cp?(2 — p) — ep*(1 — p)? and

2p2(1—p)? p2p?—2p+3 . . 2(1-p)2
Ma(l—p)?—< 2(p+1’) - ;[()2/[)11)(5+1; are both decreasing in p € [0,1), —ep?(1 —p)* < —”’;}Tp) and

Na(l=p)2—cp*(2—p) < Na(l—p)? — Gle208 o gt 20 < — L1205 9(9p 1) (p+1) (2

p)>p(p* —2p+3) < 4+6p+p(1—p)(4p+1) >0 which is true for p € [0,1).

Note also that p? is decreasing in V and Vlim pF=0<pP < \1/11110 pf'. Therefore, for any given «
—00 —

and ), there exists a unique V(\, ) such that p” < pP (i.e., u© > pP) if and only if V > V() ),

where V (), @) is uniquely determined by p” lv=9(r.a) = P”- Recognizing that p” and p” are uniquely

4r 2 2
determined by A?a(1—p)? —cp*(2—p) —ep?(1 —p)* =0 and (QPz’l)[fp;f)”(ﬁ]p)z + 2(’\2‘;:?” —2X%2a =0,

respectively, when p” = p”, we have

- _cpP[A+Tp" +4(p")* = 5(p")°] | 2ep”

V(\a) = > 0.
(Aa) AL — pP)2(1+ pP) LD
Recall that VP(\ ) = y(l(ngy)—i-%y} ¢, we can verify that V(\,a) > VP(\a) since
cx[4+7x+4x2—5z3] 07;2(3—29:) .
NG fEw A A x® 4+ 222 + x > 0, which holds for any x € [0,1]. Thus we can

conclude that V/(\,a) > VP (X, a) > VF(\ a) because VP(\,a) > VF(\ a) (Lemma 2).
(ii-1) In equilibrium, the profits for both agents are given by

P\3 P D\2 D
Aa c(p”) ep ] P — 9 {V_M_ c(p )D _ep
pP A[L=pP] A

Therefore, we have

pYe! c(pP)? ep” Ao c(pP)? epP
P>y 7 57 727 P o
P TP T T AL pp] T AR > o)

where fp(z) =2 + -« $2 +ex and fp(x) =2 44 e® — +ex. Next, we identify the condition on V'
when fr(p?) > fp(p”) holds.
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First, we show that both fp(x) and fp(x) first decrease then increase in = € [0,1). Tak-

+ 7cx6+w4(30702)702+2c1292
x2(1—x2)2

6 a0\ o2 B AN
Ol-ca’+o (3°a£2) O+2ca70s] _ 2x[(3cz? + 2x0,)(1 — x?) + 3cx?] > 0. Because —= +xm(23(cl_9j2))29+2$ b2 4+

where

ing the derivative of fp(x) with respect to x gives %ﬂfi) =e

6 4 2
—c —05)—0+2 . . ~
€ly—o+ = —00 and == +x$(23(c1_0;2))20+ 292 | e|,_,— = +o0, there exists a unique Z such that fp(z)

decreases in x € [0,Z) and increases in x € [Z,1). Similarly, taking the derivative of fp(x) with

3 2 3 2
respect to z gives 3%’;%) == (2(_176_);)31(21_36) + e where 2 (2_9%;‘92(1_”:) L =20,(1 — ) + 4ea®(1 —
3 2
x)+2cx? > 0. Because = (2;()1__9;)(21_9”) +ely—or = —00<0and = it 2“()1 ‘gj)(; 2 te|,_1- = oo, there

exists a unique z” such that fp(x) decreases in z € [0,2”) and increases in z € [z, 1).

On the other hand, it is not difficult to verify that fp(z) > fp( ) since 2 + - e’ Lex<®2 2 +

% + ex for any z € [0,1) and 6y > 0 because 1fi2 = ;ﬁfl = < . Therefore, for any fixed 62,

c and e, there exist two thresholds x(;, < z” < x(;, such that fp(x) > fp(z?) if and only if x <
z(y(<aP =pP) or x>y (> 2P = pP), where z(}, and z( are the two roots for fp(z) = fp(z"),
see Figure 4. Therefore, to find a condition on V' such that fp(p”) > fp(p”), it suffices to find a
condition on V' such that p” < z(j; < p” or p” > (5 > p”.

Finally, we know II” > II” if and only if p” < z{}, or p” > x(,), where x{}) and x(;, are the
smaller and larger root that solve fp(z) = fp(p?). Also, p* is decreasing in V' and Vlgr;o pf=0<
PP < PPl ocv<i(ra)- Therefore, for any given o and A, there exists a unique V(A a)>V(Aa) (or
V(A ) < V(X)) such that pP < z(yy (or p” > () if and only if V' > V(A a) (or V<V (\a),
where V(A a) (or V(A a)) can be identified by setting p” = z(}y (or p¥ =x(;)). Because p" solves

cpt[p? —2p+3] + 2(\V+e)p?
(2p+1)(p+1)(1—p)? 2p+1

—2X\?a =0 (see Proposition 2), we have

V()\,oz) _ )‘0‘(29551) + 1) [fE( )]2[[33(1)] 233(1) + 3] E,
[33(1)]2 2/\(1' T 11— (1)) A




Vra)= raQafy +1) oy Plleh)) 226, +3] e
B [xé)]z 2>\($g)+1)(1—xf32))2 A\

Also, we can show V(A a) < VP(\ a) below. Otherwise, if V(A «) > VP (A, «), then for any V €
[VP(\ ), V(A «)), we have ITP (V) > IT7 (V') > 0 because VP (A, a) > VT (A, a). However, when V =
VP (A a), we have TIP? (VP (X «)) =0 > TP (I17(V)) > 0, which contradicts our assumption. Then
we must have V(\,a) < VP(\ «). Since V(\,a) < VP (A, ), the dedicated case cannot support a
customer-joining equilibrium when V < V (A, ). Then we must have CW? < CW?* and TP <T1”
for V<V (A a).

(ii-2) On the other hand, the customer welfare in equilibrium is given by

pYe’ c(p?)? } [ pYe c(p?)?
cwP=alv-2= -2 1 owP=o\|v- - 2
p” AL —=(p")?] pP Al —pP]
Therefore, we have
da |V da p”y
D p A cp) A P D
CW?”>CW" & 7 + NI = (07)7] > 2 + N1 =P <gp(p”)>gp(p”)
where gp(p”):= 5—1% liffg; and gp(p”) = ;% de ) ]Z,);. We will identify the condition on V' such

that gp(p") > gn(p”).
First, we show that both gp(z) and gp(z) first decrease then increase in z € [0,1). Tak-

6 4 2
ing the derivative of gp(xz) with respect to x gives ngagx) = —2te ,(26(;92,?;)92#2“ b2 where

= 2z[(3cz? 4 2x65)(1 — %) + 3cz?] > 0. Because —ca® + 2*(3¢c — 6;) — 6 +

6[—cw6+x4 (30—92)—9+20x202]
oz

21205|,—0 = —02 <0 and —cx® + 2% (3¢ — 03) — 0 + 222605|,—, = 2¢ > 0, there exists a unique 7’ such

that gp(x) decreases in « € [0,2’) and increases in = € [#’,1). Similarly, taking the derivative of gp(z)

3 2 3 2
with respect to x gives 693’;1) == (2(71"”7);221(21793) where 2 (27‘/"’()9;92(1%) 1 =20,(1 — 2) + 4ea?(1 —

x) +2cz? > 0. Because cax®(2—x) —03(1 —2)?|,—0 = —0> < 0 and cz3(2—2) — O5(1 — 2)?|,—1 = ¢ >0,

there exists a unique #” such that gp(z) decreases in z € [0,Z”) and increases in z € [z7,1).

On the other hand, it is not difficult to verify that gp(z) < gp(x). Therefore, for any fixed 6y, there
exist two thresholds #(;, < 2" < Z(;) such that gp(x) > gp(2”) if and only if z < z{j,(< 2P = p")
or x> ¥y (> x” = pP), where Z(j, and if; are the two roots for gp(z) = gp(«”), see Figure 4.
Therefore, to find a condition on V' such that gp(p”) > gp(pP), it suffices to find a condition on V'
such that p” < #(j) < p” or p”" > Z(; > p”.

Finally, we know CW? > CW?" if and only if p” < Z{}) or p” > &}, where Z{}, and Z;, are the
smaller and larger root that solve gp(z) = gp(p”). Also, p is decreasing in V' and Vlgrgo pf=0<
PP < pPlo<cv < (r.ay- Therefore, for any given o and A, there exists a unique V/(\a)>V(\a) (or

V/(\ @) < V() «)) such that pF < Ty (or p” >{y) if and only if V > V(A ) (or V<V'(\a)),
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where V(X &) (or V' (A, a)) can be identified by setting p” =i} (or p” =(;). Because p” solves
cpt[p?—2p+3] + 2(AV +e)p?

—2X?a =0 (see Proposition 2), we have

2o+ 1) (p+1)(1—p)2 2p+1
V(A a)= A2y +1)  clillEw)” — 2280 +3] e
20,2 2@, + DA -25)7 A
V'(\ )= Aa (21 +1) _ [“%é)]z[[ig)}z —22()+3] e
14 [Z5,)1? 2A(ED,) + 1) (1 - 2h)? h\

Notice that x(;, and Z{}, are the unique solutions of fp(z) — fp(p”) =0 and gp(z) — gn(p”) =0

in 2 € (0,27). Since [fp(z) — fo(p")] = [gp(x) — gp(p”)] = e(x — pP) <0, it implies that z(}, < (.

20 2 2— . . . . » "
Because ’\O‘(iﬁﬂ) — 2°;(Jil)(2fj;§]2 — & is decreasing in z, it follows that V/(\,a) > V'(\, ).

Similarly, since z(;, and # ;) are the unique solutions of f(x)— fp(p”) =0 and gp(z) —gp(p”) =

0in z € (xP,1) respectively and [fp(x) — fp(p”)] = [gp(x) — gp(pP)] = e(x — pP) > 0, it implies that

27,2
2y < (- Because Jal2eil) _ e’ls? 2wty

— @D 5 — x is decreasing in , it follows that V(N a)>V'(\a).

Since V(\,a) > V'(A\,a) > V(A a) > VP(\a) > V(A a) >V (\a), we can have the following
three cases by summarizing the results above: (1) When V < V’(), ), we have CWP? < CW?* and
II° <II7; (2) When V' (A, e) <V <V (A, @), it follows that CWP? > CWF and IIP < II7; (3) When

V >V (A a), it follows that CWP? > CWP and TP > II”, which competes this proof. O

Proof of Proposition 3
When all customers join, under the bonus pooling policy with parameter ¢, the equilibrium

service rates of the two agents (u7,us) satisfy the following conditions:

Wi € argn;axAl V' —apy — W (1, p2) — e/ pa] + At,
1

s € argr%ax)\g V' —aps — W (i, p2) — e/ pa] + At,
2

where V' =V —t. Thus, when all customers join, the equilibrium results follow from those of
Proposition 2. Let u? = \/p®? denote the symmetric equilibrium where p? uniquely solves

c(p?)M1(p7)* =2(p%) +3] | 20AV —1) +e)(p?)”

—2X%a=0.
(207 + 1)(pP + 1)(1 - pP)? 205 +1 “

c(p®) (pP)2 —2(p") +3] 4 20— t+e)(pP)?
(2pB+1)(pP+1)(1-p5)2 2pB+1

2\%q is increasing and decreasing in p® and t, respectively. By the implicit function theorem,

Similar to the proof of Proposition 2, we can verify that

P\3
pP is increasing in t and hm pB =1. Since IIZ =2 |\V — C;—’\Bz — % —ep?| is concave in p?,

there exist two thresholds (T< pP < pf <1 such that TIB(N\/pZ, N/ pP) =TIB(N/pB,\/pE) = 0.
Note that TT®(A/p®,\/p)|i=o > 0 because V > V(A «), then there exists unique ¢ such that
B (A\/pB,\/pB) >0 for t € [0,t7), where t¥ uniquely solves
(B (o)~ 2000) 48] 20V — 1)+ )(D)?
(207 +1)(p7 +1)(1 = p5)? 2p7 +1

— 2220 =0.
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Therefore, if t < tZ, pP is an equilibrium under which all customers join. If ¢t > tZ, similar to
Proposition 2, uf = V/a with all customers balking is an equilibrium; in this case, CW} =115 = 0.

O

Proof of Theorem 2
When V > V(X &) > VP (), a), by Proposition 3, u? = A/p? is the unique equilibrium if ¢ < t5,
and p? uniquely solves

c(p”)M(p")* =2(p%) +3] | 20V =) +e)(p?)

2
—2X%a=0.
207+ 1)(pP + 1)(1 - pP)? 207 11 «=?

For any t € (V —V'(\,a),V —VP(\a)), we have V' € (VE(A,a),V'(\,)). Thus, by Theorem 1
and Proposition 2, the performance metrics under the new induced symmetric equilibrium (u?, 1)
satisfy CWB > CW?P and I > I1P.

If t <V —V'(\ ), we have V' > V’(\, ), which implies that CW? < CW?P.

If t >V —VFP(\ «a), we have p? > pP and by the proof of Theorem 1, I > II” if and only if
pP <xi and CWP > CWP if and only if p¥ < 73, where z(;, and Z(;, are the unique solutions
of fp(x) — fp(p”) =0 and gp(x) — gn(p”) =0 in = € (z”,1) respectively and z{; < (5. Thus,
I8 > 11 and CWB > CWP if and only if p? <z Let

eV c(z(y)?[(2(3)? — 220, + 3] . Aa(2(z(y) +1)
2

)
A1 +ah)(1—ah)? A (@)

i

we can conclude that IT? > II” and CW? > CWP® if and only if t € (V — V() «),t) by noticing
that p® is increasing in t. Combining the cases above gives that IIZ > IT” and CW? > CW?P if
and only if t € (V — V(X «),1), where £ >V — V() ). O
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A.2. More Details about the Extensions
A.2.1. Waiting Cost Incurred During Service (§4.1)

In what follows, we re-solve for the equilibrium under the dedicated, (agent) pooling, and bonus
pooling settings. We continue to use superscripts D, P and B to denote these settings, and also use
subscript S to denote the case when waiting cost is incurred during service. In the dedicated case,

WLOG, we consider Agent 1’s optimal service rate choice p§ which maximizes IIg, (11) given by

12, ] =\ [V = g = e 2(r) = /i = /] =3[V =g = (et )

pa(pr — A

where s/, is customers’ expected waiting cost during service.

PROPOSITION 5. In the dedicated setting, there exists a unique pf € (A, 00) that mazimizes

D\2 D
2, [u1] when V > VE(\ a) = ;\% + /\C((lpsp)D) + (8+§)p5 where p§ = \/ug € (0,1) uniquely
) D D 3 s D2
solves o — LsCops) _ (e49) — (. Accordingly, CWE =2 [AV—%—%—SP?], s =
(ps) /\D(]-;ps) A Ps 1*/75
2 [)\V— O;—?; — % - (e—}—s)p?] Otherwise (i.e., when V < VP (X «a)), all customers balk and
S S
CWP =TI =0.

For the pooling setting, Agent 1’s goal is to maximize
IIG [0, ] = A (s o) [V — gy — €W (pa,s i) — (e +5) / 1]
while Agent 2’s goal is to maximize
TIG 5 [0, 1] = Ao (s p12) [V — apio — W (pa, 1) — (e + 5) / o]

where W (puy, p2) is given by Lemma 1/(ii) and Ay (g1, po) and Aa(pus, p2) are given by Lemma 1/(iii).
In equilibrium, the service rates of the two agents (uf;l, ,ugz) satisfy the following conditions:
Wy € argmaxIE, [ ul), i, € argmaxI, [, .
151 H2

PROPOSITION 6. In the pooling setting, there exists a unique symmetric equilibrium pk € (X, 00)

when V >VE(\ a) = ?72‘ + /\(lcfg;% + (e+/‘\9)§”s where &, uniquely solves 2% — % — =0
and p§ = \/u® € (0,1) uniquely solves the following equation:
PR IPE)? =208 +3] 20V +et )k o

(205 +1)(p§ +1)(1 — pg)? 206 +1

P\3 P\3
Accordingly, CWE =2 [)\V — % — % — spg} , L =2 {)\V — (;—’,\32 — ‘:(’)75}2)2 —(e+s)pL|. Oth-
S S

erwise (i.e., when V< VE (A, )), all customers balk and CWE =1I% = 0.
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Figure 5  Comparison of the dedicated and pooling settings under different (a, V) for the extension in §4.1

25 T T T T 25

20 1 20

cwd > cwf P
ny >k -

-
LWl > ocwl
ug > [L? L-”T I <y

10+ CWg < oWy A
mg < T1I§
st
0 ‘
0 1 2 3 4 5
«
(a) Service rate (b) Performance metrics

Note. A\=0.5,c=s=1,e=5.

PROPOSITION 7. When V > VZ (A, ), in the bonus pooling setting, there exists a unique t5 such

that u € (X, 00) is the unique equilibrium if t € [0,t5), where u§ = X/p5 and p§ € (0,1) uniquely

solves:
(o2 [(08) = 2008 +3) | 2AV D) Fe+s)(pB)? 0
(208 +1)(pg + 1)(1 - pg)? 209 +1
; B _ _Na ) Bl B _ a2 _ e8P B ,
Accordingly, CW§ =2 |A\V — 25 s —Spg |, g =2 | AV — 25 55 —epg | . Otherwise
Ps 1_(95) Ps 1_(/)5')

(i.e., if t >t5), all customers balk and CWE =115 = 0.

Based on the equilibria characterized in Propositions 5 and 6, we numerically compare the dedi-
cated setting and the pooling setting in terms of agents’ service rate choice and system performance.
We present the results in Figure 5. We observe that Figure 5 is very similar to its counterpart of
the main model (Figure 2). In particular, agents can speed up in the pooling setting (i.e., uf > u%)
and consequently, customers and/or agents can be worse off (i.e., CW¥ > CWZ and/or 11§ > IIL).

Finally, we numerically demonstrate that bonus pooling (which requires each agent to contribute
an amount t per served customer to a common pool) can continue to result in a win-win situation
for both customers and agents (CWZ > CWZ£ and 115 > II%). Table 5 shows the ranges of ¢ that
can lead to a win-win situation for a specific service value potential (V' =30) and different values

of sensitivity to speed («).

Table 5 Range of ¢ for the bonus pooling policy to ensure CWZ > CWYZ and 115 > 115

Sensitivity to speed a 1 2 3 4 5 6 7 8
Efficient tip policy ¢ (22.8,25.1) (19.3,23.0) (16.4,21.4) (13.7,20.1) (11.2,18.8) (8.8,17.7) (6.5,16.7) (4.2,15.7)

Note. \=0.5,c=e=s=1, V=30.
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Proof of Propositions 5-7
By replacing e with e+ s in Propositions 1-3, we can obtain 5, pf and pZ, accordingly. Also, the
waiting cost during service s/ua affects customer welfare; CWZ can be obtained by subtracting

s/us from CWX, where X =D, S, B. O

A.2.2. Dedicated Setting with Competing Agents (§4.2)
Proof of Proposition 4

Similar to the base model, we first identify the equilibrium strategy when all customers join, i.e.,
A1+ A2 = 2\, Together with the second constraint (6), the optimization problem for Agent 1 for

any fixed ps can be rewritten as

c(2X—X\y) e
F()\ =\ |V - — -
H}i{){ (A1, 1) 1 Cfla (s — 23+ A1) ]’
C)\l C)\Q
st. V—apyy——————=V—-—auy— ———2>0,
& pa(p1 — A1) e pa(pe — A2) — (A.12)
AMFA=2\, 0N <pg, 0 A <o,
A
V—Oé,Uq— s ‘ > 0.

pa(p1 — Ar) - I o

Assume there exist some puq, pp that satisfy (A.12), i.e., the feasible region is non-empty, and denote
the feasible region of p; for any fixed s by Q4 (p2). Then, for any fixed o, A; is uniquely determined

by

C(2)\ — )\1) . C)\l
po(ptz =22+ A1) pa(pa — Ar)
It is not difficult to verify that f(A;, ;) is continuous and differentiable in (A1, p;) for any pu; > A\

J(A1, 1) = oo — pa) + =0.

and pp > 2\ — \;. Since %11’“1) < 0, by implicit function theorem, we have

o\ Of (A1, 1)/ Opa Of (A1, 1) A (21 — Ap) .
— >0 s e e >0 > asu € (A
O Of (A, 1) /0N O (A — pip)? p1 € (Ar, i)

by noticing that % is decreasing in gy > A;. Therefore, if V' — apus — #&Al) _ ﬁ <0

for all py € (A1, [11), the best response of Agent 1 satisfies fi;(u2) > 1. Otherwise, if V — aus —

0(2)\—)\1) _ e
p2(p2—2A+A1) M1

% —-=>0if and only if y, € (#t,; 1), under which we have

dF(Ais ) _ OF (A1, ) % OF (A1, 1)
dpy o\ O O

> 0 for some p; € (A1, fi1), there exists a certain threshold M, < such that

V —aps —

>0,

which implies that F'(Ay, ) is increasing in py € (H1>ﬁ1)> which also implies that /i (p2) > fis.

Then we just need to consider the case that p; € [fi;,00), under which we have % < 0. Next, we

will show that F'(Aq, 1) is concave in p; € [f11,00) ()1 (p2). We can verify that

an()\la/h) :26< 1 1 ><07 an()\hm) 2c

= = > 0.
ot pgo (= A1)? OX10p (11— A1)?
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Thus it follows that

82F()\1,,u1) 72)\16 82F()\1,,u1) e

= <0, =— >0,
opt I O Op I
f(m) | 2 fQAamn) | 9N
FPrn o+ o i, OF (A1) Vo cCA-\) e N c
o 2GLn) Y P halne =22 ] e =23
0(2)\—>\1)

by noticing that V — aus — — = >0 when p; € Q;(p2). Then it gives

p2(p2—2A+A1) M1

d*F (A, ) _ PF (i, ) + PF (A, ) '%+ 2! ) OF (A1, i) <0
dus opi O\ O Oy~ Op3 o\ ’

ie., F(A1, 1) is concave in p; € [fig,00) ()1 (p2). Next, we will show that there exists exactly only
one interval I(us) = (a,b) such that (a,b) = [fi1,00) (21 (12). It is sufficient to show that F'(Aq, i)

is unimodal in p; € [fi1,00) ()21 (p2). That is, for any p; € [f1,00) [ Q1 (u2),

6(2/\7)\1) _ e
d[V — 2 — p2(pr2—2XA+A1) M]

dlh |M1:$ < 0
implies that
c(2A—X e
d[V — 2 — M2(152*2>\‘1F)>\1) B H] | <0
d,u1 p1=z+0
for any 6 > 0. Notice that
c(2A—X .
dlV —aps — m - H] <0@£ < —cOA1 /O
dpn pi (e =22+ M)
Since O\, /0p; <0 and 9%\, /Ou? <0, it follows that
—cOX1 /0
V2 _ (ZOM/0p) (2 — 22+ 0)* +2(u2 = 20+ M) (0N /0m)* _
Oty (p2 =22+ Ap)* '

Thus, %\m:m < M‘mzﬂé' On the other hand, since

£
p2—2XA+A1)? p2—2XA+A1)? 7 < p2? we have

(k1+9)

e e __ —O\/om s < —cO\1 /O |
(1 4+6)2 " p? " po(pa =22+ X127 7 po(pg — 22+ A\p)?2 p1=a+3-

That is, d[V — aps — % —e/m]/dp |y =26 <0 for any 6 > 0. Therefore, F(Ai,p) is

concave and F(A,p1) >0 in py € (a,b). It follows that there exists a unique maximizer fi;(uz) €

AF(A1,11)

(a,b) for any fixed pz, which satisfies =7

= 0. Then the symmetric equilibrium can be attained

at uB = i, (u2). Note that
O oA )’ + (A~ 2)
3#1 H2=H1 26/1%

S >0
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Then the equilibrium satisfies

dF (A, p) O\ cA e ] {8)\1 c e
7 lpe=p1 — 5 V—a I N 2=p1 My 5+ 2:1:0
dpia s O i papr —A) o= o (=2 pf o
@a/ﬁ()\—ul)g—i—c)\()\—Qul) N eAX(A —p1)? 0
2cp3 1 [(A = pa)?(e— paV + pia) — A7
Aa ep(2—p) 2cep®

B(p) =22 - —0.

= AR A (020w R e?)]
We can verify that ®(p)|,—,- = —00 <0 and ®(p)|,,o+ = +00 > 0, then there exists a certain

solution p© such that ®(p2) = 0. Similar to the proof of Proposition 2, the symmetric equilibrium

D\2 D
exists if and only if F(A\,u8) >0, ie., V> VP (N a)=a)/pl + A;EEZD) + <. Otherwise, if V <
C

VP (A ), u2 =V/a with all customers balking is an equilibrium under which we have CW2 =
2 =o0. O
A.2.3. Alternative Effort Cost Structure (§4.3)

In what follows, we re-solve for the equilibria in the dedicated, (agent) pooling, and bonus pooling
settings, respectively, based on (9). We continue to use superscripts D, P and B to denote these

settings, and also use subscript A to denote the alternative effort cost structure.

PROPOSITION 8. In the dedicated setting with the alternative effort cost structure, there exists

a unique pfy € (X\,00) that mazimizes I1% | (1] when V > V(X «), where p} = X/ph and p} €
D D D\2

- Aa+e cp'a (2—pa) _ . D __ da+te c(pa) . D __

(0,1) wuniquely solves prari /\?lfpg)é =0; Vy(\a) = o T ,\(124,)3)' Accordingly, CW2 =

2\ [V — 2 (ef)? }, =2 [AV— ";—?32 — C(fi); —ep|. Otherwise (i.e., when V<VP(\ «a)), all
A

P Al-pj]
customers balk and CWY =TIE = 0.

PROPOSITION 9. In the pooling setting with the alternative effort cost structure, there exists

a unique symmetric equilibrium p'; € (X,00) when V> VY (\ «a) = ’\Z‘;C + A[lc(_p(%fp] where p'| =
A A
A/ €(0,1) uniquely solves the following equation:
PYA[(,P\2 _ 9( P P2y P
o) (0" 2" +8) | "V el )]s

(20" +1)(p” +1)(1 = p"”)? 2p" +1
: P Aa c(pf)? P ax?  c(ph)® P . .
Accordingly, CW 3 =2\ [V — 2% — 7‘*,)2] , I, = [)\V — ey — —CA - — epA] . Otherwise (i.e.,
pa  All=(p;)?] p —(p)
when V< VF(\ «)), all customers balk and CW =TI = 0.
PROPOSITION 10. When V > VFE(A\ ), in the bonus pooling setting, there exists a unique t5
such that p% € (\,00) is the unique equilibrium if t € [0,t5), where u = \/p% and p§ € (0,1)
uniquely solves:

c(ph)*[(p5)? —2(p}) + 3] N 2M(pR)*(V —t) —e(1+pF)]

—2)\°a=0.
(2p5 + D (pZ + (1 = p3)? 208 +1
. o c B\3 o 2 c B\3
Accordingly, CWE =2\ |V —t— :—E — ﬁ?ﬁ)jﬁ]} , 115 =2 [)\(V —t)— % - % —epi|. Other-

wise (i.e., if t >t5), all customers balk and CWE =115 = 0.
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Figure 6  Comparison of the dedicated and pooling settings under different (o, V) for §4.3.
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(a) Service rate (b) Performance metrics

Note. A\=c=e=1

Based on the equilibria characterized in Propositions 8 and 9, we numerically compare the dedi-
cated setting and the pooling setting in terms of agents’ service rate choice and system performance.
We present the results in Figure 6. We observe from Figure 6 that, with the alternative effort cost
structure, customers and/or agents can still be worse off under the pooling setting compared to
the dedicated setting (i.e., CWZP > CWZ% and/or 11§ > II%), and this continues to be driven by
agents’ speedup behavior under pooling (uf; > p%) in an attempt to seize more of the available
customers (when the service value potential V' is sufficiently large). Such an effect is not limited

to any specific effort cost structure.

Table 6  Range of ¢ for the bonus pooling policy to ensure CWY > CWZ2 and 11 > 115

o= 1 2 3 4 5 6 7 8
te (16.3,25.8) (11.1,24.2) (6.4,22.7) (1.9,21.2) (0,19.8) (0,18.4) (0,17.1) (0,15.8)

Note. \=c=e=1, V =30.

Finally, we numerically demonstrate that bonus pooling (which requires each agent to contribute
an amount t per served customer to a common pool) can continue to result in a win-win situation
for both customers and agents (CW* > CWE and II” > II2). Table 6 shows the ranges of ¢ that
can lead to a win-win situation for a specific service value potential (V' =30) and different values

of sensitivity to speed («).
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Proof of Proposition 8

When all customers join, we consider Agent 1’s optimal service rate choice ] which maximizes

IT7 (1) given by

cA
5, [ = X[V —ap—cWP ()] —ep=\ [V —ap— | —ep, (A.13)
= A)
where WP (1) = ﬁ for an M /M /1 queue. We can derive the first-order and second-order con-
ditions of (A.13) with respect to u as follows.
AL (U= )
— =AM e )6
o (—A)>2p
o113 2eA? (A? = 3Ap+ 32
[ A’l(u)]:— X ( Pt M)<0becauseu>)\.
op? 3 —A)3
Then oM () is decreasing in p > A. Since w] = +oo and w\ = —Aa—e, there
E g p . B p=xt — . Em p=o00 — ’
D D
exists a unique p% that maximizes I1% | (1) and uniquely solves w — 0o o 2alord)
’ ] (/’A) )‘(1_1),4)

oo =0, where pf = \/pf. Similar to the proof of Proposition 2, the symmetric equilibrium with
A

all customers joining exists if and only if

cA da  c(pR)’
A V—a,uD—i —e,uD>O(:>V>VD Aa)=—+ —FL—  —,
Y . i T I
Otherwise, if V< VP (\ ), uf} = V/a with all customers balking is an equilibrium under which
we have CWP =TI% =0. O

Proof of Proposition 9
We first search for the equilibrium when all customers join, i.e., \; + Ay = 2. For any fixed ps,

taking the derivative of II% | (y11, pt2) with respect to py gives

aW(Mb/Q)

aH,}ZJ(MlaNZ) _ O (1, p2) [V — oy — W (g, p2)] —e — Ay |a+c

Oy O I 7
O 1 (p, pra) 02Ny (o, i) W (puy, pi2)
5”% - 16[“% 2 [V — ol — CW(,UQ,,UQ)] — )\16#.

If A\ [V —ap —cW(ui,pa)] —e/p <0 for all gy € (0,00), then the best response of Agent 1
is 1 > V/ja. If M [V —ap —cW(p, pu2)] —e/p1 > 0 for some gy € (0,00), there must exist 0 <
By < < oo such that Ay [V —apy — W (p, pi2)] — €/pa > 0 if and only if pi € (g, /1) since
[V —ap; — cW (g, o)) is strictly concave in p; by Lemma 3. Therefore, the best response fiy(f2)
can only be attained at fii(u2) € (p, fia). Since 32’\#"%’“2) <0 and c%"%’”) + 5—% > 0, it follows
that %‘?’“2) <0 for puy € (p,,f1a), i-e., T (pa, po) is strictly concave in py € (p, /). Since
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I 1 (s 1) |y =, = 1L (b1 p2) |y =y = O, there exists a unique maximizer fii(u2) € (g, f1a) for

any fixed po.
31—11,;1 (1,p2)

o , we can solve

In a symmetric equilibrium, pfy ; = p; ,. Therefore, by letting s = 1y in

| (u1.p2)

. 2] .
for ply | by setting i lua=m =0, Le,

eA® (A% =20 +3pF) — 201 (A — 1) (A + ) (pa [@A A+ 1) +e(A + 1) = A°V)

3 2 =0
2(pf = Ap)
41 .2 2
- cpilpi —2p1 + 3] 20[ptV —e(1+p1)] .2
& = —2X°a =0,
Par ) = (o ) o+ D= )2 2p1 +1 ¢

where p; = \/p; € [0,1). Similar to the proof of Proposition 2, we can show that ¢4 p(p;) is increas-
ing in p; and ¢4 p(p1) =0 has a unique solution in p;, which determines the unique symmetric
equilibrium. The existence of the equilibrium can be similarly guaranteed. Taking derivatives of
b 4.p(p1) with respect to V gives

Opa,p(p1) _ 2)\p} -0

Thus we can establish that pf is decreasing in V. That is, the symmetric equilibrium service
rate p!; = \/p’; is increasing in V. Finally, similar to the proof of Proposition 2, the symmetric
equilibrium with all customers joining exists if and only if
Ao c(ph)? e
o5 ph,ph] >0V > 5+ A
A ph o AL=(pk)?] Pk
Otherwise, if V <V (\ «), pf = V/a with all customers balking is an equilibrium under which

we have CWT =114 =0. O

Proof of Proposition 10

Same as the proof for Proposition 3. O
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