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Proofs of Statements

EC.1. Proof of Lemma 1

We first review some notations and concepts necessary to our proof. Let D C RM be a convex open
set, and D be the closure of D. We say a function ¢ : D — R is Legendre if it satisfies the following

conditions:

1. 1 is strictly convex and continuously differentiable on D;

2. lim,,_,p\p |V (w)]| = oo.
It is easy to verify that our choice of ¥ (w) = Eivzll —/w; — /1 —w; is Legendre with D = (0,1)".

Let D* = V(D) be the dual space of D. With our choice of 1), D* = R, For a Legendre function
¥ : D — R, its Legendre-Fenchel transform (also known as the convex conjugate) ¢* : D* — R is
defined as

4 () = sup w, u) — (w). (EC.1)

weD
The following properties are standard results of convex conjugates. See for example, the reference

of (Cesa-Bianchi & Lugosi 2006, Rockafellar 1970), or (Audibert et al. 2014).

Fact 1 Suppose v is Legendre. Then ** =1 and Viy* = (Vip)~t. Furthermore, if ¢ is also twice
continuously differentiable on D, then V**(u) = [V*(w)]™" for every pair of w = Vi*(u) or
u=Vi(w).

Given a Legendre function 1 : D — R, its Bregman divergence D :D x D — R is defined as

Dy (x,y) =(x) = (y) = (z —y, Vi(y)). (EC.2)

If % is twice continuously differentiable on D, then by Taylor expansion with the Lagrangian

remainder, we have for every z,y € D that

Dy(a,9) < 5y~ ) V(=) (y ), (BC.3)

where z =z + a(y — ) for some a € (0,1).

At time period t, define ¢, = ;—tz/}, where 7, is the step size (or learning rate) at time ¢. Define
function ¢, : RM — R as

dr(u)= sup (w,u)— 1 (w). (EC.4)

wEAN171
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Comparing ¢, with the convex conjugate v} defined in Eq. (EC.1), the only difference lies in the
additional constraint of w € AN ~! in the definition of ¢,. The following properties are simple and

elementary to verify.

Fact 2 For any Legendre v, let ¢} be its convex conjugate and ¢, be defined in Eq. (EC.4). The

following properties hold:
1. For any u e RM, ¢y(u) < v; (u);

For any u e R™ and c€R, ¢i(u+cl) =¢i(u) +c, where 1=(1,---,1) e RM;
For any w € AN, ¢,(Viy, (w)) =7 (Vihi(w));

- W

For any u e R™, let w* = argmax,, . anvy—1(w,u) — ¢ (w). Then there exists A € R depending

on u, such that Vi, (w*) =u+ A1.

Proof of Fact 2. The first property is obvious because ¢; has the same objective with 1}, but
with a smaller feasible region. The second property holds because ¢;(u+ c1l) = sup,car—1(w,u+
cl) =y (w) = c+sup,en, (W, u) — () =c+ ¢ (u).

To see the third property, note that Vi (Vi (w)) = w, thanks to Fact 1. This means that w is
the maximizer of (-, Vi), (w)) —1(-) on R Since w € AN1~1 it is also the maximizer of the same
objective on R?. Hence, ¢;(Vi);(w)) =5 (Vip (w)).

For the fourth property, consider the maximization question of max, pn,—1(w,u) — 1 (w) and
let w* be the maximizer. Using the Lagrangian multiplier, we know that u — Vi, (w*) + A1 =0.

Hence, Vi), (w*) =u + A1, which is to be demonstrated. [J

Let e = (0,---,0,1,0,---,0) € RN be the indicator vector corresponding to the price p(i*).
Because i; ~ w;, we know that E[¢, ;,] = E[(¢;, w;)]. Subsequently, the regret E[Zthl Uy i+ — Uy ;,] can

be decomposed as follows:

T T
E Z gt,i* - gt,it =K Z<€t, €Cix — ’th>]
t=1 t=1
T R R T R R
=E [Z@m —wi) — ¢e(Le—1) + ¢u(Ly) | +E Z Gi(Li—1) — @e(Ly) + (bryei) | - (EC.5)
t=1 t=1
the stability term the pen;?cy term

In the rest of this proof, we will upper bound the stability term and the penalty term separately.
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EC.1.1. Upper bounding the penalty term

By definition of ¢, ¢y(Li_1) = supweAN1_1<w,Et,1> — ¢y (w) where 9, (w) = %w(w). Because w; €

AM=1 is the maximizer of (w, L,_1) — t,(w), we have that

¢AL]J=@mEto—;www. (EC.6)

t

Similarly, for any w’ € AM~1 it holds that
T I 1 ’
t

Combine Egs. (EC.6,EC.7) and set w’ in Eq. (EC.7) as w' = w;;, for t <T', and w’' =e;« for t =T.

We then have

Z@u1¢w0

t=1 ¢ t=1 t

= [; ( L 1) w(wt)] - nllw(wl) - <ET;€i*> + anw(ei*),

Me—1 Mt

- [Dwt,im - 1w<wt>] - [ e = )| - B+ ulen)

where the last equality holds because ZO = 0 by definition. Notice that ET = ZLE satisfies

E[ET] = Z;le E[Zt} = ZL /. Hence,

Z¢t Lt 1 — Oy Lt) <€t,€i*>

~E [Z ( . 1) ((w) — ¥len)) — — (V(wn) e,z)(eﬁ))] , (EC.8)

Te—1 T

where the last equality holds because the terms involving ¥ (e;«) sum to —1/1(6 *).

Next, we analyze the differences between 1 (w;) and 1)(e;). Recall that, for w € AN =1 ¢)(w) is
defined as ¢(w) = Zfﬁl —/w; —+/1 —w,;. Also, because each component of e;+ is either 1 or 0, we

have 1 (e;+) = —Nj. Subsequently,

V(e —(wy) = Z Vg + VT —wy; — 1 < min{/wg, VT —wy; }. (EC.9)
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Plugging Eq. (EC.9) into Eq. (EC.8), and noting that nl

- =(Vt—=Vt=1)/no <1/(noV't), we

have that
T Np .
min{ \/w;, /1 — wy;
Z¢t L 1) — b Lt) (lreqx)| <E ZZ L/ i
t=1 i=1 mv
T
1 1- Wyj* Wi 7,7&2* Wy wtz
<l z\/ DWEIER S oy
i#£L* t=1 i#£L*
2 Wy;
<—E . EC.10
EC.1.2. Upper bounding the stability term

Recall the definition that w, = argmax, .~ -1 (w, Et,1>

there exists A\; € R such that Vi), (w;)

~6(Lim1) + ¢o(Le) = =6 (Vibe(w;) —

— 1 (w). By the fourth property of Fact 2,
= Et_l + A\;1. Subsequently,

1) + ¢ (Vi (wy) — A\ 1 +Zt)

= — (Vi (wr)) + ¢ (Vae(w) + ), (EC.11)

where the second equality holds thanks to the second property of Fact 2 (so that the A;1 terms are

canceled), and that L, =

¢ (Vb (wy))

—{ls, wy)

where the last equality holds because Vi; (Vi (w;))

- ¢t(ft—1) + ¢t(it) <

Et_l + E By the first and the third properties of Fact 2, we know that

=y (Vb (wy)) and ¢y (Vb (w;) + Zt) < (Vb (wy) + Zt) Subsequently,

— (L, we) — O (Vibe(wyr)) + by (Vb (wy) —1—@,)

= Dy (Vi (w;) + £y, Vi (wy), (EC.12)

= wy, thanks to the Vi; = (V1),)~* property

in Fact 1. Using Eq. (EC.3) and the relationship between V7.,V in Fact 1, we have that
b t

Dy (Vipr(wy) + 0, Vi (w,)) <

*v%pt (Vb (wy) + by,

LT (V2 (V9 (Vi (wr) + 0))] 1B (EC.13)

where o, € (0,1) is a certain interpolation parameter.

The following lemma upper bounds the discrepancy between Vir (Vi (w;) + at@) and

Vb (Vipi (wy)) =

Wy.

LEMMA EC.1. Let w =V} (Vi (w) + ad) for some we AK171 o €(0,1) and 6 € RM ™! satis-

fying —Z < 6; <p. The potential function is chosen as 1, (w) =

V1 —w;. Suppose n; <

iw(w) where P(w) = ZM — i —

(1 — —) Then it holds for all i € [Ny] that 2w; — 1 < w; < 2w;.
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We will prove Lemma EC.1 in the next section. For the rest of the proof, note that the condition

no =0.07/p < 4—15(1 — %) in Lemma 1 implies the condition on 7, in Lemma EC.1 holds, because

ne = 10/t <. Note also that, for any w € [0,1]™ and j € [NV],

1 1 1
832j¢(w) ~ 1 <w;;/2 + 1 —wj)3/2> :

J

With Lemma EC.1 and the notation that w, = w, + atlz, and conditioned on the event that i, =1,

it holds that

ti

0 [V ()] = D PO (@) + <P(Z)jt—p +p> [Oripe(w)) ™

i
N1 ﬁQ
< ZT?Q (0% (wy;)]F + wﬁ[ai¢t(@ti)]_l (EC.14)
= ti
Ny -1 o -1
1 1 4p°n, 1 1
=4p°n + = + + —
t; (@53/2 (1_wtj)3/2> wy, (2»62/2 (1_wn‘)3/2>
Ny o
. 8v2
<8vV2p*n, Y min {w?/?, (1 —wy,)*?} + \/l;f”tmin w2, (1 —wy;)*2). (EC.15)
j=1 ti

Here, Eq. (EC.14) holds because 0 < p(i)d; <p and hence |”(13j7:1_7’ +p| < u%. Eq. (EC.15) holds
because (@ij/Q +(1—wy)3?)1 < min{ﬁfj/z, (1 —w;;)*?} <min{(2w;;)*/?, (2 — 2w,;)*?}, thanks
to Lemma EC.1. Because i; = ¢ with probability wy;, the right-hand side of Eq. (EC.15) can be
further upper bounded by

o al . 3/2 3/2 2 ol min{wf/Q, (1 _wti)g/Q}
8V2p°n, Zmln{wt]— (1 —wyy) }—1—8\@1) ntz ’ _
= i=1

Wy;

w

il min{w‘?/2 (1 —wy,)3/%} il
<16V2p°n Y | L 2 <16V2p°y Yy min{y/wy, VT —wy}
i=1 te i=1

S 16\/51—)27% V 1— Wy;* =+ Z \/wti] = 16\/§ﬁ2nt Z Wy + Z v/ Wy
L M i£T*

i i

> ﬁ] . (EC.16)

A

< 32V2p"n, Z vV wti] = 32v/2p% 1, [

Lii*
EC.1.3. Proof of Lemma EC.1

Because Vi) = (V1)) ™! thanks to Fact 1, we have that

Vip(w) = Vipy(w) 4+ ad.
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Fix an arbitrary ¢ € [N;] and let w;,w; be the ith components of w and w, respectively. The above

inequality then implies that

Oithy (w;) — ad; < 0ppy(w;) < Opthy (wi) + d;. (EC.17)

We first prove w; < 2w;. If w; > 1/2 then the inequality automatically holds because w €

Range(V;) C [0,1]V:. Hence, we shall assume that w; < 1/2. Assume by way of contradiction that

B S
nt 21/11)1' 2\/1771)1'

w; > 2w;. Because 0;1(w;) = | is strictly monotonically increasing with w;, we

have that
ad; = 0y (w;) — Ohy (wy) > 0ihy (2w;) — Oyaby (w;).
Subsequently,
08> — | b e b — ]21<1—1> >3
L 22w, 21 =2w;  2y/wi  2y/T—w;] ~ 2 V2) naw
where the last inequality holds because w; <1 and 7, < 5-(1 — ). This contradicts the condition

that a € (0,1) and 0; <p.

We next prove w; > 2w; — 1. If w; <1/2 then the inequality automatically holds because w €
Range(V;) C [0,1]Vt. Hence we shall assume that w; > 1/2. Assume by way of contradiction that

w; < 2w; — 1. Again by the strict monotonicity of 0;1;, we have that

ad; = 0y (w;) — Oinhy(w;) < Oihy(2w; — 1) — Oty (wy).

Subsequently,
1 1 1 1 1 1 1 1
ad; < — |- + + - s -
M| 2V2w =1 2\2(1—w;) 2ywi 2/1—w;| ™~ n | 20/21—w,;) 2V1—w;

- 1<1 1> 1 - 1<1 1) 1
-2 V2 ) n/1—w; = 2 V2 ) 2naw;’

where the last inequality holds because /1 —w; < 2w; for all w; € (1/2,1]. Because 7, < 4—%(1 =

);

S

we have that

0562 < _ﬁ/wia

which contradicts the condition that o € (0,1) and §; > —p/w;.
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EC.1.4. Putting everything together

Combine Egs. (EC.5,EC.10,EC.16). We have that

T T
2 i
N bt | < (32\/§p2no + > <E 3N
t=1 "o =1 iti* L

Plugging in the scaling that 79 = 0.07/p we complete the proof of Lemma 1.

E

EC.2. Proof of Theorem 1

Recall that ¢, ; = p(i) f;(p(i)) and i* = argmax;cn,1p(7) fo(p(i)) is the revenue maximizer among

prices {p(i)} Y for typical customers.

We then have

T
Ry er(Alg.3; fo, z0) <T|p° fo(p°) — p(i*) fo(p(i"))| + E th,i* - Etait] : (EC.18)
t=1

To upper bound the second term on the right-hand side of Eq. (EC.18), note that because
{p(i)}, are N prices evenly partitioning [p°, ], there exists i* € [N] such that [p(i*) — p°| <
(p—p)/(2N1). Other the other hand, because r(d) = df; " (d) is strongly smooth thanks to Assump-
tion (A2), we have that r(d°) — r(d(i*)) < M72|d" —d(i*)|?, where d° = fo(p°) and d(i*) = fo(p(i*)).

Subsequently,

P fo(p°) — p(i*) fo(p(i)) < p°fo(p°) — p(iF) fo (p(i*)) = d° f ' (d°) — d(i*) fo  (d(i))
=r(d°) —r(d(i*))
a7

2
<M P —p()[” (EC.19)

. —2
ML, (5—p)?  M’Ly(p—p)?
2 4N? T 8JT

(EC.20)

Here the second inequality in Eq. (EC.19) holds because |d° — d(i*)| = |fy ' (p°) — f5 ' (p(i*))| <

La|p® — p(i*)]. Subsequently,

T(p° fo(0°) — p(i*) fo(p(i"))| < < M*Ly(p — p)*VT. (EC.21)
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We next turn to the third term on the right-hand side of Eq. (EC.18). By Lemma 2, for every
Z C[Ny]\{i*}, it holds that

[ZEH Emt]<64p\/|IT—|—Z Z 3 m LeT (EC.22)

t=1 i¢T, i#i*

where Ap; = p(i*) fo(p(i*)) — p(i) fo(p(i)). For any i € [N,], define v = |i — i¥| where i* =
MLT’ then it holds that

argmin;e v, |p(¢) — p°|. By Lemma 3, if v > £ 2t 7

Api > pli®) fo(p(i)) — pi) fo(p(i)) > Z Lm;lﬂ) ¢

where ¢ = (p — p°)/N1. Now let T ={i € [Ny] 14 # ", |i — ¢ < § + ML” } Clearly |Z] <2+
V2ML,/(cL,). Subsequently, Eq. (EC.22) can be reduced to

T
E > —émt]
t=1

N 272(0 2 -2
§64ﬁ\/(2+\f2MZp/(aLp))T—|—%pgT+Z512]—92(lnT+1) . [a L2(y 41/2) ¢ ]

y=1
ML,T 1_ .  2048p*In(eT) 1
<128 + —pel'+ ————= X —_—
oL, 2 o2 L3¢ ; (y—1/2)
ML,T 1 2048p°In(eT)
<128 SpeT 4+ T 2 B EC.23
< oL, TPl 2 3 ( )

Note that ¢ = (p—p°)/N; and Ny ~T"/*. Combining Eqs. (EC.18,EC.21,EC.23) we obtain

ML, T 1 21455°/T In(eT
+ ~peT + pQ\( (1)
oL 2 o L2(p—p°)?

P

R (Mlg3; for70) < A M Ty(p— p)VT 4128

= O(T +¢T),

which is to be demonstrated.

EC.3. Proof of Proposition 1.

For notation simplicity we shall omit the 7w superscript in this proof. For every ¢t < T', it holds that
E[} >, < dv] <min{zg, zot + B[, , 0v] + E} < 2ot + E[0] + E. Using Hoeffding’s inequality and the

union bound, we have with probability 1 —T~! that
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for every t <T'. Or equivalently,

> dy <wot+E[]+ E+ViInT. (EC.24)

t<t

Now let 7" < T be the random variable of the last episode such that x(7") > 0. This implies
that 3,/ v dv > 20 =2T. Comparing this with Eq. (EC.24), we have that

ElzoT" +0+eT +/T+logT] > z,T.

Re-arranging the inequality and noting that 7" <T, z, € (0, 1], we have that

1 _
E[T - T+ < — (E[é] +eT + \/TlogT> .
Zo
This completes the proof, because p(7'—T") is an upper bound on the regret incurred by lost sales

over the T time periods.

To prove the high-probability claim, note that the above argument remains valid if one condition

on the event that § < B and taking expectations over the randomness of {f;(p;) —d;} only. [J

EC.4. Proofs of Technical Results in Sec. 5.1

To prove the Theorem 2, we first introduce some technical lemmas. The following lemma shows

that for an epoch 7, [d(7),d(7)] covers the expected demand at the price p(7) with high probability.

LemMA EC.2. Suppose for some epoch T, the inventory levels kept positive throughout the epoch.
Then with probability 1 — O(T~2), d(1) < fo(p(7)) < d(7).

Proof of Lemma EC.2. To prove Lemma EC.2 we first present and prove another lemma, where
we try to bound the gap between “the averaged realized demand over 7" periods” during which

the price p was offered and the actual demand at price p.

LEMMA EC.3. Let T be a set of T selling periods during which the inventory level remained
positive. Let p € [p,p] be a fized price, which is offered at each selling period t € T with probability
q€(0,1]. Let d be the total realized demands over t € T during which price p is offered. Suppose
also that the total number of corrupted periods during the T" selling periods considered is upper

bounded by T almost surely. Then for any § € (0,1), with probability 1 — ¢ it holds that

~

d
qT’

log(2/90) n 210g(2/6)'

— <min{l.eT/T’
Jolp) | S min{1eT/T'} 4= 2=+ == 0
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Proof of Lemma EC.3. For each t € T, let v, = 1{p, = p} be the indicator random variable
denoting whether price p is offered at time ¢. Recall that ¢, € {0, 1} indicates whether ¢ is an outlier
period. Define also z; := f;(p). We then have

ZthtZt—i-Vt(l_Lt Jo(p ZVt 1z (p)) + fo(p)]-

teT teT

Because v, is statistically independent from both ¢; and z;, and that Pr[y, = 1] = ¢, we have that
Eldl =qZ +qT" fo(p),

where Z =3, - t:2.
To upper bound the deviation of d from E[(ﬂ, we need the following result, which is Theorem

1.2A cited from (Victor 1999).

Lemma EC.4. Let {w;, F;} be a martingale difference sequence with E[w;|F,;_1] = 0,
Elw}|F; 1] =03, V2 =377 3. Furthermore, assume that Pr(|w;| < c|F; 1] =1 for some 0 < ¢ <
oo. Then, for all €,y >0, it holds that

n 2
Pr ;wiZe,Vfgyfor some n] SeXp{_Q(y:—ce)}'

We now go back to the definition of d and write it as d — Eld ] > et Wi — E[wy|F_1], where w, =
vi[ee(ze — fo(p)) + fo(p)] and F;_; denotes the filtration prior to time ¢. Clearly {w; —E[w;|F;_1]}er
forms a martingale difference sequence with zero mean. Furthermore, |w;| <1 almost surely, and
E[w?|F;_1] <E[w|Fi_1] = q. This means that V> in Lemma EC.4 satisfies V> <T’q almost surely.
Withn=1T", ¢c=1, y=T'q and € appropriately set in Lemma EC.4, we have with probability 1 — 9
that

<log(2/96) +\/log (2/6) +ylog(2/6) <2log(2/d) ++/T"qlog(2/6).

Zwt wt|-7:t 1]

teT

Recall that ), - w, = d and Dot Elw| Foo] = E[c?] =qZ +qT" fo(p). We then have with probabil-
ity 1 — 4 that

’3— qT" fo(p)| < qZ +210g(2/8) + \/T"qlog(2/6) < qmax{T",eT} + 21og(2/8) + /T'qlog(2/6),

where the last inequality holds since at most €1 periods in 7 can be corrupted. Dividing both

sides of the above inequality by ¢7” we proved Lemma EC.3. [J
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Invoking Lemma EC.3 with 7" =T(7), ¢ =1 and § = 1/T?. We then have with probability
1—0(T?) that

b

) eT log(277?) = 2log(277)
- tote | <mn {1 775 PR+ BT e

which proves Lemma EC.2. [J

Given Lemma EC.2, we are ready to state the next key Lemma for proving Theorem 2. The next

lemma provides an upper bound on the length of the searching interval |I(7)|:= (b(7) — a(7)).

LEMMA EC.5. With probability 1 — O(T~?1ogT) the following holds: at the beginning of every
epoch T, p¢ € I(1) and the length of 1(T) is upper bounded by:

[I(7)] = (b(7) —a(7)) < 2L4Co(T —1).

Proof of Lemma EC.5. Throughout this proof we will assume that fo(p(7)) € [d(7),d(7)] for
every T, at the end of each epoch. By Lemma EC.2, this occurs with probability 1 —O(T%logT).
We first prove p® € I(7) for any epoch 7. Recall that p° is the unique price for which fo(p°®) = z.
Also note that f, is strictly monotonically decreasing in p. Hence, in the cases of z, ¢ [d(7),d(T)],
it is clear that p® remains in the shrunk interval I(7 + 1). For the other case of x, € [d(7),d(7)],
denote d(7) := fo(p(7)). Since fy is strictly decreasing, f; ' is also a strictly decreasing function.

By Assumption (A1), we have that

e =Fo (o) = fg ' (d(7)) = f5(d(T)) — La(

=
2
|
=3
=
=
v
=)
=
—~
3
~—
~—
|
h
IS
aul
—~
3
~—
|
U
—~
3
~—
~

p° = fo (o) < fo ' (d(T)) < f5 ' (d(7)) + La(d(7) — d(7)) < f5H(d(T)) + La(d(7) — d(T)).

Note that f,'(d()) =p(7) and d(7) — d(7) = 2C.(7). This justifies that p° € I(7 + 1) in the case
of zy € [d(7),d(T)].

We next use induction to prove that |I(7)] <2L4C.(7 —1). The base case of 7 =1 clearly holds
because |I(7)| <1 and C.(0) =1. Now consider epoch 7+ 1, assuming the claim holds for epoch 7,
or more specifically |I(7)| <2LyC. (7 —1). If xo € [d(7),d(7)] then clearly |I(7+1)| <2LsC.(7) by
definition. For the other case of x( ¢ [d(7),d(7)] we have that |I(7 +1)|=|I(7)|/2 < LqC.(T —1).
Note that C.(7) > C.(7 —1)/2. The lemma is thus proved. [J]
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EC.4.1. Proof of Theorem 2

We first consider the regret incurred by potential running out of inventory (at the end of the T" total
selling periods). Recall the definition that ¢, = max{0, fo(p;) — xo}. By the Lipschitz continuity of
fo, we have that

Z&: < Z ‘fo(pt) —xo} < Zzp lpe —p°I.

t<T t<T t<T

Invoking Proposition 1, the regret of Algorithm 2 can be upper bounded by

Rrer(Alg.2; fo,20) <E ZP xo — pifo(pr) +L ‘pt p‘ ST—G-\/m)

t=1
T
Z\pt pe|| +

Here the second inequality holds because, if p; > p© then pxy — py fo(pr)

< (max{p°L,,1} +L,) (aT +VTInT). (EC.25)

<p(fo(p®) — folpe)) <
p° x Ly|p, — p°|, and if p, < p© then p°zg — py fo(pe) < (p° — pe) o < [p° — pol-

We next upper bound the IE[Z; |p: — p°|] term in Eq. (EC.25). We condition on the success
event of p¢ € I(7) for all epochs 7, which occurs with probability 1 —O (T ?logT') thanks to Lemma
EC.5. Let 1y be the last complete epoch with positive inventory levels, satisfying that 270 <T'. We
then have that

S o <3 T(7) % [b(r) —a(r)| <327 x 2L, Cu(r — 1) (EC.26)

T=1
70
<3 oL, <5T +927/2,/In(2T2) + 2 1n(2T2)>
=1

21/2T In(27T?)
V2 -1

Here Eq. (EC.26) holds thanks to Lemma EC.5, and the last inequality holds because 270 < T
Combining Egs. (EC.25) and (EC.27) we have that

<2L4 T log, T +2L41n(27%)log, T. (EC.27)

sRr.r(Alg.2; fo, 0)

21/2T In(277?)
V21

< (x5t +4pL,Ly)eTlog, T + (z5* + 14pL,) /T In(2T?) + 6pL, Ly In*(27?) + O(1)

= O(eT +VT),

1 _ _ _ _
<O(1)+ x—(eT +VTInT)+ (max{p°L,,1} + L,) |2L.T log, T +2L4In(2T%)1og, T
0

which completes the proof of Theorem 2.
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EC.5. Proofs of Technical Lemmas in Sec. 5.2

EC.5.1. Proof of Lemma 4

Fix a specific epoch 7 and thread j such that £; > e. Invoke Lemma EC.3 with 6 =1/72, T" =T()
and ¢ = p;, we have that with probability 1 — O(T~?),

d(r) N D log(27?)  2log(2T?)
o, ()~ i) < {LYWﬁ} o T T o)
) ;T log(272)  2log(27?)

Smm%ﬁvﬁ o T() o)

where the second inequality holds because € <¢;. The first property of Lemma 4 is then proved,

by the definition of C, (7) in Algorithm 3 and that o;7(7) = T}(7).

The second and third properties can be proved in the same vein as the proof of Lemma EC.5,

via an induction argument with the union bound over all epochs and threads.

EC.5.2. Proof of Corollary 1

According to Algorithm 3, J only decreases when I;(7)=0. If £; <e, then by Lemma 4 it holds
that p© € I;(7) for all j <.J and 7. This means that J will never be further decreased since 1;(7) # ()
throughout.

EC.6. Proofs of technical results in Sec. 6
EC.6.1. Proof of Lemma 5.
Invoking Lemma EC.3 with 7" = T3, ¢ =1/N3, T = ZT3 and 6 = 1/(N3T?), it holds with probability

1 — 77 uniformly over all 7 € [N3] that

N3 lOg(2N3T2) 2N3 10g(2N3T2)
+
15 15

— fo(p(7))| <min{l,Z} + =Hz(N3,T3). (EC.28)

Nad(i)
T3

We now prove the upper bound on |p® — p°|. Recall that p© is the unique solution to fo(p®) = zo,
or equivalently p® = f; (). Because of the Lipschitz continuity of f; (Assumption 2) and the fact
that p(i) and p(i+1) are (p—p)/N; distance apart, there exists i* € [N3] such that | fo(p(i*)) — 20| <
L,(p—p)/Ns. This implies that, with probability 1 —O(T~?),

’fo(P(?c)) - 1’0’ < ‘CTGC) - fo(PGC))‘ + ‘Cf[@c) - $o|
<|d(i®) = fo(E®))] + |d(#) — x| (EC.29)
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< [d(i®) = fo(p(i*)| +d(#*) = fo(p(i*)] + | fo(p(i*)) — 0|
<2Hy(N3,Ts) + L,(p—p)/Ns. (EC.30)

Here, Eq. (EC.29) holds because i° minimizes |d(i) — zo| by definition, and the last inequality holds
with probability 1 —O(T~2) by applying Eq. (EC.28). Consequently,

p(i) = p°| < | fo (w0 = (LB — p) /N3 + 2H 2 (N3, Ty)]) — fo (o)
§Zd>< IW+2HZ(N3,T3) s

where the last inequality holds thanks again to Assumption (A1l). This proves the upper bound on
P —p°.

Next we prove the upper bound on |[p° —p°|. Let d° = fo(p°) and i* € [N3] be the index such that
Ip(i*) — p°| < (p — p)/Ns. By the Lipschitz continuity of fy (see Assumption A2) this means that
|d(p(i*)) — d°| < L,(p— p)/Ns. Recall also the definition that 7(p) := pfo(p) and r(d) = dfy ' (d). By
the strong smoothness of r(d) (see Assumption A3), we have that

M2

,  M?L(p—p)>
<2y - < AP D

[r(d(p(i°))) () e

(EC.31)

~ o~

On the other hand, 7° is selected such that p(i°)d(i°) > p(i*)d(i*). Therefore,

A~ A~

r(p(i*)) = r(p(P*)) = (i) fo(p(i*)) — (i) fo(p(i°))

)| +Dd(i) = folp(i*)| +p(i)d(i*) — p()d(i)
)’+17’J(i*)_f0(l)(i*))} <2pHz(Ns, Ts). (EC.32)
Combining Eqgs. (EC.31) and (EC.32), we have that

r(d®) —r(fo(p(i®))) > W +2pH 7 (N3, Ty), (EC.33)

By strong concavity of 7(d) (see Assumption A3), Eq. (EC.33) implies that

727 P _
2 | MZ2L,(p—p)? 2 | ML,(p—p)

=— +2pH;(N3,T3) < — | ——F—=———++/2pH (N3, T
pHz(N3, Ts) o2 V2N, PH7 (N3, Ts)

[ = folp(i*))] < = N7

Subsequently, using the Lipschitz continuity of f; ' (see Assumption A2) we have that

‘Z/?\o —po‘ = ‘f&l(fo(P(zo))) - f&l(d0)| Sfd‘fo(p@o)) _do‘
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2L, | ML,(p—
< a 2% B)+\/2]3HZ(N37T3) )

o? V2N;

which is to be demonstrated.

The next lemma is an immediate corollary of Lemma 5, showing that (with high probability)
the estimation errors of p¢ and p° are smaller relative to the gap between p° and p°, when the

parameters in Lemma 5 are tuned appropriately.

COROLLARY EC.1. Suppose p°® # p°, and for some positive constants 5 >~ >0, that Ty =
T% and N3 = T7. Suppose also that the Z parameter defined in Lemma 5 satisfies Z <

lp®—p°| L(UQ\p":pcl
40Ly 2P\ 40Ly

whose degrees depend on B',', such that if T > ¢(logT, L4, L,,D,1/|p° — p°|), then with probability
1—0O(T~?) it holds that

)2}. Then there exists a polynomial function ¢(logT, Ly, L,,D,1/|p° —p°),

3 max{

P —p° <0.2[p° —p°

+[p°—p°

EC.6.2. Proof of Corollary EC.1.

Following Lemma 5, it suffices to prove, separately, that all of %(S_B), 2L,Hz (N3, Ts), %ﬁ’g—lg)

and 207 2L4\/2pH 7 (Ns,Ts) terms are upper bounded by 0.05p° — p°|. to simplify notations, we
shall also denote Ap := |p° — p°| throughout the rest of this proof.

First we consider the %(f_@ < 0.05Ap constraint. Re-arranging the terms we have that N3 >

%(Zg). Since N3 = T”l, the condition can be reduced to
- = 1/~
Lde(ﬁ - p)
T> | ———= EC.34
- 0.05Ap ( )

2Ly M Ly (p—p)

22N, < 0.05Ap constraint. Again, with N3 = TVI, the constraint is

Second we consider the

satisfied if ,
1/~

(EC.35)

2L ML, (p—
T> d (P B)
- 0.102Ap

We next consider the constraints 2L4H 7 (N3, Ts) < 0.05Ap and 202 L4+/2pH 7 (N3, Ts) < 0.05Ap.

We first simplify both constraints as conditions involving Hz(N3,T3) only, as

A, 1 (®Ap\|
Hyz (N3, Ts) <max{ ———, — (0 p> =:H.
0L, 25 \ 40L,
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By definition of Hz(Ns,Ts), it suffices to prove that Z < H/3, w%fﬂz) < H/3 and
%;N?’Tz) < H3/3. Note that Z < H /3 holds directly from the condition imposed on Z in Corol-
lary EC.1. On the other hand, noting that Ty = 7%, T5/N5 = T% " and log(2N5T?) < 3log(2T),

the conditions can be reduced to

T > (3y/3log(2T) /H)>#' =" (EC.36)
T > (18log(2T) /H)"/ ', (EC.37)

Corollary EC.1 is subsequently proved, by noting that the right-hand sides of all Eqs. (EC.34)
through (EC.37) are low-degree polynomials of Ly, L, p, 1/|p° —p°|, M,1/o and log T', with degrees
depending only on o', 5" and ~'.

EC.6.3. Proof of Theorem 4.

The key step in this proof is to establish the first epoch ( after which the estimates p°,p° are
(with high probability) consistent. By consistency, we mean that [p® — p°| + |p° — p°| < 0.2|p° — p°|,
the consequence of Corollary EC.1 established in the previous section. It is easy to verify that,
with this inequality, p® < p® implies p° < p° and vice versa. Furthermore, p® = (p® — p°)/2 satisfies
p¢ < p? <p°. With these conditions, the regret upper bounds proved in Theorems 1 and 3 can be
directly applied.

To show [p° — p°| + |p° — p°| < 0.2|p¢ — p°| with probability 1 — O(T~?), we only need to prove
the conditions in Corollary EC.1 are satisfied. Consider an arbitrary epoch ¢ in Algorithm 5.
By definition, E[|G(¢)|] = /T(¢) and |G(¢)| is the sum of T(¢) i.i.d. binary random variables.
By multiplicative Chernoff bound and the union bound, if T'({) > T > 16InT then it holds with
probability 1 — O(T~!) uniformly over all ¢ that |G(¢)| > \/T(¢)/2. Hence, Ty > /T(¢)/2 and
N3 > [T(¢)]Y/*/2. Additionally, because there are at most €T selling periods being corrupted in
epoch 7, and G(¢) are selected uniformly at random, we have with probability 1 — O(T~2) that

7 |g(1<>| S 1 =E[Z]+ O(E[Zlog T +log T/Ts) < O(T/T(C)).
teg(¢)

p°—p°l 1 ( a?|p°—p°|

0L, 2 aor, )2} =: By, it suffices for ¢ to be large enough

To satisfy the condition Z < %max{l
such that T'(¢) > T /Bz. Because By is a polynomial of problem parameters and is independent
of T, it suffices that T'(¢) = Q(eT'). To satisfy the conditions that T5 =T and Ny =T"" for some
0<~" < p’, we will simply set f/ =0.2 and 7' = 0.1. Subsequently, T'({) must satisfy \/W >1T02,
[T(¢)]Y* = T°!, or more specifically T(¢) > T4, to allow T3 = 7% and N3 =T to hold. Since
T, = [V'T], we conclude that all ¢ satisfies Ty = T8 and Ny =T"".
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Now let ¢* be the first epoch such that T'(¢*) = Q(eT'), such that Z <  max{ ‘pjo_f’;cl : %(”2%{;% )2}
holds on and after epoch (. Per the above discussion, this implies that epochs later than ¢* will
have consistent p°,p° estimates, and therefore the regret of 7¢ or m° selected by Algorithm 5 can
be upper bounded by O(eT +v/T). Let also ¢y be the last epoch, which must satisfy |7(¢o)| < T

The regret of Algorithm 5 can then be upper bounded as

R or(Alg.4d; fo,20) < Z T(C)+ Z 6(5T + \/T) (EC.38)
¢<¢t ¢>cH
< O(Ty2%") + O(eT¢) + O(VT (o)
<O(eT) + O(eT) + O(VT) = O(eT + VT). (EC.39)

Here, in Eq. (EC.38) we apply the upper regret bounds for 7° and 7¢, and Eq. (EC.39) holds
because |T(¢?)| = 2T, < T and ¢y = O(logT). This proves Theorem 4.

EC.7. Proof of Theorem 5

It suffices to prove that Ry . (; fo, z0) > C' max{eT,+/T} for some constant C’ > 0. It is a standard
result Ryo(7; fo,20) > Q(VT) when there are no outlier customers (Wang et al. 2014). On the
other hand, by setting the first €71" customers as outliers who never make any purchases, it is clear
that Rr (75 fo,x0) > Q(eT) because the regret is defined as T'r* —E™ [Z;‘le ] where r* > 0 is the

expected per-period revenue of typical customers. This complete the proof of Theorem 5.



