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Supplementary Material — Proofs of Statements

EC.1. More numerical experiments

EC.1.1. lllustrations of the Lovasz extension
In this subsection, we show the Lovész extension of a two-dimensional function on [3]? ={1,2,3}*.
We consider the quadratic function

7| 0.101 —0.068 9
@)=z [—0.068 0.146 | VEERS
By the results in Murota (2003, Section 7.3), we know the function f(-) is a L*-convex function.
We compare the landscapes of the original objective and the Lovéasz extension in Figure EC.1. We

can see that the Lovéasz extension is a piecewise linear and convex function, which is consistent

with the results in Section 4 and Murota (2003).
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Figure EC.1 The Lovész extension of the objective function.

EC.2. Proofs in Section 3
EC.2.1. Proof of Theorem 1

Proof of Theorem 1. We denote the optimal value of f(x) as f*. Since point Z satisfies the

(e/2,0/2)-PGS guarantee, we have

@) —f"<e/2
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holds with probability at least 1 — /2. We assume this event happens in the following of this proof.
Let S° St,..., 8% be the neighboring points of Z. Using the expression of the Lovdsz extension in
(6), we know there exists an €/2-optimal solution among S°, S, ..., 5% We denote the €/2-optimal
solution and the solution returned by Algorithm 1 as S* and S, respectively. By the definition of

confidence intervals, we know
E,(S) = f(S)| <e/4, Vie{o,...,d}, |F.(S)—f(9)|<e/4
holds uniformly with probability at least 1 — /2. Under this event, we know
F8) = f* S Fu(S) — f*+ /A< Fu(S™) — f* +¢/4< f(S") — " +¢/2<c,

which implies that z* € X is an e-optimal solution and the probability is at least 1 —§/2 —6/2 =
1—4. Hence, we know z* is an (¢, 0)-PGS solution to problem (1).

Now, we estimate the simulation cost of Algorithm 1. By Hoeffding bound, simulating

32, (8
62g5

times on each neighboring point is enough to achieve 1 —0/(4d) confidence half-width €/4. Hence,

the simulation cost of Algorithm 1 is at most

1) () 020

EC.2.2. Proof of Theorem 2

The following Azuma’s inequality for martingales with sub-Gaussian tails plays as a major role
for deriving high-probability bounds, i.e., the number of required samples to ensure the algorithms

succeed with high probability.

LEmMA EC.1 (Azuma’s inequality for sub-Gaussian tails (Shamir 2011)). Let
Xo,...,X7_1 be a martingale difference sequence. Suppose there exist constants by > 1,by >0 such

that, for any t€{0,..., T —1},
P(| Xy >a| X1,..., Xi 1) <2byexp(—bya®), Va>0. (EC.1)

Then for any § > 0, it holds with probability at least 1 —§ that

T-1
1 28b; 1
~3 X, < log (= ).
T; ©=A\ BT Og(a)




e-companion to Zhang, Zheng, and Lavaei: Gradient-based Algorithms for Convex Discrete Optimization via Simulation ecd

Since the stochastic subgradient g* is truncated, the stochastic subgradient used for updating,

namely ¢', is not unbiased. We define the bias at each step as
bo:=E[g" | 2%a",... 2| —¢", Vte{0,1,...,T—1}.

First, we bound the ¢;-norm of the bias.

LEMMA EC.2. Suppose that Assumptions 1-4 hold. If we have
4odT dr

M >20- log(g >:@[ log()
€ €

61 < 5 VEE{O1,, T =1},

then it holds

Proof. Let o, be a consistent permutation of 2 and S%¢ be the corresponding i-th neighboring

points. We only need to prove

|65, Vi € [d].

€
<
= 24T’

We define two random variables
Y'l - F (St,i,gil) _ f (St,i) , ng — F (Stﬂ‘fl’f?il) _ f (St,ifl) .

By Assumption 1, both Y; and Y5 are independent and sub-Gaussian with parameter o2. Hence,

we know

Voiy =E [0, = Gtwtn) =EIY1+Y2) 1 nrcvipvpnt] +EIM - 1y, pypom] + E[=M - 1y, v, ]
=E[(M-Y1=Y2) by yyvyonr] +E[=(M + Y1 +Y2) 1y, yyvy<m] s

where the second step is from E[Y;] = E[Y3] = 0. Taking the absolute value on both sides, we get

o

a (i)

SE[(Yi+Y, = M) 1y yvoonm] +E[=(M + Y1 +Y2) - 1y, 1y, < 0] (EC.2)
=E[(Y-M) 1y-yu]+E[-(Y + M) 1y _n],

where we define the random variable Y :=Y; + Y,. Since Y, Y5 are independent, random variable
Y is sub-Gaussian with parameter 202. Let F(y):=P[Y < y] be the distribution function of Y.

Then, we have

BV =00 Tyl = [ (=) dF(y) = / T (1= F@)) dy. (EC.3)

M

By the Hoeffding bound, we know

1—F(y) =P[Y >y] <exp (-y*/40°), Vy>0.
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Using the upper bound for @Q-function in Borjesson and Sundberg (1979), it holds that
> > 202 M?
1-F(y) dy < —y?/40?) dy < =— —— .
/M (v) y_/M exp (—y°/40?) y_MeXp< 402>

By the choice of M, we know

M >20+/log(8d) > 20 and oexp(—M?/40?) < T

which implies that

o0 202
1— F(y) dy < 22 exp(—=M?/40?) < ——.
/M (y) dy < Mexp( /0>_4dT

Substituting the above inequality into (EC.3), we have

€

E[(Y = M) 1yu) € 1o

Considering —Y in the same way, we can prove
El-Y+M) 1y y]<—=

Substituting the last two estimates into inequality (EC.2), we know

€

t [
[ = 2dT"

a (i)

0

Next, we show that (¢" +b" — §*, 2" — z*) forms a martingale sequence and use Azuma’s inequality

to bound the deviation, where z* is a minimizer of f(z).

LEmMA EC.3. Suppose that Assumptions 1-4 hold and let x* be a minimizer of f(x). The sequence
X, = <gt+bt—§t,:rt—x*> t=0,1,..., 7 -1

forms a martingale difference sequence. Furthermore, if we have

M =max {L,ZJ- log <4adT> } =0 |/log <dT>
€ €

T-1
1 224do> (1
-3 X, < log ( =

then it holds

with probability at least 1 — 0.
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Proof. Let F; be the filtration generated by x¢,x1,...,2z,;. By the definition of b, we know
Elg' +0' —g' | Fi] =0,

which implies that
E[X, | F]=(E[g'+b'~g" | Fi],a"' —a") =0.

Hence, the sequence {X,} is a martingale difference sequence. Next, we estimate the probability
P[| X:| > a | F;]. We have the bound

X, = |(g" +¥ — §',a" — ")

<l + =3 o~

o Sllg'+o =gl < llg" =g, +[&°] -
Since M satisfies the condition in Lemma EC.2, we know |[|b*||, < €/2T. Recalling Assumption 4,
we get |gf| < L for all i € [d]. By the truncation rule and the assumption M > L, we have

~t t

<19 -9

(6 AM)V (= M) — g}

, VYield].

9i—9i|=
Hence, we get

€
X, | < —
‘ t‘_2T+

gt —gtHl. (EC.4)

Define random variables Y; := |g! — ¢¢| for all i € [d]. By Assumption 1, Y; is sub-Gaussian with

parameter o2. Hence, we have

Y =

d
~1 t _
=g, => v
i=1
is sub-Gaussian with parameter do?. First, we consider the case when a > ¢/T. Using inequality

(EC.4), it follows that
2

P[IX,|>a| ]i,]g[[”[ +Y2a} §]P)[Y2a—%] SIP’[ng] < 2exp <—8202>, (EC.5)

£
2T
where the last inequality is from Hoeffding bound. In this case, we know condition (EC.1) holds

with

1

 8do?’

Now, we consider the case when a < €/T. In this case, by the assumption that 7> 2¢/0, we have

, 1 e 1 1
2b1exp(—b2a)>2exp ~3doz T2 > 2exp ~394 > 2exp ~33 > 1.

Hence, it holds

bl = 17 bQ

P[|X,|>a | F,] <1<2bsexp (—boa?).

Combining with inequality (EC.5), we know condition (EC.1) holds with b and ¢ defined above.

14 224do? 1
— < —
7 E X: < \/ log <5>

holds with probability at least 1 —4. O

Using Lemma EC.1, we know




ech e-companion to Zhang, Zheng, and Lavaei: Gradient-based Algorithms for Convex Discrete Optimization via Simulation

Then, we prove a lemma similar to the Lemma in Zinkevich (2003).

LEmMA EC.4. Suppose that Assumptions 1-4 hold and let x* be a minimizer of f(x). If we choose
1

n= MT
then we have .
1« dM
= Z (g' a' —a*) < —.
TS VT
Proof. We define z!*! := 2! — ng" as the next point before the projection onto [0,1]¢. Recalling

the non-expansion property of orthogonal projection, we get

It — 2"l = [Px (27 —27) 3 < 2 — 2[5 = l2" — 2" —ng"[3
t t

=[l2" — 2" [3+ 71312 — 2n(g", 2" — =),

and equivalently,

1 t *
o [Hx e

2

t+1 o x
9 x

n ~
- 2] + 2 )2

<gt’$t —.'L'*> —

Summing over t=0,1,...,7 — 1, we have

T-1
*

i 20 —a*|3 — |27 — 2*|[3 | 7= ey
tl_t_x>: 22 2+§ZH9tH2

M UTZ Pt QZ I
Tl 2—277 2 2

By the definition of truncation, it follows that ||§||3 < dM?. Choosing

t=0

1
77 - M\/T’
it follows that
T—1 T—1
~ . d n 2 _ d  nTdM?
(gt,xt—x>§2—+§ HgtHQS?—i— 5 =dMVT.
t=0 n t=0 n

Finally, using Lemmas EC.2, EC.3 and EC.4, we can finish the proof of Theorem 2.
Proof of Theorem 2. Denote f* as the optimal value of f(z). Using the convexity of f(z), we

know
JORVAES DOIISRVUERD DRCEEY (5C.6)
1 T-1
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3584do? 2 d 1

Recalling Assumption 1, we know ¢ is small enough and therefore we have the following estimates:

~ dT ~ d? 1 T 2¢
L>’<M?*=011 —)|l=011 — log1 <= T> =44,

Hence, the conditions in Lemmas EC.2 and EC.3 are satisfied. By Lemma EC.2, we know

We choose

1 — 1 — € €
t=0 t=0
By Lemma EC.3, it holds
T-1
1 - 224do? 2
- <gt_‘_bt_gt’xt_m*>§\/ TU log <5) Si (EC.8)
t=0
with probability at least 1 — d, where the last inequality is from our choice of T'. By Lemma EC.4,
we know
T—1
1 AP dM €
= (§ha'—a") < —=< <. (EC.9)
T — VT ~— 8

Substituting inequalities (EC.7), (EC.8) and (EC.9) into inequality (EC.6), we get

~ €

e €

f@)-1 <5

holds with probability at least 1 —§/2. By the results of Theorem 1, we know Algorithm 2 returns
an (€,9)-PGS solution.

Finally, we estimate the simulation cost of Algorithm 2. For each iteration, we need to generate

a stochastic subgradient using (4) and the simulation cost is 2d. Hence, the total simulation cost

~ [d? 1
2d-T=606 [@log<5>} .

of all iterations is

By Theorem 1, the simulation cost of rounding process is at most

ofte(2)]

Thus, we know the total simulation cost of Algorithm 2 is at most

ofem(t))
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EC.2.3. Analysis of the bounded stochastic subgradient case

In this subsection, we consider the special case when the stochastic subgradient is assumed to have

a bounded ¢;-norm.

AssuMPTION EC.1. There exist a constant G and an unbiased subgradient estimator § such that
Pllgl <Gl =1.

Moreover, the simulation cost of generating each § is at most 8 simulations.

We note that G and 8 may depend on d and N. In the field of stochastic optimization, this
assumption is common when analyzing the high-probability convergence of stochastic subgradient
methods (Hazan and Kale 2011, Xu et al. 2016). We first give examples where Assumption EC.1
holds.

ExamMpLE EC.1. We consider the case when the randomness of each choice of decision variables
shares the same measure space, i.e., there exists a measure space (Z,Bz) such that &, can be any
element in the measure space for all x € X. Moreover, for any fixed ¢ € B, the function F(-,£) is
also Lf-convex (or submodular when N =2) and has /,.-Lipschitz constant L. Then, we consider

the subgradient estimator
Gou(y :=F (S™,&) = F (S*"71,¢), Vield). (EC.10)
The simulation cost of estimator (EC.10) is d + 1. In addition, property (v) of Lemma 2 gives
9l <3L/2.

Therefore, in this situation, the Assumption EC.1 holds with G = 3I~//2 and f=d+ 1.

When the distribution at each choice of decision variables is the Bernoulli, we show that Assumption

EC.1 also holds.

ExaMPLE EC.2. We consider the case when the distribution at each point z € X is Bernoulli,

namely, we have
PlF(z,,) = 1] =1 - P[F(2,6,) = 0] = f(z) € [0,1], VzeX.

We note that the Bernoulli distribution is a special case of sub-Gaussian distributions. In this case,
the ¢-Lipschitz constant is 1 and property (v) in Lemma 2 gives ||g||, < 3/2 for any subgradient

g. We consider the subgradient estimator (4). At point z, if index 4 is chosen, then we know that
Igll, =d-|F (57",&) = F ($™71,¢L,)| < d.

Hence, Assumption EC.1 holds with G=d and §=2.
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Next, we estimate the expected simulation cost of Algorithm 2 under Assumption EC.1. Since
the stochastic subgradient is bounded, the truncation step is unnecessary in Algorithm 2. The
simulation cost of Algorithm 2 is estimated in the following theorem. The proof is similar to Lemma
10 in Hazan and Kale (2011) and, since the feasible set is the hypercube [0,1]¢, we use /,,-norm

instead of #>-norm to bound distances between points.

THEOREM EC.1. Suppose that Assumptions 1-4 and EC.1 hold. If we skip the truncation step in
Algorithm 2 (i.e., set M =o00) and choose

ro6 [y (1], =22

then Algorithm 2 returns an (€,0)-PGS solution. Furthermore, we have

T(e,6, MC) =0 [B(HG)Q” log <1> + dQGQ] =0 [Wlog (1>] .

€2 1) €2 €2 )
Proof of Theorem EC.1. The proof of Theorem EC.1 is given in EC.2.4. O
In the case of Example EC.1, we have =d+1,G = 3[:/2 and then the asymptotic simulation cost

d(L+L) log((ls>]

If both Lipschitz constants are independent of d and IV, the asymptotic simulation cost becomes

oftu)]

which is O(d) better than the general case without Assumption EC.1. In addition, in the case of

of Algorithm 2 is at most
0,

Example EC.2, we have G =d and S = 2. Hence, the asymptotic simulation cost is at most

e (3)]

Finally, we note that if we substitute € with ¢/2, all upper bounds of simulation cost under Assump-

tion EC.1 also hold for the PCS-1Z guarantee.

EC.2.4. Proof of Theorem EC.1

In this subsection, we provide a proof to Theorem EC.2.4. Since the stochastic gradient is bounded,

we apply the Azuma’s inequality for martingale difference sequences with bounded tails.

LEMMA EC.5 (Azuma’s inequality with bounded tails). Let Xy,...,Xr_1 be a martingale
difference sequence. Suppose there exists a constant b such that for any t € {0,...,T — 1},

P(|X,| <b)=1.

Then for any § > 0, it holds with probability at least 1 —§ that

—ZXt<b log<5> (EC.11)
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The proof of Theorem EC.1 follows a similar way as Theorem 2. We first bound the noise term

by Azuma’s inequality.

LEMMA EC.6. Suppose that Assumptions 1-EC.1 hold and let z* be a minimizer of f(x). Then,

it holds -
3L 2 1
- _ <[ == Z Z
TZ g =g,z — >_<2+G> T10g<6>

with probability at least 1 — 0.

Proof. Same as the proof of Lemma EC.3, the fact that ¢* is unbiased implies that
Xy=(¢'—g"a'—2*) t=0,1,....,T—1

is a martingale difference sequence. By Assumption EC.1 and property (v) in Lemma 2, we know

*

Xl =[(g" = §",2" —2")| <[|g' ‘-e

LSl -9

(<3L/2+G,

which implies that the condition (EC.11) holds with b=3L/2+ G. Using Lemma EC.5, we get the
conclusion of this lemma. O

The following lemma bounds the error of the algorithm and is similar to Theorem 3.2.2 in Nesterov

(2018).

LEMMA EC.7. Suppose that Assumptions 1-EC.1 hold and let x* be a minimizer of f(x). If we

] d
77_ TG27

1 dG?
Z 93 —z* < —_—
t

choose

then we have
- T
Proof. We define z'*! := x' — ng" as the next point before the projection onto [0,1]%. Recalling
the non-expansion property of orthogonal projection, we get
lz ! = 2[5 = [P (" —2") 3 < 27" =273 = [l2" — 2" —ng"[3
= la* — 2" 3+ 0?1313 — 2n(g", 2" — z7),
and equivalently,

2
2

2
9°

t+1 ok ~t

X

=l

1 2 n
~t t_ o t % s
(", —x*) o [Hx x 2} +2

Using Assumption EC.1, we know ||gt||§ < ||§t||f < G? and therefore

]+

2
2

*

t+1 *

. . 1
@0t =)= o o =~ o
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Summing over t=0,1,...,7 — 1, we have

T-1 ) ) 2
ot BTl nG? _dlla el aTC? _d TGP

— 2n 2 = 2n 2 T 2n 2
Choosing
o d
77 * TG2 i
it follows that
T—1
Z (g", ' —a*) <GVdT.
t=0
O
Now, we prove Theorem EC.1 using Lemmas EC.6 and EC.7.
Proof of Theorem EC.1. According to to the proof of Theorem 2, we have
= =
rl= * Foot * t .t *
f@-f <X [fa)-r<z) (gl —a (EC.12)
t=0 t=0
1 T-1 1 T-1
:f <gt7xt_$* +T <gt_gt’xt_x*>
t=0 t=0

By Lemmas EC.6 and EC.7, it holds

2> 1 — —— dG?

TTZ: (g 2" —a*) < <3L+G> log<5

with probability at least 1 —¢/2. Choosing

o () () o[ ()]

we know ,
7 16212G
when J is small enough. Hence, we have
< € 1 = t oAt ¢ * €
2—0: gt xt —a*) Z’ tho <9—ga$—$>SZ

holds with probability at least 1 — /2. Substituting into inequality (EC.12), we have

f(@)—f <

NGRS

holds with probability at least 1 —§/2. By the results of Theorem 1, we know Algorithm 2 returns
n (€,6)-PGS solution.
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Finally, we estimate the simulation cost of Algorithm 2. For each iteration, the simulation cost
is decided by the generation of a stochastic subgradient, which is at most § by Assumption EC.1.

Hence, the total simulation cost of all iterations is

O[BT]=0 [ﬁ(L:;G)Qlog <(1$>} .

By Theorem 1, the simulation cost of rounding process is at most

ofim(})]

Thus, we know the total simulation cost of Algorithm 2 is at most

o[ ()]

EC.3. Proofs in Section 4
EC.3.1. Proof of Theorem 3

Proof of Theorem 3. To prove the function is well-defined, we only need to show that for any
two different points y,z € [N — 1]¢ such that C, NC, # 0, we have f,(x) = f.(x) for all z € C,NC..

We first consider the case when ||y — z||; = 1. Without loss of generality, we assume
y=(1,1...,1), z=(2,1,...,1).
In this case, we know that
C,NC.={(2,22,...,24) 1 T2,...,24€[0,1]}.

Suppose that point x € C,NC,. We first calculate fy(:ﬂ) We can define the “local coordinate” of x
in C, as

r—y=(Lzy—1,...,24—1).
Let a; be a consistent permutation of z in C, and and S** be the corresponding i-th neighbouring

point. Since (x —y); =1 is not smaller than any other components, we can assume a;(1) =1 and

calculate f,(z) as

f@) == (@ =90, ] FST)+ D (& =1 ariy = (& = Yay 40 F(SH) + (2 = Y)ay @) F(ST9)
' (EC.13)

%

T
L

(=1 ar) — @ = Yar @+ F(SY) + (T = Y)ay@ f (ST

Q.
[l
_

[Zas) = Tar ] F(S™) + [2ar@ — 1] F(59).

<
Il
—
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Next, we consider f,(x) and define the “local coordinate” of z in C, is
r—z= 0,29 —1,...,24—1).
We define the permutation «, as
ax(i)=ay(i+1), Vield—1], as(d)=aoy(1)=1.
By the definition of «;, we know
(= 2)as) = (2 = Yari+1) 2 (& = Yar42) = (£ = 2)ayir1), Vi€ [d—2],
(@ = 2)ag@-1) = 0= () as(a)-

Hence, we know as is a consistent permutation of z in C, and let S** be the corresponding i-th
neighbouring point of « in C,. Similar to the first case, the Lovasz extension fz(m) can be calculated

as

-1

fy(x> - [1 - (J} - Z)a2(1)]f(52’0) + [(l’ - z)az(i) - (LE - Z)az(i-i-l)]f(sli) + (:U - Z)az(d)f(sz’d)

1

IS

%

(EC.14)
d—1
=[1-(z— Z)ag(l)]f(SQ’O) + (% = 2)ag() — (v — Z)az(i+1)]f(s2’l)
i=1
d—1
= 2= 20, )] (S*°) + D [Tas) = Tag(isn | F(S™) + F(S7),
=1
Recalling the fact that z =y + e;, for any i € [d — 1], we have
[ % 41
S* =2+ Z Cay(j) =Y ter1+ Z Car(j+1) =Y T Z €ay (i) = Sttt
j=1 j=1 j=1
Substituting into equation (EC.14), we know
. d—1
Fu(@) = 2= 20y )] F(S*°) + Y [Tans) = Tanein)]F(S*) + F(S>47)
=1
d—2
= 2= Zay )] F(S") + Y [Bast) = Tan(ien) | F(SY) + [Fan(a—1) = Tay@)] F(ST) + F(S)
i=1
d—2

= [xoq(l) - x(m(?)]f(sl}l) + [$a1(i+1) - mal(i-‘r?)]f(sl’wrl) + [wal(d) - 2] f(SLd> + f(Sl’d)

1

%

[xcu(i) - $a1(i+1)]f(51’i) + [q;al(d) _ 1] f(Sl’d),

1

d—
=1

which is equal to f,(z) by equation (EC.13).
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Then, we consider the case when |y — z||; > 1. Since C, NC, # 0, we know ||y — 2|/ = 1. Without

loss of generality, we consider the case when

where constant k € [d]. In this case, we know
C,NC.={zxeR:z;=2,Vj<k, z;€[0,1], Vj>k+1}.

We define _
yi::y+z e;j, Vie{0,1,...,k}.

j=1
Then, it follows that

lyi —yiali =1, Vie[kl, w=y, =z
and

z€C,NC. CCuNCy, , ={zeR":2;=2, 2;€[0,1], Vje[d\{i}}, Vielk].

Hence, by the results for the case when ||y — z||; = 1, we know

fy(x) :fyo(l‘) :fyl(x) = :fl/k($) :fz(x)v

which means f(z) is well-defined.

Finally, we prove the convexity of f (x). Since the Lovész extension is the support function of
submodular functions (Fujishige 2005, section 6.3), the function fy(a:) is the support function of
f(z) inside hypercube C,. In addition, Theorem 7.20 in Murota (2003) implies that the L-convex
function f(x) is integrally convex. Hence, we know that the support function of f(z) on X is equal
to fy(:c) in each hypercube C,. By the definition of f(:n) in (7), the function f(:x) is the support

function of f(x) on X. Since support functions are convex, we know f(z) is convex. O

EC.3.2. Proof of Theorem 4

Proof of Theorem 4. The proof can be done in the same way as Theorem 2 and we only give a

sketch of the proof. We use the same notation as the proof of Theorem EC.2.

M >20-4/log <8adT> =0 log <dT>
€

€
vte{0,1,...,T—1}.

o If we have

then the proof of Lemma EC.2 implies that

€
o], < o
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o If we have

T ~ NT 2N
M:maX{L,ZU- log<8ad >}:@ 10g<d> , T_—e,
€ € o
then the proof of Lemma EC.3 shows that
T—1
1 224dN2c? 1
— X, <y ———1 -
T 6= \/ T % <5>
t=0
holds with probability at least 1 — 4.
o If we choose
N
77— M\/T,
then the proof of Lemma EC.4 implies that
1 _dNM
(' x* —a* .
T ST
Hence, choosing
N

2
T=6 v log E ., M=6 log dNT
€2 ) €

and using the inequality (EC.6), we know the averaging point Z is an (¢/2,0/2)-PGS solution.

T MVT

Combining with Theorem 1, Algorithm 2 returns an (e, §)-PGS solution. Since the simulation cost

of each iteration is 2d, the total simulation cost of Algorithm 2 is at most
d*N? 1 ~[d 1 d*N? 1

O log +0|=log(=])|=0 log
€2 5 €2 ) €2 5

Similarly, we can estimate the asymptotic simulation cost under Assumption EC.1.

THEOREM EC.2. Suppose that Assumptions 1-4 and EC.1 hold. If we skip the truncation step in
Algorithm 2 (or equivalently set M =oo) and choose

= [(L+G)*N? 1 _ [dN?
T—G[62 log 51 1=\ e

then Algorithm 2 returns an (€,0)-PGS solution. Furthermore, we have

L+G)?N?+d 1 G?d*N? ~ L+G)?2N?+d 1

The above theorem can be proved in the same way as Theorem EC.1 and we omit the proof. We

note that the step size n does not depend on N in this case.
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EC.3.3. Algorithms for the PCS-1Z case

We first prove that the existence of indifference zone is equivalent to the so-called weak sharp
minima condition of the convex extension. Moreover, we use the /., norm in place of the £, norm

since the feasible set is a hypercube.

DEFINITION EC.1. We say a function f(z): X — R satisfies the Weak Sharp Minimum
(WSM) condition, if the function f(z) has a unique minimizer z* and there exists a constant
x>0 such that

|2 — 2"l <k (f(x) = f7), Vzed,

where f*:= f(z*).

The WSM condition was first defined in Burke and Ferris (1993), and is also called the polyhedral
error bound condition in recent literature (Yang and Lin 2018). In addition, the WSM condition
is a special case of the global growth condition in Xu et al. (2016) with § =1. The WSM condition
can be used to leverage the distance between intermediate solutions and (¢, d)-PCS-1Z solutions.
The next theorem verifies that the WSM condition is equivalent to the existence of indifference

zone.

THEOREM EC.3. Suppose that function f(x): X +— R is a Li-conver function and f(x) is the
convex extension on [1,N]?. Given a constant ¢ > 0, function f(z) € MC, if and only if f(x)
satisfies the WSM condition with k= c™'.

Proof of Theorem EC.3. We first prove the sufficiency part and then consider the necessity
part.

Sufficiency. Suppose there exists a constant x > 0 such that the function f(x) satisfies the WSM
condition with . Considering any point z € X\{z*}, we know |z —2*||« > 1 and, by the WSM
condition,

f@)—f=Ff@) - >r o —aw>r

Thus, we know the indifference zone parameter for f(z) is at least ! and f(x) € MC,.-1.

Necessity. Suppose there exists a constant ¢ > 0 such that
flx)—f*>c, VxeX\{z*}.

We first consider point x € [1, N]? such that ||z — 2*||. < 1. In this case, we know there exists a

hypercube C, containing both x and z*. By the definition of Lovasz extension, we know that

U

-1 d

f@) =1 =20, )]f (5°) + D [Fart) = Tawin)]f (5°) + Tapar f (S71) =D Nf (977),

1 =0

i
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where we define
)\i::w%(i)—x%(iﬂ), Vi € [d—l], )\0 :zl—xax(l), )\d:: Loy (d)-

Recalling the definition of consistent permutation, we get

d
)\i:]., )\120, VlE{O,,d}
i=0
and f(x) is a convex combination of f(S*°),..., f(S*%). In addition, we can calculate that
d d A d d
R I S A SREIIETE e
i=0 an(k) =0 i=0 i=k
which implies that
d
r=) XS
i=0
If 2* ¢ {SLO, ey Sm’d}, the assumption that indifference zone parameter is ¢ gives
. d d
@)= =>_ N[5 =f12) Aie=c
1=0 =0
Combining with ||z —z*||o <1, we have
Jo ="l < @) - 1]
Otherwise if z* = S* for some i € {0,...,d}. Then, we know
. d
F@) = => NS = 12D Aire=(1- M)
i=0 itk

and

Z \; (Sz,i - x*)

i#k

[z =2l =

d d

Z )\iSz,i_I* Z A (Sx,i_x*)
i=0 0 i=0
<S> M=1= g,

ik i#k

o0 o0

where the last inequality is because S** and z* are in the same hypercube C,. Combining the above

two inequalities, it follows that
lo—a"< e [f(2) - ]

which means that the WSM condition holds with k= ¢~!. Now we consider point z € [1, N]¢ such

that || —2*||oc > 1. We define
-z

T=2"+ —
2 = 2*[|oo
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to be the point on the segment zz* such that || — 2*|. = 1. By the convexity of f(z) and the

WSM condition for point Z, we know

r Hx_x*Hoo

flx)—f">

3 ek > -1 o
R o= 2"l 2 ¢l = 2

which shows that the WSM condition holds with k= ¢~!. Hence, the WSM condition holds for all
points in [1, N]* with Kk =c¢"1. O
Using the WSM condition, we can accelerate Algorithm 2 by dynamically shrinking the search

space. To describe the shrinkage of search space, we define the /,.-neighbourhood of point x as
N(a,0) = {y € [L,N)": |ly 2]l < a}
and the orthogonal projection onto N (z,a) as
Poaly):i=yA(x+a)l)V(zx—a)l, VreR.

Now we give the adaptive SSGD algorithm for the PCS-1Z guarantee.

Algorithm 4 Adaptive SSGD method for the PCS-1Z guarantee
Input: Model X, By, F(z,&,), optimality guarantee parameter §, indifference zone parameter c.

Output: An (c¢,0)-PCS-1Z solution z* to problem (1).

1. Set the initial guarantee €, <— cN/4.

2: Set the number of epochs F < [log,(N)] + 1.

3: Set the initial search space Y, + [1, N]%.

4: for e=0,...,F—1do

5: Use Algorithm 2 to get an (e.,d/(2E))-PGS solution z, in ),.
6: Update guarantee €.,  €./2.

7: Update the search space V.1 < N (z.,27¢"2N).

8: end for

9: Round z_; to an integral point satisfying the (¢, d)-PCS-1Z guarantee by Algorithm 1.

Basically, the algorithm finds a (¢/2, §)-PGS solution and, with the assumption that the indifference
zone parameter is ¢, the solution satisfies the (¢, d)-PCS-IZ guarantee. We prove that the expected

simulation cost of Algorithm 4 has only O(log(/N)) dependence on N.

THEOREM EC.4. Suppose that Assumptions 1-4 hold. Then, Algorithm 4 returns a (c,6)-PCS-1Z

solution. Furthermore, we have

T(5, MC.) = O [dQlOg(N)log <1) | Plog(N) <d2N> + & k’g(N)LQ] -0 [CFIOg(N)log <1>] .

c? 0 c? €3 c? c? 1)
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Proof of Theorem EC.4. We first prove the correctness of Algorithm 4. Let x* be the minimizer
of f(z) and f*:= f(z*). We use the induction method to prove that, for each epoch e, it holds

with probability at least 1 — (e+1)d/(2F). For epoch 0, the solution z is (eg,d/(2F))-PGS and

we know

f (zo) = f* < €0
holds with probability at least 1 —d/(2F). We assume that the above event happens for the (e —1)-
th epoch with probability at least 1 —e-d/(2E) and consider the case when this event happens. By

Theorem EC.3, function f(x) satisfies the WSM condition with x = ¢~'. Hence, the intermediate

solution xz._; satisfies
[Ze—1 — 2" |00 < ¢! [f(xefl) - f*} <c e =c 27 Mg =2"""IN,
which implies that z* € N (z._1,27¢"'N) =N, and therefore z* € N.. For the epoch e, it holds

flae) = f" = flz.) = min f(z)<e

zE./\/e

with probability at least 1 — d/(2E). Hence, the above event happens with probability at least
1-0/(2E)—e€-0/(2E)=1—(e+1)§/(2E) for epoch e. By the induction method, we know the

claim holds for all epochs. Considering the last epoch, we know
flap_y)— f* <epy =27 Ftley=2"MoeaMI=2. oy < 97 loe2(N)=2. oV — /4

holds with probability at least 1 —d/2. Thus, we know zx_; satisfies the (¢/4,5/2)-PGS guarantee.
By Theorem 1, the integral solution returned by Algorithm 4 satisfies the (¢/2,0)-PGS guarantee.
Since the indifference zone parameter is ¢, the solution satisfying the (¢/2,0)-PGS guarantee must
satisfies the (¢, d)-PCS-1Z guarantee.

Next, we estimate the asymptotic simulation cost of Algorithm 4. By Theorem 2, the simulation
cost of epoch e is at most

o[£ (2)] o ()] o [£on ()]

Summing over e=0,1,...,E — 1, we know the total simulation cost of E epochs is at most

of ()] o[ ()]

By Theorem 1, the simulation cost of the rounding process is at most

oft(2))




ec20 e-companion to Zhang, Zheng, and Lavaei: Gradient-based Algorithms for Convex Discrete Optimization via Simulation

Combining the two parts, we know the asymptotic simulation cost of Algorithm 4 is at most
~ [d*log(N) 1
O|————=1 .
[ c? ©8 )
O

Similarly, we can estimate the asymptotic simulation cost under Assumption EC.1 and we omit

the proof.

THEOREM EC.5. Suppose that Assumptions 1-4 and EC.1 hold. Then, Algorithm j returns a (c,d)-

PCS-17 solution. Furthermore, we have

(5, Mc,) = 6 | FEHC s N) £d, <;>] .

EC.4. Proofs in Section 5
EC.4.1. Proof of Theorem 5

Proof of Theorem 5. In this proof, we change the feasible set to X = {0,1,..., N}?, where N >
1. We split the proof into three steps.

Step 1. We first show that the construction of Li-convex functions can be reduced to the con-
struction of submodular functions. Equivalently, we show that any submodular function defined
on {0,1}% can be extended to a Li-convex function on X with the same convex extension after
scaling. Let g(x) be a submodular function defined on {0,1}% and g(x) be the Lovész extension of

g(z). We first extend the domain of the Lovész extension to [0, N]¢ by scaling, i.e.,
f(x)=g(z/N), Vze[o,N]"
Then, we define the discretization of f () by restricting to the integer lattice
f(x):=f(z), VreX.

We prove that f(z) is a Li-convex function. By Proposition 7.25 in Murota (2003), we know
the Lovdsz extension g(x) is a polyhedral L-convex function. Since the scaling operation does
not change the L-convexity, we know f (x) is also polyhedral L-convex. Hence, by Theorem 7.29

in Murota (2003), the function f(x) satisfies the SBF*[R] property, namely,
F0)+ fl@) = fllp—a1) Vel + f(pA(g+al)), Vp,qe[0,N]", a=0.
Restricting to the integer lattice, we know the SBF*[Z] property holds for f(zx), namely,
)+ f(@) = fllp—al)Val+ flpA(g+al)), Yp,ge{0,...,N}, aeN.

Finally, Theorem 7.7 in Murota (2003) shows that the Li-convexity is equivalent to the SBF” [Z]

property and therefore we know that f(z) is a L*-convex function.
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Step 2. Next, we construct d+ 1 submodular functions on {0,1}? and extend them to X by the
process defined in Step 1. The construction is based on the family of submodular functions defined

in Graur et al. (2020). We denote Z := {0} U[d]. For each i € Z, we define point z' € {0,1}% as

rhi= Z €j,
j=1
where e; is the j-th unit vector of R%. Index j(xz) is defined as the maximal index j such that
If z; =0, then we define j(x) =0. Given c¢:Z + R, we define a function on {0,1}¢ as

() —c(7) if x =2 for some i €T
g(®) {(H$H1 —j(z)) - (d+2—j(x)) otherwise.

By Lemma 6 in Graur et al. (2020), the function ¢°(z) is submodular if ¢(i) € {0,1}. Using the
fact that convex combinations of submodular functions are still submodular, we know that g°(z)

is submodular for any ¢ such that ¢(i) € [0,1]. Then, for each i € Z, we construct

1 j=i

0 jti’ Vi€ [d].

c'(0) := 5 c'(j) = {

We denote g'(z) := ¢ (z) and let fi(z) be the extension of 6¢- g'(x) on X by the process in Step
1. By the result in Step 1, we know that f¢(x) is L*-convex.
Next, we prove that f°(z) has disjoint set of e-optimal solutions with f*(x) for any i € [d]. For

each f'(x), we define the set of e-optimal solutions as
Xl {re X i) —min fi(y)<e)
We first consider X°. By the definition of ¢°(x), we know that
@) =g"(z") = =3¢, fo(x)=¢"(x/N)=0, Vze{0,N}"\{a"}, (EC.15)

which implies that
X0={zeX: fox) < —2¢}.

Since fY(x) is defined by the scaled Lovész extension of ¢°(x), we have

d—1
foa)y=N"" (N—%u))fO(SO)JrZ(%(i)—$a<i+1>)f°(5i)+xa<d>f°(5d) : (EC.16)

where « is a consistent permutation of z/N and S°:= N - S*/V € {0, N}? is the i-th neighbouring
points of z in the hypercube {0, N}¢. Using the relation in (EC.15) and the fact S° =2°, we get

fo(x) > Nt (N - xa(l))f(SO) =N"1. (N - xa(l))f(xo) = —3€N71 . (N - xa(l)).
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Hence, for any point z € X2, we have N — 2,1y = N —max; z; > 2N/3 and therefore

X0c{reX:N—-max z; >2N/3}={r € X :max z; < N/3}. (EC.17)
Next, we consider X7 with i € [d]. By the definition of ¢‘(z), we have
[(@%)=g'(2")= =3¢, ['(x)=g'(z)=~6e, Ve {0,N}"\{z"},

which implies that
X'={zeX: fi(x) < —be}.

Since the consistent permutation and neighboring points only depend on the coordinate of z, we

know
d—1
fiz)y=N""- [(N — 2a@) 1 (S°) + D (Fat) = Tagrn)) (S + Tag F1(5) (EC.18)
i=1
d—1
>Nt [—36(1\’ — Ta) = 66 Y _(Ta(i) — Ta(i+1)) — b€ $a<d>]
i=1
=N"1. [—36(N — $a(1)) — Ge - .%'a(l)] = —3€N71 . (N + :I:a(l))-
Hence, the set X satisfies
X'C{r€eX:N+max z;>5N/3} ={zr € X :max z; >2N/3}. (EC.19)

Combining the relations (EC.17) and (EC.19), we know X’ N X! =0 for all i € [d].

Step 3. Finally, we give a lower bound of Tg(e,d, MC). For each i € Z, we define M; as the
model such that the objective function is f*(z) and the distribution at each point is Gaussian with
variance o2. Same as the one-dimensional case, given a zeroth-order algorithm and a model M, we
denote N,(7) as the number of times that F(z,£,) is simulated when the algorithm terminates.

By definition, we have

Eunlr] =) Eu[N.(7)],

reX

where E,,; is the expectation when the model M is given. Similarly, we can define P,; as the
probability when the model M is given. Suppose A is an [(€,0)-PGS, MCJ-algorithm and let £ be
the event that the solution returned by A is in the set X°. Since X°N X! = () for all i € [d], we know

Papl€] =16, Py,[€]<6, Vield).
Using the information-theoretical inequality (9), it holds

Z Enr [N (7)) KL(v0,0, Viw) > d(Pagy (€),Par, (€)) > d(1 —6,0) > log (215> , (EC.20)

zeX
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where d(z,y) := zlog(x/y) + (1 —x)log((1 —x)/(1 —y)), KL(-,-) is the KL divergence and v;, is
the distribution of F'(z,&,). Since the distributions v;, are Gaussian with variance o2, the KL

divergence can be calculated as

2

KL(Vg 4, Vi) = 202 (fO(ZL‘) — fz(m)) .

Now we estimate f°(x)— f*(x) for all i € [d]. By equations (EC.16) and (EC.18), we get

@)~ fi(z)=N""! [(N—xam (£2(S°) — Fi(S)) (EC.21)

U
_

+ Y (@a) = Tag+n) (FO(S7) = F1(S7)) +Za@ (F°(ST) = F1(ST) |,

1

<.
Il

where « is a consistent permutation of z/N and S* is the i-th neighboring point of z in hypercube

{0, N}?. By the definition of f°(z) and f*(x), we have

1(2) - fi(z) = {66 i =

0  otherwise.
Since ||z*||, =4 and ||S7||, = j for all j € Z, we know

fOSY) = f£1(8") <6e,  fO(S7) = f1(9) =0, VjeI\{i}.
Substituting into equation (EC.21), it follows that

0 i (66'(xa(i)—l’a(i+1)))2 ifield—1]
)= f <x)§{(6€'l’a(d))2 Gimd

Hence, the KL divergence is bounded by

T2072N 2¢2 ((.’Ea(i) — (IZ(X(Z‘_H)))Q ifie [d — 1]

KL(Vg 2y Vi) =202 (fo(x) — fl(a?))2 < o .
72072N 2623%((1) ifi=d.

Substituting the KL divergence into inequality (EC.20) and summing over i =1,...,d, we get

d—1
> By [No(7)]- 7207 N3¢ [Z(fﬁau) —Zaai)? 20
rzeX =1

1

Since « is the consistent permutation of x, we know
0< Ta(i) = Ta(it+1) <N, Vie [d — 1]

and therefore

U

-1

i=1

d—1
D (Tt — Tagisn)’ + 3o SN - ( (Za(i) = Ta@+1) T fUa(d)) =N -zo0) <N~

i=1
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Combining with inequality (EC.22), we get

_ 1
3 B [V.(r))- 7260 2 dlg (2'4 5) ,

which implies that

do? 1
Ealr] =D By [Na(7)] > = log (245> :

zeEX
U
EC.4.2. Proof of Theorem 6
Proof of Theorem 6. We consider the submodular functions ¢°(z),...,g%(x) constructed in the
proof of Theorem 5. We want to construct objective functions f°(z),..., f%(z) on X =[N]? such

that

Vie{0,...,d},

() 6c-g'(@=1) +h(z) if 2 e’
fi(z)= {h(x) if x € [N]%\[2]¢,

where (r —1);:=x; —1 for all j € [d] and h(x) is a suitably designed function. Similar to the proof
of Theorem 5, we apply the information-theoretical inequality (9) to pairs f(x) and f(z) for all
i € [d]. Since the objective function values for fO(z) and fi(z) are equal for all z € [N]%\[2]¢, the
terms with respect to those x will disappear and we only need to analyze the terms with x € [2]%.

Now, using the same analysis and notations as Theorem 5, we get the desired lower bound

do? 1
Bulr] = 3 B V()] > 210 57 )

reX

Therefore, it remains to chose a suitable function h(zx) such that f*(z) are Lf-convex on the whole

feasible set X'. We define
M = max 6c-|g'(z)|.

z€{0,1}4, i€{0,...,d}
The extended function fi(z) is defined by

d d
h(x) :=4M Z(x] —1)(z; — 2) + 2M maxx; —|—2M21(1‘j =1), z€[N],
J
j=1 j=1
where 1(-) is the indicator function. The function h(z) is the sum of two Lf-convex functions
(Murota 2003) and thus is a L-convex function. We prove that for each i € [d], the function f(z)
is L*-convex, namely, it satisfies the discrete mid-point convexity. Suppose that x,y € [N]¢ are two

feasible points. We consider three different cases.
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Case I. We first consider the case when x,y € [2]%. In this case, the fact that [2]¢ is a L-convex

=] 52

Since the function 6¢- g*(z) + h(z) is Li-convex, the discrete mid-point convexity holds for x and

set implies that

Y.

Case II. We consider the case when z,y ¢ [2]?. Since the function )7 1(z; = 1) is Li-convex,
it satisfies the discrete mid-point convexity and we can safely ignore its effect in this case. If
| (z+v)/2], [(x+y)/2] ¢ [2]¢, then the Li-convexity of h(x) implies the discrete mid-point convexity
of points z and y. Now, we consider the case when |(z +y)/2],[(x +y)/2] € [2]%. Since at least

one component of x and y is larger than 2, it holds that

fi(x) >4M-(3-1)(3—-2)+3M =11M, fi(y)>11M.

fi@)+ fiy)z22M > f' qx;yD +f (V‘;?JD

The only remaining case is when

g |2 e

Hence, we get

In this case, we have

V:J;%J <2, Vjel[d], max [w-‘ >3,

which implies that
r;+y; <max(z; +y;) =5, Vjel[d
J
and

maxzr; >3, maxy; >3, max M =3, max m =2.
j j J 2 Fi 2

Let
Jo={jeld: 2,23}, Jy={jeld: 3,23}, T={icld: & +y=5).  (EC23)

The analysis above gives

Hence, we know

Z(%’ —1)(z; —2) +Z(?Jj = 1)(y; —2) > 2|T.| + 2|71,

J

o ([252]0) ([0 o) e (|25 ) (|25 o) -
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Combining with inequality (EC.23), we get

h(z) + h(y) — h G%;%D iy Q%;%D > 8M(|T,| + |7, — |T|) +2M > 2M.

Therefore, it holds that

we know

Fiy)+ fi(x) > 11M — M >6M > f* <Vﬂ+yﬂ)+quJ>
Next, for the case where
= [
2 ’ 2

we get

which implies that

maxy; > 4.
j

Considering the component j such that y; > 4, it follows that

LL’]‘"‘yj xj+yj Ij+yj $j+yj

— -1 —_—| =2 — -1 -2
() (] 2) (17 ;
(Tl (Tt LN (mEY ) (T,

2 2 2 2

yj+3 yj+3 yj—|—2 yj+2 1 2 1 1
< (%2 _q) (T2 Yite ) (T2 g =2 sy .
—< 2 )( 2 T2 2 2 T 9%y

Combining with the Lf-convexity of functions (z; — 1)(y, — 2) for each k € [d] and max;, z;,, we get

r a0 (421 52 wirsmr-n ([<27]) - (252

>AM (z; —1)(z; —2) +4M (y; — 1)(y; — 2)
] el w2520 (2521

1, 1 1
zo+4M[y§—3yj+2—<2 yj—4>} M (2y? — 10y, +9) > M.

2

Y —
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Therefore, we have

Now, we consider the last case where
gy, | et

Similar to Case II, we can prove that

mj+yj§5, VjE[d]

s [57).

we can utilize that fact that y, [*3%] € Z¢ to prove

h(y) > h (V;‘”D +2M,

If it holds that

which leads to

(y)—Mzoth(_:”ﬂDHM—M

e T (e R
e

Therefore, we focus on the case when

h(y) < h (F;yb (EC.24)

First, using the facts that = € [2]7 and y ¢ [2]¢, it is easy to prove that

max y; > max Vﬂ;rﬂ =3, 1(y=1)>1 dx];ﬂ = 1>, vj € [d]. (EC.25)
J J

Moreover, using the condition that z; € [2], it holds that

3
Yi~ 3 >
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which implies that
S -0m-2= 3 ([7252] 1) ([252] -2)-

Combining with inequalities in (EC.25), we get

wai([:31])

In addition, the equality of the above inequality holds in combination with our assumption in

(EC.24). The equality conditions imply that

maxy; =3, 1(y;=1)=1 q%;ﬂ :1>,
J

The above three conditions imply that

I R T
Y=o 2 2

, Vjeld].

Utilizing the identity

we know

%ty
oo |ntn)

In this case, the discrete mid-point convexity holds evidently.

EC.5. Proofs in Section 6
EC.5.1. Proof of Theorem 7

First, the following lemma shows that the lower bound of E[H,(y,n,)] in N, implies a global lower
bound of f(x).

LEMMA EC.8. Suppose that Assumptions 1-5 hold. If we have
E[H.(y,n,)] = —b, VyeN,

for some constant b >0, then it holds
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Proof of Lemma EC.8. The proof follows the same framework as Theorem EC.3. We first con-
sider points y € N,. By the condition of this lemma and inequality (10), we have

fly)—f@) =1 —a)™" - E[H.(y,n,)] = —(1—a) " (1—a)".
Next, we consider point y € X’ such that ||y — x|, < 1. Then, there exists two disjoint sets S;, Sy C
[d] such that
Yy=1x+es —e€s,,
where eg: =)

have

;es € is the indicator vector of S. Using the translation submodularity of f(x), we
)= flztes,) = f(z)+ f(z—es,) = f(z) = =2(1—a)~"D.

Now, let f(z) be the convex extension of f(x) defined in (7) and consider y € [1,N]? such that
ly — 2||oc <1. We consider the hypercube C, that contains both x and y and denote S¥* as the i-th
neighboring point of y in C,. Recalling the expression (6), we know f(y) is a convex combination

of f(5¥°),..., f(S¥?). Since the neighboring point S¥* € X satisfies ||S¥" — x| <1, we know
fl)z min (52 20~ a).
Finally, we consider points y € [1, N|%. We define
y—x
1y — 2/l
Then, we know ||j — z|. =1 and ) > —2(1 —a)~'b. By the convexity of f(z),

yi=x+

; |y —lloo 7~ ) 2N
- > 177 Pl — > _N-2(1— = b
F) = £@) = == [F0) ~ @) 2 =N 20 —a) b=y
O
Hence, to find an (e,0)-PGS solution, it suffices to find point = such that
(1—a)e
> _
EH.(ym)l 2~ Ve

holds with probability at least 1 — 4.

Proof of Theorem 7. Let x* be a minimizer of f(x). We use the induction method to prove that
f(@®?) — f(x*)<27°.NL, Vec{0,1,...,E} (EC.26)
holds with probability at least 1 —e-d/E. Using Assumption 4, we have
F@) = f@) <L-[a”" = 2"l < NL,

which means the induction assumption holds for epoch 0. Suppose the induction assumption is

true for epochs 0,1,...,e— 1. Now we consider epoch e. We assume the event
Fa ) = fa) <27 N

happens in the following proof, which has probability at least 1 — (e —1)d/E. We suppose epoch e

terminates after T, iterations and discuss by two different cases.
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Case I. We first consider the case when T, <T — 1. This event happens only if epoch e — 1 is

terminated by the condition in Line 13, i.e.,

Hoe 17 (y) >—2h._y, Vye ./\[l.efl,Tefl-
By the definition of confidence intervals, it follows that
min E[Hze—l,Te—l(y,ny)] > —3he1=-3- 2_e+1h0 =271 (1 — a)L
YEN e—1,Te—1

holds with probability at least 1 —¢/(ET). Then, considering the results of Lemma EC.8, we know

Fao0) = fat) = fa T — fat) < 2N

27 1. (1—a)L=2"°-NL
“1l-a (1-a)

happens with the same probability. Combining with the induction assumption for epoch e — 1,
the above event happens with probability at least 1 — (e —1)d/E —¢/(ET)>1—e-6/E and the
induction assumption holds for epoch e.

Case II. Next, we consider the case when T, =T. We estimate the object function decrease for

each iteration ¢ =0,1,...,T — 1. By the definition of confidence intervals, it holds

with probability at least 1 — §/(ET), where y = z¢~ 1! is the next iteration point. Recalling

inequality (10), we know
f(xefl,tJrl) _ f(xefl,t) S _(1 _i_a)flhe_l

happens with probability at least 1 — §/(ET). We assume the above event happens for all ¢ =
1,2,...,T, which has probability at least 1 —T7-6/(ET)=1—§/E. Then, we have

T
F@e) = fa0) = fa ) = f@0) = ) fah) = fatH
t=1
<-T-(14+a)‘he1=-2"°NL
holds with the same probability. Combining with the induction assumption for epoch e — 1, we

know

f(a*") = fa*) <27 NL

happens with probability at least 1 — (e —1)0/E —d/E =1 —e-6/FE. This means the induction
assumption holds for epoch e.
Combining the above two cases, we know the induction assumption is true for epoch e. By the

induction method, we know inequality (EC.26) holds for epoch E, i.e.,

f(xEvO) — f(x*) < 9=E . NI =2 Toga(NL/)] | N T, < 9= loga(NL/e) N T, —¢
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with probability at least 1 — F'-§/FE =1— 9. Hence, Algorithm 3 returns an (e,d)-PGS solution.
Next, we estimate the simulation cost of Algorithm 3. For each iteration in epoch e, Hoeffding
bound implies that simulating H,(y,n,) for

26° (BT, 2885° | (2ET
R 8\ )T ez B\

times is sufficient to ensure that the 1 — 0/(ET) confidence half-width is at most T.. Since the

simulation cost of each evaluation of all H,(y,n,) is v, the simulation cost of epoch e is at most

T 9% 28852 o 2ET o 1728(1 —i—a)&zle 2ET
7 1—a2rz ®\"5 )~ (1—a)’L? 5 )
Summing over e=0,1,...,E —1, we get the bound of total simulation cost as
E-1 - -
1728(1+ a)a*yN 2ET 576(1+a)a?yN 2ET
2%¢. 1 = (47 -1)- 1
; 1—apLr B\ s ( (i Pt
<y MoBa(NL/9T 576(1 —i—a)&Q’le 2ET < AloEa(NL/O+1 | 576(1 +a)&2’yN1 2ET
= 1—aprz ®\5 )= 1—aprz 2\5
_4AN?L? _ 576(1+ a)a?yN o 2ET\  2304(1+a)5*yN? o 2ET
S e2 (1—a)*L? 0 N (1—a)e? 8\ 75 i

When § is small enough, the asymptotic simulation cost is at most

2304(1 + a)52yN? 2ET\ ~[ ~N? 1
a—ape 25 )= 1 apa8\5)|

EC.5.2. First-order algorithms for the PCS-1Z case

We first give the stochastic steepest descent method for the PCS-IZ guarantee in Algorithm 5.

Algorithm 5 Adaptive stochastic steepest descent method for PCS-1Z guarantee

Input: Model X, By, F(z,&,), optimality guarantee parameter 4, indifference zone parameter c,
biased subgradient estimator H,(y,n,), bias ratio a.
Output: A (¢,9)-PCS-1Z solution z* to problem (1).
1. Set the initial confidence half-width threshold h «+ (1 —a)c/12.
2: Set maximal number of iterations 7'+ (14+a)/(1 —a)-12N.
3: Use Algorithm 3 to find an (N¢,d/2)-PGS solution.
4: for t=0,1,...,7—1 do
5: repeat simulate H,(y,n,) for all y € N

6: Compute the empirical mean H, (y) using all simulated samples for all y € NV:.
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7: Compute the 1 —§/(27) confidence interval
(B () by, F () ), Yy € A

8: until the confidence half-width h, <h for all y € N«

9: if H,:(y) < —2h for some y € N+ then > This step takes 2¢+! arithmetic operations.
10 Update zt*! < y.

11: else if H,:(y) > —2h for some y € N+ then

12: break
13: end if
14: end for

15: Return z°’.

The following theorem verifies the correctness of Algorithm 5 and estimates its asymptotic simu-

lation cost.

THEOREM EC.6. Suppose that Assumptions 1-4, &5 hold. Algorithm 5 returns an (c,6)-PCS-17

solution and we have

T(5,MC.) =0 {(1—72[)3(;2 log (;) n % max {log (i) : 1}] -0 {(1—723%2 log (;)] .

Proof of Theorem EC.6. If the algorithm terminates before the T-th iteration, then the condi-

tion at Line 11 is satisfied for the last iteration point, which we denote as z‘. Let

y' :=argmin f(y).
YEN ¢

Then, by the definition of confidence intervals, it holds
E[th—l (yta nyt)] > —3h

with probability at least 1 —¢§/(27) > 1 — 4. By inequality (10), we know

min f(y) @) = f() ~ fa) > o=

yEN ¢t l1—a

holds wit the same probability. We assume the event happens in the following proof. For any point

y € X such that ||y — 2'||o < 1, there exists two disjoint sets S;, S, C [d] such that
y:xt+651 _6327
where es =Y, s¢€; is the indicator vector of S. Then, using the L*-convexity of f(z), we know

fy)—f(a') > f(a' +es,) = flz")+ f(z' —es,) — fa') > —g.
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Let f(z) be the convex extension of f(x) defined in (7). Recalling expression (6), we know

f) = f@) 2 =5, Ve LN sty <1. (EC.27)

We assume that 2 is not the minimizer of f(x), which we denote as z*. Since the indifference zone

parameter is ¢, we know

fy)=fa")ze, VyeX\{z"}. (EC.28)
Similarly, using expression (6), we get
Fy)=fl@)ze, Wye[L,N]" st [ly—a|o<1.

If ||z* — 2*|| o < 1, then there exists a point z* such that ||z* — 2*||, <1 and

which contradicts with inequality (EC.27). Otherwise if ||z" — 2*||» > 2, we define

rt — fEt fl?t —x*
! ::a:t—l—ti, mt’zzzx*—l—it.
[ — 2*[| oo 2% = 2| oo
Then, it holds
2" — 2"l =1, [lz" — 2"l =1

and z*' x"? are closer to z',z*, respectively. By inequalities (EC.27) and (EC.28), we get

flathy = fah)y > —=,  f(z*) - f(a"?) < —c.

c
2 )
However, the convexity of f () on the segment x‘z* implies that
C r3 r3 *
S < F@ - ) < Ft) - ) < e,

which is a contradiction. Hence, we know z! = z* is the minimizer of f(z). This event happens
with probability at least 1 — ¢ and therefore z* is a (¢, d)-PCS-1Z solution.

Otherwise, we assume the algorithm terminates after T" iterations. We use the induction method

to prove that
(I1—a)c
12(1+4a)

happens with probability at least 1 —¢-8/(2T). For the initial point x°, this claim holds trivially.

fla') = fa%) < -t

Suppose the induction assumption is true for z° z', ... 2'~!. For the (¢t — 1)-th iteration, by the

definition of confidence intervals, it holds

]E[Hwt_l (xta nwt)] <—h
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with probability at least 1 —¢§/(27"). Using inequality (10), we know

_h (1-a)
l4+a  12(1+a)

f@) = f@h) <

holds with the same probability. Using the induction assumption for z'~!, we have

(1-a)e (I—-a)c ; (1—a)c

J@) = 1@ === 5 " i ra) - L 12014

holds with probability at least 1 — (¢t —1)6/(2T) —/(2T) =1—1t-46/(2T). Hence, the induction
assumption holds for z' and, by the induction method, holds for all iterations. Since the algorithm

terminates after T iterations, the last point a7 satisfies

(1—a)c

AT N
12(0+a)

f@®) = f@")<-T-

with probability at least 1 — T -§/(27) =1 — §/2. Recalling the initial point 2° is a (¢N,d/2)-
PGS solution, we know z7 is the optimal point with probability at least 1 — ¢ and therefore is a
(¢,0)-PCS-1Z solution.

Finally, we estimate the simulation cost of Algorithm 5. By Theorem 7, the simulation cost for

ofam(l)]

For each iteration, Hoeffding bound implies that simulating

20 AT\ asset T
he 8\ 5 (1 —a)2c? 5\

times is enough for the 1 —§/(27") confidence half-width to be smaller than h. Hence, the total

generating the initial point is

simulation for iterations is at most

oo 2885 AT\ 152961+ a)N (TN [ AN (1
7 (1—a)2e? B\ )T (1—a)3c? B\ )T (1—a)3e? e\s)|

Combining the simulation costs for initialization and iterations, we know the asymptotic simulation

ofiZam(l)]

cost of Algorithm 5 is at most



