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A. Appendix

LEMMA 2. Conic optimization problem

f(x) = max z'x (A1)

is equivalent to the following minimization problem:

N
f(x)—;fgnx{swmzs,-rujr}. (A2)

j=1

Proof Let us dualize the optimization problem (AT). First of all, notice that

max z/x <= max Zz'x.

zeRV zeRV
Z||r<e N 2
“‘ZH‘<5 VIV, P<e
JISE) 2j<¢;
—2j<Ej

Therefore, the Lagrangian .# can be written in the following form for dual variables c, 3,7, where o €
Ry and B,y €RY ,, L =7x—« (\/Z?’:, 7 — 8) —YY Bi(z;—&)— X\, 7, (—z;—¢&). By strong du-
ality, the following holds

max z/x=max min £ = min max.Z,

zeRN zeRN ®€R(q 13 “ER{0+} zeRN

llzll2<e N
e B'YGR{O,H B, 76R{0,+}

where the following must be true at the point of maximum over z: M —Bi+vi— Hjﬁz =0,Vj=
J

1,...,N. Substituting this equation into the Lagrangian, we get

N
g(@“vﬁ??’):a8+Z(Bj+Yf)8.f' (A3)
=

Now, let us make the following change of variables:

Ai=oa——,Vj=1,...,N,
Iz Hz
=B;—7,Vji=1,..,N.

Note that & = |||, and that at the point of minimum over ¢, 3, ¥ the term f3; + 7y; behaves as |;|. This
happens because at optimality 8; = p;, ¥, =0if u; >0and B, =0, y; = —p; if u; <O0.

Hence, equation (A3) implies the statement of Lemma [2]under the proposed change of variables.
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LEMMA 3. (see Theorem 3.1 in [18]) For ¢; € R", Vi =0,...,N, §; e R j=1,...,N the following
holds:

N
max ”ao + Z Ea;
1€ p<eteD) p

& <el&2)

N
= llaollz + Y £ il
i=1

lEnllr<eN)

Proof

oo+ Y Gl = (+z§) <+zg> _

< HaonJrZ )l ||z+2HaonZS Wl +
j=1
+22 Z e @ a2 la,l> = \Iao\\z+285’ laill>)*
i=1 j=i+1

ey a
Hence, |lag+ YN, Eaill < |laoll, + XX, €47 a;]|,. Equality holds if & = & = i for ay # 0.

llaoll2 ;i Hz

A.1. Proof of Theorem 1
Proof Letu' = (ulT, uy ) where u; is a vector of the length N and u;, is a vector of the length M.

The following equality holds due to the duality of the second norm:

Pl s+ L || w) " (P4 — x4+
10x tz—H( Ot )7 ) Uyl rnp ) B9

where Iy and [, are identity matrices of sizes N x N and M X M correspondingly.

2

To compute the lower bound for the norm ||Qx — x||,, we choose such feasible u; = u?, that ||(P + &)x(V) —
W, = )T (P+& —Iy)xY, uj € R, ||ui|l, < 1 (which exists due to the duality of the norm) and we fix

uy = 0y (i.e., zero-vector of the length M). In this case, we can write the following:
max ||Qx —x]|; > [|(P+ E)x — x|+ (u}) ¢x?, V& and § € 2% (A5)
gezlh

Given 8 > 1Vjand €® > 1, we can set { = 0, as the bounds hold for all £, in the perturbation set.
Thus, the lower bound (@) holds. Note that conditions 8](-") = 1Vjand €% = 1 are necessary and sufficient
to include a column-stochastic matrix ) (and, thus, { = 0) to the feasibility set, while the matrix y =
(i)i,j:lw among column-stochastic matrices provides the minimal Frobenius norm. Too low values of

uncertainty parameters 8](»

and €% would result in a violation of the column-stochasticity constraints on

the matrix Q, e.g., column-wise sums ||[{];||1 + ||[x];]|i = 1 could become infeasible.

Note also that the equality holds in @ if x? = 0y and ¥ = 0 in line with . Differently, if x(!) = Oy,
2) £ 0y and ¥ # 0 and if we relax the non-negativity constraint { > 0 similar to the article [25]], the

inequality becomes strict. Indeed, = —r( )1 LN =1, 4> Where r < 1 is a constant, guarantees that

(u;)"¢x® > 0. This { is feasible as r can be chosen arbltrarlly small to satisfy sj@ >0Vjand e > 0.
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A.2. Proof of Theorem 2]
Proof Letu' = (ulT, uy ), where u; is a vector of the length N and u, is a vector of the length M. Note

that the following equality holds due to the duality of the second norm:

o)) -] - )

= U w4 (e
= max <u1T(P—IN)x(]) + (ulTé + uzTI//)x“) + (ulTC +ul (x —IM))x<2)> , (A6)
ueRN+M
[[ull2<1

2

where Iy and [, are identity matrices of sizes N x N and M x M correspondingly.
Furthermore, one can bound the norm ||Qx — x||, from above based on the triangle inequality and norm

duality, i.e.,

O —x[o < [Pt 3~ v (i & ] ) +-max, v (G -+ (= D)5
[[ll2< [full2<1
which would lead to the upper bound for the value v = Max, () [|Ox — x||,. ’

v<|PxW —xW|,+ max  max (ui & —|—ugl//)x(1> + max  max (ufC+uj(x —IM))x<2>. (A7)
I1g),l <ef>) ueRMEH I1g); 1 <ef®) ueRMHY
J ul2<1 5 o<
Elr<e® I¢lF<et©
Il <e”) Il <e
[yl p<et¥) llxllp<e®)
Considering the subproblem g, (x) = max . U< /(5 — maxu”eﬁzvzzr (u] & +ul w)x') and denoting z =
LIPS
1wl <el”, lyllr<e®)

ETuy + y' u,, we reformulate it based on the condltlons of the problem ( .

N M N M
2l = | Y &+ Y wijue| <Y |6+ X || < &% + ¢
i=1 i=1 i=1 i=1

j i
Izll2 < Il lluill2 + | WllFlluall. < €°) + &)

ij

where uy;, Vi=1,...,N and u,;, Vi = 1,..., M are i-th coordinates of vectors u; and u, correspondingly.

Therefore, g;(x) < max gy Zx) = (g(é) +g(‘l’)) max g ZxM, which is a strictly feasible
Ilzllp<e(®)+e(¥) izl <1
\z-\<e(.é)+s(."’) (5)+S(W)

lei1= e v
conic optimization problem. Dualizing the constraints (see Lemmzelllen the Appendlx for details) we obtain

© 4 gw) e e

< (g% 4V n A ! A8

g1(0) < (e +e) min | Hz+}Zl€<g e \u,! (A8)

Note that g; (x) upper bound is a norm.

Analogically, we bound the problem g,(x) = MAX 1 elO) e <el@) MAXcRV M (ul &+ ul (x — Iu))x® by
¥ - [lull2<1

Il <e®. lxlp<e®)
its dualization. Let z = {"u; + (3" — I)s)u,. Based on the condltlons of the problem (]_D we can write

N M al S
il = |2 G+ Y e — | < Y[ G +
i=1 i=1 =l !

ij +1 SSEC)+S_I<X)+1,
zll2 < U 1elloer 1o+ 12l lluall2 + o]l < €€+ €%+ 1.

Xij
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Therefore, g>(x) <max v Z7x@ = (¥ +e® +1)max  __gv  2'x?, which is a strictly
Hzllzés“)+s(%>+1 llzl[2<1
ejl<el el £<<>+sj(x>+,
1< ey

feasible conic optimization problem Dualizing the constraints (see Lemma l in the Appendix for details)
we obtain:

+[L_A j=1

©) 4 e & e 4

Equations (A8) and (A9) imply the statement of Proposition [2|

A.3. Proof of Lemmall
Proof Consider the problem (8). Based on the fact that [|x"||; + [|x®|, = 1, x) > 0, x® > 0, let us
denote the total importance of current pages by s = ||x!V||, with s € [0, 1] and change variables as:

X(l) —

(M
- Sy 9
X = (1—s)y?, (A10)

where [[yV]]; =1, |[y?|; = 1 and yV >0, y® > 0. As before, ||xV||; = s and ||x?]|;, =1 s, Vs € [0, 1].
Hence, simplex constraints on x” = (x“)T x(2>T) are satisfied.
Therefore, the optimization problem (8)) can be rewritten as:

je  Argmin {sQw¢“—be+ewww@Q+wl—w(&mﬂw@)}, (AlD)
[0, 1]

yDexy, y@exy,, selo,
where 37 = ()" ") and s* denote the optimal solution of the optimization problem M Furthermore,
1) and 7 are independent of each other.
At optimality of the problem (A1), s* = 1if [|[P§") — 5 ||, + &[5V || < &]5? || and s* = 0 if || P51V —
TV +eall5" @ > &ll5]p)- Incase [PV =3[l + &[5Vl = &7 [|¢), 5* can take any value in the
interval [0, 1].
Hence, the statement of Lemma [I|follows. By comparing optimal values of problems (9) and (10), one can

conclude the optimal solution s* and, therefore, one can obtain the optimal solution via the system (AT0).

A.4. Proof of Statement[1]
Proof Consider the optimization problem
o e@ gt o
min = min A 4t
i 19 = min 1A+ 3 el
A+u=y?

which is equivalent to the following convex optimization problem:

eW
+1
min = min A ] Al2
yPezy I*® H(b> ¥ >0 {H ||2+Z g(C _|_g(x +1 f} (Al12)
Zy 1)’52):1
A+u=y?
Hj<vj,Vj

—Hi<v;, Vi
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sj(.g)+s§")+1
g(g)+g(l)+1

The Lagrangian . for the problem (A12)) is
M M M
Z = lll!z+chvj+“<Zy52) - 1> X (Bf(lj"i_“j_yf)) +7i (1= v)) +n,~(—u,~—v,)>’
j=1 Jj=1 j=1

where dual variables are @ € R, B € RY, y,n € R’{‘{)ﬁ -

Let us denote ¢; = and solve the optimization problem (A12)) by its dualization.

Differently, one can rewrite the Lagrangian in the following form:

(MHZ‘LZﬁJ ) +Z"J <Cj—7’j—77j> +:121Y5‘2) <O‘—ﬁj> +le.uj<ﬁj+yj_nj> -

By strong duality (guaranteed by Slater’s condition), the primal and the dual problems are equivalent:

min [y?|, = min  max = max min .Z.
2 M R R 2 M
()EZ ()e {0+} l}oéeRM BOCEG y( )ER{OHr}
M
VER{OH ymerll reRrlh R0y
AueRM AueRM

For all j such that 8; = 0, we can conclude that A; = 0 at optimality. For all j such that [g] £ 0, optimal A,
must follow the equation: 5 «9./ HAH +B;=0,Vj=1,...,N. From these follows .. 5 o 2 HMIz ; ﬁﬂéoﬁ <
j=1 HM|2 =1 (i.e., the equality holds if 8; # 0, V).

Hence, the following conditions must be satisfied in order to guarantee feasibility of the optimization prob-

1, where the last inequality holds due to the fact that ¥V

lem:
[3,4—}/]—1”[]:0, \V/JZI,...,N,
ci—Y—m;=>0,Vj=1,...,N,
Therefore,
min |y?|, = max {d, subject to
y2exy, aer
beRM
YNERY
M ~
YO <l,c;zni+y,Vi=1,.
=1
a<b;,Vj=1, N,Bj:;/j—nj,Vle,...,N},
where we denoted @ = —o and b; = —f3;.

At optimality, 17; = 0. Hence, one can rewrite the optimization problem in the following equivalent form:

min |[y? ||, max{a subject to Zb 1,b;<c;,a<b;,Vj= 1,...,N}7

D exy, B
4 beRM J=1

whose solution can be summarized as follows:
[ ,ifc; > 1 ,Vi=1,.

min;{c;}, 1f m1n ey <m (A13)

min
min 5%,

which leads to the Statement ().
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A.5. Proof of Corollary 1]
. . _ (P+E—Iy)xD _
Proof Fix ¢ € [0,1] and choose feasible u; = (1 — c)7‘|<P%7’£’)x(1)‘|2 and u, = ¢
implying max, o, [|Ox — x[|2 > uf (P4 & — Iy)x") + u] Ex? + u wxV) + ul (¥ — Iy)x"®), which holds

VE C, v, x e ER.
As x = Iy is feasible given 8}’5) > 1, Vjand e > /M, we conclude that { = 0 due to the column-

. .
”‘ﬁ,)uz in equation (A4),

stochasticity of matrix Q and obtain max , -, ||Qx —x[[» > (1—¢)[|(P+& )xD — x|, +c||wx||,. Further,
minimizing lower and upper bounds of the optimization problem @ under additional constraint 17x(1) = s

and 17 x? = 1 — s with s € [0, 1], we obtain

vi(s)= min \|Px<1>—x<l>u2+elux<l>uw>+ez|rx<2>|r(b>}z min - max 1@l (A1)
l{,x(_l):s l]([x(_l):x =
lnj;fx(z):lfs 11{4):(2):173‘

v(s)= min {(1—c)H(P—i—é)xU)_x(l)H2+cH1,/x(1>H2}S min ma(?()HQx—tz, (A15)
zlh

x>0 x>0 =
11(]);(1):3 1](/x(1):3
lg,lxu):]—s l{,lx(z):l—s

where we denote optimal values depending on s by v (s) and v,(s). Therefore, we compute the optimality
gap as A(s) < vi(s) —wa(s).
Now, let us make the change of variables (A10) in equation (A14)). In these notations, we write

min {llPx“>—x‘“||z+el||x“>H<a>+ez|\x<2’r|<b>}=s<5+<1—s)ez min [y o) (A16)
x> p\e) >

l{,x(l):s 1% y(z_)zl

117\:1x(2):173 M

The equality holds because of the Lemma equations and |b given £](~X) > 1V, e > /M, as

min {HPy<'>—y<‘>\2+eluy<'>u<u>}: i {S<HPY(')—y(”H2+€1\y(')Hm))+(1—S)82Hy<2)H<b>}=<ﬁ-
y>0 yWezy, Pexy
1L}<(1):1 s€[0,1]

Based on the equation (A16) and the first statement of Lemma [1| we can conclude that the upper bound

A14) is decreasing in s because ¢ < & min @so |l ¥?||5- Conversely, the lower bound (A15) is increasing
17422
in s, as it depends only on the vector of components x!). Thus, if the optimal sum 17x(!' denoted by s* in

the optimization problem (5) is greater than the estimated value of s (i.e., if s < s*), we can conclude that
vi(s) > vi(s*) and vy(s) < vo(s*). From this follows that A(s*) < v;(s*) —va(s*) < v(s) —v,(s). Hence, the
optimality gap between problems and (8)) is bounded if the value of s is underestimated while the first
statement of Lemma [I]still holds. Clearly, if s = s*, the bounds for the optimality gaps coincide.

Differently, the relationship s > s* implies that v (s) < v;(s*) and v,(s) > v,(s*), from which follows A(s) <
vi(s) = va(s) < vi(s*) —va(s*), and the valid bounds for the gap A(s*) are ¢ and v, (s*) — v,(s*). Overall, this

may seem to imply that the decision-maker is better off choosing the minimal possible value of the sum s.
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Nevertheless, it is not always correct, as we can bound the difference 8, = [vl (s%) —w (s)] — [vz(s*) — vz(s)]

in terms of §; = s —s* if s > s* based on the fact that v,(s) = sv,(1) and equation (A16):

0<s, :av(wu)—qmz min Hy<2>u<h>)=
y(2)>0

'T(27)1

:55<£2min{\/1]‘7[ E +8mﬂv}—[vl(l)—VZ(l)]>. (A17)

This leads to the upper bound for the optimality gap A(s*) between optimization problems and ,

which holds Vs* € [0, 1], where s = 1 is, clearly, an overestimation:

A(s) < (1= 8)(m (1) — (1)) + &, min{j[%, g

The bound (A18) arises from the inequality A(s*) < (v(s) —va(s)) + 6, Vs > s* taken with s = 1 and attains
its maximal value at the pomt 8 = 1 due to Lemmal|l](point 1). Importantly, due to the use of Propositions
and 2| the bound (A18) can provide a better guarantee for the gap A(s*) than v, (s*) — v, (s*) (Figure[L7|c)).

Next, note that the bound m ) drops when s approaches s*. Furthermore, if &, = %) 4+ &¢) + 1 would be

+eX 41 Vj}, where 6 = 1—5".  (AlB)

independent of the number of new pages M, the value 8, would decrease in M, i.e., 6, — 0 as M — oo. Also,
the optimal values v, (1) and v,(1) would decrease in this case. This is due to the fact that v,(1) < ¢ <

gmin o).y [y ). Importantly, the convergence of 8, to zero would imply A(s*) — 0 if M — oo in line
lT}( )=1

with the bound (ATS). Nevertheless, the bounds (A17) and (AT8) do not necessarily converge to zero as &,
depends on M in the statement of Corollary (1 l In Section I we analyze the case with e®) = /M, £(©) =

A.6. Proof of Corollary
Proof In line with lower and upper bounds (6), (7) and (A5), we can write

(P48~ h)e2 < max [10% 3 < 6 = |2 Vs +2 ]l o + 2l 15
SO

where we denote the optimal value of the upper bound ¢ (%) by ¢.
In line with equation (A6), we write V &, &, v, x € E(2)

min max ||Qx — x|, > uf (P — Iy)£"2W + (u[ & +uy )22V + (uf $+ul (x — 1) )22 (A19)

XEZI\H»M Q€& =(lh)
where u = (u;, uy)" € RV™M ||ul|, < 1 and £2) = (£ £2)-2)T ig the optimal solution of the optimization
. _ - ; ; () )
problem (5). Equation (A19) holds for £ = 0 as it belongs to the uncertainty set given £;*' > 1 and £¥) > 1.
Note that we require 8}") > 1and e® > 1, as it suffices for the feasibility of column-stochasticity constraints

of the transition matrix Q, e.g., with matrix ¥ = ( ﬁ)ijzl e

Now we consider the optimal solution ¥ = (!, %)) of the optimization problem and the vector u; =

%, u, = 0y, which is feasible in equation (A19). Thus, we conclude

FENT(P+6 —In)" (P+E& — Iy (F)(P+¢ —Iy)" (P+& — Iy)&™
Min < max, |1Qx —x||> > [PELE— )T, > G ,
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which results in an implicit equation (X")7 (P + & — Iy)" (P + & — Iy)£2() < @2, Note that this equation

holds V& € Z(2) and we do not require ¥ = 0 (y = 0 would imply column-stochasticity of P+ &).

(x— IM)( ),(2)
(x )220 @,

and y = 0. As the uncertainty set includes matrices ¥ with columns summing up to values less than one, the

Analogically, we obtain the bound ¢ > ||(x — I,;)£2?||, V x € £ by using u; = Oy, u, =

left-hand side is non-zero in the worst case. Further, one can state the bound ¢> > (")) y [lyx L1 4 (g —

Iy )£ ] Yy, x € ), if the uncertainty set is large enough, i.e., if €¥ > /M. This statement combines

. . . i)
old and new components and is obtained via the use of vectors u; = Oy, u, = *”H in the inequality (A19)).

[lyx

A.7. Proof of Corollary

Proof Consider the following optimization problem with £) = (£(1:7) £(25))

F) ¢ Argmin {manHQx—x]b :

XEXN+M

1 nlQ) =1V, [1Ellr <€), |lwllr < e, [[Cllr <&, ||xllr < 8(")}-

The first statement of Corollary [3directly follows from equation (A6) and Lemma 3] implying

max [|Ox —x|[, < max ||(P+<§—IN)x(l)+Cx(2)||2+ max ||y/x(1>+(x—IM)x(2>||2:
QcE ll&llp<e) llyllp<ev
1SllF<e®) Il <e®)

— ”me —xM .+ (8(6) + £<"’))Hx“) I, + () 4 e 4 1)”x<2>H2.
Further, the following lower bound can be stated based on the equation (A4):

max [|Qx—all > max (Pl §+ Loy = [P x4 4O o
0ez(F) 1% [&]=0, 1% [¢];=0
I€llF<e®), 1] F<el®

3) (Px(D) —x(Dy(x(DHT
([P —x (DD

and ¢* = gl %, for which conditions 13[§*]; = 0 and 1}[{*]; = O are satisfied due to

[1Px() (D)5 |1x(2)

Note that the equality holds due to Lemma H with worst-case perturbations &* =

column-stochasticity of matrix P. Condition €% > 1 suffices to account for column-wise constraints
17 ,[0]; = 1, which could be violated if { = 0 and £ is too low.

The second statement of Corollaryafollows if €¥) = 0 and min g ezN(||Px ) —xW, + @ IxD],) < < €2

M
in line with Lemmal|l] as the minimal upper and lower bounds coincide in this case.
Figure demonstrates a small-dimensional example for Corollary [3 with N = 2 and M = 1. Sampling a
random transition matrix and computing both upper and lower bounds of the problem (I7)), we observe that

the bounds obviously coincide at the points with x?) = 0.
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W Upper bound
Lower bound

—_
)]

g g
= 310
%10 g
5 5
35 59
c c
=} =}
L0 Lo
0 0

(a) Upper and lower bounds. (b) Difference between the bounds.
Figure Al Optimality gap example.

A.8. Solution process clarifications

In the solution process of the optimization problem we assume that one page (page N) is known to have
the highest rank [47] and, therefore, we use the nonstandard normalization xy = 1 instead of ny: (X =11in
order to develop an efficient algorithm which does not iterate over the page N and which, thus, functions
similarly to algorithms for unconstrained optimization. By this, we introduce the following problem:

z € Argmin f(x), f(x) = ||Px— x|+ &||x[|, where X = {x € R, xy = 1, x > 0} (A20)

xeX

Note that the optimal value and the solution of the problem (20) are related to those of the problem (A20):

{ f(®) =i (2),

X = XNZ,

- - T
where z = (;CTIV’ ;:—fv, e 1) . This leads to the statement Xy = o

Next, we note that the optimization problem is non-smooth at least at one point Px = X, which is
a possible optimal solution corresponding to the dominant (or principal) eigenvector of the non-perturbed
matrix P. We check numerically if the optimal solution of the problem is always the point X: Px = x.
For this, we solve the optimization problem in small-dimensional cases with randomly chosen non-
negative column-stochastic matrix P. In Figure[A2, we observe that the following two cases are possible: (i)
the optimal solution of the problem (A20) is the point X : Px = X (Figure[AZ (a)), in which case the function
f(x) is non-smooth at optimality, and (ii) the optimal solution of the problem is a point x : Px # x
(Figure (b)), in which case the function f(x) is smooth at optimality.

As seen in Figure[A2] the optimal solution of the problem is not necessarily the principal eigenvector
of the matrix P. Therefore, our Algorithm|I]aims to find the solution for the problem and not directly
the principle eigenvector of the matrix P (which would be possible via the use of algorithms proposed in
[47]). Algorithm [T]reduces the value of the objective function at each iteration and converges to the
point in some distance from the true optimal solution. In order to improve its performance, one could employ
adaptive coordinate-wise algorithms, changing the matrix G at each iteration k, e.g., G, = P+ (1 — o4)S

with @ adapted for the convergence similarly to the iterative regularization in [47]].
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Function IIPx-xII2+eIIxII2 for 2-dimensional case with e=1 Function IIPx-xII2+eIIxII2 for 2-dimensional case with e>10

.I:unction fx,, ;) 1\\ 3000
g ® Optimal value is x: Px=x| g
2 ©2000
> >
S 51000
k3] k3
g S 0
[ [ 1

1
(a) Non-smooth at optimality. (b) Smooth at optimality.

Figure A2

Function f(x) for randomly chosen P in small-dimensional cases.
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