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Appendix

EC.1. Proof of Theorem 1

For each v > 0, consider the following problem:

max VA(X|By) — (1+a)v(E[pX]—=z

ax  VA(X1Bo) — (1+a)w (ElpX] — ;) .
subject to X > 0.

For each state of the world w € Q, F,,(z) := (14 a) *[u(z) + ap(u(z) — uw(By(w)))] — vp(w)z is

strictly concave in > 0 and its subdifferential with respect to x is

{u'(x) —vp(w)}, z > By(w),

OF,.(z) = [u’(Bo(w)) ~up(w), Ay () — Z/p(w)] , 2= Byw),

) 14«

{ﬁ—“JU’(x)—Vp(w)}, x € (0, By(w)).
Because of the Inada condition, the maximizer of F), ,(x) with respect to > 0 must be positive.

We denote it by z*. Then, we must have 0 € 9F,, ,(z*), which immediately yields that

()7 (vp(w)), vp(w) <u'(By(w)),
T =1 Bo(w), 2 yp(w) < ' (Bo(w)) <vp(w),

(W) (HgveWw)), FHsvew)>u (Bow)).

\

Moreover, x* is continuous, decreasing in v > 0. As a result, the optimal solution to (EC.1) is given
by the right-hand side of (5). We denote it by X,,,. We already showed that X, (w) is continuous
and decreasing in v > 0 for each w € Q. Assumption 1 then yields that E[p)A(,,,A] is continuous
and decreasing in v > 0 and lim, ]E[pXV‘)\] = +o0 and limVHOO]E[pXV’,\] = 0. As a result, there
exists v > 0 such that E[le,y,\] = zp, and by Lagrange dual theory, XW\ with this particular v
is the optimal solution to (4). Thanks to Assumption 1, the optimal value of (4) is finite. Then,
uniqueness of the optimal solution follows immediately from the strict concavity of u(z) in = and

thus of V(X|By) in X.
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Next, we show that X (A) and V) (X (A)|Bo) are continuous in (A, «). For notational simplicity,
denote Z :=u'(By)/p, A:= (1+a))/(1+a), and write X, , as X, 5. It is straightforward to see that
for each fixed w € 2, X, 5(w) is strictly decreasing in v € (0, Z(w)) U (\Z(w), +00) and constant in
v € [Z(w), \Z(w)]. Thus, E[pX, 5] is strictly decreasing in v € (0,2) U (Az, +00), where 2 := essinf Z
and Z := esssup Z, and constant in v € [z, Az if this interval is nonempty. Moreover, when v € [z, \z],
we have X, 5 = By and thus E[pX, 5] = E[pB,].

On the other hand, it is straightforward to see that for each w € Q, X, 5(w) is continuous in (v, \),
strictly increasing in A € [1,v/Z(w)), and constant in A € [v/Z(w), +00), so E[pX, 5] is continuous
in (v,\), strictly increasing in A € [1,v/2), and constant in A € [v/z, +00).

Now, consider the equation E[pX, 5] = zo. When E[pBy] # 0, for each fixed A, v that solves
E[pX, 5] = %o, denoted as v(\), must lie in (0, Z) U (Az, +00) in which E[pX,, 5] is strictly decreasing
in v. By the implicit function theorem, 1/(5\) is continuous and increasing and thus X »(3),x 18 contin-

uous in A > 1. When E[pBo] = zo, for A < z/z, E[pX,, 5] is strictly decreasing in v € (0, +00), so the

Indeed, we must have limy;;,, )_(,,(;\)7;\ = )_(,,O,g/z. Because ]E[p)_(,,oyg/z] = lim;TE/gE[p)_(,,(;);\] = x4, be-
cause E[pX, ;/.] is continuous in v > 0 and strictly increasing in v € (0, 2), and because E[pX; /.| =
To, we immediately conclude that vy = z. Consequently, limy;;,, XV(;\)’;\ = By. When E[pBy| = xy,
for A > z/z, any v()) € [Z,Az] solves the equation E[pX, 5] = o and X, 3y x = By. Combining the
above, we conclude that )_(,4;\));\ is continuous in .

The above argument shows that the optimal solution to problem (4) is continuous in (A, «), so
the dominated convergence theorem, with the help of Assumption 1, implies that the optimal value
is also continuous in (A, «). ®

EC.2. Proof of Proposition 1

As in the proof of Theorem 1, we again use the notation X := (1+a\)/(1+a). When E[pB,] < x,

E[p((u’)_l(l/p) v BO)] is decreasing in v and satisfies

luiﬂJlE[p((u')_l(Vp) V By)| = +o0, DlTi}rlgoE[p((u')_l(Vp) V By)| =E[pBo)] < zo.
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Moreover, for any v such that E[p((v)'(vp) V B)|] > E[pBy, we have
P(((w)~(vp) > By)) > 0, so E[p((v')~*(vp) V By)] is strictly decreasing at this particular v.
Therefore, v is well defined. If A > v/ 2z, straightforward examination shows that the right-hand
side of (5) with v =wvg is equal to (u/)~'(vgp) V Bo. Because E[p((u)~ (vap) V By)] = zo, we
conclude that X7, (A) = (u') ™ (vap) V Bo. Conversely, if X7, (A) > By, (5) shows that p < X (Lu/(By))
for some v > 0, which implies that v < \/z and X7 (\) = (v')"(vp) V By. Because E[p X (\)] = o,
the definition of v¢ yields that v = vg and thus A > vg/2z. The case in which E[pB,] > z, can be
treated similarly. Finally, when E[pB,] = ¢, careful examination of (5) shows that XX (\) = B,
if and only if 2u/(By) < p < A (1u/(By)) for some v >0, which is the case if and only if A >7%/z.
Moreover, by definition Z > z and thus Ap.x € [1, +00].

It is straightforward to derive from the above that for A > Ay, X5 (\) does not depend on
A. Now, consider any 1 < A\; < Ay < Apax. When E[pBy] < zo, we have P(X* (\;) < By) > 0 and
P(X* (A\;) > By) >0, i=1,2. Denote \; := (1 4+a);)/(1+«a) and v; as the Lagrange multiplier in
X2 (N\), 1=1,2. For the sake of contradiction, suppose X7 (A1) = X (A2). Then, because of (5)
and because P(XZ (\;) < By) >0, i = 1,2, there exists a P-nonnegligible set of scenarios in which
X (\;) < By, i =1,2, so we conclude from (5) that vy/\; = v5/)s. Because of (5) and P(X7 (\;) >
By) >0, i=1,2, there exists a P-nonnegligible set of scenarios in which X* ()\;) > By, i = 1,2, so we
conclude from (5) that v, = v,. This contradicts A\; < Ao. Thus, we must have X (A\)) # X7 (As).

When E[pB] > x¢, a similar argument to the one as above also shows that Xz (A1) # X% (X2). R

EC.3. Proof of Theorem 2

Let X € X(x¢) be fixed. X is a PE if and only if it solves problem (4) with respect to the reference
point X. In the light of Theorem 1, this is the case if and only if (7) holds for some v > 0, because

(w)~t (ﬁ%) > X on {p<2/(X)} and (v)7! <ﬁ%> < X on {p>2/(X)}. The PPE is

then given by (8) because V(X |X)=E [u(X)] for any X € X (z,). B



ecd e-companion to Author: How Endogenization of the Reference Point Affects Loss Aversion

EC.4. Proof of Theorem 3

According to Proposition 6 in De Giorgi and Post (2011), solving (10) is equivalent to solving the

following problem:

max Vi (X X)
subject to E[pX] <z, X >0, (EC.2)
[, (VA(X|Bo)) < co.

When ¢y =¢, Y(Bog,co) ={X2 (N}, so case (i) of the theorem follows immediately. When ¢y > €,

X (1), which maximizes the consumption utility, satisfies fp, (VA(XZ(1)|Bo)) < co. Noting that

Vi (X|X) = E[u(X)], we immediately conclude that X (1) is the optimal solution to (EC.2) in this
case.

Finally, we consider the case in which ¢ < ¢y < €. Because fp () is strictly decreasing in z,

(EC.2) is equivalent to

max Vi(X|X)
subject to E[pX]<zy, X >0, (EC.3)
VA(X|Bo) > f5, (co)-

For each 1 > 0, consider the following problem:

m}a{],x V/\(X|X)+77(V>\(X|B0)_fEOI(CO))

(EC.4)
subject to E[pX] <z, X >0.
We can rewrite the objective function of the above problem as
1+(1+« _
P Oy (X1B0) — (14 m)u(Bo) — iz, eo)
+
where
1 1+ (1+aX)n
A=—(14a)——————-1. EC.5
a(( @) 1+(1+a)n ( )

Then, by Theorem 1, the unique optimal solution to (EC.4) is X (A).
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By Theorem 1, X* (A) is continuous in A > 1, so by Assumption 1 and the pre-assumption
E[|u(By)|] < +00, we can show by the dominated convergence theorem that V(X (A)|By) is con-

tinuous in A > 1. In particular,

lim V3 (X (A)|Bo) = V(XA A Ana) [ Bo) = V(X5 (N)|Bo) = f5, (¢),

ATAAAmax x x

X

Lim VA(X & (M) Bo) = VA(X 5 (1) Bo) = f3, (@),

where the second equality in the above is the case because X (A) does not depend on A €
[Amax, +00) (as shown in Theorem 1).
On the other hand, for any 1 < A; < Ay < A Apax and corresponding 71 < 7 through the relation

(EC.5), we have

VA X5 (A1) [XE (A1) +mVa(XE (A1) Bo) + (n2 — ) Va(XE, (A2)| Bo)
> VA (X5 (A2)[ X5 (A2)) +m2 VA(X K (A2) | Bo)

> VA(X G (A1) XL (A1) + m2Va(XE (A1) Bo),

X X

where the two inequalities are the case because X* (A;) is the unique optimal solution to (EC.4)
with nn=1m;, i =1,2 and because X (A1) # X (A2) as shown in Theorem 1. We then conclude
from the above inequalities and from 7; < 7, that V) (X7 (A2)|Bo) > VA (X2 (A1)|Bo).

Therefore, Vy\(XZ (A)|Bo) is strictly increasing in A € [1,A A Apax). Then,
for any ¢y € (c,©), there exists unique Ape(c) € (1,A A Apax) such that
VA(X:(A(co))|Bo) = fg,(co). Lagrange dual theory yields that X7 (A(c)) s
optimal to (EC.3) and thus is the partially endogenous PPE. Moreover,

lime, e Ape(co) = AN Apax and lime 4z Ape(co) = 1.0
EC.5. Proof of Theorem 4

The following theorem implies Theorem 4 and gives a full characterization of the optimal prospect

and optimal reference point depending on the model parameters.
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THEOREM EC.1. Suppose A >1, denote

_1+al 1+ arta(l+a)N
Avi= I+a’ 27 1+art+a(l+a))’ (EC.6)
]\1 = A1 A )\max7 ./_\2 = A2 A\ >\max7 (EC?)
where Amax 15 as defined in (6), and denote
B0 := f5, (VA(0|By)), O1:= fr, (Va (X&(1) A Bo|Bo)),
@2 = fBO (V/\ (X:x(/_\l) A\ BO|BO)) y @3 = fBo (VA (X:X(Al)|B0)) )
(EC.8)

0,4 = fr, (Vi (X2 (R2)| Bo)) 05 := [, (Va (X(As) V Bo|Bo))
O := [, (VA (Xiu V Bo|By)), O7:= [B, (IITT;O VA($|BO)) .

Then, 1 <A1 <Ay <A, ©63>0,>0,>035>0,>05> 04> 0,, and the optimal prospect and
optimal reference point of (11), denoted as X*.(\,co) and B, (A co), respectively, are given as
follows:
(1) If u(0) > —o0 and cq > Oy, then Xr (N, co) = X5 (1) and B, (A, o) =0.
(11) If ©1 <o < Oy, then X5 (A, co) = X2 (1) and B (A, co) is any prospect with 0 < B? (X, co) <
X2(1) A Boy f5, (Va(Bia(hs0) o)) = o, and E[u(By (A, o) < +o0,
(iii) If 0, < ¢ < 0O then X:(MNeo) = XI(Ase(co)) and
B, (N co) = X5 (Aee(co)) A By, where Aoe(co) € (1,A) is uniquely determined by
IBo(VA(Bi (N, co)|By)) = co. Moreover, Aoe(co) is continuous and strictly decreasing in

co € (02,01) and satisfies

lim Aoe(co) = A4, lilg Aoe(co) = 1.
1

0402 cot
(iv) If O3 < cy < O, then X' (N co) = X2 (A1) and B: (N co) is any prospect with X' (A1) A By <
B\ co) X5 (M) and fp, (Va(Bs.(X, ¢0)|Bo)) = co.
(v) If ©4 < ¢y < O3, then X' (X co) = B(\ co) = X2 (Moe(co)), where Aoe(co) € (Ar,Ay) s
uniquely determined by fg,(Va(BX(X, c0)|Bo)) = co. Moreover, Aoe(co) is continuous and

strictly decreasing in cg € (©4,03) and satisfies

lim AOQ(CQ) = ./_X27 lim Aoe(CQ) = Al.

c0©4 co1O3
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(vi) If ©5 < co < Oy, then X' (A co) = X2 (Ay) and B, (X co) is any prospect with X (Ay) <
Bio(Ac0) < X5 (As) V By and fr, (VA(Bg(X )| Bo)) = co.

(vii) If O < ¢ < O, then X:(Ncy) = X:E(Aoelco)) and Bi(N\co) =
X (Moe(co)) V' By, where Awe(co) € (1,A2) is  uniquely  determined by
IBo(VA(BZ (X, co)|By)) = co. Moreover, Age(cy) is continuous and strictly increasing in

o € (04, 05) and satisfies

lim Age(co) =1, lim Age(co) = As.

c04Os c01O5
(viii) If ©7; < ¢ < Og, then Xr(Nc) = Xi(1) and Bl (A\c) is any
prospect  with B (\,co) > X:(1) V By, fBO(V,\(Bge()\,coﬂBo)) = ¢, and

E[lu(Be (A, co))l] < +o00.

Note that if ¢y < O, there is no feasible B satisfying the constraint in (11), and that when
u(0) = —o0 and ¢y > Oy, we can choose B that takes arbitrarily small values, making V(X|B) go to
+00, so problem (11) is not meaningful in this case. Thus, Theorem EC.1 is comprehensive in that it
covers all cases differentiated by the value of ¢, and it is a bit tedious due to these case distinctions.
The main message, however, is clear. Augment the definition of A, by setting Aq.(co) =1 for ¢y >
01, Aoelco) = Ay for ¢g € [O3,0,], Aoe(co) = Ay for ¢ € [O35,04], and Aye(co) =1 for ¢y € (07, 0].
Then, the optimal prospect of problem (11) is the same as the optimal prospect with By taken
exogenously and a different DLA A, (co). Moreover, we have Age(co) < As = Ay A Apmax, and Ay < .
Therefore, the effect of mentally choosing the reference point is a reduction of the DLA. Because
Ay < A, excluding the case Apax < Ag, the exhibited DLA A..(co) cannot generate the full spectrum
of DLA from one to the intrinsic DLA when ¢, varies. This is in contrast to the exhibited DLA for
the partially endogenized PPE.

Theorem EC.1 also reveals that the exhibited DLA A,q(co) is decreasing in c¢q > ©Oj; see cases
(i)—(vi) of the theorem. This is because with a larger ¢y, it is more feasible for the agent to choose

a reference point that is smaller than the optimal prospect and consequently loss aversion has a
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smaller effect. On the other hand, Aye(co) is increasing in ¢y < ©5; see Theorem EC.1-(vii) and
(viii). In this case, the agent is restricted to choose those reference points that are increasingly
superior to By, i.e., to choose high reference points. Consequently, with a smaller cg, the agent has
to choose higher reference points, and effectively the optimal prospect is more likely to be smaller
than the reference point chosen by the agent. As a result, the loss aversion has a smaller effect on
the optimal prospect because loss aversion is absent in the evaluation of prospects with pure losses.
Note that the case ¢y > O3 is more relevant than the case ¢y < ©5, because if the agent is able to
stick to the exogenous reference point By, then his/her ¢q should satisfy ¢y > fg, (Vi (Bo|By)) >
I8, (V,\ (X:x(j_XQ) \/BO|BO)) = O5. In other words, if ¢y < ©5 then the exogenous reference point

would not be admissible.

EC.5.1. Proof of Theorem EC.1

We assume u(0) > —oo in the following proof, and the case of u(0) = —co will be addressed at the
end of the proof. For each 1 > 0, consider the following problem:
max  VA(X[B) +1 (Va(B|Bo) - f5, (c0))
subject to E[pX] < x, (EC.9)
X,B>0, E[lu(B)|] < +o0.

For each fixed X >0 with E[pX] <z, consider the following problem:

mas VA (X[B) + 5 (V(BIBo) — f5.(c0)) (EC.10)
Denote
o« o« . a oA
771-—1+a>\: 772-——1+a, 173'_—1—1—04)\’ 774-—1+a

Then, 1, <ny <n3 <ny because A > 1. For each w € (),

u(X (W) + e (u(X (W) —u(Bw))) " — ar(w(X (W) - u(Bw)))

+mu(B(w)) +na (u(B(w)) —u(Bo(w))) " —na(u(B(w)) = u(Bo(w)))
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is a piecewise linear function of B(w). Straightforward calculation then yields that the optimal

solution of (EC.10), denoted as By, is as follows:

/ (
07 T, < 7]17 X7 7}2 < ”l < 7]37
[07X/\BO]7 n="m, [X7X\/B0]7 =13,
Bx = Bx =
X N By, m <n <1, XV By, N3 <1 <1,
k[X/\Bo,X], 77:772a [X\/B07+OO)7 77:774

In the above, when By is an interval, it means that any By taking values in this interval is an

optimal solution of (EC.10). As a result, the optimal value of (EC.10), denoted as W, (X), is
Wiy (X) = ay Vi) (X|Bo) + Gy (Bo),

where a,, is a certain function of 1, G,(By) is a certain function of n and By, and

1, <M,
e m<n <,
A(n) =
14+ (n+na) A
e N2 <1 <13,
a+(1+a)ar—(n+na)
ey 1B SNS M

Moreover, A(n) is continuous in 7 € (0,n4], strictly increasing in 7 € [n;,n3], strictly decreasing in

N € [n3,n4), and satisfies

A(m) =A(774) =1, A(772) = Ay, A(773) =A,.

As a result, the unique optimal solution of the following problem

max W, (X)
X (EC.11)
subject to E[pX] <z¢, X >0

is X, = X* (A(n)) and, consequently, the optimal solution to (EC.9) is (X,, B, ), where B, = By, -

To find the solution to (11), we only need to find 7 such that Vi (B,|By) = f5, (co). To this end,
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we investigate g(n) := Vi(B,|Bo) in the following. Here, for 1 € (0,74)\{n1, 72,73}, By = By, is
uniquely defined, so g(n) is single-valued. For n € {n1,12,m3, 74}, B,, is not uniquely defined, so g(n)
is set-valued in this case.

Because A(n) is continuous in n and X7 (A) is continuous in A, by Assumption 1, the pre-

assumption E[|u(By)|] < +oo, and the dominated convergence theorem, we conclude that

g(n) = VA(Bn|Bo) = V,\(BXgX(A(n))|Bo)

is continuous on (0,74)\{n1,m2,m3}. For n € (0,1:), we have g(n) = V,(0|By). Define

<

n:=sup{n € [n,ns] | A1) < Amax}

c=1nf {n € [1n3,74] | A(N) > Aax} -

<

Then, for any 7 € [n,7], A(7) > Amax and thus X, = X2.(A(n)) = X (Amax). Consequently, for any
i=2,3,4and n € 0,70 (ni-1,m:), (X,,, En) does not depend on 7 and thus g(7) is constant. For any

n,1 € ((m,m2) U (n2,m3))\[n,7] with n <n’, we have A(n) < A(7') < Amax. Consequently, Xn #+ Xn/

and

VVn(Xn) + (7]/ - n)V/\(Bn’ |BO) > WT](XTI,) + (7}/ - 7])V)\(B'r/' |B0)
= Wn’(Xn’) +(n' — Tl)féol (co) > Wiy (Xn) +(n' — 77)]0501 (co)

= Wn(Xn) + (77/ - U)VA(BnlBO)’

where the two inequalities are the case due to the unique optimality for the problem (EC.11).
Because n < 7', we conclude VA(EU|BO) < V,\(B,,/|Bo), ie., g(n) < g(n'). Similarly, for any n,n' €

(n3:ma)\[1, 7] with n <n’, we have g(n) < g(7').

Straightforward calculation yields that

g(m—)=VA(0|Bo) = f5, (©o),
g(m+)=Va(X5 (1) A Bo|Bo) = fgol((-)l)a

9 (n2—=) = VA(X7, (A1) A Bo| Bo) = Va(X 5 (A1) A Bo| Bo) = [, (©2),
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9 (n2t) = Va(XZ (A1) Bo) = VA(XZ5 (A1) Bo) = 5, (©s),
9 (ns—) = Va(X5(A2)| Bo) = VA(X5(A2) | Bo) = [, (Oa),

X

9 (ns+) = Va(XZ (A2) V Bo| By) = VA(X L (As) V Bo| Bo) = f5,(O5),

g (=) =Va(X5 (1) V Bo|Bo) = f, (O6).

Note that g(n;—) < g(n:+) and g(n;) = [g9(mi—), g(mi+)], i =1,2,3.

Now, for any ¢o with fz'(co) < fg, (o), consider

max  V,(X|B)
subject to E[pX] < zq,
X,B>0, E[Ju(B)|] < +oc.
It is straightforward to see that the optimal solution to the above is

(X2 (A ), Bi(A o)) = (X2.(1),0). Because B, (A, co) satisfies
VA(Bi. (X, c0)|Bo) = VA(0| Boy) = f5, (©0) = f5, (co),

(X2, (N o), Bi(A, co)) is also optimal to (11).

For any ¢y with fz (©0) < fg,(co) < fz,(©1), we have fg'(co) € g(m). Thus, we can find
B: (A o) such that 0 < Bj (X, co) < X7 (1) and VA(Bi (A, ¢0)|Bo) = fg, (co) and Bj,(,co) can
be chosen such that E[|lu(BZ. (), co))|] < +oo. Note that A(n) =1, so (X (A(MN)), Bi(A, o)) =
(X2.(1),B*,(\ c)) is the optimal solution of (11). Cases (iv), (vi), and (viii) can be proved simi-
larly.

For any ¢ with f5 (1) < f5,(co) < f5, (©2), there exists a unique 7, € (91,72)\[1, 7] such that

9(Ney) = f gol (¢o), and 7., is continuous and strictly decreasing in cy. As a result,

~

(Xze(N ), Bie(As o)) = (Xipey s Buoy) = (X (A1), XAl ) A Bo)

is the optimal solution of (11). Defining Aqe(co) := A(7,), then Age(co) is continuous and strictly

decreasing in ¢y € (©1,0,). Moreover, because 7., € (11,72)\[1, 7], we have 7., <min(n,,7n) and thus
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Aoe(co) = A(7)¢,) < min(Apax, A(12)) = A;. On the other hand, because ey > T, We have Age(co) =
A(1.,) > A(m1) = 1. Next, for any A’ € (1,A;) such that Vi (X2 (A) A Bo|By) = fgol(co), there exists
7' € (n,m2)\[n,7] such that A(n') = A’. Consequently, g(1') = VA(X5(A') A Bo|By) = f5, (co), and
the strict monotonicity of g(n) on (n1,7)\[n,7] implies that 7 = 7., and thus A" = A,c(co). In other
words, Age(cp) is the unique number in (1, A;) such that V) (X (Aoe(co)) A Bo|By) = 5, (co). Finally,
because g((m An)+) =g(m+) = fg;(@l), g((m2An)=) =gln—) = fgol(@g), and ¢ is continuous
and strictly increasing on (11,72)\[n, 7], we must have

lim 0., =nAn, lim n.,=mAn,
Coi@zno A0 COT®1770 A

which yields

lim A(nco) = A(772 /\ﬁ) = A(n2) A )\max - A17

codO2

lim A(7e,) = A(m An) = A1) A dmax = 1.
co1O1

The proof of case (iii) of the Theorem then completes. Cases (v) and (vii) can be proved similarly.
Finally, the case of u(0) = —oo can be treated similarly, noting that in this case we only need to

consider ¢y < ©,.1

EC.6. Proof of Proposition 2

By the definition of A\, and Theorem 1, for any A < Apax, P(XZ (A) > Bo) >0 and P(XZ (A) <
By) > 0. On the other hand, because of (12), for A, as defined in (EC.7), we have Ay < Apax.
Then, it is straightforward to see from the form of X (), ¢y) and BZ (), ¢y) in Theorem EC.1 that
B:.(\, co) # By for any ¢ € R. In addition, for cases (i)—(iii), (vii), and (viii) of Theorem EC.1,
B (M co) # XE (A co), for case (iv) B (A, co) = X2 (A ) if and only if ¢y = O3 and for case (vi)

B (A o) = X2 (A co) if and only if ¢ = ©4. The proof then completes. B
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EC.7. Proof of Theorem 5

We first consider the case in which the reference point is updated as a probabilistic mixture. Then,

B, is as given in (13). For notational simplicity, denote X := X% ()). Denote

Loltar Lpedtople X ) (1) < By(w),

i 3 Dyw —

1+«

1 1— A
Wﬁr—ama7 X(U)(w) > By(w)

and for each v > 0, define

= _u(z) +pop(u(z) —u(By(w))) + (1 = p)ap(u(z) — u(Bo(w)))
()= 1+«

—vp(w)x.

With B; as the reference point, using the argument in the proof of Theorem 1, we can show that a
prospect X with E[pX] =z, is optimal if there exists v > 0 such that 0 € 9F, (X (w)) for P-almost
all w € Q. Straightforward calculation shows that for w with X (w) # By(w), OF, ,(z) is equal to
{v'(z) —vpw)}, 2> XO(w) v By(w),

[/ () — vp(w), Apott! (2) —vp(w)], =X (w)V By(w),

{Aot(z) —vp(w)}, z € (XO(w) A By(w), XO(w) V By(w)),
Dot () — (), N (z) — vp(@)] , 7= XO(w) A By(w),

{M'(z) —vp(w)}, r < X (w) A By(w)

and for w with X (w) = By(w),

{u'(z) —vp(w)}, x> Bo(w),

OF, w(x) = [u/(z) — vp(w), W/ (z) —vp(w)], == Bs(w),

{M/(z) —vp(w)}, x < Bp(w).
Recall that X = X* (\) is given by (5). Straightforward calculation then shows that 0 €

OF, ,(X©(w)) for all w, implying that X (© is the optimal prospect with B; as the reference point.
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We just proved that X*®(\) = X ()= X ()\). Then,

By, with probability p,

B
X5 ()),  with probability 1— p,

,

By, with probability p?,

X:.(N\), with probability 1—p?.

Repeating the above argument, we conclude that X* (™ ()\) = X* ()\) and

By, with probability p”,
Xz (), with probability 1—p™,
for all n =0,1,.... The Borel-Cantelli Lemma then shows that B, converges to X (\) almost
surely as n goes to infinity.
Next, we consider the case in which the reference point is updated as a state-wise convex com-

bination. Then, following the same argument as in the proof of Theorem 1, a prospect X with

E[pX] =z, is optimal with reference point B; if there exists v > 0 such that for P-almost surely w,

{w/(X(w)) = vp(w)}, X(w) > Biw),
0€ {ﬁ—“;u/(X(W)) - up(w)} : X(w) € (0, B, (w)), (EC.12)

[ (X(@) = vp(w), 2w (X (@) — vplw)] , X ()= By(w).

Because B; = wBy + (1 —w)X©, XO > B, (X© < B, and X = B, respectively) if and only
if X© > By (X© < B, and X© = By, respectively). Recall that X = X ()\) is given by (5).
Straightforward calculation then shows that (EC.12) holds with X replaced by X©. As a result,
X is the optimal prospect with B; as the reference point.

We just proved that X*M(\) = X ()= X7 ()\). Then,

By =wB; + (1 —w) X5V (A) =w’ By + (1 —w”) X, (A).

mu
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Repeating the above argument, we conclude that X* (™ (\) = X ()\) and
B,=w"By+ (1—w") X2 ()

for all n=0,1,.... Then, B, converges to X (\) almost surely as n goes to infinity. B
EC.8. Proof of Corollary 1

Suppose X is a PE. Then, by definition, X is the optimal prospect with the reference point to be
X.

On the other hand, suppose X is an optimal prospect with certain reference point By. Then, by
Theorem 5, for any Y with E[pY] <z, and any n € N, V,(X|B,) > Vi\(Y|B,). Sending n to infinity,
recalling that B,, converges to X, and applying the dominated convergence theorem, we conclude

that V(X |X) > V5 (Y|X). Thus, X is a PE. B



