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E-Companion

The following sections are part of the e-companion.

EC.1. Proof for Theorem 1

THEOREM 1 For a general graph G = (V,E), unit populations {p;,pi*,p2}icy and number of dis-
tricts K > 2, the Aggregate Competitive Districting Problem (ACDP) with or without the population
balance constraints is NP-complete if K =2 and is strongly NP-complete if K > 3.

Proof of Theorem 1. The decision version of ACDP is defined as follows. The inputs are a graph
G = (V, E), unit populations {p;,p*, p?}icv, a balance threshold 7 > 0, number of districts K > 2,
and a target W > 0. Then, the decision version of ACDP without population balance constraints

asks if there exists a feasible district plan z: V — [K] such that

max | P (2) — PP(2)| < W, (EC.1)
kE[K]
where for each district k € [K] and party [ € {A,B}, P.(z)= Y. pl. Here, a feasible district

i€Viz(i)=k
plan is one that satisfies the MIP constraints (3)-(9). For ACDP with population balance con-

straints, a feasible district plan also satisfies constraints (2) for a given 7 > 0. Given a district
plan, since feasibility for ACDP with or without population balance constraints can be verified in
polynomial time using the constraints (2)-(9) and (EC.1), it is clear that ACDP with or without
population balance constraints is in NP.

It is now shown that ACDP is NP-complete for K =2 districts, and is strongly NP-complete
for K > 3 districts. A polynomial-time reduction is shown from the NP-complete 2-partitioning
problem for K =2 and from the strongly NP-complete 3-partitioning problem for K >3 (Garey
and Johnson 1978). The two reductions are first shown for ACDP without the population balance
constraints. Then, it is shown how a 7 value can be chosen so that the reductions hold when the
population balance constraints are added.

For K =2 without population balance:

The 2—partitioning problem (or 2-PART) is defined as follows. For a given set of integers V' =
{ay,a3...,a,} and a target W' >0, 2-PART divides V' into two partitions {S;,S>} such that
maxy—12 | Y ;es0) @ < W' For a given instance of 2-PART (V', W), an instance of ACDP can be
constructed such that solving the ACDP is equivalent to solving 2-PART. The set of units V is
chosen to be the indices of the set of integers [n], the number of districts K is equal to 2, and the
adjacency graph G is constructed to be a complete graph. For every unit ¢ € V', the unit populations

(pi,pit, pP) are chosen to be (a;,a;,0). The target W is chosen to be W’. To show that the two
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problems are equivalent, it shown that the constructed instance of ACDP is a “yes” instance if and
only if the given 2-PART instance is a “yes” instance.

First, let the instance of 2-PART be a “yes” instance, i.e., there exists a partition {S7,S,} of V'
such that max,—1 2]}, s, a;] <W’. Consider a district plan z constructed by assigning units in V'
to the two districts according to the corresponding assignment of integers in the two sets S; and
Ss. Then, for every district k=1,2,

P -PEEI=1 ) 0 =-pP) =D _(a—-0)|<W"
1€V:iz(i)=k 2€V’
Since W = W’, the district plan z satisfies constraint (EC.1). Note that since G is a complete
graph, z satisfies the contiguity constraints. Hence, the constructed instance to ACDP is a “yes”
instance.

Second, let the constructed instance of ACDP be a “yes” instance, i.e., there exists a district
plan z that satisfies constraints (3)-(9) and (EC.1). Consider a partition of V' into 2 partitions
{S1, 5>} constructed according to the assignment of the units in V' =V" to the K =2 districts. For
every k=1,2, as determined by z, [, g @il = | Ziev:z(i):k(p? —pB)| <W. Since W =W', the
partition {S;,S2} satisfies maxy_1 2| Zies(k) a;|] < W’. Hence, the instance of 2-PART is a “yes”
instance.

For K > 3 without population balance:

The 3—partitioning problem (or 3-PART) is defined as follows. For a given set of integers V' =
{ai,as...,a,} and a target W’ >0, 3-PART divides V"’ into three partitions {5y, Sa, 53} such that
maxy=123 | X ies0) il < W' For a given instance of 3-PART (V’, W’), an instance of ACDP can be
constructed such that solving the ACDP is equivalent to solving 3-PART. The number of districts
is chosen to be K > 3. The set of units V is chosen to be the indices of the set of integers in V'
padded with K — 3 additional units, i.e., V = [n]U{n+1,n+2,...,n+ K —3}. The adjacency graph
G is constructed to be a complete graph. For every unit ¢ € V, the unit populations (p;, p, p?) are
chosen to be (a;,a;,0) if i € [n], or (W', W’,0) if n+1<i<n+ K —3. The target W is chosen to
be W’. To show that the two problems are equivalent, it is to be shown that an instance of ACDP
is a “yes” instance if and only if the constructed 3-PART instance is a “yes” instance.

First, let the instance of 3-PART be a “yes” instance, i.e., there exists a partition {S,S2, 55} of
V' such that maxg—1 23|, S(k) a;] <W’. Consider a district plan z constructed by assigning units
in [n] to districts 1, 2 and 3 according to the corresponding assignment of integers in the three sets
S1,8,,53. Each unit in {n+1,n+2,...,n+ K — 3} is assigned to occupy a single district among
the remaining districts in [K\[3]. Then, for every district k =1,2,3,

[P =PEl=] Y 0! =pD)=1) (a—0) <W.

1€Viz(i)=k ZGV’
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For every district k € K\[3],
1P (2) = PP (2)] = | ! =p))| =W - 0)|=W".
i€Viz(i)=k
Since W = W', the district plan z satisfies constraint (EC.1). Note that since G is a complete
graph, z satisfies the contiguity constraints. Hence, the constructed instance to ACDP is a “yes”
instance.

Second, let the instance of ACDP be a “yes” instance, i.e., there exists a district plan z that
satisfies constraints (3)-(9) and (EC.1). Note that each of the K — 3 padded units will have to
be assigned to its own district in order to satisfy constraint (EC.1). These units will occupy
K — 3 of the K districts. A “yes” to 3-PART can be constructed using the units in [n] to the
remaining three districts; suppose, without loss of generality, that the three remaining districts
correspond to districts k= 1,2,3. Consider a partition of V' into 3 partitions, {S,S52,S53}, con-
structed according to the assignment of the units in [n] to the three districts. For every k =
1,2,3, 1355 @il = 1 2 icviaqy—i (07 — PP < W. Since W = W, the partition {S, S, S5} satisfies
maxy_123 | ZieS(k) a;| <W'. Hence, the instance of 3-PART is a “yes” instance.

Inclusion of population balance constraints:

The population balance constraints (2) require that the population in every district is in the
range [P(1—7), P(147)], where P:= (3, p;)/K. When these constraints are included in ACDP,
it is needed to show that an instance of ACDP can be constructed for some 7 > 0 such that the two
reductions in this proof hold true. Let 7 = K — 1. Then, the range of allowable district populations
is [P(2 — K), PK] which is equivalent to [0,>,_,,p;] for K > 2 since unit populations are non-
negative. Then, every district plan will satisfy the population balance constraints, and the two

reductions in this proof will continue to hold true. [

EC.2. Proof for Proposition 1
PROPOSITION 1 Symmetric-DP can be formulated as a Mized Integer Linear Program (MILP).

Proof of Proposition 1. To construct an MILP formulation for Symmetric-DP, each of the three
constraints (23) - (25) are linearized one at a time in the following three parts.
(a) First, constraints (23) are linearized for given values of {z;;}; jev, the decision variables that
assign units to district centers. For each unit i € V', the following set of constraints define
w; to be the vote-share for party A in a district with center ¢; 0 if ¢ is not a district center.
Constraints (23) are given by,
D jev pJA Lij

wi =4 ey (0 + 07Ty
0, otherwise

,ifl‘ii:l

VieV,
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The following additional variables are defined.

3. — wy, if 1 € V' is a district center, and j € V is assigned to that district.
71 0, otherwise .

The first claim is that the following set of constraints linearize constraints (23).

w; <xy ViV, (EC.2)

Bij Swi Vi, jevV, (EC.3)

Bij <wxiy; Vi,jeV, (EC.5)
St +pP)By =Y pley VieV, (EC.6)
Jjev JEV

For every i € V', constraint (EC.2) ensures that if i is not a district center, then w; =0. For
every i,j € V, constraints (EC.3)- (EC.5) together establish the relationship S;; = w; - ;.
When z;; = 0, constraint (EC.5) ensures that ;; =0, and when z;; = 1, constraints (EC.3)
and (EC.4) ensure that ;; = w;. Given that f;; = w; - z;;, it can be seen that constraint (EC.6)
is equivalent to the non-linear constraint (23). Constraints (EC.7) establish the non-negativity
of the variables.

(b) Second, constraints (24) are linearized. Here, the values for {w;};cy defined by constraints
(EC.2)-(EC.7) are used to define ay, the k—th largest district vote-share for k € [K] among

the set of all district vote-shares. Constraints (24) are given by,
ay = kmz%/x{wi} V ke lK],
1€

where the kmax function returns the k—th largest value of a given set. To linearize this
constraint, for each ¢ € V' and k € [K], additional variables 0, and 7, are now defined.
Some additional notation is first introduced for each k € [K]. Let w(, denote the value of
the k—th largest element in the set {w;};cy. For each k € [K], let S*(k:),S(k),S(k:)_ CV be
subsets of units that partition V' which are defined as ST(k) ={i €V :w; >wu}, S(k) =
{ieV:iw=wu}, and S(k)” ={i €V :w;, <wy)}. It can be observed that |ST(k)| < k and
|S~(k)| < |V|—k+1since |S(k)| > 1 by definition. Among the units in S(k) US*(k), choose an
arbitrary subset of units S’(k) C S(k)US* (k) such that |S'(k)| =k. Such an S’(k) is possible
since [S(k)UST(k)|=|V|—=|S~ (k)| > |V|—(]V|—k+1)=k—1, and hence |S(k)UST (k)| >k
since the size of the set is an integer. Further, among the units in S(k) U S~ (k), choose an

arbitrary subset of units S”(k) C S(k)U S~ (k) such that |S”(k)|=|V|—k+1. Such an S”(k)
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is possible since |S(k)US~ (k)| =|V|—|S* (k)| > |V|—k, and hence |S(k)US~ (k)| > |V|—k+1
since the size of the set is an integer. Based on the constructed sets S'(k) and S”(k), the J; x

and 7, , values are defined as follows.

[ 1,ifie S (k),

Oik = { 0, otherwise. (EC.8)
_f1,ifieS"(k),

Yik = { 0, otherwise. (EC.9)

For each k € [K], ensuring that a4 is the k—th largest element in the set {w; }iey is equivalent
to ensuring that «y is less than or equal to at least k elements in the set, and that «ay, is greater
than or equal to at least |V| —k+ 1 elements in the set. The second claim in this proof is that

the following set of constraints linearize constraints (24).

(3 §wi+1—5i’k \V/ZEVY, k?e [K] (EClO)
Y Gix=k VkelK] (EC.11)

eV
wi—1+’yi7k§ak VieV, kG[K] (ECI2)
> iw=IVI-k+1 VEke[K] (EC.13)

eV
%-Jﬂ,éi’k 6{0,1} ViEV, ke [K] (ECl4)

For each k € [K], constraints (EC.10) ensure that for every i € V, ¢, =1 = a;, <w;. Con-
straints (EC.11) ensure that d;, =1 for exactly k elements in {w; };cy. Constraints (EC.12)
ensure that for i € V, v; , = 1 = a, > w;. Constraints (EC.13) ensure that v; , =1 for exactly
|V| —k+1 elements in {w; };cy. Constraints (EC.14) define the binary nature of the variables.
This linearization is similar to the constraints provided by Rubin (2015), where the goal is to
minimize the sum of the k largest elements in a vector.

The correctness of constraints (EC.10)-(EC.14) is now shown. It is required to show that a
solution satisfies these constraints if and only if it defines «y for all k € [K] to be the k—th
largest element in the set {w;}icv.

For the sufficiency condition, consider a solution (ay,d;k,7ix)icv.kex] that satisfies con-
straints (EC.10)-(EC.14). It is required to show that o) = w) for all k € [K]. Suppose for
the purpose of contradiction that ays # wy) for some &’ € [K]. Then, one of the following two
cases holds for that k’:

o Case 1: ay <wqy. Any i € V with v; v = 1 must have i € §;,, since it must have w; <

ap < w(). Hence, {i € V| v =1} € S}, and it can be shown that ) . 7w < Zieskj 1=
|S,/| < |V|—Ek 41, which provides a contradiction with constraint (EC.13).
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o Case 2: oays >wyry. Any i € V with 6;» = 1 must have i € Sk,, since it must have w; >
oy > wiy. Hence, {i € V] §;,» =1} € S} and it can be shown that >, 6;p < Zieskﬁ 1=
|S;| < k', which provides a contradiction with constraint (EC.11).

Hence, either case contradicts the assumption that oy # w(y for some k' € [K]. Therefore, it
can be concluded that oy, =w, for all k € [K].

For the necessary condition, for each k € [K], it is required to show that a solution
(e, 0i Vi )icv that defines ay, to be the k—th largest element in {w; };,cv will satisfy satisfies
constraints (EC.10)-(EC.14). In such a solution, oy, = w) by definition. The 0, and v, ; val-
ues for each i € V' are derived from (EC.8) and (EC.9). First, consider constraint (EC.10). For
all i € S’(k), since 0; , =1 and oy <w; by the definitions of S(k) and S* (k) (whose union is a
superset of S’(k)), this constraint is satisfied. For all : € V\S’(k), since 6, , =0 and ay, <1 by
constraint (27), this constraint is satisfied. Hence, this solution satisfies constraint (EC.10).

Further, since

Z(Szk:— Z di g+ Z 5Zk (EC.15)

i€V i€S’ (k) ieV\S’(k

—k+0=Fk, (EC.16)

this solution satisfies constraint (EC.11). Similarly, using the {7, x };cv values from (EC.9), it
can be shown that the solution satisfies constraints (EC.12) and (EC.13). The proof proceeds
similar to the proof for the solution satisfying constraints (EC.10) and (EC.11), and is hence
omitted. Finally, the {d; x,7ix }iev values satisfy constraint (EC.14) by definition.

Figure EC.1 District votes-shares in K districts sorted in a non-increasing order, {ak}kg[K].

(c¢) Third, constraints (25) are linearized. Here, for each k € [K], the value of a4, defined by

constraints (EC.10)-(EC.14) is used to define py,, to be the minimum average vote-share for
A to win exactly k districts. To achieve this, the vote-share a,, in each district m € [K] is

decreased by a value of «a;, — =, which is the fraction of voters needed to just flip district k;

1
29
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note that this will increase the vote-share if a;, < 1/2. The intuition behind this is illustrated

in Figure EC.1. Constraints (25) are given by,

0,if o +1 -, <0
Lhm = am+%—ak,ifo¢m+f—ake(0,1) YV k,m e [K].
Lifa,+5—a,>1
It can be seen that for each k,m € [K], piy., is a non-convex piecewise linear function of (o, +
1/2 — ay,) with 2 breakpoints to ensure that g, does not leave the [0,1] interval. Linearizing a
piecewise linear function in an MIP has been well studied (Grimstad and Knudsen 2020), and
this paper presents a concise version of the standard big-M constraints. The concision comes
from using only 2 binary variables for each k,m € [K| instead of the standard 3 variables
needed when the piecewise linear function has 2 breakpoints. See Vielma et al. (2010) for
convex combination models to linearize non-convex piecewise linear functions.

The linearization is now described. For each k,m € [K], additional binary variables €y,

and . are defined as follows

ka:{l, if oy, + 5 — > 0.

0, if a + 5 — g, <0.

0 :{1, %fam+l—ozk<1.

kem 0, if ap, +5 —ap > 1.
Here, Qi (9,,) arbitrarily takes the value of either 0 or 1 if ov,, + 2 — oy, = 0 (1). The first idea
in the linearization is to use big-M constraints to ensure that €y, and €}, are defined with
respect to the value of (am + % — ak). The second idea is to define pix,, using Qy,p, €2, and
(am + % — ak). Note that for every k,m € [K], the expression (am + % — ak) ranges between

1

—2 and 2. The third claim is that the following set of constraints linearize constraints (25).

The linearized constraints are given by,

am—l—%—akgngm V k,m e [K], (EC.17)
am—i—%—akZukm—i—%(ka—l) V k,m € [K], (EC.18)
am—l—%—akZ—;Q;m—i—l v k,m e [K], (EC.19)
am—i—%—akgg(l—ﬂﬁcm)—i—ukm ¥ k,m e [K], (EC.20)
L 1< e < Qe ¥ km € [K], (EC.21)
Qs ., €{0,1}  k,m € [K]. (EC.22)

For each k,m € [K], constraint (EC.22) establishes the binary domain of both Q,, and .
To prove that constraints (EC.17) - (EC.22) linearize constraint (25), there are two parts to
the proof. First, it is shown that for a given value of (a, + 3 — ay), fig,m is correctly defined

through the variables €, ,, and € .. Consider the following five cases for (a., + 3 — o):
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Case 1: when «,, + % — ay, < 0, then Q,, =0 by combining constraints (EC.18) and

(27), and Q;,, =1 by constraint (EC.19). Substituting these values of €, and Q,,

into constraint (EC.21) gives fig,, = 0. These values also satisfy constraints (EC.17) and

(EC.20).

Case 2: when a,, + 1 —ay, =0, then €}, =1 by constraint (EC.19). There are two subcases

based on the value of €y,,:

(a) if Q,, =1, then gy, =0 by combining constraints (EC.18) and (27). Constraints
(EC.17), (EC.20), and (EC.21) are also satisfied.

(b) if Q. =0, then pg, = 0 by constraint (EC.21). Constraints (EC.17), (EC.18), and
(EC.20) are also satisfied.

Case 3: when a,, + 3 —ay, € (0,1), then Q4,,, = 1 and €, = 1 by constraints (EC.17) and

(EC.19), respectively. Substituting these values of §,, and 2}, into constraints (EC.18)

and (EC.20) gives pipm, = o, + % — oy, These values also satisfy constraint (EC.21).

Case 4: when «,, + % —ap = 1, then Qy,, = 1 by constraint (EC.17). There are two

subcases based on the value of ) :

(a) if Q),, = 1, then py, = 1 by combining constraints (EC.20) and (27). Constraints
(EC.18), (EC.19), and (EC.21) are also satisfied.

(b) if Q.. = 0, then g, = 1 by constraint (EC.21). Constraints (EC.18), (EC.19), and
(EC.20) are also satisfied.

Case 5: when a,, + % — g 1, then Q,, = 1 by constraint (EC.17) and Q},, = 0

by combining constraints (EC.20) and (27). Substituting these values of ,, and Q) ,

into constraint (EC.21) gives uz, = 1. These values also satisfy constraints (EC.18) and

(EC.19).

Therefore, regardless of the value of ., + % — ay, the value of g, is determined as defined in

constraint (25).

!

Second, it is shown that for given values of €y, and Q) , the values of i, and (a, + % — )

are correctly determined. There are 4 cases:

o Case 1: Qy,, =2, =0 is not possible by constraint (EC.21).

e Case 2: when Q,, =0 and ¢,

=1, then p, =0 by (EC.21), and (@, + 3 —a;) <0

km

by constraint (EC.17) (Other constraints are also satisfied by noting that «,, + % — oy, >

~1/2).

e Case 3: when Qy,, =1 and ©,, =0, then p,, =1 by (EC.21), and (v, + 2 — ) > 1 by

constraint (EC.19) (Other constraints are also satisfied by noting that a,,, + 3 —ay < 3/2).

o Case 4: when Qy,,, =Q,,. =1, then ug, =, + % — oy, by combining constraints (EC.18)

and (EC.20). Other constraints are also satisfied. [
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EC.3. Approximating the Minmax Maximal Matching Problem (MLP)

This section presents an approximation result for the minmaz mazimal matching problem (MLP).
Given a connected undirected graph G = (V, E) and edge weights u,. for all e € E, MLP finds a
maximal matching M in G that minimizes the maximum edge weight max.car u.. MLP is NP-
complete via a reduction from the dominating set problem (Lavrov 2019). This paper uses a
greedy algorithm to find a feasible solution to MLP; this matching can then be used to merge
in the coarsening procedure in Section 4.1.2. For this greedy algorithm, the edge weights for the
population-based coarsening is given by wu(; ;) = p; +p; for every edge (4,7) € E, where p; > 0 is the
population in every unit ¢ € V.

This section shows that any arbitrary maximal matching (and by extension, the solution found
by the greedy algorithm in Section 4.1.2) has an approximation factor that depends on the relative
populations of neighboring units in G. To formalize this, let p := max(; jjep max{p;/p;,p;/p:} be
the largest ratio of populations among neighboring units in G. Clearly, p > 1. In defining p, a key
assumption is that unit populations are strictly positive. Theorem 2 shows that the maximum edge
weight (u') in any arbitrary maximal matching is at the most p times the maximum edge weight
(u*) in an optimal maximal matching to MLP. In the special case when all the unit populations
are equal, this result is trivially true since all the edge weights are equal, where p = 1. In this case,
every maximal matching is optimal to MLP. Theorem 2 derives an approximation ratio for the

general case for any p > 1.

THEOREM 2 Consider a connected graph G = (V, E), positive unit populations p; > 0 for every unit
i€V, and edge weights w;; = p; + p; for every edge (i,7) € E. Let M* be an optimal solution to
the minmaz maximal matching problem with inputs (G,{u;;}ujer), and let u* = maxX.cp- u. be
its maximum edge weight. Let M be an arbitrary mazimal matching with mazimum edge weight

w :=maXeen Ue. Then, u'/p <u* <, where p:=max(; jyep max{p;/p;,p;/vi}-

Proof of Theorem 2. Since M is a maximal matching (i.e., M is a feasible solution to the
minmax maximal matching problem), u* <w’. The proof for u* > wu’/p proceeds by contradiction.
Assume the contrary, that u* <u'/p. Let ¢/ = (¢, j') be an edge with maximum weight in M, i.e.,
e '=argmax,c,, t. and u, =u'. There are two cases:

1. Case 1: edge €’ is a part of M*. In this case, u’ < u* since u* is the maximum edge weight in

M*. This is contrary to the assumption that u* <u’/p since p > 1.
2. Case 2: edge €’ is not a part of M*. Since M* is a maximal matching, at least one of i’ or j’

is a part of a matched edge in M* that is not e¢’. Without loss of generality, select i’ as a unit
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that is part of a matched edge in M*. Let that edge be (i, ;") for some j” € V, and its weight
is given by,

D 1+p
Uit g1y = Pir + Py 2 Pir + r :pi/w- (EC.23)

Since (i, 5") is a part of M*, and u* is the maximum edge weight in M*,

Ugar gy S U (EC.24)
From (EC.23) and (EC.24),
1
pi/( :p) <u’. (EC.25)

On the other hand, the weight of edge (i, ;') is given by,
u =py+pj <py+ppy =1+ p)py. (EC.26)

From (EC.25) and (EC.26), it is evident that v’ < pu*. This is contrary to the assumption
that u* <u'/p. O

Figure EC.2  An example instance of MLP illustrating that Theorem 2 provides a tight approximation; a
graph with four units with respective unit populations 1/P, 1/P, 1 and P for some P > 1.

The unit populations and edge weights are depicted at the units and edges, respectively.

It can be shown that the greedy algorithm in Section 4.1.2 provides a tight approximation, i.e,
there exists an instance of MLP such that «'/u* = p, where v/ and u* are the greedy and optimal

solutions, respectively.

ExampLE EC.1. Consider an instance of MLP with four units and four edges as depicted in Figure
EC.2. The respective unit populations are 1/P, 1/P, 1 and P for some P > 1. The maximum

population ratio among neighboring units is p = P.
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For the instance in Example 1, the optimal maximal matching to MLP selects exactly one edge
whose edge weight is u* = (P +1)/P. On the other hand, the greedy algorithm in Section 4.1.2
first sorts the edges in the non-decreasing order: {2/P,(P+1)/P,(P+1)/P, P+ 1}. The maximal
matching returned by the greedy algorithm selects the first and the fourth edges with respective
weights 2/P and P + 1. The maximum edge weight for the greedy solution is v’ = P + 1. Hence,
the approximation ratio is v'/u* = (P +1)/((P+1)/P) = P, which is equal to p. Note that if the
unit populations are restricted to integers, setting P to be an integer and multiplying all the unit
populations in this example by P would yield an instance with integral unit populations, and the

tightness result still holds.

EC.4. Computational Results for Pareto-Frontier

EC.4.1. Efficiency Gap and Compactness

Coarsening ¢pg  Peomp (x10°) Clock time (s) CPU time (ticks) # B&C nodes Opt. gap (Y5-£E)

UB
0.1561  2.683 416 180,309 112 -
0.1511  2.683 784 290,876 199 -
0.0277  2.686 1,161 467,881 987 §
0.0272  2.688 28,927 9,402,030 7,091 -
0.0257  2.688 8,480 3,010,334 3,187 §
00234 2.689 1,695 638,511 1,756 -
0.0224  2.690 1,625 599,558 2,347 §
0.0220  2.691 12,849 4,160,289 4,860 -
0.0217  2.695 81,616 24,191,404 16,204 -
0.0215  2.695 52,968 15,764,469 12,876 -
0.0198  2.697 13,370 3,801,803 10,131 -
0.0307  3.923 295 134,708 123 -
0.0290  3.932 7,584 2,452,971 4,200 -
0.0286  3.937 10,582 3,517,502 5,491 .
0.0283  3.943 9,689 2,610,137 3,907 -
0.0281  3.952 23,973 7,019,182 14,997 §
0.0274  3.954 15,944 5,100,907 7,839 -
ayp 00268 3.961 14,622 4,349,295 8,056 §
0.0255  3.966 3,289 1,093,726 6,296 -
0.0252  3.973 45,793 14,142,057 23,586 -
0.0251  3.979 32,342 9,499,810 16,455 -
0.0250  3.982 5,678 1,828,732 11,261 .
0.0243  3.983 48,467 15,287,890 32,957 .
0.0235  3.989 34,041 10,235,375 22,377 -
0.0190  4.003 39,687 12,684,359 44,313 §

Table EC.1 Computational results from the e—constraint method to obtain the Pareto-frontier between the
efficiency gap and compactness, when coarsening using maximum matchings (MM) and maximal matchings (ML).
An optimality gap of “-” indicates that the solution is optimal, i.e., the upper bound (UB) and lower bound (LB)

on the compactness objective found in the branch-and-cut algorithm are equal.
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EC.4.2. Partisan Asymmetry and Compactness

Coarsening ¢pa  Peomp(x10°) Clock time (s) CPU time (ticks) # B&C nodes Opt. gap (Y5-LE)

UB
0.0633 3.166 21,601* 5,457,399 4,285 0.154
ML 0.0127 3.277 21,600 6,187,473 1,554 0.184
0.0020 3.535 21,600 6,141,634 6,796 0.243
0.0016 3.929 21,600 9,934,803 3,484 0.319
0.0034 4.605 21,608* 6,102,360 14,573 0.148
MM 0.0024 5.516 21,600 6,034,105 14,503 0.289
0.0018 5.800 21,600 6,045,607 8,643 0.324
0.0002 6.729 21,600 95,861,623 4,098 0.420

Table EC.2 Computational results from the e—constraint method to obtain the Pareto-frontier between the
partisan asymmetry and compactness objectives, when coarsening using maximum matchings (MM) and maximal

matchings (ML). *The solver takes extra time beyond the 6 hour MIP time limit to completely terminate.
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ecl3

EC.4.3. Competitiveness and Compactness

Coarsening Gempptv Geomp(x10?) Clock time (s) CPU time (ticks) # B&C nodes Opt. gap (U%;BLB)
0.333 2.691 897 443,614 642
0.313 2.699 590 251,040 1,208
0.303  2.709 651 296,992 1,211
0.290 2.714 475 220,096 426
0.276 2.724 574 278,495 1,608
0.266 2.738 529 243,615 807
0.258 2.746 520 239,000 604
0.248 2.761 693 317,177 2,105

ML 0.239 2.768 755 349,210 2,952
0.231 2.781 825 383,338 2,746
0.223 2.788 972 496,707 548
0.213 2.802 1,639 869,083 1,916
0.163 2.875 1,755 809,647 4,702
0.153  2.895 11,345 3,633,036 7,867
0.138 2.905 1,825 710,101 1,506
0.123 2.923 11,290 3,416,250 2,539
0.111  2.939 16,952 5,002,444 3,451
0.099 2.959 33,652 11,747,083 5,430
0.286 3.923 1,094 503,219 918
0.265 3.935 321 156,208 182
0.247 3.965 2,866 1,029,225 3,429
0.246 3.972 11,033 3,425,895 5,827
0.238 3.988 995 417,346 1,199
0.234 3.994 444 203,912 414
0.224  4.018 1,025 463,780 2,001
0.188 4.081 4,212 1,368,974 2,730

MM 0.186 4.088 6,886 2,225,135 4,722
0.171 4.089 3,115 1,095,628 3,175
0.159 4.103 556 253,614 616
0.135 4.131 16,198 5,681,976 9,785
0.131 4.146 2,928 1,161,383 3,175
0.129 4.154 9,835 2,082,055 6,933
0.125 4.155 3,121 1,083,149 5,181
0121  4.157 2,255 780,248 4,666
0.119 4.164 2,952 1,000,392 4,791

Table EC.3 Computational results from the e—constraint method to obtain the Pareto-frontier between

competitiveness and compactness objectives, when coarsening using maximum matchings (MM) and maximal

matchings (ML). From the 72 solutions obtained when coarsening using ML, a subset of 18 solutions are showcased

here for simplicity. This subset is selected by picking every fourth solution in the sorting of the 72 solutions

according to their respective competitiveness (Gempttv) values. An optimality gap of “-” indicates that the solution

is optimal, i.e., the upper bound (UB) and lower bound (LB) on the compactness objective found in the

branch-and-cut algorithm are equal.



