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Technical Appendix
EC.1. Proofs

Proof of Lemma [I]

First, we state a lemma due to Dvoretzky et al.| (1951, Theorems 1 and 4). Here, we assume that
there is an underlying o-algebra M on © induced by the measure p. Recall that a measure is a
countably additive set function mapping each measurable set in M to a nonnegative real number;

a function f on © is measurable if, for any ¢ € R, it holds that {f <c}={0€0O: f(0) <c} € M.

LEMMA EC.1. Let u; be finite measures on ©, i € m. Let

X = {(:Ul, ey Tp) g x; =1, a.e., each x; is a nonnegative measurable function on @} ,
J

S§={(04,...,0,)eM?: ©,N0,; =0 for all i #j, U0, =0O}.
Define

UZ{UERmXpIuU:/ﬂZ’jdui, (‘Tl,...,.flip)EX},
S}
Z/{/:{UERmXPZUi_j:Mi(@j), (91,,@p)68}

The set U is convex and compact. Furthermore, if each u; is atomless, then, U' =U.

Next, we prove Lemma [I} Define

n+1

U= {u e R s = (v, ), (4,5) € [n] x [n+1], z; € L®(0) 4, sz = 1}
i=1
and

U' = {ueR" )y =0,(0;), (i,5) € [n] x [n+1], ©; C © are measurable and a.e.-disjoint } .

By Lemma m (taking m =n and p=n+ 1), we know that U is a convex and compact set in
R"™"+1)  Therefore, its Euclidean projection onto the n dimensions corresponding to u,;, which is
U, is also convex and compact in R". Furthermore, when the item space measure pu is atomless, so

are the valuations v;. Hence, by Lemma U =U’ and therefore U =U".

Proof of Theorem 1]

Proof Part @ By Lemma |1} the set U = U(v,0) C R is convex and compact. Let p(u) =
— >, Bilogu;. Taking uf = (v;,1/n) = Lv;(©) for all i ensures u® € U and p(u°) is finite. Since

U; < <Ui7 1> = ’Uz(@) < 00
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for all uw € U, we have

ZBi logu; < M := ZBilogvi(@) < o0.
Hence, there exists € > 0 sufﬁcziently small such th;t, for w e U, if some u; <e, then
p(u) > —B;loge — M > p(u®).
In fact, it suffices to have —B;loge > p(u*) + M for all 4, or simply

_pO+m
e<e [Blo |

Hence, removing all v € U such that min; u; < € does not affect the infimum of p over U, that is,

inf p(u) = inf p(u).

uelU uelU:u>e

Since {u € U : u > €} is compact (as a closed subset of the compact set U) and p is continuous on it,
by the extreme value theorem, there exists a minimizer v* € U (such that u > €). By the definition

of U’, there exists «* such that 2} = 1g, (where ©, are disjoint measurable subsets of ©) and
ul = (v, x}) =v;(0;).

Finally, if sup, ©; C O, then assign O\ (U;0;) to buyer 1, that is, augment 0, so that sup, ©; = O.
This does not affect >, x; <1, nor does it affect optimality (since v;(S) < v;(T) if SCT C O,
all sets measurable). In fact, Oy := 0\ (U;0;) corresponds to the subset on which all buyers have

valuation 0 a.e.

Proof of Part|(b) See Lemma below.
LEmMA EC.2. The infimum of is attained via a unique minimizer $* > 0. The optimal solution
(p*,B*) of (Drcl) has a unique B* and satisfies p* = max; 5jv; a.e.

Proof. Denote the objective function of as (). Notice that

max 3;v; < Z Bivi
and therefore
0< <maxﬂﬂ)u 1> < Zﬂi@i, 1), V3>0.

For any A€ [0,1], 3,8 €R%, 6 €O,

max (AG; + (1= A)5) vi(f) < Amax S;v;(6) 4 (1 — A) max v, (6).

Therefore,

<max A\G:i+ (1= N)B) s, 1> < Amax(B;v;, 1) + (1 — \){max Sv;, 1).
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In other words, the function
B <maXﬁivi, 1>

is convex. Since 8 — — ). B;log 3; is strictly convex on R , , we know that 1 is real-valued, strictly

4
convex and hence also continuous on Ri - Furthermore, for any 7, when ; — 0 or 3; — 0o, we have

¥(B) — oo. Hence, for 8% = (1,...,1) >0, there exists 0 < 3 < B < 0o such that

BE(B,B]=¢(B) > v (B).

Therefore, we can restrict 3 inside a closed interval without affecting the infimum:

inf (5) = inf <(B).

BERT BE(B,B]

The right-hand side is the infimum of a continuous function on a compact set. Therefore, the
infimum is attained at some * € [f3, ). Clearly, 8* > 0. It is unique since 1) is strictly convex on
18,8).

Finally, when solving , for any fixed 3, the objective is clearly minimized at p = max; B;v; €
L'(©),. Therefore, we can eliminate p in this way and obtain . In other words, for the optimal
solution 8* of , setting p* := max; 8v; gives an optimal solution (p*,3*) of , which is
(a.e.) unique.

Tighter bounds for the optimal solution 5* are given in Lemmaf3] Q.E.D.

Proof of Part . See Theorem

Proof of Lemma

Proof of Partl@ (weak duality). Introduce new variables v = (u;) € R’} and rewrite (Pgg) into

Z* = ZB log u;

Ie(Loo(O)Jr )", ueR™

st u < (v, ), (EC.1)

Let (z,u) be a feasible to (EC.1|) and (p, ) be a feasible solution of (Dggl). Using the feasibility
assumptions, we have f;(u; — (v;,2;)) <0 and (p, >, x; — 1) <0. Hence,

ZBlogul<ZBloguz Zﬁl u; — (v, x;) —<p,Zaci—1>
:Z B;logu; — Biu;) _Z<p_/3ivia$i>+<pa]—>

)

<Z<Bl 8.5 ) = Sl Bz + 1)

%
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<ZBlogB B)) ZBlog@
ZBlog,Bl , (EC.2)

where the second inequality is because u; = 5. maximizes the concave function
k2

and the third inequality is because p > (5;v; a.e. for all i. Taking supremum on the left and infimum

on the right yields
C+zr<w’.

Proof of Part . Suppose z* is feasible to (Pgc| and attains z*; (p*,5*) is feasible to (Dgg))
and attains w*. Then, (z*,u*), where u! := (v;,z}), is feasible to ( - Note that C' + z* = w*

if and only if all inequalities in (EC.2)) are tight (with x = z*, w=wu*, p=p*, 8= *). The first

o)

The second inequality being tight implies , i.e.,

inequality being tight implies , ie.,

The third inequality being tight implies , ie
(p* = Bivg,x) =0, Vi.

Conversely, let z* and (p*, 3*) be feasible to (Pgrg)) and (Dggl), respectively. Then, (z*,u*), where

uf := (v;,z}) is feasible to (EC.I). If they satisfy (3)-(5), then all inequalities in (EC.2) are tight.
Hence, both z* and (p*, 5*) must be optimal.

Proof of Theorem

Optimal solutions = ME. We first show the forward direction. Let z* and (p*, 5*) be optimal
solutions of (Pgg) and , respectively. By Lemma |2 they satisfy —. Here, gives

market clearance. It remains to verify buyer optimality and budget depletion, i.e., z; € D;(p*) and

(p*,z;) = B,. To this end, for each i, by and ,

(p*,x}) = B; (vi, x}) = By.
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In words, =} depletes buyer ¢’s budget B; and the utility buyer 7 receives is
(v, 27) = —.

Br
Consider any z; € L>°(0), such that (p*,z;) < B;. Feasibility of (p*, 5*) implies p* > Bv;. Then,

</Uzal‘7,>§7*<p x’b> §:<U17$1>

Therefore,
x; € D;i(p*).

Hence, (z*,p*) is a ME, where buyer i’s equilibrium utility is clearly u} := (v;,z}) = %.
ME = Optimal solutions. Conversely, let (z*,p*) be a ME and ! := 2t where u} := (v;,x7).

uz

We first check that (p*,3*) is feasible to (Dggl). For any i, suppose there exists a measurable set

A C © such that p*(A) < Bfv;(A). Then, consider the allocation z; = % -1,4. We have
(p*,z;) = B;
and
(v, ;) = B, - ;:Ei)) > Zj =u; = (v, z),

which contradicts to buyer optimality x} € D;(p*). Therefore, we must have
p* > Biv; ae., Vi.

Thus, (p*, 5*) is feasible to (Dggl). We know that z* is feasible to (Pggl), since ME already requires
>,z < 1. Furthermore, by the choices of z* and (p*,5*), they satisfy —. Therefore, by

Lemma [2] they must be optimal to (Pgc)) and (Dgg)), respectively.

Proof of Corollary [1]

Since (z*,p*) is a ME, by Theoreml z* and (p*, 3*) (where 8 = Zi w = <v“xi>) are optimal

u

solutions of (Pgg)) and (Dgg)), respectively. By Lemma [2] the KKT conditions (3))-(F]) holds.

Proof of Corollary [2]

Let (p*,3%) be the (a.e.-unique) optimal solution of (Drg). Since u; are the equilibrium utilities,
by Lemma Bj = %ﬁ for all i. Hence, 3* = 8* and therefore p = max; Biv; a.e. Lemma [2| ensures
that they satisfy —. Then, since {O;} is a pure allocation, we have ©, = {p* = S v;} a.e. (i.e.,
the symmetric difference of ©; and {p* = B}v;} has measure zero). Therefore, on each 0;, we must

have p* = Biv; > Bjv; a.e. for any j # 4. Using this fact, we have
=) p(An6) =) Bu(ANe;)

for any measurable set A C ©.
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Proof of Corollary [3]
If {©,} is a (pure) equilibrium allocation, then, by Theorem [2| p* = max; 5fv; is the equilibrium
prices. By Corollary 1, (p* — Bfv;,x}) =0, where z} = 1¢,. In other words, p* = 3}v; on ©,. Corol-
lary [1] also implies (@), i.e., (p*,1—>,2;) =0. Since 1 — 3", 2} = 1g,, where ©\ (U;0;), we have
p*(60) =0.

Conversely, if {©,} and 3%, p* satisfy the said conditions, we can also verify similarly that (3))-(F]
holds. Since {©;} is feasible to and (p*,*), by the construction, is feasible to , by
Part @ Lemma |2 they are both optimal to and , respectively. Hence, by Theorem

{©,} is an equilibrium allocation.

Proof of Theorem [3]

Pareto optimality. Since z* is an equilibrium allocation, by Theorem [2 it is also an optimal
solution of ([Pgg). If there exists & € (L>(©)4)", >, &; <1 such that (v;,Z;) > (v;,z}) for all i and

at least one inequality is strict, then
Z B;log(v;, T;) > Z B;log(v;, x7),

i.e., z* is not an optimal solution of , a contradiction. Therefore, z* is Pareto optimal.
Envy-freeness. For any j # i, since (p*,x;) = B; (Theorem [2)) and (p*,z}) = B;, we have

. Bi .
(v gmi) =5

Since z} € D;(p*) and %:L‘;f >0, we have

* B; . (vi, z7) _ (vi, @})
(vi,xi>><vi,3xj>: B, > B] )

J J

Therefore, * is envy-free.
Proportionality. By the market clearance condition of ME, we have
p(©)= (" 1) =Y ("a}) =Bl

Therefore, for each buyer i, it holds that

B, B, B,
J— 1>= —p*(©)=——=B,.
< 1B][x | B]x | B2

B;
1 Bllx

B B.
Vi, : 1)= . V; ).
< 131l > 131 o ©)

In other words, buyer ¢ can afford the bundle 1. Hence, its equilibrium utility must be at least
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Proof of Lemma [3

By the characterization of p* in Corollary [2] clearly,
P(©)=Y 0 (0) =3 B.= Bl
where {O;,} is a pure equilibrium allocation. Clearly, we have
ul = (v;,x]) <v;(©) =1.

On the other hand, since {©;} is an equilibrium allocation, it is proportional (Theorem , that is,

B

B L is a budget-feasible allocation for buyer ¢. Hence,

B; > B; B;
ur > (v, 1)= 0;(0) = ——.
< 1Bllx 1B+ 181+

The bounds on 3} = % follow immediately.

Proof of Lemma [4]

Since [;v; are linear, the equilibrium price vector p* = max; 8v; is a piecewise linear function
with at most n pieces. Each linear piece has a support interval corresponding to the “winning
set” of a buyer {p* = S v;}. Since all v; are linear, normalized and distinct, there is no tie, i.e.,
no i # j such that 8jv; = Bjv; on a set of positive measure (otherwise we must have v; =v; on
[0,1]). Since B; > 0 for all 4, each buyer must receive a positive equilibrium utility u} > 0. Hence, p*
consists of exactly n linear pieces and each buyer must get a nonempty interval as its equilibrium
allocation in order to receive a positive equilibrium utility (Lemma . Let the breakpoints of p*
be aj =0<aj <---<a’ =1, which are clearly unique since * is unique (Lemma . Hence,
there exists a (unique) permutation o of [n] such that {p* = Bjv;} = [a} ;) _,,a} ] for all i (every
buyer gets exactly one of the n nonempty intervals).

We show that o must be the identity map o (i) =4. In other words, at equilibrium, the entire
interval is divided into n intervals; these intervals are allocated to buyers 1,...,n from left to right,
respectively. To see this, first note that any §;v; and Sjv;, i < j, must intersect on [0,1] (otherwise
one of them is completely dominated by the other, which means p* = max; 8 v; cannot have n
pieces and one of the buyers can only receive a zero-measure set at equilibrium, a contradiction to
the fact that each buyer gets a positive equilibrium utility u; > 0). Since v;, v; are linear and a;, are
breakpoints of p* = max, 8;v,, we want to show that 5;v;(0) > 8;v;(0), which will imply that, at
equilibrium, the interval for i is on the left of the interval for j. Suppose §;v;(0) < 8;v;(0), which
implies 8;d; < 8;d;. By Assumption |1} d; > d;, which implies 8] < 7. Furthermore,

Ui(l):Ci+di:2—di<2—dj:7jj(].).
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Hence,
Bivi(1) < Bjv;(1).

In other words, f;v; < Bjv; on (0,1] and buyer i gets zero utility, a contradiction. Therefore, each

interval [a}_,,a}

v; >0 on (0,1) for all ¢, which implies p* >0 on (0,1) (since 8 > B; > 0 for all ¢, by Lemma |3).

] is precisely the “winning set” {p* = 5;v;} of buyer i. by Assumption |I} we have

Therefore, by the market clearance condition of ME, every buyer must be allocated all of its winning

* *

set [ar_;,a}] (except possibly the endpoints, which have measure zero). Therefore, ©; = [a}_,,a}],

i—17 % 1—1° "

i € [n] is the unique pure equilibrium allocation.

Proof of Lemma

Assume u; > 0 for all 4. If this does not hold, remove the buyers with u; =0, assign them zero
budgets B; =0 and consider the market without these buyers. Since u° is on the Pareto frontier,
we know that (1+6)u® ¢ U for any § > 0. Hence, u° is on the boundary of the convex compact set

U. By the supporting hyperplane theorem, there exists 8° € R™ such that
(B°,u°y=1and (f°,u) <1,VueU. (EC.3)

We can verify that 3 > 0 for all ¢: otherwise, if 57 < 0 for some ¢, decreasing u{ > 0 makes
(B°,u°) > 1 while ensuring u°® € U, which contradicts .

By Lemma |1} there exists a pure allocation {©,} such that u{ =v;(©;) for all i. W.l.o.g., assume
that U;0; = O a.e. Define p° as

p(0) =30 rui(0)16,(0)

In other words, for 6 € ©;, p°(0) = Bv;(0). Clearly, p° € L*(0), (since each v; € L'(0), and ° >0)

and, for any measurable set A C O,
P(A) =) Bu(ANe).

Next, we show that p® = max; 5/v; a.e. It suffices to show that 57v; > Bjv; on each ©; for any

J #i. Suppose not, i.e., there exists a measurable set A C ©, such that, for £ # j,

Bivi(A) <Biue(A).

Remove the set A from ©; and give it to buyer ¢ instead, i.e., ©;=0;\ 4, ©;=0,UA, ©; =06,
for all i ¢ {j,¢}. Clearly, {©}} is still a feasible (pure) allocation. However, its utilities u; = v;(©))
satisfy

> B =" Brus — Bivi(A) + Biu(A) > (B°,u),
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which contradicts (EC.3|). Hence,
p° =max f3;v; a.e.
Now, we are ready to show that ({©;},p°) is a ME for buyers with budgets B; = 5u°. Market

clearance is satisfied since we assume U;0; = © almost everywhere. To verify buyer optimality, note

that for each ¢ and any x; € L>(0©), such that (p°,z;) < B, = °u, we have
B;v; <max v, =p° a.e.,
3

which implies
By (i i) <(p°, ) < B = (vg, 1) Suf =v(0;).
Hence, ({O;},p°) is a ME under budgets B; and u{ = v;(0;) are the corresponding equilibrium

utilities.

Proof of Lemma

Denote U = U(v,[0,1]). Assume w.l.o.g. that all u; > 0: otherwise, simply remove the buyers with
u; =0 and set a;_; = a; in the final partition, i.e., giving an empty interval to this buyer.

The case of distinct d;. We prove this case and show that the general case with some d; being
identical follows easily. Let u® € U be a Pareto optimal utility vector such that u® > wu (by the
definition of Pareto optimality, such u° exists). By Lemma 5| there exists Bf > 0, i € [n] such that
u; are the equilibrium utilities of buyers with budgets By and valuations v;. By Lemma [4] there
exists

ag=0<aj<---<a, =1

o]

such that ©f = [af_,a?], i € [n] is the unique equilibrium allocation under budgets By. Let ao = 0.
Let a; <aj be such that v;([ag,a1]) = ;. Such a, exists because (i) a; +— v;([0,a1]) = % -a?+dyay
is continuous and strictly increasing and (ii) v;([0,a$]) = ug. Inductively, there exist a; < a such
that v;([a;_1,a;]) =wu; for all i € [n]. Here, for simplicity, always take a, =1 regardless of the value
of u,, which ensures v, ([a,_1,a,]) > v,([aS_;,1]) =u’ > u, (since a,_; <ad_,).

Handling identical valuations v; =v; (d;=d;), i # j. In fact, the above procedure easily extend
to the case of some intercepts d; being equal. We can merge the buyer with the same d;, where
the “aggregate buyer” I C [n] has the same valuation v; =v;, i € I, budget B; =), B; and “target
utility value” Ur =), u;. After merging all identical buyers, (u;) is still a set of feasible utilities
given (distinct) valuations vy, i.e., (u;) € U((vr),[0,1]). By the above case, we can partition [0, 1]
into intervals, each for one aggregate buyer I. Let buyer I receives interval [I;,h;] C [0,1] such
that v;([lr,hs]) = us. Since v; is linear, we can easily find breakpoints l;,h; on [l;, h;] via “cut”
operations such that

'Uz([l”hz]) = Uy, Z € I

This is because all buyers ¢ € I share the same valuation v; = v;.
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Proof of Theorem [4]
Define ag =0 and a, = 1. By Lemma |§|, for any w € U = U(v,[0,1]), there exists 0 <a; <--- <
ayp—1 <1 such that
U; Sﬂz :%(af—affl)—i-dz(az—al_l), 1€ [TZ] (EC4)
For any 0 < ay,...,a, 1 <1, since v; >0 on [0, 1], we have
aq §-~~§an_1<:>117;20, 1€ [n]
Hence, u € U is equivalent to the following constraints involving auxiliary variables a;:

UZOa
u; < %(af —aj ) +di(a;—a; ), i €[n],
0<a;<1,ie[n—1].

Note that

%(af — a?ﬁl) + di(CLZ‘ — ai_l) = (%af + dlal) — <%af71 + diCLZ‘_1> y 7 S [Tl]

Consider auxiliary variables z; < $a? 4 d;a; and w; < —(“a? + d;j1a:), i € [n — 1]. The above
inequalities are equivalent to

u >0,
Uy < 21,
uiﬁzi—l—wi,l,i:l...,n—l,
(EC.5)
uné 1+wn—17
zi < %af +dz’ai7 w; < _Ci—H CL? —di+1ai, 1€ [n— 1],
0<a;<1l,ie[n-1].
Since a; € (0,1}, d; € [0,2], $ +d; =1 for all i, we have
Ci o
9% +d;a; €10,1],
&
- ;ﬁ—éﬂme}L% (EC.6)
(%a? +diai> + <—Cgla? - di—i—laz‘) = (dip1 — di)(af — a;) >0,

where the last inequality is because d; > d;,1, § +d; =1 (for all i € [n]) and a; € [0,1] = a?—a; <0.
By the first two inequalities in (EC.6)), we can add additional constraints

0<2z <1, -1<w; <0, z;+w; >0, i €[n—1]



ecll

0.0

—0.21

—0.81

-1.0 T T T T
0.0 0.2 0.4 0.6 0.8 1.0
Si

Figure EC.1  An illustration of the set S; for (z;,w;), which is the region bounded by (i) the line segment between
(0,0) and (1,—1) and (ii) the arc I'; (part of a quadratic curve) on the top-right of it. In this figure,

we use di = 1.5, d2 =0.8. When d;4+1 = d;, the region becomes the line segment itself.

to the inequalities in (EC.5|) without affecting the feasible region of u. Next, for each i, consider

the set S; of (z;,w;) satisfying the following inequalities together with some a;:

zi < %a? +d;a;, w; < G af —diy104, a; €10,1],

When d; =d,; €[0,2], the parametric curve

Sa?+d;a
S{dar Jracnal,

is simply the line segment (0,0) to (1,—1). Together with the last inequality in (EC.7]), we know
that
Si = {(Ziawi) S [07 1] X [_170] 1z tw = 0}

is the same line segment as well.

When d; > d, 1, T'; is part of a quadratic curve connecting (0,0) and (1, —1). By the last inequality
in (EC.6) (with d;41 —d; <0 and 0 < a; < 1), I'; lies on the top-right of the line segment between
the two points. In this case, the set S, is the region between z; =0, w; = —1 and T';. See Figure[EC.J]

for an illustration. Let the entire curve be

= “a? 4 d;a
= 2 i .
e {[ e Tack),

It is a parabola, since it is the image of the standard parabola {(a,a?): « € R} under a linear

transformation given by G;:

«Q
| —
SR
I

[ %az +d;a ]
_at :

2
5 [0 —dH_lOé
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Hence, the convex hull conv (I';)—the set of convex combinations of any finite number of points on
[;—is also the image of the epigraph of the standard parabola C = conv ({(«,a?) : « € R}) under

the same linear transformation. By the convexity of conv (T';), we have
S; = conv (I';) NT;,

where

T, ={(zi,w;) : z; € [0,1], w; € [-1,0], z; + w; > 0}.

Therefore, the set S; can be represented by the linear constraints in 7T; and (z;,w;) € G,C. The

latter can be expanded with two additional variables s;,;:

o f]-[2) [

Note that the above hold for both d;,; =d; and d;,; > d; (if d;;1 = d;, then G; maps the parabola
{(t1,t?) : t; € R} into the straight line {(z;,w;): z; +w; =0} and the above characterization still
works). Substituting this and the constraints in 7; into (EC.5|), we obtain the desired set of con-
straints that characterize u € U(v, [0, 1]).

Note that we do not need to include z; +w; > 0 in the final set of constraints: this is the same as
enlarging S; to contain (z;,w;) such that z; +w; <0, (z;,w;) € [0,1] x [-1,0], (z;,w;) € G;C. Doing
so not affect the feasible region of u.

Finally, we can also easily verify that S; is the image under linear transformation G; of the

convex hull of the parabola segment C° = {(s;,s?) : s, € [0,1]}:
conv (C°)={0<s,<1,0<¢t;, <1, 87 <t}
Hence, the set of constraints (in particular, z; +w; > 0 and (z;,w;) € [0,1] x [-1,0]) imply
0<s;,t; <1

Proof of Theorem
Consider 9;(0) = (h —1)%¢;,0 + (h —1)(c;l + d;), 6 € [0,1] and ¢(0) = &=L, For any [a,b] C [I,h], we

h—l

have

i (=D ((b=1?  (a—1)? b—1 a-—1
vi([p(a),o(b)]) = 9 ((h—l)2 - (h—l)2> +(h=D(el +di) <h—l a h—l>

=(b—a) <%(a+b) +di> = v;([a, 0]).

Therefore, for any u € R such that u; = v;([l;, h;]) for a.e.-disjoint intervals [l;,u;] C [I,u], we have

u; = i([¢(Li), p(hi)]), i € [n]
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and [p(1;), ¢(h;)] C[0,1] are also a.e.-disjoint intervals. Let & = (h —1)2¢; and d; = (h —1)(c;l + d;).
By Lemma [6], we have

Ulv,[l,h]) = {uem tug = (v, m3), 1 € L2([1,h]) s, i € [n], > @i < 1}

= {uweRY :u; =v;([l;, h;]) for a.e. disjoint [I;,h;] C[I,h], i € [n]}

= {u ER" :u; = 0;([l;, hy]) for a.e. disjoint [I;,h;] C[0,1], i € [n]}

= {ueRi cu; = (05, x;), T € LY([0,1])4, i € [n], le < 1}
U

Furthermore, let 0; = 0;/||7;]|, where

— h)Zci

fal=n0.1) = L (e ) = A

The coefficients of 9; are & = & /||7;|| and d; = d; /||5;]|, which are the same as defined in the theorem

statement. Then,

U(v,[0,1]) = DU (v,[0,1)) ={Du:a € U(v,[0,1])},

where D € R™*" is a diagonal matrix with D;; = ||0;|| = A;. Let P € {0,1}"*" be the permutation

matrix defined in the theorem statement. Then,
U(%,[0,1]) = PU (4, [0,1]),

since permutation does not affect the feasibility of z. By Theorem | U (7,,[0,1]) can be represented

by O(n) linear and quadratic constraints using O(n) auxiliary variables. Therefore,
U(v,[l,u])=U(v,[0,1]) = DPU(%,,[0,1])
can also be represented by O(n) linear and quadratic constraints using O(n) auxiliary variables.

Proof of Theorem

First, by Lemma each U, is convex and compact. W.l.o.g., Assume not all v; are 0 on [a;_1,a;]
(otherwise, Uy, = {0} is a singleton of the n-dimensional zero vector, and we can remove this k in
all summations in the following analysis). For any u € U (v, [0,1]), there exists x € L>°([0,1])"} such
that u; = (v, ;). Let z;; be the restriction of x; on [aj_1,ax] and u;, = (v, 24). Clearly, this makes
the objective value of (7)) at (u;.) equal to that of at x. Conversely, for any (u;) feasible
to , we can also find x feasible to that attains the same objective value. Therefore,
and have the same optimal objective value. In particular, the supremum of is attained
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at some (uf,). By the Pareto optimality of (u}) € U(v,[0,1]) (where u; are the unique equilibrium
utilities), an optimal solution (wj,) of (7)) must satisfy uf =", uf, for all 7.

By Theorems |4] and [5| each Uy can be represented by O(n) variables and O(n) (linear and
quadratic) constraints (if some v; is zero on [ay_1,ay], i.e., v;([ar_1,ar]) =0, simply remove it from
the set of buyers on this interval when representing the set Uy). The set C is the image of an
transformation of the second-order cone L:

1—#,\° 14t T4+t 1—¢
(ti,t) €C & 2<t, & ( 22> +12< 22 & ( ;2, 22,t1>e£.

For any u; >0,

—logu;= min ¢ = min (—¢)= min —g;. (EC.8)

q;>—logu; ei <u; (ui;1,q;)€E
In this way, introducing auxiliary variables s;,t;, u;, i € [n] the objective max ), B;log (>, uw;x) can
be written as —min— ), B;q;, with additional (linear and exponential cone) constraints
U; = Z 1 Wik,
i€ [nl.
(uia 17 Q1) € 87
Combining the above analysis, we arrive at the overall convex conic reformulation involving only

linear and (convex) conic constraints. Recall that ¢ and k are indices of buyers and linear segments

of their valuations, respectively.
min — Z B;q;
(ui, 1,q:) €€, ¢i=1,
s.t. U=y, Uik, Vie[n],
Uk (i) = Aak(i)k@ika
g < 21k, (CP)
Ui < Zigg +Wi—1 i, Vi=2,...,n—1,

Gi(Sirs tir) = (Zik, Wir,), (H%, 1_;““ ) 5ik> €L,

0<z; <1, —=1<wy <0, zy+wy >0, Vien],)

In the above, the first group of constraints involving objective transformation, decomposition of
buyers’ utilities and scaling of them over subintervals.The second group represents (i, ..., Unx) €
U(vy,[0,1]), where U(0x,[0,1]) is the “standardized” version of U}, as described in Theorem [5| To
complete the proof, we calculate the number of each type of variables in the final reformulation

below.
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e The exponential cone variables are (g;,q},u;) € £, i € [n] (with additional linear constraint
¢; =1). Hence, n3 =0(n).

e For each (s, ), there is a second-order cone £ (involving 3 conic variables, ¢, = ik,
tl =+ and s;;,). Hence, n, = O(nk).

e The linear cone (nonnegative) variables are w;x, Uik, @ € [n], k € [K], (zir,wly,), 1 € [n—1], k €
[K] (w},, = —w}, > 0) and nonnegative auxiliary variables added to transform the O(nK) linear
inequality constraints (in the second group of constraints in ) into equality constraints.
Hence, n; =O0(nK).

e The linear equality constraints (which form “Az =b” in the standard form (8)) are those above

in (CP) plus additional ones involving auxiliary conic variables: ¢/ =1, t;, = 1+2t““, . = 1_%
Hence, m=O(nK).

e It can be easily verified that, each of the linear constraints in (except the linear con-
straints u; =), u;, k € [K]), involve only a constant number of variables. In particular, the
linear equality constraints of U, = Dk P, (i.e., last equality constraint in the first group of
constraints in ) only consist of (n) nonzeros, since D* and P* are diagonal and permu-
tation matrices, respectively. Hence, the total number of nonzeros in all linear constraints is
also O(nK).

By , we know that the minimum f* of is —z*. Finally, the above reformulation does
not affect feasible region of the variables (u;) and (u;). Hence, in the optimal solution of the

reformulation , these variables correspond to an optimal solution (u};,) of .

Proof of Theorem [7]

The ellipsoid method for convex optimization. First, we describe the ellipsoid method for convex
optimization (Shor{{1977, Nemirovski and Yudin|{1976, |Yudin and Nemirovski||1976, Nemirovski and
Yudin(1977)). We refer the readers to the survey (Bland et al.|1981) for the history of development of
ellipsoid methods and further references. Here, we adopt the exposition in (Ben-Tal and Nemirovski

2019)). Consider the following generic convex program (Ben-Tal and Nemirovski|2019, Section 4.1.4):
fri=minf(x) st.z € X (EC.9)

where f is convex and continuous (and hence subdifferentiable) on a compact region X C R™.
Assume we have access to the following oracles:
e The separation oracle S: given any x € R™, either report x € int X or return a g # 0 (repre-
senting a separating hyperplane) such that (g,z) > (g,y) for any y € X.

e The first-order or subgradient oracle G: given x € int X (the interior of X'), return a subgradient

f'(x) of f at x, that is, f(y) > f(x)+ (f'(z),y — x) for any y.
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The time complexity of the ellipsoid method is as follows.

THEOREM EC.1. (Ben-Tal and Nemirovski 2019, Theorem 4.1.2) Let

V:maxf(x)—f*, R:Sllp”l'H,
reX reX

and v >0 be the radius of a Fuclidean ball contained in X. For any € >0, a solution x. € X
such that f(z.) < f* 4 € can be computed using no more than N(€) calls to S and G, followed
by no more than O(1)n*N(e) arithmetic operations to process the outputs of the oracles, where

N(e)=0(1)n?log (2+ LE).

Next, we use the above theorem to prove Theorem [7] We need to cast our convex program
eq:convex-prog-u(ik) into (EC.9)). We will construct polynomial-time first-order and separation ora-
cles. Furthermore, we need to ensure that (i) all variables involved have absolute values bounded
above by polynomial constants, (ii) the range of objective values is bounded by polynomial con-
stants, and (iii) the feasible region contains a Euclidean ball of with an O(e)-radius.

Let the decision variables be (w;), (wix), (W), (Six), (tix), (zix), (wir), with a total number of
O(nK). Here, the variables (u;), (us) correspond to those in (7). The variables (i, ..., @ny) are
used to describe each “normalized” set of feasible utilities ﬁk such that U, = D’“Pkf]k. Denote
the aggregate decision variable as x, which has O(nK) dimensions. The (minimization) objective

function is

f(x)= _ZBilOgui-

Next, we specify the feasible region. Recall that u; € [B;,1] for all i at equilibrium (Lemma [3)).

Hence, we can add linear constraints
min{B;,e/2} <wu; <1 (EC.10)

without affecting the optimal solution. Then, “enlarge” the feasible sets given by the constraints
by € to ensure a nonempty interior of the feasible region.

e For each i, relax the equality constraint u; =), u;, into u; <), u;, + € for all k (when there is
no tolerance €, the equality constraint can clearly be relaxed to an inequality without affecting
the optimum, since at optimality the inequality must be tight).

e For each k, (uyg,...,unk) € Uy + [0, €]™.

e For each k, for every linear constraint describing Uy = DkPkﬁk, that is, Uk (j) = Aok,
relax it into u,kjyp = Ao(j)rtjn + €.

e For each k, in the linear and quadratic constraints for Uk, add € to all linear constraints

involving w;, and z;, or w (e.g., Uiy < zi, + Wi +€).
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e For each k, relax the constraints Gy (sir, tir) = (zix, wir) (Theorem |} with the “kth” copies of

the variables and the G; matrix) into G (sik, tir) = (Zik, i) + (€, €).

e For each i and k, keep the constraints 0 < z;, <1, =1 <w;, <1, (Sik, tix) € C unchanged.
Constructing these constraints takes O(nK logn) time, where the nlogn factor is due to sorting
chk, . ,cink for each k (see Theorem. It is negligible compared to the running time of the ellipsoid
method. Now, it can be easily verified that the feasible region (described by all constraints above)
contains a Euclidean ball of radius 7 > ¢/2. The objective function is also convex and continuous
on the feasible region. Furthermore, the total number of constraints is O(nK) and each constraint
only involves a constant number of variables (except u; =), u;, which involves K variables).

Next, we bound R = max,cx ||z]|.

e Each of z;, Wik, Si, ti have absolute values < 1. There are O(nK) such variables.

e The variables #;;, have absolute values <1+ €. There are O(nK) such variables.

e The variables u;;, have absolute values <1+ ¢, since A;; = v;([ax_1,ax]) < 1. There are O(nK)

such variables.

e The variables u; have absolute values <1, as we added the constraints . There are n

such variables.
Hence, R=O(v/nK).
To bound V/, first note that

f(x) ==Y Bilogl=0.
Then, since ||B||; =1,
2
<Y Bilogmin{B,,¢/2} < ¥ Bl 2/} <log +log .
flz) < Z:leogmm{ i€/ }_Z; s logmax{k,2/e} <logk+ og6
Therefore (f* =min,cx f(z)),

2
V =max f(z) — f* <logk +log —.
reX €

Hence, the overall ratio % in the expression of the time complexity of the ellipsoid method in

Theorem [EC.1]is

— = = (EC.11)

VR O (\/nK (logﬁ—i—logf))

The two oracles. The first-order oracle is trivial: the objective function is differentiable w.r.t. u;
and a subgradient simply consists of the derivatives % This oracle takes Tg = O(n) time. Next,
we describe the separation oracle. Given a solution z° (consisting of O(nK) variables in total), it
clearly takes O(nK) time to verify whether all constraints are satisfied. Suppose not all constraints

are satisfied. There are two cases.
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e A linear constraint is violated, say, g 2° > a while g"x < a for all x € X. Then, this constraint

itself is a separating hyperplane.

e A quadratic constraint is violated, say, (six,ti) & C={(t1,t2) : 3 <t»}. By elementary calcu-

lus, the line
{(t1,t2) 1 to — 53 = (280) (11 — san) }

is tangent to the curve {(¢,ts) : t3 =t5} at the point (s;1, s%,) on the curve. Hence, it separates

C and (s, tir).
Since there are O(nK) linear and quadratic constraints in total, the separation oracle described
above takes T's = O(nK) time.

By Theorem the ellipsoid method finds a solution x. such that f(z.) — f* <e in N(e)

number of calls of the oracles and O(1)n?N(€) additional arithmetic operations, where

N(e) = O(1)(nk)?log <2 + Zf) .

Combining the above, (EC.11) and the time complexity of the oracles, the overall time complexity
for computing x. is
N(e)(Ts +Tg)+O(1)(nK)*N(e)

— N(e) (O(n) + O(nK) + O((nK)?))
o) ((nK)4 log VnK (logr +1o?) )

€

=0 ((nK)4log (EC.12)

nK log m)
€

Since the feasible region has been enlarged, the minimum f* < —z*, where z* is the true maximum
of @ Therefore, . is also e-close to the “true” minimum —z*. Furthermore, we can transform
the difference in objective value to the difference in utilities using strong convexity (where u, are

part of the solution z.):

<—ZBilogui) - (—ZBiloguf) > %HU_U*HQa

where a strong convexity modulus is ¢ = min; B; = %, since u; < 1. Therefore, for each 1,
lu; — uf| <||u—u|| < 2ek. (EC.13)

To recover a fully feasible solution (u;) such that (wig,...,un,) € Uy and >, wy > uj — €, it
suffices to “discount” z. as follows.
e Decrease each i by € (that is, i}, = max{d; — €,0}), which requires each wu;, (i = *(j))

decrease by A;ze <e to ensure u;p < Ayt + €.
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e Further decrease each u;; by € (u; = max{u; —€,0}), which makes u; decrease by at most
(K +1)e to ensure u; <>, .
We still use (u;;) to denote the processed solution according to the above “discounting” procedure.
This solution satisfies (u1,...,uns) € Uy for all k and ), uy, > u; — (K 4 1)e for all i. Combining
this with , we know that the processed solution (u;;,) approximately attains the equilibrium
utilities:

Zu“‘ >ul —2ke— (K +1)e.

?

Therefore, to ensure that ), u;, > u} — € for a given tolerance level € > 0, it suffices to replace €
which slightly degrades the time complexity in (EC.12) (due to ) and yields a final

time complexity of

by 2,.;+(3(+1)7

O ((nK)4 (log(nK) + log g)) :

To construct a pure equilibrium allocation given (u;;) is easy: for each k, since (uyg,...,Unx) €
Uy, simply run Algorithm [l on [ax_i,ax], where no sorting is required as we reuse the sorting
permutations in formulating the convex program . This produces a.e.-disjoint intervals [l;x, hix] C

[ak—1,ar] such that v;([lik, hir]) > wi. Therefore, the pure allocation O, := Uy [l;, hi] satisfies
v;(0;) > Zuik >u; — €.
k

Proof of Lemma [7]
The first half is well-known, see, e.g., Beck (2017, Theorem 3.50). In fact, by this theorem, the

subdifferential (the convex set of all subgradients) is

050(B,0) = conv {vi(ﬁ)e(i) i€ arg maxﬁivi(Q)} .

K2

For the second half, note that for any > 0, since g(5,0) € 0s¢(5,6) we have

(b(ﬁlae) _¢(679) 2 <g(/370)7ﬁl_13>7 vﬁl > 0.

Integrate w.r.t. 8 over © on both sides yield

B(8) — 6(8) > /@ (9(8,0),5' — B)do = < /e 9(8,6)d0, 8" —B>,

where the (component-wise) integral f@ 9(53,0)dl is well-defined and finite, since each component

of g(B,0) is uniformly bounded by the pointwise maximum max; v;, which is integrable:

0 <maxwv; < Zvi e L'(0).

Therefore, by the definition of subgradient,

/@ 9(8.0)d0 € 96(5).

The integral can also be written as an expectation over § ~ Unif(©), since the probability density
of Unif(©) is .55 for all § € ©.
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Proof of Theorem [l

The bounds on E||8" — 8*||> and = E||3! — 8*||? are derived directly from the proof of Xiao| (2010,
Corollary 4). Here, the regularizer ¥(3) = — ). B;log ; has domain [B,1] = [[,[B;,1]. For §; €
[B1,1], we have

2

0 B;
67/6_2(*31‘ log B;) = 2 > B;.
Hence, ¥ (and the entire objective function) is strongly convex on [B, 1] with modulus ¢ = min; B;
(c.f. Lemma (3)).
Based on Lemma [7} a subgradient can be computed as g* = g(5¢,6,) = v;,(6;) - ), where i, €

arg max 3!v;(6;) (choosing the smallest index in a tie). Hence, we have
lg']1* = Uit(et)Q < miaxvi(Ot).

Therefore,

Ellg.* < Ep[maxv;(6)’] = G.

Here, max; v; € L?(0©) since

0 <maxwv; < Zvi € L*(0).

The second half is derived in a straightforward manner from the discussion in Xiao| (2010, pp.

2559). Note that

3

G
A= %(6 +logt)

is an upper bound on the regret in iteration ¢ in an online optimization setting (Xiao|[2010, Section
3.2, Eq. (20)). The constant V' here is an upper bound on the difference between maximum and

minimum attainable objective values of (9) (across all § € ©). Since B; < 3; < 1, we have (o =

mini Bz)
and

0 < (max Biv;, 1) < <sz’, 1> =n.
Hence,

V <n-—logo.
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Proof of Theorem

Proof of Part[(a), Let U =U(v,0) be the set of feasible utilities defined in (IJ). By Lemma
we know that U is convex and compact. Hence, we can reformulate the convex program as one

involving v € R” and § € RY:

w* = sup Z(Bi logu; — 6;)
st.u—0€eU, (EC.14)
u,d € RY.

Note that w* is finite: taking u =460 = (1,...,1) € R™ gives an objective value of —n, while the
objective is bounded above by > . B;logv;(©) < co. Similar to the proof of Part @ of Theorem

let wy = —n < w* and consider the set
F= {(u,é) €ER} xR} :u—56€U, Y (Bilogu; — &) zwo}.

The set F' is convex and compact, on which the objective function is finite and continuous. Hence,

sup {Z(Bl logu; —0;) : (u,d) € F}

is attained via some (u*,0*) € F. The solution (u*,d*) is also feasible to and attains its
supremum, since F' ensures feasibility and the level set constraint ) (B;logu; — J;) > wy only
excludes suboptimal solutions with objective value < wy. Since u* € U, it can be attained by some
feasible allocation x* € (L>*(0)4)", > . x; < 1. Finally, Lemma [1| also ensures that u* € U can be
attained by a pure solution x*, x7 = 1, for a.e.-disjoint subsets ©; C ©.

Proof of Partl@l Note that, for any fixed 8 € R}, setting p = max; 3;v; minimizes the objective of
(DqLec]) subject to the constraints p > 3;v;, Vi. Hence, we can rewrite (Dqurg)) in terms of 3 € R},
which is a finite-dimensional convex program with a finite, strongly convex objective function (c.f.
Part @ of Theorem . The proof of Lemma implies that there is a unique optimal solution
B* of , which means an optimal solution (p*,5*) must satisfy p* = max; 5;v; a.e.

Before proving the next parts, we first establish weak duality.

Weak duality. Similar to the proof of Lemma |2 for any (z,u,d) feasible to (Pqirc| and any
(p, B) feasible to (Dorra)),

Z(Bilogui—fsi)SZ(BilOgUi Zﬁz u; — (v, ;) — ;) — <p7zﬂfi—1>
<Z:<leog65 > ZBl(ﬁ)z waz - 1) <p’zxz_1>
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Z 5+Z Bivi —p,x ZBlogB +ZB (log B; — 1)

ZB logﬁﬂrZB log B; — 1), (EC.15)

where the second inequality is because u; = % maximizes (u; — B;logu; — f;u;) and the other

inequalities easily follow from the feasibility assumptions on (z,u,d) and (p,3). Let the supremum
of (Pqrecl) be z* and the infimum of (Dqprc|) be w*. Then, the above inequalities imply

2 <w* —i—ZBi(logBZ- -1).

Strong duality and proof of Part . We list the KKT conditions again for convenience.

<p*,1—2xj>=o, (EC.16)

u; = E vi, (EC.17)
B;

5:(1—B:) =0, Vi, (EC.18)

(p" = Bivi, i) =0, Vi (EC.19)

Both primal and dual optima (z* and w*) are attained, by (z*,6*) and (p*,3*), respectively, if
and only if the inequalities in are all tight. When this happens, the first inequality being
tight implies , the second inequality being tight implies , the last inequality being
tight implies and . Conversely, for feasible solutions (z*,d*) and (p*, 3*), the set
of conditions imply that all inequalities in are tight, which ensure that both optima are
attained.

The following two paragraphs complete the proof of Part @

Optimality = QLME. Given optimal solutions (z*,u*,d§*) and (p*, 5*) of (Pqrec) and (Dorrc)),

respectively, by the above analysis, the KKT conditions (EC.16)-(EC.19) hold. Hence, market
clearance (EC.16|) holds. For any z; € L>(©), such that (p*,z;) < B;, we need to show that

(v; —p*,xf) > (v; — p*, x;). There are two cases.

e Suppose [ =1. Then, (EC.19)) implies an equilibrium utility of zero:
(vi—p",27) = (Bivi —p", x7) + (L= 57 ){vi, 7) = (1 = B ) (v, 7) = 0.

Since p* > Bfv;, we have

(Vi =" 25) < (v = Bivi, 25) = (1= B} )(vi, ;) = 0= (v; — p*, x7).
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o If 5 <1, then, (EC.18)) implies 67 = 0. By the constraint u; < (v;, ;) +J; in (PoLrc|), we must
have

u; = (v,a7).
Using p* > Bfv; (feasibility w.r.t. ), we have
B (viy i) < (", i) < Bi = Biuj = (vi, i) Suj = (i, 27).
Hence,
(vi = p*, ) < (vi = By, @) = (1= B7) (i, @) < (1= B ) (i, 27) = (vi —p", 27) :U?LEQa

where the last equality is due to (EC.19)).
Therefore, (z*,p*) is a QLME.

QLME = optimality. Let (z*,p*) be a QLME. Then,
z” € argmax {(v; — p*, ;) : (p*, ;) < B, 2, € L7(0) 4 }.

For each i, construct 8*, u* and §* as follows.
o If (p*,x}) < B, then, by the above analysis, (v;,z;) = (p*,z}). Set 5 =1, uf = B; and §; =
uf — (v, z7) > 0.
o If (p*,27) = B;, then

(v —p*,xf) >0 = (v, z]) > (p*,zf)y = B; > 0.

Set u; = (v;,x), 07 =0, and B = % = (vfsif} <1.
Finally, set p* = max; 8}v;. In this way, we have (z*,u*,0*) feasible to and (p*, 5*) feasible
to that satisfy (EC.16)-(EC.19) (where (EC.16|) is due to the market clearance property
of QLME and the other three are easily verified through our construction of £*, u* and §*).
Hence, they make all inequalities in tight and are both optimal to (PqLrc|) and (Dovrc)),

respectively.

EC.2. More details on the numerical examples

Linear v;. The buyers’ budgets are B = (B, B, B3, B;) = (0.1,0.3,0.2,0.4). Buyers have linear
valuations v; with intercepts d = (1.2,0.6,0.3,1.9), which give ¢ = (—0.4,0.8,1.4,—1.8) since v;
are normalized. The descending order of buyers by d; is o = (4,1,2,3), that is, buyer 4 should
be allocated first (from left to right), and then buyer 1, and so on. Solving the convex program
(7) (with only K =1 subinterval being the entire interval [0,1]) yields equilibrium utilities u* =
(0.1241,0.3688,0.2834,0.5814). To partition [0,1] into n intervals, first find a} € [0,1] such that
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v3([0,a3]) = % (a})® + dsa; = uj (since o(1) =3, i.e., ds is the largest and buyer 3 should get the
leftmost interval); solving the quadratic equation gives a} = 0.3713 (this is the “cut” operation
introduced in Subsection [4.1]). Next, find aj € [a},1] such that v;([a],a}]) =uj = a} =0.4921
(0(2) =1). Similarly, 0(3) =2, v2([a3,a3]) =u; = aj =0.8199. Figure [2|illustrates the equilibrium
B* (as in Bfv;) and prices p* = max; 5} v;, where the breakpoints of p* are precisely a!. The allocation
is as follows: buyer 1 gets the second interval [ly, k] = [0.3713,0.4921] (since o(1) =2), buyer 2 gets
the third interval [lo, ho] = [0.4921,0.8199], buyer 3 gets the fourth interval [l3, hs] = [0.8199,1.0]
and buyer 4 gets the first interval [l4, hy] = [0.0,0.3713]. Since all v; are distinct, it is also the unique
pure equilibrium allocation. As illustrated in Figure 2| the interval of buyer i is in fact its winning

set, i.e., [l;,h;] = {p* = Bfv;}, where
B =B;/u; = [*=(0.8058,0.8135,0.7057,0.6880).

To verify that the primal solution (z*,p*), ] = 1, 5,] is indeed a ME, it suffices to verify that
x; = 1e, (the pure allocation) and p*, 3* satisfy the conditions in Corollary |3, Alternatively, by
Theorem 2] we can also verify that the duality gap is zero, i.e., the primal and dual objective values
are equal, after adding back the constant ||Blj; —)_, B;log B; to the dual objective (the
constant is defined in Lemma. When computing the objective value of , the term (p*,1) =

p*([0,1]) can be decomposed, according to the pure equilibrium allocation given by ©; = [l;, h;], as
(p",1)= Zﬁfvi([lnhi]) = Z/Bfuf-
Piecewise linear v;. Here, we generate random budgets
B = (B,, By, By, By) = (0.2270,0.2584, 0.2642, 0.2505)

and random piecewise linear coefficients ¢y, d;; such that v;(0) = ¢;.0 + di > 0 for 0 € [ay_1,ax],
i € [n], k € [K]. Here, a; are the breakpoints of the predefined intervals corresponding to the linear

pieces of v;. The values of ay, ¢;i, d;, are as follows:

a=(ag,a,as,a3) =(0,0.3741,0.8147, 1),
1.2887 1.6253 —0.4692

— (en) = —1.2494 —0.2604 —0.1476

€= Ck) =1 _0.4802 —1.7084 1.1019 |’
—0.0501 2.5419 1.2096

1.9391 —0.2972 1.3209
0.4674 0.4864 0.1476
0.4137 1.3919 —0.0462
0.4262 0.6464 0.8471



ec2

Reformulating and solving the convex program yield u* = (u},) as follows (e.g., the amount

of utility buyer 3 receives from its allocation of interval [a;,as] is uj, =0.0191):

0.5845 0.0000 0.0000
«__ 10.0454 0.0579 0.0000
0.0000 0.0191 0.1767
0.0000 0.6089 0.0000

Then, we partition each [a;_1,a;] among the buyers as follows.

e For k=1, since the buyers are sorted as o' = (2, 3,4, 1) in descending order of dlk, where diyk =
(0.8894,2.0,1.2771.022), they also get intervals from the left ag =0 to right a; = 0.3741 in this
order. For buyer 2, l;; = 0 (the left endpoint of the subinterval of buyer 2 in interval [ag, a;]) and
v2([0, ha1]) =ul; = hay =0.1148. For buyer 3, since u}; =0, l3; = h3; = ho; = 0.1148. The same
is true for buyer 4. Buyer 1 gets [l11, h11] = [0.1148,1], which gives v; ([l11, h11]) = 0.5845 = uj;.

e For k =2, the order is o = (3,2,4,1); buyer 3 gets [l32, hza] = [0.3741,0.4001] with utility
uj3, = 0.0579, buyer 2 gets [lag, hoo] = [0.4001, 0.5604] with utility uj, = 0.0191, buyer 4 gets
[l42, haa] = [0.5604, 0.8147] with utility u}, = 0.6089, buyer 1 gets nothing.

e For k =3, the order is 0 = (2,1, 4, 3); only buyer 4 gets the entire interval, [l43, hys] = [as, 1] =
[0.8147, 1] with utility u}; = 0.1767. Similarly, we can also verify that it is a pure ME by either

Corollary [3] or showing zero duality gap as in the linear example above.



