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Technical Appendix

EC.1. Proofs

Proof of Lemma 1

First, we state a lemma due to Dvoretzky et al. (1951, Theorems 1 and 4). Here, we assume that

there is an underlying σ-algebra M on Θ induced by the measure µ. Recall that a measure is a

countably additive set function mapping each measurable set in M to a nonnegative real number;

a function f on Θ is measurable if, for any c∈R, it holds that {f < c}= {θ ∈Θ : f(θ)< c} ∈M.

Lemma EC.1. Let µi be finite measures on Θ, i∈m. Let

X =

{
(x1, . . . , xp) :

∑
j

xj = 1, a.e., each xj is a nonnegative measurable function on Θ

}
,

S = {(Θ1, . . . ,Θp)∈Mp : Θi ∩Θj = ∅ for all i ̸= j, ∪iΘi =Θ} .

Define

U =

{
u∈Rm×p : uij =

∫
Θ

xjdµi, (x1, . . . , xp)∈X
}
,

U ′ =
{
u∈Rm×p : uij = µi(Θj), (Θ1, . . . ,Θp)∈ S

}
.

The set U is convex and compact. Furthermore, if each µi is atomless, then, U ′ = U .

Next, we prove Lemma 1. Define

Ū =

{
u∈Rn×(n+1) : uij = ⟨vi, xj⟩, (i, j)∈ [n]× [n+1], xi ∈L∞(Θ)+,

n+1∑
i=1

xi = 1

}
and

Ū ′ =
{
u∈Rn×(n+1) : uij = vi(Θj), (i, j)∈ [n]× [n+1], Θi ⊆Θ are measurable and a.e.-disjoint

}
.

By Lemma EC.1 (taking m= n and p= n+ 1), we know that Ū is a convex and compact set in

Rn(n+1). Therefore, its Euclidean projection onto the n dimensions corresponding to uii, which is

U , is also convex and compact in Rn. Furthermore, when the item space measure µ is atomless, so

are the valuations vi. Hence, by Lemma EC.1, Ū = Ū ′ and therefore U =U ′.

Proof of Theorem 1

Proof Part (a). By Lemma 1, the set U = U(v,Θ) ⊆ Rn
+ is convex and compact. Let ρ(u) =

−
∑

iBi logui. Taking u
0
i = ⟨vi,1/n⟩= 1

n
vi(Θ) for all i ensures u0 ∈ U and ρ(u0) is finite. Since

ui ≤ ⟨vi,1⟩= vi(Θ)<∞
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for all u∈U , we have ∑
i

Bi logui ≤M :=
∑
i

Bi log vi(Θ)<∞.

Hence, there exists ϵ > 0 sufficiently small such that, for u∈ U , if some ui ≤ ϵ, then

ρ(u)≥−Bi log ϵ−M >ρ(u0).

In fact, it suffices to have −Bi log ϵ > ρ(u
∗)+M for all i, or simply

ϵ < e
− ρ(u0)+M

∥B∥∞ .

Hence, removing all u∈U such that mini ui < ϵ does not affect the infimum of ρ over U , that is,

inf
u∈U

ρ(u) = inf
u∈U :u≥ϵ

ρ(u).

Since {u∈U : u≥ ϵ} is compact (as a closed subset of the compact set U) and ρ is continuous on it,

by the extreme value theorem, there exists a minimizer u∗ ∈U (such that u≥ ϵ). By the definition

of U ′, there exists x∗ such that x∗
i = 1Θi

(where Θi are disjoint measurable subsets of Θ) and

u∗
i = ⟨vi, x∗

i ⟩= vi(Θi).

Finally, if supiΘi ⊊Θ, then assign Θ \ (∪iΘi) to buyer 1, that is, augment Θ1 so that supiΘi =Θ.

This does not affect
∑

i xi ≤ 1, nor does it affect optimality (since vi(S) ≤ vi(T ) if S ⊆ T ⊆ Θ,

all sets measurable). In fact, Θ0 := Θ \ (∪iΘi) corresponds to the subset on which all buyers have

valuation 0 a.e.

Proof of Part (b). See Lemma EC.2 below.

Lemma EC.2. The infimum of (2) is attained via a unique minimizer β∗ > 0. The optimal solution

(p∗, β∗) of (DEG) has a unique β∗ and satisfies p∗ =maxi β
∗
i vi a.e.

Proof. Denote the objective function of (2) as ψ(β). Notice that

max
i
βivi ≤

∑
i

βivi

and therefore

0≤
〈
max

i
βivi,1

〉
≤
∑
i

βi⟨vi,1⟩, ∀β > 0.

For any λ∈ [0,1], β,β′ ∈Rn
+, θ ∈Θ,

max
i

(λβi +(1−λ)β′
i)vi(θ)≤ λmax

i
βivi(θ)+ (1−λ)max

i
β′
ivi(θ).

Therefore, 〈
max

i
(λβi +(1−λ)β′

i)vi,1
〉
≤ λmax

i
⟨βivi,1⟩+(1−λ)⟨max

i
β′
ivi,1⟩.
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In other words, the function

β 7→
〈
max

i
βivi,1

〉
is convex. Since β 7→ −

∑
iBi logβi is strictly convex on Rn

++, we know that ψ is real-valued, strictly

convex and hence also continuous on Rd
++. Furthermore, for any i, when βi → 0 or βi →∞, we have

ψ(β)→∞. Hence, for β0 = (1, . . . ,1)> 0, there exists 0<
¯
β < β̄ <∞ such that

β /∈ [
¯
β, β̄]⇒ψ(β)>ψ(β0).

Therefore, we can restrict β inside a closed interval without affecting the infimum:

inf
β∈Rn

+

ψ(β) = inf
β∈[

¯
β,β̄]

ψ(β).

The right-hand side is the infimum of a continuous function on a compact set. Therefore, the

infimum is attained at some β∗ ∈ [
¯
β, β̄]. Clearly, β∗ > 0. It is unique since ψ is strictly convex on

[
¯
β, β̄].

Finally, when solving (DEG), for any fixed β, the objective is clearly minimized at p=maxi βivi ∈

L1(Θ)+. Therefore, we can eliminate p in this way and obtain (2). In other words, for the optimal

solution β∗ of (2), setting p∗ := maxi β
∗
i vi gives an optimal solution (p∗, β∗) of (DEG), which is

(a.e.) unique.

Tighter bounds for the optimal solution β∗ are given in Lemma 3. Q.E.D.

Proof of Part (c). See Theorem 2.

Proof of Lemma 2

Proof of Part (a) (weak duality). Introduce new variables u= (ui)∈Rn
+ and rewrite (PEG) into

z∗ = sup
x∈(L∞(Θ)+)n, u∈Rn

+

∑
i

Bi logui

s.t. ui ≤ ⟨vi, xi⟩,∑
i

xi ≤ 1.

(EC.1)

Let (x,u) be a feasible to (EC.1) and (p,β) be a feasible solution of (DEG). Using the feasibility

assumptions, we have βi(ui −⟨vi, xi⟩)≤ 0 and ⟨p,
∑

i xi −1⟩ ≤ 0. Hence,

∑
i

Bi logui ≤
∑
i

Bi logui −
∑
i

βi(ui −⟨vi, xi⟩)−

〈
p,
∑
i

xi −1

〉
=
∑
i

(Bi logui −βiui)−
∑
i

⟨p−βivi, xi⟩+ ⟨p,1⟩

≤
∑
i

(
Bi log

Bi

βi

−βi

Bi

βi

)
−
∑
i

⟨p−βivi, xi⟩+ ⟨p,1⟩
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≤
∑
i

(Bi logBi −Bi)+ ⟨p,1⟩−
∑
i

Bi logβi

= ⟨p,1⟩−
∑
i

Bi logβi −C, (EC.2)

where the second inequality is because ui =
Bi
βi

maximizes the concave function

ui 7→Bi logui −βiui

and the third inequality is because p≥ βivi a.e. for all i. Taking supremum on the left and infimum

on the right yields

C + z∗ ≤w∗.

Proof of Part (b). Suppose x∗ is feasible to (PEG) and attains z∗; (p∗, β∗) is feasible to (DEG)

and attains w∗. Then, (x∗, u∗), where u∗
i := ⟨vi, x∗

i ⟩, is feasible to (EC.1). Note that C + z∗ = w∗

if and only if all inequalities in (EC.2) are tight (with x = x∗, u = u∗, p = p∗, β = β∗). The first

inequality being tight implies (3), i.e.,〈
p∗,1−

∑
i

x∗
i

〉
= 0.

The second inequality being tight implies (4), i.e.,

u∗ =
Bi

β∗
i

.

The third inequality being tight implies (5), i.e.,

⟨p∗ −β∗
i vi, x

∗
i ⟩= 0, ∀ i.

Conversely, let x∗ and (p∗, β∗) be feasible to (PEG) and (DEG), respectively. Then, (x
∗, u∗), where

u∗
i := ⟨vi, x∗

i ⟩ is feasible to (EC.1). If they satisfy (3)-(5), then all inequalities in (EC.2) are tight.

Hence, both x∗ and (p∗, β∗) must be optimal.

Proof of Theorem 2

Optimal solutions ⇒ ME. We first show the forward direction. Let x∗ and (p∗, β∗) be optimal

solutions of (PEG) and (DEG), respectively. By Lemma 2, they satisfy (3)-(5). Here, (3) gives

market clearance. It remains to verify buyer optimality and budget depletion, i.e., x∗
i ∈Di(p

∗) and

⟨p∗, x∗
i ⟩=Bi. To this end, for each i, by (4) and (5),

⟨p∗, x∗
i ⟩= β∗

i ⟨vi, x∗
i ⟩=Bi.
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In words, x∗
i depletes buyer i’s budget Bi and the utility buyer i receives is

⟨vi, x∗
i ⟩=

Bi

β∗
i

.

Consider any xi ∈L∞(Θ)+ such that ⟨p∗, xi⟩ ≤Bi. Feasibility of (p∗, β∗) implies p∗ ≥ β∗
i vi. Then,

⟨vi, xi⟩ ≤
1

β∗
i

⟨p∗, xi⟩ ≤
Bi

β∗
i

= ⟨vi, x∗
i ⟩.

Therefore,

x∗
i ∈Di(p

∗).

Hence, (x∗, p∗) is a ME, where buyer i’s equilibrium utility is clearly u∗
i := ⟨vi, x∗

i ⟩=
Bi
β∗
i
.

ME ⇒ Optimal solutions. Conversely, let (x∗, p∗) be a ME and β∗
i := Bi

u∗
i
, where u∗

i := ⟨vi, x∗
i ⟩.

We first check that (p∗, β∗) is feasible to (DEG). For any i, suppose there exists a measurable set

A⊆Θ such that p∗(A)<β∗
i vi(A). Then, consider the allocation xi =

Bi
p∗(A)

·1A. We have

⟨p∗, xi⟩=Bi

and

⟨vi, xi⟩=Bi ·
vi(A)

p∗(A)
>
Bi

β∗
i

= u∗
i = ⟨vi, x∗

i ⟩,

which contradicts to buyer optimality x∗
i ∈Di(p

∗). Therefore, we must have

p∗ ≥ β∗
i vi a.e., ∀ i.

Thus, (p∗, β∗) is feasible to (DEG). We know that x∗ is feasible to (PEG), since ME already requires∑
i x

∗
i ≤ 1. Furthermore, by the choices of x∗ and (p∗, β∗), they satisfy (3)-(5). Therefore, by

Lemma 2, they must be optimal to (PEG) and (DEG), respectively.

Proof of Corollary 1

Since (x∗, p∗) is a ME, by Theorem 2, x∗ and (p∗, β∗) (where β∗
i = Bi

u∗
i
, u∗

i = ⟨vi, x∗
i ⟩) are optimal

solutions of (PEG) and (DEG), respectively. By Lemma 2, the KKT conditions (3)-(5) holds.

Proof of Corollary 2

Let (p̃∗, β̃∗) be the (a.e.-unique) optimal solution of (DEG). Since u
∗
i are the equilibrium utilities,

by Lemma 2, β̃∗
i =

Bi
u∗
i
for all i. Hence, β̃∗ = β∗ and therefore p̃=maxi β

∗
i vi a.e. Lemma 2 ensures

that they satisfy (3)-(5). Then, since {Θi} is a pure allocation, we have Θi = {p∗ = β∗
i vi} a.e. (i.e.,

the symmetric difference of Θi and {p∗ = β∗
i vi} has measure zero). Therefore, on each Θi, we must

have p∗ = β∗
i vi ≥ β∗

j vj a.e. for any j ̸= i. Using this fact, we have

p∗(A) =
∑
i

p∗(A∩Θi) =
∑
i

β∗
i vi(A∩Θi)

for any measurable set A⊆Θ.
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Proof of Corollary 3

If {Θi} is a (pure) equilibrium allocation, then, by Theorem 2, p∗ =maxi β
∗
i vi is the equilibrium

prices. By Corollary 1, ⟨p∗ −β∗
i vi, x

∗
i ⟩= 0, where x∗

i = 1Θi
. In other words, p∗ = β∗

i vi on Θi. Corol-

lary 1 also implies (3), i.e., ⟨p∗,1−
∑

i x
∗
i ⟩= 0. Since 1−

∑
i x

∗
i = 1Θ0

, where Θ \ (∪iΘi), we have

p∗(Θ0) = 0.

Conversely, if {Θi} and β∗, p∗ satisfy the said conditions, we can also verify similarly that (3)-(5)

holds. Since {Θi} is feasible to (PEG) and (p∗, β∗), by the construction, is feasible to (DEG), by

Part (b) Lemma 2, they are both optimal to (PEG) and (DEG), respectively. Hence, by Theorem 2,

{Θi} is an equilibrium allocation.

Proof of Theorem 3

Pareto optimality. Since x∗ is an equilibrium allocation, by Theorem 2, it is also an optimal

solution of (PEG). If there exists x̃∈ (L∞(Θ)+)
n,
∑

i x̃i ≤ 1 such that ⟨vi, x̃i⟩ ≥ ⟨vi, x∗
i ⟩ for all i and

at least one inequality is strict, then∑
i

Bi log⟨vi, x̃i⟩>
∑
i

Bi log⟨vi, x∗
i ⟩,

i.e., x∗ is not an optimal solution of (PEG), a contradiction. Therefore, x∗ is Pareto optimal.

Envy-freeness. For any j ̸= i, since ⟨p∗, x∗
i ⟩=Bi (Theorem 2) and ⟨p∗, x∗

j ⟩=Bj, we have〈
p∗,

Bi

Bj

x∗
j

〉
=Bi.

Since x∗
i ∈Di(p

∗) and Bi
Bj
x∗
j ≥ 0, we have

⟨vi, x∗
i ⟩ ≥

〈
vi,

Bi

Bj

x∗
j

〉
⇒ ⟨vi, x∗

i ⟩
Bi

≥
⟨vi, x∗

j ⟩
Bj

.

Therefore, x∗ is envy-free.

Proportionality. By the market clearance condition of ME, we have

p∗(Θ) = ⟨p∗,1⟩=
∑
i

⟨p∗, x∗
i ⟩= ∥B∥1.

Therefore, for each buyer i, it holds that〈
p∗,

Bi

∥B∥1
1

〉
=

Bi

∥B∥1
p∗(Θ) =

Bi

∥B∥1
=Bi.

In other words, buyer i can afford the bundle Bi
∥B∥1

1. Hence, its equilibrium utility must be at least〈
vi,

Bi

∥B∥1
1

〉
=

Bi

∥B∥1
vi(Θ).
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Proof of Lemma 3

By the characterization of p∗ in Corollary 2, clearly,

p∗(Θ) =
∑
i

p∗(Θi) =
∑
i

Bi = ∥B∥1,

where {Θi} is a pure equilibrium allocation. Clearly, we have

u∗
i = ⟨vi, x∗

i ⟩ ≤ vi(Θ) = 1.

On the other hand, since {Θi} is an equilibrium allocation, it is proportional (Theorem 3), that is,

Bi
∥B∥1

1 is a budget-feasible allocation for buyer i. Hence,

u∗
i ≥
〈
vi,

Bi

∥B∥1
1

〉
=

Bi

∥B∥1
vi(Θ) =

Bi

∥B∥1
.

The bounds on β∗
i =

Bi
u∗
i
follow immediately.

Proof of Lemma 4

Since β∗
i vi are linear, the equilibrium price vector p∗ = maxi β

∗
i vi is a piecewise linear function

with at most n pieces. Each linear piece has a support interval corresponding to the “winning

set” of a buyer {p∗ = β∗
i vi}. Since all vi are linear, normalized and distinct, there is no tie, i.e.,

no i ̸= j such that β∗
i vi = β∗

j vi on a set of positive measure (otherwise we must have vi = vj on

[0,1]). Since Bi > 0 for all i, each buyer must receive a positive equilibrium utility u∗
i > 0. Hence, p∗

consists of exactly n linear pieces and each buyer must get a nonempty interval as its equilibrium

allocation in order to receive a positive equilibrium utility (Lemma 3). Let the breakpoints of p∗

be a∗0 = 0< a∗1 < · · ·< a∗n = 1, which are clearly unique since β∗ is unique (Lemma EC.2). Hence,

there exists a (unique) permutation σ of [n] such that {p∗ = β∗
i vi}= [a∗σ(i)−1, a

∗
σ(i)] for all i (every

buyer gets exactly one of the n nonempty intervals).

We show that σ must be the identity map σ(i) = i. In other words, at equilibrium, the entire

interval is divided into n intervals; these intervals are allocated to buyers 1, . . . , n from left to right,

respectively. To see this, first note that any β∗
i vi and β

∗
j vj, i < j, must intersect on [0,1] (otherwise

one of them is completely dominated by the other, which means p∗ = maxi β
∗
i vi cannot have n

pieces and one of the buyers can only receive a zero-measure set at equilibrium, a contradiction to

the fact that each buyer gets a positive equilibrium utility u∗
i > 0). Since vi, vj are linear and a

∗
k are

breakpoints of p∗ =maxℓ β
∗
ℓ vℓ, we want to show that β∗

i vi(0)> β∗
j vj(0), which will imply that, at

equilibrium, the interval for i is on the left of the interval for j. Suppose β∗
i vi(0)≤ β∗

j vj(0), which

implies β∗
i di ≤ β∗

j dj. By Assumption 1, di >dj, which implies β∗
i <β

∗
j . Furthermore,

vi(1) = ci + di = 2− di < 2− dj = vj(1).
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Hence,

β∗
i vi(1)<β

∗
j vj(1).

In other words, β∗
i vi <β

∗
j vj on (0,1] and buyer i gets zero utility, a contradiction. Therefore, each

interval [a∗i−1, a
∗
i ] is precisely the “winning set” {p∗ = β∗

i vi} of buyer i. by Assumption 1, we have

vi > 0 on (0,1) for all i, which implies p∗ > 0 on (0,1) (since β∗
i ≥Bi > 0 for all i, by Lemma 3).

Therefore, by the market clearance condition of ME, every buyer must be allocated all of its winning

set [a∗i−1, a
∗
i ] (except possibly the endpoints, which have measure zero). Therefore, Θi = [a∗i−1, a

∗
i ],

i∈ [n] is the unique pure equilibrium allocation.

Proof of Lemma 5

Assume u◦
i > 0 for all i. If this does not hold, remove the buyers with u◦

i = 0, assign them zero

budgets Bi = 0 and consider the market without these buyers. Since u◦ is on the Pareto frontier,

we know that (1+ δ)u◦ /∈U for any δ > 0. Hence, u◦ is on the boundary of the convex compact set

U . By the supporting hyperplane theorem, there exists β◦ ∈Rn such that

⟨β◦, u◦⟩= 1 and ⟨β◦, u⟩ ≤ 1, ∀u∈U. (EC.3)

We can verify that β◦
i ≥ 0 for all i: otherwise, if β◦

i < 0 for some i, decreasing u◦
i > 0 makes

⟨β◦, u◦⟩> 1 while ensuring u◦ ∈U , which contradicts (EC.3).

By Lemma 1, there exists a pure allocation {Θi} such that u◦
i = vi(Θi) for all i. W.l.o.g., assume

that ∪iΘi =Θ a.e. Define p◦ as

p◦(θ) =
∑
i

β◦
i vi(θ)1Θi

(θ).

In other words, for θ ∈Θi, p
◦(θ) = β◦

i vi(θ). Clearly, p
◦ ∈L1(Θ)+ (since each vi ∈L1(Θ)+ and β◦ ≥ 0)

and, for any measurable set A⊆Θ,

p◦(A) =
∑
i

β◦
i vi(A∩Θi).

Next, we show that p◦ =maxi β
◦
i vi a.e. It suffices to show that β◦

i vi ≥ β◦
j vj on each Θi for any

j ̸= i. Suppose not, i.e., there exists a measurable set A⊆Θj such that, for ℓ ̸= j,

β◦
j vj(A)<β

◦
ℓ vℓ(A).

Remove the set A from Θj and give it to buyer ℓ instead, i.e., Θ′
j =Θj \A, Θ′

ℓ =Θℓ ∪A, Θ′
i =Θi

for all i /∈ {j, ℓ}. Clearly, {Θ′
i} is still a feasible (pure) allocation. However, its utilities u′

i = vi(Θ
′
i)

satisfy ∑
i

β◦
i u

′
i =
∑
i

β◦
i u

◦
i −β◦

j vj(A)+β◦
ℓ vℓ(A)> ⟨β◦, u◦⟩,
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which contradicts (EC.3). Hence,

p◦ =max
i
β◦
i vi a.e.

Now, we are ready to show that ({Θi}, p◦) is a ME for buyers with budgets Bi = β◦
i u

◦. Market

clearance is satisfied since we assume ∪iΘi =Θ almost everywhere. To verify buyer optimality, note

that for each i and any xi ∈L∞(Θ)+ such that ⟨p◦, xi⟩ ≤Bi = β◦u◦
i , we have

β◦
i vi ≤max

i
β◦
i vi = p◦ a.e.,

which implies

β◦
i ⟨vi, xi⟩ ≤ ⟨p◦, xi⟩ ≤Bi ⇒ ⟨vi, xi⟩ ≤ u◦

i = vi(Θi).

Hence, ({Θi}, p◦) is a ME under budgets Bi and u◦
i = vi(Θi) are the corresponding equilibrium

utilities.

Proof of Lemma 6

Denote U =U(v, [0,1]). Assume w.l.o.g. that all ui > 0: otherwise, simply remove the buyers with

ui = 0 and set ai−1 = ai in the final partition, i.e., giving an empty interval to this buyer.

The case of distinct di. We prove this case and show that the general case with some di being

identical follows easily. Let u◦ ∈ U be a Pareto optimal utility vector such that u◦ ≥ u (by the

definition of Pareto optimality, such u◦ exists). By Lemma 5, there exists B◦
i > 0, i∈ [n] such that

u◦
i are the equilibrium utilities of buyers with budgets B◦

i and valuations vi. By Lemma 4, there

exists

a◦0 = 0<a◦1 < · · ·<a◦n = 1

such that Θ◦
i = [a◦i−1, a

◦
i ], i∈ [n] is the unique equilibrium allocation under budgets B◦

i . Let a0 = 0.

Let a1 ≤ a∗1 be such that vi([a0, a1]) = ui. Such a1 exists because (i) a1 7→ vi([0, a1]) =
c1
2
· a21 + d1a1

is continuous and strictly increasing and (ii) vi([0, a
◦
1]) = u◦

i . Inductively, there exist ai ≤ a◦i such

that vi([ai−1, ai]) = ui for all i∈ [n]. Here, for simplicity, always take an = 1 regardless of the value

of un, which ensures vn([an−1, an])≥ vn([a
◦
n−1,1]) = u◦

n ≥ un (since an−1 ≤ a◦n−1).

Handling identical valuations vi = vj (di = dj), i ̸= j. In fact, the above procedure easily extend

to the case of some intercepts di being equal. We can merge the buyer with the same di, where

the “aggregate buyer” I ⊆ [n] has the same valuation vI = vi, i∈ I, budget BI =
∑

iBi and “target

utility value” UI =
∑

i ui. After merging all identical buyers, (uI) is still a set of feasible utilities

given (distinct) valuations vI , i.e., (uI) ∈ U((vI), [0,1]). By the above case, we can partition [0,1]

into intervals, each for one aggregate buyer I. Let buyer I receives interval [lI , hI ] ⊆ [0,1] such

that vi([lI , hI ]) = uI . Since vI is linear, we can easily find breakpoints li, hi on [lI , hI ] via “cut”

operations such that

vi([li, hi]) = ui, i∈ I.

This is because all buyers i∈ I share the same valuation vi = vI .
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Proof of Theorem 4

Define a0 = 0 and an = 1. By Lemma 6, for any u ∈ U = U(v, [0,1]), there exists 0 ≤ a1 ≤ · · · ≤

an−1 ≤ 1 such that

ui ≤ ūi :=
ci
2
(a2i − a2i−1)+ di(ai − ai−1), i∈ [n]. (EC.4)

For any 0≤ a1, . . . , an−1 ≤ 1, since vi ≥ 0 on [0,1], we have

a1 ≤ · · · ≤ an−1 ⇔ ūi ≥ 0, i∈ [n].

Hence, u∈U is equivalent to the following constraints involving auxiliary variables ai:

u≥ 0,

ui ≤
ci
2
(a2i − a2i−1)+ di(ai − ai−1), i∈ [n],

0≤ ai ≤ 1, i∈ [n− 1].

Note that

ci
2
(a2i − a2i−1)+ di(ai − ai−1) =

(ci
2
a2i + diai

)
−
(ci
2
a2i−1 + diai−1

)
, i∈ [n].

Consider auxiliary variables zi ≤ ci
2
a2i + diai and wi ≤ −(

ci+1

2
a2i + di+1ai), i ∈ [n− 1]. The above

inequalities are equivalent to

u≥ 0,

u1 ≤ z1,

ui ≤ zi +wi−1, i= 2, . . . , n− 1,

un ≤ 1+wn−1,

zi ≤
ci
2
a2i + diai, wi ≤−ci+1

2
a2i − di+1ai, i∈ [n− 1],

0≤ ai ≤ 1, i∈ [n− 1].

(EC.5)

Since ai ∈ [0,1], di ∈ [0,2], ci
2
+ di = 1 for all i, we have

ci
2
a2i + diai ∈ [0,1],

− ci+1

2
a2i − di+1ai ∈ [−1,0],(ci

2
a2i + diai

)
+
(
−ci+1

2
a2i − di+1ai

)
= (di+1 − di)(a

2
i − ai)≥ 0,

(EC.6)

where the last inequality is because di ≥ di+1,
ci
2
+di = 1 (for all i∈ [n]) and ai ∈ [0,1]⇒ a2i −ai ≤ 0.

By the first two inequalities in (EC.6), we can add additional constraints

0≤ zi ≤ 1, −1≤wi ≤ 0, zi +wi ≥ 0, i∈ [n− 1]
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Figure EC.1 An illustration of the set Si for (zi,wi), which is the region bounded by (i) the line segment between

(0,0) and (1,−1) and (ii) the arc Γi (part of a quadratic curve) on the top-right of it. In this figure,

we use d1 = 1.5, d2 = 0.8. When di+1 = di, the region becomes the line segment itself.

to the inequalities in (EC.5) without affecting the feasible region of u. Next, for each i, consider

the set Si of (zi,wi) satisfying the following inequalities together with some ai:

zi ≤
ci
2
a2i + diai, wi ≤−ci+1

2
a2i − di+1ai, ai ∈ [0,1],

0≤ zi ≤ 1, −1≤wi ≤ 0, zi +wi ≥ 0. (EC.7)

When di = di+1 ∈ [0,2], the parametric curve

Γi =

{[
ci
2
α2 + diα

− ci+1

2
α2 − di+1α

]
: α∈ [0,1]

}
,

is simply the line segment (0,0) to (1,−1). Together with the last inequality in (EC.7), we know

that

Si = {(zi,wi)∈ [0,1]× [−1,0] : zi +wi = 0}

is the same line segment as well.

When di >di+1, Γi is part of a quadratic curve connecting (0,0) and (1,−1). By the last inequality

in (EC.6) (with di+1 − di < 0 and 0< ai < 1), Γi lies on the top-right of the line segment between

the two points. In this case, the set Si is the region between zi = 0, wi =−1 and Γi. See Figure EC.1

for an illustration. Let the entire curve be

Γ̄i :=

{[
ci
2
α2 + diα

− ci+1

2
α2 − di+1α

]
: α∈R

}
.

It is a parabola, since it is the image of the standard parabola {(α,α2) : α ∈ R} under a linear

transformation given by Gi:

Gi

[
α
α2

]
=

[
ci
2
α2 + diα

− ci+1

2
α2 − di+1α

]
.
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Hence, the convex hull conv (Γ̄i)—the set of convex combinations of any finite number of points on

Γ̄i—is also the image of the epigraph of the standard parabola C = conv({(α,α2) : α ∈R}) under

the same linear transformation. By the convexity of conv (Γ̄i), we have

Si = conv(Γ̄i)∩Ti,

where

Ti = {(zi,wi) : zi ∈ [0,1], wi ∈ [−1,0], zi +wi ≥ 0} .

Therefore, the set Si can be represented by the linear constraints in Ti and (zi,wi) ∈ GiC. The

latter can be expanded with two additional variables si, ti:

Gi

[
si
ti

]
=

[
zi
wi

]
,

[
si
ti

]
∈ C.

Note that the above hold for both di+1 = di and di+1 >di (if di+1 = di, then Gi maps the parabola

{(t1, t21) : t1 ∈ R} into the straight line {(zi,wi) : zi +wi = 0} and the above characterization still

works). Substituting this and the constraints in Ti into (EC.5), we obtain the desired set of con-

straints that characterize u∈U(v, [0,1]).

Note that we do not need to include zi+wi ≥ 0 in the final set of constraints: this is the same as

enlarging Si to contain (zi,wi) such that zi +wi < 0, (zi,wi)∈ [0,1]× [−1,0], (zi,wi)∈GiC. Doing

so not affect the feasible region of u.

Finally, we can also easily verify that Si is the image under linear transformation Gi of the

convex hull of the parabola segment C0 = {(si, s2i ) : si ∈ [0,1]}:

conv (C0) = {0≤ si ≤ 1, 0≤ ti ≤ 1, s2i ≤ ti}.

Hence, the set of constraints (in particular, zi +wi ≥ 0 and (zi,wi)∈ [0,1]× [−1,0]) imply

0≤ si, ti ≤ 1.

Proof of Theorem 5

Consider ṽi(θ) = (h− l)2ciθ + (h− l)(cil+ di), θ ∈ [0,1] and φ(θ) = θ−l
h−l

. For any [a, b] ⊆ [l, h], we

have

ṽi([φ(a),φ(b)]) =
(h− l)2ci

2

(
(b− l)2

(h− l)2
− (a− l)2

(h− l)2

)
+(h− l)(cil+ di)

(
b− l

h− l
− a− l

h− l

)
= (b− a)

(ci
2
(a+ b)+ di

)
= vi([a, b]).

Therefore, for any u∈Rn
+ such that ui = vi([li, hi]) for a.e.-disjoint intervals [li, ui]⊆ [l, u], we have

ui = ṽi([φ(li),φ(hi)]), i∈ [n]
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and [φ(li),φ(hi)]⊆ [0,1] are also a.e.-disjoint intervals. Let c̃i = (h− l)2ci and d̃i = (h− l)(cil+ di).

By Lemma 6, we have

U(v, [l, h]) =

{
u∈Rn

+ : ui = ⟨vi, xi⟩, xi ∈L∞([l, h])+, i∈ [n],
∑
i

xi ≤ 1

}
=
{
u∈Rn

+ : ui = vi([li, hi]) for a.e. disjoint [li, hi]⊆ [l, h], i∈ [n]
}

=
{
u∈Rn

+ : ui = ṽi([l̃i, h̃i]) for a.e. disjoint [l̃i, h̃i]⊆ [0,1], i∈ [n]
}

=

{
u∈Rn

+ : ui = ⟨ṽi, xi⟩, xi ∈L1([0,1])+, i∈ [n],
∑
i

xi ≤ 1

}
=U(ṽ, [0,1]).

Furthermore, let v̂i = ṽi/∥ṽi∥, where

∥ṽi∥= ṽi([0,1]) =
(l−h)2ci

2
+ (l−h)(cil+ di) = Λi.

The coefficients of v̂i are ĉi = c̃i/∥ṽi∥ and d̂i = d̃i/∥ṽi∥, which are the same as defined in the theorem

statement. Then,

U(ṽ, [0,1]) =DU(v̂, [0,1]) = {Dû : û∈U(v̂, [0,1])} ,

where D ∈Rn×n is a diagonal matrix with Dii = ∥ṽi∥=Λi. Let P ∈ {0,1}n×n be the permutation

matrix defined in the theorem statement. Then,

U(v̂, [0,1]) = PU(v̂σ, [0,1]),

since permutation does not affect the feasibility of x. By Theorem 4, U(v̂σ, [0,1]) can be represented

by O(n) linear and quadratic constraints using O(n) auxiliary variables. Therefore,

U(v, [l, u]) =U(ṽ, [0,1]) =DPU(v̂σ, [0,1])

can also be represented by O(n) linear and quadratic constraints using O(n) auxiliary variables.

Proof of Theorem 6

First, by Lemma 1, each Uk is convex and compact. W.l.o.g., Assume not all vi are 0 on [ak−1, ak]

(otherwise, Uk = {0} is a singleton of the n-dimensional zero vector, and we can remove this k in

all summations in the following analysis). For any u∈U(v, [0,1]), there exists x∈L∞([0,1])n+ such

that ui = ⟨vi, xi⟩. Let xik be the restriction of xi on [ak−1, ak] and uik = ⟨vi, xik⟩. Clearly, this makes

the objective value of (7) at (uik) equal to that of (PEG) at x. Conversely, for any (uik) feasible

to (7), we can also find x feasible to (PEG) that attains the same objective value. Therefore, (7)

and (PEG) have the same optimal objective value. In particular, the supremum of (7) is attained
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at some (u∗
ik). By the Pareto optimality of (u∗

i )∈U(v, [0,1]) (where u∗
i are the unique equilibrium

utilities), an optimal solution (u∗
ik) of (7) must satisfy u∗

i =
∑

k u
∗
ik for all i.

By Theorems 4 and 5, each Uk can be represented by O(n) variables and O(n) (linear and

quadratic) constraints (if some vi is zero on [ak−1, ak], i.e., vi([ak−1, ak]) = 0, simply remove it from

the set of buyers on this interval when representing the set Uk). The set C is the image of an

transformation of the second-order cone L:

(t1, t2)∈ C ⇔ t21 ≤ t2 ⇔

√(
1− t2
2

)2

+ t21 ≤
1+ t2
2

⇔
(
1+ t2
2

,
1− t2
2

, t1

)
∈L.

For any ui > 0,

− logui = min
qi≥− logui

qi = min
eqi≤ui

(−qi) = min
(ui,1,qi)∈E

−qi. (EC.8)

In this way, introducing auxiliary variables si, ti, ui, i∈ [n] the objective max
∑

iBi log (
∑

k uik) can

be written as −min−
∑

iBiqi, with additional (linear and exponential cone) constraints

ui =
∑

k uik,

(ui,1, qi)∈ E ,

}
i∈ [n].

Combining the above analysis, we arrive at the overall convex conic reformulation involving only

linear and (convex) conic constraints. Recall that i and k are indices of buyers and linear segments

of their valuations, respectively.

min −
∑
i

Biqi

s.t.

(ui,1, qi)∈ E , q′i = 1,

ui =
∑

k uik,

uσk(i)k =Λσk(i)kûik,

 ∀ i∈ [n],

û1k ≤ z1k,

ûik ≤ zik +wi−1,k, ∀ i= 2, . . . , n− 1,

ûnk ≤ 1+wnk,

Gik(sik, tik) = (zik,wik),
(
1+tik

2
, 1−tik

2
, sik

)
∈L,

0≤ zik ≤ 1, −1≤wik ≤ 0, zik +wik ≥ 0, ∀ i∈ [n],


∀k ∈ [K].

(CP)

In the above, the first group of constraints involving objective transformation, decomposition of

buyers’ utilities and scaling of them over subintervals.The second group represents (û1k, . . . , ûnk)∈
U(v̂k, [0,1]), where U(v̂k, [0,1]) is the “standardized” version of Uk as described in Theorem 5. To

complete the proof, we calculate the number of each type of variables in the final reformulation (8)

below.
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• The exponential cone variables are (qi, q
′
i, ui) ∈ E , i ∈ [n] (with additional linear constraint

q′i = 1). Hence, n3 =O(n).

• For each (sik, tik), there is a second-order cone L (involving 3 conic variables, t′ik = 1+tik
2

,

t′′ik =
1−tik

2
and sik). Hence, n2 =O(nK).

• The linear cone (nonnegative) variables are uik, ûik, i∈ [n], k ∈ [K], (zik,w
′
ik), i∈ [n− 1], k ∈

[K] (w′
ik =−w′

ik ≥ 0) and nonnegative auxiliary variables added to transform the O(nK) linear

inequality constraints (in the second group of constraints in (CP)) into equality constraints.

Hence, n1 =O(nK).

• The linear equality constraints (which form “Ax= b” in the standard form (8)) are those above

in (CP) plus additional ones involving auxiliary conic variables: q′′i = 1, t′ik =
1+tik

2
, t′′ik =

1−tik
2

.

Hence, m=O(nK).

• It can be easily verified that, each of the linear constraints in (CP) (except the linear con-

straints ui =
∑

k uik, k ∈ [K]), involve only a constant number of variables. In particular, the

linear equality constraints of Uk =DkP kÛk (i.e., last equality constraint in the first group of

constraints in (CP)) only consist of (n) nonzeros, since Dk and P k are diagonal and permu-

tation matrices, respectively. Hence, the total number of nonzeros in all linear constraints is

also O(nK).

By (EC.8), we know that the minimum f∗ of (8) is −z∗. Finally, the above reformulation does

not affect feasible region of the variables (ui) and (uik). Hence, in the optimal solution of the

reformulation (8), these variables correspond to an optimal solution (u∗
ik) of (7).

Proof of Theorem 7

The ellipsoid method for convex optimization. First, we describe the ellipsoid method for convex

optimization (Shor 1977, Nemirovski and Yudin 1976, Yudin and Nemirovski 1976, Nemirovski and

Yudin 1977). We refer the readers to the survey (Bland et al. 1981) for the history of development of

ellipsoid methods and further references. Here, we adopt the exposition in (Ben-Tal and Nemirovski

2019). Consider the following generic convex program (Ben-Tal and Nemirovski 2019, Section 4.1.4):

f∗ :=min
x
f(x) s.t. x∈X (EC.9)

where f is convex and continuous (and hence subdifferentiable) on a compact region X ⊆ Rn.

Assume we have access to the following oracles:

• The separation oracle S: given any x ∈ Rn, either report x ∈ intX or return a g ̸= 0 (repre-

senting a separating hyperplane) such that ⟨g,x⟩ ≥ ⟨g, y⟩ for any y ∈X.

• The first-order or subgradient oracle G: given x∈ intX (the interior ofX), return a subgradient

f ′(x) of f at x, that is, f(y)≥ f(x)+ ⟨f ′(x), y−x⟩ for any y.
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The time complexity of the ellipsoid method is as follows.

Theorem EC.1. (Ben-Tal and Nemirovski 2019, Theorem 4.1.2) Let

V =max
x∈X

f(x)− f∗, R= sup
x∈X

∥x∥,

and r > 0 be the radius of a Euclidean ball contained in X. For any ϵ > 0, a solution xϵ ∈ X

such that f(xϵ) ≤ f∗ + ϵ can be computed using no more than N(ϵ) calls to S and G, followed

by no more than O(1)n2N(ϵ) arithmetic operations to process the outputs of the oracles, where

N(ϵ) =O(1)n2 log
(
2+ V R

ϵr

)
.

Next, we use the above theorem to prove Theorem 7. We need to cast our convex program

eq:convex-prog-u(ik) into (EC.9). We will construct polynomial-time first-order and separation ora-

cles. Furthermore, we need to ensure that (i) all variables involved have absolute values bounded

above by polynomial constants, (ii) the range of objective values is bounded by polynomial con-

stants, and (iii) the feasible region contains a Euclidean ball of with an O(ϵ)-radius.

Let the decision variables be (ui), (uik), (ûik), (sik), (tik), (zik), (wik), with a total number of

O(nK). Here, the variables (ui), (uik) correspond to those in (7). The variables (û1k, . . . , ûnk) are

used to describe each “normalized” set of feasible utilities Ûk such that Uk = DkP kÛk. Denote

the aggregate decision variable as x, which has O(nK) dimensions. The (minimization) objective

function is

f(x) =−
∑
i

Bi logui.

Next, we specify the feasible region. Recall that u∗
i ∈ [Bi,1] for all i at equilibrium (Lemma 3).

Hence, we can add linear constraints

min{Bi, ϵ/2} ≤ ui ≤ 1 (EC.10)

without affecting the optimal solution. Then, “enlarge” the feasible sets given by the constraints

by ϵ to ensure a nonempty interior of the feasible region.

• For each i, relax the equality constraint ui =
∑

k uik into ui ≤
∑

k uik+ϵ for all k (when there is

no tolerance ϵ, the equality constraint can clearly be relaxed to an inequality without affecting

the optimum, since at optimality the inequality must be tight).

• For each k, (u1k, . . . , unk)∈Uk + [0, ϵ]n.

• For each k, for every linear constraint describing Uk =DkP kÛk, that is, uσk(j)k = Λσ(j)kûjk,

relax it into uσk(j)k =Λσ(j)kûjk + ϵ.

• For each k, in the linear and quadratic constraints for Ûk, add ϵ to all linear constraints

involving ûik and zik or wik (e.g., ûik ≤ zik +wi−1,k + ϵ).
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• For each k, relax the constraints Gik(sik, tik) = (zik,wik) (Theorem 4, with the “kth” copies of

the variables and the Gi matrix) into Gik(sik, tik) = (zik,wik)+ (ϵ, ϵ).

• For each i and k, keep the constraints 0≤ zik ≤ 1, −1≤wik ≤ 1, (sik, tik)∈ C unchanged.

Constructing these constraints takes O(nK logn) time, where the n logn factor is due to sorting

d̂1k, . . . , d̂nk for each k (see Theorem 5). It is negligible compared to the running time of the ellipsoid

method. Now, it can be easily verified that the feasible region (described by all constraints above)

contains a Euclidean ball of radius r ≥ ϵ/2. The objective function is also convex and continuous

on the feasible region. Furthermore, the total number of constraints is O(nK) and each constraint

only involves a constant number of variables (except ui =
∑

k uik which involves K variables).

Next, we bound R=maxx∈X ∥x∥.

• Each of zik, wik, sik, tik have absolute values ≤ 1. There are O(nK) such variables.

• The variables ûik have absolute values ≤ 1+ ϵ. There are O(nK) such variables.

• The variables uik have absolute values ≤ 1+ ϵ, since Λik = vi([ak−1, ak])≤ 1. There are O(nK)

such variables.

• The variables ui have absolute values ≤ 1, as we added the constraints (EC.10). There are n

such variables.

Hence, R=O(
√
nK).

To bound V , first note that

f(x)≥−
∑
i

Bi log 1 = 0.

Then, since ∥B∥1 = 1,

f(x)≤−
∑
i

Bi logmin{Bi, ϵ/2} ≤
∑
i

Bi logmax{κ,2/ϵ} ≤ logκ+ log
2

ϵ
.

Therefore (f∗ =minx∈X f(x)),

V =max
x∈X

f(x)− f∗ ≤ logκ+ log
2

ϵ
.

Hence, the overall ratio V R
ϵr

in the expression of the time complexity of the ellipsoid method in

Theorem EC.1 is

V R

ϵr
=O

(√
nK

(
logκ+ log 2

ϵ

)
ϵ2

)
. (EC.11)

The two oracles. The first-order oracle is trivial: the objective function is differentiable w.r.t. ui

and a subgradient simply consists of the derivatives Bi
ui
. This oracle takes TG =O(n) time. Next,

we describe the separation oracle. Given a solution x0 (consisting of O(nK) variables in total), it

clearly takes O(nK) time to verify whether all constraints are satisfied. Suppose not all constraints

are satisfied. There are two cases.
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• A linear constraint is violated, say, g⊤x0 >a while g⊤x≤ a for all x∈X. Then, this constraint

itself is a separating hyperplane.

• A quadratic constraint is violated, say, (sik, tik) /∈ C = {(t1, t2) : t21 ≤ t2}. By elementary calcu-

lus, the line

{(t1, t2) : t2 − s2ik = (2sik)(t1 − sik)}

is tangent to the curve {(t1, t2) : t21 = t2} at the point (sik, s
2
ik) on the curve. Hence, it separates

C and (sik, tik).

Since there are O(nK) linear and quadratic constraints in total, the separation oracle described

above takes TS =O(nK) time.

By Theorem EC.1, the ellipsoid method finds a solution xϵ such that f(xϵ)− f∗ ≤ ϵ in N(ϵ)

number of calls of the oracles and O(1)n2N(ϵ) additional arithmetic operations, where

N(ϵ) =O(1)(nK)2 log

(
2+

V R

ϵr

)
.

Combining the above, (EC.11) and the time complexity of the oracles, the overall time complexity

for computing xϵ is

N(ϵ)(TS +TG)+O(1)(nK)2N(ϵ)

=N(ϵ)
(
O(n)+O(nK)+O((nK)2)

)
=O

(
(nK)4 log

√
nK

(
logκ+ log 2

ϵ

)
ϵ

)

=O

(
(nK)4 log

nK logκ

ϵ

)
. (EC.12)

Since the feasible region has been enlarged, the minimum f∗ ≤−z∗, where z∗ is the true maximum

of (7). Therefore, xϵ is also ϵ-close to the “true” minimum −z∗. Furthermore, we can transform

the difference in objective value to the difference in utilities using strong convexity (where ui are

part of the solution xϵ):(
−
∑
i

Bi logui

)
−

(
−
∑
i

Bi logu
∗
i

)
≥ σ

2
∥u−u∗∥2,

where a strong convexity modulus is σ=miniBi =
1
κ
, since ui ≤ 1. Therefore, for each i,

|ui −u∗
i | ≤ ∥u−u∗∥ ≤ 2ϵκ. (EC.13)

To recover a fully feasible solution (uik) such that (u1k, . . . , unk) ∈ Uk and
∑

k uik ≥ u∗
i − ϵ, it

suffices to “discount” xϵ as follows.

• Decrease each ûik by ϵ (that is, û′
ik = max{ûik − ϵ,0}), which requires each uik (i = σk(j))

decrease by Λikϵ≤ ϵ to ensure uik ≤Λikûjk + ϵ.
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• Further decrease each uik by ϵ (uik =max{uik − ϵ,0}), which makes ui decrease by at most

(K +1)ϵ to ensure ui ≤
∑

k uik.

We still use (uik) to denote the processed solution according to the above “discounting” procedure.

This solution satisfies (u1k, . . . , unk) ∈Uk for all k and
∑

k uik ≥ ui − (K +1)ϵ for all i. Combining

this with (EC.13), we know that the processed solution (uik) approximately attains the equilibrium

utilities: ∑
i

uik ≥ u∗
i − 2κϵ− (K +1)ϵ.

Therefore, to ensure that
∑

k uik ≥ u∗
i − ϵ for a given tolerance level ϵ > 0, it suffices to replace ϵ

by ϵ
2κ+(K+1)

, which slightly degrades the time complexity in (EC.12) (due to κ) and yields a final

time complexity of

O
(
(nK)4

(
log(nK)+ log

κ

ϵ

))
.

To construct a pure equilibrium allocation given (uik) is easy: for each k, since (u1k, . . . , unK) ∈
Uk, simply run Algorithm 1 on [ak−1, ak], where no sorting is required as we reuse the sorting

permutations in formulating the convex program (7). This produces a.e.-disjoint intervals [lik, hik]⊆
[ak−1, ak] such that vi([lik, hik])≥ uik. Therefore, the pure allocation Θi :=∪k[lik, hik] satisfies

vi(Θi)≥
∑
k

uik ≥ u∗
i − ϵ.

Proof of Lemma 7

The first half is well-known, see, e.g., Beck (2017, Theorem 3.50). In fact, by this theorem, the

subdifferential (the convex set of all subgradients) is

∂βϕ(β, θ) = conv

{
vi(θ)e

(i) : i∈ argmax
i

βivi(θ)

}
.

For the second half, note that for any β > 0, since g(β, θ)∈ ∂θϕ(β, θ) we have

ϕ(β′, θ)−ϕ(β, θ)≥ ⟨g(β, θ), β′ −β⟩, ∀β′ > 0.

Integrate w.r.t. θ over Θ on both sides yield

ϕ(β′)−ϕ(β)≥
∫
Θ

⟨g(β, θ), β′ −β⟩dθ=
〈∫

Θ

g(β, θ)dθ,β′ −β

〉
,

where the (component-wise) integral
∫
Θ
g(β, θ)dθ is well-defined and finite, since each component

of g(β, θ) is uniformly bounded by the pointwise maximum maxi vi, which is integrable:

0≤max
i
vi ≤

∑
i

vi ∈L1(Θ).

Therefore, by the definition of subgradient,∫
Θ

g(β, θ)dθ ∈ ∂ϕ(β).

The integral can also be written as an expectation over θ∼Unif(Θ), since the probability density

of Unif(Θ) is 1
µ(Θ)

for all θ ∈Θ.
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Proof of Theorem 8

The bounds on E∥βt −β∗∥2 and = E∥β̃t −β∗∥2 are derived directly from the proof of Xiao (2010,

Corollary 4). Here, the regularizer Ψ(β) = −
∑

iBi logβi has domain [B,1] =
∏

i[Bi,1]. For βi ∈

[B1,1], we have

∂2

∂β2
i

(−Bi logβi) =
Bi

β2
i

≥Bi.

Hence, Ψ (and the entire objective function) is strongly convex on [B,1] with modulus σ=miniBi

(c.f. Lemma 3).

Based on Lemma 7, a subgradient can be computed as gt = g(βt, θt) = vit(θt) · e(it), where it ∈

argmaxβt
ivi(θt) (choosing the smallest index in a tie). Hence, we have

∥gt∥2 = vit(θt)
2 ≤max

i
vi(θt).

Therefore,

E∥gt∥2 ≤Eθ[max
i
vi(θ)

2] =G2.

Here, maxi vi ∈L2(Θ) since

0≤max
i
vi ≤

∑
i

vi ∈L2(Θ).

The second half is derived in a straightforward manner from the discussion in Xiao (2010, pp.

2559). Note that

∆t =
G3

2σ
(6+ log t)

is an upper bound on the regret in iteration t in an online optimization setting (Xiao 2010, Section

3.2, Eq. (20)). The constant V here is an upper bound on the difference between maximum and

minimum attainable objective values of (9) (across all θ ∈ Θ). Since Bi ≤ βi ≤ 1, we have (σ =

miniBi)

0≥
∑
i

Bi logβi ≥
∑
i

Bi logBi ≥ logσ

and

0≤ ⟨max
i
βivi,1⟩ ≤

〈∑
i

vi,1

〉
= n.

Hence,

V ≤ n− logσ.
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Proof of Theorem 9

Proof of Part (a). Let U = U(v,Θ) be the set of feasible utilities defined in (1). By Lemma 1,

we know that U is convex and compact. Hence, we can reformulate the convex program as one

involving u∈Rn
+ and δ ∈Rn

+:

w∗ = sup
∑
i

(Bi logui − δi)

s.t. u− δ ∈U,

u, δ ∈Rn
+.

(EC.14)

Note that w∗ is finite: taking u = δ = (1, . . . ,1) ∈ Rn gives an objective value of −n, while the

objective is bounded above by
∑

iBi log vi(Θ)<∞. Similar to the proof of Part (a) of Theorem 1,

let w0 =−n≤w∗ and consider the set

F =

{
(u, δ)∈Rn

+ ×Rn
+ : u− δ ∈U,

∑
i

(Bi logui − δi)≥w0

}
.

The set F is convex and compact, on which the objective function is finite and continuous. Hence,

sup

{∑
i

(Bi logui − δi) : (u, δ)∈ F

}

is attained via some (u∗, δ∗) ∈ F . The solution (u∗, δ∗) is also feasible to (EC.14) and attains its

supremum, since F ensures feasibility and the level set constraint
∑

i(Bi logui − δi) ≥ w0 only

excludes suboptimal solutions with objective value <w0. Since u
∗ ∈U , it can be attained by some

feasible allocation x∗ ∈ (L∞(Θ)+)
n,
∑

i x
∗
i ≤ 1. Finally, Lemma 1 also ensures that u∗ ∈ U can be

attained by a pure solution x∗, x∗
i = 1Θi

for a.e.-disjoint subsets Θi ⊆Θ.

Proof of Part (b) Note that, for any fixed β ∈Rn
+, setting p=maxi βivi minimizes the objective of

(DQLEG) subject to the constraints p≥ βivi, ∀ i. Hence, we can rewrite (DQLEG) in terms of β ∈Rn
+,

which is a finite-dimensional convex program with a finite, strongly convex objective function (c.f.

Part (b) of Theorem 1). The proof of Lemma EC.2 implies that there is a unique optimal solution

β∗ of (DQLEG), which means an optimal solution (p∗, β∗) must satisfy p∗ =maxi β
∗
i vi a.e.

Before proving the next parts, we first establish weak duality.

Weak duality. Similar to the proof of Lemma 2, for any (x,u, δ) feasible to (PQLEG) and any

(p,β) feasible to (DQLEG),

∑
i

(Bi logui − δi)≤
∑
i

(Bi logui − δi)−
∑
i

βi(ui −⟨vi, xi⟩− δi)−

〈
p,
∑
i

xi −1

〉

≤
∑
i

(
Bi log

Bi

βi

− δi

)
−
∑
i

βi

(
Bi

βi

−⟨vi, xi⟩− δi

)
−

〈
p,
∑
i

xi −1

〉
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=
∑
i

(βi − 1)δi +
∑
i

⟨βivi − p,xi⟩+ ⟨p,1⟩−
∑
i

Bi logβi +
∑
i

Bi(logBi − 1)

≤ ⟨p,1⟩−
∑
i

Bi logβi +
∑
i

Bi(logBi − 1), (EC.15)

where the second inequality is because ui =
Bi
βi

maximizes (ui 7→ Bi logui − βiui) and the other

inequalities easily follow from the feasibility assumptions on (x,u, δ) and (p,β). Let the supremum

of (PQLEG) be z
∗ and the infimum of (DQLEG) be w

∗. Then, the above inequalities imply

z∗ ≤w∗ +
∑
i

Bi(logBi − 1).

Strong duality and proof of Part (c). We list the KKT conditions again for convenience.〈
p∗,1−

∑
i

x∗
i

〉
= 0, (EC.16)

u∗
i :=

Bi

β∗
i

, ∀ i, (EC.17)

δ∗i (1−β∗
i ) = 0, ∀ i, (EC.18)

⟨p∗ −β∗
i vi, x

∗
i ⟩= 0, ∀ i. (EC.19)

Both primal and dual optima (z∗ and w∗) are attained, by (x∗, δ∗) and (p∗, β∗), respectively, if

and only if the inequalities in (EC.15) are all tight. When this happens, the first inequality being

tight implies (EC.16), the second inequality being tight implies (EC.17), the last inequality being

tight implies (EC.18) and (EC.19). Conversely, for feasible solutions (x∗, δ∗) and (p∗, β∗), the set

of conditions imply that all inequalities in (EC.15) are tight, which ensure that both optima are

attained.

The following two paragraphs complete the proof of Part (d).

Optimality ⇒ QLME. Given optimal solutions (x∗, u∗, δ∗) and (p∗, β∗) of (PQLEG) and (DQLEG),

respectively, by the above analysis, the KKT conditions (EC.16)-(EC.19) hold. Hence, market

clearance (EC.16) holds. For any xi ∈ L∞(Θ)+ such that ⟨p∗, xi⟩ ≤ Bi, we need to show that

⟨vi − p∗, x∗
i ⟩ ≥ ⟨vi − p∗, xi⟩. There are two cases.

• Suppose β∗
i = 1. Then, (EC.19) implies an equilibrium utility of zero:

⟨vi − p∗, x∗
i ⟩= ⟨β∗

i vi − p∗, x∗
i ⟩+(1−β∗

i )⟨vi, x∗
i ⟩= (1−β∗

i )⟨vi, x∗
i ⟩= 0.

Since p∗ ≥ β∗
i vi, we have

⟨vi − p∗, xi⟩ ≤ ⟨vi −β∗
i vi, xi⟩= (1−β∗

i )⟨vi, xi⟩= 0= ⟨vi − p∗, x∗
i ⟩.
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• If β∗
i < 1, then, (EC.18) implies δ∗i = 0. By the constraint ui ≤ ⟨vi, xi⟩+δi in (PQLEG), we must

have

u∗
i = ⟨vi, x∗

i ⟩.

Using p∗ ≥ β∗
i vi (feasibility w.r.t. (DQLEG)), we have

β∗⟨vi, xi⟩ ≤ ⟨p∗, xi⟩ ≤Bi = β∗
i u

∗
i ⇒ ⟨vi, xi⟩ ≤ u∗

i = ⟨vi, x∗
i ⟩.

Hence,

⟨vi − p∗, xi⟩ ≤ ⟨vi −β∗
i vi, xi⟩= (1−β∗

i )⟨vi, xi⟩ ≤ (1−β∗
i )⟨vi, x∗

i ⟩= ⟨vi − p∗, x∗
i ⟩= uQLEQ

i ,

where the last equality is due to (EC.19).

Therefore, (x∗, p∗) is a QLME.

QLME ⇒ optimality. Let (x∗, p∗) be a QLME. Then,

x∗ ∈ argmax{⟨vi − p∗, xi⟩ : ⟨p∗, xi⟩ ≤Bi, xi ∈L∞(Θ)+} .

For each i, construct β∗, u∗ and δ∗ as follows.

• If ⟨p∗, x∗
i ⟩<Bi, then, by the above analysis, ⟨vi, x∗

i ⟩= ⟨p∗, x∗
i ⟩. Set β∗

i = 1, u∗
i =Bi and δ

∗
i =

u∗
i −⟨vi, x∗

i ⟩> 0.

• If ⟨p∗, x∗
i ⟩=Bi, then

⟨vi − p∗, x∗
i ⟩ ≥ 0 ⇒ ⟨vi, x∗

i ⟩ ≥ ⟨p∗, x∗
i ⟩=Bi > 0.

Set u∗
i = ⟨vi, x∗

i ⟩, δ∗i = 0, and β∗
i =

Bi
u∗
i
= Bi

⟨vi,x∗i ⟩
≤ 1.

Finally, set p∗ =maxi β
∗
i vi. In this way, we have (x∗, u∗, δ∗) feasible to (PQLEG) and (p∗, β∗) feasible

to (DQLEG) that satisfy (EC.16)-(EC.19) (where (EC.16) is due to the market clearance property

of QLME and the other three are easily verified through our construction of β∗, u∗ and δ∗).

Hence, they make all inequalities in (EC.15) tight and are both optimal to (PQLEG) and (DQLEG),

respectively.

EC.2. More details on the numerical examples

Linear vi. The buyers’ budgets are B = (B1,B2,B3,B4) = (0.1,0.3,0.2,0.4). Buyers have linear

valuations vi with intercepts d = (1.2,0.6,0.3,1.9), which give c = (−0.4,0.8,1.4,−1.8) since vi

are normalized. The descending order of buyers by di is σ = (4,1,2,3), that is, buyer 4 should

be allocated first (from left to right), and then buyer 1, and so on. Solving the convex program

(7) (with only K = 1 subinterval being the entire interval [0,1]) yields equilibrium utilities u∗ =

(0.1241,0.3688,0.2834,0.5814). To partition [0,1] into n intervals, first find a∗1 ∈ [0,1] such that
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v3([0, a
∗
1]) =

c3
2
(a∗1)

2 + d3a
∗
1 = u∗

1 (since σ(1) = 3, i.e., d3 is the largest and buyer 3 should get the

leftmost interval); solving the quadratic equation gives a∗1 = 0.3713 (this is the “cut” operation

introduced in Subsection 4.1). Next, find a∗2 ∈ [a∗1,1] such that v1([a
∗
1, a

∗
2]) = u∗

2 ⇒ a∗2 = 0.4921

(σ(2) = 1). Similarly, σ(3) = 2, v2([a
∗
2, a

∗
3]) = u∗

2 ⇒ a∗3 = 0.8199. Figure 2 illustrates the equilibrium

β∗ (as in β∗
i vi) and prices p∗ =maxi β

∗
i vi, where the breakpoints of p

∗ are precisely a∗i . The allocation

is as follows: buyer 1 gets the second interval [l1, h1] = [0.3713,0.4921] (since σ(1) = 2), buyer 2 gets

the third interval [l2, h2] = [0.4921,0.8199], buyer 3 gets the fourth interval [l3, h3] = [0.8199,1.0]

and buyer 4 gets the first interval [l4, h4] = [0.0,0.3713]. Since all vi are distinct, it is also the unique

pure equilibrium allocation. As illustrated in Figure 2, the interval of buyer i is in fact its winning

set, i.e., [li, hi] = {p∗ = β∗
i vi}, where

β∗
i =Bi/u

∗
i ⇒ β∗ = (0.8058,0.8135,0.7057,0.6880).

To verify that the primal solution (x∗, p∗), x∗
i = 1[li,hi] is indeed a ME, it suffices to verify that

x∗
i = 1Θi

(the pure allocation) and p∗, β∗ satisfy the conditions in Corollary 3. Alternatively, by

Theorem 2, we can also verify that the duality gap is zero, i.e., the primal and dual objective values

are equal, after adding back the constant ∥B∥1 −
∑

iBi logBi to the dual objective (DEG) (the

constant is defined in Lemma 2). When computing the objective value of (DEG), the term ⟨p∗,1⟩=

p∗([0,1]) can be decomposed, according to the pure equilibrium allocation given by Θi = [li, hi], as

⟨p∗,1⟩=
∑
i

β∗
i vi([li, hi]) =

∑
i

β∗
i u

∗
i .

Piecewise linear vi. Here, we generate random budgets

B = (B1,B2,B3,B4) = (0.2270,0.2584,0.2642,0.2505)

and random piecewise linear coefficients cik, dik such that vi(θ) = cikθ+ dik ≥ 0 for θ ∈ [ak−1, ak],

i∈ [n], k ∈ [K]. Here, ak are the breakpoints of the predefined intervals corresponding to the linear

pieces of vi. The values of ak, cik, dik are as follows:

a= (a0, a1, a2, a3) = (0,0.3741,0.8147,1),

c= (cik) =

 1.2887 1.6253 −0.4692
−1.2494 −0.2604 −0.1476
−0.4802 −1.7084 1.1019
−0.0501 2.5419 1.2096

 ,

d= (dik) =

1.9391 −0.2972 1.3209
0.4674 0.4864 0.1476
0.4137 1.3919 −0.0462
0.4262 0.6464 0.8471

 .
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Reformulating and solving the convex program (7) yield u∗ = (u∗
ik) as follows (e.g., the amount

of utility buyer 3 receives from its allocation of interval [a1, a2] is u
∗
32 = 0.0191):

u∗ =

0.5845 0.0000 0.0000
0.0454 0.0579 0.0000
0.0000 0.0191 0.1767
0.0000 0.6089 0.0000

 .
Then, we partition each [ak−1, ak] among the buyers as follows.

• For k= 1, since the buyers are sorted as σ1 = (2,3,4,1) in descending order of d̂1k, where d̂:,k =

(0.8894,2.0,1.2771.022), they also get intervals from the left a0 = 0 to right a1 = 0.3741 in this

order. For buyer 2, l21 = 0 (the left endpoint of the subinterval of buyer 2 in interval [a0, a1]) and

v2([0, h21]) = u∗
21 ⇒ h21 = 0.1148. For buyer 3, since u∗

31 = 0, l31 = h31 = h21 = 0.1148. The same

is true for buyer 4. Buyer 1 gets [l11, h11] = [0.1148,1], which gives v1([l11, h11]) = 0.5845 = u∗
11.

• For k = 2, the order is σk = (3,2,4,1); buyer 3 gets [l32, h32] = [0.3741,0.4001] with utility

u∗
32 = 0.0579, buyer 2 gets [l22, h22] = [0.4001,0.5604] with utility u∗

22 = 0.0191, buyer 4 gets

[l42, h42] = [0.5604,0.8147] with utility u∗
42 = 0.6089, buyer 1 gets nothing.

• For k= 3, the order is σ3 = (2,1,4,3); only buyer 4 gets the entire interval, [l43, h43] = [a2,1] =

[0.8147,1] with utility u∗
43 = 0.1767. Similarly, we can also verify that it is a pure ME by either

Corollary 3 or showing zero duality gap as in the linear example above.


