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Proofs of Technical Lemmas

EC.1. Proof of Proposition 2
The proof of Proposition 2 makes use of the following lemmas.

LEMMA EC.1 (Berry-Esseen Theorem; see, e.g., (Korolev and Shevtsova 2010)). Let
X1,Xs,... be independent and identically distributed random wvariables such that E[X,] = 0,
E[X?]=02>0 and E[|X,|*] < 8% < occ. For n>1, define

Xi+...+X,
ov/n

and let F,(x) =P[S, <z be its cdf. Let ¢p(x) be the cdf of a standard normal distribution. For any

S, =

x and any n>1, it holds
0.3444533 4 0.16844
vn '

LEMMA EC.2. Let >0 and recall the notation ¢,;(pn) =P(Po(p) > j), where Po(u) is a Poisson

[Fu(2) — o(z)| <

random variable of parameter p and j is a nonnegative integer. Denote by ¢ the cdf of a standard

normal. We have

oo (2)- 2

In particular, for A > 20,
Paj2-1(22/3) > 0.7

Proof. We can write Po(u) = ZZ 1 P, where P;,i=1,...,u are independent Poisson random

variables with parameter p/[p] <1. Let X; = P, — £ we have that E[X;] =0, E[X?] = u/[u], and

W
E[X?] = u/[p]. From this, we have that

g

(1]
¥ (1) = B(Po(u) > j) = P (Z(Pz‘ ~E[P))>j - u)
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Using Lemma EC.1 and the fact that E[|.X;|*] = 7 <1, we have that for any =,

0.55
1— Frp(z)| = |1 = o(@)|| < | () — ¢(2)] < ——,
[ i (@) = L= @ ()| < [Fr () — ()] Al

which implies 1 — Fj,(z) >1— ¢(z) — 22= and so,

vardl

%(u)zl—cﬁ(tﬁ“) - O'F’;.

Now, assume that A > 20. We have that

A2-1-2)/3\ 055 s —\/6-1) 0.5
2)/3 VI2A/3] 2)/3 [\/2X/3]

> _ A/64+1 . . _ 0.55 . . )
When A > 20, we have that A — OV is decreasing and that A +— NV is increasing. From

U1 (24/3) > 1 6 (

this, we get

~20/6-1) 055 .
2-20/3 ) \/[2-20/3] ~

Proof of Proposition 2. The permutation 7* is good if the intersection graph of G4 and Gp:

VYaj21(20/3)>1—-¢ <

ngs

2=, By definition of a k-core,

has at least n - HT“ nodes that have degree greater than or equal to

if this intersection graph has an ngs/2-core of size greater than or equal to n(1+ «)/2 whp, then
7* is good whp.

The intersection graph of G4 and Gp is a graph over n nodes such that there is an edge between
nodes i and j if and only if there is an edge in G and G/ between i and j. As P((4;;, Bj;) =
(1,1)) = gs and (A, Bj;) is independent of (A, By,;) for any (k1) # (4,j), it follows that the
intersection graph of G, and G is an Erdés-Rényi graph of parameters (n,q¢s). If we are able to

show that under the conditions of Theorem 2,

(i) ngs> cpgs/2

1+a

(ii) ¢nq8/2(ﬂnQS/2(nq5)) >n- =
then from Lemma 1, the ngs/2-core of the intersection graph of G4 and Gy contains a fraction
greater than or equal to HTO‘ of the nodes in the graph whp and Proposition 2 follows.

We start by proving (i). Recall that c,qs/2 = inf . Hence, for any p > 0, in particular

>0 m
for p=2nqs/3>0,
Cnas/a < 2nqs/3 < 2nqs/3
Ungs/2-1(2nqs/3) 0.7
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where we have used Lemma EC.2 for the second inequality as the conditions of Theorem 2 imply
that A > 20.
2ngs

We now prove (ii) by showing that under the conditions of Theorem 2, =3 < pi,,45/2(ngs) < ngs

where f1,45/2(ngs) is the largest solution to =ngs. This implies that

Y S
wnqs/Q—l(l")

Ungs/2(tings/2(195)) = P(P0(tings/2(ngs)) = ngs/2)
=1 = P(P0(fings/2(ngs))) < tings/2(nq5) = (kings/2(ngs) — ngs/2))

> 1 =P(P0(tings/2(ngs)) < fings/2(ngs) — ngs/6)

> 1 — o (143/6)*/2(11pgs 2 (nas)+ngs/6)

>1— e—(m]s)2/(36~7/3nqs) —1_ e—nqs/84’

where we have used a standard Chernoff bound for Poisson random variables for the second

inequality, see, e.g. (Boucheron et al. 2013). As the conditions of Theorem 2 require that ngs >

84-log (ﬁ), we get that Vg 2 (fngs/2(ngs)) > 2.

To show that 2”3(’3 < fngsy2(ngs) <ngs, let frgs(p) = p—ngs - Yngs/2—1 (), which is a continuous
function of u for fixed ngs. Here, fi,,45/2(ngs) is the largest solution to f,q(1) = 0. It is straightfor-
ward to see that for p > ngs, fres(p) >0 as ¥,4s/2—1 <1 for any value that ngs takes. Furthermore,

from Lemma EC.2,

2nqs
frgs(2ngs/3) =

—ngs- ¢nqs/2—1(2nqs/3) S

Combining these results, we get that fi,4/2(ngs) must be less than or equal to ngs and that there

is a solution f,,s(p) =0 in the interval [2ngs/3,ngs]. Our result immediately follows.
EC.2. Proofs of auxiliary results for Proposition 3

LEMMA EC.3. Let n € N and let 2 < k < n. Furthermore, let o, be positive real numbers. We

have

(ak +6k)n/k < (Oé2 _’_ﬂQ)n/Q
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Proof. We have

(o + B2)™/? B (a2 + B2)k/2n/ B (a2 + B2)M/2 n/k
_< (ak + B) ) '

(aF + BF)/k — (o + BF)n/k

As n/k > 1, we simply need to check whether (a? 4 82)*/2 > (o + 8¥). If k is divisible by 2, this is
straightforward from the Binomial theorem as o > 0 and 5 > 0. If k is not divisible by 2, then k£ —1
is divisible by 2 and (a2 + 8%)F = (a? + B?)k~V/2. /a2 + 32. By applying the Binomial theorem to
the first part of the sum and noting that v/a? + 3% > « and 3, the result follows.

LEmMMA EC.4. Let (Ag, By), (A1, B1),...,(A4,,B,) be n+1 pairs of random variables taking values
in {0,1}2. We suppose that (A;, B;) are distributed following the probability distribution P given
in Section 2.4.1. In particular, the covariance between A; and B; is given by o® > 0. We further

assume that all pairs {(A;, B;)} are independent of one another. Define
W .= AOBl + A1B2 +...+ An_an + AnBO
For any t >0, we have that

B <T+\/T2—4D)n+l+ (T—\/T2—4D)n+l
e = - - -
2 2

where T =py1(e! — 1)+ 1 and D =o?%(e! — 1).
REMARK EC.1. Note that if 02 =0, i.e., A; and B; are uncorrelated, this moment generating
function simplifies to that of a Binomial random variable of parameters (n,¢s), as it should.

Our proof will make use of the following result from (Williams 1992).

LEMMA EC.5. Let M be a 2 x 2 matrixz with eigenvalues o and 5. Then, if a# 3, for alln>1,

W L (M=pBI\ . (M-al
= (25 ) e (525),

Proof of Theorem EC.4. Let

u20 — E[et(Al B2+A2B3+~~~+An—2Bn—1+An—1Bn)],

uOI — E[et(Al BQ-‘,-AQBg+...+An_QBn_1+An_1Bn-i-An)] ,

n

u71l0 — E[et(Bl +41 B2+A2BS+~~~+An—2Bn—1+~-~+An—1Bn)]’

u:.ll — E[et(Bl +Aq BQ+A2Bg+...+An_QBn_1+...+An_1Bn-i-An)] .
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Note that by conditioning on (A, By), we have that E[e!"V] = poou®® + po1u’! + proul’ + priull. We
thus study these four sequences. By conditioning on (A;, By), it is easy to see that the following

formulas hold true:
uy’ = (poo + Po1)up 1 + (Pro+ p11)uy 4
! = (Poo + Po1)un-y + (P10 + pr1)uyt
u,’ = (poo + pore)uy 4 + (p1o + prie’)u,’
u,! = (poo + pore’)up’ | + (pro + prie')u,’ .

Successive conditioning on (Ay, By) for k> 2 leads to these formulas holding for all n > 2. Hence,

if we let
Poo + Po1 Pio + P11
Poo +Pore’ pio +p1ie’
then
? 2, 2 L,
=M- and =M -
Uy up’ uy! upt

We further have the following initial conditions
ul® = E[etO-Bntan0] =1
uft =E[e O P TAY] = 1 4 (poy + pur) (¢ — 1)
u? =E[e! Pt A O] =14 (pg; +pi1)(ef — 1)

upt =Ele™ Pt AT =1 4 2(pyy 4 por ) (e — 1) + pra (' — 1)

Using these conditions, we get that

00 00 01 01
Un n—1 L Un n—1 t
=M and =M
10 10 11 11
un ul un U’l

The difficulty now is in computing M"~! which we will do via Lemma EC.5. To this effect, we

denote by T the trace of M and by D its determinant. One can easily compute their values:

T=tr(M)=py(e'—1)+1 and D =det(M) =o' —1).
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Recall that the eigenvalues of a 2 X 2 matrix satisfy the equation 2?2 — Tz + D = 0. The discriminant

here is T2 — 4D, which is positive:

p11—202)2+402(p11—0) >0

A=T*—4D=p? (' = 1) +2(p1; —20%)(e' = 1)+ 1= (pll(et -1+ 5
P11 P11

Hence solutions to this equation exist. We write:

T—+T?—-4D

T++T?—-4D
a:fandﬂz 5

In accordance with Lemma EC.5, we now work on computing M — I and M — al. We have:

A
M—BI:R%—gI,

where
R ROSEL — Bl (ef — 1) P10 + P11
Poo + pore’ —(Boocii) - Pl(ef —1)
We denote by 7;; its entries. Note that r;; = —rs,. Likewise, we have

M—aIzR—@I.

It follows that

I

a” \/Z Bn \/Z B an_ﬁn an_i_ﬁn
- I)_<\/Z>R+ ;

and from this, for any n > 1,

an—l _ ﬂn—l an—l +Bn—1

Uy = < N (runu?® +r12up”) + — 9 uy’
n—1 n—1 n—1 n—1

10 a" = 00 oy, @8 10

U, = <— (rojuy” +roguy ) + ——————uy
VA ) 2

n—1_ pon-—1 n—1 n—1

’LL?ll = <—(l’ Aﬁ ) (T’llugl + Tlgu%l) + —a _2‘_/8 U?l
an—l _ ﬁn—l an—l + n—1

U}ll = <—\/Z (7”'211/4?1 + 7’22“}1) + —2 /8 U}l.
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This can now be used to compute E[e!"]. We have

E[e™] = pooul’ + porud + prous’ + priuy

= (Tll(l?oou?o + porult — prour”’ — priutt) + r12(poou” + porurt) 4 ra1 (proul’ +P11U(1)1))

‘ (an—l _Bn—l an—l _|_l3n—1)

JA ) + (poou® + prowt® + porul’ + priug’) - < 5

We compute each part separately. We have:
poott)” + prou’ + porult +pruy' =17 —2D

2
1 (poo—pu P
11 (pooul”’ + porul’ — prour’ — priug') = 3 (% — %(et -1 -T

r12(Pootty” + Poruy’) 4+ a1 (Prou” + priul') = 2T (por + p11) (1 — p11 — por + por (e’ — 1))

We combine the results above to obtain:
3

T
711 (Pooty” +Por1ut — prour” — priur’) + 12 (poott” + porur') + a1 (Prouy” +priult) = 9 2DT

which leads us to finally having

i) = () (T o) 4 (27 o)

As %3 —2DT =% -(T*—-4D) =% - A, we can further simplify

(Mn—l + /Bn—l

E[e™]=(a* ' =8""")- % VA + ( :

) . (T2 _ 2D) — an-i—l +,8"+1

EC.3. Proof of Lemma 2

As mentioned previously, the proof of Lemma 2 is contained in Cullina et al. (2018). We repeat it
here for completeness.
Proof of Lemma 2. The optimal choice of z 1is obtained by differentiating 2z —

2~ Te® (@ =D+a(==1) and setting the derivative equal to 0, i.c.,

(2¢22 + ql)z—feqz(z2—1)+q1(z—l) _ TZ—T—leQ2(22—1)+41(2—1) =0,
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which is equivalent to the quadratic equation
2¢22% + q1z — 7 =0. (EC.1)

This equation has one positive root and one negative root: the positive root is z*. From this

quadratic equation, we can obtain the expression z*? = 7_2‘;122*. As q; > 0 and z* > 0, it follows that

Z*2< L
— 2q27

which corresponds to (13). One can also give an explicit expression of z* by solving the quadratic

equation:

e +qi +87q, 27
4q; G+ V@G 87

Because ¢; < /¢? + 87¢», we have the bounds

<z"<

.
V@ + 871, 0

Starting with one of the factors from the left side of (12), we have

_ (EC.2)

*2 *_ a1 * T _ _ _ _
92z =1)+a1(z 1)§€22 +5—92—q1 <eTThTR el

where we used (EC.1) to eliminate the ¢,z*? term, applied the upper bound from (EC.2), and used

41,92 > 0. From the lower bound in (EC.2),

2 2
,z*_2<q—1—I—%Sma}({zi 16q2}

_— b
T2 T 27 T

80 z* TerZDHa T -1 < (7
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