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We consider a simulation optimization problem for context-dependent decision-making. Under a Gaussian
mixture model based Bayesian framework, we develop a dynamic sampling policy to maximize the worst-
case probability of correctly selecting the best design over all contexts, which utilizes both global clustering
information and local performance information. In particular, we design a computationally efficient approxi-
mation method to learn these sources of information, thereby leading to an implementable dynamic sampling
policy. The proposed sampling policy is proved to be consistent and achieve the asymptotically optimal
sampling ratio. Numerical experiments show that the proposed approximation method makes a good bal-
ance between the performance and complexity, and the proposed sampling policy significantly improves the

efficiency in context-dependent simulation optimization.
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Proofs and Supplementary Materials

EC.1. Gaussian mixture model for arbitrarily shaped clustering patterns

Figure EC.1 shows a general clustering pattern which is not grid-like. Arbitrarily shaped clustering
patterns can be characterized by the following classic Gaussian mixture model:

KXxL
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The hidden state random variable z; ;[k] assigns design-context pair (4, ) to cluster k if z; ;[k] =1,
which means y;(x;) comes from a realization of distribution ¢(:|Ay, =7). The general model will have
K x L weight parameters (74,k=1,..., K x L) and n x m x K x L hidden state random variables
(zijlkl,i=1,...,n,j=1,...,m,k=1,..., K x L) to be estimated, whereas the GMM used in our
paper only has K + L weight parameters (73, k=1,..., K and wy,/=1,...,L) and n x K +m x L
hidden state random variables (z;[k],i=1,...,n,k=1,...,K and v;[{],j=1,...,m,¢=1,...,L).
Compared with using general clustering pattern, our model is relatively parsimonious and less

likely to overfit.
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Figure EC.1 A general clustering pattern.
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EC.2. Proof of Lemmas 1 and 2

Proof of Lemma 1 Given %) an analytical form for the likelihood of the observations can be
obtained by integrating out y, Z, and V' as follow
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By the Bayes’ rule, the posterior distribution of {z;[k] =1} conditional on & and given 6% is
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and given 6+, the posterior distribution of yi(zx;) conditional on {z;[k] =1}, {v,;[(] =1}, and &, is

(yi(@))lu; [k, 4, (o7 ) [k, €).

O

Proof of Lemma 2 The log-likelihood of the complete state variables has the following form:
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From the log-likelihood of complete state variables given by (EC.1), we have
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where C+*) is a constant independent of §. The estimate 70" i

EM algorithm is obtained by solving the following optimization problem:
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Posterior estimate A, is the solution of the follow equation:
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To calculate éi,e)(t’sﬂ): we solve the follow equation:
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EC.3. The asymptotic analysis of Theorem 1

PRrROPOSITION EC.1. The posterior probability of {z;[k] =1} conditional on y and given 0 s
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Proof of Proposition EC.2 We have
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where o0, (1) means a term that goes to zero as t goes to infinity a.s., by observing

thin tij(07;) ") ks, 0;] = 07 (x;), a.s. Therefore, the conclusion of the proposition can be obtained
straightforwardly by observmg hm i e Yin(x;) =vi(x;), a.s., and canceling the terms inde-

pendent of k; and ¢; in Ci(fjs [kz,éj]. D
The above proposition implies CZ-(Z?S) [k;,¢;] corresponds to ¢ (yz(mj)ﬁ\,(i)zj, (Eii%)(s)). Further,
fg’s)(5t|/<:1,,“€1:m) corresponds to fzgs)(klm,ﬁl:m) in the classic results. Therefore, Corollary EC.1 is

a direct conclusion from Proposition EC.2.

CoRrROLLARY EC.1. Suppose each design-context pair is sampled infinitely often as t goes to infin-
ity. Then
lim [24” k] — 2 [k]] =0 and lim [50)[¢] —@;”[e]} ~0, a.s.
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EC.4. Proof of Propositions 1 and 2
Proof of Proposition 1 Notice that we have hm A,(f o = A,(f)Z and lim (giié,)(t’s) =
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where the second equation follows from the law of large numbers and the last equation is a result
of 2emc?(x;) > 1. Similarly, when 2emc?(z;) < 1, ) linrJlr Ci(tjs) [k, ¢;] = +00 since the exponential
i,j*} oo ’

function grows faster than any power function. [
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Proof of Proposition 2 In (6) and (7), f%*(ky.,) requires (n — 1) multiplications,
f9(ly,,) requires (m — 1) multiplications, and  fU% (& ki, b)) Tequires (mn — 1)
multiplications and mn function evaluations. Therefore, the number of basic opera-
tions in 9 (k) £ (o) S (Elkrim, L1m) is in an order of O(mn). Note that (6)
requires (K"L™ + K" 'L™ — 2) additions, 1 division, and (K"L™ + K""'L™) calls of
L) (k) £ (01.0m) }(,t’s) (&) k1my €1.m). Therefore, the number of basic operations in (6) is in an

order of O(mnK™L™), and (7) follows the same manner as (6). [0

EC.5. Algorithm EC.1 and Proof of Proposition 3

Algorithm EC.1: Equivalent transformation for z\"*[k] and ﬁ;t’s)[ﬁ]

1 Log transformation: For each k., € KC, 4., € L,
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4 return z"[k] and v(t *)[1).

Proof of Proposition 3 Given by Algorithm EC.1, the denominator of Qgt’s) [k] and ; ot S)[Z] is
D ke Dby, e exp(g® (k1.n, £1.m)). Note that each g (k1. £1.m) is not greater than zero, and
there must exist a clustering situation (Ki..,1.,,) such that ¢® (ky.,,#1.,) = 0. Therefore, the
denominator >, >, . exp(9®*) (ki.n, ¢1.m)) is not less than one and is bounded by K™ x
L. O

EC.6. Approximations of 2{""V#)[i] and 5\"""*)[(]

In order to reduce the complexity of
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we focus on the change in the numerator of 2! q)E)[k'] and make the following approximation by

considering the denominators of z\%("9® )[k:] and 2\”[k] as a same constant:
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Note that k* = argmax 2" [k] and % = arg max v( [¢] denote the indexes of the optimal posterior
k=1,...,K t=1,...,L
probabilities of clustering for each design and context. If there indeed exists obvious clustering

phenomenon in designs and contexts, then we would tend to have ¢ (yi(mj)|/AX,(:fe)*, (22, ﬁ)(t’s)> >
1°7] 17]
o (y,»(acj)\AS’;), (=2 é)(t’5)> , V(k, £) # (kF,£%). According to the results of Proposition EC.2, we have

C(t r 01] > Ci; (t [k, €] when ¢ is relatively large. Therefore, by ignoring the events with non-
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EC.7. Proof of Propositions 4, 5, and 6

Proof of Proposition 4 Note that for (i,7) # (r,q),
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Proof of Proposition 5 Note that
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0 a.s., which means that the effect of prlor information on the posterior estimate vanishes as the
number of samples goes to infinity. Therefore, the conclusion of the proposition can be obtained.
O
Proof of Proposition 6 In our proposed approximation method, (13) requires (K — 1) additions,
K multiplications, 1 division, and K function evaluations. Note that the number of possible design-
context pairs is mn. Therefore, the number of basic operations in (13) for traversing all possible
design-context pairs (r,¢) is in an order of O(mnK). Similarly, the number of basic operations

in (14) for traversing all possible design-context pairs (r,¢) is in an order of O(mnL). O

EC.8. Exponential decay of approximation error

ProprosiTiON EC.3. The error between the integral of multivariate standard normal density over

a region £ and that over the mazximal tangent inner ball in ) decreases to zero at least in an order

of O(t"=1/2e=t/2) g5 t — +o0.

Proof of Proposition EC.3 We have
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where R is the radius of the inner ball, and

1 m iy 27
Cn)= — sin ;)" 2 (sin )" 3 - - - (sin,_3) 2 sing,,_o do; ...dp,_
(n) \/W/o /0/0( p1)" " (sings) (sin,_3)°sing, o dp; ... dp,

is a constant depending only on n.

Given by integration by parts,

SEES

oo _1 2 n—1 o
exp( 5" )rt T dr =

R

([exp(—;rg)r”] :o - /R +mexp(—;r2)(—r)r"_l dr) .

In addition, we have

e 1 2\,.n e 1 2y,.n—1
exp(—=r°)r"* dr > R exp(—=r)r" " dr.
2 . 2

R

Therefore,

1 400 1 400 1
exp(—2R2)R"+n/ exp(—§r2)r”_1 dr ZR/ exp(—§r2)r"_1 dr
R

R

which concludes

/+Ooe ( 17"2)7“”71 dr < L exp( 1R2)R”
Xp(—= Xp(—= .
Py SR—n P2

" _
Note that

2
t t
M(l) (t) . k<1>(t),€j _M(i)(_t) ] k(i)@’gj
2 . (1573 j ()5 p
= o(t),

e ® 0
2 . 2 ]
<0(1)§t)7j) |:k<1>§t))£]:| + <O-<i>§t>,j> |:k<i>§t),£]:|

which concludes the proposition. [J

EC.9. Proof of Theorem 1

Proof of Theorem 1 We only need to prove that each y;(x;) will be sampled infinitely often
a.s. following DSCO policy, and the consistency will follow by the law of large numbers. Suppose
y;(x;) is only sampled finitely often and y,(x,) is sampled infinitely often. Therefore, there exists
a finite number Ny such that y;(x;) will stop receiving replications after the sampling number ¢
exceeds Ny. Thus we have

lim (o7,)P[k,6]>0, lim (0}, )"[k, (=0, Vk=1,...,K, £=1,...,L.

t——+o0 t——+oo

By noticing that
lim [(07 ) [k, 0] = (07 )P [k, ] =0,

t——+o0

lim [(22,) — (22,,) 9] =0,

t——+oo
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and
Jim [0k = 25002k =0,
Jim, 500 -3 <o
we have

lim [V(&;(r,q)) —V(E)]=0 a.s.

t—+o0
If there exists a design-context pair (4,j) whose performance y;(x;) is only sampled finitely often
such that

lim [V (&;(i,5)) — V(&) >0 a.s.,

t—+o0
then it contradicts with the sampling rule in equation (19) that the design-context pair with the
largest V' (&; (4,7)) is sampled.
Therefore,

lim [V(&; (,5)) = V(&) <0

t——+oo
holds for all design-context pairs, and thus sample allocation is determined by the sampling rule

in equation (22). By noticing that

lim [(07 )W [k, 0] — (07 ) B D8) [k 4] >0,

t—+o00

and

tEI-gloo [(Ez?/;)(t) N (Eif

Z;)(t;u,j)E)} >0,

there must exist a design-context pair (i,7) which is only sampled finitely often such that

lim [W(&;(i,7))—W(&)] >0 a.s.,

t— o0

which contradicts with the sampling rule in equation (22) that the design-context pair with the

largest W (&y; (4,7)) is sampled. Therefore, the proposed DSCO policy must be consistent.
(t)

,J

Mgf?[k,é] and (07,;) D[k, (] with y;(x;) and oF(x;)/t;; in V(E;(r,q)). Then when ¢t — +oo, both

J

V(&; (ryq)) and W (E; (r,q)) are reduced to

By the law of large numbers, th+m ;i [k, €] = y;(z;). For simplicity of analysis, we can replace
— oo

(o, (25) =y, ()

Let rftj) = i/t i=1,...,n, 3=1,...,m. By the Bolzano-Weierstrass theorem (Rudin et al.

1964), there exists a subsequence of {7“2(? } converging to {r; ;} such that 33", 37" 7y =1, r; ;>

0. Without loss of generality, we can assume {Tf?} converges to {r;;}; otherwise, the following
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argument is made over a subsequence. We claim r; ; >0, i=1,...,n, j=1,...,m; otherwise, there

exist T8 = 0 and ’I“(y)j,’j/ > (. Notice that

i (v, ( y< (x)) )2 B (v, (x;) — y( >J(wg))2
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e 02 (w5)/ (), +1/t> o, (@) /rl) 5 oy @)/ + 0% (@)

; <a<1>j<wj>>2 (v, (@5) ~ v, (@)’
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If r¢1y, ;=0 and 74, ; >0, then

2 2
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t—+o00
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2 2
i oy, () (v, (®5) = yisy,; ()
t-rtoo rt ) () ® \? =0

Tosa ) (ofy @)/rl) L+t @)/ )
which contradicts with the sampling rules in equations (19) and (22). If Ty, >0 and rg . =0,

then
=0

2 2
oy, () (v, () =y, ()
i 2 (@) frD o2 () )
3+ Oy \ T Iy ;5 T 9, \ Ty, g

and

2 2
x () —yuy, (x;
i < <>(t( J)) (Y, (®5) — v, () =0
(®) (®)
{ (U%l)j(wj)/ru)j,j+G(2i)j(xj)/r<i>j,j)
which contradicts with the sampling rules in equations (19) and (22). If (), ; =0, i=1,...,n

and r(; , v >0,i=1,...,n, then by replacing ,u( )[k (] and (07 ;)P [k, €] with y;(z;) and o7 (x;)/t; ;

)
i)j.J

when t — 400, we have

lim > pe(kin, €)po(ly, E)APCS (ki £, &) — min

e k1. €K, L;EL i#1 U 1), (z. )/t 1); ,—}-0

(v, (25) — v, (‘(’31))2 _o,

x;) /iy,
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2
. (v, (=) — v, ()

min— ) =o(t),

i1 O'<1>j (mj)/tu)j’j + U(i}j (:EJ)/L‘@“

and
(v (22) i () )
Yy L) =Yy, \Tgr )
llm pz(klznygt)pv(e -/,&)APCS(klm,E-/,&)—min J ! :0,
e k1;nEICZ,:€]-/E£ ’ ’ i U<21>j’ (wj/)/t<1>j”jl T U<2i>j’ (xj/)/t<i>j”jl

2
' <y<1>]-/ (5) =Y, (%/)) o)
min —
i#1 U<21>j, () /ty, 50+ U<2i>j/ () /tey . ’

which contradict with the definition of PCSy. Therefore, r;, ; >0, i=1,...,n, j=1,...,m.

2
(way, (®5) — yeay, (25)) . ,
Let Gy (ry, Ty, 4) = ! ! ,i1=2,...,n, j=1,....,m.If {r; ;} does
J ¢ >J VA <>j J U<21)j (mj)/r(D]-,j +O_<2i>j (mj)/'r(i)j,j ) ) J

not satisfy equation (25), there exist i #¢', i,i’ =2,...,n such that

Gig (T, 0) > G g (P, Ta;.6)-
If the inequality above holds, there exists Tj > 0 such that Vt > Ty,

t t t t
G (rly) o >)j7j) > Gi/’j(,rgl)”,j7r( )

(1,377 (@ (i")5,3

due to continuity of G; ; on (0,1) x (0,1). By the sampling rules in equations (19) and (22), y, (z;)
will be sampled and y;, (z;) will stop receiving replications before the inequality above reverses.
This contradicts {r,(t])} converging to {r; ;}, so equation (25) must hold. If {r; ;} does not satisfy
equation (26), there exist i,9' =2,...,n and j #j', j,7'=1,...,m such that

Gig (T30 5.0) > Girgr Py g T )
If the inequality above holds, there exists T, > 0 such that Vt > Ty,

t t t t
Gi,j(T( ) T( ) ) > Gi’J/(TEl)). ./,TE ) ),

(1),5° " (@) 5,3 15 i) jr.d’

due to continuity of G;; on (0,1) x (0,1). By the definition of PCSy, context j’ will be sampled
and context j will stop receiving replications before the inequality above reverses. This contradicts
{rftj) } converging to {r; ;}, so equation (26) must hold.

By the implicit function theorem (Rudin et al. 1964), equations (25), (26),and 377", 37" r; ;=1

,t=2,...,n, j=1,...,m, because
$:(T<1)111""’7‘<1>'m7m)

det(2) =] [T1¢. (Z > g;) >0,

i=2j=1 i=2 j=1

determine implicit functions r, ;(z)
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where

G (), .5,7)
ox

A
Gij =

G2q —C31--- 0 0 0 0
0 (1 - 0 0 0 0
A 0 0 (i —Co-- 0 0
0 0 -+ 0 (oo 0 0 ’
O 0 0 0 o Cnfl,m _Cn,m
1 1 1 1 -1 1

and XR= -7, where

Oy al@)  Orggy, (@)
oxq Oxm
Ty Oy (@)
oxq Oxm
R2 Ty @) Oy (@)
ox1 Oxm ’
T2)p,2®) 0 Org), o(x)
oxq OTm
T(n)m,'m(I) . BT(’IL)m,m(I)
Oz Oxm #=(1(1) 1,155 (1) m)
9G2,1(x1,m(2)),1)=G31(@1,rgy, 1) 0
Oz
9G31(21,m3)), 1)~ Gaa(@r,rgay, 1)
Oxq
Gy, 1(%1:7 (ny 1)
A > 1,°7 e
T = 8:181 0
0 . 0
. 6Gn71,m($m7T<n—l)m,m)_Gn;m('TmaT(n)m,m)
OTm
1 .. 1
T=(T(1)1,15 5T (1) m,m)
In addition,
0Gi;(x;,70);.5) Oy, (@) 0 e _— .
+<1,] - 71’_ 7"'7”7]_ 7"'7m7
8.%']‘ a.’lfj
=(T(1y1 10T (1) m,m) T=(T(1);,1 (1), m)

otherwise, there exist ¢’ # 1 and j’ such that the equality above does not hold, say

Gy g (i 5)
81:]‘/

Oy .5 (@)
+ Ci’,j’T
J

=Ty 10" (U g ym) @=(T(1) 1,107 (1) ,m)

> 0.
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Following the sampling rules in equations (19) and (22), y(1) , () will be sampled and y(y, , ()
will stop receiving replications before the inequality above reverses, which contradicts {r,(tj)} con-
verging to {r; ;}. Similarly,
G j(zj,7ay,.5)
85[3]‘/

oruy. i(x
G, =0, i=2...m, £
J

T=(T(1)1 15057 (1) ) =T (1)1 (L g ym)

otherwise, there exist ¢ % 1 and j' such that the equality above does not hold, say

G i (5,7 y;.5) s Ora, ()
6xj’ d axj/
IZ(T(1>1,17~--7T<1)m,m) JJ:(T(1)1,17---aT<1>m,m)
G j(T5,70),.5) ory, (@) _
v LR =0
/ T=(T(1);, 101, m) ! z=(r(1y; 1" (1) ,m)

without loss of generality. Following the sampling rules in equations (19) and (22), context j’ will be
sampled and context j will stop receiving replications before the inequality above reverses, which
contradicts {rftj)} converging to {r; ;}. Further, note that
G (5,70, ,5)
3xj/

=0, i=2,...,n, j#J,

£:(7’<1>1’17...,7"<1>m7m)

which is due to z; and z; are independent, then we have

ar<i>j7j (I)

Ci,j 8.Z'j/

=11y, 1071 g m)
Then, HR = —G, where

9Ga,1(w1,m(2) 1)

oxq
QGsalorreyn) 0
oxq
ab .. .
Gna 1) 0
Oxy
0 0
O aGn’m($m7"‘(n>mym)
e OZm z=(r NS )
(1)1,15T(1)ym,m
and
C2,1 0 P O
o 0 @1+ 0
0O 0 --- Cn,m

Summarizing the above, we have

Y=XH'G
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which leads to

n 8G7ﬁ,j($j77"<i>j,j>/axj o—(r i, )
Z Wy, ymm) 1, j=1,...,m < Equation (24).
i=2 Gi,j(r(l)j,jvx)/ax

T=Ti) 5,5

Therefore, {7“1(?} converges to {Tf,j}' O

EC.10. Performance clustering phenomenon

Table EC.1 Results for design clustering.

# of designs | Type of drugs | Mean of dosage | Standard deviation of dosage
Design Cluster 1 11 Aspirin 77.7275 16.5825
Design Cluster 2 9 Aspirin 127.7775 13.6925
Design Cluster 3 7 Statin 8.0858 1.3152
Design Cluster 4 13 Statin 14.1384 2.3432

Table EC.2 Results for context clustering.

# of contexts | Parameter | Mean of parameter | Standard deviation of parameter
Context Cluster 1 12 i; fl282'_8040187:5 i;?ﬁ
Context Cluster 2 9 i; 1531é.25363637 1Si 1 35()3359
Context, Cluster 3 10 i; 16212_50110000 28?57);
Context Cluster 4 13 i; 16342"67203010 14?;.77080003
Context Cluster 5 9 2 17237'§0717181 2111(7532
Context Cluster 6 7 i; 1153;90151 433 i;gg?




