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EC.1. Proof of Lemmas
EC.1.1. A Technical Lemma

We first state and prove a technical lemma that will be used repeatedly through the analysis, which
essentially is a large deviation bound on the absolute magnitude of cumulative demand variability

along arcs across consecutive time periods.

LEMMA EC.1. For any 1<t, <ty <T, any arc i— j, and any y >0 and r € (0,1], it holds that

P max
t1<t<to

t
> ety Ossij

i
> y) < 2exp (Z min {\ i, 1 —Ag i} 7% — ry) (EC.1)

s=tq1

< 2exp((ta — t1)r* —ry) (EC.2)

Proof of Lemma EC.1. The inequality (EC.2) follows directly from inequality (EC.1) since
As.ij € [0,1]. Next we prove inequality (EC.1). For any r € (0, 1], the following holds

Pl m t . ry
<t1<?<}§2 Zsztl 65’” ) >e >
m ¢ . Y _ t - ry
<P <t1<?<}§2 exp(r) :Sztl ds,ij) > e ) +P <t1m<?<)§2 exp(—r Zs:tl ds.i5) > € )

<E [exp(r Z?:tl 05,45 — 1Y) +exp(—r Z?:tl Os,ij — ry)} (EC.3)

where the first inequality follows by the union bound and the second inequality follows by Doob’s

martingale inequality. Note that, by elementary algebra, we have
Eexp(rd,:;) = (Asij€" +1— Agij) exp(—1Aei5) <exp((e” —1—71)A,i;) <exp(rAgj) (EC.4)

where the equality follows since A, ;; 40, ;; is a binary random variable that equals 1 with probability
As,ij, the first inequality follows since e > 1+ z, the second inequality follows since e” — 1 —r <72

for all » € [-1,1]. On the other hand, we obtain an alternative upper bound in the following way:
Eexp(rds;) = (Asije" +1—=Xsi5)exp(—rAgi;) =(1— (1= A i5) (1 —e ")) exp(r(1 — A ;)
<exp((e" —1+7)(1—Xeij)) <exp(r’(1—Aes5)) (EC.5)

where the second equality follows from elementary algebra, the first inequality holds since 1 —z <

e~". We can apply similar techniques to obtain two more bounds as follows:

Eexp(—16s,;) = (Asije” " +1—Agi5)exp(rig,i;) <exp(e™" —1417)A; ;) < exp(rQ)\s’ij), (EC.6)

Eexp(—rdsij) = (Asize™ "+ 1= A i) exp(rds ;) = (14 (1= Agij) (" — 1)) exp(—r(1 = Ay i5))
<exp((e"—1—7)(1—X)) < exp(r?(1— Asij)) (EC.7)

Inequality (EC.1) then follows by combining inequalities (EC.3) - (EC.7). O
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EC.1.2. Proof of Lemma 1

Take any policy 7 € II that is feasible to SDP. Define A} ;; := E™[\,;;(p];;)]. Note that {\};}; is
feasible to DCP(0). Indeed, (3) implies that under 7, A, ;;(pf ;) € [0, 1]; thus, A} ,; = E™ [\, i;(p] ;)] €
[0,1]. Moreover, by (2), the following holds for all ¢,

N (t— T]z) N (t— T]’L)

C;— Zz/\strZ Z Xi=E"|Ci— ZZDW Pl +Z Z D, ;i(p7 ;)| >0,

j=1 s=1 s= j=1 s=1 s=

We have just shown that {\};.};; is feasible to DCP(0). Finally, note that

t,35

E™ [le]DtﬂJ(pZzJ)] E" {Eﬂ [ptlthU ptz_] ‘J_:t]}
=E" [pzz'j)‘mj(p?,ij)] =E" [rbij()‘mj(p:,ij))]
reij (BT Ay (7)) =i (A i),

IN

where the inequality follows by the Jensen’s inequality and A2. We then conclude that J(0) > J*

. T N N T
smcee j(O)Zthl Ei:l Zj:lrtvij( t1])>E [Zt 121 12] 1ptsztlJ(ptl])] U

EC.1.3. Proof of Lemma 2

Note that DCP(0) is a feasible convex program and it satisfies the Slater’s condition. Moreover,
there exists ¢ > 0 such that DCP(() is also feasible for all ( < (. Let ¥} denote the largest
dual variable of DCP(0) for all the constraints in (6). Then, by strong duality, J?¢ — J(¢) =
J(0) — J(¢) <2W,N2T¢ holds for all ¢ <. Setting ¥y =2W¥,N? concludes the proof. [J.

EC.1.4. Proof of Lemma 3

We prove by induction. For the base case, H; holds since, by definition, CT'; =nC\; > nN > N; so

pT =1L, (Al5” —€) by the definition of SPC.

For the inductive step, suppose that H, holds for all s <t. We now show that H;,; holds as

well. Note that the number of supply in node i cannot increase before period min; since no

J ]7,7

supply units will flow in to node ¢ before that period. Therefore, we need to argue for the case

when ¢ < min; 7}; and when ¢ > min; 77; separately. If ¢ <min; 77}, then we have

N t
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> N(<minr;;—t> -<+t-e> Z 25“]

Jj=1 | s=1

> Nert"—N(et"—1)=N (EC.8)

where the first inequality holds by inequality (5) at period min; 77 Ji; the second inequality holds by
the inductive assumption H, and the fact that A% > ¢ (inequality (6)), the third equality holds

ERY
by the definition of S;; and ¢ =e€. On the other hand, if ¢ > min; 7j;, we know that
N (=
Otn+1z_C{lz ZZD91]+Z Z Dsjz
j=1 s=1 s=
N ot N (=T
=Cli— ZZ N ” DLy = AT+ Z Ao+ DYy = ALE)
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N ¢ (=) N t (t—T}i)Jr
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Z Z Z()\s iJ >\s 47 ps 7,] Z >\5 ,Jt s ]z ps j’L Z 255 17 Z 55,]’1’
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where the first inequality follows since {\"S }t’ij is feasible to DCP(n, (), the second inequality

t zg
follows since D7 ,; = A7, (pZ ;) + 6% 4;, the third inequality follows by the inductive assumption and
the definition of S;;,
(EC.8) and (EC.9) implies that pf, ;; =iy 45 ()\ffl?j €) by the definition of SPC. Hence, H;q
holds which completes the inductive step.

We continue to prove the probability bound. By Lemma EC.1 and letting r = (ez™ —1)/(41™) =

log(nr)/(nT) € (0,1], we have:

N N
"—1
) <N P(s) <2NPexp <m2rs¢2 >

i=1 j=1

and the fourth inequality holds since ¢ > min; Th>T" Moreover, inequalities

2N?
nr

(er" — 1)
167

= 2NZ%exp <_ > = 2N?exp(—log(nz)) = O

EC.1.5. Proof of Lemma 4

=" 6D — € — Ut i5 'gﬁ?j(t)il € (0, 1)

t,i7 t,ij (%]

We first show that, for all sample paths on A, it holds that AT
In other words, the targeted demand rate after adjustment is still in the interior of feasible region

for demand rate. Fix ¢, j and k. Consider two cases. For any t € 7;2“, if 5’“ 1> 0, then we have

D D Th—1
1> )‘?13 —€2 A?é — Utij - 035
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where the second inequality holds since 6% > 0, the third inequality holds by the definition of

)

batch 7% and event A, and the last inequality holds by condition C2. On the other hand, if

5@—1 < 0, then we have

)\nyC,D(l _ )\n,C,D)

n¢D n¢D o Sk—1_ yn(D t,4j t,tj Lok

0 < Ny —€SALT —e—un -0y =N —€ D] e Oy
ZUGTZJ; v,ij ( Mg )

NP e (1= APSP) L AP — e 1 —AmEP <1

t,17 t,17 b t,ij t,ij
where the second inequality holds since Sfj_l < 0, the third inequality holds by the definition of
A, definition of batch T*, and condition C2, and the fourth inequality holds since /b <1/2 < 1.

ij
Therefore, we can conclude that )\f)’g — € — Us 45 -Sfj” “ e (0,1) holds on event A.

We now proceed to prove condition H; by induction. When ¢t =1, C}'; =nC,; > N by definition,
which also implies that p] ;; = p{’,ij(jxt,ij) = piij(/\"’C’D —¢€) by the definition of ABC. This completes

tij
the inductional basis. Suppose that H, holds for all s <¢, we now show that H,,; holds as well.
Note that the following holds for all sample paths on A:
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j=1

N
j=1 Kij(t) j . ry5 (t)
SGTij” s:mln{vGTij” }

where the first inequality follows by the same argument as in the proof of (EC.8) and (EC.9) and
the inductional hypothesis, and the last inequality follows by the definition of gfj and the fact
that ZteTi’; ut;; = 1 for all 4, j and k. Note that the absolute value of the second until the fifth
terms after the last equality in (EC.10) are all bounded from above by Zjvzl n= Nn on event A.

Therefore, we can bound

Cl';>Ner"—4Nn=N (EC.11)

where the equality follows by the definition of . Since the supply level is positive at node i, by
Step 2.b of ABC, we know that pf,, ;; :p?Jrl)ij(;\tJrl,ij). This completes the inductional step.
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We still need to prove the probability bound. Note that, for each arc ¢ — j, the maximum number
of batches K;; is at most 7" /b since expected demand rate in one period is at most one. For each
i—j and any K;; +1 <k <T"/b, we further define 7% = (). Then, applying union bound we have

N N T"/b

P(AC):P(Uz 1Ug 1Uk” Zk)SP( i= 1UJ 1UT / zgk) ZZZP z]k

i=1 j=1 k=1

t
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il \:
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2N 2N2T™ (er™ —1)?
< b+1 2_p. < = 7
< exp (4(b+1)r* —n-r) < 7 exp< 256(b+1)>
2N?
<
- bIn

where the fourth inequality holds by (EC.1) in Lemma EC.1, the third to the last inequality holds
by the the fact that min{x,1— 2} <2z(1 —x) holds for any x € (0,1) and the definition of 7%, the
second to the last inequality holds by setting r =7/(8(b+1)) € (0,1) (the inclusion follows by C2),
the last inequality follows by the definition of e. [

EC.2. Proof of Theorem 1: Lower Bound on Static Policy

Fix n. Note that the objective function of the deterministic problem DCP(n,0) equals
Z?:Tl [Dt.12(1—Dpr12) +Dro1(1—pio1)], and it achieves the unconstrained optimum at p; 12 = p;01 = 0.5
for all ¢ with an optimal revenue of nT'/2. Moreover, it can be easily verified that this set of prices
satisfies the constraints of DCP(n,0): Specifically, the capacity at node i decreases at a rate of 0.5
units per time unit for a total of n7;; = 2n time units, reaching a capacity level of 0 at the end of
period n7;;; afterwards, the incoming flow and outgoing flow at node i balances out so the capacity

is kept at 0 at each node. Take any 7 € II, then,

nT
WTLT = F(n,0) ~ B[R (n)] = o~ B[R ()
nrT s n(T —7) oL
= ?_Eﬂ ZZDt,w(P%)pZU T —E Z ZDMPZZ-DP%-]
t=1 4,5 t=n7t+1 i,j
nT T - T us
> o —E Zth,ij(pt,ij)pt,ij ) (EC.12)
t=1 4,j

where the inequality follows since

S S Do, p] S

t=nT+1 4,5 t=n7t+1

gl

E™ [Z D, ;; (p?,ij)pzij

(2]
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nT .
) Z o ZAt’ij(pzij)pzij] < Z Z/\t,ij(Eﬂ[pZij])Eﬂ[p;ij]
t=n7+1 i, NPy
nT (T_T)
< max Ao (Tei) Ty =
t—; T1,125¢, 212 gt J) tij — 5 ’

where the first inequality follows by Jensen’s inequality and the second inequality follows by prin-
ciple of optimization. Finally, note that since the resource cannot reach the destination within
nt days, this means that (EC.12) equals the revenue gap between the deterministic upper bound
and the revenue of a static pricing policy for a classic network revenue management problem with
two resources each with capacity nr/2 =n, two products each with an identical and independent
demand function A(p) =1 —p, a capacity consumption matrix [1 0;0 1], and a planning horizon of
nT = 2n periods, which is known in the literature to have a revenue loss in the order of \/n (see

Remark 2 in Jasin (2014)), i.e., there exists some constant ¢ independent of n such that
nr . o §
— —E" > Dy (0700 | <oVt

The stated result follows by letting ¥y =¢/7/T. O

EC.3. Additional Details to the Numerical Studies

In this section, we report additional details of the numerical studies. All the experiments are
implemented on a Windows desktop with Intel(R) Xeon(R) W-2145 CPU and 64 GB RAM.

EC.3.1. Synthetic Data

The travel times among different nodes and the initial server distribution are given as follows.

07 108 2
80 9 410
[r;]=191106 9|, C=[53,4,6,5"

75 609

291080
Table EC.1 reports the performance of different pricing policies (as compared with J(¢)) when
stationary optimal deterministic solution is used as the baseline control. In particular, the only
difference between SPC (resp. ABC) and S-SPC (resp. S-ABC) is that the second policy uses

Iy Z‘jD }1.4; in Step 1 as the baseline control, where \§ ED )\C SP* for all t and )\C SP* is the solution

to the following optimization problem:
T N N

(S-DCP(¢)) J™T(¢) := max > > ri(Ny)

Qi) T 1 j=1

N N
s.t. Ci—zt‘)\ij—FZ(t—Tji)Jr)\jiEO,Vi,t

C<N; <1-(,Vi,j
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As a reference, (J(¢) — J5T™T(())/T(¢) = 6.93%. As we can observe, the performance of S-ABC
is worse than that of SPC, which suggests the necessity of using non-stationary baseline control

even if the prices are adjusted dynamically.

S-SPC S-ABC
n  Loss Loss Rev. Loss Loss Rev. Rev. Incr.
$ % $ $ % $ %

40 14.30 12.08 124879 941 7.95 130748 4.70
80 12.58 10.63 253890 8.87 7.50 262777 3.50
120 11.82 9.98 383568 8.76 7.40 394564 2.87
160 11.40 9.63 513411 8.68 7.33 526483 2.55
200 11.16 9.43 643207 8.65 7.31 658286 2.34
240 10.95 9.25 773407  8.55 7.23 790648 2.23
280 10.83 9.15 903266 8.54 7.21 922565 2.14
320 10.66 9.01 1033951 8.48 7.17 1054859 2.02
360 10.54 8.91 1164494 845 7.13 1187129 1.94
400 10.49 8.86 1294496 8.40 7.10 1319549 1.94

Table EC.1 Performance of proposed pricing policies under varying n using stationary optimal deterministic

solution as baseline

We further report the experiment results under different demand models: Table EC.2 contains the

results under exponential demand models (where \; ;; = p;; - exp(—0;; - pr.i;)); Table EC.3 contains

exp(a—PBij Pt ij)
1+exp(a—pBijpt,ij)

are set in the same way as in the case with linear demand models. The observations from these

the results under logit demand models (where A;;;(peij) = fij - ). The parameters

two tables are qualitatively similar to those drawn under the linear demand models.

SPC ABC
n Loss Loss Rev. Admit Loss Loss Rev. Rev.Incr. Admit Avg Price
$ % $ $ % $ % Incr. % Incr. %
40 4.86 5.41 101974 1950 2.58 2.88 104706 2.68 1.61 1.05
80 3.66 4.08 206821 3948 1.72 1.91 211493 2.26 1.51 0.74
120 3.11 3.46 312239 5957 1.20 1.34 319095 2.20 1.54 0.65
160 2.78 3.09 417889 7972 1.02 1.14 426312 2.02 1.44 0.56
200 2.53 2.82 523853 9981 0.88 0.98 533775 1.89 1.23 0.66
240 2.31 2.57 630184 11996 0.74 0.83 641484 1.79 1.15 0.63
280 2.29 2.55 735412 13996  0.73 0.81 748529 1.78 0.94 0.84
320 2.04 2.28 842825 16023 0.71 0.79 855643 1.52 0.82 0.69
360 1.78 1.98 951051 18046 0.63 0.70 963443 1.30 0.62 0.68
400 1.65 1.83 1058311 20070  0.53 0.59 1071652 1.26 0.65 0.60

Table EC.2 Performance of proposed pricing policies under varying n with exponential demand function
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SPC ABC
n Loss Loss Rev. Admit Loss Loss Rev. Rev.Incr. Admit Avg Price
$ % $ $ % $ % Incr. %  Incr. %
40 12.84 3.70 400475 3293 6.74 1.95 407786 1.83 1.25 0.57
80 10.25 2.96 807153 6631 4.53 1.31 820887 1.70 1.21 0.49
120 8.95 2.58 1215424 9980 3.72 1.07 1234247 1.55 1.11 0.43
160 8.32 2.40 1623596 13331 3.02 0.87 1648998 1.56 1.10 0.46
200 7.82 2.26 2032477 16686 2.80 0.81 2062588 1.48 1.09 0.39
240 6.62 1.91 2447594 20036 2.31 0.67 2478602 1.27 0.84 0.42

280 6.15 1.77 2859492 23404  2.07 0.60 2893758 1.20 0.78 0.42
320 6.10 1.76 3268465 26751  2.00 0.58 3307832 1.20 0.66 0.54
360 5.83 1.68 3679970 30117  1.96 0.56 3721759 1.14 0.64 0.49
400 5.57 1.61 4091908 33487  1.62 0.47 4139397 1.16 0.61 0.55

Table EC.3  Performance of proposed pricing policies under varying n with logit demand function

At last, we test the performance of our proposed policies by varying the length of the planning
horizon. Specifically, we fix the scaling parameter n =100 and set 7' = {30, 40, 50,60, 70,80}. Table
EC.4 reports the numerical results. We find that, as T increases, both SPC and ABC incur higher
revenue loss, but the loss of ABC grows slower than that of SPC. In other words, the performance

of ABC is more robust under different lengths of planning horizon than that of SPC.

SPC ABC
T J(1,0) Loss Loss Rev. Loss Loss Rev. Rev. Incr.
$ % 8 $ % 8 %

30 3551 5.81 4.91 3377 3.33 2.82 3451 2.20
40 4639 6.28 541 4388 3.35 2.89 4505 2.67
50 5720 6.70 5.85 5385 3.47 3.03 5547 3.00
60 6807 6.82 6.01 6398 3.52 3.10 6595 3.09
70 7891 7.08 6.28 7396 3.56 3.16 7642 3.33
80 8976 7.33 6.53 8389 3.55 3.16 8692 3.61

Table EC.4 Performance of pricing policies under varying T’

EC.3.2. New York Taxi Dataset

Table EC.5 summarize how we construct regions by grouping adjacent regions defined in New York
City (2020). Roughly speaking, the bigger the difference of the region indexes is, the farther two
regions are apart. Table EC.6 provides summary statistics for the travel time from region 1 to all
the other regions. In general, the travel time is proportional to the distance.

We now give a formal definition for the deterministic relaxation problem used in Section 6.2 where
the optimal static solution is piece-wise stationary. Define U to be a positive integer and assume

without loss of generality that T is an integral multiply of U. In particular, U should be interpreted
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Region ID Original Zone Number and Names

1 12-Battery Park, 13-Battery Park City , 261-World Trade Center

2 87-Financial District North, 88-Financial District South , 209-Seaport

3 125-Hudson Sq, 211-SoHo , 231-TriBeCa/Civic Center

4 45-Chinatown, 144-Little Ttaly/NoLiTa , 148-Lower East Side

) 158-Meatpacking/West Village West, 249-West Village

6 79-East Village, 113-Greenwich Village North , 114-Greenwich Village South
7
8
9

4-Alphabet City, 232-Two Bridges/Seward Park
68-East Chelsea, 246-West Chelsea/Hudson Yards
90-Flatiron, 100-Garment District , 186-Penn Station/Madison Sq West

10 107-Gramercy, 224-Stuy Town/Peter Cooper Village , 234-Union Sq

11 137-Kips Bay, 164-Midtown South , 170-Murray Hill

12 48-Clinton East, 50-Clinton West

13 161-Midtown Center, 163-Midtown North , 230-Times Sq/Theatre District
14 162-Midtown East, 229-Sutton Place/Turtle Bay North , 233-UN/Turtle Bay South
15 142-Lincoln Square East, 143-Lincoln Square West , 140-Lenox Hill East
16 140-Lenox Hill East, 141-Lenox Hill West , 237-Upper East Side South
17 238-Upper West Side North, 239-Upper West Side South

18 236-Upper East Side North, 262-Yorkville East , 263-Yorkville West

19 24-Bloomingdale, 151-Manhattan Valley

20 43-Central Park

Table EC.5 Construction of Region IDs used in the Numerical Experiments

Destination Median 25%-quantile 75%-quantile 10%-quantile 90%-quantile

2 529.75 508.45 561.43 478.73 587.21

3 502.61 474.71 530.46 451.09 557.15

4 915.61 864.21 966.23 809.54 1022.73
5 638.67 609.86 679.01 585.03 708.49

6 951.55 906.91 1009.68 862.89 1046.54
7 899.40 835.18 964.57 781.50 1027.38
8 929.53 872.28 998.34 819.12 1081.04
9 1300.08 1199.28 1397.63 1112.33 1503.27
10 1213.90 1145.57 1268.94 1075.84 1321.19
11 1452.32 1351.50 1580.42 1260.00 1676.11
12 1506.24 1359.06 1674.97 1259.11 1842.51
13 1778.76 1608.01 1937.79 1491.31 2081.46
14 1412.46 1297.01 1535.53 1168.00 1666.09
15 1692.00 1552.61 1877.09 1402.41 2037.61
16 1747.87 1570.98 1911.89 1364.52 2060.91
17 1853.75 1682.08 2061.70 1493.60 2275.25
18 1992.82 1782.82 2196.30 1610.23 2367.80
19 1971.50 1748.31 2258.25 1502.13 2621.10
20 2055.18 1870.63 2239.57 1681.13 2411.45

Table EC.6 Average Travel Time From Region 1 in Seconds

as the duration during which the demand rate is piece-wise stationary. In our experiment, since

one period equals 5 seconds and the optimal demand rate is required to be stationary during
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each 5-minute time window, U =5 x 60/5 = 60. Let U = {U} to be a partition of [T], where
U,={(k—1)t+1,...,kt}. Denote by IV the class of policies where the prices for all the periods
in Uy, are the same, i.e. [I(U) = {7 : p[,; = ps.ij,Vs,t € Up,Vk}. In other words, II(U) C II is the
class of admissible policies where the price trajectories are piece-wise stationary (in other words,
we restrict our attention to the class of pricing policies under which the prices cannot be adjusted
more frequently than every 5 minutes). Denote by J*(U) the optimal expected profit given that
the policy is chosen from II(U). It is straightforward to verify that the following deterministic
relaxation is an upper bound of 7*(U):

T N N

(DCP(O)(U)  J(GU) :=max Y > > riy(Aeis)

t=1 i=1 j=1

N ¢ N (t—7)T
st > > Xy —=> Y Au<CyVit (EC.13a)
j=1 =1

7j=1 s=1
C< Ay <1=(, V4,5 (EC.13b)
As,ij = Arij, Vs, 0 € Uy, VE (EC.13c¢)

The dimension of the problem above can be reduced by eliminating the last constraint (i.e. the
piecewise stationarity constraint). Define YT :={1 <t <T:t=Fk-U for some k € N, } and U;; :=
{1<t<T:t—m;=Fk-U for some k € {0} UN,} for each i,j € [N]. For a fixed i, constraint
(EC.13a) only needs to be considered on the set U; =U" U (UL, U;;). To see why this is the case,
consider a period t € [T)\U;. Let {us }1, be the elements in U; indexed from smallest to the largest.
If t <wy, it is not difficult to check that constraint (EC.13a) at ¢ is implied by constraint (EC.13a)
at uy, since u; = min{U, min;-\[:1 7ji }. Suppose that uy <t < wuyy1. Note that, the difference between
the LHS of constraint (EC.13a) at t and constraint (EC.13a) at ¢+ 1 is simply the net outflow,
given by

N

Ajy = Z Atyi,ij — Z At 1—7j;,ji

j=1 it>7j
By definition of Uf;, it is not difficult to see that, for any u, < s <v <wugi1, Asij = A4 for any @
and j. Therefore, we know that A; ., =A; 11 =""=2A;,,, 1. As aresult, the LHS of constraint
(EC.13a) at t is smaller than the LHS of constraint (EC.13a) at u;, if A;; <0, and is smaller than
the LHS of constraint (EC.13a) at w1 if A;; > 0. The argument above suggests that, after variable
reduction, (EC.13a) can be equivalently reformulated as follows:

T/K N

maxy Z Z Z Zrt,ij()‘k,ij)

k=1 tely, i=1 j=1

N [t/U]
st =) (Z U-Mpij+ (E—=U-|t/U)) Awwj) (EC.14a)
=1

j=1 \ k=



ecl2 e-companion to Chen, Lei, and Jasin: Real-Time Spatial-Intertemporal Pricing

Lt—m50)T /U]
- > S Ui+ (=707 = U [(t=750) /U ) Mmryirtyoni | Vit €Us
Jimji<t k=1
(< Ak <1=¢, Vi, j,k (EC.14b)

Note that, while the original optimization problem DCP has about NT constraints and N?T
decision variables, (EC.14) has at most N*(T'/U) constraints and N?(7T'/U) decision variables. For
the model calibrated using the Manhattan yellow taxi dataset, T'= 7,200 and N = 20, which means
the there are about 144,000 constraints and 2,880,000 decision variables and the original DCP is
intractable using standard desktops. If we restrict the baseline optimal demand rate to be piecewise
stationary for each 5-minute interval, (EC.14) has about 48,000 constraints and 48,000 decision

variables. Using fmincon function in MATLAB, problem of such scale can be solved in hours.

EC.4. Performance Analysis of R-ABC: Proof of Theorem 4

Let m =R-ABC. Since the proof is similar to the proof of Theorem 3, for brevity, we will primarily
focus on the differences. By an argument that is similar with the Proof of Lemma 2, we know
that there exist some positive constants ¢ and ¥, such that, for any ¢,(? < ¢, we have J%(0,0) —
TR, ¢ < UGN2T (¢ +¢?). We further define n= (er" —1)/8 and n? = (e?t™ — 1) /8. We prove the

results by considering two cases.

Analysis for small n

By definition, we know that both ¢ and 7/b converges to zero as n goes to infinity. There-
fore, define Q :=max{n € Z, , : (r")*? < max{8N?/(T")?,512log T",256+/logT" /(}} (if the right
hand side is an empty set, let € :=0). Similar to the proof of Theorem 2, when n <Q, L™ (n) <
My (logT™)?/3 /(r™)?/3 where M, is independent of n, T, and T;;.

Analysis for large n

When n > Q, by the definition of €, (17) and (18), the following holds:

_ 2
C3: ¢ >max{(,¢7},¢ =26 (7= 2¢, and %7 <1. (EC.15)

Define the following sequence of events for all arc ¢ — j and batch &

t t

Riji = { max Z 0| <mp M4 max Z Sl <n?

teT teTL"
* s:min{veTz};} v s:min{vG’Tig.’k}

Further define R :=n; ;s Rijx. We stat a lemma that says that condition C3 implies that supply
at all the nodes will not run out throughout the planning horizon with high probability. In fact,

this lemma should be considered as the analogue of Lemma 4 in the analysis of ABC.
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LeMmMA EC.2. If C8 holds, then for all sample paths on R, the following condition holds for all t,

H,: CP, =N for all i, and pf,; :pﬁij(j\t7ij) and E™[QF ;| Fi] = Gu.i; for alli— j.

h 5\ )\n ¢,¢1,D Sﬁij(t)*l 1 d é n,(,¢9,D q q g%ﬁgj(t)_l 0
where A = A — € — Utgj - 0;; € (0,1) and G = q;; € T Uyt Oy > U

Moreover, P(R) >1—4N?-b~Y(T™)3

Proof. First, it is straightforward to verify that, on all sample paths on R, it holds that /A\mj €

(0,1) and §G;;; > 0. In particular, when (5q’ 0= >0, G;ij > 0 holds trivially; if 6q’ R <0, we

further have

n,¢,¢4,D n,(,¢9,D n,(,¢4,D
~ qt z] q t,17 qt ,1J 6(17]@*1
qtij = 9 —€ + 9 - n,(,C9,D  Vij
ZveTq qv K%
Cq ,(,C94.D 1 77q
> 2 4 q) == >0,
- 2 Qt Ky 2 b

where the last inequality holds by condition C3. We now proceed to prove condition H; by induc-
tion. When ¢t =1, C7, =nC,; > N by definition, which also implies the rest two identities by the
definition of R-ABC. This completes the inductional basis. Suppose that H holds for all s <t, we
now show that H,,; holds as well. At the beginning of period ¢+ 1, we know that

N(t7)+

Ctn+1,i = Z Z s z] s 1] + Z Z s g1 s ji)

j=1 s=1
By a very similar derivation as in the proof of (EC.10) and (EC.11), it is straightforward to verify
that C7,, ; > N7"(e+¢?) —4N(n+n?) = N, which implies that p]; :pzij(j\t,ij) and E7[Q7 ;| F] =
Gtij = Gri; by the definition of R-ABC. At last, we prove the probability bound. Similar to the
proof of Lemma 4, we will apply the union bound to obtain an upper bound on the probability of
the complement of R. Since the upper bounds on the demand variability has been derived already,
we only need to focus on the variability due to sampling the relocation quantity. For any batch

7;? we have

t

P{ max Z ool =’

k
teT L
v s:min{vETiZ’k}

. ,D ,D ,D ,D 2
<2exp| ) mm{fJ?éC T S M T A B } r?—nl.r
s€7—i§-’k

<2exp | | D TPty
SET,;;-'IC

<2exp((b+1)-r°—n?-r)=2exp <(2€;(73—:£:|_11))> =2(T")™
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where the first inequality follows from (EC.1), the third inequality holds by the definition of 7,5 k
the first equality holds by setting r =71?/(2(b+ 1)) € (0,1) (the inclusion follows by C3), the last
equality follows by the definition of €?. Combining the bound above with the upper bounds on the

demand variability gives us the probability upper bound. [

We now move on to bound the profit loss. Define two positive constants Q.. := max; C;/T
and Cpax :=maxy; ; ¢ ;. It is straightforward to check that the feasible relocation quantity in each
period is upper bounded by NQ@.x7™. Similar to (12), we have

T N N

Z Z Zp;ith,ij (p;rzg) - ct,z‘jsz‘j]

t=1 i=1 j=1

T (n,¢,¢7) —E

= ZZZEW [Tt G5 - TZij(Xt,ij)lR} + T'max - N*T"P(RS)

t=1 i=1 j=1

™
Z Z Z E [ct ij qt ,iJ Qtnzg < D) ’R:| + cmameaxN3 (Tn)zp(Rc) (EClﬁ)

t=1 i=1 j5=1

The first and the second term can be bounded using the same argument as in the proof of Theo-

] = 0. Therefore, we further know that

rem 3. As for the second term, since the sampling procedure across periods are independent, we
gy (1) =
R]
t=1 i=1 j=1 t=1 i=1 j=1
™ N N

have E’T[é -
~ —q.k ] ( )— 40 N2
— 1. 0 .. q,, .. i ¢ ¢ =
= ZZZP(R) E |:Ct,z]ut,zj 52 ‘R :| R ) - bqu”(l —2N2p— ( ) 2)

T" -
ZZZE [Ctlj qtl] Q?ZEC‘ID |’R{| <0 ZZZE [Ctljutl] 6:15 (t) 1
t=1 i=1 j=1

where the second inequality follows by Lemma EC.2 and the fact that u{,; <1, |6},;| <1 almost

t,iJ
surely and ¢;' Zg <D > ¢? . Combining the bounds above with the upper bound on the revenue loss

(see the proof of Theorem 3), we have

L7(n) = (T"(1,0,0) = T*(n,¢,¢") + T (n, ¢, ¢1) — ET[R™(n)]) /T"

64 lOg Tn 4(\113 + Cmax)N2 2N2 (Tmax + CmameaxN)
2 2
< Yo(C+¢)+N [\113 <e+2e +— ) bCT (1 INZo- L (T7)2) + 2
14 (logT™)2
< Mo

where My = 64U, + 160N2W3 + AN (U3 + Cmax) + 2N* (Tmax + Cmax@max V) is independent of n.
Setting Wy = max{M;, M, }[(log(2))3/? + (1 +1log(T)/log(2))*/?]z~2/3 completes the proof. [



