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Appendix A: Page vs. Hankel mSSA

This section discusses the benefits and drawbacks of using the Page matrix representation, as we
propose in our variant, instead of the Hankel representation used in the original mSSA. Recall the
key steps of the original SSA method in Section 2. The extension to mSSA is done by stacking the
Hankel matrices induced by each of the # time series either column-wise (horizontal mSSA) or
row-wise (vertical mSSA) Hassani and Mahmoudvand (2018). In this section, we will use mSSA
to denote our mSSA variant, and hSSA/vSSA to denote the original horizontal/vertical mSSA. In
what follows, we will compare our mSSA variant with hSSA/vSSA in terms of their: (i) theoretical
analysis; (ii) computational complexity; and (iii) empirical performance.

Theoretical analysis. We re-emphasize that to the best of our knowledge, the theoretical analysis
of the mSSA algorithm, both hSSA and vSSA, have been absent from the literature, despite their
popularity. We do a comprehensive theoretical analysis of the variant of mSSA we propose. By
utilizing the Page matrix, it allows us to invoke results from random matrix theory to prove our
imputation and forecasting results. However, extending our analysis to the Hankel matrix represen-
tation is challenging as the Hankel matrix has repeated entries of the same time series observation.
This leads to correlation in the noise in the observation of the entries of the Hankel matrix, which
prevents us from invoking the results from randommatrix theory in a straightforward way. The Page
matrix representation does not have repeated entries of the same observation, and thus allows us to
circumvent this issue in our theoretical analysis.

Computational complexity. Our mSSA variant is computationally far more efficient than both
hSSA and vSSA. This is because the Page matrix representation of a multivariate time series with
N time series and T time steps is a matrix of dimension

p
#) ⇥

p
#) (with ! =

p
#))., i.e., it has a

total of O(#)) entries. In contrast, the Hankel matrix representation is of dimension )/4⇥3#)/4
for hSSA and #)/4⇥ 3)/4 for vSSA (we set the parameter ! to )/4 as recommended in Hassani
and Mahmoudvand (2018)), i.e., both variants of the Hankel matrix have O(#)2) entries. This
makes computing the SVD (the most computationally intensive step of mSSA) prohibitive for hSSA
and mSSA even for the standard time series benchmarks we consider in Section 6.

To empirically demonstrate the computational efficiency of our variant of mSSA, we compare its
training time to that of hSSA and vSSA. Specifically, wemeasure the training time for mSSA, hSSA,
and vSSA as we increase the number of time steps ) 2 [400,10000]. We perform this experiment
on two datasets: (i) the synthetic dataset; (ii) a subset of the electricity dataset, where we choose



Agarwal, Alomar, and Shah: On Multivariate Singular Spectrum Analysis: Tensor and Matrix Variants
Article submitted to Operations Research 35

only 50 of the available 370 time series. Both datasets are described in details in Appendix B. Figure
10 shows that in both datasets, the training time of both hSSA and vSSA can be as 600-1000x as
high as the training time of our mSSA variant as we increase ) .

Empirical performance. Here, we compare the forecasting performance of mSSA to that of hSSA
and vSSA. We report performance in terms of the NRMSE of the three methods as we increase
the number of time steps ) 2 [400,10000] in the aforementioned synthetic and electricity dataset.
The goal in the synthetic dataset is to predict the next 50 time steps using one step ahead forecasts,
while the goal in the electricity dataset is to predict the next three days using day-ahead forecasts.
For hSSA and vSSA, we choose ! = )/4 as recommended in Hassani and Mahmoudvand (2018);
and for mSSA, we choose ! = b

p
#)c. For all three methods, we choose the number of retained

singular values based on the thresholding procedure outlined in Gavish and Donoho (2014).

Figures 11 shows the performance of the three methods in both datasets. We find that initially,
with few data points () < 600 in the synthetic data and ) < 4000 in the electricity data), both
hSSA and vSSA outperform mSSA. As we increase ) , mSSA performance significantly improves
and eventually outperforms vSSA. In the electricity dataset, mSSA performs similar to hSSA for
) = 10000. These experiments suggest that if only a few observations were available, hSSA and
vSSA might provide better performance. However, if the number of observations were relatively
large, then the performance of mSSA is superior to vSSA and relatively similar to hSSA.

Importantly, the electricity dataset experiment illustrates a critical advantage of our mSSA vari-
ant. Specifically, when ) is large such that running hSSA or vSSA is computationally infeasible,
then one can achieve better accuracy using mSSA. For example, while we could not run the hSSA
and vSSA on the electricity dataset with ) = 20000 due to memory constraints, we were able to
run mSSA and achieve a lower NRMSE. This suggests that our mSSA variant is the more practical
mSSA algorithm when it comes to efficiently utilizing large multivariate time series.

Appendix B: Experiment Details

In Appendix B.1, we describe the datasets utilized. In Appendix B.2, we describe the various algo-
rithms we compare with as well as the choice of hyper-parameters used for each of them.

B.1. Datasets

We use four real-world datasets and one synthetic dataset. The description and preprocessing we
do for each of these datasets are as follows.
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Electricity Dataset. This is a public dataset obtained from the UCI repository which shows the
15-minutes electricity load of 370 households Trindade (2014). As was done in Yu et al. (2016),Sen
et al. (2019),Salinas et al. (2019), we aggregate the data into hourly intervals and use the first 25824
time-points for training, the next 288 points for validation, and the last 168 points for testing in the
forecasting experiments. Specifically, in our testing period, we do 24-hour ahead forecasts for the
next seven days (i.e. 24-step ahead forecast). See Table 3 for more details.

Traffic Dataset. This public dataset obtained from the UCI repository shows the occupancy rate
of traffic lanes in San Francisco Trindade (2014). The data is sampled every 15 minutes but to be
consistent with previous work in Yu et al. (2016), Sen et al. (2019), we aggregate the data into
hourly data and use the first 10248 time-points for training, the next 288 points for validation, and
the last 168 points for testing in the forecasting experiments. Specifically, in our testing period, we
do 24-hour ahead forecasts for the next seven days (i.e. 24-step ahead forecast). See Table 3 for
more details.

Financial Dataset. This dataset is obtained from theWharton Research Data Services (WRDS) and
contains the average daily stocks prices of 839 companies from October 2004 till November 2019
WRDS (2021). The dataset was preprocessed to remove stocks with any null values, or those with
an average price below 30$ across the aforementioned period. This was simply done to constrain
the number of time series for ease of experimentation and we end up with 839 time series (i.e.
stock prices of listed companies) each with 3993 readings of daily stock prices. In our forecasting
experiments, we train on the first 3693 time points, validate on the next 120 time points, while for
testing we consider the task of predicting 180 time-points ahead one point at a time. That is, the
goal here is to do one-day ahead forecasts for the next 180 days (i.e. 1-step ahead forecast). We
choose to do so as this is a standard goal in finance. See Table 3 for more details.

M5 Dataset. This public dataset obtained fromKaggle’s M5 Forecasting competition include daily
sales data of 30490 items across different Walmart stores for 1941 days Makridakis et al. (2020).
The dataset was preprocessed to only include items that has more than zero sales in at least 500
days. For forecasting, as is the goal in the Kaggle competition, we consider the task of predicting
the sales for the next 28 days (i.e. 28-step ahead forecast). We use the first 1829 points for training,
the next 84 points for cross validation, and the last 28 points for testing.

Synthetic Dataset. We generate the observation tensor - 2 R
=⇥<⇥) by first randomly generat-

ing the two matrices * 2 R
A⇥= = [D1, . . . ,D=] and + 2 R

A⇥< = [E1, . . . , E<]; we do so by randomly
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sampling each coordinate of*,+ independently from a standard normal. Then, we generate A mix-
tures of harmonics where each mixture 6: (C), : 2 [A], is generated as: 6: (C) =

Õ4
⌘=1 U⌘ cos(l⌘C/))

where the parameters U⌘,l⌘ are selected uniformly at randomly from the ranges [�1,10] and
[1,1000], respectively. Then each value in the observation tensor is constructed as follows: -8, 9 (C) =Õ
A

:=1 D8:E 9 :6: (C), where A is the tensor rank, 8 2 [=], 9 2 [<]. In our experiment, we select = = 5,
< = 10, ) = 15000, and A = 4. This gives us # = = x < = 50 time series each with 15000 observa-
tions per time series. In the forecasting experiments, we use the first 13700 points for training, the
next 300 points for validation, while for testing, we do 10-step ahead forecasts for the final 1000
points. See Table 3 for more details.

Table 3 Dataset and training/validation/test split details.

Dataset No.time
series

Observations
per time series

Forecast
horizon (⌘)

Training
period

No. validation
windows,E0;

Validation
period

No. test
windows

Test
period

Electricity 370 26136 24 1 to 25824 2 25825 to 25968 7 25969 to 26136
Traffic 963 10560 24 1 to 10248 2 10249 to 10392 7 10393 to 10560
Synthetic 50 15000 10 1 to 13700 10 13701 to 14000 100 14001 to 15000
Financial 839 3993 1 1 to 3693 40 3694 to 3813 180 3814 to 3993
M5 15678 1941 28 1 to 1829 1 1830 to 1913 1 1914 to 1941

B.2. Algorithms.

In this section, we describe the algorithms used throughout the experiments in more detail and the
hyper-parameters/implementation used for each method.

mSSA & SSA. Note that since the SSA’s variant described in Agarwal et al. (2018) is a special
case of our proposed mSSA algorithm, we use our mSSA’s implementation to perform the SSA
experiments; key difference in SSA is that we do not ‘‘stack’’ the various Page matrices induced by
each time series. For all experiments we choose the parameters through the cross validation process
detailed in Appendix B.3, where we perform a grid search for the following parameters:

1. The number of retained singular values, : . This parameter is chosen using one of the following
data-driven methods: (i) we choose : based on the thresholding procedure outlined in Gavish
and Donoho (2014), where the threshold is determined by the median of the singular values
and the shape of the matrix; (ii) we choose : as the minimum number of singular values that
capture a fraction g of the spectral energy, with g 2 {0.7,0.8,0.9,0.95}; (iii) we additionally
try fixed ranks : 2 {1,3,5,10,25}.

2. The shape of the Page matrix.The Pagematrix shape is controlled either by setting ! directly or
through a column-to-row ratio d ="/!. FormSSA, ! 2 {10,500,700,800,1000,1250,2000}
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(dataset-dependent) or d 2 {2,5,10,20,500}. For SSA, ! 2 {10,30,40,50,80,100,150}
(dataset-dependent) or d 2 {2,5,10}.

3. Missing values initialization. Initializing the missing values is done according to one of two
methods: (i) set the missing values to zero; (ii) perform forward filling where each missing
value is replaced by the nearest preceding observation, followed by backward filling to accom-
modate the situation when the first observation is missing.

DeepAR. We use the ‘‘DeepAREstimator’’ algorithm provided by the GluonTS package. We
choose the parameters through a grid search for the following parameters:

1. Context length. This parameter determines the number of steps to unroll the RNN for before
computing predictions. We choose this from the set {⌘ (default),2⌘,3⌘}, where ⌘ is the pre-
diction horizon.

2. Number of Layers. This parameter determines the number of RNN layers. We choose this from
the set {2 (default),3}.

TRMF. We use the implementation provided by the authors in the Github repository associated
with the paper (Yu et al. (2016)). We choose the parameters through a grid search, as suggested by
the authors in their codebase, for the following parameters:

1. Matrix rank : . This parameter represents the chosen rank for the ) ⇥# time series matrix, we
choose : from the set {5,10,20,40,60}.

2. Regularization parameters _ 5 ,_G ,_F. We choose these parameters from {0.05,0.5,5,50} as
suggested in the authors repository.

For the lag indices , we include the last day and the same weekday in the last week for the traffic
and electricity data, the last 30 points for the financial and synthetic dataset, and the last 10 points
for the M5 dataset.

LSTM. Across all datasets, we use an LSTM network with � 2 {2,3,4} hidden layers each, with
45 neurons per layer, as is done in Sen et al. (2019). We use the Keras implementation of LSTM.
As with other methods’ parameters, � is chosen via cross validation.

Prophet. We used Prophet’s Python library with the parameters selected using a grid search of the
following parameters as suggested in Facebook (2020):

1. Changepoint prior scale. This parameter determines how much the trend changes at the
detected trend changepoints. We choose this parameter from {0.001,0.05,0.2}.
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2. Seasonality prior scale. This parameter controls the magnitude of the seasonality. We choose
this parameter from {0.01,10}.

3. Seasonality Mode. Which is chosen to be either ’additive‘ or ’multiplicative‘.
VAR. We used the VAR estimator in the python package ‘‘statsmodels’’ (Seabold and Perktold
(2010)). We apply the method on the first difference of the time series and verify that the series
are not non-stationary using a unit root test (specifically, Augmented Dickey–Fuller test). For all
datasets except M5, we choose the best value for the parameter max_lag 2 {1,2,5,10,20,50}. This
parameter corresponds to the maximum number of lags used in fitting the VAR process. For M5,
we choose max_lag 2 {1,2,5}, as fitting the model for larger values is computationally infeasible.

tSSA, mSSA and ME in Section 6.3. In this experiment, we use HSVT as the the matrix estimation
subroutine for both ME in mSSA. For both methods, we choose the number of singular components
retained based on the the thresholding procedure outlined in Gavish and Donoho (2014). For tSSA,
we useALS as the tensor estimation subroutine. Therein, we choose the best performing rank among
the follwoing options: (i) the rank suggested by the thresholding procedure outlined in Gavish and
Donoho (2014) for the stacked Page matrix used in mSSA; (ii) the rank suggested by the same
procedure for the Page matrix of one of the time series (specifically the first); (iii) the fixed values
b!/2c and b!/3c.

B.3. Parameters Selection

In all experiments, we choose the hyperparameters for out method and for the baselines by using
cross-validation. Below, we detail the procedure for both imputation and forecasting experiments.

Imputation Experiments. To select the parameters in our imputation experiments, we additionally
mask 10% of the observed data uniformly at random. Then, we evaluate the performance of each
parameter choice in recovering these additionally masked observations. This process is repeated 3
times, and the choice of parameters that achieves the best performance (in NRMSE) across these
runs is selected. In our results, we report the accuracy of the selected parameters in recovering the
original missing values.

Forecasting Experiments. For parameters selection in the forecasting experiments, we use cross-
validation on a rolling basis as typically used in time-series forecasting models Hyndman and
Athanasopoulos (2018). In this procedure, there are multiple validation sets. For each validation
set, we train the model only on previous observations. That is, no future observations can be used
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in training the model, which will occur when a typical cross-validation procedure is followed for

time series data. In our experiments, we start with a subset of the data used for training, then we

forecast the first validation set using ⌘-step ahead forecasts for,E0; windows , where the horizon ⌘

and the number of validation windows,E0; are detailed in Table 3. We do this for three validation

sets, each of length ⌘⇥,E0; , and select the choice of parameters that achieves the best performance

(in NRMSE) for evaluation on the test set. When evaluating on the test set, both the training and

validation periods are used for training.

Appendix C: Time-varying Recommendation Systems

In tSSA, we considered the setting where the # ⇥ ) matrix S induced by the latent time series

51(·), . . . , 5# (·) is low-rank; in particular, Property 1 captures this spatial structure across these #

time series. However, in many settings there is additional spatial structure across the # time series.

Recommendation systems – time-varying matrices/tensors. For example, in recommendation sys-

tems, for each C 2 ) , there is a #1 ⇥ #2 matrix, S (C) 2 R
#1⇥#2 of interest. The =1-th row and =2-th

column of S (C) denotes the latent rating user =1 has for product =2, i.e., S (C)
=1,=2 denotes the value of

the latent time series 5=1,=2 (·) at time step C. To capture the latent structure across users and prod-

ucts, one typically assumes that each S (C) is low-rank. More generally, at each time step C, S (C) 2
R
#1⇥#2,...,⇥#3 could be an order-3 tensor. That is, S (C)

=1,...,=3 denotes the value of the latent time series

5=1,...,=3 (·) at time step C for =1, . . . , =3 2 [#1] ⇥ · · ·⇥ [#3]. For example, if 3 = 3, S (C) might repre-

sent the C-th measurement for a collection of (G, H, I)-spatial coordinates. Let T 2 R
#1⇥#2,...,⇥#3⇥)

denote the 3 + 1 order tensor induced by viewing each order-3 tensor S (C) as the C-th ‘slice’ of T,

for C 2 [)]. Again, to capture the spatial and temporal structure of these latent time series, we posit

the following spatio-temporal model for T, which is a higher-order analog of the model assumed

in Property 1.

Property 13. Let T have CP-rank at most '. That is, for any =1, . . . , =3 2 [#1] ⇥ · · ·⇥ [#3]

T=1,...,=3 ,C =
'’
A=1

*=1,A . . .*=3 ,A ,AC ,

where the factorization is such that |*=1,A |, . . . |*=3 ,A |  �1, |,AC |  �2 for constants �1,�2 > 0.

As before, to explicitly model the temporal structure, we continue to assume Property 2 holds for

the latent time factors,A · for A 2 ['].
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Order-3 + 2 Page tensor representation. We now consider the following order-3 + 2 Page tensor
representation of T. In particular, given the hyper-parameter ! � 1, define HT 2 R

#1⇥···⇥#3⇥!⇥)/!

such that for =1, . . . , =3 2 [#1] ⇥ · · ·⇥ [#3], ✓ 2 [!], B 2 [)/!],

HT=1,...,=3 ,✓,B = 5=1,...,=3 ((B � 1) ⇥ ! + ✓).

The corresponding observation tensor, HT 2 (R[ {¢})#1⇥···⇥#3⇥!⇥)/! , is

HT=1,...,=3 ,✓,B = -=1,...,=3 ((B � 1) ⇥ ! + ✓). (10)

Recall from (1) that -=1,...,=3 (C) is the noisy, missing observation we get of 5=1,...,=3 (C). HT and HT

then have the following property:

Proposition 13. Let Properties 13, 2, and 3 hold. Then, for any 1  ! 
p
) , HT has CP-rank at

most ' x⌧. Further, all entries of HT are independent random variables with each entry observed
with probability d 2 (0,1], and E[HT] = dHT.

Analogous to Proposition 3, Proposition 13 also establishes that order-3 +2 Page tensor representa-
tion of the various latent time series 5=1,...,=3 (·) has CP-rank that continues to be bounded by ' x⌧.
Proof of Proposition 13 can be found in Appendix L.

Higher-order tensor singular spectrum analysis (htSSA). Proposition 13motivates the following
algorithm, which exploits the further spatial structure amongst the # time series. We now define
the ‘‘meta’’ htSSA algorithm. The two algorithmic hyper-parameters are ! � 1 (defined in (5))
and TE3+2 (the order-3 + 2 tensor estimation algorithm one chooses). First, using the observations
-=1,...,=3 (C) for =1, . . . , =3 2 [#1] ⇥ · · ·⇥ [#3], C 2 [)] we construct the higher-order Page tensor HT
as in (10). Second, we obtain cHT as the output of TE3+2(HT), and read off 5̂=1,...,=3 (C) by selecting
the appropriate entry in cHT.

Relative effectiveness of mSSA, htSSA, and tensor estimation (TE). Again, for ease of expo-
sition, we consider the case where d = 1. We now briefly discuss the relative effectiveness of
htSSA, mSSA,and ‘‘vanilla’’ tensor estimation (TE) in imputing -=1,...,=3 (·) to estimate 5=1,...,=3 (·).
mSSA and htSSA have been previously described. In TE, one directly de-noises the original
order-3 + 1 tensor induced by the noisy observations, which we denote ^ 2 R

#1⇥#2,...,⇥#3⇥) , where
^=1,...,=3 ,C = -=1,...,=3 (C). In particular, one produces an estimate of bT = TE3+1(^), and then pro-
duces the estimates 5̂=1,...,=3 (C) by reading off the appropriate entry of bT. Let ImpErr(# ,) ;htSSA),
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ImpErr(# ,) ;mSSA), and ImpErr(# ,) ;TE) denote the imputation error for htSSA, mSSA, and TE,

respectively. Now if we assume Property 7 holds, we have

ImpErr(# ,) ;htSSA) = ⇥̃
©≠≠≠
´

1

min
⇣
#1, . . . ,#3 ,

p
)

⌘ d 3+2
2 e

™ÆÆÆ
¨
,

ImpErr(# ,) ;mSSA) = ⇥̃

 
1p

min(# ,)))

!
,

ImpErr(# ,) ;TE) = ⇥̃

 
1

min (#1, . . . ,#3 ,)) d
3+1

2 e

!
.

Then just as was done in the proof of Proposition 6, for any given 3, one can reason about the

relative effectiveness of htSSA, mSSA, and TE for different asymptotic regimes of the relative ratio

of # and ) .

Appendix D: Proof of Proposition 7

Below, we present the proof of Proposition 7. First we define the stacked Hankel matrix of # time

series over) time steps. Precisely, given # latent time series 51, . . . , 5# , consider the stacked Hankel

matrix induced by each of them over ) time steps, [)], defined as follows. It is SH 2 R
b)/2c⇥# b)/2c

where its entry in row 8 2 [b)/2c] and column 9 2 [# b)/2c], SH8 9 , is given by

SH8 9 = 5
=(8, 9) (8 + ( 9 mod b)/2c) � 1), where =(8, 9) =

l
9

b)/2c
m
.

We now establish Proposition 14, which immediately implies Proposition 7 – the stacked Page

matrix can be viewed as a sub-matrix of SH, by selecting the appropriate columns.

Proposition 14. Let Properties 1 and 8 hold for # latent time series of interest, 51, . . . , 5# . Then
for any ) � 1, the stacked Hankel Matrix of these # time series has n0-approximate rank ' x⌧ with
n
0 = '�1n .

We have # latent time series 51, . . . , 5= satisfying Properties 1 and 8. Consider their stacked

Hankel matrix over [)], SH 2 R
b)/2c⇥# b)/2c . By definition for 8 2 [b)/2c] and 9 = (=�1) x b)/2c +

9
0 for 9 0 2 [b)/2c], we have

SH8 9 0 = 5= (8 + 9 0 � 1).
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That is,

SH8 9 = 5= (8 + 9 0 � 1)

=
'’
A=1

*=A,A (8+ 9 0�1) . (11)

Let � (A) 2 R
b)/2c⇥b)/2c be the Hankel matrix associated with,A · over [)]. Due to Property 8, there

exists a low-rank matrix " (A) 2 R
b)/2c⇥b)/2c such that (a) rank(" (A))  ⌧, (b) k� (A)�" (A)k1 

n . That is, for any 8, 9 0 2 [b)/2c], we have that " (A)8 9 0 =
Õ
⌧

6=1 0
A

86
1
A

9
0
6
for some 0A

8·, 1
A

9
0· 2 R

⌧ .
Therefore, for any 8, 9 0 2 [b)/2c], we have that

,
A (8+ 9 0�1) = � (A)8 9 0 = " (A)8 9 0 + (� (A)8 9 0 �" (A)8 9 0)

=
⌧’
6=1

0
A

86
1
A

9
0
6
+ (� (A)8 9 0 �" (A)8 9 0). (12)

From (11) and (12), we conclude that

SH8 9 =
'’
A=1

⌧’
6=1

*=A0
A

86
1
A

9
0
6
+

'’
A=1

*=A (� (A)8 9 0 �" (A)8 9 0)

=
’

(A,6)2[']⇥[⌧]
0
A

86
x (*=A1A9 06) +

'’
A=1

*=A (� (A)8 9 0 �" (A)8 9 0).

Define matrix M 2 R
b)/2c⇥# b)/2c with its entry for row 8 2 [b)/2c] and column 9 = (=�1) x b)/2c +

9
0 for 9 0 2 [b)/2c] given by

M8 9 =
’

(A ,6)2[']⇥[⌧]
0
A

86
x (*=A1A9 06)

=
’

(A ,6)2[']⇥[⌧]
U
8(A ,6)V9 (A ,6) ,

where U
8(A,6) = 0A86 and V

9 (A,6) =*=A1A9 06. Further,

|SH8 9 �M8 9 | 
'’
A=1

|*=A | | (� (A)8 9 0 �" (A)8 9 0) |


'’
A=1

�1k� (A) �" (A)k1  '�1n .

That is, the stacked Hankel matrix SH of # time series of [)] has n0-approximate rank ⌧ x ' with
n
0 = '�1n . This completes the proof.
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Appendix E: Proofs For Section 5

E.1. Proof of Proposition 8
Let 51, 52 have a (⌧1, n1) and (⌧2, n2)-Hankel representation, respectively. For any ) � 1, let

N1,N2 2 R
b)/2c⇥b)/2c be the Hankel matrices of 51, 52, respectively, over the time interval [)]. By

definition, there exists matrices "1,"2 2 R
b)/2c⇥b)/2c such that rank(S1)  ⌧1, kS1 �N1k1  n1

and rank(S2)  ⌧2, kS2 �N2k1  n2.

Component-wise addition. Note the Hankel matrix of 51 + 52 over [)] is N1 + N2. Then, matrix
S = S1 + S2 has rank at most ⌧1 + ⌧2 since for any two matrices G and H, it is the case that
rank(G+H)  rank(G) + rank(H). Further, kN1+N2� (S1+S2)k1  n1+ n2. Therefore it follows
that 51 + 52 has (⌧1 +⌧2, n1 + n2)-Hankel representation.

Component-wise multiplication. For 51 � 52, its Hankel over [)] is given by N1 � N2 where we
abuse notation of � in the context of matrices as the Hadamard product of matrices. Let S = S1 �
S2. Then rank(")  ⌧1 x⌧2 since for any two matrices G and H, rank(G�H)  rank(G)rank(H).
Now

kN1 �N2 �S1 �S2k1  kN1 �N2 �N1 �S2k1 + kN1 �S2 �S1 �S2k1

 kN1k1kN2 �S2k1 + kS2k1kN1 �S1k1

 k 51k1n2 + (kS2 �N2k1 + kN2k1)n1

 k 51k1n2 + (k 52k1 + n2)n1

= k 51k1n2 + k 52k1n1 + n1n2  3max(n1, n2)max(k 51k1, k 52k1).

This completes the proof of Proposition 8.

E.2. Proof of Proposition 9
Proof is immediate from Definitions 4 and 5.

E.3. Proof of Proposition 10
E.3.1. Helper Lemmas for Proposition 10 Webegin by stating some classic results fromFourier
Analysis. To do so, we introduce some notation. Throughout, we have ' > 0.

⇠ [0, '] and !2 [0, '] functions. ⇠ [0, '] is the set of real-valued, continuous functions defined on
[0, ']. !2 [0, '] is the set of square integrable functions defined on [0, '], i.e.

Ø
'

0 5
2(C)3C  1

Inner Product of functions in !2 [0, ']. !2 [0, '] is a space endowed with inner product defined
as h 5 , 6i := 1

'

Ø
'

0 5 (C)6(C)3C, and associated norm as k 5 k :=
q

1
'

Ø
'

0 5
2(C)3C.
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Fourier Representation of functions in !2 [0, ']. For 5 2 !2 [0, '], define its⌧ � 1-order Fourier

representation, F ( 5 ,⌧) 2 !2 [0, '] as

F ( 5 ,⌧) (C) = 00 +
⌧’
6=1

(06 cos(2c6C/') + 16 cos(2c6C/')), C 2 [0, '], (13)

where 00, 06, 16 with 6 2 [⌧] are called the Fourier coefficients of 5 , defined as

00 := h 5 ,1i = 1
'

π
'

0
5 (C)3C,

06 := h 5 , cos(2c6C/')i = 1
'

π
'

0
5 (C) cos(2c6C/')3C,

16 := h 5 , sin(2c6C/')i = 1
'

π
'

0
5 (C) sin(2c6C/')3C.

We now state a classic result from Fourier analysis.

Theorem 7 (Grafakos (2008)). Given : � 1, ' > 0, let 5 2⇠: (',PER). Then, for any C 2 [0, ']
(or more generally C 2 R),

lim
⌧!1

F ( 5 ,⌧) (C)! 5 (C).

We next argue that if 5 2⇠: (',PER), then its Fourier coefficients decay rapidly.

Lemma 1. Given : � 1, ' > 0, let 5 2⇠: (',PER). Then, for 9 2 [:], the ⌧-order Fourier coeffi-
cient of 5 ( 9) , the 9-th derivative of 5 , recursively satisfy the following relationship: for 6 2 [⌧],

0
( 9)
6

= �
⇣2c6
'

⌘
1
( 9�1)
6

, 1
( 9)
6

=
⇣2c6
'

⌘
0
( 9�1)
6

. (14)

We establish (14) for 0 (1)
6
, 6 2 [⌧]. Notice that an identical argument applies to establish (14)

for any 0 ( 9)
6
, 1

( 9)
6

for 9 2 [:] and 6 2 [⌧].

0
(1)
6

= h 5 (1) , cos(2c6C/')i = 1
'

π
'

0
5
(1) (C) cos(2c6C/')3C

(0)
=

1
'

⇣ h
5 (C) cos(2c6C/')

i
'

0
� 2c6

'

h 1
'

π
'

0
5 (C) sin(2c6C/')3C

i ⌘

= �
⇣2c6
'

⌘
1
(0)
6

.

(a) follows by integration by parts.
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E.3.2. Completing Proof of Proposition 10
For ⌧ 2N, let F ( 5 ,⌧) be defined as in (13). Then for C 2 R

| 5 (C) �F ( 5 ,⌧) (C) | (0)=
��� 1’
6=⌧+1

(06 cos(2c6C/') + 16 cos(2c6C/'))
���


1’

6=⌧+1
|06 | + |16 |

(1)


1’
6=⌧+1

⇣
'

2c6

⌘
:
⇣
|0 (:)
6

| + |1 (:)
6

|
⌘

(2)

p

2
⇣
'

2c

⌘
:

vut 1’
6=⌧+1

⇣1
6

⌘2:
vut 1’
6=⌧+1

⇣
|0 (:)
6

|2 + |1 (:)
6

|2
⌘

(3)


p
2
⇣
'

2c

⌘
: 1
⌧
:�0.5

vut 1’
6=⌧+1

⇣
|0 (:)
6

|2 + |1 (:)
6

|2
⌘

(4)

p

2
⇣
'

2c

⌘
: k 5 (:) k
⌧
:�0.5

=⇠ (: , ') k 5
(:) k

⌧
:�0.5 ,

where ⇠ (: , ') is a constant that depends only on : and '; (a) follows from Theorem 7; (b) follows

from Lemma 1; (c) follows from Cauchy-Schwarz inequality and fact that (U+ V)2  2(U2 + V2) for
any U, V 2 R; (d)

Õ1
6=⌧+1 6

�2: 
Ø 1
⌧
G
�2:
3G which can be bounded as ⌧�2:+1/(2: � 1) which is at

most⌧�2:+1 since : � 1; (e) follows from Bessel’s inequality, i.e. k 5 (:) k2 �Õ1
6=0( |0

(:)
6

|2+ |1 (:)
6

|2).

Thus, for any C 2 R, we have a uniform error bound for 5 being approximated by F ( 5 ,⌧) which

is a sum of 2⌧ harmonics. Noting 2⌧ harmonics can be represented by an order-4⌧ LRF (by

Proposition 1),we complete the proof.

E.4. Proof of Proposition 11

This analysis is adapted from Xu (2017).

Step 1: Partitioning the space [0,1) . Consider an equal partition of [0,1) . Precisely,
for any : 2 N, we partition the the set [0,1) into 1/: half-open intervals of length 1/: , i.e,

[0,1) = [:
8=1 [(8 � 1)/: , 8/:) . It follows that [0,1) can be partitioned into : cubes of forms

⌦ 
9=1

⇥
(8 9 � 1)/: , 8 9/:

�
with 8 9 2 [:]. Let E: be such a partition with �1, �2, . . . , �: denoting all such

cubes and I1, I2, . . . , I: 2 R
 denoting the centers of those cubes.
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Step 2: Taylor Expansion of 6(·,l). Consider a fixed l. To reduce notational overload, we sup-
press dependence of 6 on l, and abuse notation by using 6(·) = 6(·,l) in what follows.

For every �8 with 1  8  : , define %�8 ,✓ (G) as the degree-✓ Taylor’s series expansion of 6(G) at
point I8:

%�8 ,✓ (G) =
’
^:|^ |✓

1
^! (G � I8)

^ r^6(I8), (15)

where ^ = (^1, . . . , ^3) is a multi-index with ^! =
Œ
 

8=1 ^8!, and r:6(I8) is the partial derivative
defined in Section 5.2. Note similar to 6, %�8 ,✓ (G) really refers to %�8 ,✓ (G,l).

Now we define a degree-✓ piecewise polynomial

%E: ,✓ (G) =
:
 ’
8=1

%�8 ,✓ (G)1(G 2 �8).

For the remainder of the proof, let ✓ = bUc (recall bUc refers to the largest integer strictly smaller
than U). Since 5 2H(U, !), it follows that

sup
G2[0,1) 

��
6(G) � %E: ,✓ (G)

�� = max
18: 

sup
G2�8

��
6(G) � %�8 ,✓ (G)

��
(0)
= max

18: 
sup
G2�8

������
’

^:|^ |✓�1

r^6(I8)
^! (G � I8)^ +

’
^:|^ |=✓

r^6( Ĩ8)
^! (G � I8)✓ � %�8 ,✓ (G)

������
(1)
= max

18: 
sup
G2�8

������
’
^:|^ |=✓

r^6( Ĩ8)
^! (G � I8)✓ �

’
^:|^ |=✓

r^6(I8)
^! (G � I8)✓

������
= max

18: 
sup
G2�8

������
’
^:|^ |=✓

r^6( Ĩ8) �r^6(I8)
^! (G � I8)✓

������
(2)
 max

18: 
sup
G2�8

kG � I8k✓1 sup
G2�8

’
^:|^ |=✓

1
^! |r^6( Ĩ8) �r^6(I8) |

(3)
 L:�U . (16)

where (a) follows from multivariate version of Taylor’s theorem (and using the Lagrange form for
the remainder) and Ĩ8 2 [0,1) is a vector that can be represented as I8 +2G for 2 2 (0,1); (b) follows
from (15); (c) follows from Holder’s inequality; (d) follows from Definition 7.

Step 3: Construct Low-Rank Approximation of Time Series Hankel Using %E: ,✓. Recall the
Hankel matrix, N 2 R

b)/2c⇥b)/2c induced by the original time series over [)], where NCB =
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6(\C ,lB), C, B 2 [b)/2c] with 6(·,l) 2H(U,L) for any l. We now construct a low-rank approx-
imation of it using %E: ,✓ = %E: ,✓ (·,l). Define eN 2 R

b)/2c⇥b)/2c , where eNCB = %E: ,✓ (\C ,lB), C, B 2
[b)/2c].

By (16), we have that for all C, B 2 [b)/2c],
���NCB � eNCB

���  L:�U .

It remains to bound the rank of eN. Note that since %E: ,✓ (·,l) is a piecewise polynomial of degree
✓ = bUc for any given l, it has the following decomposition: for C, B 2 [b)/2c],

eNCB = %E: ,✓ (\C ,lB) =
:
 ’
8=1

h�(\C), V�8 ,Bi1(\C 2 �8)

where for any \ 2 R
 ,

�(\) =
⇣
1, \1, . . . , \ , . . . , \

✓

1, . . . , \
✓

 

⌘
)

,

the vector of all monomials of degree less than or equal to ✓, and V�8 ,B is a vector collecting the cor-
responding coefficients. The number of such monomials is easily shown to be equal to ⇠ (U, ) :=ÕbUc
8=1

�
8+ �1
8

�
. That is, eNCB = D)C EB where DC , EB are of dimension at most : ⇠ (U, ) for each C, B 2

[b)/2c]. That is, eN has rank at most : ⇠ (U, ). Setting : =
l1
n

m
completes the proof.

Appendix F: Helper Lemmas

We recall known concentration and perturbation inequalities that will be useful throughout.

Theorem 8 (Bernstein’s Inequality Bernstein (1946)). Suppose that -1, . . . , -= are indepen-
dent random variables with zero mean, and M is a constant such that |-8 |  " with probability one
for each 8. Let ( :=

Õ
=

8=1 -8 and E := Var((). Then for any C � 0,

P( |( | � C)  2exp(� 3C2
6E + 2"C ).

Theorem 9 (Norm of matrices with sub-gaussian entries Vershynin (2010)). Let G be an
< ⇥ = random matrix whose entries �8 9 are independent, mean zero, sub-gaussian random vari-
ables. Then, for any C > 0, we have

kGk  ⇠ (
p
< +

p
= + C)

with probability at least 1� 2exp(�C2). Here,  =max8, 9 k�8 9 kk2 .
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Lemma 2 (Maximum of sequence of random variables Vershynin (2010)). Let -1, -2,
. . . , -= be a sequence of random variables, which are not necessarily independent, and satisfy
E[-2?

8
]

1
2?   ?

V
2 for some  , V > 0 and all 8. Then, for every = � 2,

Emax
8=

|-8 |  ⇠ log
V
2 (=).

We note that Lemma 2 implies that if -1, . . . , -= are kU random variables with k-8kkU   U for all
8 2 [=], then

Emax
8=

|-8 |  ⇠ U log
1
U (=).

Lemma 3 (Modified Hoeffding Inequality Agarwal et al. (2020) ). Let - 2 R
= be random vec-

tor with independent mean-zero sub-Gaussian random coordinates with k-8kk2   . Let 0 2 R
= be

another random vector that satisfies k0k2  1 almost surely for some constant 1 � 0. Then for all
C � 0,

P

⇣��� =’
8=1

08-8

��� � C⌘  2exp
⇣
� 2C

2

 
2
1

2

⌘
,

where 2 > 0 is a universal constant.

Lemma 4 (Modified Hanson-Wright Inequality Agarwal et al. (2020) ). Let - 2 R
= be a ran-

dom vector with independent mean-zero sub-Gaussian coordinates with k-8kk2   . Let G 2 R
=⇥=

be a random matrix satisfying kGk2  0 and kGk2
�
 1 almost surely for some 0, 1 � 0. Then for

any C � 0,

P

⇣
|-) G- �E[-) G-] | � C

⌘
 2 · exp

⇣
� 2min

⇣
C
2

 
4
1

,

C

 
2
0

⌘⌘
.

Lemma 5 (Weyl’s inequality). Given G, H 2 R
<⇥=, let f8 and bf8 be the 8-th singular values of G

and H, respectively, in decreasing order and repeated by multiplicities. Then for all 8 2 [< ^ =],

|f8 �bf8 |  kG� Hk2.

Appendix G: Matrix Estimation via HSVT

This section describes and analyzes a well-known matrix estimation method, Hard Singular Value
Thresholding (HSVT). While the analysis utilizes known arguments from the literature, we need to
adapt it for the setting where the underlying ‘signal’ is only approximately low-rank.
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G.1. Setup, Notations

Setup. Given a deterministic matrix S 2 R
@⇥? with ?, @ 2N and @  ?, a random matrix _ 2 R

@⇥?

is such that all of its entries, .8 9 , 8 2 [@], 9 2 [?] are mutually independent and for any given
8 2 [@], 9 2 [?],

.8 9 =

8>>><
>>>:
"8 9 + 98 9 w.p. d, (i.e. observed)

0 w.p. 1� d, (i.e. not observed)

for some d 2 (0,1] with 98 9 are independent random variables with E[98 9 ] = 0 and k98 9 kk2  f.
Given this, we have E[_] = dS. Defineff

bd =max
⇣
1/(@ ?),

� @’
8=1

?’
9=1

1(.8 9 is obs.)
�
/(@ ?)

⌘
.

Goal of Matrix Estimation. The goal of matrix estimation is to produce an estimate cS from
observation _ so that cS is close to S. In particular, we will be interested in bounding the error
between cS and S using the following metric: kcS �Sk2,1.

G.2. Matrix Estimation using HSVT

Hard Singular Value Thresholding (HSVT) Map. We define the HSVT map. For any @, ? 2 N,
consider a matrix H 2 R

@⇥? such that H =
Õ
@^?
8=1 f8 (H)G8H

)

8
. Here for 8 2 [@ ^ ?], f8 (H) is the 8th

largest singular value of H and G8, H8 are the corresponding left and right singular vectors respec-
tively. Then, for given any _ > 0, we define the map HSVT_ : R@⇥? ! R

@⇥?, which simply shaves
off the singular values of the input matrix that are below the threshold _. Precisely,

HSVT_ (H) =
@^?’
8=1

f8 (H)1(f8 (H) � _)G8H)8 .

Matrix Estimating using HSVT map. We define a matrix estimation method using the HSVT
map that is utilized by mSSA for imputation. Precisely, we estimate S from _ as follows: given
parameter : � 1,

cS =
1
bdHSVT_: (_). (17)

where _: = f: (_), i,e. the :th largest singular value of _ .
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G.3. A Useful Linear Operator
We define a linear map associated to HSVT. For a specific choice of _ � 0, define iH

_
:R? !R

? as
follows: for any vector F 2 R

? (i.e. F 2 R
?⇥1),

i
H
_
(F) =

@^?’
8=1

1(f8 (H) � _)H8H)8 F. (18)

Note that iH
_

is a linear operator and it depends on the tuple (H,_); more precisely, the singular
values and the right singular vectors of H, as well as the threshold _. If _ = 0, then we will adopt
the shorthand notation: iH = iH

0 . The following is a simple, but curious relationship between iH
_

and HSVT_ that will be useful subsequently.

Lemma 6 (Lemma 35 of Agarwal et al. (2019, 2021)). Let H 2 R
@⇥? and _ � 0 be given. Then

for any 9 2 [@],

i
H
_

�
H)
9 ·
�
=HSVT_

�
H
�
)

9 ·,

where H 9 · 2 R
1⇥? represents the 9 th row of H, and HSVT_

�
H
�
9 · 2 R

1⇥? represents the 9 th row of
the matrix obtained after applying HSVT over H with threshold _.

By (18), the orthonormality of the right singular vectors and noting H)
9 · = H)4 9 with 4 9 2 R

?

with 9 th entry 1 and everything else 0, we have

i
H
_

�
H)
9 ·
�
=
@^?’
8=1

1(f8 (H) � _)H8H)8 H)9 · =
@^?’
8=1

1(f8 (H) � _)H8H)8 H)4 9

=
@^?’
8=1

1(f8 (H) � _)H8H)8
� @^?’
8
0=1
f80 (H)G80H)80

�
)

4 9 =
@^?’
8,8

0=1
f80 (H)1(f8 (H) � _)H8H)8 H80G)804 9

=
@^?’
8,8

0=1
f80 (H)1(f8 (H) � _)H8X880G)804 9 =

@^?’
8=1

f8 (H)1(f8 (H) � _)H8G)8 4 9

=HSVT_
�
H
�
)

4 9 =HSVT_
�
H
�
)

9 ·.

G.4. HSVT based Matrix Estimation: A Deterministic Bound
We state the following result about property of the estimator.

Lemma 7. For : � 1, let S = S: +K: with rank(S: ) = : . Let Y =max(bd/d, d/bd) � 1. Then, the
HSVT estimate cS with parameter : is such that for all 9 2 [@],

kcS)

9 · �S)

9 ·k2
2 

2k_ � dSk2
2 + 2d2kK: k2

2�
f: (dS: )

�2

⇣
2
���[S: ])9 ·

���2

2
+

4Y2 �k_)
9 · � dS)

9 ·k2
�2

d
2

⌘

+ 4Y2

d
2

���iS: (_)
9 · � dS)

9 ·)
���2

2
+ 2(Y � 1)2kS)

9 ·k2
2 + 2

���[K: ])9 ·
���2

2
.
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We prove our lemma in four steps.

Step 1. Decomposing cS)

9 · �S)

9 · in two terms. Fix a row index 9 2 [@]. Let _: be the :th largest
singular value of _ , as used by HSVT algorithm with parameter : � 1.

cS)

9 · �S)

9 · =
⇣cS)

9 · � i__:
�
S)

9 ·
� ⌘
+
⇣
i
_
_:

�
S)

9 ·
�
�S)

9 ·

⌘
.

By definition per (18), i_
_:

:R? !R
? is the projection operator onto span

�
D1, . . . ,D:

 
, the span of

top : right singular vectors of _ , denoted as D1, . . . ,D: . Therefore,

i
_
_:
(S)

9 ·) �S)

9 · 2 span{D1, . . . ,D: }?.

By design, rank(cS) = : . Therefore, by Lemma 6

cS 9 · � i__: (S
)

9 ·) =
1
bd i__: (_)9 ·) � i__: (S)

9 ·) 2 span{D1, . . . ,D: }.

Therefore, hcS)

9 · � i__: (S
)

9 ·), i__: (S
)

9 ·) �S)

9 ·i = 0, and hence

���cS)

9 · �S)

9 ·

���2

2
=
���cS)

9 · � i__:
�
S)

9 ·
����2

2
+
���i_

_:

�
S)

9 ·
�
�S)

9 ·

���2

2
(19)

by the Pythagorean theorem.

Step 2. Bounding Term 1,
���cS)

9 · � i__:
�
S)

9 ·
����

2
. We begin by bounding the first term on the right

hand side of (19). By Lemma 6,

cS 9 · � i__: (S
)

9 ·) =
1
bd i__: (_)9 ·) � i__: (S)

9 ·) = i__:
⇣ 1
bd_)9 · �S)

9 ·

⌘

=
1
bd i__: (_)9 · � dS)

9 ·) +
d � bd
bd i

_
_:
(S)

9 ·).

Using the Parallelogram Law (or, equivalently, combining Cauchy-Schwartz and AM-GM inequal-
ities), we obtain

kcS)

9 · � i__: (S 9 ·)) k2
2 = k 1

bd i__: (S)

9 · � dS)

9 ·) +
d � bd
bd i

_
_:
(S)

9 ·)k2
2

 2 k 1
bd i__: (_)9 · � dS)

9 ·)k2
2 + 2 k d � bd

bd i
_
_:
(S)

9 ·)k2
2

 2
bd2 ki

_
_:
(_)

9 · � dS)

9 ·)k2
2 + 2

⇣
d � bd
bd

⌘2
kS)

9 ·k2
2

 2Y2

d
2 ki_

_:
(_)

9 · � dS)

9 ·)k2
2 + 2(Y � 1)2kS)

9 ·k2
2. (20)
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From definition of Y, 1bd  Y

d
and

⇣
d�bdbd

⌘2
 (Y � 1)2. The first term of (20) can be decomposed as,

ki_
_:
(_)

9 · � dS)

9 ·)k2
2

 2
���i_

_:
(_)

9 · � dS)

9 ·) � iS: (_)
9 · � dS)

9 ·)
���2

2
+ 2

���iS: (_)
9 · � dS)

9 ·)
���2

2
. (21)

In above, we have used notation iS: = iS:
0 . Given that S: is rank : matrix, iS: : R? ! R

? is
the projection operator mapping any element in R

? to the projection onto the subspace spanned by
{`1, . . . , `: }, where `1, . . . , `: 2 R

? are the : non-trivial right singular vectors of S: . Similarly,
by definition i_

_:
is a map R? !R

? mapping any element in R? to its projection onto the subspace
spanned by {D1, . . . ,D: }, the top : right singular vectors of_–this can be seen by noting _: = f: (_)
is the :-th top singular value of _ . Recall f9 (_), 9 2 [@ ^ ?] is the 9 th largest singular value of _ .

Next, we bound the first term on the right hand side of (21). To that end, by Wedin sin⇥ Theorem
(see Davis and Kahan (1970), Wedin (1972)) and recalling rank(S: ) = : ,

��
i
_
_:
� iS:

��
2 

k_ � dS: k2
f: (dS: )

 k_ � dSk2
f: (dS: )

+ dkS �S: k2
f: (dS: )

 k_ � dSk2
f: (dS: )

+ dkK: k2
f: (dS: )

. (22)

Then it follows that
���i_

_:
(_)

9 · � dS)

9 ·) � iS: (_)
9 · � dS)

9 ·)
���

2
 ki_

_:
� iS: k2k_)9 · � dS)

9 ·k2


�
k_ � dSk2 + dkK: k2

� �
k_)

9 · � dS)

9 ·k2
�

f: (dS: )
. (23)

Using (21) and (23) in (20),

kcS 9 · � i__: (S
)

9 ·)k2
2 

4Y2

d
2

�
k_ � dSk2 + dkK: k2

�2 �k_)
9 · � dS)

9 ·k2
�2

�
f: (dS: )

�2

+ 4Y2

d
2

���iS: (_)
9 · � dS)

9 ·)
���2

2
+ 2(Y � 1)2kS)

9 ·k2
2. (24)

Step 3. Bounding Term 2,
���i_

_:

�
S)

9 ·
�
�S)

9 ·

���2

2
. Recall S = S: + K: and using (22),

���i_
_:

�
S)

9 ·
�
�S)

9 ·

���2

2
=
���i_

_:

�
[S: ])9 · + [K: ])9 ·

�
� [S: ])9 · � [K: ])9 ·

���2

2
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 2
���i_

_:

�
[S: ])9 ·

�
� [S: ])9 ·

���2

2
+ 2

���i_
_:

�
[K: ])9 ·

�
� [K: ])9 ·

���2

2

= 2
���i_

_:

�
[S: ])9 ·

�
� iS:

_:

�
[S: ])9 ·

����2

2
+ 2

���i_
_:

�
[K: ])9 ·

�
� [K: ])9 ·

���2

2

 2
���i_

_:
� iS:

_:

���2

2

���[S: ])9 ·
���2

2
+ 2

���[K: ])9 ·
���2

2

 2
�
k_ � dSk2 + dkK: k

�2

�
f: (dS: )

�2

���[S: ])9 ·
���2

2
+ 2

���[K: ])9 ·
���2

2
. (25)

Step 4. Putting everything together. Inserting (24) and (25) back to (19), we have that for each
9 2 [@],

���cS)

9 · �S)

9 ·

���2

2
 2

�
k_ � dSk2 + dkK: k2

�2

�
f: (dS: )

�2

���[S: ])9 ·
���2

2
+ 2

���[K: ])9 ·
���2

2

+ 4Y2

d
2

�
k_ � dSk2 + dkK: k2

�2 �k_)
9 · � dS)

9 ·k2
�2

�
f: (dS: )

�2

+ 4Y2

d
2

���iS: (_)
9 · � dS)

9 ·)
���2

2
+ 2(Y � 1)2kS)

9 ·k2
2


2k_ � dSk2

2 + 2d2kK: k2
2�

f: (dS: )
�2

⇣
2
���[S: ])9 ·

���2

2
+

4Y2 �k_)
9 · � dS)

9 ·k2
�2

d
2

⌘

+ 4Y2

d
2

���iS: (_)
9 · � dS)

9 ·)
���2

2
+ 2(Y � 1)2kS)

9 ·k2
2 + 2

���[K: ])9 ·
���2

2
,

where we used (0 + 1)2  202 + 212. This completes the proof.

G.5. HSVT based Matrix Estimation: Deterministic To High-Probability

Next, we convert the bound obtained in Lemma 7 to a bound in expectation (as well as one in
high-probability) for our metric of interest: kcS �Sk2,1. In particular, we establish

Theorem 10. For : � 1, let S = S: + K: with rank(S: ) = : . Let n = kK: k1 and � = kS: k1.
Let d � ⇠ log(@?)/@ for ⇠ large enough and @  ?. Then, the HSVT estimate cS with parameter :
is such that

E
⇥
max
92[@]

1
?

kcS)

9 · �S)

9 ·k2
2
⇤
 ?(⇠f2 + d2

n@)
d

2
f: (S: )2

⇣
�2 + f

2

d
2

⌘
+ ⇠f

2
: log ?
?d

2 + ⇠ (� + n)2

?

+ 2n2 + ⇠

(?@)2 .

We start by identifying certain high probability events. Subsequently, using these events and
Lemma 7, we shall conclude the proof.
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High Probability Events. For some positive absolute constant ⇠ > 0, define

⇢1 :=
n
|bd � d |  d/20

o
,

⇢2 :=
n
k_ � dSk2  ⇠f

p
?

o
, (26)

⇢3 :=
n
k_ � dSk1,2, k_ � dSk2,1  ⇠fp?

o
, (27)

⇢4 :=
n

max
92[@]

kiH
f: (H)

⇣
_)
9 · � dS)

9 ·

⌘
k2

2  ⇠f
2
: log(?)

o
, (28)

⇢5 :=
(✓

1�

s
20 log(@?)

d@?

◆
d  bd  1

1�
q

20 log(@?)
d@?

d

)
.

In (28) above, H 2 R
@⇥? is a deterministic matrix. Let the singular value decomposition of H be

given as H =
Õ
@

8=1f8 (H)G8H
)

8
, where f8 (H) are the singular vectors of H in decreasing order and

G8, H8 are the left and right singular vectors respectively. Recall the definition of iH
_

in (18). In
particular, we choose _ = f: (H), the :th singular value of H in (28). As a result, in effect, we are
bounding norm of projection of random vector _ 9 · � dS 9 · for any given deterministic subspace of
R
? of dimension : .

Lemma 8. For some positive constant 21 > 0 and ⇠ > 0 large enough in definitions of ⇢1, . . . ,⇢5,

P(⇢1) � 1� 24�21?@d � (1� d)?@,

P(⇢2) � 1� 24�?,

P(⇢3) � 1� 24�?, (29)

P(⇢4) � 1� 2
(@?)10 .

P(⇢5) � 1� 2
(@?)10 .

We bound the probability of events ⇢1, . . . ,⇢5 in that order.

Bounding K1. Let

bd0 =
� @’
8=1

?’
9=1

1(.8 9 is obs.)
�
/(@ ?).

That is, bd = max(bd0,1/(?@)) and E[bd0] = d. We define the event ⇢6 := {bd0 = bd}. Thus, we have
that

P(⇢21) = P(⇢21 \ ⇢6) + P(⇢21 \ ⇢
2

6)
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= P( |bd0 � d | � d/20) + P(⇢21 \ ⇢
2

6)

 P( |bd0 � d | � d/20) + P(⇢26)

= P( |bd0 � d | � d/20) + (1� d)@?,

where the final equality follows by the independence of observations assumption and the fact that
bd0 < bd only if we do not have any observations. By Bernstein’s Inequality, we have that

P( |bd0 � d | � d/20) � 1� 24�21d@?
.

Bounding K2. To start with, E[_] = dS. For any 8 2 [@], 9 2 [?], the .8 9 are independent, 0 with
probability 1� d and with probability d equal to "8 9 + 98 9 with k98 9 kk2  f. Therefore, it follows
that k.8 9 � d"8 9 kk2  ⇠0

f for a constant ⇠0
> 0. Since @  ?, using Theorem 9 it follows that for

an appropriately large constant ⇠ > 0,

P(⇢2) � 1� 24�? .

Bounding K3. Recall that we assume @  ?. Observe that for any matrix � 2 R
@⇥?,

k�k1,2, k�k2,1  k�k2. Thus using the argument to bound K2, we have (29).

Bounding K4. Consider for 9 2 [@],

kiH
f: (H)

⇣
_)
9 · � dS)

9 ·

⌘
k2

2 =
:’
8=1

kH8H)8 (_)9 · � dS)

9 ·)k2
2 

:’
8=1

⇣
H
)

8
(_)

9 · � dS)

9 ·)
⌘2

2
=

:’
8=1

/
2
8
,

where /8 = H)
8
(_)

9 · � dS)

9 ·). By definition of the k2 norm of a random variable and since H8 is
unit norm vector that is deterministic (and hence independent the of random vector _)

9 · � ?S)

9 ·), it
follows that

k/8kk2 = kH)
8
(_ 9 · � ?S 9 ·)kk2  k (_ 9 · � ?S 9 ·)kk2 .

Since the coordinates of_)
9 ·�dS)

9 · are mean-zero and independent, withk2 norm bounded by
p
⇠f

for some absolute constant ⇠ > 0, using arguments from Agarwal et al. (2019, 2021), it follows that

P

⇣ :’
8=1

/
2
8
> C

⌘
 2: exp

⇣
� C

:⇠f
2

⌘
.
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Therefore, for choice of C =⇠f2
: log ? with large enough constant⇠ > 0, @  ?, and taking a union

bound over all 9 2 [?], we have that

P

⇣
⇢
2

4

⌘
 2

(@?)10 .

Bounding K5. Recall the definition of bd. By the binomial Chernoff bound, for Y > 1,

P

⇣bd > Yd⌘  exp
✓
� (Y � 1)2

Y + 1 @?d

◆
, and

P

⇣bd < 1
Y

d

⌘
 exp

✓
� (Y � 1)2

2Y2 @?d

◆
.

By the union bound,

P

⇣1
Y

d  bd  dY⌘ � 1�P

⇣bd > Yd⌘ �P

⇣bd < 1
Y

d

⌘
.

Noticing Y+1 < 2Y < 2Y2 for all Y > 1, and substituting Y =
✓
1�

q
20 log(@?)
@?d

◆�1
completes the proof.

The following are immediate corollaries of the above stated bounds.

Corollary 2. Let ⇢ := ⇢1 \ ⇢2. Then, for d � ⇠ log(@?)/@,

P(⇢2)  ⇠14
�22?

,

where ⇠1 and 22 are positive constants.

Corollary 3. Let ⇢ := ⇢2 \ ⇢3 \ ⇢4 \ ⇢5. Then,

P(⇢2)  ⇠1
(@?)10 ,

where ⇠1 is an absolute positive constant.

Probabilistic Bound for HSVT based Matrix Estimation. Recall n = kK: k1. Then kK: k2
�


n@?. And kK: k2
2  kK: k2

�
 n@?. Let d � ⇠ log(@?)/@ for ⇠ large enough and recall @  ?. Fur-

ther, recall � = kS: k1; thus, kSk1  � + n . Then k [S: ])
9 ·k2  �

p
? and k [S])

9 ·k2  (� + n)p?.

Define ⇢ = ⇢1 \ ⇢2 \ ⇢3 \ ⇢4 \ ⇢5. Then, from Corollaries 2 and 3, we have that P(⇢2)  ⇠1
(@?)10

for large enough constant ⇠1 > 0.

Under ⇢5, we have Y = max(bd/d, d/bd) 
✓
1�

q
20 log(@?)
@?d

◆�1
. Under this choice of Y and using

d � ⇠ log(@?)/@, we have that for ⇠ large enough, Y  ⇠ and (Y � 1)2  ⇠/?.
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Given this setup, under event ⇢ , Lemma 7 leads to the following: for all 9 2 [@] and with appropri-
ately (re-defined) large enough constant ⇠ > 0,

kcS)

9 · �S)

9 ·k2
2  ⇠

f
2
? + d2

n@?

d
2
f: (S: )2

⇣
?�2 + f

2
?

d
2

⌘

+ ⇠f
2
: log ?
d

2 +⇠ (� + n)2 + 2?n2
. (30)

That is, under event ⇢ ,

max
92[@]

1
?

kcS)

9 · �S)

9 ·k2
2  ⇠

?(f2 + d2
n@)

d
2
f: (S: )2

⇣
�2 + f

2

d
2

⌘
+ ⇠f

2
: log ?
?d

2

+ ⇠ (� + n)2

?

+ 2n2
. (31)

For any random variable - and event �, such that under event �, -  ⌫ and P(�2)  X, we have

E[-] = E[-1(�)] +E[-1(�2)]

 E[-1(�)] +E[-2] 1
2P(�2) 1

2

 ⌫ +E[-2] 1
2 X

1
2 . (32)

We shall use this reasoning above to bound E
⇥
max

92[@]
1
?
kcS)

9 ·�S)

9 ·k2
2
⇤
: let - =max

92[@]
1
?
kcS)

9 ·�
S)

9 ·k2
2 and � = ⇢ ; ⌫ is given by right hand side of (31), X = ⇠1

(@?)10 ; the only missing quantity that
remains to be bounded is E[-2]. We do that next.
To begin with, for any 9 2 [@],

kcS)

9 · �S)

9 ·k2  kcS)

9 ·k2 + kS)

9 ·k2 (33)

by triangle inequality. As stated earlier, k [S])
9 ·k2  (�+ n)p?. Next, we bound kcS 9 ·k)2 . From (17),

the fact that bd � 1/(@?), and Lemma 6, we have

kcS)

9 ·k2 =
1
bd kHSVT_:

�
_
�
)

9 ·k2

 @ ?kq_
_:

�
_)
9 ·
�
k2

 @ ?kq_
_:
k2k_)9 ·k2

 @ ?k_)
9 ·k2, (34)

where we used the fact that q_
_:

is a projection operator and hence kq_
_:
k2 = 1. Note that .8 9 =

⌫8 9 x ("8 9 + 98 9 ), where ⌫8 9 is an independent Bernoulli variable with P(⌫8 9 = 1) = d representing
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whether ("8 9 +98 9 is observed or not. Therefore, |.8 9 | = |⌫8 9 | x |"8 9 +98 9 |  (�+n) + |98 9 |. Therefore,
from (33) and (34),

max
92[@]

kcS)

9 · �S)

9 ·k2  (� + n)p? + @?
�
max
92[@]

k_)
9 ·k2

�

 (� + n)p? + @? x
p
?

�
max

82[?], 92[@]
|.8 9 |

�

 2@?
3
2
�
� + n + max

82[?], 92[@]
|98 9 |

�
. (35)

Using (0 + 1)2  202 + 212 twice, we have (0 + 1)4  8(04 + 14). Therefore, from (35)

max
92[@]

kcS)

9 · �S)

9 ·k4
2  16@4

?
6 �(� + n)4 + max

82[?], 92[@]
|98 9 |4

�
. (36)

Recall E[98 9 ] = 0, k98 9 kk2  f and 98 9 are independent across 8, 9 . A property of k2-random vari-
ables is that

��
[8 9

��\ is a k2/\-random variable for \ � 1. With choice of \ = 4, we have

E
⇥
max
8 9

|98 9 |4
⇤
 ⇠0

f
4 log2(@?), (37)

for some ⇠0
> 0 by Lemma 2. From (34), (36), and (37), we have that

⇣
E
⇥
max
92[@]

1
?

2 kcS)

9 · �S)

9 ·k4
2
⇤ ⌘ 1

2  4@2
?

2 �(� + n)4 +⇠0
f

4 log2(@?)
� 1

2
. (38)

Finally, using (31), (32) and (38), we conclude

E
⇥
max
92[@]

1
?

kcS)

9 · �S)

9 ·k2
2
⇤
 ?(⇠f2 + d2

n@)
d

2
f: (S: )2

⇣
�2 + f

2

d
2

⌘
+ ⇠f

2
: log ?
?d

2 + ⇠ (� + n)2

?

+ 2n2 + ⇠

(?@)2 .

This completes the proof of Theorem 10.

Appendix H: Proof of Theorem 4

The proof of Theorem 4 will utilize Theorem 10. To begin with, given # time series with
observations over [)], the mSSA algorithm as described in Section 1.1 constructs the ! ⇥ (#)/!)
stacked page matrix SP((-1, . . . , -# ),) , !) with ! =

p
min(# ,))) , i.e. !  ) .

As per the model described by (1) and Section 3, it follows that each entry of SP((-1, . . . , -# ),) , !)
is an independent random variable; it is observed with probability d 2 (0,1] independently and
when it is observed, its equal to value of the latent time series plus zero-mean sub-Gaussian noise.
In particular,

E
⇥
SP((-1, . . . , -# ),) , !)

⇤
= dSP(( 51, . . . , 5# ),) , !),
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where SP(( 51, . . . , 5# ),) , !) 2 R
!⇥(#)/!) with entry in row ✓ 2 [!] and column (= � 1) x)/! + 9

equal to 5= (✓ + ( 9 � 1) x !). Further, when entry in row ✓ 2 [!] and column (= � 1) x)/! + 9

in SP((-1, . . . , -# ),) , !) is observed, i.e. -= (✓ + ( 9 � 1) x !) < ¢, it is equal to 5= (✓ + ( 9 �
1) x !) + [= (✓ + ( 9 � 1) x !) where [= (·) are independent, zero-mean sub-Gaussian variables with

k[= (·)kk2  W as per the Property 3.

Under Properties 1 and 8, as a direct implication of Proposition 14, SP(( 51, . . . , 5# ),) , !) has n0-
rank at most ' x⌧ with n0 = '�1n . That is, there exist rank :  ' x⌧ matrix S: 2 R

!⇥(#)/!) so

that

SP(( 51, . . . , 5# ),) , !) = S: + K: ,

where kK: k1  n0. Due to Property 1, it follows that kS: k1  '�1�2 + n0. Under Property 9, we

have f: (S: ) � 2
p
#)/

p
: for some constant 2 > 0.

Define

� = '�1�2 + n0 = '�1(�2 + n).

Recall from Section 1.1, the elements of the imputed multivariate time series are sim-

ply the entries of the matrix cSP((-1, . . . , -# ),) , !) where cSP((-1, . . . , -# ),) , !) =
1bdHSVT: (SP((-1, . . . , -# ),) , !)). That is, imputation in mSSA is carried out by applying HSVT

to the stacked page matrix SP((-1, . . . , -# ),) , !).

All in all, the above description precisely meets the setup of Theorem 10. To apply Theorem 10,

we require d � ⇠ log(#))/
p
#) for ⇠ > 0 large enough. Note that the number of columns in

cSP((-1, . . . , -# ),) , !) is equal to #)/! for ! =
p

min(# ,))) – for this choice of !, note that

#)/! � !. Using f2
:
(S: ) � 2#)/: , for some absolute constant = 2 � 0, and using Theorem 10,

we obtain

E
⇥ 1
(#)/!) k

cSP((-1, . . . , -# ),) , !) � SP(( 51, . . . , 5# ),) , !)k2
2,1

⇤
(39)

 : (#)/!) (⇠W2 + d2
n
0
!)

d
2
2

2
#)

⇣
�2 + W

2

d
2

⌘
+ ⇠W

2
: log#)

(#)/!)d2 + ⇠ (� + n0)2

(#)/!) + 2(n0)2 + ⇠

(#))2
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Recall that :  ' x⌧, n0 = '�1n , and � = '�1(�2 + n). Hence, simplifying (39), we obtain that

E
⇥ 1
(#)/!) k

cSP((-1, . . . , -# ),) , !) � SP(( 51, . . . , 5# ),) , !)k2
2,1

⇤

 ⇠̃
✓
'⌧ (1+ d2

'n!)
d

2
!

⇣
'

2(1+ n2) + 1
d

2

⌘
+ '⌧ log#)
(#)/!)d2 + ('(1+ n))2

(#)/!) + ('n)2
◆

 ⇠̃
✓
'

3
⌧ log#)
d

4
!

+ '
4
⌧ (n + n2 + n3)

d
2

◆
, (40)

where ⇠̃ = ⇠ (2,�1,�2, W) is a positive constant dependent on model parameters including
�1,�2, W.

It can be easily verified that for any matrix, G 2 R
<⇥=,

1
<=

kGk2
�
 1
=

kGk2
1,2. (41)

Further, there is a one-to-one mapping of 5̂= (·) (resp. 5= (·)) to the entries of cSP((-1, . . . , -# ),) , !)
(resp. SP(( 51, . . . , 5# ),) , !)). Hence,

ImpErr(# ,)) = E
⇥ 1
#)

kcSP((-1, . . . , -# ),) , !) � SP(( 51, . . . , 5# ),) , !)k2
�

⇤
(42)

Therefore, from (40), (41), and (42) it follows that

ImpErr(# ,))  ⇠ (2,�1,�2, W)
✓
'

3
⌧ log#)
d

4
!

+ '
4
⌧ (n + n2 + n3)

d
2

◆

This completes the proof of Theorem 4.

Appendix I: Proof of Theorem 5

The forecasting algorithm, as described in Section 1.1, computes a linear model between the recent
past and immediate future to forecast. We shall bound the forecasting error, ForErr(# ,) , !) as
defined in (8).We start with some setup and notations, followed by a key proposition that establishes
the existence of a linear model under the setup of Theorem 5, and then conclude with a detailed
analysis of noisy, mis-specified least-squares.

Setup, Notations. For ! � 1, : � 1, for ease of notations, we define
� SP(-) = SP((-1, . . . , -# ),) , !) 2 R

!⇥(#)/!) ,
� SP( 5 ) = SP(( 51, . . . , 5# ),) , !) 2 R

!⇥(#)/!) ,
� SP

0(-) 2 R
(!�1)⇥(#)/!) as the top ! � 1 rows of SP((-1, . . . , -# ),) , !),
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� SP
0( 5 ) 2 R

(!�1)⇥(#)/!) as the top ! � 1 rows of SP(( 51, . . . , 5# ),) , !).
It is worth noting that E[SP(-)] = dSP( 5 ) and hence

SP!· (-)) = dSP!· ( 5 )) + [, (43)

where [ 2 R
(#))/! is a random vector with each component being independent, zero-mean with

its distribution given as: it is 0 with probability 1 � d and with probability d, due to Property 3,
it equals a zero-mean sub-Gaussian random variable with k · kk2  W. Therefore, using arguments
in Agarwal et al. (2019, 2021), each component of [ is an independent, zero-mean random
variable with k · kk2 bounded above by ⇠0(W2 + '�1�2) for some absolute constant ⇠0

> 0. Let
 =⇠0(W2 + '�1�2) and hence each component of [ has k · kk2 bounded by  .

Now, recall that for forecasting, we first apply the imputation algorithm (i.e. HSVT) to
SP((-1, . . . , -# ),) , !) by replacing ¢s, i.e. missing observations by 0 as well as setting all the
entries in the last row equal to 0. Equivalently, the imputation algorithm is applied to SP

0(-) after
setting all missing values to 0. Let cSP

0 2 R
!�1⇥(#)/!) be the estimate produced from the imputation

algorithm applied to SP
0(-). Under the setup of Theorem 4, by following arguments identical to

that of Theorems 10 and 4–in particular, refer to (40)–it follows that by selecting the right choice
of :  ' x⌧, we have

E

h 1
(#)/!) k

cSP
0 � SP

0( 5 )k2
2,1

i
 ⇠̃

✓
'

3
⌧ log#)
d

4
!

+ '
4
⌧ (n + n2 + n3)

d
2

◆
, (44)

where ⇠̃ =⇠ (2,�1,�2, W) > 0 is a constant dependent on 2,�1,�2, W.

Now, the mSSA forecasting algorithm finds bV = bV((-1, . . . , -# ),)!; :), by solving the following
Ordinary Least Squares (OLS):

bV 2 minimize k 1
bdSP(-)!· � cSP

0)
Vk2

2 over V 2 R
!�1

. (45)

And subsequently, cSP
0)bV is used as the estimate for SP( 5 )!· 2 R

#)/! , the !th row of the latent
SP( 5 ). The goal is to bound the forecasting error ForErr(# ,) , !), which is given by

ForErr(# ,) , !) = E

h 1
(#)/!) kSP( 5 )!· � cSP

0)bVk2
2

i
.

Therefore, our interest is in bounding E
⇥
kSP!· ( 5 ) � cSP

0)bVk2
2
⇤
.
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Now, we recall from Proposition 12 that there exists V⇤ 2 R
!�1, such that

kSP( 5 ))
!· � SP

0( 5 )) V⇤k1  ⇠2n ,

where ⇠2 := '�1(1+ kV⇤k1).

Bounding E
⇥
kSP!· ( 5 ) � cSP

0)bVk2
2
⇤
. By (45) and (43)

k 1
bdSP(-)!· � cSP

0)bVk2
2  k 1

bdSP(-)!· � cSP
0)
V
⇤k2

2

= k dbdSP( 5 )!· + [ � cSP
0)
V
⇤k2

2

= k dbdSP( 5 )!· � cSP
0)
V
⇤k2

2 + k[k2
2 + 2[) ( dbdSP( 5 )!· � cSP

0)
V
⇤). (46)

Also,

k 1
bdSP(-)!· � cSP

0)bVk2
2 = k dbdSP( 5 )!· + [ � cSP

0)bVk2
2

= k dbdSP( 5 )!· � cSP
0)bVk2

2 + k[k2
2 + 2[) ( dbdSP( 5 )!· � cSP

0)bV). (47)

From (46) and (47)

E
⇥
k dbdSP( 5 )!· � cSP

0)bVk2
2
⇤

(48)

 E
⇥
k dbdSP( 5 )!· � cSP

0)
V
⇤k2

2
⇤
+ 2E

⇥
[
) cSP

0) (V⇤ � bV)⇤

[ is independent of cSP
0, V⇤, and bd; E[[] = 0; thus, we have that

E
⇥
[
) cSP

0)
V
⇤⇤ = 0. (49)

By (45), we have bV = cSP
0) ,† 1bdSP(-)!·, where cSP

0) ,† is pseudo-inverse of cSP
0) . That is,

bV = cSP
0) ,† dbdSP( 5 )!· +

1
bd cSP

0) ,†
[. (50)

Using cyclic and linearity of Trace operator; the independence properties of [; and (50); we have

E[[) cSP
0)bV] = E[[) cSP

0) cSP
0) ,† dbdSP( 5 )!·] +E[

1
bd[) cSP

0) cSP
0) ,†
[]

= E[[])E[ cSP
0) cSP

0) ,† dbd ]SP( 5 )!· +E[
1
bdTr([) cSP

0) cSP
0) ,†
[)]

= E[ 1
bdTr( cSP

0) cSP
0) ,†
[[

) )]

=Tr
�
E[ 1

bd cSP
0) cSP

0) ,†]E[[[) ]
�

 ⇠ (W):/d, (51)
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where ⇠ (W) is a function only of W. To see the last inequality, we use various facts. First, by the
definition of the HSVT algorithm cSP

0) has rank at most : . Second, let cSP
0) =[Y\) be the singular

value decomposition of cSP
0) , we have

cSP
0) cSP

0) ,† =[Y\)\Y†[)

=[Õ[) ,

That is, 1bd cSP
0) cSP

0) ,† is a positive semi-definite matrix and Tr( 1bd cSP
0) cSP

0) ,†)  :/bd. The matrix
E[[[) ] is diagonal with all the non-zero entries on diagonal (variance of components of [) bounded
above by a constant that depends on W. For a positive semi-definite matrix � and positive semi-
definite diagonal matrix ⌫, Tr(�⌫)  k⌫k2Tr(�). For d � ⇠ log(#))/

p
#) for large enough ⇠,

one can verfiy that E[1/bd]  2/d. This completes the justification of the last step of (51).

Now consider the term k dbdSP( 5 )!· � cSP
0)
V
⇤k2

2. Note,

k dbdSP( 5 )!· � cSP
0)
V
⇤k2

2 =k
�
SP( 5 )!· � cSP

0)
V
⇤� + � d � bd

bd
�
SP( 5 )!·k2

2

 2k
�
SP( 5 )!· � cSP

0)
V
⇤� k2

2 + 2k d � bd
bd SP( 5 )!·k2

2. (52)

We will bound the two terms on the r.h.s of (52) separately. We now consider the first term.

kSP( 5 )!· � cSP
0)
V
⇤k2

2  2kSP( 5 )!· � SP
0( 5 )) V⇤k2

2 + 2kSP
0( 5 )) V⇤ � cSP

0)
V
⇤k2

2. (53)

By Proposition 12

kSP( 5 )!· � SP
0( 5 )) V⇤k2  kSP( 5 )!· � SP

0( 5 )) V⇤k1
p
#)/!  ⇠2n

p
#)/!, (54)

where we used the fact that for any E 2 R
?, kEk2  kEk1

p
?. And,

kSP
0( 5 )) V⇤ � cSP

0)
V
⇤k2 = k (SP

0( 5 ) � cSP
0)) V⇤k2  kSP

0( 5 ) � cSP
0k2,1kV⇤k1, (55)

where we used the fact that for any � 2 R
@⇥?

, E 2 R
?, k�Ek2  k�) k2,1kEk1. Finally, note that

kSP( 5 )!· � cSP
0)bVk2

2  2k dbdSP( 5 )!· � cSP
0)bVk2

2 + 2k d � bd
bd SP( 5 )!·k2

2. (56)

Using (48), (49), (51), (52),(53), (54), (55), and the bound in (56), we obtain

E
⇥
kSP( 5 )!· � cSP

0)bVk2
2
⇤

(57)

 4⇠ (W):/d + 6E
⇥
k d � bd

bd SP( 5 )!·k2
2
⇤
+ 2⇠2n

2(#)/!) + 2kV⇤k2
1kSP

0( 5 ) � cSP
0k2

2,1.



Agarwal, Alomar, and Shah: On Multivariate Singular Spectrum Analysis: Tensor and Matrix Variants
Article submitted to Operations Research 65

Note that kSP( 5 )k1  '�1�2. Hence, kSP( 5 )!·k2
2  ⇠ (�1,�2)'2(#)/!), for large enough con-

stant ⇠ (�1,�2) that may depend on �1,�2. Using the bounds derived in Lemma 8, one can verify
that E[( d�bdbd )2]  ⇠/(#)/!) for large enough positive constant ⇠. Therefore, we have that

6E
⇥
k d � bd

bd SP( 5 )!·k2
2
⇤
 ⇠ (�1,�2)'2 (58)

Using (44), (58), and the bound in (57); diving by 1/(#)/!) on both sides; and noting :  ' x⌧,
we obtain

E
⇥ 1
(#)/!) kSP( 5 )!· � cSP

0)bVk2
2
⇤

 ⇠ (2, W,�1,�2)
✓

'⌧

d(#)/!) +
'

2

(#)/!) + '(1+ kV⇤k1)n2 + kV⇤k2
1

✓
'

3
⌧ log#)
d

4
!

+ '
4
⌧ (n + n2 + n3)

d
2

◆◆

 ⇠ (2, W,�1,�2)
✓
max(1, kV⇤k1, kV⇤k2

1)
✓
'

3
⌧ log#)
d

4
!

+ '
4
⌧ (n + n2 + n3)

d
2

◆◆
(59)

Letting ! =
p

min(# ,))) , using (59), and noting that

ForErr(# ,) , !) = E
⇥ 1
(#)/!) kSP( 5 )!· � cSP

0)bVk2
2
⇤

completes the proof of Theorem 5.

I.1. Proof of Proposition 12

For this proof, we utilize a modified version of the stacked Hankel matrix defined in Appendix
D. Define the modified Hankel matrix for time series 5=, for = 2 [#], as eH(=) 2 R

)⇥2) , where for
8 2 [)], 9 2 [2)], we have

eH(=)8 9 = 5= (8 + 9 � 1�)).

Define fSH 2 R
)⇥#) as the column wise concatenation of the matrices eH(=) for = 2 [#], i.e., fSH :=

[eH(1), . . . ,eH(#)]. By a straightforward modification of the proof of Proposition 14, we have fSH

has n0-rank bounded by ' x⌧ with n0 = '�1n . That is, there exists a matrix M 2 R
)⇥#) such that,

rank(M)  '⌧, kfSH�Mk1  n0

Since rank(M)  '⌧, it must be the case that within the last '⌧ rows of M, there exists at least one
row, which we denote as A⇤, that can be written as a linear combination of at most '⌧ rows above



Agarwal, Alomar, and Shah: On Multivariate Singular Spectrum Analysis: Tensor and Matrix Variants
66 Article submitted to Operations Research

it, which we denote as A1, . . . , A'⌧ . Specifically there exists a vector \ := (\1, . . . , \'⌧) 2 R
'⌧ such

that

MA
⇤
,· =

'⌧’
✓=1

\✓MA✓ ,·

Hence for 9 2 [2)],
����fSHA⇤, 9 �

'⌧’
✓=1

\✓
fSHA✓ , 9

����
=
����fSHA⇤, 9 ±MA

⇤
, 9 �

'⌧’
✓=1

\✓
fSHA✓ , 9 ±

'⌧’
✓=1

\✓MA✓ ,C

����


����fSHA⇤, 9 �MA

⇤
, 9

����+
����
'⌧’
✓=1

\✓
fSHA✓ , 9 �

'⌧’
✓=1

\✓MA✓ ,C

����+
����MA

⇤
, 9 �

'⌧’
✓=1

\✓MA✓ ,C

����
=
����fSHA⇤, 9 �MA

⇤
, 9

����+
����
'⌧’
✓=1

\✓ (fSHA✓ , 9 �MA✓ ,C)
����

 n0 + k\k1kfSHA✓ , 9 �MA✓ ,C k1

 '�1(1+ k\k1)n . (60)

Observe that every entry of SP( 5 )!· appears within fSHA⇤,·; this can be seen by noting that fSH is
skew-symmetric and thus every entry in the last row of fSH appears along the appropriate diagonal.
Using this skew-symmetric property of fSH and (60), it implies that by appropriately selecting entries
in fSH, there exists V⇤ 2 R

!�1,

kSP( 5 ))
!· � SP

0( 5 )) V⇤k1  '�1(1+ kVk1)n ,

where the non-zero entries in V⇤ correspond to the entries of \. Noting that \ 2 R
'⌧ implies kV⇤k0 

'⌧. This completes the proof.

Appendix J: Proof of Theorem 3

Notation. For integers C1 < C2 where C2 � C1 + 1 � !, let SP((-1, . . . , -# ), C1 : C2, !) represents the
stacked page matrix constructed using the contiguous observations -= (C1), . . . , -= (C2), 8= 2 [#].
Throughout, we use the following notations:

• SP0(-) = SP((-1, . . . , -# ),1 :) , !) 2 R
!⇥(#)/!) , with zeros replacing missing values.
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• SP1(-) = SP((-1, . . . , -# ),) + 1 : ) +)1, !) 2 R
!⇥(#)1/!) , with zeros replacing missing val-

ues.
• SP0( 5 ) = SP(( 51, . . . , 5# ),1 :) , !) 2 R

!⇥(#)/!) .
• SP1( 5 ) = SP(( 51, . . . , 5# ),) + 1 :) +)1, !) 2 R

!⇥(#)1/!) .
• SP1([) = SP(([1, . . . , [# ),) + 1 :) +)1, !) 2 R

!⇥(#)1/!) .
• SP

0
0(-) 2 R

(!�1)⇥(#)/!) as the top ! � 1 rows of SP0(-). Let SP
0
1(-),SP

0
0( 5 ), SP

0
1( 5 ) and

SP
0
1([) be defined analogously.

• bd := (max(1,Õ!�1
8=1

Õ
#)/!
9=1 1(SP0(-)8 9 <¢)))/(#) � #)/!)

Recall that we are interested in bounding the following out-of-sample prediction error:

TestForErr(# ,) ,)1, !) =
!

#)1

#’
==1

)1/!’
<

0=1
E
⇥
( 5= () + ! x<

0) � 5̄= () + ! x<
0))2⇤

.

Where the forecasted estimate 5̄= (·), = 2 [#] are produced by the algorithm detailed in Section 1.1.
Based on the algorithm, we can write TestForErr(# ,) ,)1, !) as follows:

TestForErr(# ,) ,)1, !) =
1

(#)1/!)
E

h
k 1
bdSP

0
1(-)

)bV� SP1( 5 ))!·k2
2

i

=
1

(#)1/!)
E

h
k 1
bdSP

0
1(-)

)bV� SP
0
1( 5 )

)

V
⇤k2

2

i
.

Before bounding this term, we introduce the following important notation. For 8 2 {0,1}, let
[8⌃8\)

8
denote the Singular Value Decomposition (SVD) of SP

0
8
( 5 ). Also, let e[8e⌃8e\)

8
denote the

top k singular components of the SVD of SP
0
8
(-), while e[?

8

e⌃?
8
(e\?
8
)) denote the remaining !� :�1

components such that SP
0
8
(-) = e[8e⌃8e\)

8
+ e[?

8

e⌃?
8
(e\?
8
)) . Finally, let \?

8
and [?

8
be matrices of

orthornormal basis vectors that span the null space of SP
0
8
( 5 ) and SP

0
8
( 5 )) , respectively. Further,

let cSP
0
8
be the HSVT estimate of SP

0
8
( 5 ). That is cSP

0
8
= 1bd e[8e⌃8e\)8 . Also, let cSP

0
8

?
= 1bd e[?

8

e⌃?
8
(e\?
8
)) .

We start the proof by providing a deterministic upper bound for out-of-sample error.

Deterministic Bound. Due to triangle inequality, we have

k 1
bdSP

0
1(-)

)bV� SP
0
1( 5 )

)

V
⇤k2

2 = k 1
bdSP

0
1(-)

)bV� SP
0
1( 5 )

)

V
⇤ +dSP

0
1
)bV�dSP

0
1
)bVk2

2

 2k 1
bdSP

0
1(-)

)bV�dSP
0
1
)bVk2

2 + 2kdSP
0
1
)bV� SP

0
1( 5 )

)

V
⇤k2

2.

Next, we proceed to bound each of the two terms on the right hand side.
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First term: k 1bdSP
0
1(-)

)bV�dSP
0
1
)bVk2

2.

k 1
bdSP

0
1(-)

)bV�dSP
0
1
)bVk2

2 = k (dSP
0
1
?
))bVk2

2 (61)

= k 1
bd e\?

1
e⌃?

1 (e[?
1 )
)bVk2

2

 k 1
bde⌃

?
1 k2

2k (e[?
1 )
)bVk2

2.

Note that ke⌃?
1 k2 equals the (: + 1)-th singular value of SP

0
1(-). Recall that E[SP

0
1(-)] =

dSP
0
1( 5 ) and hence

SP
0
1(-) = dSP

0
1( 5 ) + Z1, (62)

where Z1 2 R
(!�1)⇥(#)1)/! is a random matrix with zero-mean i.i.d. entries where each entry is 0

with probability 1� d and equals a zero-mean sub-Gaussian random variable with k · kk2  W with
probability d (due to Property 3). Next, we show that each component of Z1 is an independent, zero-
mean random variable with k · kk2 bounded above by ⇠0(W + '�1�2) for some absolute constant
⇠
0
> 0. Let Z8 9 for 8 2 [! � 1] and 9 2 [#)/!] denotes the 8 9-th entry in Z1. Further, let %8 9 2

{0,1} denotes the random mask which takes the value 1 with probability d such that SP
0
1(-)8 9 =

%8 9 (SP
0
1( 5 )8 9 + SP

0
1([)8 9 ). Then, we have

kZ8 9 kk2 = kSP
0
1(-)8 9 � dSP

0
1( 5 )8 9 kk2

= k%8 9SP
0
1( 5 )8 9 + %8 9SP

0
1([)8 9 � dSP

0
1( 5 )8 9 kk2

 k%8 9SP
0
1([)8 9 kk2 + k%8 9SP

0
1( 5 )8 9 � dSP

0
1( 5 )8 9 kk2

 ⇠W + SP
0
1( 5 )8 9 k%8 9 � dkk2

 ⇠0(W + '�1�2),

where ⇠,⇠0
> 0 are absolute constants. The first inequality is due to triangle inequality, and the last

follows since %8 9 � d is a random variable bounded between [�d,1� d] and SP
0
1( 5 )8 9 is bounded

by '�1�2. With a similar argument, we can also write

SP
0
0(-) = dSP

0
0( 5 ) + Z0,
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where each component of Z0 is again an independent, zero-mean random variable with k · kk2

bounded above by ⇠0(W + '�1�2). Now, recalling that SP
0
1(-) = dSP

0
1( 5 ) + Z1 and using Weyl’s

inequality (see Lemma 5), we can bound the (: + 1)-th singular value of SP
0
1(-) by the largest

singular value of Z1. That is,

ke⌃?
1 k2

2  kZ1k2
2. (63)

Next, we bound the term k (e[?
1 )
)bVk2

2.

k (e[?
1 )
)bVk2

2 = ke[?
1 (e[?

1 )
)bV k2

2 (64)

= ke[?
1 (e[?

1 )
)

V
⇤ + e[?

1 (e[?
1 )
) (bV� V⇤)k2

2

 2ke[?
1 (e[?

1 )
)

V
⇤k2

2 + 2ke[?
1 (e[?

1 )
) (bV� V⇤)k2

2

 2ke[?
1 (e[?

1 )
)

V
⇤k2

2 + 2kbV� V⇤k2
2.

First, consider

ke[?
1 (e[?

1 )
)

V
⇤k2 = ke[?

1 (e[?
1 )
)[1([1)) V⇤k2 (65)


��[?

1 ([
?
1 )
)[1([1)) V⇤

��
2 +

���⇣e[?
1 (e[?

1 )
)[1([1)) �[?

1 ([
?
1 )
)[1([1))

⌘
V
⇤
���

2


���⇣e[?

1 (e[?
1 )
) �[?

1 ([
?
1 )
)

⌘
V
⇤
���

2


���e[?

1 (e[?
1 )
) �[?

1 ([
?
1 )
)

���
2
kV⇤k2

=
���e[1e[)1 �[1[

)

1

���
2
kV⇤k2 .

Where in the first equality we use the fact that V⇤ =[1([1)) V⇤, i.e., V⇤ lives in the column space

of SP
0
1( 5 ) (Property 6). Next, byWedin sin⇥Theorem (seeDavis andKahan (1970),Wedin (1972))

we bound
���e[1e[)1 �[1[)1

���
2
as follows:

���e[1e[)1 �[1[
)

1

���
2
kV⇤k2 

kSP
0
1(-) � dSP

0
1( 5 )k2

f: (dSP
0
1( 5 ))

kV⇤k2

=
kZ1k2

f: (dSP
0
1( 5 ))

kV⇤k2 . (66)

For kbV� V⇤k2, we have:
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kbV� V⇤k2
2 = ke[?

0 (e[?
0 )
) (bV� V⇤) + e[0(e[0)) (bV� V⇤)k2

2

= ke[?
0 (e[?

0 )
) (bV� V⇤)k2

2 + ke[0(e[0)) (bV� V⇤)k2
2

= ke[?
0 (e[?

0 )
) (bV� V⇤)k2

2 + ke[)0 (bV� V⇤)k2
2

= ke[?
0 (e[?

0 )
) (V⇤)k2

2 + ke[)0 (bV� V⇤)k2
2. (67)

Note that the last equality follow from the fact that bV = dSP
0
0
) ,† 1bdSP0(-)!· = e[0(e⌃0)†e\)SP0(-)!·,

where dSP
0
0
) ,†

is the pseudoinverse of dSP
0
0
)

, and thus (e[?
0 )
)bV = 0. The first term in (67) can be

bounded using the same argument in (65) and (66), where we utilize the fact that V⇤ =[0([0)) V⇤

and Wedin sin⇥ Theorem to get

ke[?
0 (e[?

0 )
)

V
⇤k2 

kZ0k2
f: (dSP

0
0( 5 ))

kV⇤k2 . (68)

What is left is bounding ke[)0 (bV� V⇤)k2
2. To that end, first consider

kdSP
0
0
)

(bV� V⇤)k2
2  2kdSP

0
0
)bV� SP

0
0( 5 )

)

V
⇤k2
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0
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V
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V
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2
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0
0( 5 )

)

V
⇤k2
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0
0( 5 ) �dSP

0
0k

2
2,1kV⇤k2

1. (69)

Also, consider

kdSP
0
0
)

(bV� V⇤)k2
2 = (bV� V⇤)) 1

bd2
e[0e⌃2

0e[) (bV� V⇤)
� f: (dSP

0
0)

2ke[)0 (bV� V⇤)k2
2. (70)

From (70) and (69) we get,

ke[)0 (bV� V⇤)k2
2 

2
f: (dSP

0
0)2

(kdSP
0
0
)bV� SP

0
0( 5 )

)

V
⇤k2

2 + kSP
0
0( 5 ) �dSP

0
0k

2
2,1kV⇤k2

1). (71)

Note that, similar to argument in (62), SP0(-)!· = dSP0( 5 )!· + Z !0 , where Z !0 is a vector of i.i.d.
entries with k · kk2  ⇠0(W + '�1�2). Then the term kdSP

0
0
)bV � SP

0
0( 5 )) V⇤k2

2 can be bounded as
follows

kdSP
0
0
)bV� 1

d

SP0(-)!·k2
2
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=kdSP
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)bV� SP0( 5 )!· �

1
d

Z
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0 k
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=kdSP
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0
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2 + k 1
d

Z
!

0 k
2
2 �

2
d

(dSP
0
0
)bV� SP

0
0( 5 )

)

V
⇤)) Z !0 . (72)

Also, we have
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)bV� 1

d
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2
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d
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0
)
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0
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d

Z
!

0 k2
2
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0
0
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0
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Z
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2
d
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0
0
)
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0
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) )V⇤
⌘)
Z
!

0 . (73)

From (72) and (73) we have,

kdSP
0
0
)bV� SP

0
0( 5 )

)

V
⇤k2

2  k (dSP
0
0
)

� SP
0
0( 5 )

) )V⇤k2
2 +

2
d

⇣
(dSP

0
0
)
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 kdSP
0
0 � SP

0
0( 5 )k

2
2,1kV⇤k2
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2
d

⇣
(dSP

0
0
)

) (bV� V⇤)⌘) Z !0 .
Finally, from (71) and (74) we get

ke[)0 (bV� V⇤)k2
2 

4
f: (dSP

0
0)2

✓
kSP

0
0( 5 ) �dSP

0
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1 +
1
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0
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◆
. (75)

From (67), (68), and (75) we have

kbV� V⇤k2
2 

kZ0k2
2

f: (dSP
0
0( 5 ))2 kV⇤k2

2 (76)

+ 4
f: (dSP

0
0)2

✓
kSP

0
0( 5 ) �dSP

0
0k

2
2,1kV⇤k2

1 +
1
d

⇣
(dSP

0
0
)

) (bV� V⇤)⌘) Z !0
◆
.

For ease of exposition, let

�1 := kSP
0
0( 5 ) �dSP

0
0k

2
2,1kV⇤k2

1 +
1
d

⇣dSP
0
0
)

(bV� V⇤)⌘) Z !0
�2 :=

kZ0k2
2

f: (dSP
0
0( 5 ))2 kV⇤k2

2 +
4

f: (dSP
0
0)2

(�1). (77)
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Using this definition, (61), (63), (64), (66), and (76), we have

k 1
bdSP

0
1(-)

)bV�dSP
0
1
)bVk2

2  k 1
bd Z1k2

2

 
2kZ1k2

2 kV
⇤k2

2
f: (dSP

0
1( 5 ))2 + 2�2

!
. (78)

Second term: kSP
0
1( 5 )

)

V
⇤ � dSP

0
1
)bVk2

2. To bound the second term, we follow a similar proof to
that shown in Agarwal et al. (2020).

kSP
0
1( 5 )

)

V
⇤ �dSP

0
1
)bVk2

2 = kSP
0
1( 5 )

)

V
⇤ +dSP

0
1
)

V
⇤ �dSP

0
1
)

V
⇤ �dSP

0
1
)bVk2

2 (79)

 2k (SP
0
1( 5 ) �dSP

0
1)
)

V
⇤k2

2 + 2kdSP
0
1
)

(V⇤ � bV)k2
2.

Next, we bound the two terms on the right hand side. First, we bound k (SP
0
1( 5 ) � dSP

0
1)) V⇤k2

2 as
follows.

k (SP
0
1( 5 ) �dSP

0
1)
)

V
⇤k2

2  kSP
0
1( 5 ) �dSP

0
1k

2
2,1kV⇤k2

1. (80)

Next, we bound the second term kdSP
0
1
)

(V⇤ � bV)k2
2.

kdSP
0
1
)

(V⇤ � bV)k2
2 

1
bd2 k (e\1e⌃1e[)1 + dSP
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2
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0
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0
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bd2 kSP
0
1( 5 )
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2.

Further, note that

ke\1e⌃1e[)1 � dSP
0
1( 5 )

) k2
2  2ke\1e⌃1e[)1 � SP

0
1(-)

) k2
2 + 2kSP

0
1(-)

) � dSP
0
1( 5 )

) k2
2

 4kSP
0
1(-)

) � dSP
0
1( 5 )

) k2
2 = 4kZ1k2

2.

Where the last inequality follows from the fact that ke\1e⌃1e[)1 � SP
0
1(-)

) k2 is the : + 1-th singu-
lar value of SP

0
1(-) and hence is bounded by kSP

0
1(-)

) � dSP
0
1( 5 )

) k2 using Weyl’s inequality.
Therefore,

kdSP
0
1
)

(V⇤ � bV)k2
2 

8
bd2 kZ1k2

2kV
⇤ � bVk2

2 +
2d2

bd2 kSP
0
1( 5 )

) (V⇤ � bV)k2
2. (81)
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Next, we bound kSP
0
1( 5 )

) (V⇤ � bV)k2
2. Recall that [0 span the column space of SP

0
1( 5 ). Thus

SP
0
1( 5 )

) = SP
0
1( 5 )

)[0[)0 , therefore,

kSP
0
1( 5 )

) (V⇤ � bV)k2
2 = kSP

0
1( 5 )

)[0[
)

0 (V
⇤ � bV)k2

2 (82)

 kSP
0
1( 5 )k

2
2k[0[

)

0 (V
⇤ � bV)k2

2.

Recall that e[0 denote the top k left singular vectors of SP
0
0(G), and consider

k[0[
)

0 (V
⇤ � bV)k2

2 = k ([0[
)

0 + e[0e[)0 � e[0e[)0 ) (V⇤ � bV)k2
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 2k[0[
)

0 � e[0e[)0 k2
2kV

⇤ � bVk2
2 + 2ke[0e[)0 (V⇤ � bV)k2

2.

Using (83), (75) and Wedin sin⇥ Theorem, we obtain,

k[0[
)

0 (V
⇤ � bV)k2

2 
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2
f: (dSP

0
0( 5 ))2 kV
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2 (84)

+ 8
f: (dSP

0
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✓
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0
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0
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2
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1
d
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0
0
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◆
.

Using (82) and (84), we have
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0
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2
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0
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0
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✓
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0
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0
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2
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1
d
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0
0
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◆
.

Finally, using (85) and (81), we have
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0
1
)
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2 

8
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2kV
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2 (86)

+ 4
bd2

kZ0k2
2kSP

0
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2
f: (SP

0
0( 5 ))2 kV⇤ � bVk2

2

+ 16d2
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0
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2
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0
0)2

✓
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1
d
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0
0
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◆
.

Finally, combining (86), (80), (79), and (77) yields,
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kSP
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0
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Combining. Incorporating the two bounds in (78) and (87) yields,
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0
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2
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0
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f: (dSP
0
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For some absolute constant ⇠ > 0.

High Probability Bound. We start by defining the following high probability events. Let
⇠ (�1,�2, W) be a positive constant dependent on model parameters �1,�2, W, and let ⇠ > 0 be some
positive absolute constant, define

⇢̄1 :=
n
kZ0k2  ⇠ (W + '�1�2)

p
#)/!

o
,

⇢̄2 :=
n
kZ1k2  ⇠ (W + '�1�2)

p
#)1/!

o
,

⇢̄3 :=
(✓

1�

s
20 log(#))

d#)

◆
d  bd  1

1�
q

20 log(#))
d#)

d

)
,

⇢̄4 :=
(
kSP

0
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0
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✓
(#))2

'
2

d
4
f: (SP

0
0( 5 ))2

!
2 +

:'
2 log#)/!
d

2

◆ )
, (89)

⇢̄5 :=
(
kSP

0
1( 5 ) �dSP

0
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2,1  ⇠ (W,�1,�2)

✓
(#)1)2

'
2

d
4
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0
1( 5 ))2

!
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2
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◆ )
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Using Theorem 9, we have the following,

P(⇢̄1) � 1� 2exp
✓
�#)
!

◆
,

P(⇢̄2) � 1� 2exp
✓
�#)1
!

◆
.

Further by Lemma 8, P(⇢̄3) � 1� 2
(#))10 . Finally, the probabilities of ⇢̄4 and ⇢̄5 are bounded as

we show next.
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Lemma 9. Let ⇢̄4 and ⇢̄5 be defined as in (89) and (90). Then, for a constant ⇠ > 0,

P(⇢̄4) � 1� ⇠

(#))10 ,

P(⇢̄5) � 1� ⇠

(#)1)10 �
⇠

(#))10 .

Bounding ⇢̄4 and ⇢̄5. P(⇢̄4) and P(⇢̄5) can be bounded using a direct utilization of Lemma 7
and the high probability events defined in Appendix G.5. Starting with ⇢̄4, using (30), and recalling
that in this theorem setup n = 0,� = '�1�2 (Property 1 and Property 2) and f = W (Property 3), we
have that with probability 1� ⇠

(#))10 ,
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A similar argument can be used for ⇢̄5, while noting that the term ⇠

(#))10 shows up due to utilizing
the estimate bd, which is estimated from the first ) observations. Precisely, we get the following,
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Now, given these events, we will provide the high probability bound. Let ⇢̄ := ⇢̄1 \ ⇢̄2 \ ⇢̄3 \ ⇢̄4 \
⇢̄5.

P(⇢̄2)  ⇠0
(#))10 +

⇠1
(#)1)10 , (91)

for some absolute constants ⇠0,⇠1 > 0. Note that under event ⇢̄3, we have that bd � d

✓
1 �q

20 log(#))
d#)

◆
. By further using the assumption d � ⇠ log(#))/

p
#) for a sufficiently large ⇠ we

have that bd � ⇠0
d and (bd�d)2bd2  ⇠p

#)

. Now, recall �1 and �2 definition in (77). Under event ⇢̄ , we
can bound �1 as follows,
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Similarly, under event ⇢̄ , we can bound �2 as follows,
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Further, using Weyl’s inequality (see Lemma 5), we can bound |f: (dSP
0
0)�f: (SP

0
0( 5 )) | as follows,
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Under ⇢̄ , and using property 4, we have that with probability of at least 1� 1
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. Using property 4, we get the following
bounds for �1 and �2,
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where d � ⇠ (W + '�1�2)
q

:

!
is used to obtain the last inequality. Finally, using properties 4 and 5,

bd � ⇠0
d, and (88), (92), and (93), we have under event ⇢̄ ,
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Expectation Bound. We get the bound in expectation using the high probability bound above,

and by assuming that our forecast is bounded such that | 5̄= () + ! x<
0) |  '�1�2 for <0 2 [)1/!].

Specifically, we have using (94) and (91),
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Noting that the E[Z !0
��
⇢̄] = 0, and Z !0 is independent of dSP

0
0, bd, V⇤ and the event ⇢̄ ; we have

E

h ⇣dSP
0
0
)

V
⇤
⌘)
Z
!

0

i
= 0.

By (3), we have bV = e[0(e⌃0)†e\)SP0(-)!·. That is,

bV = e[0(e⌃0)†e\) dSP0( 5 )!· + e[0(e⌃0)†e\) Z !0 . (95)
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Using cyclic and linearity of Trace operator; the independence properties of Z !0 ; and (95); we have

E

h ⇣dSP
0
0
)bV⌘) Z !0

i
(96)

= E

h ⇣dSP
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)e\0e\) Z !0 )]

= E[Tr(e\0e\) Z !0 (Z !0 )) ]
=Tr

�
E[e\0e\) ]E[Z !0 (Z !0 )) ]�

 ⇠ (W + �1�2')2
: .

Where to obtain the last inequality we use the trace property Tr(�⌫)  k⌫k2Tr(�) for positive
semi-definite matrices �, ⌫, and that rank of dSP

0
0 is k. Finally, using (96), and recalling that )1 � !

and !  ) we get,

TestForErr(# ,) ,)1, !)

 !

#)1
⇠ (W,�1,�2, 2)

 ✓
'

6
:

3
#)1

!
2
d

4 + ')1
)

◆
kV⇤k2

1

+
✓
'

6
:

3 log(#)/!)
d

2

✓
#)1
!

2 + )1
)

◆
+ '

2
: log(#)1/!)

d
2

◆
kV⇤k2

1 +
'

6
:

3
)1

)d
3

!

+
⇠'

2�2
1�

2
2

(#!)10

 !

#)1
⇠ (W,�1,�2, 2)max(1, kV⇤k2

1)
 
'

6
:

3
#)1

!
2
d

4 + '
6
:

3
)1

)d
3

+ '
6
:

3 log(#))
d

2

✓
#)1
!

2 + )1
)

◆
+ '

2
: log(#)1)
d

2 + '
2

(#!)10

!

 !

#)1
⇠ (W,�1,�2, 2)max(1, kV⇤k2

1)
 
'

6
:

3 log(#))
d

4

✓
#)1
!

2 + )1
)

◆
+ '

2
: log(#)1)
d

2

!
.

Then, with ! =
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Choosing : = '⌧ completes the proof.

Appendix K: Proof of Theorem 6

Setup, Notations. For ! � 1, : � 1, for ease of notations, we define

� SP(-) = SP((-1, . . . , -# ),) , !) 2 R
!⇥(#)/!) ,

� SP(-2) = SP((-2
1 , . . . , -

2
#
),) , !) 2 R

!⇥(#)/!) ,

� SP( 5 ) = SP(( 51, . . . , 5# ),) , !) 2 R
!⇥(#)/!) ,

� SP( 5 2) = SP(( 5 2
1 , . . . , 5

2
#
),) , !) 2 R

!⇥(#)/!) ,

� SP(f2) = SP((f2
1 , . . . ,f

2
#
),) , !) 2 R

!⇥(#)/!) ,

� SP( 5 2 +f2) = SP( 5 2) + SP(f2).
Recalling that d = 1, we note that

E[SP(-)] = SP( 5 ), E[SP(-2)] = SP( 5 2 +f2).

Further, from the definition of the variance estimation algorithm, we recall

cSP( 5 ) := cSP((-1, . . . , -# ),) , !) =
1
bdHSVT: (SP((-1, . . . , -# ),) , !))

cSP( 5 2 +f2) := cSP((-2
1 , . . . , -

2
#
),) , !) = 1

bdHSVT: (SP((-2
1 , . . . , -

2
#
),) , !))

We denote

� cSP( 5 2) = cSP( 5 ) � cSP( 5 )
� cSP(f2) =max

⇣cSP( 5 2 +f2) � cSP( 5 2),0
⌘
,

where 0 2 R
!⇥(#)/!) is a matrix of all zeroes, and we apply the max(·) above entry-wise.We remind

the reader the output of the variance estimation algorithm is cSP(f2). Thus, we have

1
#)

#’
==1

)’
C=1

�
f= (C)2 � f̂2

=
(C)

�2 =
1
#)

kSP(f2) � cSP(f2)k2
�
.
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Initial Decomposition. Note that since f2
=
(C) � 0 for = 2 [#] and C 2 [)], we have that

1
#)

kSP(f2) � cSP(f2)k2
�

 1
#)

kSP(f2) � (cSP( 5 2 +f2) � cSP( 5 2))k2
�

=
1
#)

kSP( 5 2 +f2) � SP( 5 2) � (cSP( 5 2 +f2) � cSP( 5 2)k2
�

 2
#)

kSP( 5 2 +f2) � cSP( 5 2 +f2)k2
�
+ 2
#)

kSP( 5 2) � cSP( 5 2)k2
�

(97)

We bound the two terms on the r.h.s of (97) separately.

Bounding E[kSP( 5 2) � cSP( 5 2)k2
�
].

kSP( 5 2) � cSP( 5 2)k2
�
=

#’
==1

)’
C=1

⇣
5

2
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(C) � 5̂

2
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(C)

⌘2

=
#’
==1

)’
C=1

⇣
5= (C) � 5̂= (C)

⌘2 ⇣
5= (C) + 5̂= (C)

⌘2




max
=2[#],C2[)]

⇣
5= (C) + 5̂= (C)

⌘2
� "

#’
==1

)’
C=1

⇣
5= (C) � 5̂= (C)
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#

(0)
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"
#’
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)’
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5= (C) � 5̂= (C)
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#

=⇠ (�1,�2,�3)'2kSP( 5 ) � cSP( 5 )k2
�

(98)

Bounding kSP( 5 2 +f2) � cSP( 5 2 +f2)k2
�
. To bound kSP( 5 2 +f2) � cSP( 5 2 +f2)k2

�
, we modify

the proof of Theorem 4 in a straightforward manner. The need for the modification is that Theorem
4 was proven for the case where the coordinate wise noise, [= (C) = -= (C) � 5= (C) are independent
sub-gaussian random variables, and k[kk2  W. However, one can verify that -2

=
(C) � 5

2
=
(C) �f2

=
(C)

is a sub-exponential random variable with k · kk1 norm bounded as

k-2
=
(C) � 5

2
=
(C) �f2

=
(C)kk1  k-2

=
(C)kk1

= k 5 2
=
(C) + 2 5= (C)[= (C) + [2

=
(C)kk1

 2k 5 2
=
(C)kk1 + 2k[2

=
(C)kk1

= 2k 5= (C)k2
k2
+ 2k[= (C)k2

k2

 ⇠ (�1,�2)'2 + 2W2

 ⇠ (�1,�2, W)'2
,
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where we have use the standard facts that for a random variable �, k� � E[�]kk1  k�kk1 and

k�2kk1 = k�k2
k2
.

Further, note that by using Properties 1, 2, 10, and 11, and a straightforward modification of Propo-

sition 14, we have

rank(SP( 5 2 +f2))  rank(SP( 5 2)) + rank(SP(f2))

 ('⌧)2 + ('0
⌧

0),

where we have used that for any two matrices G, H, we have rank(G � G)  rank(G)2, where �
denotes Hadamard product, and rank(G+H)  rank(G) + rank(H). We define :̃ := ('⌧)2+ ('0

⌧
0).

Modified Theorem 4. Below, we state the modified version of Theorem 4 to get our desired result.

Lemma 10 (Imputation Error). Let the conditions of Theorem 6 hold. Then,

E
⇥

max
92[!]

1
(#)/!) kSP( 5 2 +f2))

!,· � cSP( 5 2 +f2))
!,·k2

2
⇤

 ⇠ (�1,�2,�0
1,�

0
2, W, ', '

0)
✓
(⌧2 +⌧0) log2

#)

!

.

◆
,

where ⇠ (�1,�2,�0
1,�

0
2, W, ', '

0) is a term that depends only polynomially on �1, �2, �0
1, �0

2, W, ',
'
0.

T o reduce redundancy, we provide an overview of the argument needed for this proof, focusing

only the parts of the arguments made in Theorem 4 that need to be modified. For ease of exposition,

we let ⇠̃ =⇠ (�1,�2,�0
1,�

0
2, W, ', '

0).We being bymatching notationwith that used in Theorem 4; in

particular with respect to d, : , n ,�. Under the setup of Theorem 6, we have d = 1, : = :̃ , n = 0, �  ⇠̃
Further, recall the definition of _ ,S, ?, @,f from Appendix G.1. We will now use _ = SP(-2),
and S = SP( 5 2+f2)),f = W, ? = (#)/!), @ = !. One can verify that there is only required change

to the proof of Theorem 4; in particular, in the argument made to prove Theorem 10, we need

to re-define events ⇢2,⇢3,⇢4 in (26), (27), (28) for the case where (_ � S)8 9 is mean-zero sub-

exponential. Using the result from Agarwal et al. (2019, 2021), which bounds the operator norm of

a matrix with sub-exponential mean-zero entries, we have with probability at least 1� 1/((#))10)

k_ �Sk2  ⇠̃
p
(#)/!) log2

#) (99)
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As a result (99), and standard concentration inequalities for sub-exponential random variables, we
have the modified events, ⇢̃2, ⇢̃3, ⇢̃4.

⇢̃2 :=
n
k_ � dSk2  ⇠̃

p
(#)/!) log2

#)

o
,

⇢̃3 :=
n
k_ � dSk1,2, k_ � dSk2,1  ⇠̃

p
(#)/!) log2

#)

o
,

⇢̃4 :=
n

max
92[@]

kiH
f: (H)

⇣
_)
9 · � dS)

9 ·

⌘
k2

2  ⇠̃ :̃ log2(#)/!)
o
,

Using these modified events in the proofs of Theorem 10 and Theorem 4, and appropriately sim-
plifying leads to the desired result.
By Lemma 10 and (41), we have that

1
#)

E[kSP( 5 2 +f2) � cSP( 5 2 +f2)k2
�
 E

⇥
max
92[!]

1
(#)/!) kSP( 5 2 +f2))

!,· � cSP( 5 2 +f2))
!,·k2

2
⇤

 ⇠ (�1,�2,�0
1,�

0
2, W, ', '

0)
✓
(⌧2 +⌧0) log2

#)

!

.

◆
. (100)

Completing proof. Substituting (98) and (100) into (97) and letting ! =
p

min(# ,)))

1
#)

kSP(f2) � cSP(f2)k2
�
 ⇠ (�1,�2,�3,�0

1,�
0
2, W, ', '

0)
 
(⌧2 +⌧0) log2

#)p
min(# ,)))

.

!
.

This completes the proof.

Appendix L: tSSA Proofs

L.1. Proof of Propositions 3 and 5

Consider = 2 [#], ✓ 2 [!], B 2 [)/!]. By Property 1,

T=✓B = 5= ((B � 1) ⇥ ! + ✓)

=
'’
A=1

*=A,A ((B�1)⇥!+✓) . (101)

The Hankel matrix induced by time series ,A · has rank at most ⌧ as per Property 2. The Page
matrix associated with it is of dimension ! ⇥)/! with entry in its ✓-th row and B-th column equal
to,

A ((B�1)⇥!+✓) . Since this Page matrix can be viewed as a sub-matrix of the Hankel matrix, it has
rank at most ⌧ as well. That is, there exists vectors FA

✓·, E
A

B· 2 R
⌧ such that

,
A ((B�1)⇥!+✓) =

⌧’
6=1

F
A

✓6
E
A

B6
. (102)
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From (101) and (102), it follows that

T=✓B =
'’
A=1

*=A

⇣ ⌧’
6=1

F
A

✓6
E
A

B6

⌘

=
’

A2['],62[⌧]
*=AF

A

✓6
E
A

B6

=
’

A2['],62[⌧]
0
= (A ,6)1✓ (A ,6)2B (A ,6) , (103)

where 0
= (A,6) =*=A , 1✓ (A,6) = FA

✓6
and 2

B (A ,6) = EAB6. Thus (103) implies that T has CP-rank at most
' x⌧, which completes the proof for Propositions 3.

For Proposition 5 , by the setup and model definition, it follows T=✓B = -= ((B � 1) ⇥ ! + ✓). And
-= ((B � 1) ⇥ ! + ✓) =¢ with probability 1 � d and 5= ((B � 1) ⇥ ! + ✓) + [= ((B � 1) ⇥ ! + ✓) with
probability d, where [= ((B � 1) ⇥ ! + ✓) are independent and zero-mean. Therefore, it follows that
the entries of T are independent and

E[T=✓B] = E[-= ((B � 1) ⇥ ! + ✓)]

= d 5= ((B � 1) ⇥ ! + ✓)

= dT=✓B .

That is, E[T] = dT. This concludes the proof.

L.2. Proof of Proposition 6
From Property 7, and our choice of parameter ! for mSSA (! =

p
min(# ,)))) and tSSA (! =

p
)),

we have that

ImpErr(# ,) ; tSSA) = ⇥̃
©≠≠
´

1

min
⇣
# ,

p
)

⌘2

™ÆÆ
¨
= ⇥̃

✓
1

min
�
#

2
,)

�
◆
, (104)

ImpErr(# ,) ;mSSA) = ⇥̃

 
1p

min(# ,)))

!
, (105)

ImpErr(# ,) ;ME) = ⇥̃
✓

1
min (# ,))

◆
. (106)

We proceed in cases.

Case 1: ) = >(#). In this case, from (104), (105), and (106), we have

ImpErr(# ,) ; tSSA), ImpErr(# ,) ;mSSA), ImpErr(# ,) ;ME) = ⇥̃
✓
1
)

◆
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Case 2: # = >()). In this case, from (104), (105), and (106), we have

ImpErr(# ,) ; tSSA) = ⇥̃
✓

1
#

2

◆
, (107)

ImpErr(# ,) ;mSSA) = ⇥̃
✓

1
p
#)

◆
, (108)

ImpErr(# ,) ;ME) = ⇥̃
✓

1
#

◆
.

In this case, we have

ImpErr(# ,) ; tSSA), ImpErr(# ,) ;mSSA) = >̃(ImpErr(# ,) ;ME)).

It remains to compare the relative performance of tSSA andmSSA for the regime # = >()). Towards
this, note from (107) and (108) that

ImpErr(# ,) ; tSSA) = >̃(ImpErr(# ,) ;mSSA))

() 1
#

2 = >̃( 1
p
#)

)

() )
1/3 = >(#)

This completes the proof.

L.3. Proof of Proposition 13

Proposition 15. Let Properties 13, 2, and 3 hold. Then, for any 1  ! 
p
) , HT has CP-rank at

most ' x⌧. Further, all entries of HT are independent random variables with each entry observed
with probability d 2 (0,1], and E[HT] = dHT.

Consider =1, . . . , =3 2 [#1] ⇥ · · ·⇥ [#3], ✓ 2 [!], B 2 [)/!]. By Property 13,

HT=1,...,=3 ,✓,B = 5=1,...,=3 ((B � 1) ⇥ ! + ✓)

=
'’
A=1

*=1,A . . .*=3 ,A ,A ,((B�1)⇥!+✓) ,

The rest of the proof follows in a similar fashion to that of Proposition 3.
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Appendix M: Additional Figures

(a) (b)

(c) (d)
Figure 6 mSSA vs. TRMF vs. SSA - imputation performance on the Financial andM5 datasets. Figures 6a, and 6c show imputa-

tion accuracy of mSSA, TRMF and SSA as we vary the fraction of missing values; Figures 6b, and 6d show imputation
accuracy as we vary the noise level (and with 50% of values missing).
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(a) (b)

(c) (d)

(e) (f)
Figure 7 mSSA vs. TRMF vs. SSA - imputation performance on the Electricity, Traffic and Synthetic datasets. Figures 7a, 7c,

and 7e, show imputation accuracy of mSSA, TRMF and SSA as we vary the fraction of missing values; Figures 7b,
7d, and 7f show imputation accuracy as we vary the noise level (and with 50% of values missing).
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(a) (b)

(c) (d)

(e) (f)
Figure 8 mSSA forecasting performance on standard multivariate time series benchmark is competitive with/outperforming

industry standard methods as we vary the number of missing data and noise level. Figures 8a, 8c, and 8e show the fore-
casting accuracy of all methods (some of VAR results are not shown due to its relatively high error) on the Electricity,
Traffic and Synthetic datasets with varying fraction of missing values; Figures 8b, 8d, and 8f shows the forecasting
accuracy on the same datasets with varying noise level.
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(a) (b)

(c) (d)
Figure 9 Figures 9a, and 9c show the forecasting accuracy of all methods (some of VAR results are not shown due to its relatively

high error) on the financial and M5 datasets with varying fraction of missing values; Figures 9b, and 9d show the
forecasting accuracy on the same datasets with varying noise levels.
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Figure 10 The training time of the original mSSA variants (hSSA in the orange dotted line and vSSA in the green dotted line)
are orders of magnitude higher than that of the mSSA variant we propose (blue solid line).
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Figure 11 The forecasting error of the original mSSA variants (hSSA in the orange dotted line and vSSA in the green dotted
line) and the proposed mSSA variant (blue solid line) as we increase ) .
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