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Appendix A: Page vs. Hankel mSSA

This section discusses the benefits and drawbacks of using the Page matrix representation, as we
propose in our variant, instead of the Hankel representation used in the original mSSA. Recall the
key steps of the original SSA method in Section |2} The extension to mSSA is done by stacking the
Hankel matrices induced by each of the N time series either column-wise (horizontal mSSA) or
row-wise (vertical mSSA) Hassani and Mahmoudvand (2018)). In this section, we will use mSSA
to denote our mSSA variant, and hSSA/vSSA to denote the original horizontal/vertical mSSA. In
what follows, we will compare our mSSA variant with hSSA/vSSA in terms of their: (i) theoretical

analysis; (i1) computational complexity; and (iii) empirical performance.

Theoretical analysis. We re-emphasize that to the best of our knowledge, the theoretical analysis
of the mSSA algorithm, both hSSA and vSSA, have been absent from the literature, despite their
popularity. We do a comprehensive theoretical analysis of the variant of mSSA we propose. By
utilizing the Page matrix, it allows us to invoke results from random matrix theory to prove our
imputation and forecasting results. However, extending our analysis to the Hankel matrix represen-
tation is challenging as the Hankel matrix has repeated entries of the same time series observation.
This leads to correlation in the noise in the observation of the entries of the Hankel matrix, which
prevents us from invoking the results from random matrix theory in a straightforward way. The Page
matrix representation does not have repeated entries of the same observation, and thus allows us to

circumvent this issue in our theoretical analysis.

Computational complexity. Our mSSA variant is computationally far more efficient than both
hSSA and vSSA. This is because the Page matrix representation of a multivariate time series with
N time series and T time steps is a matrix of dimension VNT xVNT (with L = VNT ).,i.e.,ithas a
total of O(NT) entries. In contrast, the Hankel matrix representation is of dimension 7' /4 x 3NT /4
for hSSA and NT /4 x 3T /4 for vSSA (we set the parameter L to 7'/4 as recommended in |[Hassani
and Mahmoudvand (2018)), i.e., both variants of the Hankel matrix have O(N T2) entries. This
makes computing the SVD (the most computationally intensive step of mSSA) prohibitive for hRSSA

and mSSA even for the standard time series benchmarks we consider in Section [6l

To empirically demonstrate the computational efficiency of our variant of mSSA, we compare its
training time to that of hSSA and vSSA. Specifically, we measure the training time for mSSA, hSSA,
and vSSA as we increase the number of time steps 7 € [400, 10000]. We perform this experiment

on two datasets: (i) the synthetic dataset; (i1) a subset of the electricity dataset, where we choose
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only 50 of the available 370 time series. Both datasets are described in details in Appendix [B] Figure
shows that in both datasets, the training time of both hSSA and vSSA can be as 600-1000x as

high as the training time of our mSSA variant as we increase 7.

Empirical performance. Here, we compare the forecasting performance of mSSA to that of hRSSA
and vSSA. We report performance in terms of the NRMSE of the three methods as we increase
the number of time steps 7" € [400, 10000] in the aforementioned synthetic and electricity dataset.
The goal in the synthetic dataset is to predict the next 50 time steps using one step ahead forecasts,
while the goal in the electricity dataset is to predict the next three days using day-ahead forecasts.
For hSSA and vSSA, we choose L =T /4 as recommended in |[Hassani and Mahmoudvand (2018));
and for mSSA, we choose L = L\/JW |. For all three methods, we choose the number of retained

singular values based on the thresholding procedure outlined in (Gavish and Donoho (2014).

Figures (11| shows the performance of the three methods in both datasets. We find that initially,
with few data points (7 < 600 in the synthetic data and T < 4000 in the electricity data), both
hSSA and vSSA outperform mSSA. As we increase 7', mSSA performance significantly improves
and eventually outperforms vSSA. In the electricity dataset, mSSA performs similar to hSSA for
T =10000. These experiments suggest that if only a few observations were available, hSSA and
vSSA might provide better performance. However, if the number of observations were relatively

large, then the performance of mSSA is superior to vSSA and relatively similar to hSSA.

Importantly, the electricity dataset experiment illustrates a critical advantage of our mSSA vari-
ant. Specifically, when T is large such that running hSSA or vSSA is computationally infeasible,
then one can achieve better accuracy using mSSA. For example, while we could not run the hSSA
and vSSA on the electricity dataset with 7" = 20000 due to memory constraints, we were able to
run mSSA and achieve a lower NRMSE. This suggests that our mSSA variant is the more practical

mSSA algorithm when it comes to efficiently utilizing large multivariate time series.

Appendix B: Experiment Details

In Appendix we describe the datasets utilized. In Appendix we describe the various algo-
rithms we compare with as well as the choice of hyper-parameters used for each of them.

B.1. Datasets

We use four real-world datasets and one synthetic dataset. The description and preprocessing we

do for each of these datasets are as follows.
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Electricity Dataset. This is a public dataset obtained from the UCI repository which shows the
15-minutes electricity load of 370 households Trindade|(2014). As was done in Yu et al./(2016),Sen
etal] (2019),Salinas et al. (2019), we aggregate the data into hourly intervals and use the first 25824
time-points for training, the next 288 points for validation, and the last 168 points for testing in the
forecasting experiments. Specifically, in our testing period, we do 24-hour ahead forecasts for the

next seven days (i.e. 24-step ahead forecast). See Table 3| for more details.

Traffic Dataset. This public dataset obtained from the UCI repository shows the occupancy rate
of traffic lanes in San Francisco [Trindade| (2014). The data is sampled every 15 minutes but to be
consistent with previous work in Yu et al. (2016), Sen et al. (2019), we aggregate the data into
hourly data and use the first 10248 time-points for training, the next 288 points for validation, and
the last 168 points for testing in the forecasting experiments. Specifically, in our testing period, we
do 24-hour ahead forecasts for the next seven days (i.e. 24-step ahead forecast). See Table [3| for

more details.

Financial Dataset. This dataset is obtained from the Wharton Research Data Services (WRDS) and
contains the average daily stocks prices of 839 companies from October 2004 till November 2019
WRDS)| (2021). The dataset was preprocessed to remove stocks with any null values, or those with
an average price below 30$ across the aforementioned period. This was simply done to constrain
the number of time series for ease of experimentation and we end up with 839 time series (i.e.
stock prices of listed companies) each with 3993 readings of daily stock prices. In our forecasting
experiments, we train on the first 3693 time points, validate on the next 120 time points, while for
testing we consider the task of predicting 180 time-points ahead one point at a time. That is, the
goal here is to do one-day ahead forecasts for the next 180 days (i.e. 1-step ahead forecast). We

choose to do so as this is a standard goal in finance. See Table [3] for more details.

MS Dataset. This public dataset obtained from Kaggle’s M5 Forecasting competition include daily
sales data of 30490 items across different Walmart stores for 1941 days Makridakis et al. (2020).
The dataset was preprocessed to only include items that has more than zero sales in at least 500
days. For forecasting, as is the goal in the Kaggle competition, we consider the task of predicting
the sales for the next 28 days (i.e. 28-step ahead forecast). We use the first 1829 points for training,

the next 84 points for cross validation, and the last 28 points for testing.

Synthetic Dataset. We generate the observation tensor X € R by first randomly generat-

ing the two matrices U € R™" = [uy,...,u,] and V € R = [vy,...,v,]; we do so by randomly
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sampling each coordinate of U, V independently from a standard normal. Then, we generate r mix-
tures of harmonics where each mixture g (z), k € [r], is generated as: g, (7) = 22:1 aycos(wpt/T)
where the parameters ay,w; are selected uniformly at randomly from the ranges [—1,10] and
[1, 1000], respectively. Then each value in the observation tensor is constructed as follows: X; ; (1) =
21 Uikvjk8k (1), where r is the tensor rank, i € [n], j € [m]. In our experiment, we select n =5,
m =10, T = 15000, and r = 4. This gives us N =n x m =50 time series each with 15000 observa-
tions per time series. In the forecasting experiments, we use the first 13700 points for training, the
next 300 points for validation, while for testing, we do 10-step ahead forecasts for the final 1000
points. See Table 3| for more details.

Table 3 Dataset and training/validation/test split details.

Dataset No.time Observations Forecast Training  No. validation  Validation No. test  Test

series  per time series horizon (h) period windows W,,,; period windows period
Electricity 370 26136 24 11025824 2 25825 to 25968 7 25969 to 26136
Traffic 963 10560 24 1t0 10248 2 10249 to 10392 7 10393 to 10560
Synthetic 50 15000 10 1to 13700 10 13701 to 14000 100 14001 to 15000
Financial 839 3993 1 1t03693 40 3694 to 3813 180 3814 to 3993
M5 15678 1941 28 1t0 1829 1 1830 to 1913 1 1914 to 1941

B.2. Algorithms.

In this section, we describe the algorithms used throughout the experiments in more detail and the

hyper-parameters/implementation used for each method.

mSSA & SSA. Note that since the SSA’s variant described in |Agarwal et al. (2018)) is a special
case of our proposed mSSA algorithm, we use our mSSA’s implementation to perform the SSA
experiments; key difference in SSA is that we do not “‘stack’’ the various Page matrices induced by
each time series. For all experiments we choose the parameters through the cross validation process
detailed in Appendix where we perform a grid search for the following parameters:

1. The number of retained singular values, k. This parameter is chosen using one of the following
data-driven methods: (i) we choose k based on the thresholding procedure outlined in|Gavish
and Donoho (2014), where the threshold is determined by the median of the singular values
and the shape of the matrix; (ii) we choose k as the minimum number of singular values that
capture a fraction 7 of the spectral energy, with 7 € {0.7,0.8,0.9,0.95}; (iii) we additionally
try fixed ranks k € {1,3,5,10,25}.

2. The shape of the Page matrix. The Page matrix shape is controlled either by setting L directly or
through a column-to-row ratio p = M /L. FormSSA, L € {10, 500, 700, 800, 1000, 1250, 2000}
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(dataset-dependent) or p € {2,5,10,20,500}. For SSA, L € {10,30,40, 50,80, 100, 150}
(dataset-dependent) or p € {2,5, 10}.

3. Missing values initialization. Initializing the missing values is done according to one of two
methods: (i) set the missing values to zero; (ii) perform forward filling where each missing
value is replaced by the nearest preceding observation, followed by backward filling to accom-

modate the situation when the first observation is missing.

DeepAR. We use the ‘‘DeepAREstimator’’ algorithm provided by the GluonTS package. We
choose the parameters through a grid search for the following parameters:

1. Context length. This parameter determines the number of steps to unroll the RNN for before
computing predictions. We choose this from the set {4 (default), 24,3k}, where & is the pre-
diction horizon.

2. Number of Layers. This parameter determines the number of RNN layers. We choose this from

the set {2 (default), 3}.

TRMF. We use the implementation provided by the authors in the Github repository associated
with the paper (Yu et al.| (2016)). We choose the parameters through a grid search, as suggested by
the authors in their codebase, for the following parameters:
1. Matrix rank k. This parameter represents the chosen rank for the 7 X N time series matrix, we
choose k from the set {5, 10, 20, 40, 60}.
2. Regularization parameters Ay, Ay, A,,. We choose these parameters from {0.05,0.5,5,50} as
suggested in the authors repository.
For the lag indices , we include the last day and the same weekday in the last week for the traffic
and electricity data, the last 30 points for the financial and synthetic dataset, and the last 10 points
for the M5 dataset.

LSTM. Across all datasets, we use an LSTM network with H € {2,3,4} hidden layers each, with
45 neurons per layer, as is done in |Sen et al.| (2019). We use the Keras implementation of LSTM.

As with other methods’ parameters, H is chosen via cross validation.

Prophet. We used Prophet’s Python library with the parameters selected using a grid search of the
following parameters as suggested in Facebook (2020):
1. Changepoint prior scale. This parameter determines how much the trend changes at the

detected trend changepoints. We choose this parameter from {0.001,0.05,0.2}.
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2. Seasonality prior scale. This parameter controls the magnitude of the seasonality. We choose
this parameter from {0.01, 10}.

3. Seasonality Mode. Which is chosen to be either additive‘ or *'multiplicative ‘.
VAR. We used the VAR estimator in the python package ‘‘statsmodels’’ (Seabold and Perktold
(2010)). We apply the method on the first difference of the time series and verify that the series
are not non-stationary using a unit root test (specifically, Augmented Dickey—Fuller test). For all
datasets except M5, we choose the best value for the parameter max_lag € {1,2,5, 10,20, 50}. This
parameter corresponds to the maximum number of lags used in fitting the VAR process. For M5,

we choose max_lag € {1,2,5}, as fitting the model for larger values is computationally infeasible.

tSSA, mSSA and ME in Section In this experiment, we use HSVT as the the matrix estimation
subroutine for both ME in mSSA. For both methods, we choose the number of singular components
retained based on the the thresholding procedure outlined in Gavish and Donoho (2014). For tSSA,
we use ALS as the tensor estimation subroutine. Therein, we choose the best performing rank among
the follwoing options: (i) the rank suggested by the thresholding procedure outlined in Gavish and
Donoho (2014) for the stacked Page matrix used in mSSA; (ii) the rank suggested by the same
procedure for the Page matrix of one of the time series (specifically the first); (iii) the fixed values

|L/2] and [ L/3].
B.3. Parameters Selection

In all experiments, we choose the hyperparameters for out method and for the baselines by using

cross-validation. Below, we detail the procedure for both imputation and forecasting experiments.

Imputation Experiments. To select the parameters in our imputation experiments, we additionally
mask 10% of the observed data uniformly at random. Then, we evaluate the performance of each
parameter choice in recovering these additionally masked observations. This process is repeated 3
times, and the choice of parameters that achieves the best performance (in NRMSE) across these
runs is selected. In our results, we report the accuracy of the selected parameters in recovering the

original missing values.

Forecasting Experiments. For parameters selection in the forecasting experiments, we use cross-
validation on a rolling basis as typically used in time-series forecasting models Hyndman and
Athanasopoulos (2018)). In this procedure, there are multiple validation sets. For each validation

set, we train the model only on previous observations. That is, no future observations can be used
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in training the model, which will occur when a typical cross-validation procedure is followed for
time series data. In our experiments, we start with a subset of the data used for training, then we
forecast the first validation set using A-step ahead forecasts for W,,; windows , where the horizon &
and the number of validation windows W,,; are detailed in Table [3| We do this for three validation
sets, each of length 7 X W,,;, and select the choice of parameters that achieves the best performance
(in NRMSE) for evaluation on the test set. When evaluating on the test set, both the training and

validation periods are used for training.

Appendix C: Time-varying Recommendation Systems

In tSSA, we considered the setting where the N X T matrix M induced by the latent time series
fi(), ..., fn(:) is low-rank; in particular, Property |I| captures this spatial structure across these N

time series. However, in many settings there is additional spatial structure across the N time series.

Recommendation systems — time-varying matrices/tensors. For example, in recommendation sys-
tems, for each r € T, there is a Ni X N, matrix, M (1) ¢ RM*N2 of interest. The n 1-th row and n,-th
column of M denotes the latent rating user n; has for product ny, i.e., M,(l’l),n2 denotes the value of
the latent time series f;, »,(+) at time step ¢. To capture the latent structure across users and prod-
ucts, one typically assumes that each M ®) is low-rank. More generally, at each time step r, M) €
Snrng(+) attime step ¢ for ny, ..., ng € [N1] X--- X [Ny4]. For example, if d =3, M® might repre-
sent the ¢-th measurement for a collection of (x, y, z)-spatial coordinates. Let N € RNDN2.. xNaxT
denote the d + 1 order tensor induced by viewing each order-d tensor M¥) as the ¢-th ‘slice’ of N,

for t € [T]. Again, to capture the spatial and temporal structure of these latent time series, we posit

the following spatio-temporal model for N, which is a higher-order analog of the model assumed

in Property

PrROPERTY 13. Let N have CP-rank at most R. That is, for any ny,...,ng € [N1] X--- X [Ny4]

R
an,...,nd,t = E Unl,r e Und,r W4,

r=1

where the factorization is such that (U, /|, ... |Un,.r| <T'1, |Wy| < T for constants I'j, I > 0.

As before, to explicitly model the temporal structure, we continue to assume Property [2| holds for

the latent time factors W,. for r € [R].
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Order-d + 2 Page tensor representation. We now consider the following order-d + 2 Page tensor
representation of N. In particular, given the hyper-parameter L > 1, define HT € RV X*NaxLxT/L

such that for ny,...,ng € [N1] X--- X [Ny4], €€ [L], s€[T/L],
HT,, s = Jong ((s = 1) X L+0).
The corresponding observation tensor, HT € (R U {#})N1X>XNaXLXT/L 'jq
HTo,,...na.t.s = Xny,ong ((s = 1) X L+£). (10)

Recall from (1)) that X,,, ny(1). HT and HT

..........

then have the following property:

PROPOSITION 13. Let Properties andhold. Then, forany 1 < L < \T, HT has CP-rank at
most Rx G. Further, all entries of HT are independent random variables with each entry observed

with probability p € (0, 1], and E[HT] = pHT.

Analogous to Proposition |3} Proposition |1 3[also establishes that order-d +2 Page tensor representa-
tion of the various latent time series f,, . ,,(-) has CP-rank that continues to be bounded by Rx G.

Proof of Proposition [I3]|can be found in Appendix

Higher-order tensor singular spectrum analysis (htSSA). Proposition[I3]motivates the following
algorithm, which exploits the further spatial structure amongst the N time series. We now define
the “‘meta’” htSSA algorithm. The two algorithmic hyper-parameters are L > 1 (defined in (5))

and TE44, (the order-d + 2 tensor estimation algorithm one chooses). First, using the observations

,,,,,

.....

the appropriate entry in HT.

Relative effectiveness of mSSA, htSSA, and tensor estimation (TE). Again, for ease of expo-
sition, we consider the case where p = 1. We now briefly discuss the relative effectiveness of

htSSA, mSSA,and ‘vanilla’’ tensor estimation (TE) in imputing X,

mSSA and htSSA have been previously described. In TE, one directly de-noises the original

XNgXT

order-d + 1 tensor induced by the noisy observations, which we denote X € RMXN2...., , where

X, ...ngt = Xn,....n, (t). In particular, one produces an estimate of N = TE4+1(X), and then pro-

.....
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ImpErr(N,T;mSSA), and ImpErr(N, T; TE) denote the imputation error for htSSA, mSSA, and TE,

respectively. Now if we assume Property |7|holds, we have

~ 1
ImpErr(N,T;htSSA) =0

[
min(Nl,...,Nd,\/T)

~ 1
ImpErr(N,T;mSSA) =0 | ——],
\Vmin(N,T)T
~ 1
ImpErr(N,T;TE) =0 — -
min (N, . ..,NmT)rT-I

Then just as was done in the proof of Proposition [6] for any given d, one can reason about the
relative effectiveness of htSSA, mSSA, and TE for different asymptotic regimes of the relative ratio

of Nand T.

Appendix D: Proof of Proposition

Below, we present the proof of Proposition [/, First we define the stacked Hankel matrix of N time
series over T time steps. Precisely, given N latent time series f, ..., fy, consider the stacked Hankel
matrix induced by each of them over T time steps, [T'], defined as follows. It is SH € RIT/2XNLT/2]
where its entry in row i € [|T//2]] and column j € [N|T/2]], SH;;, is given by

SHyj = fuip(i+(j mod [T/2])—1), where n(i, )= [LTJWW
We now establish Proposition which immediately implies Proposition [/| — the stacked Page

matrix can be viewed as a sub-matrix of SH, by selecting the appropriate columns.

PROPOSITION 14. Let Properties(l|and|Slhold for N latent time series of interest, fi, ..., fy. Then
forany T > 1, the stacked Hankel Matrix of these N time series has € -approximate rank R x G with

€ =Rl e.

We have N latent time series fi,..., f, satisfying Properties |1|and [8| Consider their stacked
Hankel matrix over [T], SH € RLT/2IXNLT/2] By definition fori € [|[7/2]] and j = (n—1)x | T /2] +
j for j" € [|T/2]], we have

SH,']" :fn(i+j/— 1)
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That is,
SH;j = fu(i+j = 1)
R
= Z Uanr(i+j’—l)- (11)
r=1

Let H(r) € RUT/2XIT/2] pe the Hankel matrix associated with W,. over [T]. Due to Property there
exists a low-rank matrix M (r) € RIT/2IXIT/2) gych that (a) rank(M (r)) < G, (b) |H(r) = M (r) || <

e. That is, for any 7, j’ € [[T/2]], we have that M(r);;» = gzl aj b, for some aj, b, € RC.

Therefore, for any 7, j* € [|T/2]], we have that
Wigirjr-1y =H(r)ijs = M(r)ij + (H(r)ijs = M(r)ij’)
G
= >l b+ (H(r)ijr = M(r)ij). (12)
g=1

From and (12)), we conclude that

R R
SHij= > > Unalybyg + > Unp(H(r)ijr = M(r)iy)
r=1

r=1 g=1

R
Z a;gX(Unrb;‘/g)'*'ZUnr(H(r)ij’_M(r)ij’)-
r=1

(r.8)€[R]X[G]
Define matrix M € RI/2XNUT/2) with its entry for row i € [|[T/2]] and column j = (n—1)x | T/2] +
j’' for j" € [|T/2]] given by
(r.8)€[RIX[G]

= Z @i(r.9)Bj(rg)>

(r.8)€[RIX[G]

where @;(, ¢) = afg and B(r¢) = Unrb;.,g. Further,
\Uni ||(H (7)ijr = M (r);j)|
IN||H(r)—=M(r)||l < RI'E€.

R

ISH;; —M;;] < Z
r;l

<)

r=1

That is, the stacked Hankel matrix SH of N time series of [T'] has €’-approximate rank G x R with
€’ = RT'1e. This completes the proof.
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Appendix E: Proofs For Section [5]
E.1. Proof of Proposition [

Let f1, f> have a (G, €1) and (G», €;)-Hankel representation, respectively. For any T > 1, let
H\, H> € RU/2IXIT/2] be the Hankel matrices of fi, f, respectively, over the time interval [T]. By
definition, there exists matrices M, M, € RU/2XLT/2] guch that rank(M;) < Gy, ||M; — H||e < €
and rank(M») < G, || M, — H;||» < €.

Component-wise addition. Note the Hankel matrix of f; + f> over [T] is H; + H;. Then, matrix
M = M| + M, has rank at most G| + G, since for any two matrices A and B, it is the case that
rank(A + B) <rank(A)+rank(B). Further, | H+ H, — (M| + M>)||c < €] + €. Therefore it follows

that f1 + f> has (G| + G2, €] + €;)-Hankel representation.

Component-wise multiplication. For f; o f>, its Hankel over [T] is given by H| o H, where we
abuse notation of o in the context of matrices as the Hadamard product of matrices. Let M = M| o
M,;. Then rank(M) < G| x G since for any two matrices A and B, rank(A o B) < rank(A)rank(B).
Now
|HyoHy— M oMo <||HioHy—HjoM|e+|HyoMy— M oMo

<|[Hilleol[H2 = M2 |0 + | M2l o[[H1 — M|

< fillo€ + (|M2 — Hal|o + || H2[|0) €1

< fillo2 + ([ 2]l + €2)€1

=|lfillo€2 + || L2llc€1 + €162 < 3max(er, €2) max(|| f1llco, | £2]lco0)-

This completes the proof of Proposition
E.2. Proof of Proposition [9

Proof is immediate from Definitions [4] and [5]

E.3. Proof of Proposition [10

E.3.1. Helper Lemmas for Proposition[I0] We begin by stating some classic results from Fourier

Analysis. To do so, we introduce some notation. Throughout, we have R > 0.

C[0, R] and L?[0, R] functions. C[0, R] is the set of real-valued, continuous functions defined on

[0, R]. L?[0, R] is the set of square integrable functions defined on [0, R], i.e. fOR F2(1)dt < o0

Inner Product of functions in L?[0, R]. L?[0, R] is a space endowed with inner product defined

as (f,g):= %fOR f(t)g(t)dt, and associated norm as || f|| := ,/% fOR f2(t)ds.
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Fourier Representation of functions in L?[0, R]. For f € L?[0, R], define its G > 1-order Fourier

representation,  (f,G) € L?[0, R] as

G
F(f,G)(t) =aop+ Z(ag cos(2mgt/R) + b, cos(2rgt/R)), 1€ [0,R], (13)
g=1

where ag, ag, by with g € [G] are called the Fourier coefficients of f, defined as

R
ao ::<f,1>:%/0 f(r)dt,
1 R
aq :=(f,cos(2ngt/R)) = E‘/ f(t)cos(2mgt/R)dt,
0
R
by :=(f,sin(2ngt/R)) = %/ f(t)sin(2ngt/R)dt.
0

We now state a classic result from Fourier analysis.

THEOREM 7 (Grafakos (2008)). Givenk >1,R >0, let f € Ck(R, PER). Then, foranyt € [0, R]

(or more generally t € R),

Jim F(f, G)(1) = f(1).

We next argue that if f € C¥(R, PER), then its Fourier coefficients decay rapidly.

LEMMA 1. Givenk > 1,R >0, let f € CX(R, PER). Then, for j € [k], the G-order Fourier coeffi-

cient of f9), the j-th derivative of f, recursively satisfy the following relationship: for g € [G],

20 = _(%_g)béj—1>, b)) = (2”_8)

(-1
¢ 7 2 a; . (14)

g
We establish (14) for afgl), g € [G]. Notice that an identical argument applies to establish (14))

for any aéj),bfgj) for j € [k] and g € [G].

R
aél) = (f(l),cos(Zﬂgl/R)) = %/ f(l)(t) cos(2mgt/R)dt
0
R
@ %([ £(0) cos(27rgt/R)](I: - 2%[% /0 f(ysin(2rgt/R)dr
2
e

(a) follows by integration by parts.
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E.3.2. Completing Proof of Proposition
For G e N, let £(f,G) be defined as in (13). Then for € R

FO=F (G| Y (agcos(2ngr/R)+ by cos(2ngi/R))

g=G+1
< D7 lagl+1bg]

g=G+1
8 3, gl Gk

g=G+1 27Tg
() R\k | & (12 | © & &
<V25p) | 20 () 2 (P nP)

a g=G+1 8 g=G+1
@ \/5( ) i (1a1-+ 1)
= 201 Gk -0.5 8
g=G+1

(¢) kLA
= \/5(27r) GKk-05
_ [
_C(k’R)Gk—o,s’

where C(k, R) is a constant that depends only on k and R; (a) follows from Theorem 7} (b) follows
from Lemmall} (c) follows from Cauchy-Schwarz inequality and fact that (a +8)? < 2(a®+2) for
any «a, B €R; (d) Z?:GH g k< fGoo x~2kdx which can be bounded as G2**! /(2k — 1) which is at

most G~**! since k > 1; (e) follows from Bessel’s inequality, i.e. || f*]|? > Z;":O(laék) |2+ |b£,k) 1?).

Thus, for any 7 € R, we have a uniform error bound for f being approximated by ¥ ( f, G) which
i1s a sum of 2G harmonics. Noting 2G harmonics can be represented by an order-4G LRF (by

Proposition [I)),we complete the proof.

E.4. Proof of Proposition 11
This analysis is adapted from Xu (2017).

Step 1: Partitioning the space [0, 1)X. Consider an equal partition of [0, 1)X. Precisely,
for any k € N, we partition the the set [0,1) into 1/k half-open intervals of length 1/k, i.e,
[0,1) = Uf‘zl [(i—1)/k,i/k). It follows that [0,1)X can be partitioned into kX cubes of forms
®f:1 [(ij —1)/k,i;/k) withi; € [k].Let & be such a partition with I}, I, . . ., I;x denoting all such

cubes and 71,22, ...,2;k € RK denoting the centers of those cubes.
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Step 2: Taylor Expansion of g(-,w). Consider a fixed w. To reduce notational overload, we sup-

press dependence of g on w, and abuse notation by using g(-) = g(-, w) in what follows.
For every I; with 1 <i < kX, define Pj, o(x) as the degree-¢ Taylor’s series expansion of g(x) at

point z;:

1
Pre@= ) —(x=2)"Vag(a), (15)

K|kl

where k = (ki,...,kq) is a multi-index with ! = ]_[l.li1 k;!, and Vig(z;) is the partial derivative

defined in Section Note similar to g, Py, ¢(x) really refers to Py, ¢(x, w).

Now we define a degree-¢ piecewise polynomial

kK
Peo(x) = Pre()l(xel).
i=1

For the remainder of the proof, let £ = | @] (recall |« refers to the largest integer strictly smaller

than a). Since f € H(a, L), it follows that

sup [g(x) ~ Peo(x)| = max, suplg(x) ~ Pr(x)
=t= xX€el;

x€[0,1)K
V.o(z; V.g(Zi

(i) max_sup Z Kg$ l) (X—Zi)K+ Z Kgf l) (X—Zi)f—Pli,f(x)

1<i<kK xey; ki K|=C—1 k! e K:
b Vg (Zi Vig(zi
) max_sup Z Kg$ 2 (x—zi)g— Z Kgf l)(x—zz‘)f

1<i<kX xey; ki RI=t k! Py K:

Veg(Z;) =V i

= max sup «8(Zi) «8(zi) (X—Zi)f

ISiSkKXGIi K:|K|:[ K!

(©) 1 ~
< max supr—zill{sup > —[Vg(Z) = Vs (@)

1<i<kX xep, Xeli ="
(d)
< Lk o

where (a) follows from multivariate version of Taylor’s theorem (and using the Lagrange form for
the remainder) and Z; € [0, 1)X is a vector that can be represented as z; + cx for ¢ € (0, 1); (b) follows

from (13)); (c) follows from Holder’s inequality; (d) follows from Definition

Step 3: Construct Low-Rank Approximation of Time Series Hankel Using Pg, (. Recall the

Hankel matrix, H € RT/2XIT/2] induced by the original time series over [T], where H,, =
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g0, wy), t,s € [|T/2]] with g(-,w) € H(a, L) for any w. We now construct a low-rank approx-
imation of it using Pg, ¢ = Pg, ¢(-,w). Define H e RLU/2IXUT/2] | where ﬁts =Pg, (01, wy), t,s €
[LT/2]].

By (16)), we have that for all 7, s € [|T/2]],

‘Hts - ﬁts < Lk_a-

It remains to bound the rank of H. Note that since Pg, ¢(-,w) is a piecewise polynomial of degree
¢ = |a] for any given w, it has the following decomposition: for ¢,s € [|T/2]],
kK

His=Pe, 1(0,05) = ) (®(6), B1,)1(0; € 1)
i=1

where for any 6 € RK,

T
cb(e):(1,91,...,9K,...,9{,...,95;) ,

the vector of all monomials of degree less than or equal to ¢, and S, , 1s a vector collecting the cor-

responding coefficients. The number of such monomials is easily shown to be equal to C(a, K) :=

L] (i+K—l
i=1 i

— 1
[LT/2]]. That is, H has rank at most kXC(«, K). Setting k = [—-‘ completes the proof.
€

). That is, H, = ul vy where u,, v are of dimension at most kXC(«a, K) for each t, s €

Appendix F: Helper Lemmas

We recall known concentration and perturbation inequalities that will be useful throughout.

THEOREM 8 (Bernstein’s Inequality Bernstein (1946)). Suppose that X1, ..., X, are indepen-
dent random variables with zero mean, and M is a constant such that | X;| < M with probability one
foreachi. Let S := 3" | X; and v := Var(S). Then for any t > 0,

312

).

THEOREM 9 (Norm of matrices with sub-gaussian entries Vershynin (2010)). Let A be an
m X n random matrix whose entries A;; are independent, mean zero, sub-gaussian random vari-

ables. Then, for any t > 0, we have

IAll < CK(Vm +Vn+1)

with probability at least 1 —2exp(—t?). Here, K = max; ;|| A |ly,-
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LEMMA 2 (Maximum of sequence of random variables Vershynin| (2010)). Ler X, X,
..., X, be a sequence of random variables, which are not necessarily independent, and satisfy

E[XI.ZP] % < Kp” for some K, B> 0 and all i. Then, for every n > 2,
Emax|X;| < CK logg (n).
i<n

We note that Lemma|g|implies that if X1, ..., X, are ¢, random variables with || X;||,, < K, for all

i € [n], then
Emax|X;| < CK, log%(n).
i<n

LEMmMA 3 (Modified Hoeffding Inequality Agarwal et al. (2020) ). Let X € R" be random vec-
tor with independent mean-zero sub-Gaussian random coordinates with || X;||,, < K. Let a € R" be
another random vector that satisfies ||al|2 < b almost surely for some constant b > 0. Then for all
t>0,

2

n
ct
P(‘ZaiXi‘ > t) < 2€Xp(— ﬁ),
i=1 K<b

where ¢ > 0 is a universal constant.

LEMMA 4 (Modified Hanson-Wright Inequality Agarwal et al. (2020) ). Let X € R” be a ran-
dom vector with independent mean-zero sub-Gaussian coordinates with || X;||y, < K. Let A e R™"
be a random matrix satisfying ||A||» < a and ||A||f7 < b almost surely for some a,b > 0. Then for

anyt >0,

2t
T T i
P(|X AX —E[XTAX]| 2:) §2-exp(—cmln(E,K—2a)).

LEMMA 5 (Weyl’s inequality). Given A, B € R™*", let o; and 0; be the i-th singular values of A

and B, respectively, in decreasing order and repeated by multiplicities. Then for all i € [m A n],
lov — 73| < |A - BlJ2.

Appendix G: Matrix Estimation via HSVT
This section describes and analyzes a well-known matrix estimation method, Hard Singular Value
Thresholding (HSVT). While the analysis utilizes known arguments from the literature, we need to

adapt it for the setting where the underlying ‘signal’ is only approximately low-rank.
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G.1. Setup, Notations

Setup. Given a deterministic matrix M € R?*? with p,q € N and ¢ < p, arandom matrix Y € R9*?

is such that all of its entries, Y;;, i € [g], j € [p] are mutually independent and for any given

€lql. jelprl,

v M;; +&;; Ww.p.p, (ie. observed)
ij =
0 w.p. 1 —p, (i.e. not observed)

for some p € (0, 1] with g;; are independent random variables with E[g&;;] =0 and ||&;;|ly, < 0.

Given this, we have E[Y] = pM. Defineft

P
p=max (1/(g p), () D 100 is obs)) /(g p))-

i=1 j=1

Goal of Matrix Estimation. The goal of matrix estimation is to produce an estimate M from
observation Y so that M is close to M. In particular, we will be interested in bounding the error

between M and M using the following metric: ||ZT/I\ - M||2.00-

G.2. Matrix Estimation using HSVT

Hard Singular Value Thresholding (HSVT) Map. We define the HSVT map. For any ¢, p € N,
consider a matrix B € R?*P such that B = Zf’:/\lp O'i(B)xile. Here for i € [g A p], 07(B) is the ith
largest singular value of B and x;, y; are the corresponding left and right singular vectors respec-
tively. Then, for given any A > 0, we define the map HSVT, : R?*? — R%*7 which simply shaves

off the singular values of the input matrix that are below the threshold A. Precisely,

qAp
HSVT (B) = Z oi(B)1(07(B) = Dx;y! .
i=1

Matrix Estimating using HSVT map. We define a matrix estimation method using the HSVT
map that is utilized by mSSA for imputation. Precisely, we estimate M from Y as follows: given

parameter k > 1,
— 1
M = =HSVT,, (Y). 17
0

where A; = 0% (Y), i,e. the kth largest singular value of Y.
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G.3. A Useful Linear Operator

We define a linear map associated to HSVT. For a specific choice of A4 > 0, define gof :RP —» RP as

follows: for any vector w e R? (i.e. w € RPX1Y,

gAp

g5 (w)=> " 1(ai(B) = Dyiyiw. (18)
i=1

Note that go/lf is a linear operator and it depends on the tuple (B, A); more precisely, the singular
values and the right singular vectors of B, as well as the threshold A. If 4 =0, then we will adopt
the shorthand notation: ¢ = cpg. The following is a simple, but curious relationship between (pf

and HSVT, that will be useful subsequently.

LEMMA 6 (Lemma 35 of Agarwal et al. (2019, 2021)). Let B € R7*P and A > 0 be given. Then
forany j € [q],

T
¢} (B].) =HSVT,(B) .,
where B;. € RXP represents the jth row of B, and HSVT, (B)j_ € RI%P represents the jth row of
the matrix obtained after applying HSVT over B with threshold A.

By (18)), the orthonormality of the right singular vectors and noting BJT., =BTe j with e; € R?
with jth entry 1 and everything else 0, we have

qnp qnNp
¢ (BY) Z]l(m(B)>/1)yzy, Bl = Zﬂ(m(mmm, B'e,
61/\17 qnp qAp

T
= > 1(0u(B) = Dyiy! (D ov(B)xiy}) ej= " ov(B)L(ai(B) = D)yiy] yoxhe;
i=1 i'=1 ii'=1
qAp gAp

= ), 0ov(B)L(0i(B) 2 D)yidivxhe; = ) oi(B)L(ai(B) = A)yix] ¢;
i,i’=1 i=1

=HSVT)(B)"e; = HSVT.(B).
G.4. HSVT based Matrix Estimation: A Deterministic Bound
We state the following result about property of the estimator.

LEMMA 7. Fork > 1, let M = My + E . with rank(M}) = k. Let € = max(p/p, p/p) = 1. Then, the
HSVT estimate M with parameter k is such that for all j € [q],

2
2|[Y - pM|[3+2p? ||Ek||2( o, Hz 48%(|[Y] - pM] |12) )
(ak<pMk) ?

2
¥ —2)|¢Mk<Yf. —pr)\\z #2(e = DAIMLIE+2 BT

aul T2
1ML - M3 < p
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We prove our lemma in four steps.

MT

Step 1. Decomposing M ;

- MJT in two terms. Fix arow index j € [¢g]. Let A be the kth largest

singular value of Y, as used by HSVT algorithm with parameter k > 1.

ML~ M7 = (M7 - g%, (M) + (¥, (M) - M),

By definition per (18), (,oﬁk : R? — RP is the projection operator onto span{ul, ce U k}, the span of

top k right singular vectors of Y, denoted as u, ..., u;. Therefore,
gof{k(Mf) —~ M]T € span{uy, ..., ux}".

By design, rank(M) = k. Therefore, by Lemma|§|

— 1

M; — (pﬁ’k(Mi) = z\go/l{k(YjT,) — cpf{k (MJ-T,) espan{uy,...,ug}.
Therefore, (M\f - gogk (Mj?), gogk (Mf) - Mf) =0, and hence

7zl TP _lxzr _ v (ay P Y (AT |l
A AU R AT AR | a9)

by the Pythagorean theorem.

Step 2. Bounding Term 1, ||MT — gaf{k (MJT) H2 We begin by bounding the first term on the right

hand side of (19). By Lemmal|6]

J

— 1 1
M- ¢} (M) = ;% Y1) -l (M7)=¢}, (;Yf - Mf)

1 p=pP
=5¢§k(Y,-T.—pr)+ = oL (M]).

Using the Parallelogram Law (or, equivalently, combining Cauchy-Schwartz and AM-GM inequal-

ities), we obtain

1 p—p
||A7f.—eo§k<Mj.>T||§=||/—3¢§k(M,~T.—pMjT.>+ > oF (M7)]3
1 p=p
s2||;so§k(YjT.—pM§)||§+2||T¢§k<MJ-T.>||%
2 P =P\
< /)—||go§k<YjT.—pMjT.>||§+2(7) VAL

2&2
< Fllsoﬁk(Y,-T. —pM))|3+2(s = 1)*IM]|3. (20)
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2
and (%) < (& — 1)2. The first term of (20 can be decomposed as,

From definition of &, L < %

i)

ey (Y] —pM])I3

2 2
<2}, (f - poMl) - M (v] - pMD)|| +2 ¢ (v - oM D) @1

In above, we have used notation @Mk = (,af)”". Given that My is rank k matrix, o™ : R? — R? is
the projection operator mapping any element in R” to the projection onto the subspace spanned by
{u1,...,ux}, where uy,...,ur € RP are the k non-trivial right singular vectors of M. Similarly,
by definition cpﬁk is a map R” — R” mapping any element in R” to its projection onto the subspace
spanned by {u, ..., uy}, the top k right singular vectors of Y—this can be seen by noting A = 0% (Y)
is the k-th top singular value of Y. Recall 0 (Y), j € [q A p] is the jth largest singular value of Y.

Next, we bound the first term on the right hand side of (21)). To that end, by Wedin sin ® Theorem
(see Davis and Kahan| (1970), Wedin (1972)) and recalling rank(M}) =k,

et — o), < 1Y —pMilla
um =T oMy

_IY-pMls | pllM - Myl
~ ox(pMy) ox(pMy)
< IIY—/OMllzJr PllEk]2

< . 22)
ok(pMy)  or(pMy)
Then it follows that
[, (v = oty = (¥ - pM || <1, - 1NV - L
(Y =Ml ] - pM] L)
- ox(pMy) '
Using (21) and (23) in (20)),
2 2
42 (1Y - M+ plIE ) (YT - p M)
1M - ot (MD)2 < 22 2
P (ox(pMy))
2N T - oD 200 - 0PIME 4)
p2 2 j T PM; 5 & -z

2
Step 3. Bounding Term 2, Hgo}{k (MJT) - MJTH2 Recall M = M, + E;, and using (22)),

|, (a2 aZ|[ =l (1027 + 1T~ (1]~ 1
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< 2|}, (1Me17) - (M, H +2[leY (1EWIT) - [EkLTnHi

=t 1) - o) o2 ) -

2 2 2
st 2] eeaz

< ZH()OL - cp%"
(IIY pM|l2+pl|Exl)’
(o (pMy))?
Step 4. Putting everything together. Inserting and back to (19), we have that for each
Jj€lql.

o172 @)

2 (Y -pM|2+ E 2
HMT_MJTH <2 (1Y = pM 12 + pll Ecll2)? H H +2H (B, ”
2 (ox (pMy))?
2
&2 (1Y = pMl2+ pll Ell2)*(IYT - pMT )
2 2
P (ox(pMy))
ik My = oM D) + 206 — 12 M7
o2 1P TP, 2
2
_2Y - pMI3+2p° ||Ek||2( H Hz 482(||Y,-T.—pM,T.IIz))
- 2
(U'k(PMk) P

2
27— oM 206 - 1P IMT IR+ 2B

b

where we used (a + b)? < 2a® +2b>. This completes the proof.

G.5. HSVT based Matrix Estimation: Deterministic To High-Probability
Next, we convert the bound obtained in Lemma /| to a bound in expectation (as well as one in

high-probability) for our metric of interest: ||ZTi — M ||2.«. In particular, we establish

THEOREM 10. For k > 1, let M = My + E with rank(M}) = k. Let € = || E¢||co and I" = || M || co-
Let p > Clog(qp)/q for C large enough and q < p. Then, the HSVT estimate M with parameter k

is such that

02

2, .2 2 2 2
”%] <p(C0' +p7€q) (F2+O- )+Ca' klogp+C(F+e) ey

1
B[ s M. — M} pp? p (pg)?

Jj€lgl p J T plor(My)?

We start by identifying certain high probability events. Subsequently, using these events and

Lemmal(/, we shall conclude the proof.
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High Probability Events. For some positive absolute constant C > 0, define
Ei:= {Iﬁ—pl < p/20},
={Il¥ - pMI|> < Coryp}. (26)
Ex:={II¥ = pMlz, I¥ = pM 20 < Cor/p ). 27)
Ev:={ max|lgf, o (¥] - pM] )} < Co?klog(p) . (28)

E5'

201 ~ 1
pPap 1 — . [20loglap)
pqp

n (28)) above, B € R?*? is a deterministic matrix. Let the singular value decomposition of B be

given as B = Zle O'i(B)xl-yl.T, where o;(B) are the singular vectors of B in decreasing order and

x;,y; are the left and right singular vectors respectively. Recall the definition of gof in (18). In

particular, we choose A = 0 (B), the kth singular value of B in (28)). As a result, in effect, we are

bounding norm of projection of random vector Y;. — pM ;. for any given deterministic subspace of

R? of dimension k.

LEMMA 8. For some positive constant ¢ > 0 and C > 0 large enough in definitions of E1, . .

P(E)) 2 1-2e71PP — (1 - p)P1,
P(E;) > 1-2¢7P

P(E3) >1-2¢7?

2
P(Eg) >1- )

We bound the probability of events E1, ..., E5 in that order.

Bounding E ;. Let

q9 P
=(D. > 1(¥;is obs.))/(q p).

i=1 j=1

That is, p = max(pg, 1/(pq)) and E[py] = p. We define the event E¢ := {pg =

that

P(ES) =P(ES N Eg) +P(ES N EY)

., Es,

(29)

p}. Thus, we have
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=P(|po - pl = p/20) +P(E{ N EY)
<P(70 - pl = p/20) +B(ES)

=2(1p0—pl = p/20)+ (1-p)*”,

where the final equality follows by the independence of observations assumption and the fact that

po # p only if we do not have any observations. By Bernstein’s Inequality, we have that

P(lpo — pl 2 p/20) 2 1 =2~ P47,

Bounding E>. To start with, E[Y] = pM. For any i € [g], j € [p], the Y;; are independent, O with
probability 1 — p and with probability p equal to M;; +&;; with ||&;;||y, < o. Therefore, it follows
that [|Y;; — pM;j|ly, < C’o for a constant C’ > 0. Since g < p, using Theorem|2|it follows that for

an appropriately large constant C > 0,

P(E;) > 1-2e7P.

Bounding E;. Recall that we assume ¢ < p. Observe that for any matrix A € R7*P,
|A]lco2> l|All2.00 < ||All2. Thus using the argument to bound E», we have (29).
Bounding E,. Consider for j € [¢],

ZZ

i

M=~

k k
2
B T T\2 _ Tyl _ T2 Tyl _ TV~ _
g2 ) (Y7 - oML ) I3 = leuy,y,. ¥ —pMD)2 < Zl] (pFaf-pm)), = 1
1= 1= 1=
where Z; = yl.T(Y].T. - pMJT,). By definition of the ¥, norm of a random variable and since y; is
unit norm vector that is deterministic (and hence independent the of random vector YjT - pMj?), it

follows that
1Zilly, = Wly{ (Y. = pM) g, < N(Y). = pM;) |y,
Since the coordinates of YJ.T, - pMJ.T, are mean-zero and independent, with ¢, norm bounded by VCo

for some absolute constant C > 0, using arguments from Agarwal et al. (2019, 2021), it follows that

k
P(;Zi2>t) §2kexp(— k(,fo-z)‘
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Therefore, for choice of ¢ = Co-2k log p with large enough constant C > 0, g < p, and taking a union

bound over all j € [p], we have that

P( j)swz)lo.

Bounding Es. Recall the definition of p. By the binomial Chernoff bound, for & > 1,

. -1)*

P(p > sp) <exp (— (e=1) qpp) , and
e+1

1 (e-1)?

P(p< —p) <exp|-——F%59rP|-
£ 2e
By the union bound,
1 R N -1
P(—p <p Sps) >1 —P(p > sp) —P(p < —p).

e g

-1
Noticing e+ 1 < 2& < 2g2 forall & > 1, and substituting e = [ 1 — ,/ %ﬁf’p)) completes the proof.

The following are immediate corollaries of the above stated bounds.

COROLLARY 2. Let E := E1 N E,. Then, for p > Clog(gqp)/q,
P(E®) < Cie %P,

where C| and cy are positive constants.
COROLLARY 3. Let E :=E,NE3NE4NEs. Then,

C

P(E )SW,

where Cy is an absolute positive constant.

Probabilistic Bound for HSVT based Matrix Estimation. Recall € = |E;||. Then ||E k||fV <
€qp. And ||Ek||§ < ||Ek||12F <egp.Let p > Clog(gp)/q for C large enough and recall ¢ < p. Fur-
ther, recall I' = || M ||oo; thus, ||[M||c < T +e€. Then || [Mk]]T._Ilz <TI'y/p and || [M]JT..HZ < (I'+e€)/p.

Define E = E; N E; N E3 N E4 N Es. Then, from Corollaries |z| andH we have that P(E€) < —(qil)lo

for large enough constant C; > 0.

-1
Under Es5, we have € = max(p/p, p/p) < (1 - ,/%ﬁ;ﬂj} . Under this choice of ¢ and using
p > Clog(qp)/q, we have that for C large enough, £ < C and (£ —1)> < C/p.
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Given this setup, under event E, Lemma/7|leads to the following: for all j € [¢] and with appropri-
ately (re-defined) large enough constant C > 0,

!l T2

o’p +p26qp( 2 +02p)

P20 (My)? p?
Co’kl
+ L2 L or+ e +2pel. (30)
0

That is, under event E,

1 — 2+ p? 2\ Co?kl
max—lle,—MfH%SCM(F2+O-—2)+O-—ZO”
jelal p pro(My) P pp
I +¢)?
LETHO Lo 31)
p

For any random variable X and event A, such that under event A, X < B and P(A¢) < §, we have

E[X] = E[X1(A)] +E[X1(A°)]
<E[X1(A)] +E[X*]2P(A°)2

D=

< B+E[X?]262. (32)

We shall use this reasoning above to bound E[maxje[q] 117||]Tl7_ - M]T ||%] slet X =maxje[q) [1—?||1Tl\f -
MJT ||% and A = E; B is given by right hand side of (31)), § = (qiﬁ; the only missing quantity that
remains to be bounded is E[X?]. We do that next.

To begin with, for any j € [¢],
1M — M|l < | M] ||+ (1M || (33)

by triangle inequality. As stated earlier, || [ M ]jT.. |l < (I"+€)+/p. Next, we bound ||A/4\j. ||g. From (17),
the fact that p > 1/(gp), and Lemmal6] we have

1
1M 12 = SIHSV T (¥); 1

<q plig}, (Y])ll2
<q plig}, 11711
<qpllY]ll, (34)

where we used the fact that ¢§k is a projection operator and hence |I¢§k||2 = 1. Note that V;; =

B;jx(M;; +&;;), where B;; is an independent Bernoulli variable with P(B;; = 1) = p representing
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whether (M;; +g;; is observed or not. Therefore, |Y;;| = |B;;| x |M;;+&;;| < (I'+€)+|g&;;|. Therefore,

from (33) and (34),
max||M7 - Mf||2 < (F+€)\/‘E+qp(?el% ||YJ.T,||2)

Jj€lql

< (F+e)\/17+61pxx/17(i€[;r]13>é[q] Y1)

3
§2qp2(F+e+ie[1rjr]12]1_)e<[q]|8,~j|). (35)

Using (a +b)? < 2a* +2b? twice, we have (a + b)* < 8(a* + b*). Therefore, from
maxll]\??, - Mfll‘zt < 16q4p6((lﬁ+e)4 + max |sl~j|4). (36)
Jjelql i€[pl.jelql
Recall E[g;;] =0, ||&;lly, < o and g;; are independent across i, j. A property of y»-random vari-
ables is that |771- j|9 is a Y p-random variable for § > 1. With choice of 6§ =4, we have
E[ max|e;|*] < C'o*log?(gp), (37)
ij
for some C’ > 0 by Lemma 2] From (34)), (36), and (37)), we have that
1 3 1
(E[ max — || M7, — M?ll‘z‘])2 <4¢*p*((C+e)* +C'a*log*(qp))?. (38)
jelgl p2 7 /
Finally, using (31)), and (38)), we conclude
2, .2 2 2 2
+ k1 '+
p(CZU P 6261) (Fz+ 0_2) L Co'klogp C(I'+e)
pror(My) Io

+2€% +

pp? p (pq)*

1 T2
E| max —||M; — M; <
[max 13~ M ]

This completes the proof of Theorem

Appendix H: Proof of Theorem [4]

The proof of Theorem W{ will utilize Theorem To begin with, given N time series with
observations over [T], the mSSA algorithm as described in Section [1.1|constructs the L X (NT/L)
stacked page matrix SP((Xy,...,Xy),T,L) with L = \/rm, ie. L<T.

As per the model described by (1)) and Section[3] it follows that each entry of SP((X1, ..., Xy),T, L)
is an independent random variable; it is observed with probability p € (0, 1] independently and
when it is observed, its equal to value of the latent time series plus zero-mean sub-Gaussian noise.

In particular,

E[SP((X1,...,Xn),T,L)| = pSP((fi,-.., fw). T, L),
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where SP((f1, ..., fv),T, L) € REXINT/L) with entry in row £ € [L] and column (n — 1)xT/L + j
equal to f,(€+ (j — 1)x L). Further, when entry in row ¢ € [L] and column (n — 1)xT/L + j
in SP((Xy,...,Xy),T,L) is observed, i.e. X,,(€ + (j — 1)xL) # *, it is equal to f,({ + (j —
1)xL)+n,(€+(j—1)xL) where 1,,(-) are independent, zero-mean sub-Gaussian variables with

172 (-)|ly, <y as per the Property 3|

Under Properties [I|and [8] as a direct implication of Proposition |14} SP((fi,..., f~),T,L) has €~
rank at most R x G with € = RTje. That is, there exist rank k < Rx G matrix M € REX(NT/L) ¢

that

SP((fla . -’fN)9T’L) :Mk+Ek9

have o (M) > ¢VNT /Vk for some constant ¢ > 0.

where ||E|| < €. Due to Property |1} it follows that || M|l < R['1T2 + €. Under Property |9 we

Define
I'=RINI,+ € = RI' (Fz + E).

Recall from Section the elements of the imputed multivariate time series are sim-
ply the entries of the matrix §I3((X1, ...,XN),T,L) where §I3((X1, ... XN),T,L) =
%HSVTk(SP((Xl, ..., Xn),T,L)). That is, imputation in mSSA is carried out by applying HSVT
to the stacked page matrix SP((Xy,...,Xy),T,L).

All in all, the above description precisely meets the setup of Theorem To apply Theorem
we require p > Clog(NT)/VNT for C > 0 large enough. Note that the number of columns in
§|3((x1, ...,XN),T,L) is equal to NT/L for L = \/m — for this choice of L, note that
NT/L > L. Using U,f(Mk) > c¢NT /k, for some absolute constant = ¢ > 0, and using Theorem

we obtain
1 <D 2
Bl y77p ISP (X1 X)L TL) = SP((fie o ). T Dl (39)
k(NT/L)(Cy*+p?*€'L) (., ¥*\ Cy*klogNT C(T+€)? . C
= P2CNT r +/?)+ WL vty T e
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Recall that k < Rx G, €’ = RT'je, and I' = RT'; (I'; + €). Hence, simplifying (39)), we obtain that

1 —
Bl 7 ISP X T L) = SP((fis o ) T L

(RG(1+p2ReL) 1 )+RGlogNT+ (R(1+¢€))?
p>L p?/ (NT/L)p?>  (NT/L)
~(R3GlogNT . R4G(e+62+63))
p*L p? ’

+ (Re)?

IA
n

(R2(1+ez)+

IA
a

(40)
where C = C(c,T'1,T5,y) is a positive constant dependent on model parameters including
', 12,y.
It can be easily verified that for any matrix, A € R"™*",
1 1
— Al <~ Al - (41)
mn n

Further, there is a one-to-one mapping of £,(-) (resp. f,(-)) to the entries of §T3((X 1r---»XN), T, L)
(resp. SP((f1,...,fn),T,L)). Hence,

ImpErr(N,T) :E[$||§I\3((X1, o XN) T, L) =SP((fis- - os f), T, L)||3] (42)

Therefore, from (40)), (41), and (42) it follows that

R3Glog NT . R*G(e+€*+¢€%)

ImpErr(N,T) < C(c,I'1,T2,7v)
p*L p?

This completes the proof of Theorem

Appendix I: Proof of Theorem [5]

The forecasting algorithm, as described in Section|[I.1} computes a linear model between the recent
past and immediate future to forecast. We shall bound the forecasting error, ForErr(N,T, L) as
defined in (8]). We start with some setup and notations, followed by a key proposition that establishes
the existence of a linear model under the setup of Theorem |5, and then conclude with a detailed

analysis of noisy, mis-specified least-squares.

Setup, Notations. For L > 1,k > 1, for ease of notations, we define
o SP(X)=SP((Xi,...,Xn),T,L) € REXNT/L),
o SP(f)=SP((fi,...,fn),T,L) € REXINT/L),
o SP’'(X) e RL-DX(NT/L) a5 the top L — 1 rows of SP((X1,...,Xn),T, L),
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o SP’(f) e RL-DX(NT/L) g5 the top L — 1 rows of SP((fi, ..., fv),T,L).
It is worth noting that E[SP(X)] = pSP(f) and hence

SPL.(X)" =pSP..(f)" +n, (43)

where 7 € RNT)/L js a random vector with each component being independent, zero-mean with
its distribution given as: it is O with probability 1 — p and with probability p, due to Property
it equals a zero-mean sub-Gaussian random variable with || - ||, < y. Therefore, using arguments
in |Agarwal et al. (2019, 2021), each component of 7 is an independent, zero-mean random
variable with || - ||, bounded above by C’(y* + RI'1T») for some absolute constant C’ > 0. Let
K =C’(y*+ RT'|T';) and hence each component of 7 has || - |ly, bounded by K.

Now, recall that for forecasting, we first apply the imputation algorithm (i.e. HSVT) to
SP((Xy,...,Xwn),T, L) by replacing *s, i.e. missing observations by 0 as well as setting all the
entries in the last row equal to 0. Equivalently, the imputation algorithm is applied to SP’(X) after
setting all missing values to 0. Let SP” € RE-X(NT/L) pe the estimate produced from the imputation
algorithm applied to SP’(X). Under the setup of Theorem |4} by following arguments identical to
that of Theorems [0 and 4}-in particular, refer to (40)—it follows that by selecting the right choice

of k < RxG, we have

1 D/ ’ 2
B| i ISP 5P N E c(

R3Glog NT . R*‘G(e+€>+¢€%)

, (44)
piL p?

where C = C(c,I'1,T,y) > 01is a constant dependent on ¢, 1,15, y.

Now, the mSSA forecasting algorithm finds ,E = E ((X1,...,Xn),TL; k), by solving the following
Ordinary Least Squares (OLS):

—_ 1 —T
B € minimize || =SP(X)..—SP” 8|5 over BeRL (45)
P

—T ~
And subsequently, SP” 3 is used as the estimate for SP(f);. € RVNT/L, the Lth row of the latent
SP(f). The goal is to bound the forecasting error ForErr(N, T, L), which is given by

1
(NT/L)

A/TA 2
ForErr(N,T, L) :E[ ISP(f)L. - SP ,8||2].

T
Therefore, our interest is in bounding E[|ISP..(f) - SP” B3]
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Now, we recall from Proposition |12|that there exists 5* € RL-1 such that
ISP(f)L. = SP' () B"lle < Cae,
where C; == RT'1 (1 +||8%|1).
— T~
Bounding E[HSPL.(f)—SP’ ,8||%] By @5)) and (3)
1 AITA 2 1 A/T %112
II’[—3SP(X)L-—SP ﬁlleIIESP(X)L-—SP B3
_ P A/T %112
—”;\SP(]C)L-"‘U_SP Bl
—T —T
= II%SP(f)L—SP' ﬁ*||§+||n||§+2nT(%SP(f)L.—SP’ BY). (46)
Also,
1 — T ~ —T ~
||;\SP(X)L-_SP BI|§=II%SP(J‘)L-+77—SP Bli3
—T —T
=||%SP(f)L.—SP’ ﬁ”%"‘”’]”%"‘zﬂT(%SP(f)b—SP’ B). 4
From (46) and (47)
— T~
E[ngswn. ~SP" B3] (48)
P A/T %112 TA/T % N
SE[HESP(JC)L—SP B3] +2E[n"SP” (8" - B)]
n is independent of §I5’, B*, and p; E[n] = 0; thus, we have that
—T
E[n"SP” g*] =o0. (49)
~ =T, —T.i . /! .
By (@5]), we have 8 =SP ;SP(X)L.,where SP”  is pseudo-inverse of SP” . That is,
~ —T,7 1 —T.
B=SP %SP(f)L.+l—75P’ 7. (50)

Using cyclic and linearity of Trace operator; the independence properties of n; and (50); we have

Ly SP" B =B SP SP EsP ()] +El 2P S )
=Bln)"BISP 5P £ISP(). + BT SPSP )
=BI=TH(SP S )

—Tr (E[%S/IS’TS/IS’T’T]E[WT])

< C(y)k/p,

D
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where C(vy) is a function only of y. To see the last inequality, we use various facts. First, by the
—~T —T
definition of the HSVT algorithm SP” has rank at most k. Second, let SP” =USV7 be the singular

value decomposition of §E’T, we have
SPSP —usvTvsiuT
=UIU",
That is, %S’E’TS/F;’T’T is a positive semi-definite matrix and Tr(%S/E’TS/IS’T’T) < k/p. The matrix
E[nn’] is diagonal with all the non-zero entries on diagonal (variance of components of i7) bounded
above by a constant that depends on y. For a positive semi-definite matrix A and positive semi-

definite diagonal matrix B, Tr(AB) < ||B||>Tr(A). For p > Clog(NT)/VNT for large enough C,
one can verfiy that E[1/p] < 2/p. This completes the justification of the last step of (51).

—T
Now consider the term ||%SP(f)L. —SP" B* ||%. Note,

J’)SP<f>L.||§

IESP() ~SP" I =N (SP (). ~SP" ) + (°
SZII(SP(f)L-—SP’ )||2+2|| SP(f)L 13- (52)
We will bound the two terms on the r.h.s of separately. We now consider the first term.
ISP(f)L. = S’E'Tﬁ*llﬁ <2|ISP(f). =SSP (/)" B I3+ 2IISP' () B - S’E'Tﬁ*lli- (53)
By Proposition[12]
ISP(F)z. =SP' (N Bl < ISP(f)z. = SP' (/) B'llwVNT/L < CoeyNT/L,  (54)
where we used the fact that for any v € R?, ||[v|| < ||v||+/pP. And,
ISP'() 8" =P B = ISP (/) =P B'lla < ISP'(f) = SP sllBll, (59

where we used the fact that for any A € R?*P,y € R?, ||Av||2 < ||AT ||2.c0|v||1. Finally, note that

ISP(f)z. — SP’ ,6’||2 <2 ASP(f)L 5P ,3||2+2|| SP(f)L 13- (56)
Using (48), (49), (51), (52),(53), (54), (55), and the bound in (56)), we obtain
o7 22
E[ISP(f)r.—SP" BII3] (57)

< 4C<y)k/p+6E[||—SP(f)L 3] +2C,2(NT/L) + 2|8 I2IISP’ () = SP'II3 ...
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Note that ||SP(f)||e < RT'1T. Hence, ||SP(f)..]|3 < C(I'1,T2)R?>(NT/L), for large enough con-
stant C(I"}, ;) that may depend on I'}, I;. Using the bounds derived in Lemma |§], one can verify
that E[(’%ﬁ)z] < C/(NT/L) for large enough positive constant C. Therefore, we have that

[||—SP(f)L I3] < C(T),TL)R? (58)

Using (44)), (58), and the bound in (57)); diving by 1/(NT/L) on both sides; and noting k < RxG,

we obtain

E[(NT/L)IISP(f)L ~SP’ ﬁ”z]
RG R? e o . o(RGlogNT R*G(e+€*+¢€)
<C(c,y,I'.Iv) p(NT/L)+(NT/L)+R(1+IIﬁ e+ 1B ||1( AL T 2

< C(c,,T1,T2) (max (L 118° 111, 18°11D)

R3Glog NT R4G(E+€2+E3))) (59)

piL p?

Letting L = y/min(N,T)T, using (59), and noting that

ForErr(N,T,L):]E[ ISP(f)L. —SP, Al ]

(N T/ L)
completes the proof of Theorem [3]

I.1. Proof of Proposition [12

For this proof, we utilize a modified version of the stacked Hankel matrix defined in Appendix
lg Define the modified Hankel matrix for time series f,, for n € [N], as FI(n) e RT™T where for
€ [T],j € [2T], we have

H(n)ij = fuli+j—1-T).

Define SH € R7*M a5 the column wise concatenation of the matrices ﬁ(n) forne [N],ie., SH =
[ﬁ(l), ey Fl(N )]. By a straightforward modification of the proof of Proposition , we have SH
has €’-rank bounded by Rx G with €’ = RT"je. That is, there exists a matrix M € R”*NT such that,

rank(M) < RG, |ISH- M|l < €’

Since rank(M) < RG, it must be the case that within the last RG rows of M, there exists at least one

row, which we denote as r*, that can be written as a linear combination of at most RG rows above

)
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it, which we denote as ry, ..., rgg. Specifically there exists a vector 6 := (01, ...,0rG) € RRG such

that

Hence for j € [2T],

‘SH,*,J- = > 0/SH,,
=1

~ RG ~ RG
= ‘SH,*J £ My = > 0SHy, ;£ > 0M,,,
(=1 (=1

. RG RG RG
< SHr*,j — Mr*,j + Z et’SHrg,j - Z ngrp,t + Mr*,j — Z H[Mr{;,t
=1 =1 =1
=|SH,+j = M+ ;| + Z 0c(SHrj =My.)
=1

<€ +1011111SH,,j = My slleo

< RUy(1+]16])))e. (60)

Observe that every entry of SP(f). appears within gFlr*,.; this can be seen by noting that SH is
skew-symmetric and thus every entry in the last row of SH appears along the appropriate diagonal.
Using this skew-symmetric property of SHand (60), it implies that by appropriately selecting entries

in SH, there exists g* € RL1,

ISP(A)7. = SP'(f) B'lleo < RT1(1+[BlI1)e,

where the non-zero entries in 8* correspond to the entries of 6. Noting that § € RRC implies ||8*]|o <

RG. This completes the proof.
Appendix J: Proof of Theorem

Notation. For integers t; < t, where t, —t;+1 > L, let SP((X1,...,Xy), 1 : t2, L) represents the
stacked page matrix constructed using the contiguous observations X, (t1),..., X,(t2), Vn € [N].
Throughout, we use the following notations:

¢ SPo(X)=SP((Xi,...,Xy),1:T,L) e REXWT/L) "with zeros replacing missing values.
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e SP1(X)=SP((Xy,...,XN), T+1:T+T,L) € REXINTV/L) | with zeros replacing missing val-
ues.

« SPo(f)=SP((fi,.... fn),1:T,L) e REXINT/L),

« SPi(f)=SP((fi,--.. fn), T+ 1:T+Ty,L) e REXNTY/L),

« SPy(n)=SP((m1,....nn),T+1:T+Ty, L) e RXNTI/L),

¢ SP,(X) € RUE-DXINT/L) g5 the top L — 1 rows of SPo(X). Let SP;(X),SP,(f), SP,(f) and
SP’ (1) be defined analogously.

» pi=(max(1, 25" 2/ F 1(SPo(X);; ##)))/(NT = NT/L)

Recall that we are interested in bounding the following out-of-sample prediction error:

N Ti/L
L ’ r "2
TestForErr(N,T, Ty, L) = N_le Z E[(fn(T+Lxm )= fu(T+Lxm")) ]

n=1 m’=1
Where the forecasted estimate f,,(-), n € [N] are produced by the algorithm detailed in Section

Based on the algorithm, we can write TestForErr(N,T, T}, L) as follows:

.
TestForErr(N, T, T}, L) = mE[HESPI (X)TB-SPy( f){.ng]

1

R R B S
) (NTI/L)E[” =SPL(X) B -SP1(f)'B 13

Before bounding this term, we introduce the following important notation. For i € {0, 1}, let
UiZiVl.T denote the Singular Value Decomposition (SVD) of SP;(f). Also, let IZE,VZ.T denote the
top k singular components of the SVD of SP}(X), while U i ff (f/})T denote the remaining L —k — 1
components such that SP/(X) = U;Z; V! + IAJ}EZL (V-)T. Finally, let V* and U+ be matrices of
orthornormal basis vectors that span the null space of SP}(f) and SP’( )7, respectively. Further,
let 55: be the HSVT estimate of SP}(f). That is S/FEI’ = %ﬁiiiﬁr. Also, let S/ISZl = %ﬁfiil(f/})T.

We start the proof by providing a deterministic upper bound for out-of-sample error.

Deterministic Bound. Due to triangle inequality, we have

1 ’ o ’ * 1 ’ o ’ * /TA /TA
I=SPL(X)" B=SPi(f)" 87113 = II=SP; (X)" B—SP,(f)B* +SP| B—SP} B3
o o
1 ’ TS 7T ~ 2 7T~ ’ T %112
SZHESPl(X) B—=SP| Bllz+2(ISP} B-SP(f) B7ll5.

Next, we proceed to bound each of the two terms on the right hand side.
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. lep (w7 corlane
First term. ||§SP1(X) B—SP] ,3”2-

Lo (v\T3_Sp ' 2 ST A
IIESPI(X)Tﬁ—SPl Bl5=1(SP. )T BII3 (61)
lei=i ~ 7~
==V (UH' Bl
P
1~1 ~ ~
<I5%) 131U B

Note that IIEILIIQ equals the (k + 1)-th singular value of SP}(X). Recall that E[SP}(X)] =
PSP (f) and hence

SP}(X) = pSP (/) + 1. (62)

where ¢ € RE-DXNT)/L jg 3 random matrix with zero-mean i.i.d. entries where each entry is 0
with probability 1 — p and equals a zero-mean sub-Gaussian random variable with || - ||, <y with
probability p (due to Property [3]). Next, we show that each component of ¢ is an independent, zero-
mean random variable with || - ||, bounded above by C’(y + RI"1I2) for some absolute constant
C’" > 0. Let {;; fori € [L—1] and j € [NT/L] denotes the ij-th entry in {;. Further, let P;; €
{0,1} denotes the random mask which takes the value 1 with probability p such that SP}(X);; =
P;;(SP1(f)ij +SP](1)ij). Then, we have

1Zijllw, = ISP (X)ij = pSPL(Hijllw,
= ||P;;SP1(f)ij + PijSP1(m)ij = pSPI(f)ijlly,
<||Pi;SPT(m)ijlly, + I1PijSP}(f)ij = PSP (f)ijllw,
< Cy +SPL(N)iflIPij = plly,

< C'(y+RI'IY),

where C, C’ > 0 are absolute constants. The first inequality is due to triangle inequality, and the last
follows since P;; — p is a random variable bounded between [—p, 1 — p] and SP’ (f);; is bounded

by RI'1I'>. With a similar argument, we can also write

SPo(X) = pSPy(f) + Lo,
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where each component of {j is again an independent, zero-mean random variable with || - ||y,
bounded above by C’(y + RT"1I2). Now, recalling that SP (X) = pSP’ (f) + {1 and using Weyl’s
inequality (see Lemma , we can bound the (k + 1)-th singular value of SP}(X) by the largest

singular value of ;. That is,

=1
IZ7 15 < 2ill3- (63)

Next, we bound the term ||(U+)7 8|3

IO B3 =10 OHTB 3 (64)
=|UH@HT B+ U UH (B- B3
<2\ 0 @HT 113+ 21T OHT (B- 89113
<200 @) B 13+21B8-B°13-

First, consider

1T @) B2 = 10O UL (UN) B 2 (65)
2+‘

<|(o @y -viwi) ],

<|lor@whH'v(vy)' B

[Trah mwy -vtep v ")

<|

o @H"-ut | 181

= Hf]lﬁlT - U1U1TH2 1871, -

Where in the first equality we use the fact that 8* = U, (U;)T 8%, i.e., 8* lives in the column space
of SP(f) (Property@). Next, by Wedin sin ® Theorem (see Davis and Kahan (1970),|Wedin (1972))
we bound Hﬁl ﬁlT - U1U1TH2 as follows:

ISP1(X) = pSPI(Nl2
ok (pSP1(f))

1112 3
= . 66
ok (PSP () 18712 (©0)

|67 - vt 1p1, < 18°1

For || - 8*|l2, we have:
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1B~ 8713 =11Ts (T)" (B~B")+To(o) (B~ B3
=105 0)" (B = B")1I5 +100(U0) (B~ B)II3
=105 (U5)" (B~ B3+ 1105 (B~ B3
=105 (U)" (B3 +11U5 (B~ B)l3- (67)
Note that the last equality follow from the fact that 3 = §P\6T’T%S Po(X)1. = Up(Z0) TVTSPo(X),.,
where §P\6T’T is the pseudoinverse of §P\6T, and thus (ﬁé)T/}\ = 0. The first term in (67)) can be

bounded using the same argument in and (66), where we utilize the fact that 8* = Uy(Up)! 5*
and Wedin sin ® Theorem to get

140ll2
ok (PSP, (f))

What is left is bounding ||175 (B-B*)I3. To that end, first consider

U (U812 < 187115 - (68)

’\/T’\ N\ (12 /\/T'\ ’ T %112 ’ T % /\/T*Z
ISP, (B =895 <2lISPy B—=SPy( )" B*115+21ISPy(f)' B* = SPy 57115
—T ~ J—
<2|ISPy B =SPH(f)"B7II5+21ISPy(f) = SPHI3 I8 117 (69)

Also, consider

T - ] ~ ~2
ISP, (B-p")I12= (B —ﬁ*)TngoE?)UT(ﬁ -5

> o (SP)?1UF (B- B3 (70)
From and we get,
=T 1 > * 2 /\/T’\ ’ * ’ o/ *
1UG (B=B)NI5 < ——==—(lISPy B—SPy(/)BII5+ISPG(f) = SPylI5 . IB°N1). (7D
O'k(SP6)2

Note that, similar to argument in (62)), SPo(X).. = pSPo(f)L. + {OL, where {OL is a vector of i.i.d.
— T~
entries with || - [ly, < C’(y + RI'{T2). Then the term [|SP; 8 — SPE)(f)Tﬁ*H% can be bounded as

follows

T~ 1 2
ISPy B - ;SPO(X)L-”z
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—T ~ 1
=||SP'OTﬁ—SPo(f>L.—;45||§

T 1 2 —T~
=||SP6Tﬁ—5P6(f)TB*II§+||;§(§II§—;(SPéTﬁ—SPé(f)Tﬁ*)T{OL- (72)

Also, we have

T 2
ISPy B~ SPo(X)L I}
’\/T * 1 2
ISP £~ - SPo(X)1 I}
S _cpr( g ]
=I(SPy = SPo(/) 1B = i I
ol cpr ; 1 2 (T cpr AT
=I(SPy =SPoNNIB I+ 112 6515 - = (PG = SPyN') & (73)
From and we have,

/T" ’ T p*112 rT ’ TN p*112 2 /T o * T L
ISPy B=SPy(f) BIl5 < 11(SPy —SPy(f)")B ||2+/—)((5Po )(B-P )) o (74)

’ ’ 2 #1112 2 /T o * T L

< ISPy = SP( IR BTN+ (5P, (B8]

Finally, from and we get

ST B k(12 , o2 nar2e L (SN A A ) AL
IIUO(,B—ﬁ)IlzéW(IISPOU)—SPOIIZ,WIW I+ (GPyHB-8) 40). (75)
From (67), (68), and (73) we have
- — (76)
27 or(pSPo(?
— (||SP’ (1)~ SRl 8"+~ (P (B —B*))TéL) .
O'k(SP6)2 0 012,00 1 P 0 0

For ease of exposition, let

’ 7112 %12 1 i * g L
A1 = ISPY() = SPIB L1871+ (SPG (B-87) &4
2ol , 4
= * —_— A1). 77
2 oL (pSPE)(f))Z “ﬁ ||2 + o-k(SPE))Z( 1) ( )
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Using this definition, (61), (63), (64), (66), and (76), we have

(78)

112
Lo 1 (2GR
I1=SP! () B=5P" B2 < I~ || 212 12 o).
5o 1 KBS Bl =561k = sy T2

—T
Second term: ||SP}(f Y g — SP| B ||%. To bound the second term, we follow a similar proof to

that shown in|Agarwal et al.| (2020).

—T ~ —T =T = —T~
ISP} (£)"B* = SP} BII3 = ISP} ()" B*+SP| p*=SP; B*—SP} BlI3 (79)
J—— —T —~
<2|I(SP}(f) = SP) B I3 +2(ISP} (B*-B)I3-

Next, we bound the two terms on the right hand side. First, we bound [|(SP}(f) — §P\’1)Tﬁ* ||% as

follows.

ISP, (f) = SPDTBI13 < ISP} (f) = SPT 12 L IB°I13- (80)

—T ~
Next, we bound the second term [|SP} (8" — ) ||%.

— — 1 ~~ ~ —~
ISP, (8" - P2 < p;n(vlzlv{ +pSP1 ()" = pSPL(HD (B - B3

2 —= = ~ 20> ~
< SIVET] - pSPL(NDE =B+ 25 ISP (1) (5 - B)IB
2 ~= =~ ~ 202 ~
< S VAT - pSP () BN =BG+ = ISP ()" (5 =B

Further, note that
Vi OT - pSP: ()13 < 2IViZ 0T = SP, (X)T 112+ 2|ISP; (X)" = pSPL () 113
<4|ISPL(X)" = pSPL (AT 13 =411

Where the last inequality follows from the fact that ||‘71§ 1(71T - SP(X )T||2 is the k + 1-th singu-
lar value of SP’(X) and hence is bounded by ||SP} x)" - PSP} ()71l> using Weyl’s inequality.

Therefore,

ol o a2 8 21 0% A2 2/)2 ’ T/ npx  2\12
ISP} (B —,3)||2Sp§||§1||2||,3 —,3||2+p7||5P1(f) B =Bl (81)
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Next, we bound ||SP} (f ) (B - E)H%. Recall that Uy span the column space of SP’ (f). Thus
SP} (N'= SP (/)TUUT, therefore,

ISPL(HT (B = B)IIZ = ISP, () UUE (8"~ B)II3 (82)
< ISP (HI2NUUL (8" - B3

Recall that Uy denote the top k left singular vectors of SP{(x), and consider

IUUT (B* = B)II12 = II(UUL + UUL - OO (8" - B) |12 (83)

< 2||UUE - OO 13118* - BlI3 + 210U (8* - B) |12

Using (83), and Wedin sin ® Theorem, we obtain,

. 2[1%l13 _
T (% _ 2 2 * 2
IUUL (8 /3>||2_—( 5P f))zllﬁ Bl13 (84)
8
+————[ISPy(f) - SPyI.IIB" ||2+—(SP’ (B~ ﬁ)) )
ak(SP )2
Using and (84)), we have
ISP (AT (8" - B)IIZ < ISPL(HII3 ”{—Ollgllﬁ* - B3 (85)
: 2= I TR oy (0SP(f))? 2

8||SP’ (O3
ok (SP 0)2
Finally, using and (81)), we have

ISPy ()~ SPEIB "I + - (5P (B 40)

— — 8 -
IISP’IT(/B* -B)II5 < pqllélllﬁllﬁ* -85 (86)
L4 10lI2ISP; ()12
P2 ok (SP(f))>
, 1602 ISP} (O3
0% oy (SP))?

p
Finally, combining (86), (80), (79), and (77) yields,

18" - BlI3

— 1 (—T — T
ISPG) ~SPoIB "1+ (5P (B—5)) gé) .
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’ * /\/T’\ ’ cD/ * C
ISP} (£)" 8" =SSP} BlI3 < CIISP (f) = SP11I3 . lI8 ||%+p§||§1||%Az
gll@ll%llSP;(f)ll%A Cp? lISPL(NI3A:

B aSP D T my @7
Combining. Incorporating the two bounds in (78)) and (87) yields,
I=SP}(X)"B-SP{ (1) B3 < cnian%(w +A2)
R p ok (PSP (f))?
+CIISPL (/) = SP3 I1B°117
+£||é“o||%||5P'1(f)||§A Cp? ISP} (f)”%AI. 88)

7 2+ —
p? ok (SPy(f))? P* i (SP))?
For some absolute constant C > 0.

High Probability Bound. We start by defining the following high probability events. Let
C(T'1,T,,7v) be a positive constant dependent on model parameters I'j, I, y, and let C > 0 be some

positive absolute constant, define

Er:={lléoll2 < €y + RTiT) YNT/L},
Ex:={ll21ll2 < C(y+ RTIT2) YNTVLY,

_ 20log(NT ~ 1
Ej: 1- wﬁﬁpﬁ—p,
pNT 1— [2010g(NT)
pNT

_ — (NT)*R? kR*log NT /L
Eq:=1{1ISPy(f) = SPli3 r,T

_ — (NT})*R? kR?>logNT,/L R’T,
Es:=1|ISP{(f)-SPlI3 r,T

Using Theorem 9] we have the following,

_ —-NT
P(E;) >1-2exp (T) ,

—NT1)

P(Ey) >1- 2exp(

Further by Lemma P(E3) > 1 Finally, the probabilities of £4 and E5 are bounded as

__2
(NT) 10 *
we show next.
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LEMMA 9. Let E4 and Es be defined as in and (90). Then, for a constant C > 0,

P(Eg) > 1- W,
. c c
(NT)'0  (NT)!

Bounding £4 and Es. P(E4) and P(Es) can be bounded using a direct utilization of Lemmal7|

P(Es) > 1

and the high probability events defined in Appendix Starting with £, using (30)), and recalling
that in this theorem setup € =0,I" = RT"; I, (Property [I]and Property [2)) and o~ =y (Property [3), we

have that with probability 1 — ﬁ,

2 2 2 2
v*(NT) Y Cy“klogNT/L
((RF1F2) +—2)+ 5

ISP (f) = SPgI3.0 < C +C(RT )2

p*oi(SPG(f))2L? p
(NT)?R? kR?log NT/L

A similar argument can be used for Es, while noting that the term —%-; shows up due to utilizing

(N 7)
the estimate p, which is estimated from the first T observations. Precisely, we get the following,

2 2 2 2 2
vy SpT2 y“(NTY) 2 Y7\, Cyiklog(NTV /L)  (RINI)Th
ISP} (f) - SPI.. < C 2(Tk(SP,l(f))sz((errz) +p2)+ = O
(NT})?R? R’klog(NT;/L) R’Ty
<C(y,T1,T .
-1 12) (p4ak<spa<f>>2L2 2 T

Now, given these events, we will provide the high probability bound. Let E := Ey N E; N E3NE4N
Es.

- C C
P( 0 1

B ot o oD

for some absolute constants Cp, C; > 0. Note that under event E3, we have that o > p(l -

20125;\1(;\] T)). By further using the assumption p > Clog(NT)/VNT for a sufficiently large C we
have that p > C’p and (P pp r < \/—_ Now, recall A; and A, definition in (77)). Under event E, we

can bound A; as follows,
cn/ ’ 2 %112 1 ’\/T Ry * d L
A1 =55 = SPLMIBlIB"I + = (5P (B =)

(NT)>R? kR*1og(NT/L) -
NG AT A ) S (5P B-m)

<C(y, F1,F2)||ﬁ*||%(
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Similarly, under event E, we can bound A, as follows,

* NTR? 1 NT)2R? kR*log NT/L
A <C(y. T, )R ||2( ( & e )

+
« (PSP T o (SP))2 \prow(SPG(f))?L? p?
c 7 "
() )
poi(SPy)?
Further, using Weyl’s inequality (see Lemma' we can bound |0 (SP ) — ok (SPy(f))| as follows,

|0 (SPp) — o (pSPY(f))] = ;Ivk(fo)—ﬁok(sp’o(f))l

%m(zo) P (SP(F)+ 2 Ll e (SPL ()

ol 15-pl
P

«(SPy(/))

Under E, and using property we have that with probability of at least 1 — W,

|0 (SPp) — 0 (SP( )]  COHRNG)YNT/L | |p - pl

ax(SPy(f)) ~ por(SPy(f)) P
<C(y+RF1F2)\/_+ C
- pVL VNT

. k 1 C . .
Using p > C(y + RF1F2)\/: we get T <5 S Using property we get the following
bounds for A; and A,

NT log(NT/L)
L2p* + 02

ArsC(y,rl,rz,c)Hﬁ*ll%kRz( ) L @) @ o

+ 93
Lp2 NT L2p4 ,02 ©3)

S (CA RN

< C(y,rl,rz,c)||ﬁ*||%k21e2(

.ol kR?> k*R?> ( NT log(NT/L
AZSC(Y’F11F27C)||B ”%( ( + g( / )))

Lp? L
v (57 B-0) ).

L, log(NT/L))
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where p > C(y + RI' I 2)\/% is used to obtain the last inequality. Finally, using properties E and ,
p = C’p, and (88), (92), and (93)), we have under event E,

1 —~
||55P1<X)Tﬁ—SP1(f>Tﬁ*||§ (94)

k3NT; R® RT
scw,rl,rz,a( 1 1)

2
71 181

k3R®log(NT/L) NT, T, kRzlog(NTl /L)
> ( +—)+
0 L T

4k2T1 (

+C(%F1,F2,C)( 181

v Do S (T B

Expectation Bound. We get the bound in expectation using the high probability bound above,
and by assuming that our forecast is bounded such that | f,(T + Lxm’)| < RT'\T', for m’ € [Ty/L].
Specifically, we have using and (91)),

1 1 . 2
TestForErr(N,T,Ty,L) = ——E |||=SP’ (X - SP’
NI D= |77 X F=0 2]
L& |||Xspx)"B-sP () g 2 CRTIT
< — — —
<avrn |7 SR B i Ty

L k3NT; R® RTI
<—C(y,I,T
<3 COT, 2,6)(( )

L2p4 ”ﬁ ”1

(k3R6 log(NT/L) (NT1 .\ ﬁ) .\ kR? log(NTl/L))

pz L2 T ”ﬁ ”]

A (577 -0) ]
CRTT;
(N min(7,T;))10°

Noting that the E[£|E] =0, and ¢/ is independent of §I5\6, p, B and the event E; we have
—T T
B[ (SPy £7) ¢t|=0.
By (3), we have B=Uy(Z0) VISPy(X),.. That is,

B =Uo(Z0) 'V pSPo(f)1. +Uo(Z0) V' & 95)
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Using cyclic and linearity of Trace operator; the independence properties of ¢, OL; and (95); we have
—T\T I
8| (SPp B) ¢ (96)
A AR 724 L AZPAN
=E| (SP; To(Z0)'VpSPo(/)) ¢t |+E[ (V' ¢) ¢t ]
=E[Tr((Z) VoV )]
=E[Tr(VoV' &5 (4]
=Tr(E[VoVIE[Z5 (2)7])
< C(y+TiTR)%k.
Where to obtain the last inequality we use the trace property Tr(AB) < ||B||2Tr(A) for positive

semi-definite matrices A, B, and that rank of S/F% is k. Finally, using (96)), and recalling that 7} > L
and L <T we get,

TestForErr(N,T, Ty, L)
L RSK3NT, RTy 5
< —2C(y,I'1,I,, + *
= COnTh m(( T 1
R°k*log(NT/L) (NTy Ti\ R%*klog(NT\/L)\ .., ROK’T)
+ 2 2 +—= |+ 2 ”B ||]+ 3
P L= T P Tp
CRI'{T;
+—
(NL)IO
L RSIK3NT;  ROK3T,

< ——C(y,T1, T2, ¢) max(1, [|B*[17)

+
NT, L2p* Tp3

+R6k3log(NT) NT; +T1 +R2klog(NT1) R?
p2 12 T p2 (NL)IO

L cio | ROE3Tog(NT) (NTy T\ R%klog(NT)
SN—HC(?’,H,D,c)maX(l,”ﬁ ”1)( p4 L2 +? +T .

Then, with L = /min(N,T)T, we get,

TestForErr(N,T,T),L)
min(N,T)T .o [ ROK3 log(NT NT, Ti\  R*klog(NT
SNCTC(%F“D’C)I“&X(HW | B loeW) (NI 1), K klog(NTh)
! p Tmin(N,T) T 0
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T \min(N,T)T o [ ROk Tog(NT) NT, Ti\ R%klog(NT)
< —————C(y,I'1,I2,c)max (1, [|57]17) 7 - |t
T, NT o Tmin(N,T) T Je
\/min(N,T)T .~ [ ROk31og(NT) N TR’k log(NT))
< IOy, T, T, ¢ max (L | 1) £ . +1)+ e
NT 0 min(N,T) T\p

ROK31 T.T T
< C(y,T. T, 0) max(1, 7)) | BA20eWmax(T 1) (v, My I ).
1 "
p*\/min(N,T)T " T

Choosing k = RG completes the proof.

Appendix K: Proof of Theorem [6]

Setup, Notations. For L > 1,k > 1, for ease of notations, we define
o SP(X)=SP((Xi,...,Xy),T,L) e REXNT/L),

SP(X%) =SP((X?%,...,X3),T,L) € REXWNT/L),

SP(f)=SP((fis-... fn),.T,L) e REXINT/L)

SP(f2) =SP((f2..., f2),T, L) e REXNT/L),

SP(c?) =SP((02,...,02),T, L) € REXWVT/L),

o SP(f2+07?) =SP(f?)+SP(c?).

[e]

(o]

o

[e]

Recalling that p= 1, we note that
E[SP(X)] =SP(f), E[SP(X*)]=SP(f*+0c?).

Further, from the definition of the variance estimation algorithm, we recall

SP(f) =SP((X1,...,Xn),T,L) = %HSVTk(SP((Xl, - XN),T, L))

SP(f2+02) =SP((X?,....X3).,T,L) = %HSVTk(SP((Xz, . X2),T, L))

We denote
o SP(f?)=SP(f)oSP(f)
o SP(e?) =max (SP(/2+0?) - SP(£2),0).
where 0 € REX(VT/L) j5 a matrix of all zeroes, and we apply the max(-) above entry-wise. We remind

the reader the output of the variance estimation algorithm is §F’(0‘2). Thus, we have
T

N
= DY o0 = 530)) = ISP o) ~SP() -

n=1 t=1



Agarwal, Alomar, and Shah: On Multivariate Singular Spectrum Analysis: Tensor and Matrix Variants
80 Article submitted to Operations Research

Initial Decomposition. Note that since o-2(¢) > 0 for n € [N] and ¢ € [T], we have that
= lISP() - SP()
< %HSP(O’Z) — (SP(f2+0?) - SP(f)I
= %||SP(f2+0'2) ~SP(f?) — (SP(f2+0?) - SP(f)II%
< %||SP(f2+az) —§F’(f2+02)||%+%llsp(f2) ~SP()II% ©7)

We bound the two terms on the r.h.s of separately.

Bounding E[[|SP(f2) - SP(f2)|131.

ISP(#?) - SP(fD)II%

M=

N 2
IO HCEIAG)
n;l t

e (60 Ro) | [i 3 (- ﬂ(r))zl

n=1 t=1

>3 (0 —ﬂ(r)ﬂ

n=1 r=1

1

M~

(10~ £20)) (0 + £ut0))

Il
—

IA

(a)
< C(I',T5,T3)R?

= C(I'y, T2, T3)RY|ISP(f) = SP(f)II> (98)

Bounding [|SP(f2 + %) = SP(f2 +2)||2. To bound [|SP(f2 +c2) - SP(f2+02)||3., we modify
the proof of Theorem[d]in a straightforward manner. The need for the modification is that Theorem
4| was proven for the case where the coordinate wise noise, 17,(r) = X, () — f,() are independent
sub-gaussian random variables, and |||y, < y. However, one can verify that X2(t) — f2(t) — o2(1)
is a sub-exponential random variable with || - ||, norm bounded as
1X2 (1) = £ (1) = oy (Dl < 1X7 (D)1,

= (17 (0) + 2 fu (O () +17(D) 1y,

< 2U1£7 (D) llyy + 21177 (D)l

=2l /D12, +2llma (D12,

< C(Ty,T2)R* +2y?

<C(I'1,T2,7)R?,



Agarwal, Alomar, and Shah: On Multivariate Singular Spectrum Analysis: Tensor and Matrix Variants
Article submitted to Operations Research 81

where we have use the standard facts that for a random variable A, ||A — E[A]]ly, < ||Ally, and

1A% 1ly, = 1All7,-

Further, note that by using Properties and[I 1] and a straightforward modification of Propo-
sition [14] we have

rank (SP(f? +02)) < rank(SP(f?)) +rank(SP(c?))

< (RG)*+(R'G),

where we have used that for any two matrices A, B, we have rank(A o A) < rank(A)?, where o

denotes Hadamard product, and rank(A + B) < rank(A) +rank(B). We define k := (RG)?+(R'G’).

Modified Theoremd] Below, we state the modified version of Theorem []to get our desired result.

LEMMA 10 (Imputation Error). Ler the conditions of Theorem|[6| hold. Then,

2, ONT _Sp(+2 ., 2T |12
B[ max S ISP+ o)L = SP(f?+ o) I13]

(G2 +G’)log? NT

<C(I',T»,I',T5,v,R,R) 7 ,

where C(I'1, 12,177,175, v, R, R') is a term that depends only polynomially on T'y, I, T, I, v, R,
R'.

T oreduce redundancy, we provide an overview of the argument needed for this proof, focusing
only the parts of the arguments made in Theorem 4] that need to be modified. For ease of exposition,
weletC=C (I'1, Iy, Fi , Fé, v, R, R"). We being by matching notation with that used in Theorem in
particular with respect to p, k, €, I". Under the setup of Theorem@ wehavep=1,k= k,e=0,T'<C
Further, recall the definition of Y, M, p, g, 0 from Appendix We will now use Y = SP(X?),
and M =SP(f>+0?)),0=v, p=(NT/L),q = L. One can verify that there is only required change
to the proof of Theorem [ in particular, in the argument made to prove Theorem we need
to re-define events E», E3, E4 in (26), (27), (28)) for the case where (Y — M )ij is mean-zero sub-
exponential. Using the result from Agarwal et al. (2019, 2021), which bounds the operator norm of

a matrix with sub-exponential mean-zero entries, we have with probability at least 1 — 1/((NT)'?)

Y = M|, < C\/(NT/L)log® NT (99)
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As aresult (99), and standard concentration inequalities for sub-exponential random variables, we

have the modified events, E,, E3, E4.
By = {||Y — pM||> < CA[(NT/L) log? NT},

{IY = pM o2, IV = pM 0 < CY(NT L) log? NTY,

Eyi= {52?;3||¢§k(3) (YjT_ —pMJT,) 12 < C/%log2(NT/L)},

E3I

Using these modified events in the proofs of Theorem |10{and Theorem 4} and appropriately sim-
plifying leads to the desired result.
By Lemma|[I0]and (1)), we have that

1 = 1 —
N EUISP( +0%) = SP(f* + o )E < B[ max s ISP (/2 + o)L, —SP(F + o) 1]
2 ’ 1 2 T
sc(rl,rz,r{,r;,y,R,R')((G +G2 og N ) (100)

Completing proof. Substituting (98)) and (100) into (97) and letting L = y/min(N,T)T

1 <D / / ’

(G?+G")log? NT
Vmin(N,T)T |

This completes the proof.

Appendix L: tSSA Proofs
L.1. Proof of Propositions 3| and [
Consider n € [N], £ € [L], s € [T/L]. By Property|l]

Thes :fn((s_ 1) XL+€)

R
= > UnWr((s-tyxst). (101)

r=1
The Hankel matrix induced by time series W,. has rank at most G as per Property [2| The Page
matrix associated with it is of dimension L X 7'/ L with entry in its ¢-th row and s-th column equal
to Wy ((s—1)xL+¢)- Since this Page matrix can be viewed as a sub-matrix of the Hankel matrix, it has

rank at most G as well. That is, there exists vectors wg_, Vi€ R such that

G
Wr((stxLot) = ) WheVhg: (102)
g=1
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From (101) and (102), it follows that
R G
Tes = Z Uyr ( Z Wng:g)
r=1 g=1
= Z Unrwggv;g
[R].g€[G]

= Z an (rg)be (rg)Cs (r.g)> (103)
re[R],ge[G]

where a,, (r.¢) = Unr, be (r,9) = wgg and ¢ (. ¢) = vgg. Thus (103) implies that T has CP-rank at most
R x G, which completes the proof for Propositions

For Proposition |§] , by the setup and model definition, it follows T,;s = X, ((s — 1) X L + €). And
X, ((s — 1) X L +{) =% with probability 1 — p and f,((s = 1) X L+ ) + 17,((s — 1) X L + £) with
probability p, where n,,((s — 1) X L + £) are independent and zero-mean. Therefore, it follows that

the entries of T are independent and
E[Thes] =E[Xn((s — 1) x L+£)]
=pfa((s—1)XL+?)
=pThes.
That is, E[T] = pT. This concludes the proof.

L.2. Proof of Proposition [6|
From Property 7, and our choice of parameter L for mSSA (L = y/min(N, T)T) and tSSA (L = VT),

we have that

~ 1 ~ 1
ImpErr(N,T;tSSA) =0 —_— :6(#), (104)
min (N, \/T) min (N ’T)
~ 1
ImpErr(N,T;mSSA) =0 | ———|, (105)
Amin(N,T)T
~ 1
ImpErr(N,T;ME) =0 | —— . 106
mpErr( ) mm(N,T)) (106)

We proceed in cases.

Case 1: T = o(N). In this case, from (104)), (105)), and (106])), we have

~ (1
ImpErr(N,T;tSSA), ImpErr(N,T; mSSA), ImpErr(N,T;ME):(B(?)
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Case 2: N = o(T). In this case, from (104}, (105)), and (106)), we have

~ (1
ImpErr(N,T;tSSA) =0 m), (107)
~( 1
ImpErr(N,T;mSSA) =0 —), (108)
VNT
~ (1
ImpErr(N,T;ME) =0 N)

In this case, we have
ImpErr(N,T;tSSA), ImpErr(N,T;mSSA) = 6(ImpErr(N,T;ME)).

It remains to compare the relative performance of tSSA and mSSA for the regime N = o(T'). Towards

this, note from (107) and (108} that

ImpErr(N,T;tSSA) = 6 (ImpErr(N,T; mSSA))
= : 5 ( ! )
— =0(—
N* NT
e T'3 =0o(N)
This completes the proof.

L.3. Proof of Proposition [13
PROPOSITION 15. Let Properties andhold. Then, forany 1 < L < \T, HT has CP-rank at

most Rx G. Further, all entries of HT are independent random variables with each entry observed

with probability p € (0, 1], and E[HT] = pHT.

Consider ny,...,ng € [N1]x---x[Ny], €€ [L], s€[T/L]. By Propertylﬁ[,
HT”I sssss na,l,s = fnl ..... nd((s - 1) X L+[)

R
= Z Unl,r oo Und,r Wr,((s—l)xL+€)’
r=1

The rest of the proof follows in a similar fashion to that of Proposition
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Appendix M: Additional Figures

Imputation Accuracy - Financial Dataset

1.01 »
—4+— mSSA
hosg{ = SSA
s -+~ TRMF v
o
e
@
N
©
IS
_
5
z

0.2 0.4 0.6

0.8
Fraction of missing values
(a)
Imputation Accuracy - M5 Dataset
—+— mSSA a
w -~ SSA
s 0951 - TRMF A e
o
T
Q
N
© 0.90
£
o
=2
0.85 1
0.2 0.4 0.6 0.8
Fraction of missing values
()
Figure 6

Normalized RMSE

Imputation Accuracy - Financial Dataset

—— mSSA Lt
Ho.g{ " SSA e
s --o- TRMF el
-4
Ee]
@
N
©
£
[S)
=
0.2+ . . . .
0.5 1.0 15 2.0
Noise standard deviation o
(b)
Imputation Accuracy - M5 Dataset
—— mSSA e
1.1{ ~* SSA
--o- TRMF
1.0
0.9 1

T

0.5 1.0 15 2.0

Noise standard deviation o

(d)

mSSA vs. TRMF vs. SSA - imputation performance on the Financial and M5 datasets. Fi gures and show imputa-
tion accuracy of mSSA, TRMF and SSA as we vary the fraction of missing values; Figures[6b] and|6d]|show imputation

accuracy as we vary the noise level (and with 50% of values missing).
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Figure 7 mSSA vs. TRMF vs. SSA - imputation performance on the Electricity, Traffic and Synthetic datasets. Figures
and|[7e| show imputation accuracy of mSSA, TRMF and SSA as we vary the fraction of missing values; Figures [7b]
andmshow imputation accuracy as we vary the noise level (and with 50% of values missing).
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mSSA forecasting performance on standard multivariate time series benchmark is competitive with/outperforming
industry standard methods as we vary the number of missing data and noise level. Figures|8a|[8c| and[8e|show the fore-
casting accuracy of all methods (some of VAR results are not shown due to its relatively high error) on the Electricity,

Traffic and Synthetic datasets with varying fraction of missing values; Figures and [8] shows the forecasting

accuracy on the same datasets with varying noise level.
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Figures@ andshow the forecasting accuracy of all methods (some of VAR results are not shown due to its relatively
high error) on the financial and M5 datasets with varying fraction of missing values; Figures and @I show the

forecasting accuracy on the same datasets with varying noise levels.
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Training Time - Synthetic Dataset
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are orders of magnitude higher than that of the mSSA variant we propose (blue solid line).
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The training time of the original mSSA variants (hSSA in the orange dotted line and vSSA in the green dotted line)
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