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Supplementary for “Sinkhorn Distributionally Robust Optimization”

EC.1. Detailed Experiment Setup

Unless stated otherwise, we solved the SAA, Wasserstein DRO, and KL-divergence DRO baseline models
exactly using the off-the-shelf solver Mosek (ApS, 2021). Optimization hyperparameters, such as step size,
maximum iterations, and number of levels, were tuned to minimize training error after 10 outer iterations.
We use RT-MLMC subgradient estimator to solve the Sinkhorn DRO model. We employed the warm start-
ing strategy during the iterative procedure: we set the initial guess of parameter ¢ at the beginning of outer
iteration as the one obtained from the SAA approach. At other outer iterations, the initial guess of parameter
0 is set to be the final obtained solution # at the last outer iteration. The following subsections outline some

special reformulations, optimization algorithms used to solve the baseline models.

EC.1.1. Setup for Newsvendor Problem and Running Time

To solve the 2-Wasserstein DRO model with radius p, we approximate the support of worst-case distribu-
tion using discrete grid points. Denote by D,, = {z1,...,x,} the set of observed n samples and Gogo_,,
the set of 200 — n points evenly supported on the interval [0, 10]. Then the support of worst-case distribu-
tion is restricted to D,, U Gago_n := {21, - -, 2200 } . The corresponding 2-Wasserstein DRO problem has the

following linear programming reformulation:

. 1 ¢
i Ao+
s.t. kO —umin(8,2;) — Az, — 2;)> <s;, Vi€ ][n],Vje€[200].
EC.1.2. Setup for Mean-risk Portfolio Optimization

From (Mohajerin Esfahani and Kuhn, 2017, Eq. (27)) we can see that the 1-Wasserstein DRO formulation

with radius p for the portfolio optimization problem becomes

) 1 n
Jmin Ap+ - z; S;
S.t. 96@, bjT+a7<9,2Z>SS“ZG[H],]G[H],
la;0llz < A, j € [H].
Also, we argue that the 2-Wasserstein DRO formulation with radius p for the portfolio optimization problem

has a finite convex reformulation:
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In particular, the inner subproblem has the following reformulation:
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Hence, the 2-Wasserstein DRO can be reformulated as

1 n
min  A\p® + — E Si
n
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a“
st. 0€O, bj7+al,-<0,,§i>+ﬁu0||§gsi, i €[n],j € [H].

EC.1.3. Setup for Adversarial Multi-class Logistic Regression

The procedure for generating various adversarial perturbations is reported in the following:

(I) For a given classifer B and data sample (z,y), the £,-norm (p € {1,2}) adversarial attack based on

projected gradient method (Madry et al., 2018) iterates as follows: xy <— x and

Az*t!  argmax {thB(a:k, y)Tn},

Inllp<¢

Rt Proj{z/; lle—a'|lp<&} {xk *

o
vVE+1

A:L,k—kl}‘

We perform the gradient update above for 15 steps with initial learning rate o« = 1. When p =

1, the radius of attack £ € {0,3e-3,6e-3,9e-3,1.2e-2} - p; and when p = 2, the radius £ €

{0,8e-3,1.6e-2,2.4e-2,3.2e-2}-p.

(I) For a given feature vector x, the perturbed feature using white Laplacian noise becomes x + & -

¢, where the random vector ¢ follows the isotropic Laplace distribution with zero mean and unit

variance. The ratio £ € {0,2e-3,4e-3,6e-3,8e-3} - p. Similarly, the perturbed feature using

white Gaussian noise becomes x + £ - ¢, with ¢ being the isotropic Gaussian distribution with zero

mean and unit variance. In this case, the ratio £ € {0,5e-2,1e-1,1.5e-1,2e-1}-p.

In this example, we use stochastic gradient methods to solve the SAA formulation and all penalized DRO

formulations. We terminate the training of SAA or DRO models when the number of epoches, i.e., the

number of times for processes each training sample, exceeds 30. In is worth mentioning that the Wasserstein

DRO model with a fixed Lagrangian multiplier A using samples {z;,y;}"_, can be reformulated as

mBin :L; {max {hB(x,yi) —)\c(wi,:v)}] . (EC.1)

zeR4
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EC.2. Additional Validation Experiments
EC.2.1. Comparison of Optimization Algorithms: Linear Regression

To examine the performance of different (sub)gradient estimators, we study the problem of distributionally
robust linear regression (see the setup in Example 2). We take the nominal distribution P as the empirical
one based on samples {(a;,b;)}" ;. As a consequence, the inner objective function in (12) has the closed

form expression:

1 & LS (aF0—0b)%  Xe 00t A
FGZ* Ta_le n i=1\"1 1 | det [ T — 22— , if 02<7’
0= 5 D (a0 22— o (1) i 0l <

=1 2
and otherwise F'(f) = co. We take the constraint set © = {6 : [|f]|2 < 0.999 - 2}. Similar to the setup
in (Li et al., 2022, Section 5.1), we examine the performance using three LIBSVM regression real world

datasets (Chang and Lin, 2011): housing, mg, and mpg.
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Figure EC.1 Comparison results of SG, (V-)MLMC, RT-MLMC, RU-MLMC, and RR-MLMC on robust linear regression
problem in terms of sample complexities from P and Qz,e. From left to right, the figures correspond to three
different regression datasets: (a) housing; (b) mg; and (c) mpg. From top to bottom, the figures correspond to plots

of (a) Sinkhorn DRO objective values; and (b) RMSE of obtained solutions.

The quality of proposed gradient estimators is examined in a single BSMD step with specified hyper-
parameters (X, e) = (10%,107'). For baseline comparison, we examine the SG, RT-MLMC estimators
together with the (V-)MLMC, RU-MLMC, and RR-MLMC estimators that have been proposed in (Hu et al.,
2021). We have validated in Theorem 2 that both SG and RT-MLMC estimators have convergence guar-

antees for smooth and nonsmooth loss functions, whereas SG estimator has slower convergence rate. The
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(V-)MLMC estimator only have convergence guarantees for smooth loss functions, and RU-MLMC/RR-
MLMC estimators do not have convergence guarantees as their (sub)gradient second-order moments are
unbounded.

For a given solution 6, we quantify its performance using the corresponding Sinkhorn DRO objective
value. Besides, we report its root-mean-square error (RMSE) on training data. Thus, the smaller those
two performance criteria are, the smaller the solution’s optimization performance has. Fig. EC.1 shows
the performance of various gradient estimators in terms of the number of generated samples from P and
Que,z € supp@ based on these criteria. The results demonstrate that the SG scheme does not perform
competitively, as expected from our theoretical analysis, which shows that SG has the worst complexity
order. In contrast, using other four types of MLMC methods lead to faster convergence behavior. While the
RU-MLMC and RR-MLMC schemes exhibit competitive performance, the optimization procedure shows
some oscillations. One possible explanation is that the variance values of those gradient estimators are

unbounded, making these two approaches unstable.

EC.2.2. Comparison of Optimization Algorithms: Portfolio Optimization
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Figure EC.2 Comparison results of SG, (V-)MLMC, RT-MLMC, RU-MLMC, and RR-MLMC on portfolio optimization prob-
lem. From left to right, plots correspond to three different instances of (n, d) € {(50, 50), (100, 100), (400,400)}.

In this subsection, we validate the competitive performance of RT-MLMC gradient estimator on the case
where the loss is convex and nonsmooth, and we try to solve the 2-SDRO formulation. We consider the
portfolio optimization problem, and specify instances (n, d) = (50, 50), (100, 100), (400,400). We quantify
the performance of obtained solution using the Sinkhorn DRO objective value. Since in this problem setup
no analytical expression of the objective value is available, we estimate the objective value using (18)
with hyper-parameters L = 8 and n;, = 10°. Fig. EC.2 shows the performance in terms of the number of
generated samples based on this criterion. The results demonstrate that even for nonsmooth loss function,
those listed MLMC-based gradient estimators have better performance than the SG estimator. Besides, the
proposed RT-MLMC and standard (V-)MLMC schemes have comparable performance, and in some cases

(V-)MLMC estimator even has better performance. It is an open question that whether the (V-)MLMC
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estimator will have the similar performance guarantees as the RT-MLMC estimator for convex nonsmooth

optimization, which can be a topic for future study.

EC.2.3. Comparison of Running Time for Different Baselines

The computational time for the newsvendor problem in Section 5.1 is reported in Table EC.1. We observe
that the training time of 2-Wasserstein DRO model increases quickly as the sample size increases, while the

training time of other DRO models increases mildly in the training sample size.

Table EC.1 Average computational time (in seconds) per problem instance for the newsvendor problem.

Exponential Gamma Gaussian Mixture
Model p

n=10 n=30 n=100 n=10 n=30 n=100 n=10 n=30 n=100

SAA 4.11e-3 4.66e-3 4.67e-3 3.96e-3 4.57e-3 5.81e-3 3.82e-3 4.60e-3 4.79%-3
KL-DRO | 6.92e-3 8.17e-3 1.15e-2 8.07e-3 8.24e-3 1.16e-2 7.77e-3 8.47e-3 1.12e-2
1-SDRO | 8.77e-2 8.88e-2 1.03e-1 2.76e-2 3.40e-2 4.72e-2 2.90e-2 3.13e-2 4.50e-2
2-WDRO | 1.68e00 5.67e00 2.71e01 1.72e00 5.63e00 2.77e01 1.51e00 5.47e00 2.84e01
2-SDRO | 3.16e-2 3.77e-2 5.92e-2 2.64e-2 2.95e-2 5.02e-2 2.57e-2 3.10e-2 4.87e-2

The computational time for the portfolio optimization problem in Section 5.2 is reported in Table EC.2.
We observe that the computational time of 1- or 2-SDRO model increases mildly as the problem input size
increases. Also, SDRO models do not have the smallest computational time in general. The reason is that
in this example, other DRO models have tractable finite-dimensional conic programming formulations so
that off-the-shelf software can solve them efficiently. In contrast, Sinkhorn DRO models do not have special

reformulation, but they can still be solved in a reasonable amount of time.

Table EC.2 Average computational time (in seconds) per problem instance for portfolio optimization problem.
(n,d) Values SAA KL-DRO 1-WDRO 1-SDRO 2-WDRO 2-SDRO
(30,30) 6.76e-03 1.42e-02 7.80e-03 4.91e-02 8.95e-03 5.00e-02
(50, 30) 7.31e-03 1.84e-02 8.33e-03 1.87¢-01 1.11e-02 5.88e-02
(100, 30) 8.99¢-03 2.95e-02 1.03e-02 2.78e-01 1.12e-02 6.00e-02
(150, 30) 1.12e-02 4.14e-02 1.21e-02 2.80e-01 1.22e-02 6.95e-02
(200, 30) 1.12e-02 5.66e-02 1.35e-02 2.99¢-01 1.48e-02 7.67e-02
(400, 30) 1.89¢-02 6.45e-02 2.09e-02 2.99¢-01 2.30e-02 1.62e-01
(100, 5) 5.76e-03 1.46e-02 6.79¢-03 1.05e-01 7.62e-03 5.40e-02
(100,10) 6.18e-03 1.70e-02 7.70e-03 1.08e-01 8.73e-03 5.55e-02
(100, 20) 7.43e-03 1.82e-02 8.41e-03 1.12e-01 9.44¢-03 5.58e-02
(100,40) 9.87e-03 3.25e-02 1.13e-02 1.16e-01 1.18e-02 5.70e-02
(100, 80) 1.31e-02 6.48e-02 1.56e-02 1.19e-01 1.68e-02 5.72e-02
(

100, 100) 1.54e-02 7.00e-02 1.87e-02 1.22e-01 1.93e-02 5.73e-02

The computational time of adversarial multi-class classification problem in Section 5.3 is reported in

Table EC.4, with the basic statistics of classification datasets presented in Table EC.3. The results indicate
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that Sinkhorn DRO models have shorter computational time than Wasserstein DRO models in general. Note
that we solve all baseline methods with stochastic algorithms. For large-scale datasets optimizing the log-

sum-exp type loss for Sinkhorn DRO seems to be more efficient than solving the minimax game formulation

for Wasserstein DRO.
Table EC.3 Basic statistics of adversarial multi-class logistic regression datasets.
MNIST CIFAR-10 tinyImageNet STL-10
Image Size 784 3072 12288 27648
(before pre-processing)
Feature Dlmen519n 512 512 512 512
(after pre-processing)
# of classes 10 10 200 10
Training Size 50000 50000 90000 5000
Testing Size 10000 10000 10000 8000
Table EC.4 Average computational time (in seconds) per problem instance for adversarial multi-class logistic regression
problem.
Dataset SAA KL-DRO 1-WDRO 1-SDRO 2-WDRO 2-SDRO
MNIST 37.2 60.1 154 94.1 166 84.0
CIFAR-10 31.6 51.7 133 98.3 140 80.6
tinyImageNet 58.1 102 248 153 259 143
STL-10 3.42 5.15 135 10.1 14.2 8.61

EC.2.4. Coefficient of Prescriptiveness for Different Parameter(s) Combination

In this subsection, we report the coefficient of prescriptiveness for different parameter(s) combination on
instances which are omitted in the main content. Specifically,

* Fig. EC.3 and EC.4 correspond to the omitted experiment results in Section 5.1.

* Fig. EC.5 and EC.6 correspond to the omitted experiment results in Section 5.2.

» Fig. EC.7 corresponds to the omitted experiment results in Section 5.3.
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Figure EC.3  Experiment results of the newsvendor model for gamma data distribution. Details of these subplots follow the

same setup from Figure 4.
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Experiment results of the newsvendor model for the mixture of truncated normal distributions. Details of these
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Additional experiment results of the portfolio optimization model for different data dimensions in heatmaps. Here

we fix the data dimension d = 30 and for plots from left to right and from top to bottom, we vary the sample size

n € {50,100, 150, 200, 400}. Details of these subplots follow the same setup from Fig. 6.
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Additional experiment results of the portfolio optimization model for different data dimensions in heatmaps. Here

100 and for plots from left to right and from top to bottom, we vary the data dimension

d € {5,10,20,40,80,100}. Details of these subplots follow the same setup from Fig. 6.
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Figure EC.7 Additional experiment results of the adversarial classification problem for different datasets and different types of

perturbations. Details of these subplots follow the same setup from Fig. 8.
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EC.3. Sufficient Condition for Condition 1

PROPOSITION EC.1. Condition 1 holds if there exists p > 1 so that the following conditions are satisfied:
() Forany z,y,z € Z, c(z,y) >0, and (c(x,y))/? < (c(x, 2))/? + (c(z,y)) /7.

(1) The nominal distribution P has a finite mean, denoted as T. Moreover, v{z: 0 < ¢(T,z) < 00} = 1

and Pr ,_s{c(z,T) < oo} =1.

(IIT) Assumption 1(111) holds, and there exists X > 0 such that E..., |ef(*)/ () g=2! Pe(,2) /¢ < 00.

We make some remarks for the sufficient conditions listed above. The first condition can be satisfied by
taking the transport cost as the p-th power of the metric defined on Z for any p > 1. The second condition
requires the nominal distribution P is finite almost surely, e.g., it can be a subguassian distribution with
respect to the transport cost c. We first present an useful technical lemma before showing the proof of

Proposition EC.1.

LEMMA EC.1. Under the first condition of Proposition EC.1, for any x € Z, it holds that
E.., [e~o®/] > e @R [efzpflc@z)/e ,
Proof of Lemma EC.1. Based on the inequality (a + b)? < 2P~!(a” + b?), we can see that
c(z,2) < (c(y, 2)Y? +c(z,9)/P)P <207 Ye(y, 2) + c(2,y)), Va,y,z€ 2.
Since ¢(x,z) <277 (e(T, 2) + ¢(z,T)), we can see that
E... [e‘c(ac’z)/e] > exp (—2p_1c(w,f)/e) E... [e_2p_1c(§’z)/e} )

The proof is completed. O
Proof of Proposition EC.1. One can see that for any « € supp @, it holds that

e—c(w,z)/e :|

f(z)/(xe)] — f&/ e =
EZNQz,e [6 ] _]EZ"’V |:€ E’LLNI/ [e—c(m,u)/e]

e—c(@,2)/e —21_pc(i,z)/€€c(x,§)/e

Eon [e—2p*16(fvu>/€]
ec(m,f)(l-i-Qp_l )/ €

:Euw [e-2P~Te@u)/e]

where the first inequality is based on the lower bound in Lemma EC.1, the second inequality is based

e
<E.._ f(2)/(Xe) <E._ F(2)/(Xe)
= | € e Ey [e—prlc(f,u)/e]

|

)

E._, [efu)/@e)e—ﬂ—Pcm)/e]

on the triangular inequality c(z,z) > 2'7P¢(T, z) — ¢(z,T). Note that almost surely for all x € supp P,
¢(x,T) < co. Moreover, 0 < E..., [6‘21)_16@‘)/6} <E... [e_c(f’z)/ﬂ < 00, where the lower bound is
because ¢(T, z) < co almost surely for all z, the upper bound is because ¢(Z, z) > 0 almost surely for all z.
Based on these observations, we have that

ec(z,f)(urzp*l)/e
E.., [672P—1c(§,z)/6:|

E.vg,, [e//09] < E... [ef(z)/“e)6‘21_%@2)/6 <0

almost surely for all z ~ P. n
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EC.4. Proofs of Technical Results in Section 3.2 and 3.3

Proof of Remark 3. Recall the dual objective function in (1) is
v(Ne) = p+E_ 5 {/\e logE..., [e(f(z)_’\c(”’z))/(*)ﬂ .
We take limit for the second term in v(A; €) to obtain:

' A .
1 —~ f(z)=Ac(z,z Ae _ . : f(z)=Xe(z,2))B/ A
11m0Ew~IP, [Ae logE., ., [e( (z)=Ac(z,2)/( )H =E Lhm —5 log]EZN,,[e( (2)=Ac(2,2))B/ ]]

z~P

— NRE (f(2)=Ac(z,2))B/A] | — _
E. 5 [;Ln;oAvﬁlogEzwy[e ]] E,. 5

B, [eG @B f(2) — AC(%Z)H]
lim
B0 E.., [el=re@=5/A]

:]EIN@[ sup {f(z) — Ac(, z)}] .

zZEsupp v
Particularly, when supp v = Z, it holds that
sup {f(z) — A(z, z)} =sup {f(z) — A(z, z)}
zEsupp v zEZ

and in this case the dual objective function of the Sinkhorn DRO problem converges into that of the Wasser-
stein DRO problem. U

Proof of Example 2. 1In this example, the dual objective becomes

) B (eTa/ _ b)2
VD = ;\IZIfO Ap—i_E(a,b)N@ )\6 logEa/NN(a’EId) exp T . (ECZ)

Specially, for any a € R%, b € R, 0 € R?, it holds that

0T’ —b)° 0%a—b)+ (veh)"A,]”
Aelos <E“'~N (aelg) €XP <()>> = Aelog <EAa~N(O,1d) exp <[( )+ (VO A >>

e e

OTA )2 —2(b—07T ATA
=(0"a —b)*+ Aelog Ea,~n(0,1,) €XP (6( o) ( a)Ve a>

A€

o

The term (I) can be simplified using the integral of exponential functions method:

2007\ "/ 0Ta—b)? . , A
I = det([— )\ > exp<2>\2€9 A 9), When||9H2<§,

o0, otherwise,

. T . . .
where the matrix A = I — 2%~ Finally, we obtain that if [|0]|3 < 3,

(0Ta’ —b)? T ,  (0Ta—=0)2 X 20071
Ael E.onac — =(0"a—0 ——— — —logdet | I — .
eog( o/ N (asely) exp( " (0 a—0b) +%)\”‘9H22—1 5 ogde 3

Substituting this expression into (EC.2) gives the desired result. n
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Proof of Corollary 1. 'We now introduce the epi-graphical variables s;,7 = 1,...,n to reformulate Vp

as N
1
inf  Ap+— i
st. AelogE..q, _[e/®V/09] <5, Vi
For fixed i, the ¢-th constraint can be reformulated as
{exp (%) > E.vq,, . [e/?/09)] } — {1 > E.vg,, [e!/)750/09)] }

= {)\e >E.q, . [AeelF750/09] }

Lmax — .
= {)\6 > ; Q@i,e(Zz)aL[} ﬂ {ai,g > deexp (W) ,Vﬁ} ,

where the second constraint set can be formulated as (A€, a; ¢, f(2¢) — i) € Kexp- Substituting this expres-
sion into V, completes the proof. g
EC.5. Proofs of Technical Results in Section 3.4

We rely on the following technical lemma to derive our strong duality result.

LEMMA EC.2. ((Hu and Hong, 2012, Section 2.1) or (Shapiro, 2017)) For fixed T and a reference measure

v € M(Z), consider the optimization problem

o(T)= sup {EM [ £(2) —Tlog ( gﬂjézs )} } . (EC.3)

PeP(Z)

Suppose there exists a probability measure Q € P(Z) such that Q < v.
(I) When =0,
v(0) = esssup(f) = inf{t e R: v{f(z) >t} =0}.

v

(Il) When 7 >0 and
Ezwz/ [ef(z)/7j| < 00,

it holds that
v(t) =7log (E.n, [ef(z)/T]) )

and lim, o v(7) = v(0). The optimal solution in (EC.3) has the expression

of )/

dP(Z) = 7}EUNV [ef(u)/'r]

dv(z).

() When T > 0 and
E.., [ef(Z)/T] = 00,

we have that v(T) = 0.



e-companion to Wang, Gao, and Xie: Sinkhorn DRO ecl5

LEMMA EC.3 (Measurability of v,.()\)). Assume Assumptions 1(1), 1(I), I(IIl) hold. For fixed A > 0,
define the function v, (\) : suppP — RU {+o0} as

)= sup {B |- dcle ) - retos (725 ) .

Y2 €P(Z) dv(z)

The function v, (\) is measurable with respect to x ~ P regardless of the choice of A > 0.

Proof of Lemma EC.3. When A =0, by Lemma EC.2, it holds that

v () = esssup(f),

v

which is a constant independent of x, which is clearly measurable. When A > 0 and satisfies Condition 1,

by Lemma EC.2, it holds that
Uz()\) = )€ log Ezwu [e(f(z)—kc(a;,z))/(ke)] < 0.

As loss function f and cost function ¢ are both measurable, by conditioning Lemma (Kallenberg, 1997,

Lemma 2.11), v, () is measurable. When A > 0 such that the event
E— {x: E. g [ef(z)/(Ae)] :oo} _ {:c: E.., [e(f(z)—xc(m,z))/(Ae)] :oo}

satisfies P(E) > 0, by Lemma EC.2, it holds that
AelogE,., [eV 2@/ < o0 if 2 € B,
v(A) =
oo, ifxekF.

For fixed o € R, the level set
{z:v,(N)>at={z€E: v,(\) >a}UE={z € E°: XelogE.., [/ H =)/ >} UE,

which is clearly a measurable set, and therefore v, () is measurable. The proof is completed. g

Proof of Lemma 2. Recall from (6) that

V= sup {EmN@EZ“”m [f(Z)] : EmN@EZ’V’Yﬂ: |:C<$, Z) + Elog < dﬁyz(z>>:| S p} .
(7o} 5CP(2) dv(z)

xEsupp P

Based on the change-of-measure identity log ( dgf((;))) =log ( d%ﬁ’(z()z)) +log ( d%lmiii)) and the expression

of Q,.., the constraint can be reformulated as

etz . (2)
E, $E: . [c(m, z) + €log <f€_c(m7u)/€ dy(u)> +elog (M)} <p.
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Combining the first two terms within the expectation term and substituting the expression of p, it is equiva-

In summary, the primal problem (Primal) can be reformulated as a generalized KL-divergence DRO

lent to

problem
dv,
V= sup {EMEMI [£(2)]: €E, sE.., [log (Wﬂ < p} . O
e}y esupppCP(2) dQ;(2)
In the remaining of this subsection, we provide the full proof of Theorem 1. We first show that the dual

minimizer exists.

LEMMA EC.4 (Existence of Dual Minimizer). Suppose p > 0 and Condition 1 is satisfied, then the dual

minimizer \* exists, which either equals to 0 or satisfies Condition 1.

Proof of Lemma EC.4.  We first show that A\* < co. Denote by v(\) the objective function for the dual
problem:

v(A) =Ap+ AeE,

T~

R [10g E..q.. [ef(z)/(/\e)ﬂ ‘
The integrability condition for the dominated convergence theorem is satisfied, which implies
3 z)/(Xe . € f(2) /e
/\13120 AeEwN@[logE%Qw’e [ef( )/ )]] =E 5 [%%ﬁlOgEzw@“ [eﬁf( )/ ]]

z~P
Bf(2)/e
lim EZ’VQZ’G [f(z)e ] ]

:EwNﬁlS [%11}’(1) EVﬁ log EZNQm,e [eﬁf(z)/f]] — ]EwN]p

3 Bungy, [T

:]EzN@EZNQx,e [f(z)]a

where the first equality follows from the change-of-variable technique with 8 = 1/, the second equality
follows from the definition of derivative, the third and the last equality follows from the dominated conver-
gence theorem. As a consequence, as long as p > 0, we have lim,_, ., v(\) = co. We can take A satisfying
Condition 1 and then v(\) < co. This, toegther with the fact that v(-) is continuous, guarantees the existence
of the dual minimizer. Hence A\* < oo, which implies that either A* = 0 or A\* satisfies Condition 1. O

Next, we establish first-order optimality condition for cases A* > 0 or A* = 0, corresponding to whether
the Sinkhorn distance constraint in (Primal) is binding or not. Lemma EC.5 below presents a necessary
and sufficient condition for the dual minimizer A* = 0, corresponding to the case where the Sinkhorn dis-

tance constraint in (Primal) is not binding.

LEMMA EC.5 (Necessary and Sufficient Condition for \* =0). Suppose p > 0 and Condition 1 is sat-
isfied, then the dual minimizer \* = 0 if and only if all the following conditions hold:
(1) esssup, f=inf{t: v{f(z) >t} =0} <oo.
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D) ¢ =p+e€E, 5 [logE..q, . [14(2)]] >0, where A:={z: f(z) =esssup, f}.

Recall that we have the convention that the dual objective evaluated at A = 0 equals esssup,, f. Thus Con-
dition (I) ensures that the dual objective function evaluated at the minimizer is finite. When the minimizer
A* = 0, the Sinkhorn ball should be large enough to contain at least one distribution with objective value
esssup, f, and Condition (II) characterizes the lower bound of p.

Proof of Lemma EC.5.  Suppose the dual minimizer A* = 0, then taking the limit of the dual objective
function gives

lim v(\) =E, 5 [H"(z)] < o0,

A—0 z~P

where H"(z) := inf{t : Q,.{f(z) >t} =0} £ esssup f. For notational simplicity we take H" =

esssup f. One can check that H"(z) = H" for any = € suppf”: for any ¢ so that Q, {f(z) >t} =0, we
have that
E.., |1{f(2) >t}e <=a/¢| =0,

which, together with the fact that v{c(z, z) < oo} = 1 for fixed =, implies
E.w,[1{f(2) > t}] =0.
On the contrary, for any ¢ so that v{ f(z) >t} = 0, we have that
0<Eeny [1f(2) > the /| <E.,[1{£(2) > )] =0,

where the second inequality is because that v{c(z,z) > 0} = 1. As a consequence, Q, {f(z) >t} =0.

Hence we can assert that H*(z) = H" for all z € supp P, which implies
lim v(\) = H" < 0.
A—=0
Then we show that almost surely for all z,
E. g, [1a(2)] >0, where A={z: f(z)=H"}.

Denote by D the collection of samples x so that E. g, .[14(2)] = 0. Assume the condition above does not

hold, which means that @{D} > 0. For any 7 > 0 and x € D, there exists H'(z) < H" such that
0<b,:=E..q,.[1pw(2)] <7, where B(z)={z: H'(z) < f(z) <H"}.
Define H&*P(x) = H* — H'(z), h =1 — b, Then we find that for = € D,

0o (A) = Aelog (Bong,. [¢/D/ 050 (2)] + Eeng,o [/ O 5000(2)])

< H*+ Aclog (1, + e~/ 09: )
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Since @{D} > (), the dual objective function for A > 0 is upper bounded as
v(A) =2 +E, 5[v (V)]

S Hu +>\ﬁ+)\€]EI~@ |:10g (hm +€_Hgap(z)/(Ae)h;> 1D(l-)i| .

‘We can see that

/l\in}) A5+ AeE, 5 {log (m +€7Hgap(x)/(ke)h;> 1D($)} =0,

and

hm \Y [/\p—i- AeE, [ ( —HER( x)/(’\e)b;) 1D($)H
<p

—p+ B, s log (h) 1p(2)] <7+ elog(r)P{D} < —p <0,

where the second inequality is by taking the constant 7 = exp <— p ) Hence, there exists A > 0 such

2
P{D}
that

v(\) < H"+ A5+ AeE, 5 [mg (hw e HEP @)/ <X%;) 1D(az)] < (0),
which contradicts to the optimality of \* = 0. As a result, almost surely for all x, we have that
E.rgqe[1a(2)] > 0.
To show the second condition, we re-write the dual objective function for A > 0 as
V(N = AP+ AE, 5 [log (EZNQ“ [14(2)] + Eangn . [e[f@—H“V () 1Ac(z)} )] L H"

The gradient of v(\) becomes

VO(N) =+ B, 5 [108 (Bence [La ()] + Bun o [/ 09140(2)] )]

E.ngy, [/ O e (2) (H — £(2))/ (V)]
Bt [14(2)] + Ezngy o [/ HV O e (2)] |

+E

z~P

We can see that lim, ., Vo()\) = p. Take
012(N) =Eang,., [T V0N 40 (2)]

Then limy v .(A) =0 and v; . (A) > 0. Take

E.ngy, [e/E VO e (2) (H" — f(2))/ (V)]
E. g, [14(2)] + Ezngy o [e/O7HVON e (2)]

Then limy o v5 . (A) =0 and v, () > 0. It follows that

Vg 2(A) =

lim Vo(A) =p+ B, 5 [logE.~q, [14(2)] =7"

A—0
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Hence, if the last condition is violated, based on the mean value theorem, we can find A > 0 so that VU(X) =
0, which contradicts to the optimality of A* = 0.

Now we show the converse direction. For any A > 0, we find that
Vo(A) =p+€eE, 5 [log (]EZNQz,e [La(2)] + 10 (A))] +E, 5[v2,.(N)].
For fixed z, when Eq, _[14] = 1, we can see that v; ,(\) = v,,(\) =0, then
p+ellog (E.ug, [14(2)] +01,.(N)] +v2.(A) =p>0.
When E. g, .[14(2)] € (0,1), we can see that vy ,(A) > 0,v3,(A) > 0. Then

P 108 (Euncy [14(2)] 4010 (0)] 4 020 (0) > 5 elog(Eun,  [14(2)]) =7 2 0.

Therefore, Vu(A) > 0 for any A > 0. By the convexity of v(A), the dual minimizer A* = 0. O
Proof of Lemma 3.  Recall that v(\) denotes the objective function for the dual problem. The optimality
condition can be derived by taking V v(A) [x=x+= 0. To show the uniqueness of A*, we find that

Vv(A)

1 z € -2 z € z € z € 2
=15 Eans [(Em@m,e[ef‘ VON) 7 (Bang, o [eF DO P ()Eang, [e! O] = {Bang, [/ 9 1(2)]} )] :

It can be shown by the Cauchy-Schwarz inequality that V3v(\) > 0 for any A > 0, and the equality holds
if and only if f(-) is a constant. If it is the case, the dual objective v(\) has the unique minimizer \* = 0,
which contradicts to our assumption. Hence, strict convexity holds for the dual objective and it implies the
uniquess of \*. 0

Proof of Theorem 1. Recall the feasibility result in Theorem 1(I) can be easily shown by considering

the reformulation of V'in Lemma 2 and the non-negativity of KL.-divergence. When p = 0, one can see that

Vo=inf {AE,5[logBunc. [o"/]]}

< Jlim AcE, 5|ogE.g,, [¢//09)| =B, sE.rq, [F(2)] = V.

z~P z~P

Therefore, the strong duality result holds in this case. Theorem 1(IV) can be shown by Lemma EC.5. It
remains to show the strong duality result for p > 0, which can be further separated to two cases: Condition 1
holds or not.

* When Condition 1 holds, by Lemma EC.4, the dual minimizer \* exists. The proof for A* > 0 can be
found in main context. When A\* = 0, the optimality condition in Lemma EC.5 holds. We construct the
primal (approximate) solution P, = Proj, 7., where ~. satisfies

N 0, ifz¢ A,
dyi(z,2) = dyi(2) dP(z), where dvi(y)=q c—c@2)/canz) —

Eurow [e—c(z,u)/elA] )
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We can verify easily that the primal solution is feasible based on the optimality condition p' > 0 in
Lemma EC.5. Moreover, we can check that the primal optimal value is lower bounded by the dual

optimal value:

V2E @ s [ (2)] =B, 5E.ane [f(2)] =E, sE.uqe [ess sup f} =esssup f = Vp,

where the second equality is because that z € A so that f(z) = esssup f. This, together with the weak
duality result, completes the proof in this part. ’

* When Condition 1 does not hold, we consider a sequence of real numbers {R;}; such that R; —
oo and take the objective function f;(z) = f(2)1{f(z) < R,}. Hence, there exists A > 0 satisfying
Pr_ s {:U : Eq, [efi(z)/(“)] = oo} = 0. According to the necessary condition in Lemma EC.5, the
corresponding dual minimizer A\; > 0 for sufficiently large index j. Then we can apply the duality
result in the first part of Theorem 1(III) to show that for sufficiently large 7, it holds that

sup  {E..e[f;(2)]} > Ao+ NjeE, 5 [logIElzw@I’E [efj(z)/(’\e)n :
PeBp, (B)

Taking j — oo both sides implies that V= oo. g

EC.6. Proof of Theorem 2 in Section 4.2.1

In this section, we omit the dependence of A when defining objective or subgradient terms, e.g., we write
F(0) for F(0;\). We first present some preliminaries that can be useful for developing the proof result
in Section 4.2.1. As any two norms on a finite-dimensional vector space are equivalent, we impose the

following assumption throughout Section 4 without loss of generality:
ASSUMPTION EC.1. There exists ¢ and 0 such that c|| - |2 <|| - || <] - [|2-

By Assumption EC.1, we obtain the bound regarding the dual norm || - ||.::
Ol e el

The complexity result of our proposed gradient estimators is summarized below.

REMARK EC.1 (COMPLEXITY OF GRADIENT ESTIMATORS). To generate the SG estimator v39(0),
one needs to generate one sample from P and 2~ samples from Q, . for some = € supp P. To generate the
RT-MLMC estimator vR™ M (6)  one needs to generate one sample from P and the required (expected)

number of samples from Q, . for some = € supp P equals

L

Next, we present some basic properties regarding the approximation function F*(0) defined in (14) in

Lemma EC.6, which can be used to show Theorem 2. Recall that we defined the constant K, . 5 = B/(\e).
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LEMMA EC.6. (I) Under Assumption 2(111), it holds that
}FZ(G)—F(Q)‘ < Aeexp (2K, c.5) - 27D, Vo € O.
(Il) Under Assumption 2(I11) and 2(11), it holds that
IVE(8) — VEO)||, < L2exp (4K, 5) -2,  VoeO.
(IIT) Under Assumption 2(11), it holds that
E|llg'0.c)];] <13, woce.
Additionally when Assumption 2(I11) holds, it holds that

IE[HGZ(Q,CE)HE} < Liexp(4Kyp)-27", Vo € O.

Proof of Lemma EC.6. Recall that (12) is a special CSO problem in (13), by taking H*(+) = Aelog(-)
and H?(-,z) = exp(f.(z)/(\e)). Under the assumptions stated in Lemma EC.6, it can be shown that
H?(-,z) is exp(K, . p)-uniformly bounded, exp(K, . 5)Ls/(Xe)-Lipschitz continuous. The function
H'(-) has the domain set [1,exp(K . )], and is therefore Ae-Lipschitz continuous and Ae-smooth. Thus,

the desired results hold by applying (Hu et al., 2020a, Lemma 3.1) and (Hu et al., 2021, Proposition 4.1).

EC.6.1. Proof of Theorem 2

We first study the convergence guarantees for solving a generic nonsmooth convex optimization roniél F(0).
S

Let F'(6) denote its approximation, with the approximation bias A satisfying
|F(0)— F(0)|<Ap, V0cO.

Denote by VF(6) a subgradient of F' at §. Suppose for a given 6, the subgradient estimate of F'(6), denoted
as v(#), satisfies

Elu(0)]=VF(©®), E[[vO)]:] <M.

Let @ € argmin F(0) and 0% € argmin F(0). We then establish the following result.
9eo feo

LEMMA EC.7 (BSMD for Nonsmooth Convex Optimization). Under the assumptions stated above and

with the initial guess 0, € O, consider the BSMD algorithm that generates the following iteration:
041 = Proxet(hv((%)), 0oe®, t=0,...,T-1,

where the stepsize parameter h = w%ﬁg’m. Let the estimated optimal solution generated by BSMD
algorithm be = % Zthl 0;. Then, the suboptimality gap satisfies:

~ . 2D, (90,5*)
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REMARK EC.2. If the approximation bias is zero (i.e., Ar = 0), the BSMD algorithm reduces to the stan-
dard SMD studied in (Nemirovski et al., 2009). By (Nemirovski et al., 2009, Section 2.3), the suboptimality
gap in Lemma EC.7 is bounded by M., %‘;‘ﬁ*). For the case where A > 0, the proof of Lemma EC.7
follows from the decomposition argument similar to (Hu et al., 2021, Eq. (9)). However, our result general-
izes to the BSMD algorithm with (potentially) nonsmooth loss functions, whereas (Hu et al., 2021) focuses

only on the SGD algorithm for unconstrained optimization with smooth loss functions. )

Now we are ready to show complexity results for BSMD using SG and RT-MLMC estimators. Both
estimators rely on the same approximation function F'*(6) defined in (14). By Lemma EC.6(I), Ay =
eexp (2K, .. p) - 2~ Y. We now analyze each estimator separately.

SG. It can be shown from the first part of Lemma EC.6(III) that E [||v5¢(9)(|?] < (M*SG)2 = ¢ ?L7. To

obtain §-optimal solution for SG estimator, by Lemma EC.7, it suffices to ensure

SN

)
< —.
* kT -2

To satisfy these conditions, we specify the following hyper-parameters:

8L2D,, (0,0 2 9
I 1 log 2 eexp(2K, . 5) o= ¥ (60,6 ) - 2kc2D,, (00,6 )
log2 ) Ke202 TL;

RT-MLMC. By the second part of Lemma EC.6(III) and basic calculation, we find

L

1
B [[lorrme)|2] < e [l ] =30 e {lee. )

—o Pe

< (MFT-MMOY . o([ L 1) L2 exp(4Ky o p)-
Similar to the case of SG, we ensure
IAL < é MRT—MLMC 2DW(00’5 ) < é
F=o kT —2

To satisfy these conditions, we select the following hyper-parameters:

I L 1 : [log ZAGGXPQK/\’&’B)H ,

{16(L +1)L2D,,(00,0) exp(4KA,e,B)w
5 )

Ke29?

2I€Dw (00, g*)
T(MBT—MLMC) 2"

By Remark EC.1, when running BSMD with SG estimator, the sample complexity from P equals O(T') and
that from Q, . equals O(T'2%); when running BSMD with RT-MLMC estimator, the sample complexity
from PP equals O(T) and that from Q,, . equals O(T'L). Substituting the expressions of 7', L gives the desired

result.
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EC.7. Proofs of Technical Results in Section 4.2.2

We first provide two technical lemmas that can be useful to show the main results in Section 4.2.2.

LEMMA EC.8. Under Assumption 2(11), it holds that E[(A*(6,¢%N))?] < A\2e?exp(2K )y .5) - 27%.
Proof of Lemma EC.8. The proof follows the similar procedure from (Hu et al., 2021, Proposition 4.1).

LEMMA EC.9 (Complexity of RT-MLMC-based Objective Estimator). Let error probability o € (0, 1)
and accuracy level § > 0. Assume Assumption 2(I11) holds and specify

2 2
_ 1 o Xeexp(2K, . p) ’ ;o (’)(1))\ e?exp(2K,.5)(L+1) -logg. (EC.4)
log 2 1) 02 «

Then, the RT-MLMC estimator (18) has an accuracy error § with probability at least 1 — a. Its sample
complexity from P equals O(m') = (5()\262K,\,673 exp(2K, .p) - 6 2) and that from Q... equals O(m’ -
L)= (f’)v(/\262K§76’B exp(2K .. p) - 672). Here O(-) hides constants linearly depending on (log 2)? and
log +.

Proof of Lemma EC.9.  We first specify L as in (EC.4) such that |[F*(;\) — F(6;\)| < 2. The RT-
MLMC estimator (18) satisfies that

Consequently, there exists ¢’ > 0 such that
~ . ~ 5
Pr{]F(G;/\) —Fo; )] > 5} <Pro [FH(0:0) = F(0:0)] > 5

o < 2exp (— ot )
4(5" +2)Var (ﬁ(@; A)) - 8(0" +2)A?e? exp (2K, ,5)(L+1) )

<2exp | —

where the second inequality is based on the Cramer’s large deviation theorem (Kleywegt et al., 2002), and
the last inequality is by the upper bound on Var (ﬁ (0; )\)) To make the desired coverage probability, we
take m’ as in (EC.4). The complexity results are derived by standard calculation similar to Remark EC.1.
0

In the following, we provide the proof of Proposition 1.

Proof of Proposition 1. Denote by §* = argmin F'(6; \). The goal is to choose hyper-parameters such

0€0
Pr{

min ﬁ(@-;)\)—F(H*;)\) < min F(@-;)\)—F(H*;)\)—l—m[a}? |F(§“/\)—ﬁ(§z,)\)]

1€[m] 1€[m] i€[m

that
min F(0;;\) — F(6%;\)

1€[m]

Sd}Zl—n.

On the one hand,
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On the other hand,

F(6*;)\) — min ﬁ(é\l, A)

1€[m]

<F(6";A) — min F(6;;\) +max |F(8:;;\) — F(8;;\)]

i€[m)] 1€[m]

<max |F(0;; \) — F(0;; \)|-

i€[m]

Based on those two inequalities, it suffices to choose hyper-parameters such that

Prd max [F(3;0) — F@: 0| <2y >1-2 (EC.5)
ie[m] 2 2
and
Pr{ min F(0;:\) — F(0";)) < g} >1— g (EC.6)
€M

To ensure the relation (EC.5), it suffices to apply Lemma EC.9 with error probability ;- and accuracy level
/2. It implies that the sample complexity from P at Step 3 of Algorithm 2 for each independent repetition
is O(N22K, . pexp(2K ..5) - 672), and that from Q, . is 6()\262]’(576’3 exp(2Ky . ) - 6 2). To ensure
the relation (EC.6), it suffices to take

Pr{F(aZ;A) CF(0) < g} >1- (g)”m, Vi € [m).

By Markov’s inequality, it suffices to ensure

5. .. o (Mmoo
E[F(Gi,)\)—F(e,)\)]§§<§) . Vie[m]. (EC.7)

By Theorem 2(II) with accuracy level g(g)l/m, the sample complexity from P at Step 2 of Algo-
rithm 2 for each independent repetition is O(Ky . 5exp(4Kycp) - 6-2n~%™), and that from Q, is
(’N)(KiE?B exp(4Ky...5) - 62n~2/™). Therefore, the sample complexity from P of Algorithm 2 is
m- [O(Kn cp exp(4K . p) - 0720 72/™) + O Ky exp(2 c5) 62|
:6(H)\757BK)\7€’B eXp(QK)\@’B)é_Q . m(l + 77—2/m))
and that from Q, . is
m- [@V(KiE’B exp(4Ky.cp) -0 2~ 2/™) + 6()\262](?6’3 exp(2K, . p) - (5‘2)]
=O(Hy 5K}, pexp(2Kyc.5)072 - m(1+n7%™)).

In the above deviation, we defined the constant Hy . 5 = max(exp(2K, . 5), \%€?). Hence, it suffices to
specify m such that O(m(1 4 7~2™)) is minimized. One valid choice is m = [log, %1, which leads to the
desired complexity bounds. U

Finally, we show the proof of Theorem 3. A key technique is the following complexity result on bisection

search with inexact oracles.
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LEMMA EC.10 (Complexity for Noisy Bisection). Let the accuracy level § >0, and ¥ : R — R be a
Ly-Lipschitz continuous and convex function defined on the interval [\, \,]. Assume there exists an oracle
U : R — R such that |[U(X) — U(X)| < 8,VA. Let us run Algorithm 3 for T' = [log, (wﬂ iterations,
then with at most 3+ 2T calls to \/I\l, Algorithm 3 outputs \ so that

T(A\)— min W(\) <44

AE[A, ]

Proof of Lemma EC.10. The proof is straightforward by following (Cohen et al., 2016, Lemma 33) [

Proof of Theorem 3. 1t can be verified that ¥ is a convex function with a subgradient

E |: f@* (z)/(Xe)

9 For (2)/ (00 2~Qz,e fe*( )}
L wix E,,A{l E,. [ o5 H_E“A |
oA ( ) P+ o~nP | €108 Qa,e € z~P )\EZNQx € [efei(Z)/()\E)}

where 0} € argmin F'(6;\). By Assumption 2 and A € [\;, A, ], this subgradient vector is bounded:
=

_ B
8)\\11()\)’ <Lg:= P+ x [1 + eXp(KAl,ﬁB)] :

In summary, W(\) is a L-Lipschitz and convex function defined on [A;, A, ]. Applying Lemma EC.10 with

accuracy level /4 together with the union bound, we are able to find the optimal multiplier up to accuracy

0 with probability at least 1 — 7 by calling the oracle U for 342 {log2 (w)—‘ times. g
LEMMA EC.11. Under Assumption 2, the optimal multiplier \* to (D) satisfies \* < %
Proof. It can be verified that
0
0= 5\11()\) .
_5+E. [6 log By [ Tos. (z)/(As)H E . [efe* e fa* (2 )}
o o o NE. g, [efe;* W(m}
i E.q,. |:€f9;*(z)/()\e) s, (z)}
>p—E, 5 NE.onq, . [efgﬁ* (z)/()\e):|
>p- 0.
e

where the two inequalities is based on the fact that 0 < fy(z) < B. The desired result holds directly. g
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