E-companion: “A Unified Framework for Analyzing and Optimizing a
Class of Convex Fairness Measures”

EC.1. Properties of the Deviation-Based Fairness Measures in Table 1
EC.1.1. Equivalence

In this section, we investigate the equivalence between fairness measures in Table 1. We say two fairness
measures ¢* and ¢? are equivalent if there exists 3 > 0 such that ¢'(u) = 3¢?(u) for all u € RY. Hence,
replacing ¢? by ¢! as a fairness criterion in the fairness-promoting optimization models, e.g., models (2)
and (3), essentially scales the weight on the fairness criterion «y or the upper bound 7 by a factor of 5 > 0
(i.e., from ¢? to Bp?). It is easy verify that all of these measures are equivalent when N = 2. However, in

Proposition EC.1, we show that only some of these measures are equivalent when N > 3,

PROPOSITION EC.1. Only the following equivalence relationships between fairness measures shown in
Table 1 hold: (a) for any N > 3, (i) and (iii) are equivalent; (b) for any N > 3, (vi) and (vii) are equivalent;
(c) when N = 3, (i), (ii), and (iii) are equivalent; (d) when N = 3, (iv), (vi), and (vii) are equivalent. The

remaining pairs of fairness measures are not equivalent.

Proof.  'We first prove (a)—(d). Without loss of generality, we assume that u is sorted in ascending order,
e, up <ug<---<uy.

(a) Note that the maximum pairwise difference (iii) is equal to u — w1, which is the same as the range (i).

(b) We claim that max; ey Zjvzl |u; — u;| = N max;e(n |u; — u|. To prove this claim, note that we can

write (vii) as

N-1
fgzﬁzwlfuj\ —maX{Zul N —1Duy, (N —1)uy — ;uz} =:max{C,Cy},

where C; and C5 represent the first and second expressions in the max operator, respectively. Consider
the case when C; < (5. This implies that 2 Zi\’:_; u; < (N —2)(uy +uy). Adding 2(u; + uy) on both

sides of the inequality results in 2u < uy + uy, implying that w — u; < uy —u. Hence, we have

=2

-1

?el[az\?(z‘uz_uﬂ— _1)UN_i 1Ui:N(UN—'LL) N{Iel[z%\u —’u,‘

A similar argument holds for the case when C; > Cs.
(c) By (a), it suffices to show that (i) and (ii) are equivalent when N = 3. By Mesa et al. (2003), we can

write (ii) as

ZZ\ul—uj|—Z2 (20 — 4)u; = 4(ug — uq),

=1 j=1

which shows the equivalence between (i) and (ii).

ecl
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Table EC.1 Examples that some fairness measures are not equivalent

E.g. | Outcome vectors (in RY) (i) (ii) (iv) ) (vi) (viii)

A [u'=(1,2,25,...,25,4.5) 3.5 14+8(N —3) 4 V6.5 2 9.5+2(N-3)
u>=(1,1,2,...,2,4) 3 124 8(N —3) 4 V6 2 9+4+2(N-3)

B |u'=(2,5,5,...,5,9) 7 28+ 14(N —3) / \/25—% /184 4(N —3)
u?=(2,2,4,...,4,8) 6 244 16(N —3) / V24 / 18+ 4(N —3)

B |[u'=(2,5,5, 6, 9) ER® / 60 / / / 26
u?=(2,2,4,4,8) cR® / 56 / / / 26

C |u'=(2,51,. .., %809 7 28+ 4 (N —3) / % / /
u?=(2,2, 12, 18 09 7 28+ 28(N —3) / 2% / /

D [u'=(1,2,3,...,3,6) / 20+ 12(N —3) / V14 / /
w?=3+(0,0,¥2 .. Y2 A1) | /| 4/201+22(N-3) V14 / /

E |[u'=(1,7,7,. 7 8, 12) / / 12 / 6 /
u? = (5, 10, 10. 5 ,10.5,13,14) | / / 12 / 5.5 /

(d) By (b), it suffices to show that (iv) and (vi) are equivalent when N = 3. First, we claim that if u €
[ug, us], then uz — w > u — ;. Indeed, since w > uy, we have u; + uz > 2u,. Adding 2(u; + u3) on
both sides of the inequality results in u; 4+ u3 > 2w, implying that u3 — @ > @ — u;. Therefore, when
U € [ug, Ug], we have

Z|ul—u| (=) + (T —ug) + (uz —u) = é(u1+u2+u3) — Uy — Uy + U3
= §(2u3 —up —ug) =2(uz —u) = 21:211?2},{3 |u; — .
Similarly, in the case when @ € [uy, us|, we have @ — u; > us — . Thus,

3

1
Z|ul—ﬂ|:(ﬂ—u1)+(u2—ﬂ)+(u3—ﬁ):—g(ul +U2+U3)—U1 +’LL2+U3
i=1

:3( 2ui+ustus) =2 —u) =2 £r11a2X3|u — .

This proves the equivalence between (iv) and (vi).

Finally, we show that the remaining pairs of fairness measures are not equivalent. To prove two measures
¢ and ¢ are not equivalent, it suffices to find vectors u! and u2 such that ¢(u') = ¢(u?) but ¢(u') # ¢(u?).
In Table EC.1, we provide examples showing that the remaining pairs of fairness measures are not equiva-
lent. Speciﬁcally, example A shows that the pairs {(iv,i), (iv,ii), (iv,v), (iv,viii), (vi,i), (vi,ii), (vi,v), (Vi,viii)}
example C shows that the pair (i, ii) is not equivalent when N > 3 and (1,V) 1S not equlvalent for all N;
example D shows that the pair (ii, v) is not equivalent; example E shows that the pair (iv, vi) is not equivalent
when N > 3. Note that in example B, fairness measure (ii) at ' and u? are equal when N = 5. Example

B’ shows that the pair (viii,ii) is not equivalent even when N =5. [J

Tables EC.2-EC.3 summarize the equivalence of the fairness measures shown in Table 1. The two groups
of equivalent fairness measures proved in Proposition EC.1 are highlighted in red and blue with ‘Equiv.’
representing equivalence in the tables. If a given pair of fairness measures is not equivalent, one of the

corresponding counterexamples from A to E is stated (see Table EC.1).
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Table EC.2  Equivalence of fairness measures or counterexamples when N =3

N=3]1 1 1 1v_ v Vi Vil VI
1 [/ Equiv. Equiv. A~ C A A B
il / Equiv. A C/D A A B
iii / A C A A B
v /A Equiv. Equiv. A
v / A A B
vi / Equiv. A
vii / A
viii /

Table EC.3  Equivalence of fairness measures or counterexamples when N > 3

N>31 1 111 v Vv VI vl Vil
i [ C Equiv. A C A A B
il / C A D A A B,B’
iii / A C A A B
iv / A E E A
\% / A A B
vi / Equiv. A
vii / A
viii /

EC.1.2. Axioms

In this section, we show that the fairness measures in Table 1 are convex fairness measures (see Section 5).

PROPOSITION EC.2. The measures (i)—(viii) in Table 1 are convex fairness measures, i.e., satisfying
Axioms C, N, S, SCV. TI, PH, and CV.

Proof. 1t is easy to verify that measures (i)—(viii) satisfy Axioms C, N, S, TI, and PH. Next, note that
if ¢ is convex and symmetric, then ¢ is Schur convex (Marshall et al. 2011). Thus, it suffices to show that
measures (i)—(viii) are convex. In the following, we assume that {u', u?} CR" and \ € [0, 1]. For measure
(i), note that w; is a linear function in w. Since a maximum (resp. minimum) of linear functions is convex

(resp. concave), measure (i) is also convex. For measure (ii), we have

s’ + ZZ\ Al + (1= A)u2] = b+ (1= A2]
</\ZZ]u —uj[+ (1= A ZZ\U —u?

() + (1 - N)o(u?).
For measure (iii), following a similar argument in (ii), we have

d(Au' + (1 — N)u?) = max max ‘ (A 4+ (1= Nu?] = [Auf+ (1= N)u?]

i€[N] je[N]

<maxmax{)\\u —u;]+ (1 )\)|u22—uf\}
i€[N] jE[N]

<)\maxmax|u —u;] 4 (1 — X) max max uf — uf|
i€[N] jE[N] i€[N] jE[N]

=Ap(u') + (1= Ao (u?).
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For measure (iv), note that @ = Aa' + (1 — A\)u?, where @* = (1/N) .Y, u* for k € {1,2}. Convexity

=1 "1

follows from a similar argument for measure (ii). For measure (v), we have

() = i(ui—u)Qz i(ui—;flTu)Qzuu—ifllTu

i=1 i=1

2

-t

where I € RV*¥ is the identity matrix. Since £, norm is convex, it follows that ¢ is also convex (Bertsekas

= HAqu,

2

2015). For measure (vi), one can easily verify its convexity by following the same logic used to verify the
convexity of (iv). Similarly, one can verify the convexity of (vii) and (viii) by following a similar argument

as in measures (ii) and (ii1). [

EC.2. Examples Related to Order-Based Fairness Measures

EXAMPLE EC.1 (FAIR RESOURCE ALLOCATION). Consider the problem of allocating R resources
fairly to NV individuals, where we use i € [IV] to denote each individual. Let x; be the number of resources
allocated to i. The impact on ¢ is measured as u; = a;x;, where a; may represent the efficiency per unit
resource allocated to 7. Moreover, there is a limit X' < R on the number of resources allocated to each
individual. Let N = 6 and a; = 14, for all i € [6]. Suppose we use the order-based fairness measure v,,(u)
to ensure fair allocations with w; = 2(2i — 7), for ¢ € [6]. Then, our fair resource allocation optimization

problem can be stated as

minimize — 10U(1) — 6'&(2) - QU(g) + 2’LL(4) + GU(5) + 10“(6) (EC.1a)

subject to uy = Ty, Uy = 22, ..., ug = 6xg, Yo, ;= R, 0 <z, < K, Vi € [6]. (EC.1b)

Clearly, the optimization problem (EC.1) prioritizes allocating resources to less advantaged individuals (i.e.,
those with lower efficiency). To illustrate, we solve (EC.1) numerically (see Section 6) with R = 25. Figure
EC.1 shows the optimal allocation decisions with different values of K. It is clear that more resources are
allocated to less advantaged individuals. Even when K decreases from 10 to 7, i.e, when a smaller upper
bound is imposed on x;, more resources are allocated to the less advantaged individuals with a priority to
individual 2, followed by 3 to 6. (Note that the resources allocated to individual 1 decrease because of the

decrease in the imposed upper bound K on z;).

EXAMPLE EC.2 (RANGE). Since max;e(y] u; — min;e(n] = —u(1) + u(n), it follows that the range is an
order-based fairness measure with weight vector w’ := (—1,0,...,0,1)" € RY. By Theorem 2, we have
that Axioms N, SCV, PH, and PA with w = w’ characterize the range. Specifically, Axiom PA with w = w’

implies (a) there exists constant C' > 0 such that ¢(u + ce;) = ¢(u) — eC for all € € [0,us — u4]| and
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Figure EC.1 Optimal allocation decisions (each line corresponds to an individual)

d(utcen) =p(u)+eC foralle >0; (b)forall j € [2, N —1], p(u+ece;) = ¢p(u) forall e € [0, uj 1 —uy].
This indicates that the fairness measure’s value decreases (resp. increases) by a constant if the smallest
(resp. largest) entry of w increases by a small amount ¢, and it remains unchanged otherwise. This reflects
the nature of the range that its value depends only on the value of the smallest (u(;)) and largest (u(y))

entries of u.

EXAMPLE EC.3 (GINI DEVIATION). We can rewrite Gini deviation as vazl Zjvzl lu; — ;| =
Zf\; 2(2i =1 = N)u) = Zf\il wiu(;), where w) = 2(2i — 1 — N) (Mesa et al. 2003). It is easy to verify
that w’ € W (see Definition 1), i.e., Gini deviation is an order-based fairness measure with weight vector
w’. By Theorem 2, we have that Axioms N, SCV, PH, and PA with w = w' characterize Gini deviation.
Specifically, Axiom PA with w = w’ implies that there exists constant C' > 0 such that ¢(u + ce;) =
d(u) +eC(2j — N — 1) for any u € RY, j € [N], and ¢ € [0,u;;, — u;]. Thus, if we increase the jth
smallest entry ;) by a small amount ¢, the change in fairness measure’s value is proportional to € and
scales linearly in j. In particular, if we increase u;) for any j € [| (N —1)/2]], the fairness measure’s value
decreases since 25 — N + 1 < 0, and the decrease is the most pronounced when we increase the smallest

entry (u(1)).

EC.3. Comparison between the Class of Order-Based Fairness Measures
and OWA Operators
Our proposed class of order-based fairness measures differs from OWA operators in the following aspects.
First, the OWA operator (and order-median function) takes the form Fg(u) = zj.ilwiu(,-), where the
weight vector @ € RV satisfies @; € [0,1] and 3, , @; = 1. In contrast, the weight vector w € RY in
our order-based fairness measure satisfies Zi\;l w,; = 0 with w; < 0 and wy > 0 (see Definition 1). Sec-
ond, as detailed in Yager (1988), the OWA operator is a way to aggregate different values of w;, which

was designed for multi-criteria decision-making problems and not for measuring unfairness or inequality.
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Indeed, if w € Rf , which is a common assumption in the literature (see, e.g., Blanco et al. 2016, Nickel
and Puerto 2006, Rodriguez-Chia et al. 2000), then we can write Fiz as Fiz(u) = f(u) + vy (u), where
flu)y=N"1 Zjvzl u; and w = w — N~'1. Here, v, is an order-based fairness measure when w # N ~'1.
Thus, F,, (OWA) can be viewed as a special case of the general problem defined in (2) with a specific
choice of the inefficiency measure f(u) = N~! Zjvzl u; (i.e., mean of u) and the fairness measure v,,(u).

In contrast, our framework allows adopting any classical inefficiency measure f(u) in (2).

EC.4. Relative Convex Fairness Measures

In this section, building on our analyses of the convex fairness measure proposed in Section 5, we intro-
duce its relative counterpart and study its properties. We relegate all proofs to EC.5. Note that while absolute
measures are characterized by translation invariance (Axiom TI), relative measures are characterized by the

following scale invariance axiom (Chakravarty 1999, Mussard and Mornet 2019).
AXIOM S| (SCALE INVARIANCE). ¢(au)= ¢(u) for any a > 0.

Axiom SI guarantees that if all u; are multiplied by a positive scalar, then the value of the relative fairness
measure will not change (i.e., the inequality across the population would not change). This implies that a
change in the measurement unit of the vector u (e.g., from US dollar to British pound if « represents costs)
will not affect the fairness measure, i.e., the relative fairness measure is unitless.

We are now ready to introduce the relative counterpart of the class of convex fairness measures, which

we call relative convex fairness measures.

DEFINITION EC.1. Let v : RY — R be a convex fairness measure and g : RY — R be a continuous func-

tion. A fairness measure p : RY — R is a relative convex fairness measure if

)
plu) =~ o (EC.2)

and p satisfies Axioms S, SCV, SI, and the following Axiom NR. Here, we adopt the conventions 0/0 =0

and a/0 = oo for any a > 0.

Ax1oM NR (NORMALIZATION-RELATIVE). ¢(u) € [0,1] for any u € RY and ¢(u) = 0 if and only if

u =l for some a € R, .

We make a few remarks in order. First, we consider non-negative w, which is common in many prac-
tical applications and consistent with prior studies (e.g., « could be patient waiting time, distances from
demand nodes to open facilities, income, etc; see Ahmadi-Javid et al. 2017, Chakravarty 1999, Marynissen
and Demeulemeester 2019, Mussard and Mornet 2019, Pinedo 2016). Second, Axiom NR is the relative
counterpart of the normalization axiom discussed in Section 3. Specifically, we require that the relative
convex fairness p is normalized such that p(u) € [0,1] for any u € RY, which is consistent with the lit-

erature on relative fairness measures (Donaldson and Weymark 1980, Mehran 1976). In particular, with a
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suitable choice of g, we have that p = 0 represents perfect equality while p = 1 represents perfect inequality
(see Proposition EC.3 and Corollary EC.1). Finally, since both v and g are continuous, p is continuous on
{u e RY | g(u) # 0} by definition in (EC.2). For example, if g(u) = C'1 " u for some constant C' > 0, then
p(u) is continuous on RY except at u = 0 (see Theorem EC.2).

It is clear from the definition of p in (EC.2) that one should carefully choose the normalization function
g such that p satisfies the desired set of axioms (i.e., NR, S, SCV, and SI). Hence, we next derive conditions
and provide guidelines for choosing the normalization function g. First, in Theorem EC.1, we provide

conditions on g such that p satisfies Axioms NR, S, and SI.

THEOREM EC.1. Let v : RY — R be a convex fairness measure and g : RY — R be a continuous func-
tion. Then, the relative convex fairness measure p = v /g satisfies Axioms NR, S, and SI if and only if g is

symmetric and positive homogeneous with g > v.

Theorem EC.1 provides sufficient and necessary conditions on g for which the relative convex fairness
measure p satisfies Axioms NR, S, and SI. Specifically, g belongs to the class of continuous and positive
homogeneous functions with g > v. Note that although the convex fairness measure v is Schur convex, the
relative counterpart might not. Thus, in addition to Theorem EC.1, we need to impose conditions on the
normalization function g to ensure that p is Schur convex. Theorem EC.2 provides a sufficient condition on

g such that p is Schur convex, and hence, satisfies Definition EC.1.

THEOREM EC.2. Letv: ]Rf — R be a convex fairness measure and g : Rf — R be a continuous function.
If g(u) = CNT withw = N-"S~ , for any C' > SUP e, || W+ || oor Where w = max{w, 0} with the
maximum taken component-wisely, then the relative convex fairness measure p = v /g satisfies Axioms NR,

S, SCV, and SI.

Let us provide an intuitive justification for choosing g(u) = C' Nu as suggested by Theorem EC.2. Let
u € RY with 1Tu =~ >0, i.e., the total impact on the N subjects is . Suppose that we can re-distribute
the + units of impact among the subjects. Then, wy,, = y/N - 1 minimizes v with vy, = V(Umin) = 0, and
Umay = (0,...,0,7)" maximizes v with vy = V(Uma) = Y SUP e, || W ]|. Thus, an intuitive way to
normalize v(u) such that 0 < p(u) <1 is as follows:

V(W) = Unin v(u) B v(u) B v(u)

(EC.3)

Viax = Vmin 7 SUDwew, [Willo  1Tu-supy ey, lwillse (N supyep, wlls) @

The denominator in (EC.3) takes the same form of g suggested in Theorem EC.2. Indeed, it is also common

in the existing literature to normalize a fairness measure by a function of the mean @ of u (Chakravarty
1999, Mussard and Mornet 2019, Zheng 2007).

Note that there are no general necessary conditions on g for the relative convex fairness measure p to be

Schur convex. In Example EC.4, we demonstrate that p can be Schur convex even for some non-convex and

non-concave g.
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Figure EC.2  Example of the normalization function g(u1,u2) = 2min{|u1 — uz|, (u1 + u2)/2} and the relative convex fair-

ness measure p(u1,uz2) = |u1 — uz|/g(u1,u2).

EXAMPLE EC.4. Consider the two-dimensional inequality measure v(uq,us) = |u; — uo| and the nor-
malization function g(u,us) = 2min{|u; — ual, (w1 + uz)/2}. By definition, g is symmetric and positive
homogeneous with g > v, and hence, p is symmetric and scale invariant by Theorem EC.1. Note that g
is neither convex nor concave, which can be observed in Figure EC.2 (the left plot). However, we can
show that the relative convex fairness measure p(u;,uz) = v(u1,us)/g(u1,us) is Schur convex. Indeed, it
is straightforward to show that the level sets of p, denoted as L5 = {(u1,u2) € R% | p(u1,us) < 3} for all

B > 0, are convex. Specifically,

{(Ul,UQ)ERilul :Ug}, lf,BE[O,]./2),
Lg= {(umm) eRZ ‘ %ul <up < %Uz} if Be[1/2,1),
R%, if pe[1,00).

In Figure EC.2 (the right plot), we show the contours of p, where the black dotted line represents the level
set with /3 € [0,1/2). This shows that p is quasi-convex, which implies that p is Schur convex (see Chapter 3
of Marshall et al. 2011).

Next, in Theorem EC.3, we show that if we restrict the normalization function g to be a function of the
mean @, then g(w) can only take the following form g(u) = C N7, i.e., a necessary condition on g for p to

be a relative convex fairness measure satisfying Definition EC.1.

THEOREM EC.3. Let v : RY — R be a convex fairness measure and g : RY — R be a continuous func-
tion. Suppose that g(u) = §(u) is a function of mean uw = N~* Zf\il u; of u. Then, the relative convex
fairness measure p = v /g satisfies Axioms NR, S, SCV, and SI if and only if g(u) = CN7u for any C >

SUDwew,, ||w+ Hoo
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Theorem EC.3 shows that if the normalization function g is a function of the mean w, then a linear
function in w is the only possible choice such that p satisfies Axioms NR, S, SCV, and SI. We can also see
from (EC.3) that g(u) = CNu with C' = sup,,¢y, ||w. ||~ is an intuitive choice.

Observe from (EC.3) that p(u) = 0 when the convex fairness measure attains its minimum value of zero,
ie., v(u) = v(upn) = 0, where uy;, € argmin{v(u) | 1w =~} for any v > 0. Thus, like other relative
fairness measures in the literature, p(u) = 0 implies perfect equality (Axiom NR). On the other hand,
p(w) attains its maximum value of one when the convex fairness measure attains its maximum value, i.e.,
V() = V(Umax ), Where tp,y € argmax{v(u) | 17w =~} for any v > 0. It follows that p(u) = 1 indicates

perfect inequality. We formalize the latter observation in Proposition EC.3.

PROPOSITION EC.3. Let v be a convex fairness measure and g(u) = sup,,cyy, ||w||-c Nu with @ =
Nt va_l u;. Then, the relative convex fairness measure p(u) =v(u)/g(u) =1 if and only if u € U* =
U, o U5, where Uy = argmax,, cgy {v(u) | 17u =~}

In Corollary EC.1, we show that under some additional mild assumption on v, the relative convex fairness
measure achieves its maximum p(u) = 1 if and only if u takes the form P(0,...,0,7)" € RY forany v > 0

and permutation matrix P.

COROLLARY EC.1. Let v be a convex fairness measure and g(u) = sup,,cy, |W+||ocNU with U =
N‘lzfv:lui. Assume that v(0,...,0,0,v) > v(0,...,0,v/2,v/2) for any ~v > 0. Then, p(u) =
v(u)/g(u) =1ifand only if u= P(0,...,0,7)" for any v > 0 and permutation matrix P.

REMARK EC.1. Note that the constant Wy, = SUP,epy, | W[ can be computed directly without
solving the supremum problem. Specifically, since v(u) = Sup,,cyy, Vw(u) (see Theorem 3), we have

v(0,...,0,7) = YWnax, Which implies wy. = (0, ...,0,v)/~ for any v > 0.

We close this section with Example EC.5, where we derive the relative counterparts of the deviation-based

fairness measures in Table 1 and make connections to existing relative fairness measures.

EXAMPLE EC.5 (RELATIVE COUNTERPARTS OF THE FAIRNESS MEASURES IN TABLE 1).

(i) Recall that measure (i) is order-based with w = (—1,0,...,0,1). Thus, we have w,,, = 1, and hence,
_v(u) _ uw) —uq

which is equivalent to the relative range (Cowell 2011). Note that (iii) is equivalent to (i) (see EC.1).

Thus, the relative counterpart of (iii) takes the same form as (i).
(ii) Recall that measure (ii) is order-based with w; = 2(2i — N — 1) for i € [N]. Thus, we have Wy, =

2(N —1), and hence,

v(u) ey e W —wl
2N(N —-1)u 2N(N —1)u ’

p(u) =

which is equivalent to the Gini index (Gini 1912).
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(iv) For measure (iv), we have wy,, = v(0,...,0,7)/vy=2[1 — (1/N)], and hence,

v(u) ZiE[N] |u; —l

plu) = 2(N—Du  2(N-La '

which is equivalent to the relative mean absolute deviation, also known as the Hoover index (Hoover

1936).
(v) For measure (v), we have Wy, = (0,...,0,7)/y=+/1—(1/N), and hence,

v(u) \/(N — 1)) e (Wi —w)?

p(U)Z\/N el T ,

which is equivalent to the relative standard deviation or the coefficient of variation (Cowell 2011).
(vi) For measure (vi), we have wy.x =v(0,...,0,v)/y=1—(1/N), and hence,

v(u) _ MaXie[y) |u; — |
(N—-1)u (N—-1)u

p(u) =

Note that measure (vii) is equal to [NV times measure (vi) (see EC.1). Thus, the relative counterpart of

(vii) takes the same form as (vi).
(viii) For measure (viii), we have wpy,, = v(0,...,0,7v)/v = N, and hence,

_ v(u) N Zie[N] max,e(n] |u; — u;

Pl = Fag = N2y
EC.5. Mathematical Proofs

In this section, we present proofs of the theoretical results in the order of their appearance.

EC.5.1. Proof of Proposition 1

(a) Axiom C. First, we claim that the sorting operator S : R — R that maps a vector u to u’ € RYY with
entries in ascending order is continuous. Consider two vectors u' and u? with ||[u! — u?||, =&, i.e.,
luj — | < e forall i € [N]. We claim that |uf,) —uf,| < ¢ for all i € [N]. To show this, suppose,
on the contrary, that |u, — uf;| > ¢ for some i € [N]. Consider the following two cases. First, if
uty <ufy —e, define J; = {my(1),...,ms(i)}, where my(k) is the index such that u?_, = uf,, for

k€ [N].Forall j € J,, we have
uy <uj +e <ufy 4 <ug, (EC.4)

where the first inequality follows from e = ||u' — u?||., and the second inequality follows from j €
J,;” - This contradicts that u;, is the ith smallest entry in w'. Similarly, if u?, > u(, + ¢, define J;" =

{my(3),...,mo(N)}. Then, following a similar argument in (EC.4), for all j € J;", we have

1 2 2 1
Uj > U; — € 2 Uy — € > U,
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which leads to the contradiction that w;, is the ith smallest entry in u'. Therefore,

N N
Vo (uh) = v (u?)| = | Y windy = 3w,
=1 =1

This shows that v, is continuous.

<D lwilfufy = uy] < wllil|u! — o).

(b) Axiom N. We first show that v,,(u) > 0 for any u € RY. Letting u() = 0, we can write

Zwul)_szZ UGy = Uj-1)] Z(ZW> uG) — UG-

j=1 i=j

. N
Since ) |;_, w; =0, we have

N
:Z<Z )%) U1y - (EC.5)

i=j
Since u(j) — u(j—1) > 0, to show that v,,(u) > 0, it suffices to show that Zf\ij w; > 0 for all j €
[2, N]z. We show ZZ\LJ w; > 0 by induction. When j = 2, since Zf\il w; = 0 and w; < 0, we have
2{2 w; = Z]\il w; — wy > 0. Next, suppose that ZZJ.V:j_l w; > 0. If w; > 0, then it is trivial that
Zf\]]w] >0 since 0 <w; <--- <wy and wy > 0. If w; <0, then Zf.vzjwi :Zij\;j_lwi —w;_1 >0
by induction hypothesis. This completes the induction step and shows that v,,(«) > 0. Finally, we
show that v,,(u) = 0 if and only if u = o1 for some o € R. If w = a1, then it trivial that v,,(u) =
aS>Y w; = 0. If v, (uw) = 0, by (EC.5) and ZZV:J w; > 0, we must have ug;) — u;—1) = 0 for all
J € [2, N]z, which in turn implies w1y = - - - = u().

(c) Axiom S. Symmetry follows directly from the definition of v,, that depends only on the order of u.

(d) Axiom SCV. Letting wy = 0, we can write

u)= Zwiu(i) = Z [Z(wj - “’j—l)] UGy = Z(wj —wj_1) [Z Uml
=w [ZU(Z') + Z(w] — ’LUj_l) [ZU(Z)] .

j=2
By definition, w! < u? implies Y~ u! = S>>~ w2 and S _up < Zf\;] u? for all j € [N]. Since

wj —w;_1 >0, we have vy, (u') <, (u?).

(e) Axiom TI. It is straightforward to verify that

N N
w(U+al) sz u(z)—i—a Zwiu(i)—i—aZwi:Vw(u)
=1 =1

(f) Axiom PH. 1t is straightforward to verify that

N N
= Z w; [au(i)} = Z Wil () = Ol ().
i=1 i=1

This completes the proof. [
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EC.5.2. Proof of Theorem 1

From the rearrangement inequality (Marshall et al. 2011), for any 7 € II, we have

N N N
D wayui <Y wiyuy =Y wig) = v (W),
=1 =1 =1
where the first equality follows from w; <--- <wy. 0O

EC.5.3. Proof of Theorem 2

Suppose that v is an order-based fairness measure with weight w. Then, v satisfies Axioms N, SCV, and
PH by Proposition 1. In addition, for any w € RY, ¢ € [0,u,41 — u;], and j € [N], since the order of the
entries in u + ce; are the same as that of u, we also have v(u + ce;) = v(u) + w; by definition of the
order-based fairness measure. If follows that v satisfies Axiom PA.

Now, suppose that v satisfies Axioms N, SCV, PH, and PA. Recall that Axiom SCV implies Axiom S,
i.e., v is symmetric. Thus, without loss of generality, we focus on the function v in the space Rf . We show

that v is an order-based fairness measure in two steps. First, we show that for any u € RY,
viu+ew) =v(u) +ev(w’), (EC.6)

forall j € [N]and ¢ >0, where w’ =) .~ ; €. To show (EC.6), applying Axiom PA iteratively, we obtain
that for all j € [N] and u € R?’,

N
=v(u)+e ij. (EC.7)
—

In particular, if we set w = 0 in (EC.7), this gives v(su’) = ¢ ZZ]\LJ w; for all j € [N], which implies that
v(w') = Zfij w; for all j € [N] by Axiom PH. Replacing ZfV:] w; in (EC.7) by v(eu’), we obtain the
desired equality in (EC.6).

Second, using (EC.6), we show that Axioms N, SCV, PH, and PA characterize order-based fairness mea-

sures. For any u € RY, we can write u as a linear combination of {u’ }é\’:l:

N
uzul'ﬂl+(U2—U1)'ﬂ2+"'+(uN—UN—1)'ﬂN:U1'ﬂl-i-z [(uj_uj—l)'ﬂj]'

=2
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Applying (EC.6) iteratively, we have v(u) = v(u; -@') + Z] ,(u; —u;_1)v(w’). Note that v(u, - u') =
v(uy -1) =0 by Axiom N. Thus, we have v(u) = Zi\; (u; —u;_1)v(w’). It follows that we can rewrite the
function v as v(u) = ZJ | whug, where w); = v(w) — v(@' ™) for j € [N — 1] and w) = v(u"). Hence,
to show that v is an order-based fairness measure, it suffices to show that w’ = (w},...,wh)" e W={w €
RN]ZZ Jw; =0, w; <+ <wy, wy <0, wy >0},
(a) First, we show that Z;\;l wj = 0. From the definition of wj), we have Zjvzl wi = v(@") +
SO (@) —v(@ )] =v(@') = v(1) = 0 by Axiom N.
(b) Second, we show that w} > w/_, for all j € [2, N]. Indeed, note that (w’~' +@’'*")/2 <@’ since
the vector (/' +@’™") /2 is obtained by transferring 1/2 from the jth to the (j — 1)th individual in
u’, where we let "' = 0. Axiom SCV implies that v ((w’~' +w’*")/2) < v(w’). Also, by (EC.6),
we have v((w " + @) /2) = [v(@W ') + v(@ )] /2. Therefore, we obtain v(w’' ") — v(uw’) <
v(@) —v(w'"), and thus, w} > w)_,.
(¢) Third, be definition, we have w} = v(u') — v(u®) = —v(w®) < 0, where the inequality follows from
Axiom N. Together with (a) and (b), we must have w’; > 0.
Therefore, we have v(u) = Z j—1 Wju; is an order-based fairness measure. Finally, note that we have
v(u') = Zl ;wj for all j € [N] from the first step of the proof, which implies w’ = w. This completes the
proof. [

EC.5.4. Proof of Theorem 3

It is easy to verify that (b) implies (c). We first prove that (c) implies (a). Suppose there exists a compact
set W, C {w € RY | 17w = 0} such that v(u) = Sup,,ey, Vw(u). We want to verify that v(u) is a convex
fairness measure satisfying Axioms C, N, S, TI, PH, and CV (Definition 2).

(I) Axiom C. From the proof of Proposition 1, for any {u',u?} C RY, we have |v,,(u') — v, (u?)] <

Jwl|1][u" —u?||. Hence,

() = v(u?)] = | sup v (ul) — sup vy, (u?)
wew wew
< sup [vi(u') = vy (u?)] < sup [lw]; - [[u' - u?||,
weWw weWw

where sup,, oy ||w||; < oo since W is compact. Hence, v is continuous in u.
(II) Axiom N. Since v,,(u) > 0 for any w € W by Proposition 1, we have v(u) > 0. Moreover, note that
v(u) = 0 is equivalent to v,, (u) = 0 for all w € W. By Proposition 1, v,,(u) =0 if and only if u = a1
for some a € R.
(IT) Axiom S. Symmetry holds since each v,,(u) is symmetric by Proposition 1.
(IV) Axiom CV. By Theorem 1, v,, is a maximum of linear functions. It follows that v,, is convex. Hence,

since v is a supremum of convex functions, v is also convex.
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(V) Axiom TI. By Proposition 1, for any o € R,
v(u+al)= sup v,(u+al) = sup v,(u) =v(u).
wew wew
(VD) Axiom PH. By Proposition 1, for any a > 0,
v(au) = Sup Vy(au) = a sup v, (u) = av(u).
weWw wew

Next, we prove that (a) implies (b). Note that by definition of convex fairness measures, v is proper,
continuous, and convex. By Fenchel-Moreau theorem, v/(u) = sup,,cpn {u'w —v*(w)}, where v*(w) =

Sup,ery {u w —v(u)} is the convex conjugate of v (Bertsekas 2009). We divide the proof into the fol-

lowing four steps.
» Step 1. By Axiom PH, we have for any o > 0,

vi(w) = SEuRIz)v {u'w—v(u)}

=@ sup { (Z) Tw —v (Z) } = sup {(W) w—v(u)} =av'(w),

where we apply a change of variable v’ = u/a. Thus, v*(w) equals 0 if w € dom(v*), and oo oth-
erwise. Note that dom(v*) = {w e RY | v*(w) <0} ={w e RY | w — v(u) <0, Vu e RN} =
0v(0), where v(0) is the subdifferential of v at w = 0. Therefore, the set dom(*) is closed, bounded,
and convex (see Proposition 5.4.2 of Bertsekas 2009). Thus, we have (%) = SUD,cqom () {uT'w}.

o Step 2. By Axiom TI, we have for any u € RY,

V' (w) = sup {u'w—v(u)} >sup{(a+al) w—v(u+al)}

ueRN acR

=sup{u'w—v(w)+ol w}.
acR

Therefore, if w € dom(v*), we must have 17w = 0.

* Step 3. By Axiom S, for any permutation matrix P € P (the set of all N x N permutation matrices),

v (Pw) = sup {u' (Pw)—v(u)}=sup {(P'u)"w—v(u)}

ueRN ueRN
= sup {(v) w—v(Pu)}= sup {(v) w—v(u)}=r(w),
u/eRN u/€RN

where we apply a change of variable 4’ = P "u. Thus, v* is also symmetric. That is, if w € dom(v*),
then Pw € dom(v*) for any P € P. As a result, dom(v*) = Upp{w € RY | W = Pw, w e W, }
with W, = dom(v*) NRY still being compact and convex. Hence, we can write
viu)= sup {u'w}= sup sup{u'(Pw)}= sup v,(u),
wedom(v*) weW, PeP weW,

where the last equality follows from Theorem 1.
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* Step 4. We have shown that if v satisfies Axioms C, S, CV, TI, PH, then v(u) = sup,,¢yy, Ve (®).
Therefore, we immediately have v(u) > 0 since v, (u) > 0. Moreover, by Axiom N, since v equals
zero if and only if u = a1 for some a € R. This implies that W, # {0} (otherwise, v(u) = 0 for any
u € RY).

To conclude, if v is a convex fairness measure, then v(w) = SUp,,cyy, Vw(w), where W, = dom(v*) N

RY C {w e RY | 17w =0} and W, # {0}. This completes the proof. ]

EC.5.5. Proof of Proposition 2

Since W, is compact and convex, we have w € conv(E(W,)). For any w € conv(E(W,)), we have

w= Zjil a;w’ for some K >0, w’ € E(W,), and a; > 0 with E;il a; = 1. Then,

N

N K ‘ K N ‘ K
v (1) = ) wig =) ( O‘@f) uw =)o <Zf53“<i>> =2 oy (u).
i=1 Jj=1 Jj=1 i=1 Jj=1

i=1
That is, v, (uw) is a convex combination of vg;(u) for j € [K]. As a result, we have v,(u) <
max;e(x] Vi (u). Hence, it suffices to consider the supremum over the set of extreme points £(W, ). Finally,

since vg = 0 is always dominated by v,, for any w # 0, we can consider the supremum over the set

EW,) \ {0}. This completes the proof. [J

EC.5.6. Proof of Proposition 3

(a) From Proposition EC.1 (in EC.1), both (i) and (iii) are equivalent t0o maxX;ec[nu; — MiNe[n) U; =
—u(1) + u(). Therefore, a dual set W, is given by the singleton {(—1,0,...,0,1) e RV}.

(b) From Mesa et al. (2003), we can write the Gini deviation (ii) as

N N N N
szz — u;l 222(22'— 1—N)ug :ngu(i),
i=1 j=1 i=1 i=1

where we let w; = 2(2i — 1 — N). Note that w} =2(1 — N) <0, wy =2(N — 1) > 0 and w] is
increasing in 7. Moreover,

iwgzzi(zi—1—N)=2[N(N+1)—N(N+1)]:o.

=1 =1
Therefore, a dual set W, is given by the singleton {w'}.
(c) Consider ||u —ul||, for some p € [1,00]. Let g be such that 1/p + 1/¢ = 1, where we let ¢ = oo if
p=1,and ¢ =1if p = oo. Since ¢, norm is the dual of ¢, norm,

|lu—al|,= sup (u—ul)'w'= sup u'(w-w1), (EC.8)

w’:flw']lg<1 w':flw'llg<1
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where W' = (1/N)1"w’. Note that (iv)—(vi) can be written as ||u —ul||;,

u—ullls, and ||Ju —ul ||

respectively. Thus, from (EC.8), the desired dual set is

N
1
w=w —-wl,w = NZM;, lw'l|, < 1}
j=1

N
1
w=w -wlw = NZU);, w'], <1, w G]R?'},

j=1

WV:SNﬁ{wE]RN

:{'weRN

where the last equality follows from the facts that 17w = 17w’ —w'(171) = 0, and w € R if and

only if w’ € RY.
(d) From Proposition EC.1 (in EC.1), (vii) is equivalent to N|u — ul||o.. The same argument in (EC.8)
shows that

N||u-ul|,= sup (u—ul)" (Nw)= sup u'(w —w1),

w':flw!||lg<1 w':[|[w[l¢<N

which gives the desired dual set W, .
(e) Finally, for (viii), let k = k(u) be the number of entries in w that are closer to u(), i.e., uu) — w1y <

u(ny — Uy for i € [k]. Then,

N
Z max u; — ;| = E [ue) —u@] + Y [uw —u)
’ i=1 i=k+1
k N-1
=[-(N=k) = 1uwy+ > (~Due + Y ug+ (k+ Dug).

=2 i=k+1
Note that k takes value in [N — 1] only, it suffices to consider w* with entries wf = —(N — k) — 1,
wh=---=wy=—-1,w}, =-=wk_, =1, and wf =k + 1. Moreover, it is easy to verify that if

there are £ entries in w that are closer to w(y), then v« (u) > v,n (u) for b # k. Indeed, if h < k, then

Vgok (1) — Vyn (1)

_ zk: [y — ug i [y = u] } {i ueny = U]+ i [um—uuﬂ}

i=1 i=k+1 i=1 i=h+1

- Zk: { N>—U<z)]—[u(z>—u(1]}>0

i=h+1

Following a similar argument, if h > k, we also have v, (u) — v,»(u) > 0. Hence, a dual set W, is

given by {w"}_ .
This completes the proof. [
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EC.5.7. Proof of Theorem 4

First, if W, = W, for some 3 > 0, then we have

vi(u) = sup ve(u) = sup vy,(u) =L sup v,(u) = Prs(u),
weWq wELWo weWs

implying the equivalence of v; and . Next, if v is equivalent to v, then v1 (u) = v, (u) for some 5 > 0.

From the proof of Theorem 3, we have

sup u' w=v(u)=Pr(u)=4 sup u w= sup u' w. (EC.9)
wedom(v]) wedom(vy) we B dom(vy)

As a result, (EC.9) implies that the support functions of the convex compact sets dom(v;) and §dom(v3)
are the same. Therefore, we have dom(v;) = 5 dom(v;) by Theorem 13.2 of Rockafellar (1970), and thus,
Wi =dom(v;) NRY = fdom(v;) NRY = W, O

EC.5.8. Proof of Theorem 5

From Theorem 1, we can write v(u) = maxpep u' (Pw), where P is the set of all permutation matrices

given by

P:{PERNXN

N N
> P;=1,) P;=1,P;€{0,1},Vic[N],j€ [N]}. (EC.10)
i=1 j=1

Note that the objective ' (Pw) is linear in P, and the constraint matrix formed by the assignment con-
straints in P is totally unimodular (Martello and Toth 1987). Hence, maxpcp ' (Pw) is a linear program
in variables P;; and we can take its dual as

max T (Pw)=  min {1T(>\+9) ‘ Xi+6; > ww;, Vi€ [N], j € [N]}. (EC.11)

PcpP AeRN, RN

Combining (EC.11) with the outer minimization over x and w in problem (4), we obtain the reformulation

in(5). O

REMARK EC.2. We note that a similar reformulation technique also appears in studies that optimize the
ordered-median function (see, e.g., Blanco et al. 2016). However, as pointed out in Section 4, our proposed
class of order-based fairness measures is different from the ordered-median functions. In particular, the
latter is a combination of the mean (an inefficiency measure) and an order-based fairness measure; see

Section EC.3 for a thorough discussion on the differences.
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EC.5.9. Proof of Proposition 4

First, note that we can relax the set of permutation matrices P in (EC.10) as

P:{PERNXN

N N
 Py=1,) P;<1,P;€{0,1},Vie[N],j€ [N]}-
i=1 j=1

Indeed, the first constraint requires that every column of P has exactly one entry with value 1 and the second
constraint requires that every row of P has at most one entry with value 1. Since P is an N-by-N matrix,
this immediately ensures that P has exactly one entry with value 1 in every row and column. As a result,
the dual variable \; associated with the second constraint is non-negative. Next, for a given u € RY, let P*
be an optimal solution to the primal problem maxpep u' (Pw) and (\*,0*) be an optimal dual solution.
Let {(i,7(7)) }ic(n be the set of pairs of indices such that P, =1 (and is 0 otherwise). Without loss of
generality, we can assume that there exists ¢’ € [V] such that Ay = 0. Indeed, if € := min;c;x) A7 > 0, then
(X, 8) defined by X; = ! — ¢ and 0; = 0 + ¢ for all i € [N] is another optimal solution to (5).

Now, we derive an upper bound on 6. By the complementary slackness condition, if Pl =1, then

)

we have \f 4 0* ) = Uiln(i) (i.e., with a zero slack variable), implying that ¢

(i = UjWra;) — Aj. Since
Af > 0, we immediately have 9;(1') S UWr(5) < UmaxWr (i), Where Up. = max;ecn) u;. Now, we derive an
upper bound on ;. Using 0;(1.) = U;Wx(;) — A; and letting 7 = 7 1(j), constraints (5b) implies that \} +
(Ur—105yw; — A;_l(j)) > uyw; for all 4 € [N] and j € [N], which is equivalent to A} 4 (ujwa;) — A}) >
u;we(j) for all i € [N] and j € [NV]. Hence, we have A} — A5 > (u; — u;)wq(;) for all i € [N] and j € [N].
Setting i = 7, since A}, = 0, the inequalities imply that A} < (u; — i )Wr(j) < (Umax — Unmin) || W for all
J € [N]\ {#'}, where U, = min, e[y u,. Finally, the lower bound of §; follows from the upper bound of \;
that 9;(1') = UWr(s) — Af > UiWr (i) — (Umax — Umin) || W] -

Note that the above lower and upper bounds on X and  are obtained by fixing a vector u € RY. Thus, the
desired lower bound follows from taking the infimum over all feasible u €U :={u e RY |[u=U(z), z €
X'} and the desired upper bounds follow from taking the supremum over all w € U. Thus, we obtain the

bounds on A

0 < )\z < Sug {umax - umin} . HwHoo < (Umax - Umm)HwHoo = X,
ue

the lower bound on 6
9]’ Z 'irellf/‘t {u‘n-*l(j)wj - (umax - umin) HwHoo} Z min {Umaij7 Uminwj} - X;
and the upper bound on 6
0; < sug {umaij} < max {Umaij, Uminwj}.
ue

This completes the proof. [
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EC.5.10. Proof of Proposition 5
By the LP reformulation of v,,x(w) in (EC.11), § > v« () if and only if there exist A* and 6* such that
Af 0% > wwh forall i € [N], i € [N] and § > 17 (A* + 6%). Therefore, by introducing the variables A*

and 6%, we can reformulate (9) into (10). [

EC.5.11. Proof of Lemma 1

First, note that

SUD V(W) — SUD Vg, (u)= sup inf {le(u)—VwQ(u)}

w1 EWq wo EWo w1 EW, wo €W
< sup inf [lw; —ws| - ullz < dg (Wi, Wa) - ||lull2,
wi EW, W2EW?2

where the first inequality follows from Cauchy-Schwarz inequality, and the second inequality follows from

the definition of dy. Next, using the same argument, we have

SUD Vg, (W) — SUP Vy,(w)= inf sup {Vw1 (W) = Vap, (u)}
w1 EW, wo EWo waEWs w1 EW,

>— sup inf [Jw, —ws| - |ullz > —dg (Wi, Wa) - [lull,.
wo €W, W1EWL

Hence, we obtain |v;(u) — va(u)| < dg (Wi, Ws) - [[ulls. O

EC.5.12. Proof of Theorem 6

First, we prove part (a). Note that

vi =i =min { f(U(@)) +722(U(@)) } —min { /(U (@) +y1 (U (@) }

xreX
< [FU@D) +7 swp v U@D)] = [FU@D) +7 sup vu(U(a1))] (EC.12a)
wEWy weW,
< AYUnaxdg Wi, Ws), (EC.12b)

where (EC.12a) follows from ] € X" and the optimality of 7, and (EC.12b) follows from Lemma 1. Using
the same logic, it is easy to verify that v} — vy < YUyuxd g (Wh, Ws). This completes the proof showing that
< AUnaxd g W1, Wh).

Next, we proceed to prove part (b). Note that

* *
|U1 — v}

v3 —vf =min { f(U(@)) +7(U (@) } —min { (U (@) + 11 (U(=))}
= [ F(U@3)) + 103 (U@3))| = [ SO @D) + vy (U (1) |
~{ [0 @) + )] - [F0ED) + )]}

+ { 7 U@) + s (U@D)] = [FU@D) + 0 (U (1) }
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S—Tzllmé—w1||§+7{ sup v, (U(2])) — sup uw(U(:c{))} (EC.13a)
weEWy weW,
< —mllxs — 235 + YU da (Wi, W), (EC.13b)

where (EC.13a) follows from (13), w; € W, and the optimality of w7, and (EC.13b) follows from Lemma
1. Using the same logic, it is easy to verify that v} — v} < —7 ||t — @33 + YUnaxd (Wi, Ws). Thus, we
have

0< vt — 3| < —min{r, m}|@} — 25|37 + VUnadir (Wi, Wa),

which directly implies the desired inequality (14). U

EC.5.13. Proof of Theorem EC.1

Note that it is straightforward to verify the sufficient part using the definition of p. Thus, we focus on the
necessary part. Assuming that p = v/g satisfies Axioms NR, S, and SI, we next show that g is symmetric
and positive homogeneous with g > v. For notational simplicity, we define Uy = {u | u = a1, « > 0} and
its complement U5 = RY \ Uy. We divide the proof into the following three steps.

* Step 1. First, consider u € US. By Axiom NR, we have p(u) > 0. Also, by definition of convex fairness
measures (Axiom N), we have v(u) > 0. Since 0 < p(u) = v(u)/g(u), we have g(u) > 0. Also, since
p(u) <1 by Axiom NR, it follows that g(u) > v(u) > 0 for any u € US. Now, consider u € Uy, i.e.,
u = u, = al for some « > 0. Consider the sequence {uf = [(a +1)/k,c,...,a] }reny CRY that
converges to u,, as k — oo. Since u* € US, we have g(ul) > v(u*) for all k € N. Taking limit k£ — oo
on both sides of the inequality, we obtain ¢g(u,) > v(u,) by continuity of g and v. This shows that
g=v.

e Step 2. Similar to step 1, consider u € U. As shown in step 1, we have p(u) > 0 and g(u) > 0.
Note that for any permutation matrix P, we have g(Pu) = v(Pu)/p(Pu) =v(u)/p(u) = g(u) since
p(Pu) = p(u) by Axiom S and v(Pu) = v(u) by symmetry of v. It follows that ¢ is symmetric.
Finally, if u € U, we can apply a similar limiting argument in step 1.

e Step 3. Similar to step 1, consider u € U{. As shown in step 1, we have p(u) > 0 and g(u) > 0. Note
that for any o > 0, we have g(au) = v(au)/p(au) = av(u)/p(u) = ag(u) since p(au) = p(u) by
Axiom ST and v(au) = av(u) by positive homogeneity of v. It follows that g is positive homogeneous.
Finally, if u € U, we can apply a similar limiting argument in step 1.

This completes the proof. [

EC.5.14. Proof of Theorem EC.2

First, note that g is symmetric and positive homogeneous. In addition, we claim that g(u) > v(u) for all

u € RY. To prove this claim, consider the following optimization problem:

N
max {l/(u) = sup Zwiu(i)

N
uGR+ weW, i=1

1Tu= 7} (EC.14)
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for any v > 0. It is easy to show that u’ = (0, ... ,0,7)T is an optimal solution to (EC.14) with objective
value v Sup,, ey, || W || Thus, for any v > 0 and w € RY such that 17w = ~, we have
v(w) <7 sup flw oo =Nt sup Jlw oo < ONT=g(u),

showing that g(u) > v(u) for all w € RY. Thus, by Theorem EC.1, p satisfies Axioms NR, S, and SL

Finally, we show that g satisfies Axiom SCV. Note that a function  : RY — R is Schur convex if and only
if h is symmetric and h satisfies the following condition: h(u?,) < h(u) for any u € RY and X € (0,1),
where u}, = Au+ (1 — \)uyp and wio = (ug,us, us,. .., uy) " (see Theorem 2.4 of Stepniak 2007). Since p
is symmetric, it suffices to show that p(u?,) < p(u) for any w € RY. Indeed, since 1" u}, =1Tu=1"uy,,
letting = 1"u /N, we have
udy) _ wlw) + (1= Nv(uss) _ v(u) _v(w)

Ay _ _
-~ CNp — CNpu ~ CNp  g(u) = p(w),

p(uiy)

where the inequality follows from the convexity of v, and the second equality follows from v(u2) = v(u)

(Axiom S). Hence, p is Schur convex. [

EC.5.15. Proof of Theorem EC.3

Note that we have proved the sufficiency part in Theorem EC.2, and hence, we only need to prove the
necessity part. From Theorem EC.1, we know that g is symmetric and positive homogeneous with g > v.
This implies that g : R, — R is also a (one-dimensional) positive homogeneous function. Theorem 2.2.1
of Castillo and Ruiz-Cobo (1992) shows that the only class of solutions of this homogeneous functional
equation is of the form g(u) = cu for some constant c. Finally, by Axiom NR, we have p(u) < 1, which
implies v(u) < cu. Recall, from the proof of Theorem EC.2, for any v > 0 and u € ]Rf such that ™1 =+,
we have v(u) < ysupepw, W ]|oo = N SUPeyy, |ws || - @. Thus, to ensure that p(u) < 1 forall u € RY,

we must have ¢ > N sup,,cyy, [|[w ||, O

EC.5.16. Proof of Proposition EC.3
Assume that w € U*. Let v = 1" u. Since u € U*, we have u € argmax{v(u’) | 17w’ = v}, which
implies that

v(w) > v(0,...,0,7) = sup s [y = sup e, w(17u) = glu) > 0.

weWy weWy
Thus, it follows that p(u) = v(u)/g(w) > 1. This shows that p(u) = 1.
Next, assume that p(u) = 1. From Theorem EC.3, we know that p(u) < 1 (Axiom NR). This implies that
the set of w € RY such that p(u) =1 is the set of the maximizers of p(u), i.e., u € arg maxuleRﬁ{p(u’)}.

Finally, note that

arg max {p(u/) = v(w) } =arg max{ v(w) } (EC.15)

u’ERf u’ERf SupwEWVHw'i‘HOO(]‘Tu/)
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= U argmax {v(u') [ 1Tu' =~} (EC.16)

N
~>0 ’U/E]R+

=Ju;=u-.

v>0
Here, note that the objective function in the maximization problem (EC.15) is a fraction with both nom-
inator and denominator being positive homogeneous. By classical fractional programming results, this is
equivalent to maximizing the nominator with a fixed value of the denominator (see Chapter 4.3 of Stancu-

Minasian 1997 for details), which leads to (EC.16). [

EC.5.17. Proof of Corollary EC.1

By Proposition EC.3, it suffices to show that 2} = {P(0,...,0,7)" | P € P} for all 4 > 0. That is, u =
(0,...,0,7) " is the unique maximizer to the optimization problem MaX,, ez N {r(w)| 17w =~, v eRY}
in which we seek to find the impact vector ' that maximizes the value of the fairness measure v. Suppose,
on the contrary, that there exists w € RY and i € [N — 1] such that p(u) = 1 with u; > 0 for all j € [i, N]z
and u; = 0 otherwise, i.e., w does not take the form (0,...,7)". Lety = 1"u. Define u' = (0,...,0,0,v)"
and u? = (0,...,0,7/2,7/2)". Consider the following two cases.

 If uy <+/2, we must have u < u?. By Schur convexity of v and our assumption that v(u') > v(u?),

we have v(u) < v(u?) < v(u'). Since 1Tu = 1Tu! = ~, we arrive at the contradiction that 1 =
plu) <p(u')=1.

o If uy > /2, we define the vector u € RQ’ by 4; =0forje [N —2],an_1= EN_

1 s JE—
=i Uy and uy = uy.

By construction, we have u < w and u = Au? + (1 — A\)u', where A =2(1 —uy/~) € (0,1). Thus, by
Schur convexity of v, convexity of v and our assumption that v(u') > v(u?), we have v(u) < v(u) <
Av(u?) 4+ (1= ANr(u') < v(u'). Again, since 1"u = 1Tu' =+, we arrive at the contradiction that
1=p(u) <p(u')=1.
Thus, this shows that p(u) = 1 if and only if w = P(0,...,0,7)" for any v > 0 and permutation matrix P.
O

EC.6. Solution Approaches with Convex Fairness Measures in Constraint
Form

In this section, we propose solution approaches for optimization problem of the form (3) with our pro-

posed convex fairness measures.

EC.6.1. Convex Fairness Measure

Using the dual representation of convex fairness measures (see Section 5), we can reformulate (3) into

min{f(u)‘uw(u)gn, VwEW,,,u:U(:c),meX}. (EC.17)

x,u
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Note that decision-makers typically specify the upper bound 7 on the convex fairness measure in (EC.17).
If they chose a very small 7, then (EC.17) could be infeasible.
Let us first consider the case when v is an order-based fairness measure, i.e., VW, = {w} is a singleton.

Using the same proof techniques of Theorem 5, we can reformulate (EC.17) as

minimize f(u) (EC.18a)

z, u, \eRN  9cRN
subject to 1T(A+6)<n, (EC.18b)
Xi 0y > uwy, Vi€ [N], i €[N], (EC.18c)
u=U(x), xeX. (EC.18d)

Second, when v is a convex fairness measure, we propose a C&CG algorithm similar to Algorithm 1
to solve (EC.17). Algorithm 1 summarizes the steps of this algorithm. In this C&CG, we solve a master
problem and a subproblem at each iteration. Specifically, at iteration j, we solve the following master
problem:

ring{f(u) ’ Vw(uw) <n, Vw e {w’, ..., w' '}, u=U(z), z € X}, (EC.19)
where {w”,...,w’~'} C W,. Following the same techniques in the proof Proposition 5, we derive the

following equivalent solvable reformulation of (EC.19):

minimize f(u) (EC.20a)

z, u, \éRN , RN
subject to 17N+ 6% <n, VEe€]0,j—1]z, (EC.20b)
N 08 >uwl, Vie[N], i €[N], ke€0,j—1]z, (EC.20c)
u=U(zx), xcX. (EC.20d)

Since only a set of weight vectors in W, is considered, the master problem (EC.20) is a relaxation of the
original problem (EC.17), i.e., the feasible region of (EC.17) is a subset of the feasible region of (EC.20).
Thus, if (EC.20) is infeasible, then we can conclude that the original problem (EC.17) is also infeasible.
Otherwise, with the optimal solution u’ from the master problem, we solve the same subproblem (11) and
record the optimal solution w’ € WV, and optimal value D?. Note that D7 = v(u/) is the value of the convex
fairness measure evaluated at w’. Thus, if D7 > ), the current solution (27, u’) is infeasible to the original
problem (EC.17), and thus we enlarge the set of weight vectors and proceed to the next iteration. Otherwise,

we terminate and conclude that (x7,u?) is an optimal solution.

EC.6.2. Relative Convex Fairness Measure

Recall that, in Section EC.4, we define a relative convex fairness measure by p(u) = v(u)/g(u) for
some convex fairness measure v and continuous normalization function g. Thus, the corresponding fairness-

promoting optimization model is

min {f(u) ] p(w) = v (1) /g(w) <1, Yw € W,, u=U(z), & € x}. (EC.21)
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Algorithm 1: A column-and-constraint generation (C&CG) method to solve (EC.17)
Initialization: Set LB =0,UB =00,e>0,j=1,w’eW,.

1. Master problem.
Solve master problem (EC.20) with weights {w", ... w’~'}.
If the master problem (EC.20) is infeasible, terminate and return the infeasibility of (EC.17).
Otherwise, record the optimal solution (7, u?).
2. Subproblem. Solve subproblem (11) for fixed u = u’.
Record the optimal solution w’ and value D7,
If D7 <1, terminate and return the optimal solution (x7, u?).
3. Scenario set enlargement.

Update j < j 4+ 1 and go back to step 1.

for some 1 > 0. From Theorem EC.1, the normalization function g satisfies g > v > 0. In particular, if

g(u) =0, we must have v(u) = 0. Therefore, we can reformulate (EC.21) into
min {f(u) ‘ V() <ng(u), Yw € W,, u=Ul(z), z € x}, (EC.22)

which takes the same form of (EC.17). Thus, we can apply similar solution approaches as in EC.6.1 to solve

(EC.22).

EC.7. Additional Computational Results for the Fair Facility Location
Problem

In this section, we provide additional results comparing the computational performance of our proposed
unified reformulations and solution methods and traditional techniques using a set of larger instances of the
fair facility location problem introduced in Section 8.1. Specifically, we follow the experimental settings
discussed in Section 8.1 to generate five random instances of each of following combinations of prob-
lem parameters: (a) (|I],]/|) = (60,40) with p € {13,10,8}, (b) (|Z],]J|) = (80,20) with p € {7,5,4},
© (|11,]J]) = (80,35) with p € {7,5,4}. These instances reflect realistic scenarios where the number of
customer locations is larger than that of potential facility locations, i.e., |I| > |.J|.

Tables EC.4-EC.5 present the minimum (min), average (avg), and maximum (max) solution time (in sec-
onds) of the generated instances solved using our formulations and traditional ones for the problem with the
MAD and Gini deviation, respectively. The observations are similar to those in Section 8.1. First, using our
unified reformulation and the proposed C&CG, we can solve all the generated instances significantly faster
than the classical reformulation techniques. Second, solution time increases as y decreases, i.e., when more

emphasis is placed on fairness. This suggests that the problem becomes more challenging when seeking
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Table EC.4 Solution time (in seconds) over five randomly generated instances with v € {0.3,0.2} using the absolute deviation

from mean (MAD). Note: Solution times with ‘>’ indicate that one or more instances cannot be solved within the

imposed two-hour time limit.

|I| =40, |J| =60 v=0.3 v=0.2
min avg max min avg max
p=13 C&CG Method 1 7 11 2 567 2340
Traditional Reformulation (16) 1 40 63 6 >5802 >7200
min avg max min avg max
p=10 C&CG Method 4 24 50 86 867 3263
Traditional Reformulation (16) 6 >1490 >7200 405 >4755 >7200
min avg max min avg max
p=28 C&CG Method 4 18 35 15 853 3377
Traditional Reformulation (16) 4 >1477 >7200 153 >4667 >7200

|[I| =80, |J| =20 v=0.3 v=0.2
min avg max  min avg max
p="7 C&CG Method 1 3 8 7 66 162
Traditional Reformulation (16) 1 5 15 4 >1613 >7200
min avg max min avg max
p=>5 C&CG Method 1 2 5 16 30 50
Traditional Reformulation (16) 1 5 14 17 110 216
min avg max  min avg max
p=4 C&CG Method 1 2 5 13 22 34
Traditional Reformulation (16) 2 4 12 15 114 251

[I| =80, |J| =35 v=0.3 v=0.2
min avg max  min avg max
p="7 C&CG Method 2 9 30 28 756 2055
Traditional Reformulation (16) 1 14 44 15 >3832 >7200
min avg max min avg max
p=>5 C&CG Method 1 5 14 14 551 1458
Traditional Reformulation (16) 1 45 144 218 >3673 >7200
min avg max  min avg max
p=4 C&CG Method 1 9 25 15 654 20064
Traditional Reformulation (16) 1 11 36 182 >3468 >7200

fairer decisions. Notably, the solution times of traditional approaches are substantially longer than our solu-

tion times when +y is smaller. Consider, for example, the largest instances with (||, |.J|) = (80, 35). We can

solve all the instances using our unified reformulations and C&CG method within two hours. Specifically,

the average solution using our approach ranges from 9 minutes to 13 minutes for the MAD with v = 0.2

and 12 minutes to 62 minutes for the Gini deviation and v = 0.3. In contrast, we are unable to solve a

large number of these generated instances within two hours using traditional reformulations (16) and (18).

For instances that were not solved by traditional formulations within two hours, the relative optimality gap

reported by the solver at termination ranges from 2.4% to 15.5%. Third, the gap in solution time between

the two approaches generally widens as p decreases, i.e., as the problem becomes more constrained. These

results further underscore the computational efficiency of our approach compared with traditional methods.
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Table EC.5 Solution time (in seconds) over five randomly generated instances with v € {0.4,0.3} using the Gini deviation.

Note: Solution times with ‘>’ indicate that one or more instances cannot be solved within the imposed two-hour

time limit.

|| =40, |J| =60 =04 v=0.3
min avg max min avg max
p=13 Our Reformulation (19) 39 49 62 79 584 1461
Traditional Reformulation (18) 4 72 271 53 808 1804
min avg max min avg max
p=10 Our Reformulation (19) 39 64 103 81 1569 4149
Traditional Reformulation (18) 14 137 269 292 >3020 >7200
min avg max min avg max
p=3_8 Our Reformulation (19) 17 108 207 72 936 1829
Traditional Reformulation (18) 16 309 820 278 >4183 >7200

|[I| =80, |J| =20 =04 v=0.3
min avg max min avg max
p="T Our Reformulation (19) 59 130 269 795 1800 3557
Traditional Reformulation 14 189 464 784 >2860 >7200
min avg max min avg max
p=>5 Our Reformulation (19) 56 225 742 406 1259 1982
Traditional Reformulation (18) 38 162 559 1051 1858 2916
min avg max min avg max
p=4 Our Reformulation (19) 52 87 134 127 336 745
Traditional Reformulation (18) 45 113 367 602 1076 2249

|[I| =80, |J| =35 =04 v=0.3
min avg max min avg max
p="7 Our Reformulation (19) 78 353 1282 1988 3694 5918
Traditional Reformulation (18) 65 418 1790 5450 >6683 >7200
min avg max min avg max
p=>5 Our Reformulation (19) 70 156 319 222 1863 5426
Traditional Reformulation (18) 44 648 1951 1107 >3970 >7200
min avg max min avg max
p=4 Our Reformulation (19) 70 126 217 143 740 1423

Traditional Reformulation 41 303 1106 490 >4558 >7200
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EC.8. Comparison with Lan et al. (2010)

In this section, we compare our proposed axiomatic approach for the class of convex fairness measures
(see Section 5) with Lan et al. (2010)’s axiomatic approach for a class of fairness measures in resource
allocation. Specifically, Lan et al. (2010) considered resource allocation settings where one wants to quan-
tify the degree of fairness associated with a given allocation vector u € RY (u; is the resource allocated
to subject 7). They construct a class of fairness measures {hy } yen for this setting based on a set of five
axioms and a generator function g, where g must be an increasing and continuous function that leads to a
well-defined mean function. To facilitate the discussion, we first summarize the axiomatic characterization
of Lan et al. (2010)’s class of fairness measures in Theorem EC.4 (we slightly modified Lan et al. (2010)’s

notation to align it with our notation for consistency).

THEOREM EC.4 (Theorems 1 and 2 of Lan et al. (2010)). There exists a unique set of fairness measures
{hn :RY — R} yen defined using a generator function g such that {hy } nen satisfy the following axioms:
1. Continuity: hy is continuous on Rf K
2. Homogeneity: hy(au) = hy(u) for all o> 0 with |hy(u)| =1 for all u > 0;
3. Asymptotic Saturation: imy o, hy11(1)/hn(1) =1;
4

. Irrelevance of Partition: for any u = (u',u?) € RY with u' € RM' and u? € R™?,
hy(u)=hy(1Tu', 1Tu?) - g7 <51 -g(hn, (u1)) + 52 'g(hNQ(Uz)))

for some {s1,s2} C R with s, + sy = 1, and continuous and strictly monotonic function g such that

m=g* <81 . g(th (ul)) + 59 -g(hN2 (ug))> is a mean function of {hy, (u'), hx,(u?)};

5. Monotonicity: hy(uy,us) is monotonically decreasing with |u, — us|.

As discussed in Lan et al. (2010), from any function g(-) satisfying Axiom 4, Axioms 1-5 generate a
unique set {hy } ven- Such hy is a well-defined fairness measure if it also satisfies Axioms 1-5. Hence, to
derive a closed-form mathematical expression of Ay that can be used in optimization models, one has to
choose a suitable generator function g and specify the values of {s;, s2} in Axiom 4 such that h satisfies
Axioms 1-5. Lan et al. (2010) focused on the special case where g(-) is a power function and derived the

mathematical expression of hy as shown in Theorem EC.5.

THEOREM EC.5 (Theorem 4 of Lan et al. (2010)). If the generation function g is chosen as the power
function g(y) = |y|? with parameter [ and coefficients s; = (1Tu')? /[(1Tu')? + (1Tu?)?] for p # 0 and
i € {1,2}, then Axioms 1-5 define a unique family of fairness measures as follows:

1

N 4 1-pr1 %
=3 (2 ) T

i=1 j=1Uj
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where r = (1 — p)/ 3 and sgn(-) is the sign function, i.e., sgn(a) =1 ifa >0 and sgn(a) = —1ifa <O0. In
particular, if v is chosen to 1, then
N 1-p

h(w) =sgn(1—8) | Y | =1

N
i=1 Zj:l u;

We are now ready to discuss the differences between our work and that of Lan et al. (2010). First,

hes [

we emphasize that our proposed unified framework for convex fairness measures and Lan et al. (2010)’s
axiomatic approach to fairness measures consider different classes of fairness measures and different set-
tings, and thus, there is no direct relationship between the two. As mentioned earlier, Lan et al. (2010)’s
axiomatic approach is based on the specific context of network resource allocation. Specifically, the out-
come vector u € RY in Lan et al. (2010) can be interpreted as the non-negative resource allocation decision.
In contrast, we propose a unified framework for a class of convex fairness measures suitable for various
optimization contexts, and thus, it applies to a broader range of applications. Moreover, while Lan et al.
(2010)’s approach is limited to settings where the outcome vector is non-negative, our unified framework
for convex fairness measures is applicable to general settings where the entries of the outcome vector can
be negative.

Second, Lan et al. (2010) considers fairness in a relative sense, i.e., their class of fairness measures
consists of relative measures (more on this below). In contrast, we consider convex fairness measures in
an absolute sense and also introduce their relative counterpart. Third, we observe the following differences
in the mathematical properties and interpretations between our convex fairness measure v and the fairness
measure hy:

* The fairness measure h may assume negative value depending on the choice of the generator function
(see Theorem EC.5). In contrast, the convex fairness measure v satisfies Axiom N, and thus, is always
non-negative. As discussed in Section 3, Axiom N has the following intuitive interpretation: v equals
zero implies perfect fairness or equality.

* A larger value of hy corresponds to a fairer distribution of outcomes. In contrast, a smaller value of
v means a fairer distribution of outcomes. In particular, while the equal distribution w = 1 maximizes
hy,ie., hy(1) = Max, cpN hx(w) (see Corollary 2 in Lan et al. 2010), it minimizes v, i.e., v(1) =
min, g~ v(u) = 0, both implying perfect fairness. Hence, by construction, the fairness measure hy is
Schur concave (see Theorem 3 in Lan et al. 2010), and our convex fairness measure v is Schur convex
(Axiom SCV).

Finally, Lan et al. (2010) considers a slightly different set of axioms to define their class of relative
fairness measures. In the following, we discuss similarities and differences between Lan et al. (2010)’s
axioms and some of those we use to define the class of convex fairness measures. (Recall that the class
of convex fairness measures is defined by Axioms C, N, S, TI, PH, and CV, and its relative counterpart is

defined by Axioms NR, S, SCV, and SI.)
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1. Continuity. This axiom is the same as Axiom C.

2. Homogeneity. This axiom is equivalent to scale invariance, i.e., Axiom SI, used in the definition of
the relative convex fairness measure (see Definition EC.1). As discussed in EC.4, this axiom charac-
terizes relative fairness measures and thus implies that Lan et al. (2010)’s class of fairness measures
{hx}nen is defined in the relative sense (see, e.g., Theorem EC.5). In contrast, we define the class of
convex fairness measures in the absolute sense and also derive its relative counterpart (which satisfies
Axiom SI) in EC 4.

3. Asymptotic Saturation. As pointed out in Lan et al. (2010), this is a technical condition and not a
known axiom for fairness measures. They adopt this condition to guarantee the uniqueness of the set
of fairness measures defined in Theorem EC.4.

4. Irrelevance of Partition. This is another axiom specific for Lan et al. (2010)’s class of fairness mea-
sures. It allows one to compute the value of the fairness measure of a high-dimensional outcome vector
(i.e., with a large number of subjects) recursively from that of low-dimensional outcome vectors (i.e.,
with smaller numbers of subjects). As Chen and Hooker (2023) pointed out, it is still unclear “how
one might assess whether the rather abstract axiom of partition is appropriate for a particular practical
application.”

5. Monotonicity. This axiom applies exclusively to the case where there are two subjects, i.e., N = 2.
Specifically, it indicates that h, decreases as the absolute difference |u; — us| increases. In other words,
a higher value of |u; — u,| implies a more unfair distribution of outcomes. Note that when there are two
subjects, our convex fairness measure v can be represented as c|u; — uy|, where ¢ is a positive constant
(see discussions after Theorem 4). Hence, v : R? — R, is monotonoically increasing with |u; — us|. It

follows that v(u) = c|u; — uy| satisfies the notion of monotonicity.

EC.9. Envy-Based Fairness Measures

In this section, we analyze a general class of envy-based fairness measures and derive conditions under
which a subset of them belongs to the class of convex fairness measures. Without loss of generality, we
consider u; as the positive impact on subject i € [IV], i.e., a larger value of u; is preferred.

We first introduce a general and classical class of envy-based fairness measures widely adopted in the
literature (Aleksandrov et al. 2019, Boiney 1995, Feldman and Kirman 1974, Tan et al. 2023). Let V; : R —
R be the utility function of individual ¢ € [N]. That is, V;(y) € R is the utility or value that individual 4
receives from a given impact y € R. We define the envy that ¢ has towards j for a given impact vector

u €RY as
0, if Vi(ui) > Vi(uy),
Vi(uy) = Vi(wi), if Vi(u;) < Vi(uy).
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Then, we define the envy-based fairness measure E : RY — R as the total envy:

Blu)=3_> ei(w) =33 (Vilw) = Vilw)), (EC.23)

In Theorem EC.6, we identify a set of envy-based fairness measures of the form (EC.23) that belong to

the class of convex fairness measures.

THEOREM EC.6. Assume that the utility function V; : R — R is continuous and non-decreasing for all
i € [N]. The total envy E : RN — R defined in (EC.23) is a convex fairness measure if and only if Vi(y) =
cy + V;(0) for some ¢ > 0 and for all i € [N], i.e.,

N N N N
E(u):cZZ(uj —ui)+:cz Z |u; —
i=1 j=1 i=1 j=i+1

Proof.  First, suppose that V;(y) = cy+ V' (0). We show that E'(u) defined in (EC.24) is equivalent to the
Gini deviation ¢%"(u) = ZZ\; Zjvzl |u; —

of E(u), we have

. (EC.24)

and thus is a convex fairness measure. From the definition

N N i1 N N
E(u):cZZ(uj—ui)+:cZZ(uj—ui)++cz Z (uj—ui)+
i=1 j=1 i=1 j=1 i=1 j=i+1
N N N N
:cz Z (u] ul)Jr—i—cZ Z (u] ul)+
j=1 i=j+1 i=1 j=i+1
N N
—e3 3 [ommw), (o)
i=1 j=it1
N N
:cz Z ‘uj—ui (EC.25)
i=1 j=it1
oL & c .
=35 ;; |y — | = 29" (),

where (EC.25) follows from the equality (a) + (—a), = |a| for any a € R. It follows that E/(u) in (EC.24)
is a convex fairness measure.

Now, suppose that E defined in (EC.23) is a convex fairness measure. We will show that V;(y) = cy +
V'(0) for some ¢ € R and for all 7 € [IV] in two steps.

Step 1. Consider any (a,b) € R% Let w = (a,b,b,...,b)" € RY and its permutation u' =
(b,a,b,...,b)" € RY. By Axiom S, we have E(u) = E(w’'). This implies that

N =1)- (A®) Vi) + (Val@) = Va() = (N =1)- (Vab) - Va(@) _+ (Vala) ~Vah))

(EC.26)

+ +

for any (a,b) € R?. Consider the following three cases.
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* Suppose that V1 (b) — Vi (a) > 0. Note that if V5(a) — V,(b) > 0, the left-hand-side of (EC.26) is strictly
greater than zero while the right-hand side of (EC.26) equals zero, which is a contradiction. Therefore,
we must have V5 (a) — V,(b) < 0. It then follows from (EC.26) that V;(b) — Vi (a) = Va(b) — Va(a).

* Suppose that V;(b) — V;(a) < 0. Note that if V5(a) — V5(b) < 0, the left-hand-side of (EC.26) equals
zero while the right-hand side of (EC.26) is strictly greater than zero, which is a contradiction. There-
fore, we must have V,(a) — V5(b) > 0. It then follows from (EC.26) that V3(a) — Va(b) = Vi(a) — Vi (D).

* Suppose that Vi (b) — Vi(a) = 0. It then follows from (EC.26) that (Va(a) — Va(b)), = (N —1) -
(Va(b)— ‘/Q(Cl))+, which implies V5 (a) — V,(b) = 0. Thus, we also have V3 (a) — V2(b) = Vi (a) — Vi (b).

Combining the three cases, we have that (EC.26) implies V;(b) — Vi(a) = V5 (b) — Va(a), or equivalently,
(V1 — Vg)(b) = (V1 — Vg)(a) for any (a,b) € R?. This shows that V; — V; is a constant function, i.e.,
Vi — Vo = 15 for some 715 € R. Repeating the same argument, one can show that for any ¢ € [N] and
j € [N]\ {i}, we have V; — V; = 7;; for some 7;; € R. That is, we have V; =V + 7; for some function
V:R — R and 7; € R for all i € [N]. Note that since V; is non-decreasing by assumption, V' is also non-

decreasing. We can now write the fairness measure E in (EC.23) as

-

E(u) P (V(wy) =V (ui)),
- Z > (Vi) = V(w)), + Z Z (V(uy) = V(w)), (EC.27)
=2 D V(W)= V(w)l, (EC.28)

where (EC.27) follows from the equality (a) + (—a), = |a| for any a € R.
Step 2. Consider any (a,b) € R%. Let w = (a,b,b,...,b)" € R". From Axiom TI, we have E(u + al) =
E(u) for any a € R. It follows from (EC.28) that

V(a+a)=V(b+a)|=|V(e) = V() (EC.29)
for any (a,b) € R? and o € R. By setting o = —b, (EC.29) implies that
[V(a—b)=V(0)|=|V(a) - V(b)| (EC.30)

for any (a,b) € R?. Consider the following two cases.
* Suppose that a < b, or equivalently, a — b < 0. Since V' is non-decreasing, we have V' (a) < V' (b) and
V(a—b) <V(0). Therefore, (EC.30) reduces to V(0) — V(a —b) =V (b) — V(a).
* Suppose that a > b, or equivalently, a — b > 0. Since V' is non-decreasing, we have V' (a) > V' (b) and
V(a—0b) >V (0). Therefore, (EC.30) reduces to V(a —b) — V(0) =V (a) — V().
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Combining the two cases, we have that (EC.30) implies V (a — b) = V' (a) — V' (b) + V(0) for any (a,b) €
R2. Note that this is a one-dimensional generalized Cauchy functional equation. Since V' is continuous, it
follows from Corollary 2.4.1 of Castillo and Ruiz-Cobo (1992) that V' (y) = cy + V'(0) for some c € R, and
thus Vi(y) =V (y) + 7. = cy + V(0) + 7; for all i € [N]. This shows that V;(y) = cy + V;(0) for all i € [N].
Finally, since V; is non-decreasing, we have ¢ > 0. Plugging V;(y) = cy + V;(0) for all i € [N] in (EC.23),
we obtain E(u) =3, Zj\;iﬂ |u; — u;| as in (EC.24). By Axiom N, E(u) = 0 if and only if u = o1

for any o € R, which implies that the parameter ¢ should be strictly greater than zero. This completes the

proof. [

We remark the following on the utility function V;. First, the assumption that V; is non-decreasing is
mild. In particular, it is reasonable and common to expect that the utility individual ¢ receives, denoted
as Vi(y), is non-decreasing with the (positive) impact vy, i.e., V;(y1) > V;(y2) if y; > y2. Second, several
studies have adopted affine utility functions in optimization models of the form (1) (see, e.g., Blanco et al.
2024, Chanta et al. 2011, 2014, Espejo et al. 2009). In such settings, the function U can be interpreted as the
utility function, i.e., u = U () computes the utility of the subjects. Finally, we note that for the envy-based
fairness measure, F'(u), to be a convex fairness measure and satisfy Axiom S—which stipulates that the
perceived degree of fairness should not depend on the identity of individuals—the proportional constant ¢
in the utility function V;(y) = cy + V;(0) must be identical for all < € [N]. That is, the additional utility or

value an individual receives due to a unit increase in y is the same for all individuals.

EC.10. Fairness-Promoting Optimization Models Based on the Rawlsian
Principle
In this section, we discuss how our unified framework can be leveraged to analyze fairness-promoting
problems incorporating the Rawlsian principle (Chen and Hooker 2023, Karsu and Morton 2015, Shehadeh
and Snyder 2023). Let us consider the following Rawlsian-based fairness-promoting optimization model:
max{m[iNn]{ui} ‘ u:U(m),meX}. (EC.31)
T, u 1€

Formulation (EC.31) finds « and u that maximize the minimum (positive) outcome across the /N subjects.
Note that we can equivalently rewrite (EC.31) as follows:
min { — min{u,}

T, u 1€[N] T, u 1€[N]

u=U(x), x € X} = min { max{—u; } ’ u=U(x), x € X}. (EC.32)
Letting = N (17 u) be the mean of u, we can rewrite the objective function in (EC.32) as

max{—u;} = T+ max{—u; + U} = f(u) +v(u),

where f(u) = —u and

- ;4T =T — min{u,}. EC.33
v(u) g%{ ui+ut="u ;ne[ljg]{u} ( )
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Note that minimizing f(uw) = —u is equivalent to maximizing the average outcome. Thus, f(u) represents
an efficiency measure. It is straightforward to verify that v in (EC.33) satisfies Axioms C, N, S, TI, PH,
and CV. Thus, v is a convex fairness measure (see Definition 2). Therefore, we can rewrite the objective of
the Rawlsian optimization model in the form (EC.32) as the sum of an efficiency measure f and a convex
fairness measure v. Hence, one can use our proposed unified framework for solving and analyzing the

Rawlsian optimization problem of the form (EC.31).
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