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APPENDIX
Proof of Lemma 1

For simplicity, we rewrite Equation (2) as two different equations:
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forn, > 1, and
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for n, = 0.
For state (0,0), by substituting n, =0 in (11) we get
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which, after rearranging gives:
1 1
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Ha MUt
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This reflects the reward R minus the expected cost of time in service for a joining customer, which they

undergo sequentially, with no delays, since the system is empty.

In state (0,n),n; > 1, after joining, a customer starts service in admission, and waits in expectation

1/(ps + pa) units of time until the first among the admission and the treatment server completes its current

service. If service in the treatment queue finishes first, the expected remaining wait time is exactly the same

as in joining the system at state (0, n, — 1). However, if the admission server finishes first, then the customer

joins the treatment queue with n, customers in it, unless ny > IV, in which case they balk with no additional

utility. Thus,
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where the second equality follows from the definition of IV, hence Equation (11).

In state (n,,0) where n, > 1, the next event must be a completion in the admission queue, and by the

same argument as above, we have

u(n,,0) = - +u(n, —1,1).
[t

which is equivalent to
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as obtained by substituting n; = 0 in Equation (10).
Finally, in state (n,,n.) where n, > 1,n, > 1, if the next event is a completion in the admission queue,
the customer leaving the admission queue will join the treatment queue if ny < N, otherwise they balk.

Thus,

-C a
a u(na_lant+ﬂ{nt<N})+

w(Na,ny) = +
Mt + Ha He + Ha He + Ha

Proof of Proposition 1

We prove each property by induction on n, and ny, starting with property (2) and then proving properties
(1) and (3). In each proof, at the induction step, we assume N > 2, otherwise for N = 1 the proof follows

trivially from the base case.

Proof of Property (2)
Base case (n, = 0): We first show that u(0, N) < u(0, N — 1) < --- <u(0,0) which we establish by induc-

tion on 7.
(1) When n; = 0, we compare u(0,0) and «(0,1). By Lemma 1, with 4(0,0) = R — C/ . — C/p, > 0,

we have

-C Ha 2 1" s
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(2) Fix ny < N — 1 and suppose that u(0,n,) < u(0,n, — 1). We next show this implies u(0,n; + 1) <
u(0,n¢). Recall by the definition of N that R > NC/ ., hence R > (ny + 1)C/ 1. Thus,

C . 2 1F
uw(0,n +1) = — S u(0,n) + a [R Mt C’]
e A e Het + Ha I
C a 1
< - SR u(0,n¢) + a <R Mt C’)
He & o He T+ Ha H =+ fha Het
C a 1
< — SR u(O,nt—1)+'u<R—nt+ C’)
e A e e + fa Ht
= u(0,ny),

where the inequality follows the hypothesis u (0, n;) < u(0,n; —1). Hence, u(0, ny) > u(0, n + 1) for every
ne <N —1.

Induction step: Fix n, > 0 and assume the induction hypothesis that u(n,, N) < u(n,, N —1) < --- <
u(na,0). We shall show this implies u(n, + 1, N) <u(n, +1,N —1) <--- <u(n, + 1,0). We prove this

by induction on 7.
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(1) When n, = 0, we need to show that u(n, +1,1) < u(n, + 1,0). Noting that u(n, +1,0) = —C/p, +
u(Na, 1), from Lemma 1,

—-C .
+F u(ng,2) + fe
U S U T TN P+ fa

-C a -C
< +r u(na, 1)+ fe < + u(na, 1)>
Kt + Ha Kt + Ha Kt + Hea, Ha

u(n, +1,0)

u(n, +1,1) =

—C +u(n,, 1) =u(n, +1,0),

a

where the inequality follows the hypothesis on n,, i.e., u(n,,2) < u(n,,1).
(2) Fix ny < N —1 and suppose that u(n, + 1,n;) < u(n, + 1,n; — 1). We next show this implies u(n, +

1,n¢+1) <u(n,+1,n). Indeed, by Lemma 1,

—C Ha
u(n,+1,n;+1)= + u(na,ng+1+ 1y, + u(n, +1,n
( = e T e tnerrany) 2
—C fha H
< + u(na,ng+1+ 1y, + u(n, +1,n,—1
o L L)+ L= 1)
—C Ha [t
< + —u(Na, e + Ly + u(n,+1,n; —1
it g e L) o =)
=u(n, +1,m).

The first inequality above follows the hypothesis on ny, i.e., u(n, + 1,n;) < u(n, + 1,n, — 1). The

second inequality follows because for ny = N —1,
U(1a, s + 1+ Linr1<ny) = u(na, N) = u(na, ne + L <ny),
whereas for n, < N — 1, the hypothesis on n,, that is u(n,, N) < --- < u(n,,0), implies
W(Na, e + 14+ L y1<ny) = w(Na, 1y +2) <u(na,ne +1) = u(na, ng + L <ny)-

This concludes the proof of the second property in Proposition 1.

Proof of Property (1).

Base case (n, = 0): We first show that u(1,n.) < u(0,n,) for every n, < N which we establish induction

on n;.

(1) When n; =0, we need to show that u(1,0) < u(0,0). By Lemma 1 we obtain

+u(0,1) <

Ha Ha

u(1,0) = +u(0,0) < u(0,0),

where the first inequality follows from part (2) which we proved previously.
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(2) Fix ny < N — 1 and suppose that u(1,n;) < u(0,n,). We next show this implies u(1,n, + 1) <
u(0,ny + 1). Note first that for any n, < N, when joining at state (0, n;), a customer must wait at least
the time of n, + 1 treatment services to receive the reward, which in expectation takes (n; + 1)/
units of time, hence u(0,n;) < [R — (n, +1)C/u,]". Using Lemma 1 and rearranging we then get

-C . 2 17
+ - {R—”ﬁ C’] +
Mo+ fla He T fa M Mt + [

u(0,ny +1) = u(0,ny)

—C . 2 1"
Mt M e
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Thus, again by Lemma 1,
u(l,ng+1) = —C + Ha w(0,n + 14+ L y1ony) + He u(1,ny)
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where the first inequality follows the hypothesis on n, namely u(1,n,) < w(0,n; ), and the second inequality
follows part (2) of the proposition which we proved previously.

Induction step: Fix n, > 0 and assume the induction hypothesis that u(n, + 1,n;) < u(n,,n,) for every
ny < N. We shall show this implies u(n, + 2,n;) < u(n, + 1,n;) for every n, < N. We prove this by
induction on ny.

(1) When n; = 0, we need to show that u(n, +2,0) < u(n, +1,0). By Lemma 1 we obtain

u(n, +2,0) =

+uln,+1,1) <
/~Lt+,u/a Nt+ua

where the first inequality follows from part (2) of the proposition which we proved previously.

+u(n, +1,0) <u(n, +1,0),

(2) Fix ny < N — 1 and suppose that u(n, + 2,7n;) < u(n, + 1,n,). We next show this implies u(n, +
2,ny+1) <u(n, +1,n, +1). By Lemma 1,
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where the first inequality follows the hypothesis on n, namely u(n, + 2, n;) < u(n, + 1,n;), and the
second inequality follows the hypothesis on n,, namely, u(n, + 1,n;) < u(n,,n;) for all ny < N.

This concludes the proof of the first property in Proposition 1.

Proof of Property (3).
Base case (n, = 0): We first show that u(1,n;) < u(0,n, + 1) for every n, < N — 1 which we establish

induction on 7.
(1) When n, = 0, we need to show that u(1,0) < w(0,1). Indeed, by Lemma 1, u(1,0) = —C/u, +
u(0,1) <u(0,1).
(2) Fix ny < N — 2 and suppose that u(1,n,) < u(0,n, + 1). We next show this implies u(1,n, + 1) <
u(0,ny +2). By Lemma 1,

—C .
u(l,ng+1)= TR u(1,my) + a u(0,n, +2)
s S T T K + Ha
—C .
< e uw(0,ny +1) + a u(0,n + 2)
T S T ST Mt + Ha
-C a 3 1"
< + o n 1)+ 2 [R—n”L C]
[ o R T S U M+ Ha o
=u(0,n¢ +2),

where the first inequality follows the hypothesis on n, i.e., u(1,n;) < u(0,n; + 1), and the second
inequality follows from u(0,7,) < [R — (n¢ +1)C/p]" for all n, < N as shown in the proof of part
(1.
Induction step: Fix n, > 0 and assume the induction hypothesis that u(n, + 1,n;) < u(n,,n; + 1) for every
ny < N — 1. We shall show this implies u(n, + 2,n;) < u(n, + 1,n; + 1) for every n, < N. We prove this
by induction on ny.
(1) When n; = 0, we need to show that u(n, + 1,0) < u(n,,1). Indeed, by Lemma 1, u(n, + 1,0) =
—C'/pa +u(ng, 1) <u(ng, 1).
(2) Fix ny < N — 2 and assume u(n, + 2,n;) < u(n, + 1,n; + 1). We shall show this implies u(n, +
2,n+1) <u(n, +1,n,+2)
Mt_+CMa * Kt lj‘tﬂaU(nl T2+ Kt /fﬂa

-C .
< T u(n, +1,n+1)+ o
e VP P U e + fa

-C N
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=u(n, +1,n, +2).

u(n, +2,n+1)=

u(n. +1,ny+2)

u(ng +1,ny +2)

u(naa s + 2 + ]l{7r,t+2<N}>

The first inequality follows the hypothesis on ng, namely u(n, +2,n;) < u(n,+1,n,+1). The second

inequality follows because when ny = N — 2, according to part (1) which we proved previously,

w(na + 1,0 +2) =u(n, +1,N) <u(na, N) =u(na, ng + 2+ Ln, 12<ny),
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whereas for ny < N — 2, the induction hypothesis on n, implies
u(na + 17 Ty + 2) < u(na7 Ty + 3) - u(na) Ny + 2 + ]]-{nt+2<N})’

This concludes the proof of the third property in Proposition 1.

Proof of Lemma 2

Recall that a customer, upon transitioning to the treatment queue, balks when they observe N customers in
it. We first argue that when IV customers (or more) are awaiting in treatment, a customer will not join the
admission queue either.

Consider a tagged customer commencing service in the admission queue when there are N customers in
treatment. Let this tagged customer’s (remaining) service time in admission be S, and denote the (remain-
ing) service times of the customers in treatment by 77,...7Ty, with Ty, being the service time of the
tagged customer should they join the treatment queue. Then, assuming the customer in admission never

balks, their wait time is given by:

N
Srs
=1

where the inequality holds with probability 1. Taking expectation on both sides and multiplying by C we

N+1

+ N
+ Ty 285+ ) T=S+Tnn=) T

=1 i=1

S+

see that the tagged customer’s total waiting cost is bounded from below by C'(N + 1)/u., where we have,
by definition of N, that C'(N + 1)/, > R. Hence, in equilibrium, a customer would not join the admission
queue when the system is at state (0, V). Furthermore, by diagonal monotonicty (Proposition 1 Item 3),
joining at any state (k, N — k), k=1,..., N yields even less utility and therefore is undesired. It follows
that in equilibrium, the total number of customers never exceeds IV, and as a result, customers never balk

when transitioning from admission to treatment.

Proof of Theorem 1

For each possible state (n,,n;), the expected utility u(n,,n;) is determined uniquely by Lemma 1. There-
fore, a unique equilibrium (dominant) strategy exists, prescribing joining at state (n,,n;) if and only if
u(na,ny) > 0. In particular, if (n,,n) satisfies u(n,,n;) > 0, then by Proposition 1 properties 1 and 2,
u(na, — k,ny — 1) >0 for all k € [0,n,], [ € [0,n,], hence, the equilibrium strategy is a two-dimensional
threshold strategy.

Next, we prove the sum-strategy condition. By Proposition 1 property 3 (diagonal monotonicity) and the

definition of N, (0), for any k € [0, N;(0)]
U(Nt(O) —k, k) < u(07 Nt(o)) <0,

hence, customers do not join at state u(N;(0) — k, k). Suppose that u(N;(0) — 1,0) > 0. Then once again
using Proposition 1 property 3 we obtain u(N;(0) —1—k, k) > u(N;(0)—1,0) > 0 forall k € [0, N, (0) —1].

Thus, in equilibrium, a customer joins the system at state (n,,n;) if and only n, +n, < Ny(0) — 1.
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Proof of Proposition 2

The fact that customers do not renege from the treatment queue is directly implied by Naor (1969). In the
proof we shall show that a customer will not renege from the admission queue as well.

Consider a customer who is waiting in the admission queue at time %y, and let ¢; > ¢, be a time instant
when the customer was still in the admission queue. From this customer’s perspective, the length of the
treatment queue at times ¢, and t; are a random variable, which we denote by Y and Y1, respectively.

Let n’0 and n!! denote the number of other customers ahead of the tagged customer in the admission queue

at time instants t, and t,, respectively. We recall that by assumption, the tagged customer observes both n
and n’!. Consider an arbitrary time point ¢; > t, such that the customer was still in the admission queue. To

prove that this customer will not renege, we need to show that
E [u(n, Y")] <E [u(n',Y"),], (12)

where the expectations in the left- and right-hand sides are taken over the random variables Y1 and Y,
respectively.

Among those who arrived before the discussed customer, let d = n!0 — n!l > 0 represent the number of
customers who departed from the admission queue during time interval (¢, ¢;]. Out of those customers, let
B represent the number of customers who left the admission queue but did not join the treatment queue
(that is, either balked or reneged). Thus, B is a random variable taking values in {0,1,--- ,d}. Let D be
the random variable which represents the number of departures from the treatment queue during the time
interval (¢o,t;]. Hence, we have Yt =Y" + d — B — D > 0 (with probability 1). By nonnegativity of B
and D, we have

(Yo = B—D)" <, Y,
Therefore, because u(n,,n;) is non-increasing in n; as shown in Proposition 1, we have
E[u(nfo,Y")] <E [u(no, (v~ B-D)")]. (13)
In what follows, we claim that
E [u (n;0, (vto —B—D)*)} <E [u(nfr,Y")] . (14)

Together with Eq. (13), we then establish Eq. (12). We shall now prove Eq. (14). From the Law of Total

Probability we have

E|u(nio, (v~ B=D)")| =E |u(nte, (v —a) )]

Z w(no, 0)P[Y" =m] +Z (nlo,m—d)P[Y" =m],

0<m<d m>d
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and

E [u(nit, ¥')] = [u(nf? - d.Y)] = 3 u(nl? — d,m)BY" =]

m>0

To establish Eq. (14), we show that u(nf0 —d, m) > u(n',0) if m < d and u(n'® — d,m) > u(n'®,m —d)
ifm>d:

Case I: If m < d, by diagonal monotonicity of u(n,,n,) shown in Proposition 1, we have u(n' —d,m) >
u(no —d+1,m—1)>--- >u(nlo —d+m,0). If m = d, then we are done; otherwise if m < d, we further
have u(n0 —d+m,0) > u(nfo —d+m+1,0) > --- > u(nf0,0), because u(n,,n;) is non-increasing in
N, as shown in Proposition 1.

Case II: If m > d, again by diagonal monotonicity, we have u(n‘® —d,m) > u(n'c —d+1,m—-1)>--- >

u(nlo,m—d).

Proof of Proposition 3

The proof of Proposition 3 relies on Lemma 5 which we state and prove below. Throughout the proof,
we assume p as arbitrarily fixed, therefore we omit it from the notation. Unless otherwise specified, when
comparing random variables defined on the same probability space using standard equality/inequality signs,
we mean ‘with probability 1’. For a random variable Z and an event A we consider [Z | A] an arbitrary
random variable whose distribution is the conditional distribution of Z given A.

To state Lemma 5, let {(X (¢),Y(¢)) };>0 represent the system state process over time, with X (¢) and
Y (t) being the admission and treatment queue lengths at time ¢, respectively. To clarify, we make the typical
assumption that X (¢) and Y (¢) are right-continuous with left limits (RCLL), thus, if ¢ is a time of an event
in the system, (X (¢), Y (¢)) is the system state after that event materializes. We denote the left limits of X (-)
and Y (-) at ¢ by X (t—) and Y (t—), respectively. Let also the pair of random variables (X, Y") represent the
stationary counterpart of (X (¢),Y (¢)), meaning that (X (¢),Y (¢)) converges to (X,Y") in law as ¢t — co.

LEMMA 5. For every state n, € {0, ..., N,(p) — 1},
V| X =n] <[V | X =0+ 1]+ 1, (15)

where < denotes inequality in the usual stochastic order sense.

Proof: We prove Lemma 5 by induction on n,, starting with the base case, n, = 0. Suppose the system
is stationary and assume at some arbitrary instant ¢, a customer arrives and finds O other customers in
admission (so that X (t—) = 0). Note that an arrival to the system at time ¢ does not change the length at the
treatment queue, thus, Y (t) =Y (t—) =, [Y | X = 0], where = denotes equality in law. Let ¢’ € (—o0,t)
denote the time of the last admission-service completion prior to time ¢. Thus, a moment before ¢/, the

length of the admission queue was 1, namely, X (f'—) = 1. Because the system process is stationary and
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Markov, it can be assumed that at that moment, shortly before ', the (random) treatment queue length was
stationary, i.e., Y (t'—) = [Y | X = 1]. Note that at time t’, the treatment-queue length increases by 1 if
(and only if) Y'(¢'—) < N. Denote by D, ;) the number of departures from the treatment queue during the

time interval (¢',¢) which is non-negative. Hence, we have
Y [X=0=Y(t)=Y({t'-)+Liyw—yeny =Dy <Y({t' =)+ 1= [Y | X =1]+1,

which proves the base case.

For the induction step, consider now n, € {1,..., N,(p) — 1}, and assume the induction hypothesis that
Y[ X=n,—-1<4[Y| X =n.+1.

We next show this implies Equation (15). As before, suppose a customer arrives at the stationary system
at time ¢ and finds n,, customers in admission, thus, X (t—) =n, and Y (t) =« [Y | X =n.]. Let now ¢’ €
(—o0,t) denote the last time prior to ¢ that the admission queue transitioned into level n, from a different
state, so that during [t, t) this level remained constant at n,. Thus, X (¢'—) is a random variable taking one
out of two possible values, either n, — 1 or n, + 1. The event X (¢'—) = n, — 1 corresponds to the joining
at time ¢ of a customer who observes an admission queue length of n, — 1, whereas X (t'—) =n, + 1
corresponds to an admission-service completion at time ¢ assuming a moment right before it the admission
queue length was n, + 1. Note that at time ¢, in the former case (X (t'—) = n, — 1), the treatment queue
length remains unchanged, while in the latter case (X (¢'—) = n, + 1), one customer joins the treatment
queue if (and only if) its length is less than N. Denoting by D(y ;) the number of departures from the

treatment queue during (¢, ¢), we have
Y ()= Lix(e—y=na—1yY ('=) + Lix@oy=narry (Y (=) + Livwoy<ny) = Dy
<T@ y=na-13Y (F'=) + Lixwy=naty V(=) +1)
= Z- Y| X=n.—-14+1-2)(Y | X =n.+1]+1),
where Z is an independent Bernoulli random variable distributed as 1;x/—)—p,—1}. This, together with
Y (t) =« [Y | X = n,] and the induction hypothesis implies
VX =n] <a Z- (V| X =n]+ 1)+ (1= 2)([¥ | X =n,+1]+1).

Clearly, [Y | X =n.| =« Z-[Y | X =n.]+ (1 — Z)-[Y | X =n,], so that the latter inequality is equivalent

to
Z- W | X=n]+1=2)- [V | X=n] <o Z-[Y | X=n]+(1-2)([V | X =n,+1]+1) + Z.

Thus, we can assume without loss of generality that Z, [Y | X =n,] and [Y | X = n, + 1] are all defined
on the same probability space (see, e.g., Theorem 1.A.1 in Shaked and Shanthikumar (2007)), such that

(1-2) [V |X=n]<1=2)([Y | X =n,+1]+1)+ Z.
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with probability 1. Conditioning on {Z = 0} implies that there exists a probability space in which (with
probability 1)
Y| X=n]<[Y|X=n,+1]+1,

therefore proving Lemma 5. U

Based on Lemma 5, we move on to proving Proposition 3. By Lemma 5, there exists a probability space
in which, with probability 1, [Y | X =n,| <[Y | X =n, + 1] 4+ 1, and to show our claim, we can restrict
attention to this probability space without loss of generality. Because u(-, -) is non-increasing in its second

argument (Proposition 1), we therefore have (with probability 1),
u(na, [Y | X =na+1]+1) <u(n,, [Y | X =n,)),
and by the diagonal monotonicity shown in Proposition 1, we further have
u(n, + 1LY | X =n,+1]) <u(n,, Y | X =n, +1]+1).
Combining these two inequalities, we see that
u(n, + 1LY | X =n,+1]) <u(n,, [Y | X =n,)).

Taking expectation on both sides (with respect to the joint measure of [Y | X =n,|and [Y | X =n,+ 1] in

the aforementioned probability space) yields uy,(n, + 1) < up(n,).

Proof of Theorem 2

Part I - Existence
The crux of the existence proof is to apply Kakutani’s fixed-point theorem (see, e.g. Smart (1980)) on the
best-response correspondence, which we will define below. This requires proving that this best-response
correspondence is upper-hemicontinuous. Recall that a correspondence (i.e., a set-valued function) G : X —
2Y is upper-hemicontinuous at z € X if for any open set R C ) with G(z) C R, there exists a neighborhood
U of z, such that for all ' € U, G(z') C R. We say that G is upper-hemicontinuous on X" if G is upper-
hemicontinuous at each x € X.

Denote by S = [0,1]V=(9) the strategy space, which is compact and convex. Define the best-response
correspondence BR : S — 25 as

1 if up(na) > 1,

BR(p)=4q€S st q,, = .
2 {q S e {Olfup(na)<0,

na:(),...,Na(O)—l} (16)

By definition, any fixed point p € BR(p) of the best-response correspondence is an equilibrium.

We start with restating Katutani’s fixed-point theorem.
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THEOREM 3 (Kakutani’s Fixed Point Theorem). Let X C R" be compact and convex. If G : X — 2% is
an upper-hemicontinuous correspondence that has nonempty, compact, and convex values, then G has a

fixed point.

From Eq. (16) it is clear that BR(p) is compact, convex and non empty for all p € S. It suffices therefore
to show that BR is upper-hemicontinuous. Let u(q,p) : S x S — R be the ex-ante expected utility for a

customer who adopts strategy g when all other customers follow p. Thus,

Na(p)

ﬁ(q,p) = Z Wp(n?w ) 'up(na) “Any-

na=0

The best-response correspondence can then be equivalently defined as BR(p) = argmaxgecs u(gq,p).
From the Maximum Theorem, if @(q, p) is continuous in (g, p), then BR is compact-valued and upper-
hemicontinuous, thereby proving the existence of the equilibrium strategy, in accordance with Theorem 3.
The rest of the proof is therefore dedicated to proving the continuity of u that we state as Lemma 8 below.
We remark one subtle yet significant challenge in the proof. For a given strategy p, it is possible that a very
small perturbation can cause a dramatic change of the induced recurrent states. For instance, perturbing p
from [1,0,1,1,0] to [1,0,1,1,0] (J close to zero) will change the states {2, 3,4} from recurrent to transient
states. Therefore, the expected utility will be computed over a possibly very different landscape of states.
To overcome this issue, we must carefully and precisely characterize the underlying continuity.

Towards proving Lemma 8 we make several observations. Let N'={0,..., N,(0)} x {0,..., N} be the
state space of the underlying Markov process, and let II be the mapping of a strategy p € S to the (unique)

set of stationary probabilities {7, (7., 7) } (na.n,)enr sSOlVing the following balance equations:

(Mtﬂ-{rbt >0} + ,Ufa:ﬂ-{na>0} + )\pna]]-{na<Na(p)}) Tp (naa nt) = )‘pna—lﬂ-p(na - 17 nt)]]-{na>0}
+ HaTp (na +1,n — 1)1{na<Na(p).,nt>0}
(17)
+ taTp (e + 1, N) L, < Na(p)ne=N}
+ /Ltﬂ-p(naa ny + 1)]1{nt<N}-
LEMMA 6. The mapping 11 is continuous in p.
Proof: We first restate a result on parametric continuity of stationary probabilities of discrete-time

Markov chains (DTMC) from Le Van and Stachurski (2007).

THEOREM 4 (Theorem 4.1 in Le Van and Stachurski (2007)). Let 0 be a vector in R%. Consider a finite-
state DTMC with transition probability matrix P(0), where each element is a continuous function of 6. If

the stationary probability p uniquely exists, then the mapping 6 — 11(0) is continuous on R<.
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Consider some fixed strategy p € S and let Q € RWa(O+D)x(N+1) be the transition-rate matrix of the
original CTMC when customers join according to p, thus, its unique stationary distribution is II(p). From
the balance equations in (17), it can be seen that each entry of () is a linear function of p and therefore is
continuous in p. Furthermore, each such transition rate is at most v = A + p, + p. Define the uniformized
DTMC by constructing the one-step transition probability matrix P = I + v~ '@, where I is the identity
matrix. Thus, each entry of P is continuous in p (see, e.g., Grassmann (1977)). As () is ergodic, the uni-
formized DTMC characterized by P admits a unique stationary distribution which is identical to II(p). By
Theorem 4, this implies that II(p), hence proving Lemma 6. O

The next lemma shows that for any strategy p and any admission-queue length n, that customers may
observe under p, the expected utility u,(n,) is continuous at p. In other words, a small deviation from
p to another strategy results in a small change in u,(n,), so long as it does not change the support of
I1(p). For the remainder of the proof, it is useful to note that, by Proposition 1, for any state (n,,n;) € S,
u(NL(0), N) <u(na,ny) <u(0,0), hence with U = max{|u(N,(0), N)|,u(0,0)} we have |u(n,,n:)| <U
for all (n,,n;) €S.

LEMMA 7. Consider a strategy p € S. For any € > 0, there exists 6 > 0, such that for any strategy p’
satisfying |p — p'|| < and any state n, < min{N,(p), N.(p")}, we have | up(n,) — up (n,) |< €

Proof: Set e > 0 and denote Ty = Min,,, <, (p) Tp(Na, ), hence, Ty, > 0. By the continuity of IT shown

in Lemma 6, we can choose ¢ sufficiently small such that for any ||p — p'|| <9,
2

1) =T | < 5

Then, for any n, < min{N,(p), N.(p")} we have
N
> <7Tp(na?nt) - Wp/(na’nt)> u(10, 1)

| up(1a) = upr (1) | =

2 U n) )
i i (G ey e P2l )
<3 (e~ w2 o

[11(p) — I1(p")||
p'(Nay)  Tp(7ay ) ‘ " T (T ) )
p(1a:)) =M (na, ) | | [1(P) = H(P’)H)

WP’(naa‘)ﬂ'p(naa') Wp’(naa‘)2

U (N+1). (Zfi_o (10, 0) =y s )| TP~ H(p’)])

2 2
T in T nin

2 2
T nin T hin

(N +1)[(p) — ]| [T(p) — H(p’)\|>
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LEMMA 8. The ex-ante expected utility u(q,p) is continuous in (q,p).

Proof: Sete > 0 and (q,p), then by Lemmas 6 and 7, we can choose some sufficiently small ¢ such that
for all (q',p’) satisfying ||(q,p) — (¢',p’)|| < I, the following inequalities hold:

/ € /
lp =Pl = ;5 Tue(na) = up(na)l < ITI(p) —TL(p")

£ [<—>5— < o
AN’ SwN+yN TN =gN
Consider such § and (q’, p’) as above and assume without loss of generality that N,(p) < N,(p’).

To prove that |u(q,p) — u(q’,p’)| <€, note first that

Na(p)-1 Na(P/)*l
’ﬂ(qap) - a(q/ap/” = Z ﬂ-p(naa ')up(na)Qna - Z Tp! (naa ')up’ (na)q;a
na=0 na=0
Na(p)-1 Na(p')—1
< Z ‘Wp(na, N (Ma) Gy — Tpr (N, +) Uy (na)q;a’ + Z |7Tp/ (Tay ) Uy (na)q;a} (18)
na=0 na=Na(p)

We bound each sum in (18) separately. For the first sum, note that
Na(p)—-1
Z |7Tp (M )tp(Ra)Gn, — Tpr (Nay ) Upr (na)q;a

na=0

Na(P)*l
= Z |7Tp(nav ')up(na)(Qna - q;h) + Wp(nav ')q;za (up(na) — Up/ (na))
na=0
+ up’(na)q;a (7p(Nay ) — Tpr (M ))}
Na(P)*l
S Z U ’ }qna - qila
na=0
Na(p)—1
< Y U-llg=g'll+up(n.) —up(na)| +U - (N +1)[|T(p) - TI(p')]|

na=0

<Na§1U U (N1 ¢ _DNilp)3e 3 (19)
- 4UN 4N AUIN+1T)N N 4~ 4

+up(na) = up ()| + U - [mp (100, ) = 71 (M)

na=0
To bound the second sum of (18), simply note that g,,, = 0 for all n, > N, (p), and so,

Na(p')-1 Na(p')—1
Z ‘ﬂ'p’ (naa ')up’ (na)q;a ’ S U Z Q:za
na=Na(p) na=Na(p)
Na(p')-1
=U > |dh, — nl
na=Na(p)
Na(p')—1

=U > ld—qdl
na=Na(p)

<

Combining Eq. (18) with (19) and (20), we conclude that |u(q,p) — u(q’,p’)| <e. O

(20)
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Part II - Uniqueness when N, (0) =1

In proving uniqueness for the N, (0) = 1 case we make use of the following lemma:

LEMMA 9. Let FY and F® be two different distributions such that F®) <, F"). Let the random vari-
ables Y, j € {1,2} represent the stationary number of customers, embedded at arrivals, in a GI/M/1/N
queue with service rate (i, and times between potential arrivals distributed according to F9). Then Y (V) <,
Y'®), in the strong sense, i.e., for all k € [0,N — 1], Pr [Y() > k]| <Pr [Y® > k|, with strict inequality

at some k.

Proof: For j € {1,2}, we refer to the GI/M/1/N system with arrival time distributions F'/) as the j’th
system. Let Yi(j ) represent the number of customers in the j’th system, j € {1,2}, upon arrival of its ’th
customer, ¢ = 1,2, ..., thus, Y;(j ) converges weakly to X ) as i — co. Assume without loss of generality
that Yo(j ) = 0. Define the non-negative random variable ng ) as the number of potential service completions
between the ith and the ¢ 4 1st arrivals, hence it is the number of events in a Poisson process with rate pi;
over F)-distributed random duration. Assuming F® <, FO implies D!* <., D\ for all i, therefore we
can assume without loss of generality that DZ@) < Dgl) with probability 1 for all <.

A Lindley-like recursion for Yi(j ) is given by

Vil = 41,0 = DI

y@ oy

where we note that right-hand-side expression is increasing as a function of Yi(j ) and decreasing as a func-
tion of Dij). Thus, with Yo(l) = YO(Q) =0 and DEQ) < Dgl), by induction we obtain that Yi(l) < Yi(z) for all
i with probability 1, therefore Y (V) <., Y (in the weak sense). Furthermore, if F(*) and F(") are not the
same distribution then Pr [Dl(z) = O} > Pr [Dgl) = 0} . In particular, if DZ@) =0 and Dgl) > 0 for some ¢

then Yz(ﬁ < Yl(fi, thus,

Pr [Y;(l) <Y® i.o.} > Pr [DP — 0,0V > 0} >0,

and therefore Pr [V () <Y®] > 0, implying that Y ") <., Y® in the strong sense. O

Suppose now that NV, (0) = 1, so that customers never join the system when the admission server is busy.
Assume customers join an empty admission queue with probability 7. Hence, the admission queue is an
M/M/1/1 loss system with potential arrival rate 7\ and service rate p,. The departure process from the
admission queue, which determines the potential arrivals to the treatment queue, is renewal, with inter-
event times distributed as the sum of two independent exponential random variables with parameters 7\
and p,. Thus, the treatment queue is a GI/M/1/N queue with expected time between potential arrivals of
1/(rA) +1/ .

Assume the system is stationary and let Y, be the (random) number of other customers in the treatment

queue at moments of departure from the admission queue. Consider an arbitrary customer arriving at the
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system. If the admission server is busy, the customer leaves. Otherwise, they join with probability 7, in
which case they spend, in expectation, 1/, units of time in admission, and then transition to the treatment
queue if (and only if) the number of customers in it is less than N, where N = | Ry, /C'|. The customer is
indifferent between joining and balking if and only if their expected utility from joining is zero, namely, if

-C
[a

+E[R_C(YT+1)T_

=0. (21)

ot
Note that the time between potential arrivals to the treatment queue increases stochastically in 7, there-
fore, by Lemma 9, Y, is stochastically decreasing in 7 (in the strong sense). Furthermore, [R — C(y +
1)/m]* is strictly decreasing in y € [0, N — 1], therefore, the left-hand side of Equation (21) is strictly
decreasing in 7. Thus, if there exists some 7 > 0 such that equality in (21) holds, then it is unique, otherwise

the unique equilibrium is 7 = 1.

Proof of Lemma 3

In the proof, we make use of the fact that for any (n.,ny), n. < Na(ny) if and only if n; < N;(n,). This
is because n, < N,(n) implies u(n,,n;) > 0 which in turn implies n; < N;(n,) and vice versa. We also
use the fact that for all ny > 0, Ny(ny + 1) € {N.(ny), Na(ny) — 1)}. This follows from Proposition 1
which implies u(N,(n¢), ne + 1) < u(Na(ng),ne) <0 and u(Na(ng) — 2,10 + 1) > u(Na(ng) — 1,n4) > 0.
Following Theorem 4, we can compute the limiting stationary probabilities based on the limits evolving

from Equation (3) as A — oo. To this aim, we first prove two preliminary lemmas:
LEMMA 10. In the fully observable model, if n,,n are such that n, < N,(ny), then w(n,,n;) = O(1/)\)

Proof: Suppose that n, < N,(n;), thus n, < N;(n,). Consider first the case n, = 0. From Equation (3),

by substituting n, = 0, we obtain, for any n, < N;(0),

,U/a7r(17nt - ]-):H-{nt>0} +Ht7T(O,nt + 1) < [

m(0,m.) = feLingsoy + A A

For n, > 0 with ny < N;(n,) (equivalently, n, < N,(n.)) we obtain

)\W(na - 1, nt) + ,UJaTr(na + ]-a ny — 1)]]-{nt>0,na<Na(nt71)} + ,Uftﬂ-(naa Ny + 1)

T(Na,ny) =

peLingso0y + falin, >0y + A (22)
Am(n, —1, a a =
S ﬁ(n nt)+ﬂ +Mt:ﬂ'(na—1,nt)+u +Ht S(na_i_l)M +/’[/t :O(l/)\)a
A A A
where the second to last transition follows by induction on n,. -

LEMMA 11. In the fully observable model, if n,,n, are such that n, < N,(n;) — 1, then Aw(n,,n,) =
O(1/N).
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Proof: Assume n, < N,(n;) — 1. Note that N, is decreasing and satisfies N,(n;) — 1 < N,(n; + 1),
hence n, < N,(n; + 1), and also n, + 1 < N,(n;) < N,(n, — 1). Based on Lemma 10, this implies that

T(Na, ), m(ny +1,ny — 1) and w(n,, n + 1) are all O(1/)\). Hence, by Equation (3), we can write
AT (Nas 1p) = AT (na — 1,m0) D01 + O(1/N),
Replacing n,, by n, — 1 and substituting in recursion we get Am(n,,n;) = Aw(0,n;) + O(1/A), and as
AT(0,14) = pam (1,6 — 1)L gy 01 + e (0,16 + 1) — e (0, 1) L, 50y = O(1/ ),

we conclude that Am(n,,n,) = O(1/A) as well. O
Assume from now on that n, = N, (n,) (otherwise, from Lemma 10, lim,_, ., 7(n,,n;) = 0), and denote
limy 00 T(Na(n4), 1) = ;. We next show that the sequence of (limiting) probabilities, 7g, ..., Ty ¢
which correspond to states (N,(0),0),...,(N.(N:(0)), N;(0)), satisfy the flow-balance equations of an
M/M/1/Ny(0) queue. That is, we show that p.mg = (7Y, HaTln, 0)—1 = HeT o) and (pe + pa) T =
PaTy 1+ peTn 41 for all ng € [1, Ny(0) —1].
Consider first n, = 0 with n, = N,(0). If N,(1) = N,(0) — 1 then Equation (3) gives

fam(Na(0),0) = Am(N.(0) — 1,0),
and, with Lemmas 10 and 11 also
AT(NL(0) = 1,0) = Am(N,(0) — 2,0) 4+ pym(Na(0) — 1,1) — pam(No(0) — 1,0)
= um(Na(1),1) + O(1/A).

Hence, p,ms = limy o0 ftam(Na(0),0) = limy o0 pem(Na(1),1) = pemy. If, on the contrary, N,(1) =
N, (0), then Equation (3) gives

(N, (0),0) = Am(N,(0) — 1,0) 4+ e (Na(0), 1) = Am(N,(0) — 1,0) + pym(Na(1),1),
where, by Lemmas 10 and 11,

AT(N(0) — 1,0) = Ar(NL(0) — 2,0) Ly 0523 + i (No(0) — 1, 1) — prom(N,(0) — 1,0)

=0(1/)).

therefore p, 7} = py7y.

Consider now the case n, = N;(0). Thus N,(n.) = 0, for which it must hold that N, (n, — 1) =1 and
Equation (3) together with Lemma 11 give

p(Na(ng),ne) = pam(Na(ng) +1,n6 — 1) + O(1/A) = pam(Na(ng — 1), — 1) + O(1/N),

therefore HaT N, (0)—1 = Ht TN (0)
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Lastly, we prove the claim assuming n, > 0 and n, = N,(n;) > 0. We show that (u; + p1.) 7, =
M, 1+ T, 1. Recall that N, (ng +1) € {N,(n¢), Na(ni) —1)} for any ny, thus, we distinguish between
4 cases:

Case I: Suppose N,(n;+ 1) = N,(n,) and N,(n; — 1) = N,(n,) + 1, then, by Lemma 10,
m(Na(ny) —1L,ng+1)=n(Na(ng+1) —1,n.+1) =0O(1/N),
as well as
T(Na(ng),ng —1) =m(Na(ng —1) —1,n, — 1) = O(1/N),
and from Equation (3) for state (N,(n:) — 1,n¢) we have Aw(N,(n:) — 1,n:) = O(1/X). Hence, using
Equation (3) for state (N,(ny),n) we get
(:ut + ua) 7r(]\fa(nt)7nt;) = /\W(Na<nt) - 1; nt) + /l'a’/T(Na(nt) + lvnt - 1) + ,u'tTr(Na(nt)unt + 1)
= pam(Na(ne — 1),mp — 1) + pem(Na(ng + 1), 0, + 1) + O(1/N).

Case II: Suppose N,(ny + 1) = Na(n,) and N,(n; — 1) = N,(ny), thus, Equation (3) for state (N,(n;) —
1,n4) shows that

AT (Na(ng) —1,me) = pam(Na(ng) =1+ 1,n — 1) + O(1/A) = pam(Na(ng — 1),n, — 1) + O(1/N).

Hence, using Equation (3) for (N,(n),ny) with N, (ny) = N,(n, — 1) we get
(1 + pa) T(Na(ne), ne) = Am(Na(ne) — 1,me) + pem(Na(ne ), ne + 1)
= o (Na(ng —1),ny — 1) + pem(Na(ng + 1), ne + 1) + O(1/N).
Case III: Suppose N,(n; + 1) = N,(n;) — 1 and N,(n; — 1) = N,(n;) + 1, thus, Equation (3) for state
(Na(ny) — 1,ny) shows that

AT(Na(ny) = 1,n) = e (Na(ng) — 1ng 4+ 1) + O(1/X) = o (Na(ng + 1), m + 1) + O(1/X).

Hence, using Equation (3) for (V,(ny),ny) with N,(ny) > N.(n, + 1) we get

(ke =+ o) T(Na(ne), 1) = Am(Na(n4) — 1, n) + pam (Na(ne) + 1,10 — 1)

= pam(Na(ny — 1),me — 1) + pem(Na(ng + 1), 0, + 1) + O(1/A).

Case IV: Suppose N, (n, + 1) = Nu(ny) — 1 and N,(n, — 1) = N,(n,), thus, Equation (3) (for (N,(n;) —
1,m)) shows that

AT (Na(ng) —1,m¢) = pam(Na(ng) — 1+ 1,my — 1) + pem(Na(ng) — 1,ng + 1) + O(1/X)

= o (Na(ng —1),ny — 1) + e (Na(ng + 1), ne + 1) + O(1/N).

Hence, using Equation (3) for (V,(ny), n) with N,(n;) = N,(n; — 1) and N,(n;) > N,(n; + 1) we get

(1 + pa) T(Na(ne), ne) = Am(Na(ne) — 1,n4)

= pam(Na(ne —1),mp — 1) + pem(Na(ng + 1), 0. + 1) + O(1/N).
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Overall, we conclude that the probabilities 7g, ... 7y, o satisfy the flow-balance equations of the well-
known M/M/1/N;(0) queueing model with arrival and service rates j, and 1, respectively. Based on Klein-

rock (1975) Chapter 3.6, we thus have
I )
ng 1— nNt(0)+1 ’

for all n,, € [0, N;(0)], from which the throughput and social-welfare expressions readily follow.

Proof of Lemma 4

We first consider a fixed 7-threshold strategy p™ with pj =1, i.e., 7 > 1, and show in part I that for such a
strategy, the admission queue length (weakly) converges to a constant N,(p”) > 1 and that the stationary
treatment-queue length converges to the stationary queue length of an M/M/1/N, from which the limiting
throughput and social welfare can be calculated. Afterwards, we show in part II that under the condition

vy > C, the equilibrium strategy in the limit must be a 7-threshold strategy for some 7 > 1.

Part I
Fix 7 > 1 with the corresponding 7-threshold strategy p”. Consider n, < N,(p”). Similarly to the proof of

Lemma 3, from Equation (17), it can be seen that

ATpr (e — 1,14) L, >0y + 1+ 2404
PR A

Tpr (M, ) <

1 24
< — T a_la 1 n
= <7Tp (n n) {na>0} T \ >
1 w2 420
:IE <7Tp‘r<na—2,nt)]1{na_1>0}+ )\ : + )\ ‘
1 2
< — B oay),
Pra A

where the second to last inequality follows recursive substitutions and the fact that p], = 1 for all
Na < Nao(p™) — 1. It therefore must follow that for all n, < N,(p7), mpr(na.,-) = O(1/X), and from
Tpr (Na(Pp7),-) =1 — Zij‘i’(’;)_l Tpr (N, -), it further follows that limy_, ., mpr (Na(p7),-) = 1. Based on
this, it can be seen from Equation (17) that if n, < N,(p™) — 1, as we have mpr(n, + 1,n, — 1) = O(1/)),
then

AP Tp(Ta, ) = APy —17p (M — 1,1¢) L 501 + O(1/X).

For n, = 0, as we have p{ = 1, we get Am,+(0,n) = O(1/)), and therefore A\m,r (n,,n) = O(1/A) for all
N, < N,(p")—land ny < N.

Assume from now on that n, = N,(p") (otherwise lim, . 7mpr(na,ny) = 0), and denote
limy o0 Tpr (Na(P7),my) = 75, . Similarly to the proof of Lemma 3, we next show that the sequence of
(limiting) probabilities, 7, ..., 7, which correspond to states (NV,(p”),0),...,(N.(p7), N), satisfy the
flow-balance equations of an M/M/1/N queue.
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Consider n, = 0, then Equation (17) for state (/V,(p7),0) gives
paTpr (Na(p7),0) = APy, (pr) -1 7pm (Na(P7) = 1,0) + pe7pr (Na(p7), 1),
and for state (IV,(p”) — 1,0) it gives
APN (pr)—17p7 (Na(PT) = 1,0) = Aply, (pr) 2Tp7 (Na(P") — 2,0) + pympr (Na(p™) — 1,1) = O(1/X),

hence p, 75 = ey,

Consider now n, = N, then Equation (17) for state (IV,(p7), V) gives
(Ha + 1) mp(Na(p7), N) = Apn, pr)-17p7 (Na(p”) — 1, N),
and for state (V,(p™) — 1, N) it gives
AN, (p7) 1T (Na(P7) = 1, N) = pampr (Na(P7), N) + prammpr (Na(p"), N — 1) + O(1/A),

which implies

,Utﬂ'p(Na(pT)a N) = HaTpT (Na(pT), N — 1) + O(l/)\),

* *
hence (s = pa™y, (0)-1-

Lastly, consider n, € [1, N — 1], then Equation (17) for state (/V,(p7),n) gives
(ko + ) Tpr (Na(P), 1) = ApNapr)—17p7 (Na(p) — 1, n4) + pumrpr (Na(P7), ne + 1),
and for state (IV,(p™) — 1,n,) it gives
APNa () -17pr (Na(P7) = L,me) = prampr (Na(P7), me — 1) + O(1/2),
which implies
(ko + pue)pr (Na(P"), 114) = prampr (Na(P"), 114 — 1) + pampr (Na(p7), 10 +1) + O(1/4),

hence (pa + p1y) 7, = pam, ) + pemy, - Similarly to the proof of Lemma 3, we conclude that

. n"t(1—n)

Tny = 1_77N+1 ’

for all n, € [0, N], from which the throughput expression readily follows, and the expected treatment-queue

length is

N
Z ot = (N +1)pN+t
t g 1 _ ,’7 1 _ nN+1

’I’LtIO

Because the admission-queue process is reversible, its effective arrival process is statistically identical to

its departure process. Because 7, (0,-) — 0 as A — oo, we deduce that in the limit, the departure process
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from the admission queue, and hence also the effective arrival process to the system, are both Poisson with
rate fi,.

Any customer, upon transitioning to the treatment queue, observes the time-averaged (stationary) queue
length of an M/M/1/N. Hence, their total value from joining the system with admission queue of length
n, < N.(p”) can be separated into the cost spent waiting in the admission queue, C'(n, + 1)/, and the

expected utility from transitioning to the treatment queue, namely,

lim upr(n,) = —M—i—(l —Ty) <R—C

A—00 e

N-1 .
Tiinm, ) Cout) n g
1—7TN M Ha Ha

where the equality follows substitution and basic algebra. In addition, m,-(N,(p”),-) — 1, which means
that the aggregate social cost inflicted per unit of time by customers waiting in admission is CN,(p").
Consequently, the corresponding limiting social welfare can be computed as

v , .
fta— — C'No(p) = vy — CNL(P) = pta Ah_{{.lo Upr (No(p7) — 1).

a

Part 11

We first prove the following auxiliary lemma:
LEMMA 12. Suppose v; > C, then in equilibrium T > 1.

Proof: Consider a fixed equilibrium threshold 7, and suppose for the sake of contradiction that 7 < 1.
Then, as explained in part II of the proof of Theorem 2, the treatment queue is a GI/M/1/N system, where
a typical interarrival time duration is distributed as the sum of two exponential random variables with
parameters p, and 7A. Note that this interarrival-time distribution is stochastically decreasing in A, hence
by Lemma 9 the stationary observed length at the treatment queue increases in A. Also note that as A — oo,
the arrival process to the treatment queue approaches Poisson with rate p,. Hence, the utility from joining

the system when the admission queue is empty is decreasing in A, and similarly to part I, approaches

O ng
Ha  Ha

as A — oo. This implies that the utility from joining an empty admission queue is strictly positive for any
A, therefore in equilibrium it must follow that p{ = 1, in contradiction to 7 < 1. OJ

Suppose v; > C'. Thus, by Lemma 12 it must follow that in equilibrium, 7 > 1 for all A > 0. By part I,
the limiting throughput in this case is given by that of an M/M/1/N queue. We therefore focus in this part
on Equation (9) for the limiting social welfare.

Let A1, Ao, ... be an increasing and unbounded sequence, and let 71, 75, . . . be a sequence of correspond-

ing equilibrium thresholds, such that the 7,-threshold strategy p™ is an equilibrium corresponding with

arrival rate \,,. Note that from Lemma 12 and the definition of N,(0), the sequence 71,7, .. is bounded
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in [1, N,(0)), thus we can assume without loss of generality that it is convergent (otherwise we choose a
convergent subsequence of it), and we denote its limit by 7’. Our goal is to show that an accumulation point
7' of {r,} must satisfy |v,/C| —1 <7’ < |1/C]. If p” is the corresponding 7'-threshold strategy, then
the latter inequality implies N, (p™ ) = |v,/C|, and the social welfare expression in Equation (9) follows
immediately from part I. We begin by showing that 7/ < |1, /C].

Assume, for the sake of contradiction that 7' > |1,/C|, thus, N,(p™ ) > [11/C| + 1. Lete =7/ — |7/ if
7> |7'] and 1 otherwise, thus e > 0. Hence, for all 7 > 7/ — €, N,(p") > N.(p" ) > [11/C| + 1. Define

eu:C(L%J+1)—m>O.

The assumption that {7, } converges to 7’ together with part I of the proof (Equation (23)) imply that there

exists some sufficiently large n for which 7,, > 7’ — ¢, and in addition, )\, is sufficiently large such that

] Tn €y
Uprn (Na(p™) = 1) =, < lim upra (Na(p™) —1) + fa

Thus,
v, —CN,(p™) e _v—C(ln/Cl+1)+e,

Uan(Na(an)—]_) |)\:)\n<u—+;§ 'u/ :O

Hence, with arrival rate ), the best response against the 7,,-threshold strategy is to balk when observing
N,.(p™) — 1 < 7, in admission, which is in contradiction to 7,, being the equilibrium threshold. It therefore
follows that 7/ < |1, /C|.

We next show that 7" > |1, /C'| — 1. Assume, again for the sake of contradiction, that 7’ < |1, /C] — 1,
thus, N,(p™ ) < [1n/C] — 1. Let e=1— (7' — |7']) > 0, so that for all 7 < 7/ + ¢, N,(p") < Na(p™ ).

Assuming v, /C' is non-integer, we redefine €, as
en =1, —Cl1/CJ >0.

Thus, following part I (Equation (23)), there exists some sufficiently large n such that 7,, < 7’ + ¢, and in

addition, A, is large enough so that

T T C+€u
tprn (Na(p™) = 1) =ty (No(p7)) < = 2.
This implies
C+e,  1—C(ln/C]—1)—C—¢,
prn (Na(p™)) > tuprn (Na(p™) — 1) — L n=C(m/Cl-1) o

Ha Ha

while we have, from the definition of N,(p™), that py (pmn) = U, in contradiction to the equilibrium crite-

rion. We therefore conclude that |1, /C| —1 <7’ < |1,/C].
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Equilibrium approximation scheme in the partially observable model

We calculate the equilibrium numerically using an adaptation of the (deterministic) fixed point iteration
introduced in Ravner and Snitkovsky (2023). Recall from the proof of Theorem 2 the definition of S =
[0, 1]N2(0) the strategy space, which is compact and convex, and let ITs : RVa(®) — S denote the projec-
tion operator onto S. Note that because S is the Cartesian product of unit intervals, thus, for any v €
R0 TIg(v) simply confines each coordinate of v to [0, 1]. Next we introduce the utility vector function
u: S — RM=() Recall from Equation (4) the definition of u,(n.,). Then, for any p € S, define u(p) =
(uo(P), -+, un,(0)(p)) such that for any n, =0,1,...N,(0),
= {7 e

Let v1,72, ... be a sequence of positive real values, referred to as the step-size sequence, and assume it is

non-summable and diminishing to 0, namely, that > | ,, = oo and ,, — 0. Starting with an initial guess

p, at any iteration n > 1, we calculate the n’th iterate as

p™ =1L (P + yu(p™ ).

From Ravner and Snitkovsky (2023), it is known that if this iterative scheme converges, then its limit p*
must be an equilibrium strategy, that is, p* satisfies p* € BR(p*) (see Equation (16)).

In the numeric calculations we set v, = 1/(R+/n). For the initial strategy, we typically set p(®) as the
T-threshold strategy with 7 = 1, though by experimenting with different initial conditions we observe that
the iterative scheme seems to converge to a limit independent of the initial p(*). This is a strong evidence
that the conditions for convergence of the iterative scheme are satisfied in our framework. We terminate
the algorithm at iteration n either if p("™ satisfies an e-approximate equilibrium condition, i.e., if, for some
arbitrary g € BR(p™)

Na(P(n))_l
Z 71—p('ﬂ) (na7 ')up('ﬂ) (na) : (pg;) - qna) <¢,

na=0

where we typically set e = R - 10~*. This inequality implies that if all customers join according to p(™,
a customer cannot improve their ex-ante utility by more than ¢ if they deviate from the strategy p(™ to
some other strategy, in particular, to a strategy that is a best response to p(™. Hence, the left-hand side of
the inequality yields the same value for any g € BR(p™). It is worth mentioning that if p(™) = p(»~1),
then p™ must satisfy the equilibrium condition p(™ € BR(p(™), and therefore also the e-approximate

equilibrium condition for any € > 0.



