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Appendix A: More on Validity Conditions of Protection Level Algorithms

In this section, we justify the necessity of the validity conditions stated in Deﬁnitionfor PLAs.

Non-Increasing PL Function: We argue why the protection level function p(z) must be non-
increasing. At a high level, the goal of a PLA is to reserve or “protect” a certain amount of resources
for high-reward requests. However, these protection levels must be credible—that is, any promise
to reserve resources must be implementable and feasible under the given constraints. Suppose
we are at a point where x low-reward requests have been processed. If the PLA has allocated
the maximum allowable resources to low-reward requests up to this point, then the total amount
allocated to low-reward requests is m — p(x), where m is the total available resource capacity. The
remaining p(z) units are thus being reserved for high-reward requests.

Now, suppose that the PL function p(z) increases at z, i.e., p(x) > 0. This means that as we
process more low-reward requests, we plan to reserve even more resources for high-reward requests
than before. But this leads to a contradiction: we have already allocated m — p(x) units to low-
reward requests, so only p(x) units remain. If we now try to reserve more than p(x), we exceed the
total available resource budget m, making the updated protection level infeasible.

This inconsistency illustrates why the PL function must be non-increasing. By ensuring that
p(z) does not grow with z, we guarantee that the resources promised to high-reward requests
are always consistent with past allocation decisions, thereby preserving feasibility and preventing
over-commitment.

Derivative Condition: We also require that the derivative of the protection level function satisfy
p'(x) = —1. This condition ensures that protection levels do not decrease too rapidly.

To illustrate why we impose this condition, consider the same setting as before. Let m denote
the total available resources, and suppose we have processed s units of low-reward requests so far,
with @ denoting the total amount of resources allocated to them. Now, a new low-reward request
of size € > 0, where ¢ is very small, arrives. Assume that we have already allocated the maximum
amount allowable for low-reward requests up to this point, i.e., a = m — p(5 + 1), meaning only
p(5 + 1) resources remain protected for high-reward requests.

According to the PLA rule, the amount we can allocate to the incoming e-sized request is:
min{m —p(5+1+¢€) —a,e}.
Substituting a = m — p(5 + 1), we get:

min{e, —p(S+1+¢€)+p(s+1)}.
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If p'(5§ + 1) < —1, then for small ¢, the difference —p(5+ 1 + €) + p(5 + 1) exceeds ¢, and the
PLA allows allocating the full request. In other words, the protection level drops so sharply that
it remains ineffective. One can simply recover the same allocation outcome by setting p'(5+ 1) =
—1. Therefore, any steeper decline in the protection level function is unnecessary. Without loss of

generality, we can thus assume that p'(x) > —1.

Appendix B: Proof of Lemmal(]

Let (x,y) be fixed, and let / be the ordered sequence of arrivals such that = low-reward requests
arrive first, followed by y high-reward requests. For any adaptive protection level algorithm .4, let
Z(A) be the total number of low-reward requests that are accepted under the ordered sequence I.
Then, the algorithm accepts min{y, m — Z(.A)} high-reward requests. Observe that algorithm .4
rejects the x-th low-reward request if and only if

* condition (1): the number of low-reward requests accepted so far is not less than m — p(x),

where p(-) is the protection level function, or

e condition (2): all the resources have been used.

We split the proof into two cases.

Case 1: y < m — Z(A). In this case, we claim that under any other ordering of the arrivals,
the number of high-reward requests that are accepted cannot be smaller than y. We also claim
that under any other ordering of the arrivals, the number of low-reward requests that are accepted
cannot be smaller than Z(.4). Showing these claims, complete the proof of this case.

We begin with the first part. First note that Z(.A) is an upper bound on the total number of
low-reward requests that algorithm .4 accepts under any ordering of the arrivals. This is because
condition (2) never fails as y < m — Z(.A), and hence with even accepting y high-reward requests,
there are resources left for 7(A) low-reward requests, and condition (1) is independent of the
order of high-reward requests. Moreover, since y < m — Z(.A), any arriving high-reward request is
accepted. Thus, for any ordering of the arrivals, algorithm .4 can accept y high-reward requests.

We now show the second part. Here, we want to show that under any other ordering of the
arrivals, the number of low-reward requests that are accepted is greater than or equal to Z(.A4).
Contrary to our claim, suppose that the total number of low-reward requests that algorithm A
accepts under any unordered sequence is strictly less than Z(.4). This means that at some point,
condition (2) is not satisfied. Therefore, there exists a time ¢ such that x(t) + y(t) = m, where x(t)

and y(t) denote the number of low- and high-reward requests accepted up to time ¢, respectively.
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However, we know that z(t) < Z(A), y(t) <y, and Z(A) + y < m. Therefore, x(t) + y(t) = m
cannot hold, which contradicts the assumption that algorithm A has accepted fewer than 7(.A)
low-reward requests. This completes the proof of the first case.

Case 2: y > m — &(.A). In this case, we claim that under any other ordering of the requests, the
number of high-reward requests accepted cannot be smaller than m — z(.A). Additionally, we claim
that if the number of low-reward requests accepted under any other ordering is less than Z(.A), then
the total reward generated by the algorithm is larger than the case where the number of low-reward
requests accepted is Z(.A).

We begin with the first part. We will show that under any other ordering of the requests, the
number of high-reward requests accepted cannot be smaller than m — Z(.4). As we know, high-
reward requests are rejected only when all resources are used up. Therefore, the later a high-reward
request arrives, the less chance we accept the request. Compare any unordered arrival sequence
with the ordered arrival sequence, each high-reward request arrives earlier, which implies that the
number of high-reward requests accepted cannot be smaller than m — Z(.A).

Next, we show the second part, which is if the number of low-reward requests accepted under
any other ordering is less than Z(.A), then the total reward generated by the algorithm is larger than
the case where the number of low-reward requests accepted is Z(.A). If the total number of low-
reward requests the algorithm A accepts is strictly less than z(.A), then at some point, condition
(2) is not satisfied. This means that for some time ¢, z(¢) + y(t) = m, where x(t) and y(¢) denote
the number of low-reward and high-reward requests accepted before time ¢, respectively. Since

x(t) < Z(A), we have y(t) > m — Z(A). Therefore, the reward generated by the algorithm is
y(&)rn +x(t)re=yt)r, + (m—y(t))re> (m—2(A))r, + 2(A)ry,

which implies that the algorithm generates a larger reward.
Therefore, we conclude that the adversary should choose the first instance where all  low reward

requests arrive first and follow with all i high reward requests.
Appendix C: Proof of Statements in Section @
Throughout the proofs, we make use of some preliminary lemmas that are presented in Section

C.1. Proof of Lemma|[2]
We first show that for any p < min{m,y;}, we have CP,(p;(z,y1)) = CP,(p; (z,y2)), where

we recall that y; < y,. Observe that when p < y; and = + y; < m, by Lemma (8| we have
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CP.(p;(z,y1)) = 1, and hence 1 = CP,(p; (x,y1)) = CP,(p; (z,y2)) trivially holds. Now suppose
that x + y; > m. By definition, we have
max{p, (m —z)* }ry, + min{z,m — p}r,

min{y;, m}r, + min{zx, (m —y;)*}r,
max{p, (m —z)* }ry, + min{z,m — p}r,

CP,(p; (z,y1)) =

= CP,(p; (x, ,
min{y,, m}ry, + min{z, (m —y2)*}r, (p; (z,2))

where the inequality holds because y, > y; and y — yry, + (m — y)r, is increasing in y as rj, > 1.

Second, we show that any protection level p with p > min{m,y,}, we have CP,(p; (z,y2)) =
CP,(p; (z,41)). To show this, first consider the case where x + y; < m and = + yo < m. Then, by
the definition of CP, in Equation (6], we have

ming Yo, M1, + MmMin{e, m — piry YoTp, +MIN{T, M — PyTy
CP, (p; (2, 42)) = — Ly, mj7 - i }+ == { } (40)
min{yy, m}r, + min{z, (m — yo)* }ry Yo'y, + Ty
rp + min{x, m — p}r
> W WAL DI o 4 (4,1)), 1)
YiTh + T

yrp+min{z,m—p}ry
Yyrp+ary

where the inequality holds because y — is increasing in y.
Now consider the case where x + y2 > m. Next, we show that by fixing an z, for any y such that
x +1y>m, CP,(p; (z,y)) is increasing in y. Observe that for any y with z +y > m and p > y, we

have
min{y, m}r, + min{z, m — p}r,

CPo(p; (,y)) = min{y, m}r, + min{z, (m —y)*}ry’

If y = m, the statement is trivial. Otherwise,

OCPy(p; (z,y)) _ rnlyrn + (m —y)re) — (ra —re) (yrn + min{m — p, x}r)
oy (yra + (m —y)re)?

_ T(yra+ (m—=y)re) = (rn = 1) (yrn + (m = p)re)

- (yrn + (m —y)re)?

_ rn =) (yrn + (m = y)re) = (ra — o) (yrn + (m = p)re)

g (yrn + (m —y)re)?

_ n=rdlyrnt+ 0 —y)re) _
(yra+ (m—y)re? 7

where the last inequality is because p > y. The chain of inequalities shows that CP,(p; (z,y))
is increasing in y when x + y > m and p > y. This implies that we have CP,(p;(x,y2)) =
CP,(p; (x,y1)) when x + y; > m, i € {1,2}, as desired.

For the case where © + y, > m and x + y; <m, we have

CP,(p; (z,y2)) = CP,o(p; (x,m — 7)) = CP,(p; (z,41)) ,



Golrezaei, Jaillet, and Zhou: Online Resource Allocation with Convex-set Machine-Learned Advice

50 Article submitted to Operations Research
where the first inequality holds because %ﬁ’y)) > (0 when x + y > m, and the second inequality
holds because of Equation (40).

Finally, we show that any x € [l‘ z] and p > 0, we have mincp,,) 7@ {CP®; (7,9))} =

min {CP(p; (z,h(z))),CP(p; (z,h(z)))}. Suppose that p < h(x). Then, CP(p; (z,y)) =
CP,(p; (x,y)) for any y € [h(x), h(x)], and hence by the first result of this lemma, we have

[r(r;ﬂ {CP(p; (z,y))} = CPu(p; (x, h(x))),

as desired. Now, suppose that p > h(x). Then, CP(p;(x,y)) = CP,(p;(z,y)) for any y €

[h(x), h(x)], and hence by the second result of this lemma, we have

ye[br(r;%(x)]{CP(p; (z,y))} = CPy(p; (z, h(x))),

as desired. Now, suppose the final case where p € (h(z), h(z)). Then,

- {CP(p;@,y))}:mm{ min [CP,(p:(2,9))), min {cm@;(x,y))}}
ye[h(z),h(z)] ye[h(x),p] ye[p,h(z)]

= min {CP, (p; (z,h(x))), CPy(p; (z,h(z)))} ,

where the last inequality follows from the first and second results of this lemma.
o
C.2. Properties of functions u(;C) and I(-;C): Lemma|6|and its Proof
LEMMA 6 (Properties of functions u(-;C') and [(-; C)). The functions u(-;C') and l(-; C'), which
are respectively defined in Equations and , have the following properties.
1. Forany z € (x,,%,) and C €(0,1], let H(x) = min{h(z), m}. When H'(x) exists, we have

&‘u(a:;C’): ((1— 1 CYH'(z) ifx+H(x)=m; (42)

ox 1-C)2H (x)-C  ifr+H(x)<m
2. Forany z € (zy, %) and C € [0,1], let H(z) = min{h(z), m}. When H (z) exists, we have
l(z;C) =
— = CH (). 43)

For any C' €[0,1]
For any C'€[0,1]
Forany C < C*(R) and any x € |0,z], we have [(x;C) < u(x; C).

, u(z; C) is non-increasing in x € |0, z| and is convex for x € [z, T].

, l(x; C) is non-increasing in € |0, x| and is concave for x € [z, Ty].

S kW

For any x € [0,z], I(z;C) is continuously increasing in C' and u(x;C) is continuously

decreasing in C.

Proof of Lemmal6] Here, we will show the following six properties.
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C.2.1. Property 1 We first show Equation . We split the analysis into two cases: Case I:
x4+ H(x) = m and Case 2: x + H(x) <m.

Case 1: (z + H(x) = m). By Lemma we have for any z € (z,,7,),
implies that 2 (x) < m. Then, we take an arbitrary point (2, h(x1)) with 21 € (2, Z,). By defini-
tion of u(-; C'), we should have CP,(u(z1;C); (x1,h(z1))) = C, and by Lemma |14| we have such
u(z1; C) always exists and u(zy; C') = h(x;). By Equation (6)),

H(z) = h(x), which

h(xy)r, + min{zy,m — u(z;C)}ry

CP,(u(z1;C); (21, h(z1))) = =C. (44)

h(x1)r, + min{zy,m — h(x1)}r,
As in this case, if z; + h(z1) = m, we have min{zy,m — h(z1)} = m — h(z1). We then argue
that min{zy,m — u(x;;C)} = m — u(xq; C). Suppose that contrary to our claim, min{x;,m —
u(z1;C)} = x1. We then have

CP, (u(z1; O (1, h(z1)) = h(xﬁff&tﬂ;))m — CP, (m (1, b)),

which implies that z; < x,. However, we define x; € (z,,T,), therefore, this is a contradiction,
and we can only have min{z,, m — u(z1;C)} = m — u(x; C). Then, by Equation (44), we have

h(xy)rp + (m —u(z;0))ry _
h(z1)ry + (m — h(x1))ry

Y

which is equivalent to

w(@1;0) = (1— )2 + O)h(ay) +m(l—C).

Te

This implies that a“((;;c) = (1= C)3 + C)W'(x) when = + h(x) = m. As we have H(z) = h(z)

for x € [z, T, ], this implies the desired result.

Case 2 (x + H(z) < m). In this case, as = + H(x) < m, we have H(x) < m, which implies
that H () = h(x). Let us take a point (z,h(x,)) with 2, € (24,7, ). By definition of u(-;C), we
have CP,(u(x1;C); (x1,h(x1))) = C and by Lemma we have such u(x; C') always exists and
u(z1;C) = h(z1). By Equation (6),

h(xy)rp +min{zy,m —u(x;C)jry

CP,(u(zy;C); (1, h(z1))) = C.

h(xy)r, +min{zy,m — h(x1)}re

As in this case z1 + h(z1) < m, we have min{z;,m — h(x;)} = ;. Here, we argue that
min{z;,m — u(zy;C)} = m — u(zy;C). Contrary to our claim, suppose that min{z;,m —
u(z1;C)} = x1. We then have

CP,(u(z1;C); (21, h(x1))) b towre C,

N h(xy)r, + a7y
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which is a contradiction. Therefore, we can only have min{zy,m — u(z;C)} = m — u(xy; C).
Then, we have
h(z1)ry + (m —u(x; C))r

— 07
h(zy)ry + 17y

which is equivalent as
Thn

u(ry;C) =(1—-C)—h(x1) — Czy +m.

Ty
This implies that 8u(:p 9D-(1-0) 0 (x) — C when z + h(z) <m. As we have H(z) = h(x) for
T € [Ty, Ty, this 1mphes the desired result.
C.2.2. Property 2 We take a point (z,H(z;)) with ; € (zg, 7). By definition of I(-;C),
we have CP,(I(x1;C); (w1, h(z1))) = C. As H(x1) = min{m, h(x;)}, by Lemma we have
CP,(I(z1;C); (z1, H(x1))) = CP,(I(x1; C); (21, h(x1))) = C. By Lemma such [(x1; C') always
exists and [(z; C') < H(z;). By Equation (7},
max{l(x1; C), min{H (x1),m — 21} }r, + min{z,, m —(z1;C)}ry

— — =C.
H(zq)ry + min{xy,m — H(x1)}re

CP,(I(z1; O); (z1, H(z1))) =

If min{z;,m — H(z;)} = z;, by Lemma and the fact that [(zy;C) < H(xy),
CP,(I(z1;C); (z1,H(z1))) = 1 # C, which cannot happen, and hence min{x;,m —H(x1)} = m —
H(xy). If min{zy,m —I(z1;C)} = 1, then

(m—x1)rp + 2170

H(xy)ry + (m —H(xy))re

CP,(I(z1;O); (21, H(z1))) = = CP,(0; (z1, H(x1))),

which implies that z; > Z,. However, we define 1 € (2, Z;), therefore, this is a contradiction, and
we can only have min{z;,m — H(x1)} = m — H(x1) and min{x,m — l(z1;C)} = m — I(x1; O).

Then, we have
x;C)rp+ (m—1(x1;C))ry

H(xy)ry + (m—H(xr))r

e
which is equivalent to
(1—C)mry

Th — Ty

[(21;0) = CH(x1) —

and verifies Equation (43).
C.2.3. Property 3 We first show that u(x; C') is non-increasing for x € [z, Z]. First, by the defi-

nition of z,,, we have u(z; C) = m for x € [z, z,], which is non-increasing.
For = € (z,,, Z,,), first recall that
Ty ifxy, +yr =m;

Ty =

sup{z € [z,7]: (1 - C)2H (7)) —C' <0}  Otherwise,
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Case 1 -xp, +yr, = m.If 7 +y; > m, we have z,, = x . Since point L = (z,y;) is the lowest
point, h(z) decreases for x < xy, increases for x > xy, which implies that 4’ (z) < 0 for z < zp

and A’ () = 0 for > x 1. Now, recall Property 1 that we just showed:

8u(x;C’): ((1—0):—2+C)ﬂ’(x) ifx+H(x)=m;
o 1-C)2H (x)-C  ifz+H(x)<m

where by Lemma. we have H(z) = h(z) for x € (z,,, T,,). This property and the fact that h’(z) <
0 for x < xy and h'(z) = 0 for > xy, imply that u(z; C)) decreases for x < xy and increases
for z > xy. As we force u(x;C) = u(xp;C) for x > 7, = x, we have u(z;C) is always non-
increasing.

Case2—xy, +yL <m.Ifx +y, <m,wehavez, =sup{z € [z,z]: (1— C)Thh (x)—C < 0}.
For z € (z,,%.), by Lemma[I2] we have H(z) = h(x). As h(z) is convex, we have its subderivative
is increasing. Then, for x < Z,,, we have (1 — ()" Th’H (x) — C < 0. Therefore, Property (1) that
we just showed (i.e., Equation (57 ) implies that u(z;C') decreases for z € [z, T,]. As we force
u(z; C') to be a constant for z € [Z,,, |, we have u(x; C') is non-increasing for x € [z, z].

Finally, we show that u(z; C') is convex for = € [z,,, Z] by proving that its subderivative is increas-
ing. As h(z) is convex, we have the subderivative of h(x) is increasing for = € [z,,, T, |. By Lemma
we have H(z) = h(x) for x € [z,, Z,]. Then, we have the subderivative of H(z) is increasing
for x € [z, T,]. Therefore, Equation (57) implies that u(z;C) has increasing subderivative, and
u(z;C) is convex for z € [z,,Z,]. As u(x;C) is non-increasing and convex for x € [z, Z,| and

constant for z € [z, Z], we have u(z; C) is convex for z € [z, Z].

C.2.4. Property 4 Because H is the highest point and R is convex, h(z) increases for z <
xy and decreases for z > xy, which implies that A'(z) > 0 a.e. for z < x and A'(z) <0 a.e.
for x > . (Recall that h(-) is concave and point H = (x,yy) € R, which lies on the upper
envelope A(-), is the point in set R that has the highest low-reward demand, where R = {(x,y) €
R 1y = sup(y ,)er Min{y’,m}} is a subset of region R under which the high-reward demand
(more precisely min{y’, m} for any point (z’,3) € R) is maximized.) Therefore, Property (2) that

we just showed, (i.e., Mz; C)

— O (x)) implies that I(z;C) increases for x < z. As we force
l(x;C) =l(xg; C) for z = xy, we have [(z; C') is always non-increasing.

Next, we show that [(-; C) is concave. As stated earlier, because R is a convex set, we have h(z)
is concave. Since both h(x) and y = m are concave, we have () = min{h(x), m} is concave.

Therefore, the subderivative of 7(z) is decreasing. By Equation (43), we have the subderivative of
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I(x; C) decreases for z € [z,, Z,|, which implies that [(x; C') is concave for x € [z,, Z¢]. As I(z;C)
is a constant for x € [z,z,] and [(z;C) is concave and non-increasing for = € [z, Z,|, we have
l(x;C) is concave for z € [x, T/].

C.2.5. Property 5 Here, we want to show that for any C' < C*(R) and any x € [z, Z], we have

l(x;C) <u(z;C). For x € [z, z], let py(z) be a function that

CP,(ps(2); (2, h(x))) = CPu(ps(); (, h(x))).

Lemma shows that such py(z) always exists, and CP,(py(2);(x,h(z))) =
CP,(py(2); (z,h(x))) = C*(R). Then, by Lemma @ for any C < C*(R), we have
CP,(I(z;C); (z,h(z))) = C implies that I(z;C) < py(z), and CP,(u(x;C); (z,h(z))) = C <
C*(R) implies that u(z; C') = py(x). Therefore, we have I(z; C) < pp(x) < u(x; C).

C.2.6. Property 6 Here, we would like to show for any x € [z,z], [(x;C) is continuously

increasing in C' and u(x; C') is continuously decreasing in C'. This is because we have showed

l(l’l;C) = Cﬂ(fm) - m)

Th — Ty

and

w(z; C) = (1 — C);—:@(Il) — Cxy +m.

From these two equations, we can simply find that for any x € [z, Z], {(z;C) is continuously
increasing in C' and u(x; C') is continuously decreasing in C'.
C.3. Proof of Lemma(3]
First Direction. We first show that if [(z; C') < p(z) < u(x; C), we have CP(p(z);z) = C for any

x € [z, ], where we define

CP(p(x); x) = min{CP, (p(x); (x, h(x))), CPu(p(x); (x, h(x)))}. (45)

This gives us the desired result because by Lemmal2] for any = € [z, Z] and p > 0, we have
min  {CP(p; (z,y))} = min {CP(p; (z, h(x))), CP(p; (z, h(x)))} -
ye[h(z),h(z)]
Part 1: CP,(p(x); (z,h(x))) = C if p(x) < u(x; C). Here, we show that for any z € [z, Z],
CP,(p(x); (z,h(x))) is greater than or equal to C' as long as p(z) < u(z;C). Let us first focus on
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z€[z,2,] and v € [Z,, Z]. By Lemmal[13] for any z < x < z,,, we have CP,(m; (z,h(z))) > C. By
Lemmal(15] for any z € [2,, ], we have CP,(m; (z, h(z))) = C. By Lemma[9] for any p(z) <m

u(z;C) for x € [z, z,] and [T, T], we have

CP,(p(x); (2, (1)) = CPo(m; (2, h(x))) = C.

Next, we consider z € [z,,, T,,]. By Lemma14] we have
CP, (u(z; C); (z, h(x))) = C,
and by Lemmal[9} we have for any p(z) < u(x; C),
CP, (p(x); (x, h(x))) = CPo(u(x; C); (, h(x))) = C,

which is the desired result.

Part 2: CP,(p(z); (x, h(x))) = C if p(x) = I(x; C). Here, we show that for any z € [z, 7],
CP,(p(z); (x, h(x))) is greater than or equal to C as long as p(z) = I(z;C). Let us first consider
any = € [z,2y] and x € [Z;, Z]. By the definition of x5 and Lemma|[13] for z € [z, x| and [Z, Z],
we have CP, (0; (z, h(z))) = C. By Lemma@ forany p(x) = 0=1[(z;C) forx € [z, xy] and [Z,, Z],
we then have

CPy(p(x); (x, h(x))) = CPu(0; (2, h(x))) = C,

which is the desired result. Now, let us consider any x € [xy, 7], By Lemma we have
CP,(I(x; O); (z,h(x))) = C, and by Lemma@ we have for any p(z) = l(x;C),

CP,(p(x); (2, h(x))) = CP,(I(z; O); (w, h(x))) = C,
which is the desired result.

Second Direction. So far we have established that if p(z) € [I(z;C),u(z;C)], we have
CP(p(x);x) = C for any (z,y) € R. Next, we show that if p(z) > u(z;C) or p(z) < l(x;C), we
have CP(p(x);x) < C.

Part 1: CP,(p(x); (x,h(x))) < C if p(x) > u(x; C). First, as u(z;C') =m for x € [z,z,]
and [Z,,Z], and p(z) < m, we cannot have p(z) > u(z;C). Thus, we need to only consider z €

|z,,Zy]. For any z € [z, Z,], by definition, u(z; C') is the largest PL value such that

CP,(u(x; C); (z, h(x))) = C,
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and by Lemma[9) if p(z) > u(x; C), we have
CP, (p(x); (,h(2))) < CPo(u(z; C); (x, h(x))) = C,

which is the desired result.
Part 2: CP,(p(x); (x,h(x))) < C if p(x) < I(x;C). As I(2;C) = 0 for z € [z,ry] and
[Z¢,Z], and p(x) = 0, we cannot have p(x) < [(x;C'). Thus, we consider = € [xy,Z,]. For any

x € |z, T,], by definition, [(x; C') is the smallest PL value such that
CPy(I(z; O); (z, h(x))) = C,
and by Lemmal[9] if p(z) < I(2;C), we have
CP,(p(); (z, h(x))) < CPu(I(x; C); (z, h(x))) = C,
which is the desired result.

C.4. Proof of Lemmal4|

To show the result, we show the optimization problem in Equation (18) is equivalent to that in
Equation . Since the only difference between these two problems is their first set of constraints,
we only need to show that the feasible regions of these two problems are identical. To do so, we
show that any feasible solution to Problem (18)) is a feasible solution to Problem (16) and vice

versa.
Considering a feasible solution to Problem (18) with p(z) € [[(z;C), u(z:C)] for any z € [z, 7).
By Equation (17), we know that for any C' € [0,1] and x € [z, Z], [(z; C) = I(x; C). Therefore,

~

l(z;C) < p(x) < u(x;C) implies that [(z;C) < p(z) < u(z;C), as desired. Recall that [(z; C) <
p(x) < wu(x;C) is the first constraint in Problem (16), and hence the above argument shows that
any feasible solution to Problem is a feasible solution to Problem (16).

Next, we show the opposite direction. Contrary to our claim, suppose that there exists a fea-

~

sible solution p(z) to Problem with I(z1;C) < p(z1) < l(xq;C) for some z; € [z, z]. (This
shows that there exists a feasible solution to Problem , which is not a feasible solution to Prob-
lem (18).) By Equation (17), we must have z; > x_;, where x_; is defined in Equation (17). As

I(z_1;C) = l(z_y;C), we have p(z_1) = [(x_,; C) = [(z_y; C). Then, we have

p(z1) —plz—1) _Uz1;C) —l(z—1; C)

Tr1 —T_1 Tr1 —T_1

=1,

~ ~

where the equation holds because by definition of [(x; C'), the slope of [(z; C') w.r.t. x is —1 for any

x € [x_1,21]. That % < —1 implies that p’(x) < —1 on a positive measure set, and hence,

1—T—-1

p(z) is not a valid PL function, which is a contradiction.
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C.5. Proof of Lemmal5|

First Direction. We first show the ‘if” statement. That is, if g(z; R) < p(z) < g(x; R), we have

CP(p(x);x) = R for any z € |0, max{m, z}]|, where with a slight abuse of notation, we define

CP(p(x); ) = min{CP(p(x); (x,0)), CPu(p(x); (z,m))}. (46)

Notice that by Lemma we have CP,(p(z); (z,m)) = CP,(p(x); (x,y)) for any y = m. Then, by
Lemma it suffices to show CP(p(z); ) = R when g(z; R) < p(z) < g(v; R).

Part 1: CP,(p(x);(x,0)) = R if p(x) < g(x; R). First observe that, by Definition of CP,, in
Equation (6), if we set p(z) = g(z; R), we have

CP, (3(x: R): (2,0)) = 07, +min{z,m—g(z; R)}re  min{x,m —g(z; R)}r,

0-7, + min{z,m —0}r, min{x, m}ry
If < m, we have g(z; R) = — Rz + m, and we can obtain
min{z,m — g(z; R)}ry _ min{z,m — (—Rx +m)}ry _ Rary R
min{z, m}ry xry xTy '
Otherwise, if x > m, we have g(z; R) = g(m; R) = —Rm + m, and we can obtain
min{x,m — g(z; R)}ry _ min{z, m — (—Rm +m)}r, _ Rmry _ R

mry mry mry

Then, by Lemma@ we have for any p(z) < g(x; R), we have
CP,(p(2); (x,0)) = CP,(g(z; R); (,0)) = R,

which is the desired result.

Part 2: CP,(p(x); (x,m)) = Rif p(x) > g(x; R). By Definition of CP, in Equation (7), we
have
~ max{p(z), min{m, m — x}}r, + min{z,m —p(x)}r

CP,(p(x); (z,m)) = mry, + min{z, m —m}r,

_ max{p(x),m — x}ry, + min{x,m — p(x)}r, '

mry

We would like to show that if p(x) > g(x; R), we have CP,(p(); (z,m)) = R, where g(x; R) =

m(R—rg/rh)

rg/ry fOTTE [0, max{m, Z}]. If p(z) = m — x, we have

m(R—rg/rh) m(R—rg/rp)

+(m— Ty 4 (m = )y

CPu(p([E), (ZE,m)) _ p(l‘)’f‘h (m p(..'lf))?”g 2 1 Z/ h 1 Z/ h _ R,
mrp mrp




Golrezaei, Jaillet, and Zhou: Online Resource Allocation with Convex-set Machine-Learned Advice
58 Article submitted to Operations Research

m(R—rg/rp)
1—re/rh

where the inequality holds because p(x) > g(z; R) = . Otherwise, if p(z) <m — z, as

p(z) = g(x; R), we have g(x; R) < m — z. Then,
(m—x)r, +xr, _ plx)ry,+ (m—p(x))r

CpP, 3 Ly = = = R,
(p(o); () = o

(m—x)rp+ary
mry,

where the first inequality is because is decreasing in x and * < m — p(x). The last

inequality, which is the desired result, is because
p(x)rn + (m —p(x))re = p(x)(r, —re) +mre = g(a; R)(r, — 1) +mre,

(@;R) (rp—re)+mrg
mrp

=R.

and by some calculations, we have Z
Second Direction. So far, we have established that if p(z) € [g(z; R),g(x; R)], we have
CP(p(z);z) = R for any (x,y) € R. Next, we show that if p(z) > g(z; R) or p(z) < g(z;C), we
have CP(p(x);x) < R.
If p(z) > g(a; R) for some z € [0, max{m,z}], by Equation (I9), we have if = € [0,m],
g(xz; R) = —Rx +m > —x +m and hence p(z) + x > m. If x > m, we have g(z; R) = g(m; R).

Then, we have

CP,(p(z);(x,0)) = 074 +min{z,m —p(x)}r,  min{x,m —p(z)}r,

0-rp, +min{z,m—0},  min{x,m}r
If x <m, we have

min{z, m — p(x)}r, _ min{z, m — p(x)}r, _ (m—g(x;R))re

. =R,
min{x, m}ry xry Ty
where the inequality is because p(z) > g(x; R). Otherwise, if x > m, we have
min{x, m — p(x)}re _ (m—p(z))r _m —p(x) _m- g(m; R) _ R

min{x, m}ry mry m m

If p(z) < g(z; R) for some x € [0, max{m,7}], as a valid PL function p(z) is non-increasing,

we have p(max{m,z}) < g(z; R). Therefore,

p(max{m,z})r, + (m — p(max{m, z}))r,

CP,(p(max{m,z}); (max{m,z}, m)) =

mrp
m(R—ry/rh) _ m(R=rg/ri)
< T—ro/r, ' b + (m 1—re/rp )Te - R

mry
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C.6. Proof of Theorem|[2]

Algorithm presents an optimal solution to Problem . That is, at the optimal solu-
tion to Problem (C-Pareto-right), denoted by prign(+), We set prign() based on Equations and
(25). Furthermore, the optimal objective value of Problem (C-Pareto-right), Ry,n, is given in Equa-
tion (24).

We split the proof into three cases, in each case, we first figure out the robust ratio under the PL

function pyien (-) and check the feasibility and optimality of prign(-):

* Case 1: [I(7;C),u(z;C)] n [g(7),9(7)] # &. Inthis case, if [(Z;C) < g(7),

pright(f) =arg min |p - Q(EN = 2(5)
pell(%;0),u(z;C)]

~ ~

If 1(7;C) = g(Z), we have pygn (%) = I(Z;C). If T = m, then as the right problem is only
) =

1—re/rh
2—ry /T,

1—ry/rp

defined on Z, by definition, we have g(z) = §(Z) = 3= o

which is feasible. By Lemmal[10] we have

m. Then, prign(Z) =

m,

Rright = min {CPO (pright(j); (fa O))? CPU (pright(j); (j7 m))}

1— 1— 1
— min P (A (1, 0)), Py (A e () Y = L
2—ry/Tp 2—r/rp, 2—ry/rh

which matches the upper bound of the robust ratio in the absence of ML advice. Therefore,
Pright(Z) is optimal in this case.

Otherwise, if Z < m, by Equation (22), prgn(z) = max{—z + T + prgn(7;C),g(2)}
for x € [Z,m]. By definition, we have g(x) < prgn(x). For the part where prgn(z) =
g(x), we have prgn(x) < g(z) because by Equation (I9), g(x) < g(z) for any x € [0,m].
Then, we check that —z + T + pygn(7;C) < g(x) for x € [Z,m]. Notice that —x +
T 4 prignt(Z; C) is a line with slope —1 and by Equation (19), g(x) is a line with slope
—R > —1. Moreover, —Z + T + Pright(Z;C) = Prignt(7;C) = max{g(j),ZN(:E;C)} < g(x)

~

since [I(z;C),u(z;C)] n [9(Z),g(x)] # &. We have prgn(x) < g(z). By taking R = p

in Problem (C-Pareto-Trans), we can find pyign(-) is a feasible solution, and therefore, it

achieves a robust ratio of at least p. By [Ball and Queyranne (2009), we know p is the
upper bound among all algorithms, and therefore, pright(-) is optimal. In addition, notice
that prign(m) = g(m) and we can check CP,(prign(Z);(m,m)) = p, and hence Rygn =
it {CP, (prgn (2): (2, 0)), P (prga (2): (m, m)}.
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* Case 2: u(7;C) < g(z). In this case, we first show prgn(-) achieves a robust ratio of Ry =

CP,, (pright(7); (max{m,z},m)) and CP,(prignt(Z); (Z,0)) = CPy(prignt(Z); (max{m,z}, m)).
Then, we show pright(-) is feasible, and finally, we show it is optimal among all PL functions.

In this case, prgn(z) = argming .0y oy [P — 9(Z)] = u(Z;C), and by definition,
Pright(€) = Prigne(Z) for z € [Z,max{m,z}|. By Lemmas I and . we know the worst
case is achieved on (z,0) or (z,m) for some z € [Z,max{m,Z}|; that iS, Rygm =
Inf e[z max{m,z}] MIN{CPy (Drighi(2); (2,m)), CPy (prighc(7); (,0))}. As we have pyign(x) < m,
by Lemma([7] we have

CPy(prignt(x); (x,m)) = CPy(prigne(max{m, z}); (max{m, T}, m)).

AS Prighi(max{m, T}) = prgn(7) < 9(z) = g(max{m,z}) = m(1 —ry/rn)/(2 — 7¢/71), Where

the first inequality is because prign (%) < u(7; C) < g(Z), by Lemma@ we have
CPy (prigni(max{m, Z}); (max{m, z},m)) < CP,(g(max{m, Z}); (max{m, Z},m)) = p.

As Prignt(Z) < g(), we also have pign(7) < g(Z) for any x € [Z,m]. This is because by
definition, for any x € [Z,m], g(x) < g(=). Then, by Lemma@ for z € [Z,m], we have

CPy (prign (¢); (2, 0)) = CPo(g(x); (,0)) = p > CPu(prign (m); (m, m)),

where the equality is because g(x) = —px + m and one can easily check CP,(—px +
m; (z,0)) = p for any z € [0, m].

Therefore, the robust ratio of prgn(z) for x € [Z,m] iS Riight = CPy(Prigni(m); (m,m)), and
by Lemma we have g(2; Riign) < Prigt (%) < §(#; Riign). AlS0, Prignt(-) is a constant function
and is valid. We obtain pygn(-) is feasible.

Finally, we show that pyen(-) is optimal among all PL algorithms. We prove by contra-
diction. Suppose that a valid p;(x) can achieve a robust ratio greater than Riigni- Then, we
have

inf min{CP,(p:1(z); (z,0)),CP,(p1(x); (x,m))} > CPy(prignc(m); (m, m)),

z€[z,m)
which implies that CP,(p1(m); (m,m)) > CPy(pign(m); (m,m)). By Lemma [9] we have
P1(m) > Drigne(m). As pq(+) is valid, it is non-increasing, we have p1(z) = p1(m) > prign(m) =

u(z; C'), which is a contradiction because p;(z) > u(Z; C') means it is infeasible.
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. E‘ase 3: U(z;C) > g(z). In this case, phgn(Z) = argmin, .oy oy lP — 9(Z)| =
(z;C), and we have prgn(x) = §(x; Rigny) for x € [Z,max{m,z}] where Ryen =

CP,(I(z;C); (z,0)). Observe that Prighe(-) 1is continuous at Z because pign(T) =
9(%; Rugn) = 9(7;CP,(I(7;C); (2,0))), and if & < m, we have g(z; CP,(I(z; C); (z,0))) =

; Z + m = l(z;C). Similarly, if > m, we have §(z;CP,(I(z;C);(z,0))) =
—%m + m = I(z;C). By Lemmas [2| and for x € [z,max{m,z}], the worst

over- and under-protected points are (x,0) and (x,m), respectively; that is, Ry =

o~

_ m=I(z;C)

inf ez max{m,z}] MIN{CP, (Drign (); (,0)), CPy(Prign(); (x,m))}. So, we first claim that
Prigh(-) achieves a robust ratio of Rygn = CPO(ZN(:E; ();(z,0)) by showing that for any x €
[z, max{m, Z}], CP,(psignt(2); (2,0)) = Rijgne and CPy(prignt(z); (x,m)) = Riigni. Then, we
show its feasibility and optimality.

By Equation (6, we have for any z € [z, max{m, Z}],

07y + min{x, m — prgn(z)}re  min{x, m — prgn(z)}re
CP,(pri ; 70 = - = -
(Prign ()3 (,0)) 07y, + min{z, m — 0}ry min{z, m}r,

If x <m, we have

min{x, m— pright(m)}rz _ (m - pright(x))rf

min{z, m}ry xry
_ (m = g(x; Regn))re
ITy
m — g(z; By
= ( ght) = Rright?
x
where the second equality is because piign(z) = §(%; Riignt) = —Rign® + m and m —
(—Riigher + m) = Rygnew < z. If x > m, we have
min{x, m — pright(x)}ré _ (m - pright(x))ré
min{x, m}ry mry
_ (m = g(; Reign) )¢
mry
m — g(m; Ry
= g( ght) = Rright-
m

For any x € [Z, max{m, T}]|, by Lemma we have
CPy (prigni (2); (2,m)) = CPu(prign (max{m, 7}); (max{m, z},m)).

As we have CP,(g(max{m,z});(max{m,z},m)) = p, and puen(max{m,z}) =

g(max{m,z}) > g(max{m,}), by Lemma@ we have

CP, (pright(max{m, z}); (max{m,z},m)) = p = Riigh-
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Therefore, the robust ratio of prgn((z) 1S Rrighi. AS Dright(2) = G(2; Ryigne), We have
9(2; Reignt) < Prigt () < §(; Reign). Also, since prign (T) = 7@, we have ;@ < prign(T) <
w(Z; C). In addition, pyign () has slope — Ryigne < —1, which means it is valid. We have piign(-)
is a feasible solution.

Finally, we show that pyign(-) is optimal among all PL algorithms. We prove by contra-
diction. Suppose that a valid p;(z) can achieve a robust ratio greater than R Then, we
have

inf min{CP,(p1(z); (x,0)),CP,(p1(x); (z,m))} > CP,(psien(Z); (Z,0)),

z€[Z,max{m,T}]

which implies that CP,(p;(Z); (2,0)) > CP, (prign(Z); (Z,0)). By Lemmal[9] we have p; (z) <
Pright(Z). However, as we have prign(Z) = I(z:C), we obtain p;(z) < I(z; C'), which means
p1(+) is infeasible and forms a contradiction.

(]

C.7. Proof of Theorem[3|

We  first show  that  (pen(:), Rier) is a  feasible solution to  Problem

~

(C-Pareto-left), where pen(z) = max{l(z;C),prign(Z)}, 2 € [0,2] and R =
min{CP, (pier(7); (Z,m))),inf 10,2 CPo(Pierc(); (2, 0))}. Under the PL pieq(-), we first note that
by Lemma|2] we only need to consider the points (z,0) and (x,m) for any x € [0, Z]. That is,

Rleft:min{ inf CPo(pleft<x>;(x>O)>a infi] CPu(pleft(x);(xam))}a

z€[0,7] z€(0,z

By Lemma[7] we then have

CPu(pieri(®); (x,m)) = CPy(pier(Z); (T,m)) = inf ]CPu(pleft(SU); (,m)) = CPy(piere(T); (T,m)).

z€[0,Z

This implies that Rjer = min{CP, (pier(Z); (Z,m)), inf,c0,7) CPo(pier(x); (2,0))}, as desired.

Rier is feasible because the range of compatible ratio is [0,1]. To show that pyg(x) is
feasible, first, as we have shown it achieves a robust ratio of R, by Lemma we have
9(x; Riert) < preri(®) < g(2; Rierr). Second, we show that ppg(-) is a valid PL function and
pete() € [I(;C), u(a: C)]. Observe that [(z;C) is a valid PL function by definition, and hence
we have pieg(z) is also valid. Third, we show that z: C' < peg(2) < u(a:C) for z € [0,Z]. As

Diere(2) = max{l(z; C), prignt(T) }, we have [(x; C) < piere () for any x € [0, z]. In addition, we have

Diert(T) = Pright(Z) < u(z;C'), and by Lemma@ we have u(z;C) is a non-increasing function in
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x. This implies that u(z;C') = per(Z) for any = € [0,Z]. Also, as C' is assumed to be less than
C*(R), by Lemma |, we have [(z;C) < u(z;C) for x € [0,Z]. Therefore, we have pie(z) =
max{pen (%), |(x: C)} < u(x; C), which is the desired result.

Second, we show that pr(-) is optimal. To do so, we argue that (i) by Lemma we have
9(2; Rietr) < pres () < g(75 Riet)

and (ii) there does not exist any other valid PL function that achieves a higher robust ratio than R
while satisfying the consistency lower and upper bounds.

Recall that Ry = min{CP,(pier(Z); (Z,m)),infref0,7) CPo(pierc(2); (,0))}. As Problem
restricts the value of p(Z), we have any PL algorithm has the same worst under-
protected ratio, i.e. CP,(pier(Z); (Z,m)). Then, we show that any PL algorithm cannot get a larger

worst over-protected ratio. For over-protected case, we let
Riere = iﬂf_ CPo(pleft(CB); (515, 0))7
z€[0,z]

and let the infimum is achieved on zj, i.e. CP,(per(x1);(x1,0)) = ]f%;ﬁ. If there exists
a PL algorithm p(x) such that inf,c[oz CP,(p(2); (2,0)) > Rien, then CP,(p(x1);(21,0)) >
CP,(pretc(x1); (21,0)). By Lemma@ we have p(x1) < pieq(1). This implies that either p(z) <
Prignt () or p(z1) < £(x;C). However, if p(z1) < prign(Z), as p(-) is non-increasing, we have
P(Z) < prigni (%), which implies p(-) is infeasible. If p(;) < £(x; C'), this immediately contradicts
to {(x;C) < p(x) < u(x;C). Therefore, such p(z) does not exist.

]

Appendix D: Proof of Theorem (1]
The proof is naturally divided into three parts.

D.1. Result 1: R* = min{ Ryight, Riett}

First, we show that R* = min{Rright, Rieri}, where Theoremsand show that

Riese = min{CP,, (piese(Z); (Z,m)), inf CP o(Prere(); (2,0))} .

z€[0,Z

and

erght min {CP (prlght( ) (jv 0))7CPu(pright(‘7_:); (max{mv j}vm))} :
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Let us denote f%;;t = infyefo,7) CPo(pierc(¢); (,0)), and note that by Lemma we
have CP,(prign(Z); (Z,m)) = CPy(prignt(Z); (max{m, z},m)), where by construction, we have

CPy (Prignt(Z); (Z,m)) = CPy(pierc(Z); (Z,m)). Therefore, we have

min{Rrighn Rleft }

= min {CPO(pright(j>; (‘7_:7 O>>’ CPu{pright(j); (maX{m7 j}7 m))? CPU(pleft(j); (jv m))v melﬁ),fi] CPo<pleft(x); (ZL’, O))

= min {CPO(pright(j); (ja O))? CPu (pright(j); (maX{m> f}> m))> CPU(pright(j); (i‘> m))> inf CPO(pleft(x); (ZE, 0)

z€[0,z]

— min {cpo(pﬁght(@; (7,0)), CPu (pag(2); (max{m, 7}, m)), inf CPo(penl): 0))} = min{ Rrign, Rt}

z€[0,T

where the second equality is because prigni(Z) = pier(Z), and the third equality is because
CP. (g (2): (2,m)) > CP, (g (2); (masc{m, 2}, m)).

Therefore, showing R* = min{ Rygn, Rieri} 1s equivalent to show that R* = min{ Ryign, ]f%;;t} As
Theorems andshow, if we set p(Z) optimally, our p*(-), presented in Algorithm achieves an
optimal robust ratio. Therefore, it suffices to show that for any valid p(z) such that D(Z) # prigh(Z),
we have ROBUST(p(+)) < ROBUST(p*()). Here, with a slight abuse of notation, ROBUST(p(-)) is
the robust ratio of a PLA with PL of p(-). We split the analysis into two cases based on the value
of %t and Rn, where in case 1, we have Rijgn < %t, and in case 2, we have Rygn > ]f%;ﬁ

¢ Rijgnt < é:ft. In this case, ROBUST(p*(+)) = min{é;ﬂ,Rright} = Ryighi. By Theorem |2 we
know that no PL can achieve a robust ratio greater than Rign for x € [Z, max{m, z}]. There-
fore, we have ROBUST(D(+)) < ROBUST(p*(+)) = Ryigni» Which is the desired result.

. f%;t < Ryighe- As is shown in Theorem by fixing p*(Z) = prient(Z), no PL can achieve a robust
ratio greater than ff;;t. Then, in this part, we show that if a valid and feasible PL function p(x)
for z € [0, Z] does not have restriction on Z, it can still not achieve a robust ratio greater than
Rieri. To show this, we define 7 € [0, Z] as such that [(7;C) = Pright(Z). We start with showing
that such z always exists, and then we show that ppg(-) achieves RTJeﬁ in [0,Z] and no PL
function p(x) can outperform R in [0, Z].

To show the existence, we use a contradiction argument. Contrary to our claim, suppose
that there does not exist any 7 € [0, 7] such that [(%; C) = Pright(Z). Observe that prign(Z) is a
constant and is greater than /(; C) by feasibility of Pright(+). Further, note that by Lemma

~

I{z;C) is non-increasing in . Then, when Z does not exist, we must have Pright(T) > 1(x; C)
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for any = € [0, 7]. By Theoremﬂ 3| in this case, pien (%) = prigni(Z) is a constant function. (Recall

that pieg(2) = max{l(z; C), Prignt(z) } for any z € [0, z].) By Lemma. we have
Bi = nf CPo(pign () (,0) = CPo(pagn(7); (7,0)).

However, as CP, (pyignt(Z); (7, 0)) = min{CP, (pright(Z); (Z,0)), CPy (Prignt(Z); (max{m, z},m))},
we have f%;;t > Rijgni» Which is a contradiction. Therefore, such 7 exists.

Then, i () = Prign(Z) for x € [Z, 2] and pier(x) = T(x, C) for z € [0, Z]. By definition of
E;t, we have

Rlen—mm{xé%fx]C (N(x;C);(x,O)),xéEfx CP, (prignt(Z); (z,0))}.
By Lemma (18] we have
inf CP, (prignt(Z); (,0)) = CP,(pright (T); (%,0)) = Riign-

z€[Z,T]

Given that Rief; < Ryign, We have

~

Rty = mf CP,(I(z; C); (x,0)).

(EG IE

Finally, we show that no valid and feasible PL p(z) can outperform ]/%I;t in [0, Z]. Suppose
that #, = argmin, g 5 CP,(I(x; C); (w,0)), which means that CP,(I(x; C); (x1,0)) = Rien.

If p(z) outperforms R;;t, we have

inf CP,(p(x); (x,O))>REt7

z€[0,z]

~

which implies that CP,(p(z1); (1,0)) > Rpe. By Lemma@ we have p(z1) <l(z1;C), which
shows that p is not a feasible PL function and forms a contradiction.

O

D.2. Result 2: p* is an Optimal Solution

Second, it is trivial that Algorithm [I] presents an optimal solution to Problem (C-Pareto-Trans).

The reason is by Theorem [2, we have pyign(z) achieves R for Problem (C-Pareto-right) and
by Theorem we have prg(x) achieves Ry for Problem (C-Pareto-left). By Equation , we

know that ROBUST(p*(+)) = min{ Ryign, Rierc }» and we just showed that min{ Ryigni, Rieri} = R*. The

remaining thing is to show that p*(-) is feasible and valid. As we have shown in Theorems and
that pyiene(-) and pier(+) are both feasible and valid for any « > 7 and z € [0, 7|, respectively. Further,

Dright(Z) = Prere(Z), which means that p*(-) is continuous. Therefore, p*(-) is feasible.
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D.3. Result 3: No Algorithm Can Outperform p*
Here, we show that a PLA with the PL function of p*(-) is an optimal solution to Problem (3)). That
is, among any online algorithms II, the aforementioned algorithm maximizes the robust ratio while

ensuring its consistent ratio is at least C'. Recall that we just showed

R* = min{ Ryignt, Riere} = min{CP, (p*(max{m, z}); (max{m,z},m)),CP,(p*(Z), (z,0)), inf CP,(

z€[0,z]

(47)
Then, we split the proof into three parts, where in each parts, we discuss each term in Equation
is the minimum value.

Part 1: R* = CP,(p*(max{m,z}); (max{m,z},m)). Here, we show that no deterministic or
randomized algorithm can achieve a robust ratio more than CP,, (p*(max{m, z}); (max{m,z}, m)).
We define two (ordered) input sequences: In the first input sequence, [;, ¥, < z low-reward
requests arrive first, followed with h(Z,) high-reward requests. In the second input sequence, /o,
max{m, z} low-reward requests arrive first, followed m high-reward requests. Before receiving z,,
low reward requests, any deterministic or randomized algorithm cannot differentiate the two input
sequences and has to decide to accept how many low-reward requests in expectation. If there exists
a deterministic or randomized algorithm A, which can achieve a consistent ratio of at least C', and
a robust ratio higher than CP,, (p*(max{m, Z}); (max{m,z}, m)), it should satisfy

E[Rew(A, )]
OPT(1;)

=>C,

Let the expected total amount of high-reward, low-reward requests being accepted by A be

h(A, ), {(A, I), respectively. Then,

E[Rew(A, )] h(A, L)y + (A, L) > C
OPT(I1)  h(Zy)rp+min{Z,,m—h(Z,)}re

By the definition of u(z,;C), we have u(z,;C) = sup{p : CP,(p;(Z.,h(Z,))) = C},
min{hA(Zy),m}ry+min{T,,m—u(Ty;C)}re
and by Equation (6), TN 1 39 S Voo oy et o £ o = (, and by Lemma , we have
min{h(Z.),m}ry+(m—u(z.;C))re
min{h(Zv),m}rp+min{Z.,(m—h(T.))* }re

h(A, I)rn, + 0(A, I)ry - min{h(z, ), m}r, + (m —u(z,; C))re
min{h(Z,), m}r, + min{z,, (m — h(z,))*}r, = min{h(z,), m}r, + min{z,, (m — h(z,))*}re’

= (. Therefore, we have

as h(A,I) < min{h(z,),m}, we have ((A,I,) = m — u(Z,;C), which implies that we should

accept at least m — u(z,; C') low-reward requests in expectation.

p*(z); (z
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However, to achieve a robust ratio higher than CP,(p*(max{m,z});(max{m,z},m)) for
sequence [5, we have

E[Rew(A, I,)]

orr() > Chulp(max{m, z}); (max{m, },m)).

By Equation (7), we have

E[T:VT((“;Z’)IQ)] = h(A, I2>r2;h£<"4’ La)re > CP,(p*(max{m, z}); (max{m,z},m))

p*(max{m,z})r, + (m — p*(max{m,z}))r,

?

mrp,

as h(A, L) < (m — ((A), 1), we have ((A, ;) < m — p*(max{m,z}), which implies that
we should accept less than m — p*(max{m,z}) low-reward requests in expectation. However,
when R* = CP,(p*(max{m,z}); (max{m,z},m)), Part 1 of the proof of Theorem [2] shows that
p*(max{m,z}) = pugn(max{m,z}) = u(z;C). By Equation (13), we have u(z;C) = u(Z,;C).
Therefore, under sequence I, we have ((A, Iy) < m — u(Z,; C), which is a contradiction because
once we observed z,, low-reward requests, we have already accept at least m — u(z,; C') of them
in expectation.
o

Part2: R* = CP,(p*(Z),(Z,0)). To show the result, we split the analysis into two sub parts based
on the value of p*(z) and {(z_; C). First, we show that when [(z_1: C') > p*(Z), no deterministic or
randomized algorithm can achieve a robust ratio more than CP,(p*(z), (z,0)). Here, we recall that

x_y=sup{x€|ry,T]: %

< —1}. Then, we show the same result when [(z_1; C') < p*(Z).
For the case where [(x_1;C') > p*(Z), we again define two (ordered) input sequences: In the
first input sequence, I, x_; low-reward requests arrive first, followed with h(x_;) high-reward
requests. In the second input sequence, I, * low-reward requests arrive first, followed by 0 high-
reward requests. Before receiving x_; low reward requests, any deterministic or randomized algo-
rithm cannot differentiate the two input sequences and has to decide to accept how many low-
reward requests in expectation. If there exists a deterministic or randomized algorithm .4, which

can achieve a consistent ratio of at least C, and a robust ratio more than CP,(p*(z), (z,0)), it should

satisfy
E[Rew(A, )]

=
OPT(1;) C,
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Let the expected total amount of high-reward, low-reward requests being accepted by A be
h(A, ), {(A, I), respectively. Then,

E[Rew(A, )] _ WA, L)+ U(A, L)
OPT(I;) h(z_1)ry +min{a_y,m— h(z_1)}re

By Equation (15), we have CP,(I(z_1;C); (z_1, h(z_;)) = C. By Equation (7), we have

CP,(I(z1: O): (21, (1)) = max{l(z_1;C),min{h(x_1),m —x_1}}r, + min{x_y,m —l(x_q; C)}’/’g'

h(x_1)rh +min{z,,m — h(x_1)}r
By Lemma we have max{l(z_1;C),min{h(x_,),m —2_1}} = l(z_1;C) and min{z_;,m —
l(x_1;C)} =m—1l(x_q;C). Therefore, we have

CP,(I(x_1;O); (x_1,h(x 1)) = Bé;ﬁ:;;’hcj-?nj—ni? _Tfll(f_i(;;?l))?w —¢

which implies that

h(A, I)ry, + C(A, I)r, - Wx_1;C)rp+ (m—1(x_q1;C))ry
h(z_1)ry +min{z,,m — h(z_1)}r - h(z_1)ry +min{z,,m —h(z_1)}re

As h(A, 1) <m— (A, I), wehave ((A, ) <m—I(x_y;C), which implies that it should accept
no more than m — [(x_1; C') low-reward requests in expectation. However, to achieve a robust ratio
more than CP,(p*(Z), (z,0)) for sequence I5, we have

E[Rew(A, I5)]
OoPT(I5)

> CP,(p*(z), (z,0)).

Let the expected total amount of low-reward requests being accepted under I, by A be ((A, I5),

respectively. Then,

E[Rew (A, )] _ f(-:‘l) > CP,(p*(z), (z,0)).

OPT(1;) T

By Equation (6), we have

CP,((2), (1,0)) = ML,

T

If z <m — p*(z), we have CP,(p*(z), (z,0)) = 1, which means no algorithm can achieve a higher

robust ratio. Otherwise, we have

and we have
E[Rew(A, )]  ((A, L) _m — p*(Z)

— )

OPT(17) T iy
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which implies that ¢(A) > m — p*(z), and we should accept more than m — p*(z) low-reward

requests in expectation. However, when R* = CP,(p*(Z), (,0)), by the proof of Theorem[2] we
have in this case p*(Z) = Prignt(Z) = 1(z; C). However, given that [(z_1: C) > p*(z) = I(z; C), we

have z_; < z. Otherwise, I(z_1;C) = I(z;C) = I(z;C). Between x_; and Z, there are at most
T — x_1 low-reward requests arriving, and any algorithm can accept at most © — x_; low-reward
requests. But we accept no more than m — [(z_1; C') low-reward requests in expectation under I,
and more than m — p*(z) low-reward requests in expectation under /5, and since T(a:, () is a line
with slope —1 for # > z_1, we have m — p* () — (m — l(z_1;C)) = l(z_1: C) = [(7;C) = T —x_4,
which is a contradiction.

Now, let us consider the case where [(z_1; C') < p*(Z), where we recall that here by assumption
R* = CP,(p*(Z),(z,0)). By the proof of Theorem [2| when Ryiqn = CP,(p*(Z),(Z,0)), we have
P*(Z) = prign(Z) = I(z; C). In addition, we have [(z_;C) = [(x_1; C), and I(z_y;C) < p*(Z) is
equivalent to [(z_1: C') <1(Z; C). Due to I(-; C) is non-increasing, we have z_; = Z in this case.

To show the result, we again define two (ordered) input sequences: In the first input sequence,
I, T low-reward requests arrive first, followed by h(Z) high-reward requests. In the second input
sequence, I, z low-reward requests arrive first, followed by 0 high-reward requests. If there exists
a deterministic or randomized algorithm A, which can achieve a consistent ratio of at least C', and

a robust ratio more than CP,(p*(Z), (z,0)), it should satisfy

E[Rew(A, [1)]
opT(I4) > C.

Let the expected total amount of high-reward, low-reward requests being accepted by A be

h(A, 1), {(A, I,), respectively. Then,

E[Rew(A, I1)] _ h(A L)ra+ (A L) - C
OPT(1;) h(T)r, + min{z,m — h(z)}r, =

By Equation (17), we have CP,(I(z;C); (Z,h(z))) = C. By Equation (7),

CP(I(7: C): (7, (7)) = 2@ C )ri?jﬁfi Zi;{?:; : %rl(i;){i; m —U(7;0)}re

As we have shown T = x_; at the beginning of this case, by Lemma[I9] we have
max{l(z;C),min{h(z),m — z} = I(Z;C) and min{z, m — I(z;C)} = m — I(z; C). Therefore,

we have
U(z;C)rp + (m—U(z;C))ry _c
h(Z)ry, + min{z,m — h(Z)}re
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and this implies

_ h(A,[l)Th—Fg(A,I_l)Tg - _l(ff?;C)Th—i—(m—l(f;_C))?"g
h(Z)ry, + min{z, m — h(z)}r, - h(z)ry, + min{z,m — h(Z)}re

As h(A,I) =m—{(A, 1), we have {(A, I;) <m —(z;C), which implies that we should accept
no more than m — [(z; C') low-reward requests in expectation. However, to achieve a robust ratio
more than the CP,(p*(Z), (z,0)) for sequence 5, we have

E[Rew(A,I,)]
OPT(/5)

> CP,(p* (), (,0)).

This implies that we should accept more than m — p*(z) low-reward requests in expectation, which
is shown in the previous case. However, as is shown at the beginning of this case, here, * = x_;,
and p*(z) = l(z; C'), which shows that upon receiving = low-reward requests, we should accept no
more than m — p* () low-reward requests and more than m — p*(z) low-reward requests, which is
obviously a contradiction.

Part 3: R* = infuef0,2) CPo(p*(2); (2,0)). Define 7 = argmin, (o ,1CP,(p*(); (x,0)). If Z' is not
unique, we randomly the one with smallest  value. Let us first consider the case where [(z_1;C') >
p*(Z)and T € [x_1,x_1 +1(z_1;C) —p*(Z)]. In this case, we replace I, in the proof of Part 2 under
the case where [(x_1; C') > p*(Z) by: we define /> as T low-reward requests arrive first, followed 0
high-reward requests, and we can have p*(z) is optimal among all algorithms in this case.

For any other cases, we replace [, I5 in the proof of Part 2 under the case where [(z_1;C) <
p*(z) by: we define I; as T low-reward requests arrive first, followed h(7) high-reward requests;
we define I, as T low-reward requests arrive first, followed 0 high-reward requests, and we can
have p*(z) is optimal among all algorithms in this case.

Therefore, we have p*(x) for x € [0,m] is optimal among all deterministic and randomized
algorithms.

O

D.4. Lemma(7]and its Proof

LEMMA 7. Given an arbitrary valid PL function p(-), we have for any x € [0,max{m,z}],
CP,(p(x);(x,m)) is a non-incresing function in x. That is, for any x € [0, max{m, Z}|, with p(z) <
m,

CPy(p(m); (max{m, ¥}, m)) < CP,(p(x); (x,m)).
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Proof of Lemma|7| Take any valid PL function p(x) for = € [0, m], by Equation (7),

CP, (p(a); (2, m)) = maﬂp(m)miﬁ:’f Imf{}jrﬁimﬂf}lif p— .

_ max{p(x),m — x}ry, + min{x,m — p(ﬂU)}W'

mry

Let 21 = sup{x : p(x) + 2 < m}, first, as a valid PL function satisfies that p’(z) > —1 a.e., and the
line z + y = m has slope —1, once = + p(z) = m, we have for all 2’ > z, we have 2’ + p(z’) = m.

Therefore, for x € [0, 2], we have p(x) + 2 < m, and

P (pla) m)) = L

which is a monotone decreasing function with .

For x € [z1,m],

CP,(p(z); (x,m)) = p(x)ry + (m —p(l‘))T47

which is also a non-increasing function with  due to p(x) is non-increasing. Therefore, it is mono-

tone decreasing, and we have for any valid PL function p(z),
CP,(p(m); (m,m)) < CP,(p(x); (x,m)),

for z € [0, m]. If Z > m, by Lemma[10] we have CP,(p(Z); (Z,m)) = CP,(p(x); (x,m)). Therefore,

we have

CP,(p(m); (max{m, r},m)) < CPy(p(2); (x,m)),
for any z € [0, max{m,z}]. ©

Appendix E: Proof of Statements in Section|6]

In this section, we provide the proof of statements in Section @In Section we prove Proposition
and shows the computational complexity and accuracy of the bisection algorithm. In Section
we prove Theorem which provides several properties of an optimal C*(R). In Section
we prove Theorem @ which states that Algorithm [5|returns C*(R). Finally, in Section we
prove Theorem |4, which shows that the optimal PL function is optimal among all deterministic

and randomized algorithms.
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E.1. Proof of PropositionT]

We first show that the feasibility (i.e., determining if for any = € [z, Z], and a given C, we have
u(z;C) = I(z;C)) check can be performed by a polynomial time algorithm. For any C € [0, 1],

~

checking whether for any z € [z, Z], u(z;C) = l(z;C) is equivalent to checking the following

condition

min u(z;C) —(z;C) = 0. (48)

2€[z,7]

Notice that by definition, for z € [z, z, ], u(z; C) = m and u(z; C) — (x; C) is always non-negative
and for z € [, z], I(z; C) = 0 and u(z; C) — (x; C) is always non-negative, where 7, = inf{z_; <

x < Z:l(x;C) = 0}. Therefore, in Equation (48), we can ignore these two intervals. For any x €
[z, %], by Lemmas@and u(-;C) is convex and I(-; C') is concave, which implies that u(z; C') —
7(93; (') is convex. Therefore, Problem is a convex optimization problem on a compact set,
which can be solved by polynomial-time algorithms.

With this result, Algorithm[4]has exactly the same structure with the classical bisection method
which is a root-finding method that applies to any continuous function. Here, we make an analogy
to the classical bisection method for finding the root (a single zero point). Compare to the classical
bisection method for finding a single zero point, we can treat C*(R) as the zero point, and treat
the feasibility check as whether the value is positive or negative. It is well known that the classical
bisection method can return a z € [x¢ — €, 29 + €] in O(log(1/€)) time, where x is the zero point.
Therefore, we have Algorithm[4]can return a C € [C*(R) — ¢, C*(R) + €] in O(log(1/e)) time.
E.2. Proof of Theorem|5|

~

We split the proof into three parts. In part 1, we show that if for any z € V, we have I(z;C) <
u(z;C), then such a C' is feasible. That is, C*(R) < C. In part 2, we show that a feasible C' =

~

C*(R) is optimal if and only if there exists Z € [z, Z], such that I(Z;C*(R)) = u(Z;C*(R)). In

part 3, we show that such Z must belong to V.

Part 1: Feasibility of C. By Lemma C is feasible if and only if u(z;C) > I(z;C) for any

x € [z, Z]. Here, we show that by only checking u(x;C') and [(x;C') on x € V is enough to check
the feasibility of C' given that R is a polyhedron. As R is a polyhedron, we have both h(-) and

h(-) are piece-wise linear functions. By the first two properties of Lemma@and Equation (17), we
have both lN(, C) and u(+; C) are also piece-wise linear functions. We want to show that T(I, C) <

~

u(x; C) for any x € V, implies that [(z; C) < u(x;C) for any z € [z, T]
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Suppose that for all z € V, I(z;C) < u(x;C). We take any z; € [z,7] — V. Let [z,, 7] be the
smallest interval contains z; such that z,,7; € V. As it is the smallest interval, it does not contain
any other z-vertices, which implies that for any z € [z, 2], both {(z; C') and u(z: C) are linear.
As [(z,:C) < u(zy;C) and [(Z1; C) < u(Z1; C), we have [(z1; C) < u(z1; C) due to linearity and
continuity of [(z; C)) and u(z; C).

Part 2: Optimality of C. We first prove the ‘if” statement. That is, if there exists T € [z, 7]
and C € [p, 1], such that [(Z;C) = u(%;C), then we have C' = C*(R) is optimal. We prove by
contradiction. Contrary to our claim, suppose that there exists a feasible C > C under which for
any z € [z, Z], we have I(z; C) < u(; O).

By the sixth property of Lemma @ and Lemma we have [(7;0) = I(2:C) = u(Z;C) =

First, consider the case where = € [z,x,]|, where we recall that z, = sup{z < = < T, :

CP,(m; (z,h(x))) = C}; that is, we have u(Z; C') = m if and only if z € [z, z,|. We then have

~ ~

130213 C) =u(@:C) = m >u(# C),

which implies that ( N(A' C) = m. However, by definition, we have

0) =
CP,(I(#;0); (2,h(2))) = C and CP,(I(F;C); (2, h(2))) =
C') = m, we must have B(§)>m By putting p = m and y = m into
P, (I(3;

C);(Z,h(Z))) = 1, which implies that

C, and to be in the under-protecting
case, given that T((/E\, C) =1z
Equation (7), we have CP, (I(%;C); (2, h(2))) =
C=0C= 1, which contradicts to C' >
widehatC'.

Now consider the case where 7 € [z,,Z]. We have u(%;C) < m and I(Z; ) = 1(z:0) =
w(z;C) > u(z: C), where the last strict inequality is by Lemma [20|which states that u(%; () =
u(Z; C') only happens when both of them equals m. This forms a contradiction because the chain
of inequalities implies [(%; C) > u(z: C).

Next, we prove the ‘only if’ statement. That is, if [(z; C)) < u(x; C) for all z € [z, Z], then C is
not optimal. That is, there exists C' > C' such that {(z;C') < u(z; C) for all z € [z, ]

In this case, by the sixth property of Lemma@ and Lemma for any x € [z, 7], T(I, Q) is
continuously increasing in C' and u(x; C') is continuously decreasing in C'. Therefore, by continuity
of C, there exists § > 0 such that with C' = C + 4, we have [(z; C) < u(x; C) for all z € [z, Z]. By

Lemma[4] we have C' is feasible and C'is not optimal.
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Part 3: 7 € V. . As we defined, V is the set containing the = value of all vertices of R (i.e., h()
and h(-)) and the set R, where Ry = {(z,h(z) : x € [z,Z]} n {(z,y) : * + y = m}. In Lemma
we show that all of z-vertices of u(-;C)) and I(-;C') are a subset of V and the elements of R,
might be z-vertices of u(-; C'). By Lemma[27] we have there exists Z € V such that u(%; C*(R)) >

[(z;C*(R)), which completes the proof.

(]

E.3. Proof of Theorem|6|

Given a polyhedron R, let C*(R) be the optimal consistent ratio among all PLAs. First, it is easy
VI-1)/2

to see that the computational complexity is O(|V|*) because we enumerate at most |V|(

pairs of z-vertices, and recall that

~

C*(R) =max{C eS8 :l(x;C) <u(x;C) foranyz eV},
for each pair of vertices, if [(z; C)) < u(x; C), for any z € V, we will add C into the set S. By doing
this, for each pair of vertices, we compare the value of [(z; C') and u(z; C) for z € V with at most
|V| complexity. To summarize, the total complexity is bounded by |[V|(|V| — 1)/2 - |V|, which is
O(IVP).
Second, Algorithm cannot return an output C' > C*(R). This is because it will return

~

C*(R) =max{C eS8 :l(z;C) <u(z;C) foranyzeV}.

and by Theorem any C' such that [(z;C') < u(z;C) for any z € V implies C' < C*(R).

Finally, we show that by enumerating vertices as in Algorithm we can find C*(R). To show
this, we need to split the proof into three cases according to the location of Z, where 7 is the
intersection point of u(-; C*(R)) and I(-: C*(R)). By Theorem such 7 always exists. If there are
multiple intersection points, we take the one with the smallest « value. Before we divide into three
cases, we highlight that enumerating vertices is only for reducing computational complexity, and
all the following statements not related to )V are correct for any general convex set R.

e Case 1: T < xy In this case, we first show that 7 = z,, and 7, < zy. Second, as H is a

vertex, we have xy € V, and by Lemma we have 7, € V. We show that by balancing I
and (Z,, h(Z,)), we obtain a C; in Algorithm|[S|according to Equation (28).

For any C; < C*(R), by the definition of I(-;C}), we have [(z: Cy) = l(zy;Cy) for x €
[z,21]. As u(Z;Cy) = [(2:C) = l(zy; C1) and u(z;Cy) = [(z;Cy) for any z € [z, T], we
have

T € argmin, ., u(z; C1).
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By Lemma we have 7 € [Z,,, 2 ]. As we have defined that if there are multiple intersection
points, we take 7 as the one with the smallest x value. That is, ¥ = Z,. Moreover, we must

have Z, < xy in this case because otherwise, if z, > xy, we have u(x;C}) = m for any

x €|z, xy], and as [(x; C}) < m, we have there does not exist T such that u(z; Cy) = I(Z; C1),
which is a contradiction.

Next, we show that by balancing H and (Z,,, h(Z,)) according to Equation (28}, we can get
(. Recall that in Equation , given two points x; and x, (here x5 and z,,), we find p (here

[z ;Cy)) such CPy(p; (x1, h(z1))) = CP,(p; (w2, h(x2)). This is because, by definition, we

~ ~

have CP,(l(xy; Cy); H) = Cy, and CP,(I(z,; C1); (%, h(Zy))) = C1, which implies that

~

CPo(Kfu; Cl); (Ezuh(i.u))) = Cl-

0
o

&

=
8

5

02

=
I

~ ~ ~

Finally, as [(Z; C) = l[(zp; C1), we have I(Z; Cy) = u(Z; C}), and by Theorem we know

(' is optimal.
* Case 2: vy < T < x_; In this case, by Theorem we have ¥ € V. We first show that by
balancing (7, h()) and (Z, h(Z)), we obtain a C| in Algorithm according to Equation (28).

Moreover, by definition, we have u(Z; C}) = [(Z; C}), which shows the optimality of C and

the algorithm can return such a ;. That is, let

p={p:CP,(p;(Z,h(7))) = CP,(p; (Z,h(Z)))} and C)=CP,(p;(Z,h(7))).

~

We will show that p = I(T; C4).

As Ty < T < z_1, by definition, we have CP,(I(7;C1); (Z,h(2))) = Ci. In addition, by
Lemma 23] we have Z € [z,,Z,], and by definition, CP,(u(Z; C1); (Z, A(Z))) = Cy, which
implies that

CP,(1(%; C1); (2, h(2))) = CP,(w(Z: C1); (2, h(3))) = Ch.

~

This shows that p = I(Z; C}) = u(Z; C}), as desired.

* Case 3: T > x_, Inthis case, by Theorem we have T € V, and by Lemma wehave z_; €
V. First, we show that by balancing (Z, h(%)) and (z_;, h(z_,)), we obtain a C; in Algorithm
according to Equation (29). Finally, we show that under this C1, u(Z; Cy) = 1(z: Cy), which

shows the optimality of C'; and the algorithm can return such a C}. Let

p=A{p:CPu(p; (x-1,h(z_1))) = CPo(p—(Z—21); (Z,1(Z)))} and CPy(p;(x_1,h(z-1))) = C1.
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We will show that p = u(%;Cy) + (T —x_1) = [(T;C1) + (F—2_1) = (z_1; ).
By Lemma we have 7 € [z,,, %, ], and by definition, CP,(u(Z; C}); ( ( ) =C1. We
futher observe that, by Equation (I7), we have {(z_1;C1) = (z_1;Cy), and we have

~

CP,(I(x—1; C1); (w—1, h(z_1))) = CPy(I(x_1; C1); (w1, h(z_1))) = C1,

which implies that

~

CP.(I(w_1;C1): (w1, h(z_1))) = CPy(w(F; C1); (7, h(7))) = C.

~

Finally, as I(Z:Cy)) = l(z_1;C1) — (& — 2_1) = u(3;Cy), we have p = u(Z;Cy) + (T —
1) =1(FC) + (F—x_1)=1(x_1;C}).
E.4. Proof of Theorem[4]

To show that the optimal consistent ratio among all PLAs is optimal among any deterministic and
randomized algorithm, we still split the proof into three cases which are the same three cases as
in the Proof of Theorem@ Before presenting the proof, we highlight that although we used many
properties from Theorem here in the proof of Theorem@ we do NOT assume R is a polyhedron.

Case 1: T < zy In this case, in case 1 of the Proof of Theorem @ we have established that
T = Iy, and C*(R) = CP,(p; H) = CP,(p; (z,h(Z))), where p = [(zy; C*(R)) = u(Z,; C*(R)).
Our goal here is to show that there does not exist any deterministic or randomized algorithm with a
consistent ratio greater than C*(R). Let us define two (ordered) input sequences: In the first input
sequence, I, T, low-reward requests arrive first, followed with h(Z,) high-reward requests. In the
second input sequence, /5, xy low-reward requests arrive first, followed yy high-reward requests.
We note that 7 = 7,, < xy and h(Z) < yy because H is the highest point of R.

Observe that before receiving = low-reward requests, any algorithm cannot differentiate the two
input sequences. Hence, any algorithm should decide how many low-reward requests to accept in
expectation among the first Z ones.

Next, we prove by contradiction. Suppose that there exists an algorithm .4, which can be either
deterministic or randomized, and has a consistent ratio larger than C*(R). Then, we have

E[Rew(A, [1)]
opT(I4)

> C*(R),

where the expectation is taken on the randomization of the algorithm. Let the expected total
amount of high-reward, low-reward requests being accepted by A be h(A, 1), (A, I,), respec-
tively. Replace C' by C*(R) in Part 1 of Section Where we show that any algorithm facing
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this instance should accept at least m — u(z,; C') low-reward requests, we have ((A, I;) > m —
u(Zy; C*(R)).
Next, if A achieves a consistent ratio greater than C*(R), it should also satisfy that

E[Rew (A, I5)]
opPT(I5)

>C*(R).
Let the expected total amount of high-reward, low-reward requests being accepted by A be
h(A, L), {(A, I,), respectively. Then,

E[Rew(A, )] (A, L)ry + (A, L)r
opPT([3) B yurn +min{zg, m—ygtre

> C*(R).

Recall that by the definition of [(-;C*(R)), we have CP,(l(xy;C*(R)); H) = C*(R) because
zy € [xg,z_1]. Then, by Equation (7)), we have

_ max{l(zy; C*(R)), min{yg, m — xy tjry + min{ay, m — (zg; C*(R))}re

CP,(l(zm; C*(R)); H) yury +min{zy, m—yytr

and by Lemma we have min{zyg,m — l(zg;C*(R))} = m — l(zy;C*(R)) and
max{l(xy;C*(R)),min{yy,m —xy} =1(zy;C*(R)). Therefore, we have

Hzg; C*(R))rn + (m—Uxg; C*(R)))r

yuryr +min{zg, m—yg}r,

L= (R).

This implies that

WA L)ra + UA I)re Wz C(R))ra + (m — l(zm; C*(R)))re

Yurh +min{zy, m —yutre yury, +min{zy, m —ypre

As h(A, 1) <m — (A, 1), we have ((A, I5) <m — l(xg; C*(R)). Recall that as mentioned at
the beginning, we have [(xg; C*(R)) = u(z,; C*(R)). Therefore, we have

A L) <m—Uxg;C*(R)) =m—u(Z,; C*(R)) < (A, L),

which is a contradiction, because before receiving T low-reward requests, any algorithm cannot
differentiate the two input sequences, and this implies that (A, I3) > (( A, I1).

Case 2: xy < T < x_1. We replace the instances in the proof of case 1 to get the proof for this
case. We replace the first instance by: = low-reward requests arrive first, followed with A(Z) high-
reward requests. We replace the second instance by: Z low-reward requests arrive first, followed

with h(Z) high-reward requests. Then, we use similar arguments in case 1 to show the result.
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Case 3: 7 > x_;. In this case, as we showed in case 3 of the Proof of Theorem@, we have that

C*(R) = CPu(p; (x—1, h(z-1))) = CPo(p — (T — 2-1); (Z, h(Z))),

where p = [(z_1;C*(R)), and u(Z;C*(R)) = p — (T — x_1). Let us define two (ordered) input
sequences: In the first input sequence, [;, x_; low-reward requests arrive first, followed with
h(z_1) high-reward requests. In the second input sequence, I, 7 low-reward requests arrive first,
followed h(Z) high-reward requests. In this case, we have z_; < . Before receiving z_; low-
reward requests, any deterministic or randomized algorithm cannot differentiate the two input
sequences. Hence, any algorithm should decide how many low-reward requests to accept among
the first x_; ones in expectation.

Next, we prove by contradiction. Suppose that there exists an algorithm .A which has a consistent

ratio larger than C*(R). As
E[Rew(A, [1)]

opT(I4)

we have A should accept less than m — [(x_1;C*(R)) low-reward requests in expectation. Let

>C*(R),

the expected total amount of high-reward, low-reward requests being accepted by A be h(A, I ),
((A, I), respectively. Replace C' by C*(R) in Part 2 of Sectionwhich shows that any algo-
rithm facing this instance should accept less than m — [(z_1;C') low-reward requests, we have
A L) <m—I(z_1;C*(R)).

Next, if A achieves a consistent ratio greater than C*(R), it should also satisfy that

E[Rew (A, I5)]
opPT(I5)

>C*(R).

Let the expected total amount of high-reward, low-reward requests being accepted by A be
h(A, 1), {(A, I,), respectively. Then,

E[Rew(A, I,)]  h(A L)r,+ (A L)
opT(ly)  h(Z)ry +min{Z,m— h(Z)}r,

As is mentioned at the beginning of this case, we have CP,(u(Z;C*(R)); (Z,h(Z))) = C*(R). By

>C*(R).

Equation (6), we have

h(Z)r, + min{Z, m —u(Z; C*(R))}r,
h(Z)ry, + min{Z, m — h(Z)}r,

CP,(u(7;C*(R)); (Z,h(%))) =

Here, we must have min{Z,m — w(Z;C*(R))} = m — u(Z;C*(R)) because otherwise, if
min{Z,m —u(z; C*(R))} = 7, then due to u(z; C*(R)) = h(Z), we have min{Z,m — h(Z)} =7,

and
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CP,(u(Z;C*(R)); (Z,h(Z))) = 1 # C*(R). Therefore, by taking min{Z, m — u(Z; C*(R))} =
m —u(Z;C*(R)), we obtain

h(Z)rn + (m —u(@; C*(R)))re

ﬁ(i‘\)ﬁl + Hlin{ﬁj\7 m _ﬁ(i‘\)}rg = C’*(R)

This implies that

h(A, I)ry, + (A, L)1, - h(Z)r, + (m—u(Z;C*(R)))re
h(Z)ry, +min{Z,m — h(Z)}r, = h(Z)ry +min{Z,m — h(Z)}r,

As h(A, 1) < h(Z), we have £(A, I5) > m—u(Z; C*(R)). However, in this case T > z_;, between
x_ and 7, there are at most  — x_; low-reward requests arriving, and this implies that /(A I5) —
A L)<T—x_;.

However, as is mentioned at the beginning, we have u(z;C*(R)) =l(z_1;C*(R)) — (T —x_1).

This implies that

UA,I) — 0(A L) > m —u(F C*(R)) — (m —l(z_1; C*(R))) (49)
=m—(l(z-1;C"(R)) = (T —2_1)) = (m—l(z_1;C"(R)))  (50)

P (51)

which is a contradiction.

Appendix F: Appendix of Section (8|
F.1. Proof of Proposition 2]
To show Proposition[2] consider constraints listed in and (36). We can express the CP function

in these constraints as follows:

CP(p2(x2),...,pn(Tn);X) = Z%%’((;))m’

where OPT(x) is the offline optimal value, which is a fixed quantity based on x and does not
depend on the protection level functions. Here, A;(x) represents the effective demand served to
the ¢-th highest reward request based on the protection level functions and available capacity. The

value of A;(x) is computed recursively:

An(x) = min{z,, (m _pn—l(x))+}7
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80
where the term (m — p,,_1(x))" ensures that the demand served to the n-th highest reward request

(i.e., lowest reward request) is based on the available capacity after considering the commitments

for higher reward requests. For any i € [n — 1], we have:

Axgzqmmﬂxm—pF¢@— Z]Aﬂ@w}:nmqmgzan.

Here, Z(X) = (m —pi1(x) = 27, A;(x))". We convert Problem (C-Pareto-n-Types) into a

Box ML Advice with n=25, z=80%

Box ML Advice with n=25, z=90%
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Figure 6  Constructing the box advice with n = 25 samples with z = 90% and z = 80% for the uniform demand model in

Equations , respectively.

mixed integer program (MIP) by writing the constraints in a unified form:

S AG

OPT(x)
Ax) <z, A <A(x), ieln],

xeVYuV,

Ai(x) = Ai(x) + (2 — m)w;(x), i€[n],
A;(x) = zw;(x), i€[n],
Aix) = m = pii(x) - Z Aj(x),  ien],
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— n
Ai(x) <m—p;q(x) — Z A;(x) + nmw;(x), i€[n].
Jj=1+1

~

Here, w;(x) € {0,1}, and w;(x) € {0,1}. When w;(x) = 1, we have A;(x) = min{z;, 4;(x)} =
x;, indicating that the full demand of type i-th request is served. When w;(x) = 0, we have
Ai(x) = A;(x). Similarly, when @;(x) = 1, we have A;(x) = (m— pi_1(x) — 31, 4;(x))* =0,
and when w;(x) = 0, E(X) =m—pi—1(x) — D]

Bl > R, xe V.

i1 Aj(x). A similar transformation applies to
The formulation contains 2n|) U )’| continuous variables: A;(x), A;(x). It also contains 2n|)V U

V'| integer variables: w;(x),w;(x). In addition, there are n|V U V'| continuous variables for the

protection levels p;(x). Finally, R is a single continuous variable. Therefore, the total number

of continuous variables is 3n|) U V'| + 1, and the total number of binary integer variables is

2n|V uV'|.

F.2. Algorithm[6; Nested Interpolation for Adaptive PLAs

As stated earlier, after solving the MILP problem (C-Pareto-n-Types), we obtain the optimal values

of pa(X2),...,pn(xy) only at the points x € V' U V. To extend the adaptive protection level func-
tions p;(x;) across the full space N"~**! for each i € 2,3, ..., n, we use the interpolation heuristic

outlined in Algorithm@ where N denotes the set of natural numbers.

Algorithm 6 Nested Interpolation for Adaptive PLAs

Input: Sets of vertices V (ML polytope) and V' (vertices of [0,m]"), and the optimal values {p;(x;)}i—, available only for
xeVuV.

Output: Extended protection level functions p; : N* 71 — [0,m] forevery i € {2,...,n}.

1. Initialize p,.

— For every integer z,, € N, define the interpolation:

Prn(Zn) = min {pn(vn) + [vn —asn]+}7 Un ={vn | v=(v1,...,00)eVU V']

vV €EUR
(Here, [2]+ := max{0, z}.)
2. Iterate downward fori=n—1,...,2.

(a) Raw envelope. For each integer vector x; = (x;,...,Tn) € NP+ get

P (ki) = min {pi(va) + Y [0 = w5l b U= {vi= (00 00) |V = (01,02, o) €V U V).

vi;EU; —
Jj=1
(b) Enforce nesting with the next-higher PLA.

env

]El(xl) =min{pi (Xi)7 ﬁHl(le,...,xn)} VX-L'ENniiJrl.

3. Return {p;}i—s.
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F.3. Multi-type ML Regions

In this section, we present examples of three-dimensional ML advice constructed from 25 random
samples drawn from the distribution in Equation . Figure |§|illustrates the box advice under
different parameter settings: the left plot captures 90% of the samples, while the right plot captures
80% of the samples. In Figure[7] we construct three-dimensional polyhedra based on the approach
in|Bertsimas et al.|(]m, varying the parameters ¢, 6, and ¢. We observe that as 6 and ¢ increase,

the number of vertices increases. Additionally, as € decreases, the ML region expands, becoming

more conservative and encompassing more outliers.

20.0
T175

T 150
s

T 100 2
75
T 50
25
T 00

Figure 7  Constructing the box advice with n = 25 samples for the uniform demand model in Equations , respectively.
Upper-left: ¢ =0.9, 6 = ¢ = 6; Upper-right: ¢ =0.1, 0 = ¢ = 6; Lower-left: ¢ =0.9, § = ¢ = 4; Lower-right:
e=0.1,0=¢=4.

Appendix G: Preliminary Lemmas

Here, we introduce several small lemmas which will be used in several proofs in this paper.
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G.1. Lemma|8land its Proof
LEMMA 8 (Not Enough Demand). For any A = (z,y) with x + y < m and p <y, we have

Proof of Lemmal8| By Equation (7), we have

max{p, min{y, m — x}}r, + min{z, m — p}r,

CP,(p; A= (x,y)) = -
(p (@.9)) yry + min{x, m — y}ry
~ max{p,y}r, +min{x,m —piry  yry+ar,
Yrp + X7y Yry + Ty

L,

where in the first equation, we used the assumption that = +y < m, and in the second equation, we
used the assumption that = + y < m and p < y. The last equation is the desired result.

G.2. Lemmal9land its Proof

LEMMA 9 (Monotonicity of the Compatible Ratio CP(p; (x,y)) w.r.t. p). Forany 0 <y <p; <

P2, and any x = 0, we have
CPo(p1; (x,y)) = CPo(p2; (z,y)).
Further, for any py < py <y, and any x > 0, we have

CPu(pQ; (l',y)) = CPu<p1; (%,y))

That is, the compatible ratio of a point (x,y) increases when the gap between the protection level

p and vy, i.e., |p—vy|, gets smaller. In addition, if p > m — x, we have the strong monotonicity for

both of CP,(p: (x,y)) and CP, (p; (1, ).
Proof of Lemma[9] By the definition of CP, in Equation (6) and the assumption that y < p; <

P2, we have

min{y, m{r, + min{x, m — py}ry min{y, m{r, + min{x, m — ps}ry
CP(pu: (1, y)) = o) { e, ity m) { ]

= N s = CPO ; ) ‘
min{y, m}r, + min{z, (m —y)*}r, ~ min{y, m}r, + min{z, (m —y)*}r, (P2 (2,9

The last inequality is the desired result. Moreover, if p, > p; > m — z, we have the strong mono-
tonicity.
By the definition of CP,, in Equation and the assumption that p; < py <y, we have
max{py, min{y, (m — )" }}ry, + min{z, m — po}ry
min{y, m}r, +min{z, (m —y)*}ry
max{py, min{y, (m — )" }}ry, + min{z, m — p; }ry
min{y, m}r, +min{z, (m —y)*}ry

CPu(pZ; (as,y)) =

=

= CPu(pl; (I>y))7

where the inequality holds because for ps > p;, max{ps, min{y, m — x}} > max{p;, min{y, m —
x}} and min{x,m — po} = min{z, m — p;}. Moreover, if p; > p; > m — z, we have the strong

monotonicity.
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G.3. Lemma([i0]and its Proof

LEMMA 10. Foranyy >m and p € [0, m], we have

CP,(p; (7,y)) = CPu(p; (x,m)).

For any x > m and p € [0,m], we have

CP,(p; (7,y)) = CPo(p; (M, y)),

and
CP.(p; (z,y)) = CPu(p; (m,y)).

Proof of Lemma([I0] We first prove that CP,(p; (z,y)) = CP,(p; (z,m)) for any y > m. By
Equation , we have
max{p, min{y, (m —x)*}}r, + min{z, m — p}r,

CPu(p: (.9)) = min{y, m}r, +min{x, (m —y)*}r,
_ max{p, min{m, (m — x)*}}r, + min{z, m — p}r,

o = Py (p: ).

Next, we show that CP,(p; (z,y)) = CP,(p; (m,y)) for any z > m. By Equation (6), we have

min{y, m}ry, + min{z, m — p}ry
min{y, m}r, +min{z, (m —y)*}r,
min{y, m}r, + min{m, m — p}ry

= tmin{y. mirn + minfim, (m—g)* i CheW (mey)).

CP,(p; (z,y)) =

By Equation (7), we have

max{p, min{y, (m —x)*}}r, + min{z, m — p}r,

CP.(p; (7,y)) = min{y, m}r, + min{z, (m — y)* }r

_ max{p, min{y, 0} }ry, + min{m, m —pjr,

= min{y7 m}?"h + min{m, (m — y)+}’l"g - CPu(p; (m, y))

O

G.4. Lemma[ii]and its Proof

LEMMA 11. Recall that h(z), defined in Equation (5), is the lower envelop of R. Let H(x) =
min{h(x), m}. If there exists xq € |z, T] such that h(x¢) < m, then either H(x) = h(x) for all x €
[z, T] or there exists x < 1 < 19 < T such that H(x) = m for x € [x,x1] U [x2, T] and H(zx) = h(x)

for x € |x1,xs]. In other words, H(x) = h(x) on a connected interval.
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Proof of Lemma We will prove this statement by contradiction. Let us suppose that H(x) =
h(z) on [x3,74] U [x5,26]. Then, let us randomly pick x7 € (x4, z5). We recall that H(z) =
min{h(z), m}.

Now, we observe that h(z4) < m, h(xs) <m, and h(z7) = m. However, this contradicts the fact
that h(-) is a convex function. Therefore, our initial assumption that H(x) = h(z) on [x3,x4] U
[z5, z6] is false

O

G.5. Lemma[i2]and its Proof

LEMMA 12. Recall that Z, is defined in Equation (14), and z, = sup{z < z < Z, :
CP,(m; (z,h(x))) = C}. Then, for x € (z,,T,), we have H(z) = h(x).

Proof of Lemma By Lemmall 1] we have either () = h(x) for all x € [z, Z] or there exists
z <11 <x9 < such that H(x) =m for z € [z, 21| U [22,Z] and H(x) = h(z) for z € [z1,22]. In
the first case, the statement is trivial.

In the second case, we prove by contradiction. Consider any z € (z,,7,) and assume that x €

[z, z1]. We then have H(z) = m, which implies that h(z:) = m. By Equation (6), we have

CPo(m; (2, h(x))) = 1= C,

which implies that x < z,,, which contradicts the fact that z € (z,,, T,,).
Now, consider any z € (z,,Z,) and assume that x € [z, Z]. We then have H(x) = m, which

implies that h(z) = m. Recall that

x ifxp +yr =m;
= sjp{x €lar,z]:(1-C)2H (z7)— C <0} OthirwiysLe, 62
it
In this case, as h(x) < m for z € [x1, x|, we have x € [x1,xs]. Therefore, T, # = because
otherwise, we have Z, = x; < x5, and there does not exist x € (z,,Z,) and z € [xq,Z]. Then,
we have , = sup{z € [21,7] : (1 — O)2H/(27) — C' < 0}. As we assume that i(z) > m for
T € [x9,Z], then we have H'(z~) = 0 because H(x) = m for = € [z, ]. Therefore, 7, = . In

addition, as we have h(z) = m, by Equation @, we have

CP,(m; (7, h(7))) = 12 C,

which implies that z, = z,,. Therefore, there does not exist = € (z,, T, ), which is a contradiction.

O
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G.6. Lemma[13]and its Proof
LEMMA 13. Fix any C € (0,1). Recall that z, = sup{x < x < T, : CP,(m;(z,h(x))) = C}, and
T =inf{wxy <z <Z:CP,(0;(x,h(x))) = C}. Then, for x € [Ty, T], we have

CP,(0; (2, h(x))) = C.
Similarly, for any x < x < x,,, we have

CP,(m; (z,h(x))) = C.

Proof of Lemmal[I3| Part 1: We first define the region Ry such that for any (z,y) € Ry,
CP,(p(z) = 0;(x,y)) = C. Obviously, {x +y <m} ¢ R, because if x + y <m and p(z) = 0, by
Lemma|8] CP,(p(z) = 0; (x,y)) = 1. Next, we find (z,y) € {z +y > m}, which belongs to R.

We solve the following equation: for x +y > m
CP,(0; (z,y)) = C.

Notice that for x > xy, by the definition of H, we have y < m, so we can obtain

(m—x)r, +xr,
yrn + (m—y)re

el

which is equivalent as

(m —z)ry +xr,=C(yry, + (m—y)re). (53)

We take derivative on both side of Equation (53)), and we get

y'(z)=-1/C.

Let £(x) be the line with slope —1/C and across (7, h(7,)). We have CP,(0; (z,L(z))) =
C. Recall that 7, = inf{xy < 2 < Z : CP,(0; (z, h(z)))
CP,(0; (z,h(z))) < C.By Lemmal we have h(r) > L(z), and by Lemma. we have for = > T,
h(z) < L(z). By Lemmal2|again, we have CP,(0; (z,h(z)) >

Part 2: We define the region R, such that for any (x,y) € Ro, CP,(p(z) = m;(z,y)) = C. For

> C'}. Then, for any = < T,, we have

(z,y) € {x +y = m}, we solve
CP,(m; (z,y)) = C.

Notice that we must have y < m because otherwise, CP,(m; (z,y)) = 1 # C. Then, we can obtain

Yrn

yrn+ (m—y)r,
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and we can gety = Ory 5. Therefore, in the area {x + y = m}, R, is a line with slope 0.

T —C(rp—re

Next, we explore the part (z,y) € {x + y < m}, this time
CPo(m; (z,y)) = C,

implies that
Yrn

g 07
Yrp + X7y

which is equivalent as

y(1 = C)ry =Cryx. (54)

Then, we take derivative on both side of Equation (54), and we get

Y (z) = _Cre
(1 — C)Th ’
which means that, in the area {x + y < m}, R, is a line with positive slope (1?%’ for z <
Cr Cry Cry
~ Oy M and across (m — S—prmym, Sgr—ym)

Combined with the results above, we start to prove this lemma. Let £(z) be a piecewise linear

line segment such that (z, £(x)) € R, for all z € [0, m]. That s, for x € [0, m — %m] L(x)
Cry Cry

Cry
Th—C(rn—r0) "V T —C(rn—r0) m,m],

rh—=C(rp—re) 7
L(z) = %m Moreover, for any x € [0, m], we have CP,(m; (z, L(x))) = C.

has slope ufﬁ and across (m —

m). For x € (m —

Recall that z,, = sup{z < x < &, : CP,(m; (x,h(z))) = C'}. We first show the case where z, <
xr. As L is an non-decreasing function, and for x < x, h(-) is a decreasing function. Therefore,
as we have h(z,) = L(z,), we have h(z) > L(z) for any z € [z, z, ]. Therefore, by Lemma|[2] we
have for any z € [z, z, |,

CP,(m; (x,h(x))) = C.

Second, we show the case where x, > . In this case, h(-) is decreasing for x < x, and
increasing for x > x. If there exists z; € [z,z,| such that CP,(m; (z1,h(z1))) < C, then, by
Lemma this implies that h(z1) < L£(z1). As the lowest point L is below the line £ and h(z) is
convex, we have there are at most two intersections of A(x) and £. One is in the left of L and the
other is (z,,h(z,). As h(zx) is convex increasing for = € [z, Z,| and given that £(x) is concave

increasing for z € [x,, T, ], we have
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which implies that there exists ¢ > 0, such that h(z,, + €) > L(z, + ¢). By Lemma[2| we have
CP,(m; (z, + €, h(z, + €))) = CPo(m; (2, + €, (2, +¢))) = C,
which contradicts to the definition of z,,. Therefore, for any x € [z, z, ],

CP,(m; (x,h(x))) = C.

[}

G.7. Lemma[i14]and its Proof

LEMMA 14. Fix any C > 0. For any z € |z,,Z,]|, CP,(p;(z,h(x))) = C has a solution p >
min{h(z), m}. For any x € [x, %], CP,(p; (v, h(x))) = C has a solution p < min{h(z), m}.

Proof of Lemma[l4] Fix any C > 0. Take p = min{h(x),m}, by Equation (6), we have
CP,(p; (x,h(x))) = 1. If h(x) = m, then we claim that = ¢ |z, Z,,]. This is because take p = m, by
Lemma[10} we have CP,(m; (z, h(x))) = CP,(m; (x,m)) = 1, which contradicts the definition of
z,. Otherwise, if h(z) < m, we have CP,(m; (z, h(z))) < C and CP,(h(x); (z,h(x))) = 1. There-
fore, by mean value theorem, we have there exists p; € [h(z), m] such that CP,(p1; (x,h(z))) = C.

Similarly, take p = min{h(z),m}, by Equation (7), we have CP,(p; (z,h(z))) = 1. Take p =
0, by the definition of 2, = sup{z < 2 < g : CP,(0; (z,h(2))) = C}, z =inflay <2 <Z:
CP,(0; (z,h(x))) = C}, we have CP,(p; (z,h(x))) < C. From Equation (7), we can simply check
that CP,,(p; (x, h(x))) is continuous in p for any z. Therefore, by mean value theorem, we have

there exists p; € [0, min{h(z), m}] such that CP,(p;; (z, h(z))) = C.

G.8. Lemma(i5]and its Proof

LEMMA 15. Recall that

xr ifrp +yL=m;
T, = (55)
sup{z € [z, 7]: (1 - C)2H (z7) —C' <0}  Otherwise.

Then, for any x € |, |, we have CP,(u(xz;C); (z,h(z))) = C.

Proof of Lemma Define @ (z; C') as the original u(z; C') without forcing to be constant after

Z,,. More precisely, for any C' € [0, 1], we define

i(x;C) =sup {pe [0,m] : CP,(p; (z,h(2))) = C}  ze€|z,,T] (56)
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while we set @(z; C') = m for any x € [0, z,,]. Note while u(x; C') # u(z; C') for any z € (Z,, Z], we
have u(x; C') = u(x; C) for any z € [0, Z,|. Then, we can check that for any x € [z,,, Z|, Equation

is satisfied, which means for any z € [z,,,Z) and C' € [0, 1], when /() exists, we have

ou(z; C) (1-O):+C)H (x) ifx+H(z)=my

(57)
Oz (1-C) M/ (x)-C  ifz+H(z)<m,

where H(x) = min{h(z), m}. By the definition of z,,, as %b:j; <0 and %B: >0, we

obtain
i%lf ]a(x; C) =u(zy; C),
TE|x,T

which is because the derivative of (x; C) is linear, and 242

ox ’fE:
that 24z
oz

be a constant value of u(Z,; C'). The definition of %(-; C') implies that CP,(u(x; C); (x, h(z))) = C.

ou(z;C) . .
z- <0and =5=|;+ > 0 implies

> 0 for all > z,,. Therefore, by any = > z,,, 4(z;C) = u(x; C') as we force u(x; C') to

By Lemmal9] for z > z,, as @(z; C) = u(z; C), we have
CP,(u(x; C); (x,h(x))) = CP,(u(x; C); (x,h(x))) = C.

G.9. Lemma([i6]and its Proof

LEMMA 16. For any C € [0,1], I(x;C) is decreasing and is concave for x € [z, 7], where Ty =

~ ~

inf{z_; <z <z:l(x;C)=0}. Forany x €|z, z|, [(x;C) is continuously increasing in C.

Proof of Lemma[I6] By Equation (17), as I(z;C) is decreasing for any C € [0,1], we have

[(x;C) is also decreasing for any C' € [0, 1]. Next, by Lemma@ we have [(x;C) is concave for

ol(z™;C) 7

v € [z,Z(]. Therefore, =5 is non-increasing. As [(x;C) = [(x;C) for x € [xz,2_;], we have

+.0) . . . .. ol(z—,;C ol(zT,;C
W is non-increasing for z € [z, 2_;]. By the definition of z_;, we have ~ (z(;; )5 ¢ (chxl ) =
~ > . . . Tzt C g
—1, and for z_; < x < Z, we have [(x;C) is a line with slope —1 and W = —1, which is

~

non-increasing. Therefore, [(x; C) is concave for x € [z, Z,].

Fix any z; € [z, Z], by Lemmal6] we know that [(z1; C) is a continuous increasing function in C.
If 1 € [x,2_41], as [(z1;C) = (z1;C), we have {(1; C) is also continuously increasing in C.. Oth-
erwise, define £(z;C) = (= + x_, + I(z_1;C),0)*. Then, [(z1: C) = max{L(z1;C),1(z1;C)}.

As both L(z1;C) and [(x; C') are increasing continuous in C, we have [(z1;C') is increasing and

continuous in C'.
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G.10. Lemma[17]and its Proof
LEMMA 17. Define py(x) as a function which balances the compatible ratio of two points
(z, (7)) and (x, h(x)) for any x € [z, T]; that is,

CP,(py(); (2, 1(x))) = CPu(ps(2); (x, h(x))) .

Then, py(x) exists for any z € [x, %], and

CP,(py(2); (z, h(x))) = CPu(ps(); (2, h(2))) = C*(R),

where C*(R) is the maximum consistent ratio among all PLAs given that the ML advice R.
Proof of Lemmal[I7] Fix any z € [z,Z], define f(p) = CP,(p; (z,h(x))) — CP.(p; (z,h(z))).
As CP,(p; (x,h(x))) and CP,(p; (x,h(x))) are both continuous in p, we have f(p) is continu-
ous in p. Next, take p = min{m, h(z)}, then CP,(p; (x,h(x))) = 1 and CP,(p; (x,h(x))) < 1,
and hence we have f(min{m,h(x)}) = 0. Take p = min{m,h(x)}, then CP,(p; (z,h(z))) =
1 and CP,(p;(z,h(z))) < 1, and hence we have f(min{m,h(x)}) < 0. Therefore, by mean

value theorem, there must exist p € [min{m, h(x)}, min{m,h(z)}] such that f(p) = 0, i.e.
CP, (py(2); (,1(x))) = CPu(py(w); (2, h(2))).

Next, we prove that CP,(py(); (2, h(2))) = CP.(ps(x); (z, h(z))) = C*(R) for any x € [z, T].
We prove by contradiction. Suppose that there exists x; € [z, Z] such that CP,(py(z); (z,h(x))) =
CP,(py(); (z,h(x))) < C*(R), then, if we set any p < p,(x), by Lemma@ we have

CP,(p; (x, h(x))) < CPy(ps(2); (z, h(z))) < C*(R).
Similarly, if we set any p > p,(x), by Lemma@ we have
CP,(p; (z, h(x))) < CP,(py(); (x, h(z))) < C*(R).

Therefore, there does not exist a PL function such that the consistent ratio is C*(R), which is a

contradiction. This is because here C*(R) in is defined as an upper bound on the consistent ratio

of any PLA.
G.11. Lemma[18|and its Proof

LEMMA 18. For any fixed PL function p, we have CP,(p;(x,0)) is a decreasing function in z.

That is, for any x1 < xo, we have

CP,(p; (71,0)) = CP,(p; (72,0)).
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Proof of Lemma If £ < x5 < m, by Equation (6), we have

CPO(p;A — (1‘,0)) . 0-rp —I—min{aﬁ,m—p}m _ min{x7m_p}‘

© 0-rp +min{xz,m—0}r, x
Take any 1 < xo, if min{zy, m — p} = xs, then min{z;, m — p} = x;, and we have

min{x;,m—p} min{zy,m—p} )

T i)
If min{zy, m — p} = m — p and min{x,,m — p} = m — p, we have

min{zy,m—p} m-—p _m=p_ min{xy, m — p}

~

X2 T2 T 15

If min{zy, m — p} = m — p and min{xy,m — p} = 1, we have

min{xy,m —p} m-—p
L2 T2 T I

r1  min{zy,m—p}

Therefore, we have for any x; < x5 < m, we have
CP,(p; (21,0)) = CPo(p; (2,0)).
Next, for z; < m < x5, by Lemrna we have
CP,(p; (x1,0)) = CPy(p; (m, 0)) = CP,(p; (22,0)).
For m < xy < x4, again, by Lemma we have
CPo(p; (m,0)) = CPy(p; (1,0)) = CP,(p; (22,0)).

G.12. Lemma[19]and its Proof
LEMMA 19. Forany C'€(0,1). Let T, be defined in Equation (14), we have

min{z,, m — u(Z,;C)} =m —u(z,; C).

Recall that H is the point in set R that has the highest low-reward demand, where R = {(z,7) €

R 1y =SUp(y g Min{y’,m}} Further, we have

min{zg,m —l(zg;C*(R))} =m —l(zy; C*(R)).

Let x_y =sup{x € [zy,T]: al(xa;;c) < —1}. We have

g =2m—I(z_1;C)
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Proof of Lemma We prove by contradiction. If min{z,,, m — u(z,;C)} = z,, then by Equa-

tion (6), we have

_ min{h(z,), m}r, + min{m — u(Z,; C), T, }re

CP,(u(Zy; O); (Zu, h(Z4))) =

min{h(Z,), m}r, + min{(m — h(z,))*, T}y
Given that min{z,,m — u(Z,;C)} = Z,, as u(z,;C) = min{h(Z,), m}, we have min{(m —
h(z,))*",z,} = Z,, and we have

~ min{h(Z,), miry + Ture

CP, (u(Tu; O); (Tu; (7)) 1>C,

N min{h(Z, ), m}ry, + Tyure

which contradicts to the definition of u(-; C').
Next, to show the second statement, We still prove by contradiction. If min{xy,m —

l(xp;C*(R))} =z, then by Equation (7), we have

Cr.itans (R ) = B e e e,

Given that min{zy,m — l(zy; C*(R))} =y, we have

~ min{yg, (m —xg)*}ry, +ogry

CP,(I(xy;C*(R)); H i
(l(xy (R)); H) yurn +min{zy, m—yglr,

= CP,(0; H),

which implies that z; > %, and this contradicts to the definition of Z, since ry < z_; < Zy.
Finally, we show that x_; = m — [(x_1; C'). We still prove by contradiction. Suppose that z_; <

m —l(z_1; C). By Equation (7), we have

CP, (11 O): (1. h(_))) = max{l(z_1;C),min{h(z_y),(m—x_1)" }}rp + min{z_y,m —1U(z_1;C)}ry

min{h(x_1),m}r, + min{z_,, (m — h(z_1))*}r,
If we have z_1 <m — [(x_1; C), then we have

_ e 7 N min{h(z_y), (m —x_1) " }ry + z_17 - _ )
=P (U215 C): (21, hlz1))) = min{h(z_y),m}r, + min{z_1, (m—h(z_1))*}re CPu(0; (21, Al

which implies that z_; > z,, which is a contradiction.

G.13. Lemma|[20]and its Proof

LEMMA 20. Let C*(R) be the optimal consistent ratio of R. Take any C > C*(R), then u(z;C) =
u(z; C*(R)) only if both of them are equal to m.
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Proof of Lemma If u(z; C*(R)) < m, then by definition of z,,, we have Z € [z, Z]. For & €
[z,,,Z.], by Equation (I3), we have u(2;C*(R)) = sup {p € [0,m] : CP,(p; (2, (%)) = C*(R)}.
For C' > C*(R), if u(z;C') = u(z; C*(R)), then we have

sup {p € [0,m] : CPy(p; (2, h(2))) = O} = u(#; C) = u(#; C*(R))
= sup {pe [0,m] : CP,(p; (2, k(%)) = C*(R)},

which implies that CP,(u(; C); (x,h(z))) = C and CP,(u(z; C); (x,h(Z))) = C*(R), which is a
contradiction. For & € [z, Z], we have u(z;C*(R)) = u(Z,; C*(R)) and u(z;C) = u(z,; C). By

the similar statement above, we have

sup {pe [0,m] : CP,(p; (&, h(Z))) = C’} =u(Z,;C) = u(Z,; C*(R))

which implies that CP,(u(Z,; C); (Z,h(2))) = C and CP,(u(z,;C); (&, h(Z))) = C*(R), which is

a contradiction.
G.14. Lemma([21land its Proof
LEMMA 21. Recall that u(-;C) is defined in Equation (13), and %, is defined in Equation (14).

We have u(x; C') gets its minimum value at x € [T, T].

Proof of Lemma By the first property of Lemmal[6] we have

ou(z; C) _ (1=O) 3 +OH () ifw+H(x) =m; (58)
O (1-0)2H (x)—C  ifz+H(z)<m

Recall that

xr ifxp +yr =m;
Ty = (59)
sup{z € [, 7] : (1 - C)2H (27) —C' <0}  Otherwise.

Therefore, if x; + y;, > m, we have z, = xy. As L is the lowest point, which implies that
W (z7) <0and h'(zF) > 0. Recall that (z) = min{h, m}, we have H'(z;) <0 and H'(z}) > 0.
For x4+ H(x) = m, as we have 6u(aa: 9 — ((1- C)™: + C)H/(x), we have 6“(; 9 <0 forx < x7, and
% > ( for x > x, which implies that Z,, = x, is the point such that u(x; C') achieves its lowest
value. As we force u(z; C) = u(z,; C), we have u(z; C') gets its minimum value at z € [Z,,, Z].

In other cases, by taking 7, = sup{z € [z, 7] : (1 — C’)T—hH’(x*) — C <0}, we have 249

oz
d a“(x 2uz:0) - 0 for z > Z,, which implies that Z,, is the point such that u(z; C) achieves

for x <z, an
its lowest value. As we force u(z;C) = u(Z,;C), we have u(z;C) gets its minimum value at

T € [Ty, Z].
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G.15. Lemma[22|and its Proof

LEMMA 22. Recall that T, is defined in Equation (14), and V is the x-vertices set of a polyhedron
R plus all elements of Ry, where Ro = {(x,h(x):z €[z, z|} n{(z,y): x +y=m}, then T, € V.

Proof of Lemma Recall that

_ T ifer +yr=>m;
Ty = (60)
sup{z € [xr, 7] : (1 - C)2H (27) —C' <0}  Otherwise,

That is, z,, equals to either 2, or sup{x € [z, Z]: (1 — C);—Zﬂ’(x_) —(C < 0}. As L is a vertex of
R, we have z; € V.

Then, we claim that z,, = sup{z € [z, z] : (1 — C’):—Zﬂ’(x_) —C <0}eV. As R is a poly-
hedron, we have h(-) is a piecewise linear function. As H(x) = min{h(z), m}, we have H(-) is
also a piecewise linear function. If Z, is not a x-vertex, then there exists € > 0 such that H'(z~) =

H'((x +¢€)7), and we have

(1—0)%ﬂ’((w+6)‘) —C <0,

which contradicts the definition of Z,,.

G.16. Lemma[23|and its Proof

~

LEMMA 23. Ifl(z;C*(R)) = u(z; C*(R)) for vy < & < x_1, we have & € [z, T, .

Proof of Lemma23] As u(%;C*(R)) = 1(#:C*(R)) < m, we have & > 2. Then, we show that
# < Z, by contradiction. If # > Z,, as u(~;C*(R)) is constant between [Z,, %] and I(:C*(R))

is a decreasing function for x € [z, ], we have there exists ¢ > 0 such that [(z — €; C*(R)) >

u(Z —€; C*(R)), which is a contradiction. Therefore, we have & € [y, T, ],

G.17. Lemma/24]and its Proof

LEMMA 24. Recall that x_y = sup{z € [y, T]: w < —1}. Given a polyhedron R, recall

that V is the x-vertices set of 'R plus all elements in Ry, then v_1 € ).

Proof of Lemma[24] As R is a polyhedron, we have h(-) is a piecewise linear function. By

the second property of Lemma@ we have [(-;C) is also a piecewise linear function. Then, we

prove by contradiction. Suppose that z_; ¢ V. Then, there exists € > 0 such that w =

ol((x—14+€)7;C*(R)) Ol((x—1+€)7;C*(R))
ox ox

. Then, we have < —1, which contradicts to the definition of x_;.




Golrezaei, Jaillet, and Zhou: Online Resource Allocation with Convex-set Machine-Learned Advice
Article submitted to Operations Research 95

G.18. Lemma[25|and its Proof

LEMMA 25. Suppose that R is a polyhedron. Recall that u(-;C') and lN(, C') are defined in Equa-
tions and respectively. Then, we have u(-;C) and 1(-;C) are piecewise linear functions
and all of their x-vertices are a subset of V. In addition, the elements of Rq are x-vertices of

u(+;C), where Ro = {(x,h(x) :z€[z,z]} n {(z,y) : x +y =m}.

Proof of Lemma[23] As R is a polyhedron, we have both h(-) and h(-) are piecewise linear.
Since H(z) = min{m, h(z)} and H(x) = min{m, h(x)}, we have both H(-) and 7(-) are piecewise
linear and both 7 (-) and 7/(-) are piecewise constant.

Recall that by Lemmal6] we have for any « € (x4, ;) and C € [0, 1],

ol(x; C)
ox

— CH ().

ol(z;C)
ox

the x-vertices of I(-; C) are also ones of h(-). By Equation and Lemma we have [(+;C) is

Therefore,

is piecewise constant and [(z; C) is piecewise linear. In addition, we can find that

also piecewise linear with x-vertices belong to ones of A(-).

Recall that by Lemmal6] we have for any x € (z,,, Z,,) and C € [0,1],

ou(z; C) ((1—C):—’Z+C)ﬂ'(q:) ifz+H(x)=m;

(61)
T a-opre-c it i) <m

Therefore, we have % is piecewise constant and u(x;C) is piecewise linear. In addition,
the x-vertices of u(x;C) for z + H(x) = m is a subset to x-vertices of 7 (z). The x-vertices of
u(z; C) for x + H(x) < m is also a subset to x-vertices of (z). Moreover, any point x such that
x + H(x) = m, which is we defined as an element of Ry, is also a vertex, and by our definition, V

contains all elements of R.

G.19. Geometric Lemmas

LEMMA 26. Suppose that we have a line L(x) with any negative slope on an interval Z. f(x) is a
concave decreasing function which intersects L(x) at (xo, f(xo)). If there exists x1 < o such that

f(z1) > f(xo), then for all x> xy, we have f(x) < L(z).

Proof of Lemma[26] Suppose that there exists x5 > xo such that f(z3) = L(x3). As (21, f(x1),
(g, f(z2)) are both above the line £, if we connect (z1, f(x1), (2, f(x2)) by a line £,(z), we

have £, (x) > L(x) for © € [x1, x2]. Therefore, L1 (zo) > L(z0) = f(z0) since xg € [x1, x2].
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However, as f(x) is a concave function, if we take 21 < x2 and connect (1, f(x1), (x2, f(x2)) by
a line £,(x), we should always have f(x) > £;(x), which is a contradiction to £, (z¢) > L(z¢) =

f (o).

]

LEMMA 27. Let f(z) and g(x) be two piecewise linear functions defined on an interval I, with
f(z) = g(z) forany x € 1. If {x : f(x) = g(x)} is not empty, we have there exists xo €V, which is

an x-vertex of either f(x) or g(x), such that f(zo) = g(xo).

Proof of Lemma[27] We prove by contradiction. Suppose that any z; € {z : f(z) = g(z)} is
not an x-vertex of either f(z) or g(x). Then, we have f'(x]) = f'(z7) and ¢'(z]) = ¢'(x7). As
f(x) = g(x) everywhere and f(z1) = g(x1), we have f'(z7) < ¢'(x7).

If f'(z7) < ¢'(z7), we have f'(z]) < ¢'(x7]) and by f(z1) = g(x1), we have there exists € > 0
such that f(x; +€) < g(z1 + €), which is a contradiction to f(x) = g(x) everywhere.

If f'(x7) =¢'(x]), we define x5 as x5 = inf{x : f(x) = g(x) for any x € [x, z1]}. Then, we have
f'(z3) = ¢'(z3). By the definition of x», we know that for any €; > 0, we have f(zy —¢;) >
g(xy —€1), which implies that f(x5) # g(z3). As f'(z3) = ¢'(x3 ), we have either f(x5) # f'(z3)
or g(zy ) # ¢'(x5 ), which implies that 5 is an z-vertex for f or g, which is a contradiction.

O

Appendix H: Supplementary Materials for Section[7]

H.1. Stochastic Arrivals

Tables @ and present the results under different forms of ML advice, using the demand models
defined in Equations and , as well as under the stochastic order assumption. Consistent
with our earlier findings, the average compatible ratio remains relatively stable as n increases,
while the worst-case ratio shows more noticeable improvement. Furthermore, we observe that the
best performance—both in terms of average and worst-case ratios—is achieved when using either

the polyhedron advice with e = 0.3 or the box/ellipsoid advice.

H.2. Additional Details on the Neural Network Method

This appendix presents the figures associated with the NN-based ML advice. Following the
approach of |Pearce et al. (2018), the NN is trained to produce a prediction interval for each cus-
tomer type. Figure displays results for four training-sample sizes: n = 10,100, 1000, and 2000.
Each plot reports the training loss and shows a histogram of 500 test samples, together with dashed

lines indicating the learned prediction interval (PI) for the high-reward type.
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Table 6 Results under ML advice (using the demand model in Equation ) and stochastic order. The standard error of all
reported values is less than 0.003. In each column, the top two values of average CP are highlighted in very light gray, and the top
two values of worst-case CP are highlighted in light gray. Additionally, the highest average and worst-case CP across all settings

for each value of n are shown in bold.

n=10 n =100
Algorithm Metric C*(R) 09-C*(R) 0.8-C*(R) C*(R) 0.9-C*(R) 0.8-C*(R)
Mg [[Pobhedron. <=0.10-10) WL (G0 e oer ool ooss 0693
Mg [[obhedron, <=0.1.0=30) WELL G0 g ome 067 06w ool
Al [lPoyhedron. <=03,0 =10 WL G a0 07 oest 076 o7
Mg [[Poyhedron. =030 =30) WELCL (a0 079 oz oes2 oms | onds
Mg [[Box Advice.==90%)  GEICL Gere o omal 0685 onas o7ds
B
—— NG o mE m m gm o
N
PRBechmak (=90 (R G o :
PRBenchmark (- =80%) Wy gess o - :

The figure highlights a clear trend: when the training set is very small (n < 1000), the predic-
tion intervals fluctuate substantially, reflecting underfitting and sensitivity to sampling noise. As n
increases, the intervals become more stable; for n > 2000, we observe that the endpoints converge
to a consistent range. These visual patterns align with the quantitative results in Table |4|and help

explain why larger sample sizes are important for reliable NN-based ML advice.
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Table 7 Results under ML advice (using the demand model in Equation ) and stochastic order. The standard error of all
reported values is less than 0.005. In each column, the top two values of average CP are highlighted in very light gray, and the top
two values of worst-case CP are highlighted in light gray. Additionally, the highest average and worst-case CP across all settings

for each value of n are shown in bold.

n=10 n =100
Algorithm Metric C*(R) 09-C*(R) 0.8-C*(R) C*(R) 0.9-C*(R) 0.8-C*(R)
M [[Poyhedron c=01.0=10) GEIC (G0 g oeso 0sa oew o0
Mg [[Polshedon c=01.0-30) GOICh (o8 ness e 06m  oew s
Mg [[Polyhedron c=03.0=10) GEICh (oo nees e 063 oam  oes
Mg [[Polyhedron c=03.0-30) GEICh Geln ngss  oses  osz  oan oo
Al [(Biipsoid Advice. = =90%) G0y Geo oes  oms 0@ o716 07as
Al [(Blipsoid Advice. = =80%) GGy Geqs ogs3 092 oG 06 0703
—— N, o wm gw o on ww w
BQ Benchmark Avg.CP  0.834 - - 0.834 - -

Worst CP 0.670 - - 0.670 - -
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Training loss (left) and prediction intervals for the high-reward type (right), constructed using the neural network

approach of 2018) with training sample sizes n € {10,100, 1000,2000}. The right-hand curve in each

subfigure shows the learned interval (dashed lines) together with the histogram of test samples.



