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EC.1. Appendix to Introduction: Exponential Limit for Uniform MLE

For X1, ...,Xn ⇠U [0,✓], ✓> 0, the joint density at (x1, ...xn) is
nY
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From the above, we see that the maximum likelihood is given by ✓̂n =maxi=1,...,nXi. For a nor-

mal approximation, we would typically analyse
p
n(✓̂n � ✓). However, instead we analyse a more

concentrated asymptotic n(✓� ✓̂n). For this observe

P(n(✓� ✓̂n)� z) = P
⇣

max
i=1,...,n

Xi  ✓� z

n

⌘
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From the above, we see that

n(✓� ✓̂n)
D���!

n!1
exp(✓�1)

So the limit here is not normally distributed under a
p
n normalization but is order n and is

exponentially distributed.

EC.2. Appendix to Section 3: Main Results

EC.2.1. Appendix to Section 3.3

EC.2.1.1. Sub-exponential noise (D2) implies Condition (C1)

Lemma EC.1. For a Lispchitz continuous function f , if Condition (D2) holds, that is

sup
t�0

E
⇥
e�kctk|Ft

⇤
<1

then Condition (C2) holds that is

h
|f(xt+1)� f(xt)|

��Ft

i
 ↵tY , with E[e⌘Y ]<1 (EC.1)

for some ⌘> 0.

Proof. Since f(x) is Lipschitz

|f(xt+1)� f(xt)|Kkxt+1 �xtk  ↵tK||ct|| .

Since Condition (D2) holds, we take M � suptE
⇥
e�kctk

��Ft

⇤
. We let Y be the random variable with

CCDF: P(Y � y) = 1^ (Me�
�
K y). Thus for y 2R+

P
⇣
|f(xt+1)� f(xt)|� ↵ty

���Ft

⌘
 P

⇣
kctk � y/K

���Ft

⌘

 min
�
1, e�(�/K)yE

⇥
e�kctk

��Ft

⇤ 
 P(Y � y)

Above, we apply a Cherno↵ bound. From this inequality above, we see that Condition (C2) follows

from Condition (D2). ⇤
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EC.2.1.2. Proof of Lemma 1: sharpness is equivalent to non-vanishing gradient for

convex functions. We now prove Lemma 1.

Lemma 1. If the function l(x) is absolutely continuous then the gradient condition (D1) implies

the function is sharp, (D10). Moreover, if the function l(x) is convex, then the gradient condition

(D1) is equivalent to the function being sharp (D10).

Proof. First let’s assume condition (D1) holds. Let x(t) =x? +(1� t)(x�x?). Thus we have

l(x)� l(x?) =

Z 1

0

dl(x(t))

dt
dt

=

Z 1

0

rl(x(t))(x(t)�x?)dt

�
Z 1

0

kx(t)�x?kdt

=

Z 1

0

(1� t)kx�x?kdt

=


2
kx�x?k

The first equality follows since absolute continuity implies the fundamental theorem of calculus

holds. The second equality holds by the chain rule. The third equality follows by the gradient

condition (D1). We then apply the definition of x(t) and integrate. Thus as required, we see that

condition (D1) implies (D10).

If we also suppose that the function l(x) is convex and that (D10) holds then

l(x?)� l(x)�rl(x)(x? �x) .

So

rl(x)(x�x?)� l(x)� l(x?)� 0kx�x?k

The first inequality rearranges the convexity definition above. The second inequality applies the

Sharp Condition (D10). So we see, as required, for a convex function, the Sharp Condition (D10)

implies the gradient condition (D1). ⇤

EC.2.1.3. Proof of Lemma 2: with d or more active constraints, SGD is not normally

distributed. Duchi and Ruan (2021) is designed for smooth problems with fewer active con-

straints than the problem dimension. Once the number of active constraints exceeds the dimension

of the problem, then the normal approximation no longer holds. With the Lemma below, we can say

that the limiting distribution has an exponential concentration for PSGD. Calculations can specu-

late the form of the asymptotic optimality; however, the general theory of asymptotic optimality of

stochastic optimization is incomplete, particularly in settings where the normal approximation is

invalid. As we indicate, it requires a better understanding of asymptotic optimality in the presence

of Sharpness.
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Lemma 2. Suppose that at the optimum �rl(x?) 2 relint NX (x?) , where NX (x?) := {v : v>(x? �

y)  0 ,8y 2 X} and rl(x?) 6= 0 and that there are at least d active constraints at x?
(w.l.o.g.

i= 1, ..., d) and

{rli(x
?) : i= 1, ..., d} are linearly independent (D100)

then the function f is sharp at x?
and Assumption (D1) holds.

Proof. Let x1 be such that kxk1 < x1 for all x 2 X . Let c=rl(x?). Let ci =rli(x?) and

bi = c>i x
?. Let P = {x : c>i x� bi, i= 1, ..., d,kxk1  x1}. Notice that by convexity

X ✓P . (EC.2)

Notice by linear independence x? is the unique point such that c>i x
? = bi, i= 1, ..., d. That is x?

is an extreme point of the polytope P. Since �rl(x?) 2 relint NX (x?), x? miniminizes c>x over

x2P. Thus by Lemma EC.8

c>(x�x?)�Kkckkx�x?k, 8x2P . (EC.3)

By convexity

l(x)� l(x?)� c>(x�x?) (EC.4)

combining (EC.2), (EC.3) and (EC.4) we see that

l(x)� l(x?)�Kkckkx�x?k , 8x2X .

Thus we see that the function l(x) is sharp on X . Condition (D1) then follows by Lemma 1 since

the function l(x) is convex. ⇤

EC.2.2. Finite number of Projections for Interior Optimum.

We say a projection step is trivial if x 2X and thus ⇧X (x) = x. Otherwise, we say the projection

at x is non-trivial. We can show that in instances where the optimum is in the interior only a finite

number of non-trivial projections are required.

Proposition EC.1. Under the assumptions of Theorem 2, if X ?
belongs to the interior of X ,

then the number of (non-trivial) projection steps required by Projected Stochastic Gradient Descent

is finite and bounded in expectation.

Proof. Let the random variable N denote the number of non-trivial projections. By Theorem

2, we have that

P
⇣
min

x?2X?
kxt+1 �x?k � z

⌘
 Je�It�z .
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We let z̃ be the distance from the set of optima to the boundary of X , that is,

z̃ = min
x2X?,y/2X

kx? �yk .

Since X ? belongs to the interior of X , we have that z̃ > 0. Note that if a projection is non-trivial

then minx?2X? ||x�x?||� z̃. Thus

N 
1X

t=0

I
h
min

x?2X?
kxt+1 �x?k � z̃

i

and so, as required,

E[N ]
1X

t=0

P
⇣
min

x?2X?
kxt+1 �x?k � z̃

⌘


1X

t=0

Je�It�z <1 .

⇤

EC.2.3. Kiefer-Wolfowitz: Proof of Theorem 3

We now restate and prove Theorem 3.

Theorem 3. If Conditions (D1), (D2), (D3) hold and if

⌫ 
✓



3cd
1
2

◆ 1
2

then the Kiefer-Wolfowitz algorithm satisfies

P
⇣
min
x2X?

kxt+1 �xk � z
⌘
 Ĵe�

Î
↵t

z, E
h
min
x2X?

kxt+1 �xk
i
 K̂↵t, E

h
l(xt+1)�min

x2X
l(x)

i
 L̂↵t

where above Ĵ , Î, K̂, L̂ are positive constants.

Proof. The proof here combines the proof ideas for Kiefer-Wolfowitz, see Fabian (1967) (or,

more recently, Broadie et al. (2011)), with the proof in Theorem 2. As with the proof of Theorem

2 our goal is to verify Conditions C1 and C2, so that we can apply Theorem 1.

We can write the KW recursion as

yt+1 =xt �↵trl(xt)+↵t�t +↵t✏t (EC.5)

xt+1 =⇧X (yt+1) (EC.6)

where

�t =rl(x)� l(xt +⌫t)� l(xt �⌫t)

2⌫t

✏t =
l(xt +⌫t)� l(xt �⌫t)

2⌫t
� l(xt +⌫t, ŵ

+
t )� l(xt �⌫t, ŵ

�
t )

2⌫t
.
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Letting x?
t be the projection of xt onto X ?, then

kxt+1 �x?
t+1k2  kxt+1 �x?

tk2

 kyt+1 �x?
tk2 = kyt+1 �xt +xt �x?

tk2

= kxt �x?
tk2 � 2↵trl(xt)

>(xt �x?
t )+ 2↵t�

>
t (xt �x?

t )+ 2↵t✏
>
t (xt �x?

t )+ kyt+1 �xtk2 .

The first inequality above follows since x?
t+1 is a projection. The second follows since xt+1 is a

projection. We then expand.

We let Et be the positive number defined below in (EC.16). On the event {kxt �x?
tk �Et }, we

have

kxt+1 �x?
t+1k

kxt �x?
tk

s

1� 2↵trl(xt)>
(xt �x?

t )

kxt �x?
tk2

+2↵t�>
t

(xt �x?
t )

kxt �x?
tk2

+2↵t✏>t
(xt �x?

t )

kxt �x?
tk2

+
kyt+1 �xtk2
kxt �x?

tk2

kxt �x?
tk

�↵trl(xt)
> (xt �x?

t )

kxt �x?
tk

(EC.7)

+↵t�
>
t

(xt �x?
t )

kxt �x?
tk

(EC.8)

+↵t✏
>
t

(xt �x?
t )

kxt �x?
tk

(EC.9)

+
kyt+1 �xtk2

2kxt �x?
tk

. (EC.10)

We now analyse the conditional expectation of the four terms above. Term (EC.7) is bounded

using to the sharpness condition (D1)

�rl(xt)
> (xt �x?

t )

kx�x?k � . (EC.11)

Term (EC.8) is bounded by the Taylor approximation condition (D3). Specifically

�>
t

(xt �x?
t )

kxt �x?
tk

 k�tk=
����rl(x)� l(xt +⌫)� l(xt �⌫)

2⌫

���� cd
1
2 ⌫2 . (EC.12)

Term (EC.9) has zero mean

E

✏>t

(xt �x?
t )

kxt �x?
tk

���Ft

�
= 0 . (EC.13)

For Term (EC.10), yt+1 =xt �↵tct

E

kyt+1 �xtk2

kxt �x?
tk

���Ft

�
 ↵2

t

Et
E
⇥
||ct||2

��Ft

⇤
 ↵2

t�
2
l

2Et⌫2
(EC.14)
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Since the variance of l(x, ŵ) is bounded (by �2
l ), the variance of ||ct|| is bounded. Above, we

let �2
l /⌫

2 define this upper bound. Applying bounds (EC.11), (EC.12), (EC.13) and (EC.14)

respectively to the terms (EC.7), (EC.8), (EC.9) and (EC.10) gives

E
h
kxt+1 �x?

t+1k
��Ft

i
 kxt �x?

tk�↵t+↵tc⌫
2 +

↵2
t�

2
l

2Et⌫2
. (EC.15)

Notice if we choose

⌫ 
r



3cd
1
2

and Et =
3�2

l

4⌫2
↵t , (EC.16)

then application to (EC.15) gives

E
h
kxt+1 �x?

t+1k
��Ft

i
 kxt �x?

tk�↵t


3
on the event

n
kxt �x?

tk �
3�2

l

⌫4
↵t

o
.

This verifies that Condition (C1) of Theorem 1 holds.

We must also verify Condition (C2). (The argument that follows is more-or-less identical to the

verification of (C2) in Theorem 2.) For this notice that

kxt+1 �x?
t+1k  kxt+1 �x?

tk  kyt+1 �x?
tk  kyt+1 �xtk+ kxt �x?

tk= ↵tkctk+ kxt �x?
tk .

and

kxt �x?
tk  kxt �x?

t+1k  kxt �xt+1k+ kxt+1 �x?
t+1k

 kyt+1 �xtk+ kxt+1 �x?
t+1k= ↵tkctk+ kxt+1 �x?

t+1k .

Thus
���kxt+1 �x?

t+1k�kxt �x?
tk
��� ↵tkctk (EC.17)

Since Condition (D2) holds, we take M � suptE
⇥
e�kctk

��Ft

⇤
. We let Y be the random variable

with CCDF: P(Y � y) = 1^ (Me��y). Thus for y 2R+

P
⇣
|f(xt+1)� f(xt)|� ↵ty

���Ft

⌘
 P

⇣
kctk � y

���Ft

⌘

 min
�
1, e��yE

⇥
e�kctk

��Ft

⇤ 
 P(Y � y)

Above, we apply (EC.17) and a Cherno↵ bound. From this inequality above, we see that Condition

(C2) follows from Condition (D2).

We can now apply Theorem 1 which gives:

P
⇣
min
x2X?

kxt+1 �xk � z
⌘
 Îe�

Ĵ
↵t

z and E
h
min
x2X?

kxt+1 �xk
i
 K̂↵t

for constants Î, Ĵ and K̂. Since we also assume in addition that l :X !R is Lispchitz continuous

(with Lipschitz constant L̂/K̂) we have, as required,

E
h
l(xt+1)�min

x2X
l(x)

i
 L̂

K̂
E
h
min
x2X?

kxt+1 �xk
i
 L̂↵t .

⇤
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Figure EC.1 Here we give the x, x?
and y terms from Lemma EC.2. Here we take x project onto X ?

to give

x?
, then y is the boundary value on the line passing from x to x?

EC.2.4. Stochastic Frank-Wolfe: Proof of Theorem 4

The main aim of this section is to prove Theorem 4. We also show that the distance function

satisfies the conditions of our main theorem. This suggests that if the objective function behaves

linearly rather than quadratically near the optimum, we should anticipate faster convergence. We

also discuss how linear convergence can hold for Stochastic Frank-Wolfe in the same manner that

we proved for Projected Stochastic Gradient Descent.

Before proceeding with the proof of Theorem 4 we require a couple of lemmas. Lemma EC.2 is

used to show that there is su�cient negative drift in the Frank-Wolfe algorithm.

Lemma EC.2. If Condition (D1) and Condition (E2) hold then there exists a ̂> 0 such that for

all x2X\X ?
there exists y 2X such that

(y�x)>rl(x)�̂ .

Proof. The idea of the proof is as follows. The derivative from x and x? at x bounded above

by �, by Assumption (D1). Since x? is in the interior by (E2), we can increase the directional

derivative further by replacing x? with y, where y is the point on the boundary of X on the line

between x and x?. See Figure EC.1. We now proceed with the formal argument.

By Condition (E2), there exists a constant d> 0 such that

min
x?2X?,y2@X

ky�x?k � d . (EC.18)

(Here @X := X̄ \X � is the boundary of X .) By Condition (D1), for all x /2X ? there exists x? 2X ?

(x? �x)>

kx? �xk rl(x)� . (EC.19)

We let y(t) =x+ t(x? �x) for t2R. Notice that

(y(t)�x)>

ky(t)�xk =
(x? �x)>

kx? �xk (EC.20)
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Letting t? =max{t : y(t)2X}, we see that

y := y(t?)2 �X (EC.21)

Combining (EC.18-EC.21), we see that

(y�x)>rl(x) = ky�xk(x
? �x)>

kx? �xk rl(x)�d=:�̂

as required. ⇤
We now restate and prove Theorem 4

Theorem 4. For learning rates of the form ↵t = a/(u+ t)� with a,u > 0 and � 2 [0,1], if Con-

ditions (D1), (D2), (E1) and (E2) hold and if mt � (3�/↵t)2 then the stochastic Frank-Wolfe

algorithm satisfies

P
⇣
l(xt+1)�min

x2X
l(x)� z

⌘
 Ie�

J
↵t

z ,

for constants I,J .

Proof of Theorem 4. The proof here combines ideas from Theorem 2 with the adjustments for

stochastic e↵ects for the Frank-Wolfe algorithm given in Theorem 3 from Hazan and Luo (2016).

In the proof we define D :=maxx,v kx�vk and we let ✏(xt) = l(xt)� l(x?) and we define � such

that

E
⇥
krl(xt)� citk2

⇤
 �2 8i, t.

(Note that � is finite by the moment generating function condition (D2))

By Condition (E1)

✏(xt+1)2

2
� ✏(xt)2

2
 ✏(xt)

�
xt+1 �xt

�>r✏(xt)+
K

2
kxt+1 �xtk2

= ↵t✏(xt)(vt �xt)
>ct +↵t✏(xt)(vt �xt)

> [r✏(xt)� ct] +
K

2
↵2

tkvt �xtk2 .
(EC.22)

We now consider the event where the following bound holds
⇢
✏(xt)�

3↵tKD2

2

�
. (EC.23)

Thus

✏(xt+1)


p
✏(xt)2 +2↵t✏(xt)(vt �xt)>ct +2↵t✏(xt)(vt �xt)> [r✏(xt)� ct] +K↵2

tkvt �xtk2

= ✏(xt)

s

1+2
↵t

✏(xt)
(vt �xt)>ct +2

↵t

✏(xt)
(vt �xt)> [r✏(xt)� ct] +K

↵2
t

✏(xt)2
kvt �xtk2

 ✏(xt)+↵t(vt �xt)
>ct +↵t(vt �xt)

> [r✏(xt)� ct] +
K

2

↵2
t

✏(xt)
kvt �xtk2

✏(xt)+↵t(yt �xt)
>ct +↵tkvt �xtkkr✏(xt)� ctk+

↵t

3

✏(xt)+↵t(yt �xt)
>ct +↵tDkr✏(xt)� ctk+

↵t

3
(EC.24)
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In the first inequality, above we rearrange the expression (EC.22). In the second inequality, we apply

the inequality
p
1+ z  1+ z/2. In the third equality, we note that v>

t ct  y>
t ct, by the definition

of vt (11b). Here we let yt 2X be as defined in Lemma EC.2. Also, we apply the Cauchy-Schwarz

Inequality and the bound (EC.23). In the final inequality we note that kvt �xtk �D.

Taking the conditional expectation of (EC.24), we see that, on the event (EC.23), the following

holds

E [l(xt+1)� l(xt)|Ft] =E [✏(xt+1)� ✏(xt)|Ft]

 ↵t(yt �xt)
>E[ct|Ft] +↵tDE [kr✏(xt)� ctk|Ft] +

↵t

3

�↵t̂+↵tDE [krl(xt)� ctk|Ft] +
↵t

3
. (EC.25)

Notice that, since mt � (3�D/̂↵t)2 ,

E
⇥
krl(xt)� ctk |Ft

⇤

p
E [krl(xt)� ctk2 |Ft]

�
p
mt

 ̂

3D
.

Now applying this inequality to (EC.25) gives

E
⇥
l(xt+1)� l(xt)|Ft

⇤
�↵t

̂

3

on the event l(xt)� l(x?)� 3KD/↵̂. Thus Condition (C1) is met.

For Condition (C2), since l is Lipschitz continuous and the set X is bounded we have

kl(xt+1)� l(xt)k Lkxt+1 �xtk  ↵tLkvt �xtk  2↵tLmax
x2X

kxk .

Thus we see that Condition (C2) holds with a constant upperbound Y = 2Lmaxx2X kxk .

Here we see that the conditions of Theorem 1 are met, and thus we have that

P (l(xt+1)� l(xt)� z) Ie�
J
↵t

z ,

as required. ⇤

EC.2.4.1. Cones satisfy Condition (E1) Below we recall that we define the matrix norm

k · kS for a positive semi-definite matrix S by

kxkS :=
p
x>Sx

Lemma EC.3. For a symmetric positive definite matrix S, the distance function

dX?(x) = min
x?2X?

kx�x?kS

satisfies Condition (E1).
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Proof. We must show that the function

dX?(x)2 = min
x?2X?

kx�x?k2S

is strongly convex.

Given x, we let x? = argminx?2X? kx�x?kS. By the Envelope Theorem,

rdX (x)
2 = 2S(x�x?) (EC.26)

Also

kx�yk2S  �max(S)kx�yk2 (EC.27)

where �max(S) is the maximum eigenvalue of S.

Now for any y and x,

dX?(y)2 = min
y?2X?

ky�y?k2S  ky�x?k2

= ky�x+x�x?k2S

= kx�x?k2S +2(y�x)>S(x�x?)+ ky�xk2S

 dX?(x)2 +(y�x)rd2X?(x)+�max(S)kx�yk2

In the first inequality, we apply the sub-optimality of x? with respect to the point y. In the second

inequality, we apply (EC.26) and (EC.27). Thus from the above inequality we see that dX?(x)2 is

a �max(S)–smoothly convex function, as required. ⇤

EC.2.5. Stochastic Frank-Wolfe Boundary case

Proposition EC.2. For learning rates of the form ↵t = a/(u+ t)� with a,u > 0 and � 2 [0,1), if

Conditions (D1), (D2), (E1) and (E2) hold and if mt � (2�E/KD↵t)2 then the stochastic Frank-

Wolfe algorithm satisfies

limsup
t!1

1
p
↵t

E [l(xt+1)� l(x?)]<1,

Proof. The proof here combines ideas from Theorem 2 with the adjustments for stochastic

e↵ects for the Frank-Wolfe algorithm given in Theorem 3 from Hazan and Luo (2016).

In the proof we let ✏(xt) = l(xt)� l(x?) and we define � such that

E
⇥
krl(xt)� citk2

⇤
 �2 8i, t.

(Note that � is finite by the moment generating function condition (D2)). We define D :=

maxx,v kx�vk and E :=maxx ✏(x).
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By Condition (E1)

✏(xt+1)2

2
� ✏(xt)2

2

 ✏(xt)
�
xt+1 �xt

�>r✏(xt)+
K

2
kxt+1 �xtk2

= ↵t✏(xt)(vt �xt)
>ct +↵t✏(xt)(vt �xt)

> [r✏(xt)� ct] +
K

2
↵2

tkvt �xtk2

 ↵t✏(xt)(x
? �xt)

>ct +↵t✏(xt)kvt �xtkkr✏(xt)� ctk+
K

2
↵2

tkvt �xtk2

 ↵t✏(xt)(x
? �xt)

>ct +↵tEDkr✏(xt)� ctk+↵2
t

KD2

2
(EC.28)

Notice that, since mt � (2�E/KD↵t)2 ,

E
⇥
krl(xt)� ctk |Ft

⇤

p
E [krl(xt)� ctk2 |Ft]

�
p
mt

 ↵t
KD

2E
. (EC.29)

Taking expectations in (EC.28) gives

E

✏(xt+1)2

2

�
�E


✏(xt)2

2

�

 ↵tE
⇥
✏(xt)c

>
t (x

? �xt)
⇤
+↵tEDE [kr✏(xt)� ctk] +↵2

t

KD2

2

 ↵tE
⇥
✏(xt)r✏(xt)

>(x? �xt)
⇤
+↵tEDE [kr✏(xt)� ctk] +↵2

t

KD2

2

 ↵tE
⇣r✏(xt)2

2

⌘>
(x? �xt)

�
+↵2

tKD2

�↵t
✏(xt)2

2
+↵2

tKD2

In the third equality above, we apply (EC.29). In the final equality, we apply the convexity of

✏(x)2. Thus, we see that

E

✏(xt+1)2

2

�
 (1�↵t)E


✏(xt)2

2

�
+↵2

tKD2 .

Consequently, by Lemma EC.5 (and Lemma EC.4) given below

limsup
t!1

1

↵t
E[✏(xt+1)

2/2]<1

Thus

limsup
t!1

E[✏(xt+1)]p
↵t


✓
E[✏(xt+1)2]

↵t

◆1/2

<1 .

⇤
We require the following techincal lemma which we then extend.



ec12 e-companion to Law, Walton, and Yang: Exponential Concentration in Stochastic Approximation

Lemma EC.4. If ⇠n is a positive sequence such that

⇠n+1  ⇠n
⇣
1�A↵n

⌘
+↵nB

and
1X

n=1

↵n =1, limsup
n!1

↵n  0

then

limsup
n!1

⇠n 
B

A
.

Proof. Rearranging gives

⇠n+1 � ⇠n �↵n(A⇠n �B).

If ⇠n >B/A+ ✏ for some ✏> 0 then

⇠n+1 � ⇠n �↵n(A⇠n �B)�↵n(A[B/A+ ✏]�B) =�↵nA✏ .

So ⇠n is decreasing when ⇠n >B/A+✏ holds and, since
P

n↵n =1, there existsN s.t. ⇠N B/A+✏.

Let N0 be the first value of N where ⇠N B/A+ ✏ occurs.

Notice, ⇠n can only increase when ⇠n B/A+ ✏, and since ⇠n is a positive then

⇠n+1  ⇠n +↵nB .

Thus, we see that

⇠n 
B

A
+ ✏+↵nA✏, 8n�N0 .

Therefore

limsup
n!1

⇠n 
B

A
+ ✏+ limsup

n!1
↵nB  B

A
+ ✏ .

Since ✏ is arbitrary the results holds. ⇤
The following is an extension of the above lemma. Note for �n = ↵n = a/(u+ t)� below and ,

for � < 1, we can take C = 0 below. (We can consider the case � = 1, but we require to take a

su�ciently small.)

Lemma EC.5. If ⇠n is a positive sequence such that

⇠n+1  ⇠n
⇣
1�A↵n

⌘
+↵n�nB

and
1X

n=1

↵n =1, lim
n!1

↵n = 0,
�n

�n+1
 (1+C↵n)

with A>C then

limsup
n!1

⇠n
�n

 A�C

B
.
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Proof. Since limn!1↵n = 0, take N such that ↵n < � for all n�N .

Now defining ⇠0n = ⇠n/�n for n�N gives

⇠0n+1 =
⇠n+1

�n+1
 �n

�n+1

⇣
1�A↵n

⌘
⇠0n +↵n

�n

�n+1
B

 (1+C↵n) (1�A↵n) ⇠
0
n +↵n (1+C↵n)B

 (1� (A�C + �)↵n) ⇠
0
n +↵n(1+C�)B

=(1�A0↵n)⇠
0
n +↵nB

0

where we define A0 =A�C + � and B0 = (1+C�)B. Applying Lemma EC.4 gives

limsup
n!1

⇠0n 
A0

B0 ,

which recalling the definitions of ⇠0n, A
0,B0 and recalling that � is arbitrary gives the result. ⇤

EC.2.6. Appendix to Section 3.6 : Linear Convergence Proofs

As discussed, our proof follows the main argument of Theorem 3.2 of Davis et al. (2019). We

divide the procedure into S stages. We consider PSGD with constant step size within each stage,

as defined in (12). The task of each stage is to half the error with the optimum. We apply our

bound Lemma EC.6, which is a stronger concentration bound than Theorem 4.1, used in Davis

et al. (2019). This leads to some improvements in the bounds found there.

EC.2.6.1. Exponential Concentration for constant step-size and unbounded state-

space. Below, we state an exponential concentration bound for constant step sizes. We do not

require the function f(x) or the set X to be bounded (or constrained) for this result to hold.

Lemma EC.6. For constant step sizes ↵

P(f(xt+1)� f(x?)� z|F0) e�
Q
↵ z

⇢
e

Q
↵ (f(x0)�f(x?))e�tQ↵ /2 +D

eQ/2

1� e�Q/2
eQB

�
.

Proof. There are no boundedness assumptions placed in Lemma 4. We restate the conclusion

of that result here:

E[e⌘Lt+1 |FT0 ]E[e⌘LT1 |FT0 ]
tY

k=T1

⇢t +D
t+1X

⌧=T1+1

tY

k=⌧

⇢k , (EC.30)

for t� T1 � T0. If we consider the above terms for constant step sizes ↵= ↵t then

Lt+1 = f(xt+1)� f(x?)�↵B

⇢t = ⇢ := e�↵⌘+↵2⌘2E  e�↵⌘ 
2 for ↵⌘Q

T0 =min{t : ↵t �↵t+1

↵t
 

2B
}= 0

T1 = 0 ,
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also
tY

k=0

⇢k = ⇢t+1  1 and
t+1X

l=1

tY

k=l

⇢k =
t+1X

l=1

⇢t�l 
1X

l=�1

⇢l =
⇢�1

1� ⇢
.

with these terms the above expression (EC.30) gives the requied bound

E[e⌘(f(xt+1)�f(x?))|F0] e⌘(f(x0)�f(x?))⇢t+1 +D
⇢�1

1� ⇢
e↵⌘B .

Applying Markov’s inequality gives

P (f(xt+1)� f(x?)� z) e�⌘z

⇢
e⌘(f(x0)�f(x?))⇢t+1 +D

⇢�1

1� ⇢
e↵⌘B

�
.

Taking ⌘=Q/↵ gives the required bound. ⇤

EC.2.6.2. Linear Convergence under Exponential Concentration We note that while

we generally assume that the set X is bounded, the above lemma and the linear convergence results

of this section apply to unbounded constraint sets. We now prove Theorem 5.

Theorem 5. We assume that X is a convex set that may be unbounded. Assume Conditions (C1)

and (C2) hold for a stochastic approximation procedure with rates given in (12):

a) If, for ✏̂> 0 and �̂ 2 (0,1), we set

S = log

✓
F

✏̂

◆
, ↵̂s =

2�sF

E log
⇣

RS
�̂

⌘ , and ts =

⇠
2

2
log

✓
RS

�̂

◆⇡

then with probability greater than 1� �̂ it holds that minx2X? kx̂S �xk  ✏̂ . Moreover, the number

of iterations (12) required to achieve this bound is

l
log2

⇣F
✏̂

⌘m⇠ 2

2
log

✓
R

�̂

◆
+ log

⇣l
log2

⇣F
✏̂

⌘m⌘⇡
.

(Above F =minx?2X? kx0 �x?k and R and E are time-independent constants that depend on the

constants given in Conditions (C1) and (C2).)

b) For ↵̂s =
a

2s log(s+1)
and ts = log2(s+ 1), there exists positive constants A and M such that

8�̂ 2 (0,1) if a�A/�̂ then

P
⇣
min
x2X?

kx̂s �xk  2�sM, 8s2N
⌘
� 1� �̂ .

Proof of Theorem 5. First, we recall some notation: f(x̂s) := minx2X? kx̂s � xk and F =

f(x0)�minx2X f(x) . The constants D and E are the moment generating function constants as

defined in Lemma 3 and Lemma 4, respectively.

We define the event Es := {f(x̂s) 2�sF} . So P(E0) = 1. We inductively analyze P(Es). Notice

P(Es)� P(Es|Es�1)P(Es�1) = (1�P(Ec
s |Es�1))P (Es�1)� P(Es�1)�P (Ec

s |Es�1) . (EC.31)



e-companion to Law, Walton, and Yang: Exponential Concentration in Stochastic Approximation ec15

By Lemma EC.6, for x̂s�1 such that f(x̂s�1) 2�s+1F we have

P (Ec
s |x̂s�1) = P

�
f(x̂s)� 2�sF |x̂s�1

�
 e�

Q
↵̂s

z


e

Q
↵̂s

(f(x̂s�1)�f(x?))e�t Q
↵̂s

/2 +D
eQ/2

1� e�Q/2
eQB

�

 e�
Q
↵̂s

z


exp

⇢
Q

↵̂s
2�s+1F � t

Q

↵̂s
/2

�
+D

eQ/2

1� e�Q/2
eQB

�
.

(Here we apply Lemma EC.6 for times t= Ts�1, ..., Ts�1 with expectation E[·] given by E[·|x̂s�1].)

Notice that the term in curly brackets above is negative i↵ ts � 2�s+1F/↵̂s. If this holds then

P (Ec
s |Es�1)Re�2�sF/2E↵̂ where R := 1+D

eQ/2

1� e�Q/2
eQB .

Applying this to (EC.31), P (Es)� P (Es�1)�P (Ec
s |Es�1)� P (Es�1)�Re�2�sF/2E↵̂s . So we have

P (ES)� 1�
SX

s=1

Re�2�sF/2E↵̂s . (EC.32)

The total number of computations/samples required is
PS

s=1 ts �
PS

s=1 2
�sF/↵̂s .

We now prove part a). Given the bounds above, we can optimize the number of samples to

achieve a probability 1� �̂. That is we solve

minimize
SX

s=1

2�s+1F

↵̂s
such that

SX

s=1

Re�2�s+1F/2E↵̂s  �̂ over ↵̂s > 0 .

A short calculation shows that this is minimized by ↵̂s = 2�sF/E log(RS/�̂) and thus since ts �
2�s+1F/↵̂s we define ts =

l
2
2 log

⇣
RS
�̂

⌘m
and the number of samples required here is S⇥ ts which

equals S
l

2
2 log

⇣
RS
�̂

⌘m
. Since for an ✏̂ approximation, we require S to be such that ✏̂� 2�SF , we

take S = dlog2(F/✏̂)e. Thus we see that an ✏̂ approximation can be achieved with a probability

greater than 1� �̂ in a number of samples given by
l
log2

⇣F
✏̂

⌘m⇠ 2

2
log

✓
R

�̂

◆
+ log

⇣l
log2

⇣F
✏̂

⌘m⌘⇡
.

This gives the part a) of Theorem 5.

Notice, we can make the sum (EC.32) finite for S =1. Specifically if we take ↵̂s = a/2s log(s+1)

and ts = (log(s+1))2 then the Condition (C1) holds 8s� s0 for s0 = de2F/e+1 and thus
1X

s=s0

Re�2�s+1F/2E↵̂s =
1X

s=s0

R
1

(s+1)aF/2E
R

Z 1

s0

1

saF/2E
ds 2RE

aF
· 1

saF/2E
0

 2RE

aF
.

The above sum is less than �̂ for a�RE/2�̂F. Letting A= 2RE/F and M = 2s0F , we see that

for a�A/̂ gives

P
⇣
9s2N s.t. min

x2X?
kxs �xk � 2�sF

⌘


1X

s=1

P
�
Ec
s [

�
\s0s Es0

��


1X

s=1

P (Ec
s |Es�1)

1X

s=1

Re�
2sF
2E↵̂  �̂ .

Thus for learning rates ↵̂s = a/2s log(s + 1) with a � M/�̂ if it holds that

P (8s,minx2X? kxs �xk  2�sM)� 1� �̂ . This gives the 2nd part of Theorem 5. ⇤
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EC.2.6.3. Application to Specific Stochastic Approximation Algorithms. The fol-

lowing is the equivalent linear convergence result for Kiefer-Wolfowotiz

Corollary EC.1 (Linear Convergence in Projected Stochastic Gradient Descent).

We assume that X is a convex set that may be unbounded. Assume Conditions (D1) and (D2)

hold for PSGD with rates given in (12). If, for ✏̂> 0 and �̂ 2 (0,1), we set

S = log

✓
F

✏̂

◆
, ↵̂s =

2�sF

E log
⇣

GS
�̂

⌘ , and ts =

⇠
2

2
log

✓
GS

�̂

◆⇡

then with probability greater than 1� �̂ it holds that minx2X? kx̂S �xk  ✏̂ . Moreover, the number

of iterations (12) required to achieve this bound is

l
log2

⇣F
✏̂

⌘m⇠ 2

2
log

✓
G

�̂

◆
+ log

⇣l
log2

⇣F
✏̂

⌘m⌘⇡
.

Corollary EC.2 (Linear Convergence of Kiefer-Wolfowitz). Assume Conditions (D1),

(D2), (D3) hold. For the KW algorithm, (9), with step-sizes given in (12): If, for ✏̂> 0 and �̂ 2 (0,1),

we set

S = log

✓
F

✏̂

◆
, ↵̂s =

2�sF

E log
⇣

GS
�̂

⌘ , ⌫s =

r


3c
and ts =

⇠
2

2
log

✓
GS

�̂

◆⇡

then with probability greater than 1� �̂ it holds that minx2X? kx̂S �xk  ✏̂ . Moreover, the number

of iterations (12) required to achieve this bound is

l
log2

⇣F
✏̂

⌘m⇠ 2

2
log

✓
G

�̂

◆
+ log

⇣l
log2

⇣F
✏̂

⌘m⌘⇡
.

The proof of Corollary EC.2 is identical to the proof of Theorem 5.

Corollary EC.3 (Linear Convergence of Stochastic Frank-Wolfe). We assume that X is

a convex set that may be unbounded. Also, Assume Condition D1, D2, E1 and E2 hold. For the

SFW algorithm with step-sizes given by (12). If we set

S = log

✓
F

✏̂

◆
, ↵̂s =

2�sF

E log
⇣

GS
�̂

⌘ , ms :=

⇠⇣ 3�
↵

⌘2
⇡
, and ts =

⇠
2

2
log

✓
GS

�̂

◆⇡

then with probability greater than 1� �̂ it holds that minx2X? kx̂S �xk  ✏̂ . Moreover, the number

of iterations (12) required to achieve this bound is

l
log2

⇣F
✏̂

⌘m⇠ 2

2
log

✓
G

�̂

◆
+ log

⇣l
log2

⇣F
✏̂

⌘m⌘⇡
.
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EC.3. Appendix to Theoretical Results

EC.3.1. List of Notations for Theorem 1

There are several time-independent constants (usually denoted with a capital letter) in Theorem

1. We list these here.

B Bound where the drift condition holds. See (C1).

C =
(1+H)

2QGn
+B Constant in Proposition 1

D=E[e�Z ] =E[e�[Y+/2]] Moment Generating Function, see (18).

E =E

e�Z � 1��Z

�2

�
See Lemma 4

F =max
x2X

f(x)�min
x2X

f(x)

G=
1

4�
, for ↵t =

a

(u+ t)�
See Lemma 5 and Proof in Section 4.1.2

H =De
QGn

2 /(1� e�
QGn

2 ) Constant in Proposition 1 Defined after (26).

I = (1+H)eQG/(F/↵T2
�B) Constant in Theorem 1

J =QGn Exponent in Theorem 1

K =
I

J
Constant in Theorem 1

n=

(
1 for � < 1

d↵0B+F
a log 2

e for � = 1

Q= �^ (/2E)

T0 =min
n
t� 0 :

(↵s �↵s+1)

↵s
< /2B,8s� t

o
See Lemma 3 and its proof.

T1 =

( ↵0B+F
a

1��

h
1� 1

21��

i for � < 1

u2n for � = 1

T2 = T0 _T1

Y Sub-exponential Random Variable defined in C2

Z = Y +


2
Random Variable defined in Lemma 3

EC.3.2. Technical Lemmas for the Proof of Proposition 1

Lemma 3. Given Conditions (C1) and (C2) hold, there exists a deterministic constant T0 such

that the sequence of random variables (Lt : t� T0) satisfies

E
⇥
Lt+1 �Lt

��Ft

⇤
I[Lt � 0]<�↵t, (17)

and

[|Lt+1 �Lt||Ft] ↵tZ where D :=E[e�Z ]<1 . (18)
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Proof of Lemma 3. Applying the definition of Lt and the drift Condition (C1) gives

E[Lt+1 �Lt|Ft] =E[f(xt+1)� f(xt)|Ft] + (↵t �↵t+1)B

� 2↵t+(↵t �↵t+1)B

� 2↵t [1� (↵t �↵t+1)B/↵t]

Since (↵t�↵t+1)/↵t ! 0, there exists a constant T0 such that (↵t�↵t+1)/↵t < /2B for all t� T0.

Specifically we can take T0 =min{t� 0 : (↵s �↵s+1)/↵s < /2B,8s� t}. This gives the first drift

condition (17).

For the second condition, for t� T0 with T0 as just defined:

⇥
|Lt+1 �Lt|

��Ft

⇤

⇥
|f(xt+1)� f(xt)|

��Ft

⇤
+ |↵t+1 �↵t|B

↵tY +↵t
(↵t �↵t+1)

↵t
B

↵t(Y +/2) .

Taking Z = Y +/2, it is clear that condition (18) holds for Z as an immediate consequence of the

boundedness condition on Y in (C2). ⇤

Lemma 5. If ↵t, t2Z+, is a decreasing positive sequence, then

min
s=t̂,...,t

(Pt
k=s↵kPt
k=s↵

2
k

)
=

Pt
k=t̂↵kPt
k=t̂↵

2
k

. (21)

Moreover, if ↵t, t2Z+ satisfies the learning rate condition (13) then

1

↵bt/2nc
� Gn

↵t
and min

s=bt/2nc,...,t

(Pt
k=s↵kPt
k=s↵

2
k

)
� Gn

↵t
(22)

for some constant G2 (0,1] and for n2N such that t/2n > 1.

Proof of Lemma 5. It is straight-forward to show that for a,a0,A,A0 > 0

a

a0 
A

A0 if and only if
a+A

a0 +A0 
A

A0 . (EC.33)

[Note that both expressions above are equivalent to AA0 + aA0 AA0 + a0A.]

Take positive numbers as, a0
s, s= 1, ..., t. If

as

a0
s

 ak

a0
k

for k= s+1, ..., t, then
tX

k=s+1

a0
kas 

tX

k=s+1

aka
0
s. (EC.34)
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Thus,
as

a0
s


Pt

k=s+1 akPt
k=s+1 a

0
k

.

Thus applying (EC.33) with A=
Pt

k=s+1 ak and A0 =
Pt

k=s+1 a
0
k gives

Pt
k=s akPt
k=s a

0
k


Pt

k=s+1 akPt
k=s+1 a

0
k

. (EC.35)

Finally, taking ak = ↵k and a0
k = ↵2

k, we see that (EC.34) holds since ↵t is decreasing. Thus, from

(EC.35), we see that the result (21) holds.

If the condition (13) holds then lim inft!1↵2t/↵t > 0 implies

↵t

↵bt/2c
>
p
G (EC.36)

for some 1�G> 0. Thus

↵t

↵bt/2nc
=

↵t

↵bt/2c
⇥ ...⇥

↵bt/2n�1c

↵bt/2nc
�G

n
2 �Gn . (EC.37)

Since the sequence is decreasing and (EC.36) holds, we have that
Pt

k=bt/2nc↵k
Pt

k=bt/2nc↵
2
k

� (t�bt/2nc)↵t

(t�bt/2nc)↵2
bt/2nc

=
↵2

t

↵2
bt/2nc

1

↵t
=

↵2
t

↵2
bt/2c

⇥ ...⇥
↵2

bt/2n�1c

↵2
bt/2nc

1

↵t
� Gn

↵t
.

Applying this to (21) with s= bt/2nc gives

min
s=bt/2nc,...,t

(Pt
k=s↵kPt
k=s↵

2
k

)
� Gn

↵t
.

Thus the above along with (EC.37) proves that (22) holds as required. ⇤

Lemma EC.7. For ↵t = a/(u+ t)� with 0 � < 1 Taking

n=

(
1, for � < 1,

1+
l

↵0B+F
a log 2

m
, for � = 1,

and T1 =

(
u+ 21+�

au�� [↵0B+F ] , for � < 1,

u2n, for � = 1,

it holds that
tX

s=bt/2nc

↵s � ↵0B+F , 8t� T1 . (EC.38)

Proof. We consider the case of � < 1 separately from the case where � = 1.

First we take � < 1 and n= 1. In the following expression, we take t= xu with x� 1,

tX

s=bt/2c

↵s �
t

2
↵t =

a

2

t

(u+ t)�
=

a

2
u1�� x

(1+x)�
� au1��

21+�
x= a

u��

21+�
t (EC.39)

Thus, t= ux with x� 1 and right-hand side of (EC.39) is greater than ↵0B+F for

T1 =
21+�

au��
[↵0B+F ] +u ,
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and for any t such that t� T1. This completes the proof for � < 1

Second, we take � = 1. We assume that t� T1 := 2nu and we will take n= 1+
l

↵0B+F
a log 2

m
.

tX

s=bt/2nc

↵s �
Z t

t/2n

a

u+ s
ds= a log

✓
u+ t

u+ t2�n

◆
= an log 2+ a log

✓
u+ t

u2n + tk

◆
� an log 2+ a log

1

2
.

The last inequality above holds since t� T1 := 2nu. Notice that

an log 2+ a log
1

2
= a(n� 1) log 2� ↵0B+F , for n= 1+

⇠
↵0B+F

a log 2

⇡
.

Thus the required bound (EC.38) holds for n and T1 as specified for � = 1. ⇤

EC.4. Appendix to Applications and Numerical Examples

This section aims to provide a simple application of the main results of Theorem 1 and Theorem

2. Given the importance of Linear Programming (LP) and Markov Decision Processes (MDP)

in operations research, we briefly explore these problem settings. However, we emphasize that

linear objectives are a special case of the results proven in Theorem 1 and Theorem 2. The results

are proved under conditions that apply to non-smooth, non-convex objectives and general convex

constraints. We refer to Birge and Louveaux (2011) and Shapiro et al. (2021) as standard texts

on stochastic linear programming. For the linear programming formulation of MDPs, we refer to

Schweitzer and Seidmann (1985).

EC.4.1. Linear Programming

Here we consider a linear program in which the cost function that we wish to minimize must be

sampled and where the optimization constraints are deterministic. We are interested in solving a

linear program of the form

minimize c̄>x subject to Hx b over x2Rd , (EC.40)

where c̄2Rd\{0}, H 2Rp⇥d and b2Rp. We assume X = {x2Rd :Hx b} is a bounded polytope.

We suppose that the constraint set X is deterministic and known, however, the cost vector c̄ is

unknown but can be sampled.

Specifically, we let ct, t 2 Z+, be an independent, mean c̄, sub-exponential random vectors in

Rd. That is

E[ct|Ft] = c̄ and sup
t2Z+

E
⇥
e�kctk

��Ft

⇤
<1 (EC.41)

for some �> 0. We then apply projected stochastic gradient descent (6). Notice that Condition (D1)

is satisfied by (EC.41). Further Condition (D2) holds for any linear program. This is a consequence

of the following technical lemma.
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Lemma EC.8. If X is a bounded polytope and X ? = argminx2X c̄
>x., then there exists a constant

K > 0 such that

c̄>(x�x?)

||c̄||||x�x?|| �K,

for x?
the projection of x onto X ?

. Thus Condition (D2) holds for PSGD applied to the LP

(EC.40).

The proof of Lemma EC.8 requires some careful bounding between optimal solutions and sub-

optimal extreme points. The proof is given below. The result bounds the angle between optimal

and sub-optimal points for a polytope.

Proof of Lemma EC.8. We assume without loss of generality that c̄>x? = 0 and ||c̄||= 1. Let

E be the extreme points of X . Let E? be the extreme points in X ?. Then let E 0 := E \ E? and X 0 is

the convex closure of E 0. Let a := minx2X 0 c̄>x and D := maxx?2X?,x02X 0 ||x? �x0||. We will show

we can take K := a/D.

For all x2X \X ?, xmust be a convex combination of a point in X ? and a point in X 0. Specifically,

x= (1� p)x0 + px1, (EC.42)

for x0 2X ? and x1 2X 0 and p2 (0,1]. Then, as required,

c̄>x

||x�x?|| �
c̄>(x�x0)

||x�x0||
=

c̄>(x1 �x0)

||x1 �x0||
� a

D
=K > 0 .

The first inequality above uses the fact that x? is closest to x. The equality applies (EC.42). Then

finally, we apply the definitions of a, D and K. ⇤
Thus, we see that both Theorem 2 and Theorem 5 hold in the context of linear programming

problems with an unknown objective function.

EC.4.1.1. Polytope Example We consider the problem with two variables with the con-

straints being the polytope in Figure EC.2(a). We assume that the cost vector c̄= [4,6]> is unknown

but can be sampled from a joint Gaussian distribution of independent random variables with mean

vector c̄ and variance 1. This problem is analytically tractable. Given the costs, we can calculate

the reference solution to be x? = [2,1]T .

The convergence rate for the PSGD and Kiefer-Wolfowitz should be O(1/t�) in expectation

when the error is measured by the L1�norm. Evidence for the convergence rate is shown in Figure

EC.2(b). Increasing the batch size above 50 substantially reduces the noise of sampling costs, and

the algorithm may perform better than O(1/t). In this case, the algorithm converges, reaching

the optimum solution after 7 iterations. This occurs because the chance of observing any sample

perturbing the stochastic gradient descent algorithm away from the optimal point is a rare event.

However, when there is a non-negligible probability of an iteration leaving the optimal point, then

the O(1/t) is found as anticipated.
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(a) Polytope (b) Convergence for batch size B = 5
Figure EC.2 Polytope of the two variables linear programming problem and convergence of projected stochastic

gradient descent on the two variables linear programming example. In Figure EC.2(a), the shaded

area is the bounded polytope and the cross is one of the points of iterations, and the black point is

the corresponding projection. In Figure EC.2(b), expectation is computed over 1000 realizations.

The parameters of step size are chosen as a= 1, u= 1 and � = 1 such that ↵t = 1/(1+ t). The costs

ct are computed with batch size B = 5. The parameter v = 1 is chosen for Kiefer-Wolfowitz. The

fitted slope is -1.02 and -1.05 for PSGD and Kiefer-Wolfowitz.

EC.4.1.2. Probability Simplex This section considers a higher dimension for the optimiza-

tion over the probability simplex as an example. There are simple, e�cient algorithms for projection

onto the probability simplex (Duchi et al. 2008). The problem that we solve is formulated as follows

minimize p1c̄1 + p2c̄2 + ...+ pnc̄n = c̄Tp subject to
nX

i=1

pi = 1 over pi � 0, 8i= 1, ..., n,

where c̄1 < c̄2 < ... < c̄n and n= 50. We label the polytope due to the constraint as P and suppose

that the cost vector c̄ is unknown but can be sampled from a normal distribution with a certain

mean vector and covariance matrix. In particular, for t 2 Z+, we apply the stochastic gradient

descent iteration: pt+1 = ⇧P(pt � ↵tct), where ct ⇠ N (c̄,1) and ↵t = a/t with a > 0. According

to the special settings above, the minimum of this problem is p⇤ = (1,0, ...,0). We expect that

E [|c̄Tpt � c̄Tp⇤|] =O (1/t) . Figure EC.3(a) confirms that the PSGD and Kiefer-Wolfowitz converge

with an order of �1.

However, a itltohught falls somewhat outside the scope of this paper’s results, it is also possible

to consider the multi-armed bandit variation of this problem. Here, the natural generalization of

the projected gradient descent algorithm applies importance sampling. Here we sample an index it

according to the distribution pt and apply the updated pi,t+1 = pi,t �↵t
ci,t
pi,t

I[i= it] for i= 1, ..., n.

Simulations suggest a rate of convergence of the order of O(1/
p
t), see Figure EC.3(b).
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(a) Probability simplex example (b) Multi-arm bandit problem
Figure EC.3 Convergence of projected stochastic gradient descent on the probability simplex example and multi-

arm bandit problem. Expectations are computed over 100 realizations. The parameter v = 1 is

chosen for Kiefer-Wolfowitz. The step size parameter is chosen as a= 1 such that ↵t = 1/t for both.

In Figure EC.3(a), the fitted slope is -1.01 and -1.01 for PSGD and Kiefer-Wolfowitz. In Figure

EC.3(b), the fitted slope is -0.475.

EC.4.2. Markov Decision Processes

We now optimize a discounted Markov Decision Process (MDP) using the results from the last

section. Here we use a linear programming approach to give the convergence of a simple policy

gradient algorithm for an MDP in which the system dynamics are known but the costs are unknown.

An MDP can be formulated as a linear program, where the primal form of this linear program

solves for the optimal value function, and the dual form finds the optimal occupancy measure. In

this linear programming formulation, the dual problem takes the form:

minimize
X

s2S

X

a2A

c̄(s, a)x(s, a) (Dual)

subject to
X

a2A

x(s0, a) = ⇠(s0)+�
X

s2S

X

a2A

x(s, a)P (s0|s, a), 8s0 2 S

over (x(s, a) : s2 S, a2A)2RS⇥A
+ .

Here (⇠(s) : s 2 S) is a positive vector. We assume that the dynamics as given by (P (s0|s, a) : a 2

A, s, s0 2 S) are known but costs (c̄(s, a) : a 2A, s 2 S) are unknown and must be sampled, then

above we have a linear program with an unknown objective and known constraints. For this reason,

we can apply the analysis developed in the last section.

Here we assume that we can sample costs ĉ= (ĉ(s, a) : s2 S, a2A) where the states and actions

are distributed according to some predetermined probability distribution ⇡ = (⇡(s, a) : a 2A, s 2

S). There are several ways of sampling the cost vector ct for each t. The most straightforward one

is as follows. For each t, the cost ct = (ct(s, a) : s2 S, a2A) is sampled by first taking IID sample
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(st, at), with distribution ⇡ = (⇡(s, a) : s 2 S, a 2A) where ⇡(s, a)> 0 for all s 2 S and a 2A, and

then defining

ct(s, a) =
ĉ(st, at)

⇡(st, at)
I[(st, at) = (s, a)] . (EC.43)

We allow for the possibility of averaging batches of costs of the form (EC.43). We then consider

the projected gradient descent algorithm xt+1 =⇧X
�
xt �↵tct

�
. The projection above is onto the

constraint set of the dual problem (Dual). Our above observation on Linear Programs holds here.

Specifically, Theorem 2 and Theorem 5 hold for this PSGD algorithm.

EC.4.2.1. Three-state two-action Markov decision process We now consider the first

reinforcement learning application of our results, a relatively simple MDP. We consider an MDP

with three states S = {s1, s2, s3}. In each state, there are two actions A= {a1, a2}, corresponding

to move anticlockwise (a1) and clockwise (a2). Figure EC.4(a) shows the states and actions. When

we choose to take an action, the probability of going to the desired state is 2/3; otherwise, one

of the states uniformly at random. We assume that the costs c(s, a) are independent normally

distributed with c(si, aj) ⇠ N(i,1), for i = 1,2,3. The states and actions are sampled according

to the predetermined probability distribution ⇡ = (⇡(s, a) = 1/6 : s 2 S, a 2 A). Figure EC.4(b)

demonstrates the correct convergence rate as predicted.

(a) Three-state two-action MDP graph (b) Three-state two-action MDP example
Figure EC.4 The three-state two-action MDP graph and convergence of projected stochastic gradient descent

on the three-state two-action MDP example. In Figure EC.4(b), the expectation is computed over

20 realizations. The costs ct(s, a) are computed with batch size B = 200. The parameters of step

size are chosen as a= 0.1, u= 1 and � = 1 such that ↵t = 0.1/(1+ t). The fitted slope is -1.29.
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EC.4.2.2. Blackjack We now consider a larger tabular reinforcement learning problem for

the game of Blackjack. Blackjack is a simple card game where a player is initially dealt two cards.

The player is dealt cards sequentially before deciding to stop. The player must attempt to reach a

total that is more than the dealer but not more than 21. The problem is described in more detail

in Sutton and Barto (2018). The states of the problem depend on three factors which are: the

player’s current points (4–22); usable ace (with or without); dealer’s showing card (1–10), which

gives 290 states in total.

We label the states in sequence starting with s1 being no usable ace, the player’s current points

4 and dealer’s showing card 1, and ending with s290 being usable ace, the player’s current points 21

and dealer’s showing card 10. The actions simply consist of hitting (a1) and sticking (a0). Denote

the collection of states S = {si : i= 1, ...,290} and the collection of actions A= {ai : i= 0,1}.

We assume that the reward r̄ = (r̄(s, a) : s 2 S, a 2A) can be sampled for each iteration of the

projected stochastic gradient descent by carrying on the following procedure. We first simulate

IID samples (sit, a
i
t), i= 1, ...,B from the distribution ⇡ = (⇡(s, a) = 1/580 : s2A, a2A) and then

define the cost similar as Equation (EC.43) with c̄(sit, a
i
t) = �r̄(sit, a

i
t). In addition, according to

the rules, it is reasonable to set the discount factor � = 1. Applying the PSGD with the learning

rate of the form ↵t = a/(b+ t)� , for a, b > 0 and � 2 [0,1], the projected stochastic gradient descent

converges with a rate of O(1/t�) in expectation. The rate O(1/t) with � = 1 is shown in Figure

EC.5.

Figure EC.5 Convergence of projected stochastic gradient descent on the Blackjack example. The expectation

is computed over 10 realizations. The costs ct(s, a) are computed with batch size B = 200. The

parameters of step size are chosen as a= 0.1, u= 1 and � = 1 such that ↵t = 0.1/(1+ t). The fitted

slope is -1.23.


