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Appendix A: Additional Related Work

This section surveys additional works beyond those covered in Section 2 that are also related to this work.

Beyond worst-case Analysis for OLP: Beyond worst-case approaches for OLP problems have focused on

designing algorithms under (i) the random permutation and (ii) the stochastic input models. In the random

permutation model, the constraints and objective coefficients arrive according to a random permutation of

an adversarially chosen input sequence. In this context, Devanur and Hayes (2009), Agrawal et al. (2014)

develop a two-phase algorithm, which includes training the model on a small fraction of the input sequence

and then using the learned parameters to make online decisions on the remaining input sequence. Con-

trastingly, in the stochastic input model, the input sequence is drawn i.i.d. from some potentially unknown

distribution. In this setting, Li et al. (2022) investigate the convergence of the dual price vector and design

algorithms using LP duality to obtain logarithmic regret bounds. Since the algorithms developed in Li et al.

(2022) involve solving an LP at specified intervals, Li et al. (2022), Gao et al. (2024) developed gradient

descent-based algorithms wherein the dual prices are adjusted solely based on the allocation to users at each

time step. Furthermore, Chen et al. (2024) devised an adaptive allocation algorithm with constant regret

when the samples are drawn from a discrete distribution. As with some of these works, we develop algo-

rithms for online Fisher markets under the stochastic input model; however, in contrast to these works that

assume a linear objective, we develop regret guarantees for a non-linear concave objective function.

Revealed Preferences: Our approach of adjusting prices using users’ revealed preferences, i.e., observed

user consumption information, is analogous to price update mechanisms that use information from interac-

tions with earlier buyers to inform pricing decisions for future buyers (Kleinberg and Leighton 2003). While

our dual-based price update mechanism is akin to those used in prior work on revealed preferences (Roth

et al. 2016, Ji et al. 2018), our work considers a setting with budget-constrained users, unlike the quasi-linear

utility setting studied in these works. Prior literature on revealed preference has also considered the setting

of budget-constrained users (Zadimoghaddam and Roth 2012, Bei et al. 2016, Balcan et al. 2014, Beigman

and Vohra 2006) as in this work. However, these works focus on the problem of learning the budgets and

valuation functions of users that rationalize their observed buying behavior rather than designing algorithms

with low regret, which is one of the main focuses of this work.

Online Constraint Convex Optimization with Long-term Constraints: Furthermore, since we focus on

jointly optimizing regret and constraint violation, our work closely relates to the literature on online con-

strained convex optimization with long-term constraints (Yi et al. 2021, Liakopoulos et al. 2019, Jenatton

et al. 2016, Mahdavi et al. 2012, Valls et al. 2020). However, compared to these works that focus on a

regret measure defined based on the sub-optimality of an optimal static action in hindsight, we adopt a

more powerful oracle model, wherein the oracle can vary its actions across time steps as in Yu et al. (2017),

Chen et al. (2017), Cao and Liu (2019). Even though our chosen regret metric is akin to the dynamic regret

notions in these works, our work differs from Yu et al. (2017), Chen et al. (2017), Cao and Liu (2019) in
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several ways. First, unlike these works, which consider a setting wherein the central planner observes a

convex cost function after each user arrival, we study a revealed preference setting, wherein users’ utility

and budget parameters are private information. Next, as opposed to the gradient descent projection step

used in the algorithms developed in Yu et al. (2017), Chen et al. (2017), Cao and Liu (2019), we establish

regret and constraint violation bounds for our revealed preference algorithm without projecting the price

vector to the non-negative orthant. We do so by developing a novel potential function argument that relies

on the structural properties of Fisher markets (see Section 5.3 and Appendix F). Finally, compared to Yu

et al. (2017), Chen et al. (2017), Cao and Liu (2019), we also consider the informational setting when the

distribution D is discrete and known to the central planner and develop an adaptive expected equilibrium

pricing algorithm in this setting with constant constraint violation and logarithmic regret.

Artificial Currency Mechanisms: Our work is also closely related to the design and analysis of artificial

currency mechanisms (Kash et al. 2007, Gorokh et al. 2021). Such mechanisms have found applications

in various resource allocation settings, including the allocation of food to food banks (Prendergast 2016),

the allocation of students to courses (Budish 2011), and the allocation of public goods to people (Jalota

et al. 2020). Mechanisms that involve artificial currencies have also been designed for repeated allocation

settings (Gorokh et al. 2016), as is the main focus of this paper. However, unlike Gorokh et al. (2016) that

studies the repeated allocation of goods that arrive online, we investigate the setting of online user arrival.

Appendix B: Regret and Nash Social Welfare

We establish a fundamental connection between the regret measure studied in this work and the ratio

between the Nash social welfare objective of the optimum offline oracle and that corresponding to an

online algorithm. In particular, we show that if the regret U⇤
n �Un(⇡) o(n) for some algorithm ⇡, then

NSW (x⇤
1,...,x

⇤
n)

NSW (x1,...,xn)
! 1 as n!1. Here, x⇤

1, . . . ,x
⇤
n are the optimal offline allocations, and x1, . . . ,xn are the

optimal consumption vectors given by the solution of Problem (1a)-(1c) under the prices corresponding to

the online pricing policy ⇡. Without loss of generality, consider the setting when the budgets of all users

are equal. Note that if the budgets are not equal, then we can just re-scale the utilities of each user based on

their budget. In this setting, it holds that
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Observe that as n!1, the term e
o(n)
n ! 1. That is, if the regret of an algorithm ⇡ is o(n), then the ratio of

the Nash social welfare of algorithm ⇡ approaches that of the optimal offline oracle as n becomes large.
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Appendix C: Proof of Theorem 1

Consider a setting with n users with a fixed budget of one and two goods, each with a capacity of n. Further,

let the utility parameters of users be drawn i.i.d. from a distribution, where the users have utility (1,0)

with probability 0.5 and a utility of (0,1) with probability 0.5. That is, users only have utility for good one

or good two, each with equal probability. For this instance, we first derive a tight bound for the expected

optimal social welfare objective, i.e., Objective (2a). Then, to establish the desired lower bound, we consider

two cases: (i) the price of either of the two goods is at most 0.5, and (ii) the price of both goods is strictly

greater than 0.5. In the first case, we establish that the expected constraint violation is ⌦(
p
n) while in the

second case, we establish that either the expected constraint violation or the expected regret is ⌦(
p
n).

C.1. Tight Bound on Expected Optimal Social Welfare Objective

To obtain a bound on the expected optimal social welfare objective, we first find an expression for the

objective given the number of arrivals s of users with the utility (1,0). To this end, for the defined problem

instance, given s arrivals of users with the utility (1,0) (for ease of exposition, let the first s indexed users

have a utility of (1,0)), we have the following offline social optimization problem

U
⇤(s) = max

xt2R2,
8t2[n]

sX

t=1

log (xt1)+
nX

t=s+1

log(xt2), (6a)

s.t.
nX

t=1

xt1  n, (6b)

nX

t=1

xt2  n, (6c)

xtj � 0, 8t2 [n], j 2 [2]. (6d)

If 0< s< n, then the optimal solution of the above problem is to allocate xt = (n
s
,0) to each user t with a

utility of (1,0) and to allocate xt = (0, n
n�s

) to each user t with a utility of (0,1). In this case, the optimal

objective value is given by

U
⇤(s) = s log

⇣
n

s

⌘
+(n� s) log

✓
n

n� s

◆
= n log(n)� s log(s)� (n� s) log(n� s).

We now develop a tight bound on the expected optimal objective U
⇤(s) using the fact that the number of

arrivals s of users with utility (0,1) is binomially distributed with a probability of 0.5. That is, we seek to

develop a tight bound for

E[U⇤(s)] =E[n log(n)� s log(s)� (n� s) log(n� s)],

= n log(n)�E[s log(s)]�E[(n� s) log(n� s)].

To this end, we present an upper bound for s log(s) and (n� s) log(n� s), which will yield a lower bound

for E[U⇤(s)].
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We begin by observing that the expectation of the binomial random variable is given by E[s] = n
2

and its

variance is E[(s� n
2
)2] = n

4
. Next, letting � = 2

n
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2
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Similarly, we obtain the following upper bound for (n� s) log(n� s):
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Adding Equations (7) and (8), we have that
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As a result, it holds that

U
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for all 0< s<n. Next, letting qs be the probability of observing s users with utility (1,0), it follows that

E[U⇤(s)] =
nX

s=0

qsU
⇤(s)

(a)
=

n�1X

s=1

qsU
⇤(s)

(b)

�
n�1X

s=1

qs(n log(2)�n�
2),

(c)

�
✓
1� 1

2n�1

◆
n log(2)�nE[�2],

=

✓
1� 1

2n�1

◆
n log(2)�nE

"✓
2

n

⇣
s� n

2

⌘◆2
#
,

=

✓
1� 1

2n�1

◆
n log(2)� 1

where (a) follows as U
⇤(0) = 0 and U

⇤(n) = 0, (b) follows by Equation (9), (c) follows as
Pn�1

s=1 qs =

1� 1
2n�1 and

Pn�1
s=1 qs�

2 
Pn

s=0 qs�
2 =E[�2].

Finally, using Jensen’s inequality for a concave function, we obtain the following upper bound on the

expected optimal social welfare objective:

E[U⇤(s)]U
⇤(E(s)) n log(2).

As a result, we have shown the following tight bound on the expected optimal social welfare objective for

the earlier defined instance:
✓
1� 1

2n�1

◆
n log(2)� 1E[U⇤(s)] n log(2).
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C.2. Lower bound on Expected Regret and Constraint Violation

Case (i): We first consider the case when the price of either of the two goods is at most 0.5. Without loss

of generality, let p1  0.5. Then, with s arrivals of users with utility (1,0), the expected constraint violation

of good one is given by

v1 =E
✓

s

p1
�n

◆

+

�
�E [(2s�n)+] ,

which is O(
p
n) by the central limit theorem as n

2
users of each type arrive in expectation. As a result, the

norm of the constraint violation ⌦(
p
n). This establishes that if the price of either of the goods is below 0.5,

the expected constraint violation is ⌦(
p
n).

Case (ii): Next, we consider the case when the price of both goods is strictly greater than 0.5. In par-

ticular, suppose that p= (p1, p2) = ( 1
2�✏1(n)

,
1

2�✏2(n)
), where ✏1(n), ✏2(n)> 0 can depend on the number of

users n and are constants for any fixed value of n. We now show that for any choice of ✏1(n), ✏2(n)> 0 that

either the expected regret or the expected constraint violation is ⌦(
p
n).

To this end, first note by the central limit theorem that the expected constraint violation for good one for

s arrivals of users with utility (1,0) is given by
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Similarly, the expected constraint violation of good two is lower bounded by ⌦(
p
n)� ✏2(n)

n
2

.

Next, using the lower bound on the expected optimal social welfare objective we obtain the following

lower bound on the regret of any static pricing policy with p= ( 1
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where ✏(n) =min{✏1(n), ✏2(n)} and 0< ✏(n)< 2.

Finally, to simultaneously achieve the lowest regret and constraint violation, we set ⌦(
p
n)� ✏(n)n

2
=

�1 + n✏(n)
2

� 1
2n�1n log(2). Solving for ✏(n), we get that ✏(n) =O( 1p

n
) as n becomes large. This relation

implies that to minimize both regret and constraint violation, ✏(n) needs to be set on the order of 1p
n

, which
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will result in a corresponding expected regret and constraint violation of ⌦(
p
n). Observe that for any other

choice of ✏(n), either the regret or the constraint violation must be ⌦(
p
n) since setting ✏(n) = O( 1p

n
)

guarantees that both the regret and constraint violation are minimized. This establishes our claim that either

the regret or the constraint violation must be ⌦(
p
n) when the price of both goods is strictly greater than

0.5, which proves our claim.

Appendix D: Proof of Theorem 2

We prove Theorem 2 using four intermediate lemmas, which we elucidate below. After presenting the

statements of these lemmas, we then present their proofs.

Our first lemma establishes a generic upper bound on the regret of an algorithm for the online Fisher

market setting considered in this work. To define this generic regret bound, we first introduce the following

stochastic program

min
p

D(p) =
mX

j=1

pjdj +E
✓

w log (w)�w log

✓
min
j2[m]

pj

uj

◆
�w

◆�
, (11)

which is the stochastic programming formulation of the dual of the Eisenberg-Gale program (see Equa-

tion (5)) presented in Section 5.1. Letting p⇤ be the optimal solution to this stochastic program, we obtain

the following generic bound on the regret of any algorithm for online Fisher markets.

LEMMA 1 (Generic Regret Bound). Suppose that the budget and utility parameters of users are drawn

i.i.d. from a probability distribution D. Furthermore, let ⇡ denote an online pricing policy, x1, . . . ,xn be

the corresponding allocations for the n users, and p, p̄ > 0 be the lower and upper bounds, respectively, for

the prices ptj for all goods j and for all users t 2 [n], where the price upper bound p̄�maxj2[m] p
⇤
j . Then,

the regret Rn(⇡) 2
p
mw̄
p

Pn
t=1E [kp⇤ �ptk2] +E

h
p̄

���
Pm

j=1 (
Pn

t=1 xtj � cj)
���
i
.

A few comments about Lemma 1 are in order. First, observe that the generic regret bound obtained in

Lemma 1 applies to general (non-discrete) probability distributions D. Next, the generic regret bound is

composed of two terms: (i) the first term accounts for the loss from setting prices that deviate from the

optimal expected prices p⇤, and (ii) the second term is akin to the constraint violation of the algorithm and,

in particular, accounts for the loss corresponding to over (or under-consuming) certain goods.

As a result, to upper bound the regret of Algorithm 1, we now present lemmas that upper bound both the

terms in the generic regret upper bound. To this, end, we first show that the upper bound on the expected

constraint violation is constant in the number of arriving users. This result not only establishes the desired

constraint violation bound in the statement of Theorem 2 but its analysis also provides a bound on the

second term of the generic regret upper bound in Lemma 1.

LEMMA 2 (Constraint Violation Bound of Algorithm 1). Suppose that the budget and utility parameters

of users are drawn i.i.d. from a discrete probability distribution D and let ⇡ denote the online pricing policy
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described by Algorithm 1. Furthermore, let x1, . . . ,xn be the corresponding allocations for the n users,

where xt is an optimal solution for that user corresponding to the certainty equivalent problem CE(dt) for

t ⌧ , where ⌧ is the first time at which dt /2 [d��,d+�], and xt is an optimal solution to CE(d) for

t > ⌧ . Then, the constraint violation Vn(⇡)O(1).

The proof of Lemma 2 follows from an application of similar techniques to that used in Chen et al. (2024).

In this proof, we leverage the fact that the allocations xt are given by the optimal solution of the certainty

equivalent problem CE(dt) for t ⌧ , which is one of the optimal consumption vectors corresponding to the

price pt. Note that doing so is without loss of generality, since the utility of the users is unchanged for any

optimal consumption bundle. Furthermore, recall from Section 4.2.1 that the allocations corresponding to

the optimal solution of the certainty equivalent problem CE(dt) at each step can be implemented in Algo-

rithm 1 using an allocation-based algorithm, wherein users are given allocations based on their observed

type k 2 [K].

Having obtained a bound on the constraint violation, we next upper bound the first term in the generic

regret upper bound. To do so, we proceed in two steps. First, we establish a Lipschitzness relation between

the optimal price vector of the certainty equivalent problem CE(dt) and the average remaining resource

capacity vector dt, as is elucidated through the following lemma.

LEMMA 3 (Lipschitz Relation Between Prices and Average Remaining Resource Capacities).

Suppose d,d0
> 0 are two average remaining resource capacity vectors and p⇤(d),p⇤(d0) are the optimal

price vectors corresponding to the certainty equivalent problems CE(d),CE(d0), respectively. Then,

kp⇤(d)�p⇤(d0)k2 Lkd�d0k2 for some constant L> 0.

Lemma 3 establishes that small changes in the average remaining capacity vector will only result in small

changes in the corresponding optimal price vector of the certainty equivalent Problem CE(dt). In particular,

Lemma 3 implies that if kd�d0k2 O( 1
n�t

) for a given t2 [n�1], then, the optimal price vectors p,p0 of

the certainty equivalent problems CE(d) and CE(d0), respectively, satisfy kp�p0k2 O( 1
n�t

). We also

numerically validate this obtained Lipschitz relation in Appendix M.1.

We then leverage Lemma 3 to establish an O(log(n)) upper bound on the first term of the generic regret

bound, as is elucidated through the following lemma.

LEMMA 4 (Bound on Difference in Prices). Suppose that the budget and utility parameters of users are

drawn i.i.d. from a discrete probability distribution D. Furthermore, let ⇡ denote the online pricing pol-

icy described by Algorithm 1 and let x1, . . . ,xn be the corresponding allocations for the n users. Then,
2
p
mw̄
p

Pn
t=1E [kp⇤ �ptk2]O(log(n)).

Finally, we combine the results obtained in Lemmas 2 and 4 to obtain the O(log(n)) upper bound on the

regret of Algorithm 1.
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COROLLARY 5 (Regret Upper Bound of Algorithm 1). Suppose that the budget and utility parameters

of users are drawn i.i.d. from a discrete probability distribution D and let ⇡ denote the online pricing policy

described by Algorithm 1. Furthermore, let x1, . . . ,xn be the corresponding allocations for the n users,

where xt is an optimal solution for that user corresponding to the certainty equivalent problem CE(dt) for

t ⌧ , where ⌧ is the first time at which dt /2 [d��,d+�], and xt is an optimal solution to CE(d) for

t > ⌧ . Then, the regret Rn(⇡)O(log(n)).

Note that Lemma 2 and Corollary 5 jointly imply Theorem 2, which thus proves our claim.

D.1. Proof of Lemma 1

We now establish a generic bound on the regret of any online algorithm as long as the prices pt are strictly

positive and bounded, i.e., 0 < p  p
t
j  p̄ for all goods j and for all users t 2 [n]. To establish a generic

upper bound on the regret, we first obtain a bound on the expected value of the optimal objective, i.e.,

Objective (2a), and a relation for the expected value of the objective for any online allocation policy ⇡. We

finally combine both these relations to obtain an upper bound on the regret.

To perform our analysis, we define the function g(p) =E[wt log(uT
t xt)+

Pm
j=1(dj � xtj(p))p⇤j ], where

p⇤ is the optimal price vector of the stochastic Program (11). Then, by duality we have that the expected

primal objective value E[U⇤
n] is no more than the dual objective value with p= p⇤, which gives the following

upper bound on the optimal objective

E[U⇤
n]E

"
mX

j=1

p
⇤
jcj +

nX

t=1

✓
wt log(wt)�wt log

✓
min
j2[m]

p
⇤
j

utj

◆
�wt

◆#
,

= nD(p⇤), (12)

by the definition of D(p) in Problem (11). Next, we establish a relation between the function g(p) and the

above obtained bound on the expected value of the optimal objective value by noting that

g(p⇤) =E[wt log(u
T
t x

⇤
t )+

mX

j=1

(dj �x
⇤
tj(p

⇤))p⇤j ],

(a)
= E

2

4wt log(wt)�wt log

✓
min
j2[m]

p
⇤
j

utj

◆
+
X

j2[m]

p
⇤
jdj �wt

3

5 ,

= nD(p⇤), (13)

where (a) follows by the definition of g(p) and noting that for each agent t2 [n] it holds that uT
t xt = utj0

wt
p⇤
j0

for some good j
0 in the optimal bundle for the user t, and that

P
j2[m] xtj(p⇤)p⇤j =wt since each user spends

their entire budget when consuming its optimal bundle of goods given the price vector p⇤. Combining the

relations obtained in Equations (12) and (13), we obtain the following upper bound on the expected value

of the optimal objective:

E[U⇤
n] ng(p⇤). (14)
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Having obtained an upper bound on the expected optimal objective, we now obtain the following rela-

tionship for the true accumulated social welfare objective, i.e., Objective (2a), accrued by any online policy

⇡ that sets prices p1
, . . . ,pn with corresponding allocations x1, . . . ,xn:

E [Un(⇡)] =E
"

nX

t=1

wt log(u
T
t xt)

#
,

=E
"

nX

t=1

wt log(u
T
t xt)+

mX

j=1

p
⇤
j
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nX
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xtj

!
�

nX

j=1

p
⇤
j
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nX

t=1

xtj

!#
,

=E
"

nX

t=1

 
wt log(u

T
t xt)+

mX

j=1

p
⇤
j (dj �xtj)

!#
+E

"
mX

j=1

p
⇤
j

 
mX

t=1

xtj � cj

!#
(15)

We can analyse the first term on the right hand side of Equation (15) as follows:

E
"

nX

t=1

 
wt log(u

T
t xt)+

mX

j=1

p
⇤
j (dj �xtj)

!#
(a)
=

nX

t=1

E
"
wt log(u

T
t xt)+

mX

j=1

p
⇤
j (dj �xtj)

#
,

(b)
=

nX

t=1

E
"
E
"
wt log(u

T
t xt)+

mX

j=1

p
⇤
j (dj �xtj) |Ht�1

##
,

(c)
=

nX

t=1

E
⇥
g(pt)

⇤
=E

"
nX

t=1

g(pt)

#
, (16)

where (a) follows by the linearity of expectation, (b) follows from nesting conditional expectations, where

the history Ht�1 = {wi,ui,xi}t�1
i=1, and (c) follows from the definition of g(p) and the fact that the allocation

xtj depends on the vector of prices pt.

Finally, combining the above analysis in Equations (14), (15), and (16) for E[U⇤
n] and E[Un(⇡)], we

obtain the following bound on the regret of any online allocation policy ⇡ for p̄�maxj2[m] p
⇤
j :

E[U⇤
n �Un(⇡)] ng(p⇤)�E

"
nX

t=1

g(pt)

#
�E

"
mX

j=1

p
⇤
j

 
mX

t=1

xtj � cj

!#
,

E
"

nX

t=1

(g(p⇤)� g(pt))

#
+E

"
p̄

�����

mX

j=1

 
nX

t=1

xtj � cj

!�����

#
. (17)

Finally, to obtain the desired generic regret bound, we establish that E [g(p⇤)� g(pt)] 
O(E [kp⇤ �ptk2]). To this end, first observe from the definition of the function g that for the optimal solu-

tion xt(p) of the individual optimization Problem (1a)-(1c) given a price vector p that

g(p⇤)� g(pt) =E
"
wt log(u

T
t xt(p

⇤))+
mX

j=1

(dj �xtj(p
⇤))p⇤j

#

�E
"
wt log(u

T
t xt(p

t))+
mX

j=1

(dj �xtj(pt))p
⇤
j

#
,

=E

2

4wt log

0

@min
j2[m]

⇢
p
t
j

utj

�
1

minj2[m]

n
p⇤j
utj

o

1

A

3

5+E
"

mX

j=1

(xtj(p
t)�xtj(p

⇤))p⇤j

#
.
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Then, letting the good j
0 2 argminj2[m]{

p⇤j
utj

} and j
⇤(p) be a good in the optimal consumption set of user t

given the price p, we observe that

g(p⇤)� g(pt)
(a)

 E
"
wt log

 
p
t
j0

p⇤j0

!#
+E

"
mX

j=1

✓
j=j⇤(pt)

wt

ptj

� j=j⇤(p⇤)
wt

p⇤j

◆
p
⇤
j

#
,

(b)
= E

"
wt log

 
1+

p
t
j0 � p

⇤
j0

p⇤j0

!#
+E

"
mX

j=1

wt(p⇤j � p
t
j)

p⇤jp
t
j

�
j=j⇤(pt) � j=j⇤(p⇤)

�
p
⇤
j

#
,

(c)

 E
"
wt

p
t
j0 � p

⇤
j0

p⇤j0

#
+E

"
mX

j=1

wt(p⇤j � p
t
j)

ptj

#
,

(d)

 2w̄

p
E
⇥��p⇤ �pt

��
1

⇤
,

(e)

 2
p
mw̄

p
E
⇥��p⇤ �pt

��
2

⇤
, (18)

where (a) follows since j
0 2 argminj2[m]{

p⇤j
utj

} and xt(p) corresponds to the optimal solution to the indi-

vidual optimization Problem (1a)-(1c), (b) follows by rearranging the right hand side of the equation in (a).

Next, (c) follows from the fact that log(1+x) x for x>�1 and that the difference between two indicators

can be at most one. Inequality (d) follows by the upper bound on the budgets of users and the lower bound

on the price vector. The final inequality (e) follows from the norm equivalence property which holds for the

one and two norms.

Finally, using Equations (18) and (17), we obtain the following generic upper bound on the regret of any

online algorithm ⇡:

E[U⇤
n �Un(⇡)]

2
p
mw̄

p

nX

t=1

E
⇥��p⇤ �pt

��
2

⇤
+E

"
p̄

�����

mX

j=1

 
nX

t=1

xtj � cj

!�����

#
, (19)

which proves our claim.

D.2. Proof of Lemma 2

To prove this result, we first prove an upper bound on the expected constraint violation in terms of the

stopping time ⌧ of the algorithm. Then, we establish a lower bound on the expected value of the stopping

time to establish the constant constraint violation bound.

Upper Bound on constraint violation in terms of stopping time: We begin by establishing that the con-

straint violation of Algorithm 1 is upper bounded by O(E[n� ⌧ ]), where the stopping time ⌧ =min{t n :

dt /2 [d��,d+�]}[ {n}. To this end, first note by the definition of ⌧ and that �< d that no constraints

are violated up until user ⌧ . Furthermore, since the consumption xtj  w̄
p

for all t > ⌧ , it follows that the

constraint violation

E
"�����

nX

t=1

xtj � cj

�����
2

#
E

"�����

nX

t=⌧+1

xtj

�����
2

#
E


(n� ⌧)

p
m
w̄

p

�
=O(E [n� ⌧ ]). (20)
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Bound on Expected Stopping time ⌧ : From the above analysis, we observe that bounding the expected

constraint violation amounts to obtaining a bound on the expected stopping time ⌧ . To this end, we first

introduce some notation. In particular, as in Chen et al. (2024), we define the following auxiliary process:

d̃t =

(
dt, t < ⌧

d⌧ , t� ⌧
.

Then, we can obtain a generic bound on the expected stopping time by observing that

E[⌧ ] =
nX

t=1

tP(⌧ = t) =
nX

t=1

P(⌧ � t) =
nX

t=1

(1�P(⌧ < t))�
nX

t=1

(1�P(⌧  t)),

(a)
=

nX

t=1

[1�P(ds /2 [d��,d+�] for some s t)] ,

(b)

� n�
nX

t=1

P
⇣
d̃s /2 [d��,d+�] for some s t

⌘
,

where (a) follows by the definition of ⌧ , (b) follows since the auxiliary process d̃s is identical to ds for all

s less than ⌧ . The above analysis implies that

E[n� ⌧ ]
nX

t=1

P
⇣
d̃s /2 [d��,d+�] for some s t

⌘
. (21)

Thus, to obtain an upper bound for E[n � ⌧ ], we now proceed to finding an upper bound for the term

P
⇣
d̃s /2 [d��,d+�] for some s t

⌘
for each user t2 [n].

Upper bound on P
⇣
d̃s /2 [d��,d+�] for some s t

⌘
: To obtain an upper bound on this term, we

leverage Hoeffding’s inequality:

LEMMA 5. (Hoeffding’s Inequality (van de Geer 2002)) Suppose there is a sequence of random variables.

{Xt}nt=1 adapted to a filtration Ht�1, and E[Xt|Ht�1] = 0 for all t 2 [n], where H0 = ;. Suppose further

that Lt and Ut are Ht�1 measurable random variables such that Lt Xt Ut almost surely for all t2 [n].

Then, letting St =
Pt

s=1Xt and Vt =
Pt

s=1(Us � Ls)2, the following inequality holds for any constants

b, c > 0: P (|St|� b,Vt  c
2 for some t2 {1, . . . , T}) 2e�

2b2

c2 .

To leverage Lemma 5, we begin by introducing some notation. First define Ytj := d̃j,t+1� d̃j,t and Xtj :=

Ytj �E [Ytj | Ht�1] for t� 1, where Ht�1 = ((w1,u1), . . . , (wt�1,ut�1)) is the history of observed budget

and utility parameters.

Next, observe for t� ⌧ that d̃j,t+1 = d̃j,t and when 1 t < ⌧ we have that:

d̃j,t+1 = dj,t+1 =
cj,t+1

n� t
=

cjt �xtj

n� t
= djt �

1

n� t
(xtj � djt) = d̃jt �

1

n� t
(xtj � d̃jt)

Next, noting that d̃jt is Ht�1 measurable, we have that:

|Xtj|=
����

1

n� t
(xtj � d̃jt)�E


1

n� t
(xtj � d̃jt)|Ht�1

�����

=
1

n� t
|xtj �E [xtj|Ht�1] |

w̄

p(n� t)
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for each t  n� 1 due to the boundedness of the allocations xtj . Then, defining Lt = � w̄
p(n�t)

and Ut =
w̄

p(n�t)
, we obtain that

Vt =
tX

s=1

(Us �Ls)
2 =

tX

s=1

4w̄2

p2(n� s)2
 4w̄2

p2(n� t� 1)
,

which holds for all t n� 2.

Then, from a direct application of Hoeffding’s inequality (Lemma 5) for some constant �0
> 0 we have

that

P
 �����

sX

i=1

Xij

�������0 for some s t

!
 2e�

p2�02(n�t�1)

2w̄2 . (22)

Next, we observe that

|Xtj �Ytj|= |E [Ytj | Ht�1]|=
���E
h
d̃j,t+1 � d̃j,t | Ht�1

i���
(a)
=

����
1

n� t
E
h⇣

xtj � d̃j,t

⌘
I(t < ⌧) | Ht�1

i����= 0,

(23)

where (a) follows since the probability distribution is exactly known in Algorithm 1 and at the optimal

solution of the certainty equivalent problem it holds that E[xt] = dt for all t ⌧ . Consequently, it holds that

the term E
h⇣

xtj � d̃j,t

⌘
I(t < ⌧) | Ht�1

i
= 0 for all users t < ⌧ .

Then, to obtain a bound on P(d̃s /2 [d��,d+�] for some s t), we first note the following key relation

for the set {d̃s /2 [d��,d+�] for some s t}:

n���d̃j,s � dj

���>�j for some s t

o
(a)
=

(�����

s�1X

i=1

Yij

�����>�j for some s t

)
,

=

(�����

sX

i=1

Yij

�����>�j for some s t� 1

)
,

(b)
=

(�����

sX

i=1

Xij

�����>�j for some s t� 1

)
,

where (a) follows from the definition of Yi, and (b) follows since
Ps

i=1Xij =
Ps

i=1 Yij , as proved in Equa-

tion (23). Then setting �0 = minj2[m]�j =� in Equation (22), and applying a union bound over all the

goods j 2 [m], we obtain that

P(d̃s /2 [d��,d+�] for some s t) 2me
�

p2�2(n�t�1)

2w̄2 , (24)

which holds for all t n� 2.

Constant Bound on Expected Constraint Violation: We have already observed from our earlier analysis

that the expected constraint violation is upper bounded by O(E[n� ⌧ ]), where

E[n� ⌧ ]
nX

t=1

P
⇣
d̃s /2 [d��,d+�] for some s t

⌘
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follows from Equation (21). Thus, we now use the obtained upper bound on P(d̃s /2 [d � �,d +

�] for some s t) (Equation (24)) for any t n� 2 to show that E[n� ⌧ ] is bounded above by a constant.

To see this, observe that

E[n� ⌧ ] 2+
n�2X

t=1

P(d̃s /2 [d��,d+�] for some s t),

 2+
n�2X

t=1

2me
�

p2�2(n�t�1)

2w̄2 ,

= 2+2m
n�2X

s=1

e
�

p2�2s

2w̄2 ,

= 2+2me
�

p2�2

2w̄2

n�3X

s=0

e
�

p2�2s

2w̄2 ,

= 2+2me
�

p2�2

2w̄2
1� e

�
p2�2(n�3)

2w̄2

1� e
�

p2�2

2w̄2

,

 2+2m
1

1� e
�

p2�2

2w̄2

,

=O(m) (25)

The above analysis for the upper bound on the term E[n � ⌧ ] along with Equation (20) establishes the

constant upper bound on the expected constraint violation for Algorithm 1, as

E
"�����

nX

t=1

xtj � cj

�����
2

#
O(E [n� ⌧ ])O(m).

This completes the proof of our claim that the constraint violation of Algorithm 1 is bounded by a constant

independent of the number of users n.

D.3. Proof of Lemma 3

We begin by presenting the dual function D(p,d), which is a function of the price vector p and parametrized

by the per-user resource vector d. In particular, the dual function is represented as

D(p,d) =
mX

j=1

pjdj �
KX

k=1

qkw̃k log

✓
min
j2[m]

pj

ũkj

◆
(26)

Note that we have dropped the constant terms independent of the price vector p from the dual objective

(see Section 5.1). We now re-parametrize the dual function with a variable ↵k = minj2[m]
pj
ũkj

to get the

following:

D(↵,d) =
mX

j=1

dj max
k

{↵kũkj}�
KX

k=1

qkw̃k log (↵k) ,

where note that ↵k 
pj
ũkj

for all j and k.
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Next, let d,d0 be two different resource consumption vectors and let ↵⇤(d) (and ↵⇤(d0)) be the optimal

solution to the corresponding dual problems with resource vectors d (and d0), respectively. Then, noting

that the dual function D(↵,d) is strongly convex in ↵ (for a bounded set of values of ↵), it holds that:

D(↵⇤(d0),d)�D(↵⇤(d),d)� ⌘ k↵⇤(d0)�↵⇤(d)k2 , (27)

where note that ⌘ > 0 is a positive constant as the prices p remain bounded for all resource consumption

vectors d̃2 [d��,d+�].

Next, note that

D(↵⇤(d0),d)�D(↵⇤(d),d) = [D(↵⇤(d0),d)�D(↵⇤(d0),d0)]� [D(↵⇤(d),d)�D(↵⇤(d),d0)]

+D(↵⇤(d0),d0)�D(↵⇤(d),d0),
(a)

 [D(↵⇤(d0),d)�D(↵⇤(d0),d0)]� [D(↵⇤(d),d)�D(↵⇤(d),d0)],

=
mX

j=1

dj max
k

{↵⇤
k(d

0)ũkj}�
KX

k=1

qkw̃k log (↵
⇤
k(d

0))

�
mX

j=1

d
0
j max

k
{↵⇤

k(d
0)ũkj}+

KX

k=1

qkw̃k log (↵
⇤
k(d

0))

�
mX

j=1

dj max
k

{↵⇤
k(d)ũkj}+

KX

k=1

qkw̃k log (↵
⇤
k(d))

+
mX

j=1

d
0
j max

k
{↵⇤

k(d)ũkj}�
KX

k=1

qkw̃k log (↵
⇤
k(d)) ,

=
mX

j=1

max
k

{↵⇤
k(d

0)ũkj}(dj � d
0
j)+

mX

j=1

max
k

{↵⇤
k(d)ũkj}(d0j � dj),

=
mX

j=1

(dj � d
0
j)(max

k
{↵⇤

k(d
0)ũkj}�max

k
{↵⇤

k(d)ũkj}),

(b)


mX

j=1

(dj � d
0
j)(↵

⇤
k̃
(d0)ũk̃j �↵

⇤
k̃
(d)ũk̃j),

 ūk↵⇤(d)�↵
⇤(d0)k2 kd�d0k1 ,

(c)


p
mūk↵⇤(d)�↵

⇤(d0)k2 kd�d0k2 ,

where (a) follows as ↵⇤(d0) is a minimizer of the dual function D(·,d0), (b) follows as we define k̃ to be

the group such that k̃ 2 argmax{↵⇤
k(d)ũkj} and (c) follows by the norm equivalence relation between the

one and two norm.

From the above inequality and Equation (27), it follows that

⌘ k↵⇤(d0)�↵⇤(d)k22 D(↵⇤(d0),d)�D(↵⇤(d),d)
p
mūk↵⇤(d)�↵

⇤(d0)k2 kd�d0k2 .
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Thus, it holds that

k↵⇤(d0)�↵⇤(d)k2 
p
mū

⌘
kd�d0k2 . (28)

Finally, to establish our desired Lipschitzness result, we show that the prices are Lipschitz in ↵. To show

this, we denote p⇤(d) (and p⇤(d0)) be the optimal price vector corresponding to two different average

resource consumption vectors d (and d0), respectively. Then, we get that:

kp⇤(d)�p⇤(d0)k2 =
���max

k
{↵⇤

k(d)uk}�max
k

{↵⇤
k(d

0)uk}
���
2
,

=

vuut
mX

j=1

⇣
max

k
{↵⇤

k(d)ukj}�max
k

{↵⇤
k(d

0)ukj}
⌘2

,

(a)



vuut
mX

j=1

⇣
↵⇤

k̃j
(d)uk̃jj

�↵⇤
k̃j
(d0)uk̃jj

⌘2

,


p
mūk↵⇤(d)�↵⇤(d0)k2 , (29)

where (a) follows for some k̃j . To see this, let k̃
1
j = argmaxk{↵⇤

k(d)ukj} and let k̃
2
j =

maxk{↵⇤
k(d

0)ukj}. Then, it follows that: maxk{↵⇤
k(d)ukj} � maxk{↵⇤

k(d
0)ukj}  max{↵⇤

k̃1j
(d)uk̃1j j

�
↵

⇤
k̃2j
(d0)uk̃2j j

,↵
⇤
k̃2j
(d0)uk̃2j j

�↵
⇤
k̃1j
(d)uk̃1j j

} for all goods j.

Finally, combining the above relation with Equation (28), we obtain the desired Lipschitzness relation

between prices and the average resource consumption vectors:

kp⇤(d)�p⇤(d0)k2 
p
mūk↵⇤(d)�↵⇤(d0)k2 

mū
2

⌘
kd�d0k2 ,

which establishes our claim. We also note that the above Lipschitzness relation implies that when

kd�d0k=O( 1
n�t

), then even kp⇤(d0)�p⇤(d)k=O( 1
n�t

).

D.4. Proof of Lemma 4

We use Lemma 3 to analyse the first term in the generic regret bound in Equation (19) for Algorithm 1 and

establish that 2
p
mw̄
p

Pn
t=1E [kp⇤ �ptk2]O(log(n)).

To this end, we first show that E[kpt �p⇤k2]O( 1
n�t+1

) for all t= {1, . . . , n� ⌧} for Algorithm 1. To

see this, we proceed by induction. For the base case, take t= 1, in which case Algorithm 1 initializes the

price p1 = p⇤, as the adaptive expected equilibrium pricing algorithm sets the static expected equilibrium

prices at t = 1 as d1 =
c
n

. As a result, it clearly holds that E[kp1 �p⇤k2] = 0  O( 1
n
). For the inductive

step, we now assume that E[kpt �p⇤k2]O( 1
n�t+1

) for all t k. Then, we have for t= k+1 that

E
⇥��pk+1 �p⇤��

2

⇤
E

⇥��pk+1 �pk
��
2

⇤
+E

⇥��pk �p⇤��
2

⇤
,

E
⇥��pk+1 �pk

��
2

⇤
+O

✓
1

n� k+1

◆
,

E
⇥��pk+1 �pk

��
2

⇤
+O

✓
1

n� k

◆
. (30)
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To bound E[
��pk+1 �pk

��
2
], we note that dk+1 = dk +

dk�xk(p
k)

n�k
, i.e., kdk+1 �dkk=O( 1

n�k
). Then, using

Lemma 3, it follows that E[
��pk+1 �pk

��
2
] =O( 1

n�k
). This inequality, together with Equation (30), implies

that

E
⇥��pk+1 �p⇤��

2

⇤
O

✓
1

n� k

◆
, (31)

which establishes our inductive step and thus establishes our claim that E[kpt �p⇤k2]  O( 1
n�t+1

) for

all t = {1, . . . , n � ⌧} for Algorithm 1. Furthermore, observe that since pt = p⇤ for t > ⌧ , it holds that

E[kpt �p⇤k2]  O( 1
n�t+1

) for all t = {1, . . . , n}. Using this result, we obtain the following upper bound

on the first term of Equation (19)

2
p
mw̄

p

nX

t=1

E
⇥��p⇤ �pt

��
2

⇤
 2

p
mw̄

p

nX

t=1

E

O

✓
1

n� t+1

◆�
 2

p
mw̄

p

nX

t=1

E

O

✓
1

t

◆�
O(log(n)),

(32)

which proves our claim.

D.5. Proof of Corollary 5

We now use the generic bound on the regret derived in Equation (19) to obtain a O(log(n)) bound on the

regret of Algorithm 1. In particular, we upper bound both the terms on the right hand side of Equation (19)

using the analysis performed in Lemmas 2 and 4 to establish that

E[U⇤
n �Un(⇡)]

2
p
mw̄

p

nX

t=1

E
⇥��p⇤ �pt

��
2

⇤
+E

"
p̄

�����

mX

j=1

 
nX

t=1

xtj � cj

!�����

#
O(log(n)).

To establish the above claim, we first observe by Lemma 4 that the first term of right hand side of the generic

regret bound, i.e., Equation (19), is upper bounded by O(log(n)). Next, noting that the second term on the

right hand side of Equation (19) is analogous to the constraint violation of Algorithm 1, we observe that

E
"
p̄

�����

mX

j=1

 
nX

t=1

xtj � cj

!�����

#
(a)

 E
"
p̄

�����

mX

j=1

 
nX

t=⌧+1

xtj

!�����

#
(b)

 p̄E

m(n� ⌧)

w̄

p

�
(c)

 mw̄p̄

p
=O(m), (33)

where (a) follows since no constraints are violated up until the stopping time ⌧ , (b) follows as xtj  w̄
p

, and

(c) follows from Equation (25). As a result, we have established that the second term in the generic regret

bound is bounded above by a constant (and thus is also bounded above by O(log(n))) for Algorithm 1,

which thus proves our claim.

Appendix E: Derivation of Dual of Social Optimization Problem

In this section, we derive the dual of the social optimization Problem (2a)-(2c). To this end, we first consider

the following equivalent primal problem

max
xt 2Rm

, ut

U(x1, ...,xn) =
nX

t=1

wt log (ut) , (34a)
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s.t.
nX

t=1

xtj  cj, 8j 2 [m], (34b)

xtj � 0, 8t2 [n], j 2 [m], (34c)

ut =
mX

j=1

utjxtj, 8t2 [n], (34d)

where we replaced the linear utility
Pm

j=1 utjxtj in the objective with the variable ut and added the con-

straint ut =
Pm

j=1 utjxtj . Observe that the optimal solution of this problem is equal to that of the social

optimization Problem (2a)-(2c). We now formulate the Lagrangian of this problem and derive the first order

conditions of this Lagrangian to obtain the dual Problem (4).

To formulate the Lagrangian of Problem (34a)-(34d), we introduce the dual variables pj for each good

j 2 [m] for the capacity Constraints (34b), �tj for each user t2 [n] and good j 2 [m] for the non-negativity

Constraints (34c), and �t for each user t 2 [n] for the linear utility Constraints (34d). For conciseness, we

denote p 2 Rm as the vector of dual variables of the capacity Constraints (34b), ⇤ 2 Rn⇥m as the matrix

of dual variables of the non-negativity Constraints (34c), and � as the vector of dual variables of the linear

utility Constraints (34d). Then, we have the following Lagrangian:

L({xt, ut}nt=1,p,⇤,�) =
nX

t=1

wt log(ut)�
mX

j=1

pj

✓ nX

t=1

xtj � cj

◆
�

nX

t=1

mX

j=1

�ijxij

�
nX

t=1

�t(ut �
mX

j=1

utjxtj)

Next, we observe from the first order derivative condition of the Lagrangian that

@L
@ut

=
wt

ut
��t = 0, 8t2 [n], and

@L
@xtj

=�pj ��tj +�tutj = 0, 8t2 [n], j 2 [m].

Note that we can rearrange the first equation to obtain that ut =
wt
�t

for all t 2 [n]. Furthermore, by the sign

constraint that �tj  0 for all t 2 [n], j 2 [m] it follows from the second equation that �tutj  pj for all

t2 [n], j 2 [m]. Using the above equations, we can write the following dual problem:

min
p,�

nX

t=1

wt log(wt)�
nX

t=1

wt log(�t)+
mX

j=1

pjcj �
nX

t=1

wt

�tutj  pj, 8t2 [n], j 2 [m]

(35)

Note that at the optimal solution to the above problem �t =minj2[m]{
pj
utj

}. Using this observation, we can

rewrite the above problem as

min
p

nX

t=1

wt log(wt)�
nX

t=1

wt log

✓
min
j2[m]

pj

utj

◆
+

mX

j=1

pjcj �
nX

t=1

wt, (36)

which is the dual Problem (4).
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Appendix F: Detailed Proof Sketch of Theorem 3

The proof of Theorem 3 relies on two intermediate arguments. First, we show that if the price vector at

every step of the algorithm is bounded above and below by some positive constant, then the O(
p
n) upper

bounds on both the regret and expected constraint violation hold.

LEMMA 6 (Regret and Constraint Violation of Algorithm 2 under Positivity and Boundedness of Prices).

Suppose users’ budget and utility parameters are drawn i.i.d. from a distribution D satisfying Assumption 1.

Furthermore, let ⇡ denote the online pricing policy described by Algorithm 2, x1, . . . ,xn be the corre-

sponding allocations for the n users, and suppose that the price vector pt corresponding to Algorithm 2 is

such that 0< p pt  p̄ for all users t 2 [n]. Then, for a step size � = �t =
D̄p
n

for some constant D̄ > 0

for all users t2 [n], the regret Rn(⇡)O(
p
n) and the constraint violation Vn(⇡)O(

p
n).

Proof Sketch. To establish this result, we proceed in three steps. First, we prove an O(
p
n) upper bound

on the constraint violation. To do so, we sum the price update equation in Algorithm 2 across all users to

establish that the excess demand for any good j is upper bounded by
pn+1
j

�
, i.e.,

Pn
t=1 xtj�cj 

pn+1
j

�
. Using

this relation and the fact that the prices are upper bounded by p̄ and the step size � =O( 1p
n
), we obtain the

O(
p
n) upper bound on the constraint violation. Next, we derive a generic upper bound on the regret (differ-

ent from that in the proof of Theorem 2) of any online algorithm ⇡ using duality (see Section 5.1), and show

that E[U⇤
n � Un(⇡)]  E

hPn
t=1

Pm
j=1 p

t
jdj �wt

i
. Finally, we apply the price update rule in Algorithm 2

with a step size � =O( 1p
n
) to establish an O(

p
n) upper bound on the term E

hPn
t=1

Pm
j=1 p

t
jdj �wt

i
, i.e.,

the right hand side of the generic regret bound, which establishes our claim. ⇤
We refer to Appendix G for a complete proof of Lemma 6 and note that its proof does not rely on

Assumption 2.

Our second intermediary result states that if the distribution D satisfies Assumption 2, then the price

vector pt in Algorithm 2 remains strictly positive and bounded for all users t2 [n].

LEMMA 7 (Strictly Positive and Bounded Prices for Algorithm 2). Suppose that the budget and utility

parameters of users are drawn i.i.d. from a distribution D satisfying Assumptions 1 and 2. Then, the price

vector pt corresponding to Algorithm 2 will remain strictly positive and bounded for all users t2 [n] when

� = �t =
D̄p
n

for some constant D̄ > 0 for all users t2 [n].

Proof Sketch. To prove this claim, we proceed in two steps. First, we show that if the price vector pt

at each iteration of Algorithm 2 is bounded below by some vector p, then the price vector also remains

bounded above by p̄, where p̄ > 0 is a constant, as we show in Lemma 9 in Appendix H. In other words,

the positivity of prices during the operation of Algorithm 2 implies the boundedness of the prices. Next,

we show that the prices of the goods will always remain positive under Assumption 2. To this end, we first

consider the setting of one and two goods in the market, and then extend our analysis for the two good
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setting to the more general setting of m goods. We present here the main ideas to prove this result for the

two good case. In particular, it directly follows from Assumption 2 that if the price of one good is small

while that of another good is large, as specified by a certain price threshold p
thresh, then the price of the

good that is small cannot become lower than pthreshu
2ū

, as users will always purchase the good with the lower

price given their strictly positive utilities. Next, in the case that the price of both goods is smaller than the

specified threshold during the operation of Algorithm 2, we define a potential Vt = (pt)Td, and show that

this potential is non-decreasing, i.e., Vt+1 � Vt, if the prices of both goods are less than p
thresh for user t.

We then use this result along with Assumption 2 to show that the price of both goods cannot go below a

constant p during the operation of Algorithm 2. ⇤
Note that Lemmas 6 and 7 jointly imply Theorem 3. For a complete proof of Lemma 7, we refer to

Appendix H.

Finally, we reiterate that the key to establishing Lemma 7 lies in constructing a potential function that

is non-decreasing between subsequent users when the prices of all goods are below a particular threshold

during the operation of Algorithm 2. Since this result is fundamental to the proof of Lemma 7 and elucidates

a close connection between the price update rule in Algorithm 2 and Fisher markets, we believe it is of inde-

pendent interest. In particular, we formalize the non-decreasing potential function property of Algorithm 2

through the following lemma.

LEMMA 8 (Non-Decreasing Potential). Let pthresh =
wminj2[m]{dj}Pm

j=1 d2j
and define the potential Vt = (pt)Td,

where pt is the price vector corresponding to user t in Algorithm 2. Then, the potential for Algorithm 2 is

non-decreasing for user t+1, i.e., Vt+1 � Vt.

We refer to Appendix H.2 for a proof of Lemma 8.

Appendix G: Proof of Lemma 6

To establish this result, we proceed in three steps. First, we first prove an O(
p
n) upper bound on the

constraint violation for the price update rule in Algorithm 2. Then, to establish an upper bound on the regret,

we establish a generic bound on the regret (different from that in Lemma 1 in the proof of Theorem 2) of any

online algorithm as long as the prices pt are strictly positive and bounded for all users t 2 [n]. Finally, we

apply the price update rule in Algorithm 2 to establish an O(
p
n) upper bound on the regret for � = �t =

D̄p
n

for all users t2 [n] for some constant D̄ > 0.

Expected Constraint Violation Bound: To establish an O(
p
n) upper bound on the constraint violation,

we utilize the price update rule in Algorithm 2 where �t =
D̄p
n

for some constant D̄ > 0. In particular, the

price update step

p
t+1
j = p

t
j �

D̄p
n
(dj �xtj)
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in Algorithm 2 can be rearranged to obtain

xtj � dj =

p
n

D̄

�
p
t+1
j � p

t
j

�
.

Summing this equation over all arriving users t2 [n], it follows that

nX

t=1

xtj � cj 
p
n

D̄

nX

t=1

�
p
t+1
j � p

t
j

�
=

p
n

D̄

�
p
n+1
j � p

1
j

�


p
n

D̄
p
n+1
j  p̄

D̄

p
n,

where the last inequality follows since p
n+1
j  p̄ by the boundedness assumption on the price vector. Using

this relation, the norm of the constraint violation can be bounded as

�����

 
nX

t=1

xt � c

!

+

�����
2



�����

nX

t=1

xt � c

�����
2

=

vuut
mX

j=1

 
nX

t=1

xtj � cj

!2



vuut
mX

j=1

⇣
p̄

D̄

⌘2

n=

r
m

⇣
p̄

D̄

⌘2

nO(
p
n).

Taking an expectation of the above quantity, we obtain a O(
p
n) upper bound on the expected constraint

violation, where E[Vn(x1, . . . ,xn)] p̄
D̄

p
mn=O(

p
n).

Generic Bound on the Regret: We now turn to establishing a generic bound on the regret of any online

algorithm for which the price vector pt is strictly positive and bounded for each user t 2 [n]. To perform

our analysis, let p⇤ be the optimal price vector for the following stochastic program

min
p

D(p) =
mX

j=1

pjdj +E
✓

w log (w)�w log

✓
min
j2[m]

pj

uj

◆
�w

◆�
. (37)

Then, by duality we have that the primal objective value U⇤
n is no more than the dual objective value with

p= p⇤, which gives the following upper bound on the optimal objective

U
⇤
n 

mX

j=1

p
⇤
jcj +

nX

t=1

✓
wt log(wt)�wt log

✓
min
j2[m]

p
⇤
j

utj

◆
�wt

◆
.

Then, taking an expectation on both sides of the above inequality, it follows that

E[U⇤
n]E

"
mX

j=1

p
⇤
jcj +

nX

t=1

✓
wt log(wt)�wt log

✓
min
j2[m]

p
⇤
j

utj

◆
�wt

◆#
,

= nD(p⇤),

by the definition of D(p) in Problem (37). Finally, noting that p⇤ is the optimal solution to the stochastic

Program (37), it follows that

E [U⇤
n] nD(p⇤)

(a)


nX

t=1

E
⇥
D(pt)

⇤ (b)
=

nX

t=1

E
"

mX

j=1

p
t
jdj +wt log(wt)�wt log

✓
min
j2[m]

p
t
j

utj

◆
�wt

#
,

(c)
= E

"
nX

t=1

 
mX

j=1

p
t
jdj +wt log(wt)�wt log

✓
min
j2[m]

p
t
j

utj

◆
�wt

!#
,
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where (a) follows by the optimality of p⇤ for the stochastic Program (37), (b) follows by the definition of

D(pt), and (c) follows from the linearity of expectations.

Next, let jt be a good in the optimal consumption set S⇤
t for user t given the price vector pt. Then, the

true accumulated social welfare objective under an algorithm ⇡ can be expressed as

Un(⇡) =
nX

t=1

wt log

 
mX

j=1

utjxtj

!
,

=
nX

t=1

wt log

 
mX

j=1

utj j=jt

wt

ptj

!
,

which follows since the utility when consuming any feasible bundle of goods in their optimal consumption

set equals their utility when purchasing wt
ptjt

units of good jt 2 S
⇤
t (p

t). Finally combining the upper bound

on the expected optimal objective and the above obtained relation on the accumulated objective under an

algorithm ⇡, we obtain the following upper bound on the expected regret

E[U⇤
n �Un(⇡)]E

"
nX

t=1

 
mX

j=1

p
t
jdj +wt log(wt)�wt log

✓
min
j2[m]

p
t
j

utj

◆
�wt

!#
(38)

�E
"

nX

t=1

wt log

✓
utjt

wt

ptjt

◆#
, (39)

=E
"

nX

t=1

mX

j=1

p
t
jdj �wt

#
, (40)

where the final equality follows as jt 2 S
⇤
t (p

t).

Square Root Regret Bound: We now use the generic regret bound derived in Equation (40) for any online

algorithm with bounded prices that are always strictly positive for each t 2 [n] to obtain an O(
p
n) upper

bound on the regret of Algorithm 2. In particular, we use the price update equation in Algorithm 2 to derive

the O(
p
n) regret bound. We begin by observing from the price update equation that

��pt+1
��2
2
=

����p
t � D̄p

n
(d�xt)

����
2

2

.

Expanding the right hand side of the above equation, we obtain that

��pt+1
��2 

��pt
��2 � 2D̄p

n

 
mX

j=1

p
t
jdj �

mX

j=1

p
t
jxtj

!
+

D̄
2

n
kd�xtk2 .

We can then rearrange the above equation to obtain

mX

j=1

p
t
jdj �

mX

j=1

p
t
jxtj 

p
n

2D̄

⇣��pt
��2 �

��pt+1
��2
⌘
+

D̄

2
p
n
kd�xtk2
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Finally, summing both sides of the above equation over t2 [n], we get
nX

t=1

mX

j=1

p
t
jdj �

nX

t=1

mX

j=1

p
t
jxtj 

p
n

2D̄

nX

t=1

⇣��pt
��2 �

��pt+1
��2
⌘
+

nX

t=1

D̄

2
p
n
kd�xtk22 , (41)

(a)


p
n

2D̄

��p1
��2 + D̄

2
p
n

nX

t=1

m

✓
max
j2[m]

dj +
w̄

p

◆2

, (42)


p
n

 
kp1k2

2D̄
+

D̄m

2

✓
max
j2[m]

dj +
w̄

p

◆2
!
, (43)

O(
p
n), (44)

where the (a) follows by the boundedness of the consumption vector for each agent, since the prices are

strictly positive and bounded below by p > 0. Finally, noting that all agents completely spend their budget

at the optimal solution of the individual optimization problem, i.e.,
P

j2[M ] p
t
jxtj =wt, we obtain from the

generic regret bound in Equation (40) that

E[U⇤
n �Un(⇡)]E

"
nX

t=1

mX

j=1

p
t
jdj �wt

#
=

nX

t=1

E
"

mX

j=1

p
t
jdj �

nX

t=1

mX

j=1

p
t
jxtj

#
,

(a)


p
n

 
kp1k2

2D̄
+

D̄m

2

✓
max
j2[m]

dj +
w̄

p

◆2
!
,

=O(
p
n),

where (a) follows from Equation (43). Thus, we have proven the O(
p
n) upper bound on the expected regret

of Algorithm 2 under the assumed conditions on the price vectors pt for all users t2 [n].

Appendix H: Proof of Lemma 7

To establish this result, we proceed in two steps. In particular, we first show that the strict positiv-

ity of prices during the operation of Algorithm 2 implies that the prices are bounded for all t 2 [n] in

Appendix H.1. Then, we show that the prices of the goods will always remain positive under Assumption 2

in Appendix H.2.

H.1. Positivity of Prices Implies Boundedness

We show through the following lemma that if the price vector pt is bounded below by some vector p at each

iteration of Algorithm 2, then the price vector also remains bounded above by p̄, where each component

p̄ > 0 of the vector p̄ is a constant.

LEMMA 9 (Positivity Implies Price Boundedness in Algorithm 2). Suppose that the budget and utility

parameters of users are drawn i.i.d. from a distribution D satisfying Assumption 1, and the price vector

pt � p > 0 for all users t 2 [n]. Then, the price vector pt corresponding to Algorithm 2 is bounded at

each time an agent t 2 [n] arrives, i.e., pt  p̄ for all t 2 [n] for some vector p̄ � p, when the step-size

� = �t =
D̄p
n

for some 0< D̄ 1.
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Proof. We establish that the prices of all goods are always bounded above at each step of Algorithm 2 if

the prices of the goods are bounded below by p at each step. To show that the prices are bounded above, we

consider the settings when (i) kptk2 �
m

⇣
d̄+ w̄

p

⌘2
+2w̄

2d
, and (ii) kptk2 

m
⇣
d̄+ w̄

p

⌘2
+2w̄

2d
, where d̄=maxj2[m] dj

and d=minj2[m] dj > 0. In case (i), we observe that

��pt+1
��2
2
=
��pt � �(d�xt)

��2
2
=
��pt
��2
2
� 2�(pt)>(d�xt)+ �

2
��d�xt

��2
2
,

(a)


��pt
��2
2
+2�w̄+ �

2
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✓
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w̄
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◆2

� 2�(pt)>d,


��pt
��2
2
+2�w̄+ �

2
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✓
d̄+

w̄

p

◆2

� 2�d
��pt
��
1
,

(b)


��pt
��2
2
+2�w̄+ �

2
m

✓
d̄+

w̄

p

◆2

� 2�d
��pt
��
2
,

(c)


��pt
��2
2
,

where (a) follows from the fact that (pt)>xt =wt  w̄ and xt  w̄
p
1, where 1 is an m-dimensional vector of

all ones, (b) follows from the norm equivalence relation between the one and the two norms, and (c) follows

for any step-size �  1 and the fact that kptk2 �
m

⇣
d̄+ w̄

p

⌘2
+2w̄

2d
.

Next, in case (ii) it holds that

��pt+1
��
2
=
��pt � �(d�xt)

��
2

(a)


��pt
��
2
+ � kd�xtk2

(b)


��pt
��
2
+ � kd�xtk1 ,

(c)


m

⇣
d̄+ w̄

p

⌘2

+2w̄

2d
+m

✓
d̄+

w̄

p

◆
,

where (a) follows by the triangle inequality, (b) follows from the norm equivalence relation between the one

and to norms, and (c) holds since kptk2 
m

⇣
d̄+ w̄

p

⌘2
+2w̄

2d
and xt  w̄

p
1.

From the above inequalities, we observe that kptk2 
m

⇣
d̄+ w̄

p

⌘2
+2w̄

2d
+m(d̄+ w̄

p
) for all t. This relation

implies that the price vector of Algorithm 2 is always bounded above when the price vector of Algorithm 2

is bounded below by p at each step, which completes the proof of Lemma 9.

H.2. Positivity of Prices

We now show that under Assumption 2 the prices of the goods remain strictly positive during the opera-

tion of Algorithm 2. To this end, we first prove this claim for the setting of one good. Then, we leverage

Assumption 2 to construct an argument for the setting of two goods and finally, extend this argument to the

general setting of m goods.

H.2.1. One Good Suppose that there is exactly one good in the market with a capacity c1. Then, we claim

that under Algorithm 2, the price of each good for each user t2 [n] remains bounded between p and p̄, where
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p > 0 and p̄ are constants. In particular, we prove this claim for p= w
2d1

, and p̄= w̄
d1
+d1+

w̄d1
w

that p p
t
1 

p̄ for all t2 [n], when � = D̄p
n

, where D̄=
w

2d1

d1+
w̄d1
w

, and the initial price vector p11 2 [ w
2d1

,
w̄
d1

+ d1 +
w̄d1
w

].

To this end, first observe by the price update rule that

p
t+1
1 = p

t
1 � � (d1 �xt1) = p

t
1 � �

✓
d1 �

wt

pt1

◆

since it is optimal for each user to purchase wt
pt1

units of good one as there is only one good in the market.

Next, to establish the the bounds on the price, we show that if pt1 is large (small), then it must hold that

p
t+1
1  p

t
1 (pt+1

1 � p
t
1). In particular, observe that if pt1 � w̄

d1
, then

p
t+1
1 = p

t
1 � �(d1 �

wt

pt1

) p
t
1 � �d1 + �

wtd1

w̄
 p

t
1.

and if pt+1
1  w

d1
, then p

t+1
1 � p

t
1. On the other hand, when w

d1
 p

t
1  w̄

d1
, then it holds that

p
t+1
1 = p

t
1 � �(d1 �

wt

pt1

) w̄

d1
+ d1 +

w̄d1

w
,

since �  1, which holds true for large n. This establishes the upper bound on the price. For the lower bound

on the price, observe that when w
d1

 p
t
1  w̄

d1
, then it holds that

p
t+1
1 = p

t
1 � �(d1 �

wt

pt1

)� w

d1
� �(d1 +

w̄d1

w
)� w

2d1
,

since � = D̄p
n

, where D̄ =
w

2d1

d1+
w̄d1
w

. This establishes the lower bound on the price, which proves our claim

that for the setting of one good the price for each user t 2 [n] under Algorithm 2 is always bounded away

from zero and is bounded above by some constant.

H.2.2. Two Goods We now consider the setting where there are two goods in the market with capacities

c1 and c2, respectively. Furthermore, we consider the setting when the support of the utilities and budgets

of users is strictly positive. In particular, let ⇢= ū
u

be the maximum ratio of the utilities in the support of the

distribution D. In this case, we claim that under Algorithm 2, the price of both goods for each user t 2 [n]

is always bounded away from zero. To establish this claim, we analyse several cases for when the prices of

the goods is above or below certain thresholds. In each of these cases, we show that the prices of both goods

for each user are always bounded away from zero by some constant p̃= 1
(4⇢)2

wmin{d1,d2}
d21+d22

.

To prove our claim, we first let the initial price vector be p
1
j 2


wdjP2
j=1 d2j

,
w̄djP2
j=1 d2j

�
. Next, observe that at

each time when a user t arrives, the prices of the goods in the market must fall within one of the following

cases:

1. Case 1 (Both Prices are Large): pt1 � w̄d1
d21+d22

and p
t
2 � w̄d2

d21+d22
;

2. Case 2 (Both Prices are Small): pt1 <
wd1

d21+d22
and p

t
2 <

wd2
d21+d22

;

3. Case 3 (Intermediate Prices): One of the prices ptj <
wdj

d21+d22
while the other price p

t
j0 �

wdj0

d21+d22
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Here case 1 corresponds to the setting when the prices of both goods is large, while case 2 represents the

setting when the prices of both goods is small. On the other hand, case 3 captures all the other intermediate

cases, where either both prices are bounded above and below or one of the prices is bounded above and the

other is bounded below. To show that the prices are bounded below by the above defined p̃, we first note that

in Case (i) that the prices of both goods are large and since the amount by which prices can drop is at most

O( 1p
T
) at each step that the price at step t+1 will clearly be bounded below by p̃. Next, observe in case 3

that since the price of one of the goods is above the specified threshold. Without loss of generality, suppose

that this is good one. Then, by the boundedness of utilities, we know that the price of good two must be at

least 1
2⇢

wd1
d21+d22

, as users would only purchase good two if their price fell below 1
⇢

wd1
d21+d22

. Thus, if we are in

case 3, then it must also be that the prices of both goods are bounded below by p̃. Finally, we proceed to

analysing case 2.

Analysis of Case 2: In case 2, we establish that the prices of the goods at each time a user arrives is

bounded below in the setting when the good prices are low. In particular, we now show that both the good

prices at step t+1 can be no lower than p̃. To this end, we proceed in the following steps. First, we define

a potential Vt = (pt)>d, and show that this potential is non-decreasing, i.e., Vt+1 � Vt if the price vector

pt satisfies the condition of case two. This claim establishes that the potential Vt is monotonically non-

decreasing until the price vector pt exits case two. Then, we use this result and the fact that the utilities and

budgets of users are bounded below to establish that the prices of the two goods are always strictly positive.

Proof of Vt+1 � Vt in Case 2: Let Vt = p
t
1d1 + p

t
2d2, where p

t
1 <

wd1
d21+d22

and p
t
2 <

wd2
d21+d22

. Then, we show

that Vt+1 � Vt. To see this, suppose, without loss of generality, that buyer t consumes awt
pt1

units of good one

and (1�a)wt
pt2

units of good two, where a2 [0,1]. Then the price of good one for user t+1 is given by

p
t+1
1 = p

t
1 � �

✓
d1 �

awt

pt1

◆
� p

t
1 � �

✓
d1 �

awt(d21 + d
2
2)

wd1

◆
� p

t
1 � �

✓
d1 �

a(d21 + d
2
2)

d1

◆
.

Similarly, the price of good two for user t+1 is given by

p
t+1
2 = p

t
2 � �

✓
d2 �

(1� a)wt

pt2

◆
� p

t
2 � �

✓
d2 �

(1� a)(d21 + d
2
2)

d2

◆
.

Using the above inequalities for the prices of the two goods for user t+1, we obtain that Vt+1 � Vt since

Vt+1 = p
t+1
1 d1 + p

t+1
2 d2,

� p
t
1d1 + p

t
2d2 � �d1

✓
d1 �

a(d21 + d
2
2)

d1

◆
� �d2

✓
d2 �

(1� a)(d21 + d
2
2)

d2

◆
,

= Vt � �
�
d
2
1 � a(d21 + d

2
2)+ d

2
2 � (1� a)(d21 + d

2
2)
�
,

= Vt,

which proves our claim that the potential is non-decreasing when the price vector pt lies in case two.
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Vt forms a monotonic sequence in case 2: We have observed that the potential is non-decreasing for each

user t when pt is in case two. Now, let ⌧1 be the index of the first user when the price vector belongs to

case two, and it holds that ⌧2 > ⌧1 is the user index for which the price vector exits case 2 or at which the

algorithm ends, i.e., ⌧2 =min{{t > ⌧1 : pt1 �
wd1

d21+d22
or pt2 �

wd2
d21+d22

}, n+ 1}. Then, from the above analysis

that Vt+1 � Vt if the price pt is in case two, it holds that

V⌧1  V⌧1+1  . . . V⌧2 .

Prices of both goods are strictly positive in Case 2: Since ⌧1 is the first user index for which the prices of

the goods belongs to case two, it must hold that the price of at least one of the goods exceeds the respective

threshold for user ⌧1 � 1. Without loss of generality, suppose that p⌧1�1
1 � wd1

d21+d22
.

Next, observe that the price of good one for user ⌧1 must be such that

p
⌧1
1 = p

⌧1�1
1 � �(d1 �x⌧1�1,1)�

wd1

d21 + d22

� �d1.

Since we can take � 
wd1

d21+d22
2d1

, it follows that p⌧11 � wd1
2(d21+d22)

.

Furthermore, since the utilities are bounded below, it follows that p⌧12 � 1
2⇢
p
⌧1
1 � 1

4⇢
wd1

2(d21+d22)
, as good two

will be the only one consumed when its price is lower than 1
⇢

times the price of good one. We now show

that at all points between ⌧1 and ⌧2 � 1 that the prices of both goods is bounded below by p̃. To see this,

first note that the price of good two must always be at least 1
4⇢

wd1
2(d21+d22)

� p̃ by the monotonicity property

of the potential function (as at least one of the good prices must increase but the price of good two cannot

fall below 1
4⇢

wd1
2(d21+d22)

by the boundedness of utilities below). Analogously, since the price of good two

cannot fall below 1
4⇢

wd1
2(d21+d22)

between ⌧1 and ⌧2, it also follows that the price of good one cannot fall below
1

8⇢2
wmin{d1,d2}

2(d21+d22)
� p̃ by the the boundedness of utilities below. Thus, we have established that both p

t
1, p

t
2 � p̃

for all users t2 {⌧1, . . . ⌧2}. We note that we can repeat the above line of reasoning for all periods when the

price vector belongs to case 2 and thus have shown that the prices are bounded below by a constant, which

establishes our claim.

H.2.3. Extending Above Argument to Multiple Goods To extend our analysis from the setting of two

goods to that of m goods, we first let p1
j 2


wdjP
j2[m] d

2
j
,

w̄djP
j2[m] d

2
j

�
for all goods j. Then, we also consider

multiple cases as in the two-good setting, and observe that to establish a lower bound on the prices, by

the boundedness of utilities from below it suffices to consider the case when all goods have a price strictly

below wdjP
j2[m] d

2
j
.

To show that the prices are also bounded by below, we follow a similar line of reasoning as for the two

good case. To this end, first observe that as in the two good case, there must be a good j (without loss

of generality suppose this is good one) that has a price just below wd1P
j2[m] d

2
j
, e.g., wd1

2
P

j2[m] d
2
j
, when the

price vector satisfies the condition that all goods have a price strictly below wd1P
j2[m] d

2
j

for the first time.
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This implies by by the boundedness of utilities from below that the price of the other goods are at least

p2 � wd1
4⇢

P
j2[m] d

2
j
, p3 � wd1

(4⇢)2
P

j2[m] d
2
j
, . . ., pm � wdj

(4⇢)m�1
P

j2[m] d
2
j
.

Next, it can again be shown in the multiple good case that the potential Vt+1 = (pt+1)Td� (pt)Td= Vt

in the case when all goods j have a price strictly below wdjP
j2[m] d

2
j

at each time a user t arrives. Using the

fact that Vt+1 � Vt, it follows that the price of one of the goods must always be above their respective

lower bounds. However, the price of good m must be above its threshold since otherwise we would violate

the boundedness of utilities from below. Since the price of good m is bounded from below by a positive

constant it follows that the prices of all the other goods must be at least wdj
(4⇢)2m

P
j2[m] d

2
j

by the boundedness

of utilities from below. This completes the claim that the prices of the goods are always bounded below,

which proves our claim.

Appendix I: Remarks on the Positivity of Prices in Algorithm 2

In this section, we show that the price vector pt is strictly positive during the operation of Algorithm 2 for

all t2 [n] with high probability for distributions D such as in the counterexample used to prove Theorem 1.

In particular, we consider the class of distributions D that satisfy the following natural assumption, which

states that the expected consumption of a good by any user is strictly greater than their market share of that

good if the price of the good is small.

ASSUMPTION 3. There exists p̃ such that if pj < p̃ for any good j, then the distribution D is such that the

expected consumption of that good is at least dj
1��

for some �> 0.

We note that Assumption 3 imposes a mild restriction on the set of allowable distributions from which

the utility parameters of users are drawn. In particular, the assumption on the distribution D implies that for

each good there are a certain fraction of the arriving users with a sufficiently high utility for that good. As

a result if the price of a good drops too low then a certain fraction of users will purchase large quantities of

that good that is far greater than their market share for that good. For instance, the distribution D constructed

in the counterexample in the proof of Theorem 1 satisfies Assumption 3, as the expected consumption of

each good is strictly greater than each user’s market share dj of that good if its price drops strictly below

0.5. As a result, Assumption 3 intuitively implies that the price of any good cannot drop “too far” below

some specified price p̃ during the operation of Algorithm 2.

We now apply the Chernoff bound and use Assumption 3 to claim that the price vector pt for all users t2

[n] is lower bounded by p with high probability for some constant p > 0. To this end, as in Assumption 3, let

p̃ be a constant and let 0< p (1� ✏)(p̃��dj) for small ✏> 0. We now provide a bound on the probability

that the price p
t
j of some good j for some user t drops below p during the operation of Algorithm 2. Here,

we assume that the initial price p1 in Algorithm 2 is sufficiently higher than p. We now suppose that t is the

first time step at which the price of some good j falls below p̃, and that the price of that good stays below
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p̃ for another k steps. Then, we can upper bound the probability that the price p
t
j of some good j for some

user t drops below p as follows

P[ptj  p for some j, t]
(a)

 P[ptj  (1� ✏)(p̃� �dj) for some good j for some user t],
(b)

 P
"
p̃� �dj � �kdj + �

t+k�1X

t0=t

xt0j  (1� ✏)(p̃� �dj) for some j, t

#
,

(c)
= P

"
�

t+k�1X

t0=t

xt0j �✏(p̃� �dj)+ �kdj for some j, t

#
,

(d)

 P
"
t+k�1X

t0=t

xt0j  kdj for some j, t

#
,

where (a) follows as p (1�✏)(p̃��dj) for small ✏> 0, (b) follows by the price update rule in Algorithm 2

and the fact that t is the first step at which the price of some good j falls below (p̃� �dj), (c) follows by

rearranging the terms in the inequality, and (d) follows as �✏(p̃� �dj)< 0. To upper bound the right hand

side term P[
Pt+k�1

t0=t�1 xt0j  (k+1)dj for some j, t], we begin by noting that the user consumption xt0j is not

i.i.d. since user’s consumption bundles depend on the price, which is inherently dependent on the budget and

utility parameters of earlier users by the price update equation of Algorithm 2. However, defining Et�1[·] =

E[·|(w1,u1), . . . , (w1,ut�1)] as the conditional expectation of the allocations of Algorithm 2 depending

on the realizations of the users’ parameters, we can rewrite P[
Pt+k�1

t0=t�1 xt0j  (k + 1)dj for some j, t] as

follows:

P
"
t+k�1X

t0=t

xt0j  kdj for some j, t

#
= P

"
t+k�1X

t0=t

xt0j�
t+k�1X

t0=t

Et0�1[xt0j] kdj�
t+k�1X

t0=t

Et0�1[xt0j] for some j, t

#
,

 P
"
t+k�1X

t0=t

xt0j �
t+k�1X

t0=t

Et0�1[xt0j] kdj � k
dj

1� �
for some j, t

#
,

= P
"
t+k�1X

t0=t

xt0j �
t+k�1X

t0=t

Et0�1[xt0j]� kdj�

1� �
for some j, t

#
,

where the inequality follows by Assumption 3 that Et0�1[xt0j] �
dj
1��

for all t  t
0  t+ k � 1 as p

t0
j  p̃

for this range of values of t0. Furthermore, defining t0j = xt0j �Et0�1[xt0j] and Sn =
Pt+n�1

t0=t t0j , we note

that Sn is a martingale with respect to the filtration �((w1,u1), . . . , (wt,ut), . . . , (wt+n�1,ut+n�1)). To see

this, observe that

E[Sn+1|S1, . . . , Sn] = Sn +E[t+n�1,j] = Sn +E[xt+n�1,j �Et+n�2[xt+n�1,j]] = Sn.

noting that k is the number of steps for which the price of a good j remains below p̃ and that the step size

is O( 1p
n
), it follows that for a constant reduction in the price of good j, i.e., for pt

0
j  (1 � ✏)p̃, it must

hold that k =O(
p
n). Thus, for any k = o(

p
n), it must hold that xt0j is bounded for all t t

0  t+ k� 1
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(as the price remains strictly positive for k = o(
p
n)) and thus the corresponding martingale has bounded

differences, i.e., |Sn � Sn�1| L for some constant L. Then, by Azuma’s inequality for martingales with

bounded differences (Lalley 2013), it follows that

P
"
t+k�1X

t0=t

xt0j �
t+k�1X

t0=t

Et0�1[xt0j]� kdj�

1� �
for some j, t

#
 e

�k2d2j �
2

2kL2(1��)2 = e

�kd2j �
2

2L2(1��)2

for k= o(
p
n). Finally, combining the above derived sequence of inequalities, we obtain that

P[ptj  p for some good j for some user t] P
"
t+k�1X

t0=t

xt0j �
t+k�1X

t0=t

Et0�1[xt0j]� kdj�

1� �
for some j, t

#
,

 e

�kd2j �
2

2L2(1��)2 ,

for k = o(
p
n) which implies that the probability that the price p

t
j for some good j for some user t drops

below p exponentially decays in k. Since this inequality holds for all k= o(
p
n), in particular, we have that

the above inequality holds for k = n
1
3 . Thus, it holds that the right hand side term goes to zero as n!1

and so, for large n, it follows that the price of each good will always remain bounded below by p with high

probability.

In particular, suppose that ✏ is the desired probability that we want to ensure that P[
Pt+k�1

t0=t xt0j 

kdj for some j, t] ✏, then we require that e
�kd2j �

2

2L2(1��)2  ✏, which implies that k � log( 1
✏
) 2L

2(1��)2

d2j �
2 ensures

the high probability bound. In particular, this holds if n�
✓
log( 1

✏
) 2L

2(1��)2

d2j �
2

◆3

.

Appendix J: Proof of Theorem 4

As with the proof of Theorem 3, the proof of Theorem 4 relies on two intermediate results. In particular,

we first show in Section J.1 that if the price vector is bounded above and below by some positive constant

at each iteration of Algorithm 2 with a two-stage adjustment of the step size of the price updates, then the

O(n2/5) upper bounds on both the regret and constraint violation hold. Then, in Section J.2, we modify

our earlier developed potential function argument in the proof of Theorem 3 to show that if the distribution

D satisfies Assumption 2, then the price vector pt remains strictly positive and bounded throughout the

operation of Algorithm 2 with a two-stage adjustment of the step size of the price updates. Note that the

above two claims establish Theorem 4.

J.1. Regret and Constraint Violation Bound under Positivity and Boundedness of Prices

To prove this claim, we begin by introducing some notion. In particular, we suppose that the price vector

pt through the operation of Algorithm 2 with a two-stage adjustment of the price updates is such that

0< p p
t
j  p̄ for all goods j and users t 2 [n]. Furthermore, we define the �e =O( 1

n2/5 ) as the step size

of the price updates in the first stage of Algorithm 2, �p =O( 1
n3/5 ) as the step size of the price updates in

the second stage of Algorithm 2, and Te = n
4/5 as the period at which the step size of Algorithm 2 changes.
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Moreover, for brevity, we let Tp = n� Te be the number of periods corresponding to the second stage of

Algorithm 2 for which the step size of the price updates is �p. Finally, we let x1, . . . ,xn be the allocations for

the n users under the pricing policy ⇡ and let p⇤ be the price corresponding to the solution of the stochastic

Program (37).

Then, we establish our desired regret and constraint violation bounds in three steps. First, we obtain

bounds on the regret and constraint violation of Algorithm 2 in terms of the differences in the prices

kpTe+1 �p⇤k2 and kpn+1 �p⇤k2. Then, we present upper bounds on the norm of the differences in the

prices kpTe+1 �p⇤k2 and kpn+1 �p⇤k2. Finally, we utilize the obtained bounds on the norms of the differ-

ence in prices to obtain our desired O(n2/5) upper bound on the regret and constraint violation.

Regret Upper Bound: We first derive an upper bound on the regret of Algorithm 2 with a two-stage

adjustment of the step size of the price updates. To do so, we first recall from the generic regret bound

derived in Equation (40) for any online algorithm that the expected regret:

E[Rn(⇡)]E
"

nX

t=1

mX

j=1

p
t
jdj �wt

#
=

TeX

t=1

E
"

mX

j=1

p
t
jdj �wt

#
+

nX

t=Te+1

E
"

mX

j=1

p
t
jdj �wt

#
= re + rp,

where we define re =
PTe

t=1E
hPm

j=1 p
t
jdj �wt

i
and rp =

Pn
t=Te+1E

hPm
j=1 p

t
jdj �wt

i
.

Next, to upper bound the terms re and rp, we recall that for any step size �t of the price updates that:

��pt+1
��2
2
=
��pt � �t (d�xt)

��2
2
=
��pt
��2
2
� 2�t (d�xt)

T pt + �
2
t kd�xtk22 .

Rearranging the above equation, we obtain that:

(d�xt)
T pt =

kptk22 �kpt+1k22
2�t

+
�t

2
kd�xtk22 .

Next, summing the above equation for t 2 {1, . . . , Te}, i.e., for the first-stage of Algorithm 2 for which

the step size �t = �e for all t2 [Te], we obtain that:

re =
TeX

t=1

E
"

mX

j=1

p
t
jdj �wt

#
=

TeX

t=1

E
⇥
(d�xt)

Tpt
⇤
 �e

2

TeX

t=1

E
h
kd�xtk22

i
+E

"
kp1k22 �kpTe+1k22

2�e

#
,

(a)

 �e

2
Tem

✓
max
j2[m]

dj +
w̄

p

◆2

+
kp1k22
2�e

, (45)

where (a) follows by the boundedness of the consumption vector of each agent since the prices are strictly

positive and bounded below by p > 0.

Similarly, we can derive the following upper bound for rp:

rp =
nX

t=Te+1

E
"

mX

j=1

p
t
jdj �wt

#
(a)

 �p

2
Tpm

✓
max
j2[m]

dj +
w̄

p

◆2

+
E
h
kpTe+1k22 �kpn+1k22

i

2�p
,
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where (a) follows from an analogous line of reasoning to the earlier analysis for re, (b) follows from the

Cauchy-Schwarz inequality, (c) follows from the fact that the prices are bounded above by p̄, and (d) follows

from the triangle inequality where p⇤ is the price corresponding to the stochastic Program (37).

Summing Equations (45) and (46), we have the following upper bound on the regret:

E[Rn(⇡)] = re + rp,
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. (47)

Constraint Violation Upper Bound: Next, we provide an upper bound on the constraint violation of

algorithm ⇡. In particular, we have that:
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, (48)

where (a) follows from the price update rule of Algorithm 2 and (b) and (c) follow by the triangle inequality.

Bound on Regret and Constraint Violation: Combining the above obtained relations in Equations (47)

and (48), we obtain the following bound on the sum of the regret and constraint violation of Algorithm 2

with a two-stage adjustment in the step size:
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p
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(49)
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In the above upper bound, we combine the terms containing �e and those containing �p to obtain two

relations:
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From the above relation for We, note that setting �e =
1p
Te

, we obtain that We =O(
p
Te) =O(n2/5).

Bound on Difference in Prices: To upper bound Wp, we now present bounds on the terms

E [kpTe+1 �p⇤k2] and E [kpn+1 �p⇤k2]. To this end, consider the following upper bound for the square of

the first term:
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where (a) follows by the boundedness of the consumption vector as the prices are strictly positive and lower

bounded by p > 0 through the course of the Algorithm 2 and (b) follows by conditioning on the history and

taking the expectation and by the convexity of the dual function D(p) (see Equation (26) and recall that

E[d�xTe ] is a sub-gradient of the dual function given that the price pTe for user Te as noted in Section 5.2).

Next, to upper bound the right hand side of the above term, as in the proof of Theorem 2, we reparametrize

the dual objective by introducing a variable ↵k =minj
pj
ũkj

for all utility vectors ũk drawn from the discrete

distribution D with finite support. Then, from our earlier analysis in Equations (27) and (29), we have that:
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where (c) follows from the variable transformation ↵k =minj
pj
ũkj

as in the proof of Lemma 3, (d) follows

from Equation (27) and (e) follows from Equation (29), derived in our analysis in the proof of Lemma 3 for

discrete distributions with finite support.

Next, defining ⇣1 =
2⌘p
mū

and ⇣2 =m

⇣
maxj2[m] dj +

w̄
p

⌘2

, we have from the above relations that:
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where (a) follows from the formula of the sum of a geometric series, (b) follows as 1� �e⇣1 � 0, as we can

select �e = De

n2/5 such that the constant De  1
⇣1

, and (c) follows as (1�x)r  1
1+rx

for x2 (0,1).

Following the above analysis, we can analogously derive that:
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Bound on Wp: We now use Equations (51) and (52) to compute the bound for Vp. In particular, we get

that:
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where (a) follows by Jensen’s inequality, (b) follows by our derived relations in Equations (51) and (52), (c)

follows as
p
a+ b

p
a+

p
b, (d) follows by dropping all the constants, and (e) follows by plugging in the

expressions for �p,�e, Tp, and Te and simplifying.

O(n2/5) Bound: Thus, we have shown in our above analysis that both We and Wp are upper bounded

by O(n2/5). Consequently, from Equation (49) we obtain the following bound on the regret and constraint

violation of Algorithm 2 with a two-stage adjustment in the step size of the price updates:

E[Rn(⇡)+Vn(⇡)]We +Wp O(n2/5),

which implies that both the regret and constraint violation of Algorithm 2 with a two-stage adjustment in

the step size of the price updates are bounded by O(n2/5), establishing our desired result.

J.2. Positivity and Boundedness of Prices

We note that the proof of the positivity and boundedness of prices throughout the operation of Algorithm 2

with a two-stage adjustment in the step size of the price updates follows almost entirely analogously to the

proof of Lemma 7 for the case of Algorithm 2 with a fixed step size. To see this, consider the two stages

corresponding to the Algorithm 2 when the step size is fixed to �e and �p, respectively. In this case, note

that the step size is fixed until the arrival of the first Te users. Consequently, following an entirely anal-

ogous line of reasoning to the proof of Lemma 7, the price vectors p1
,p2

, . . . ,pTe ,pTe+1 remain strictly

positive and bounded as the step size is fixed to �e across the first Te periods. Next, taking the price vec-

tor pTe+1 as the initial price vector for the second stage, which is strictly positive and bounded as noted

above, it also follows from an entirely analogous line of reasoning to the proof of Lemma 7 that the price

vectors pTe+2
,pTe+3

, . . . ,pn, i.e., the prices in the second stage of Algorithm 2, remain strictly positive and

bounded as the step size is fixed to �p for the remaining periods. Hence, from an almost entirely analo-

gous line of reasoning to the proof of Lemma 7, it follows that the prices are strictly positive and bounded

throughout the operation of Algorithm 2 with a two-stage adjustment of the step size of the price updates.

Appendix K: Proofs of Results in Section 6

K.1. Proof of Theorem 5

To prove this result, we begin by defining U⌧⇡+1:n as the budget weighted logarithmic utility objective

ranging from the periods ⌧
⇡ + 1 to n. Then, the expected regret for algorithm ⇡f can be expressed as

follows:

Rn(⇡
f ) =E[U⇤

n �Un(⇡
f )],

=E[U⇤
⌧⇡ �U⌧⇡(⇡

f )] +E[U⇤
⌧⇡+1:n �U⌧⇡+1:n(⇡

f )],

=R⌧⇡(⇡)+E[U⇤
⌧⇡+1:n �U⌧⇡+1:n(⇡

f )], (53)

where the final equality follows as the algorithms ⇡ and ⇡f are identical up until period ⌧
⇡. Then, to

establish the desired upper bound on the regret, we now bound second term on the right hand side of the

above equation.
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Regret from period ⌧
⇡ +1 to n: Recall that users from periods ⌧⇡ +1 through n are provided ✏

n
units of

each resource. Thus, it holds that
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�w log (u✏)+w log(n)

�
,

=O(E[(n� ⌧
⇡)] log(n)), (54)

where (a) follows as w̄, w, ū, u are strictly positive upper and lower bound on the budgets and utilities,

respectively, and the fact that all users have at least one resource for which utj � u> 0. Furthermore, p > 0

corresponds to a lower bound on the optimal price at any period, which holds under Assumption 1.

Final Regret Bound for Algorithms 1 and 2: Combining the above obtained relationship for the second

component of the regret on the right hand side of Equation (53), we obtain from Equation (54) the following

upper bound on the regret:

Rn(⇡
f ) =R⌧⇡(⇡)+E[U⇤

⌧⇡+1:n �U⌧⇡+1:n(⇡
f )],

R⌧⇡(⇡)+O(E[(n� ⌧
⇡)] log(n)),

which establishes our result.

K.2. Proof of Corollary 2

In this proof, for brevity, we use Algorithm 2 to refer to the revealed preference algorithm with a fixed step

size of O( 1p
n
).

To prove our desired regret bound, we first note from Theorem 5 that we have the following upper bound

on the regret of the feasible variant ⇡f of Algorithm 2:

Rn(⇡
f )R⌧⇡(⇡)+O(E[(n� ⌧

⇡)] log(n)), (55)

where ⇡ corresponds to Algorithm 2. To bound the terms on the right hand side of the above equation, first

note by the analysis in the proof of Theorem 3 that R⌧⇡(⇡)O(
p
⌧⇡). Next, we obtain an upper bound on

the second term on the right hand side of the above equation by obtaining a bound on E[(n� ⌧
⇡)].

Upper Bound on E[(n� ⌧
⇡)]: To bound E[(n� ⌧

⇡)], first note by the definition of ⌧⇡ that there is some

good j 2 [m] for which the following inequality holds:

⌧⇡X

t=1

xtj +
w̄

p
� cj = ndj,
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where p > 0 corresponds to a lower bound on the price in the update step of Algorithm 2 (see Lemma 7).

Subtracting ⌧
⇡
dj to both sides of the above inequality and rearranging, we obtain the following upper bound

on n� ⌧
⇡:

⌧
⇡
dj �

⌧⇡X

t=1

xtj  ⌧
⇡
dj � djn+
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p
,

=) (n� ⌧
⇡)

w̄
p
� (⌧⇡

dj �
P⌧⇡

t=1 xtj)

dj
(56)

Next, to bound the right hand side of the above equation, we note by the price update rule in Algorithm 2

that:
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�
(p̄� p

1
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where recall that p̄ represents an upper bound on the price at any stage of Algorithm 2 as established in the

proof of Theorem 3. Then, combining the above inequality with Equation (56), we obtain that:

n� ⌧
⇡ 

w̄
p
+ 1

�
(p̄� p

1
j)

dj
=O(

p
n). (57)

Final Regret Bound: Combining the above obtained relationship for E[(n�⌧
⇡)], we obtain the following

upper bound on the regret of ⇡f :

Rn(⇡
f )R⌧⇡(⇡)+O(E[(n� ⌧

⇡)] log(n))
(a)

 O(
p
⌧⇡)+O(

p
n log(n)),

(b)

 O(
p
n)+O(

p
n log(n)) =O(

p
n log(n)),

where (a) follows from Equation (57) and the fact that R⌧⇡(⇡)O(
p
⌧⇡) from the analysis in Theorem 3.

Furthermore, (b) follows from the fact that ⌧⇡  n. The above inequality establishes our desired result that

Rn(⇡f )O(
p
n log(n)).

K.3. Proof of Corollary 3

In this proof, for brevity, we use Algorithm 2 to refer to the revealed preference algorithm with a two-stage

adjustment of the step size.

We first note From Theorem 5 that we have the following upper bound on the regret of the feasible variant

⇡f of Algorithm 2:

Rn(⇡
f )R⌧⇡(⇡)+O(E[(n� ⌧

⇡)] log(n)), (58)

where ⇡ corresponds to Algorithm 2. To bound the terms on the right hand side of the above equation, first

note by the analysis in the proof of Theorem 4 that R⌧⇡(⇡)O((⌧⇡)2/5). Next, we obtain an upper bound

on the second term on the right hand side of the above equation by obtaining a bound on E[(n� ⌧
⇡)].
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Upper Bound on E[(n� ⌧
⇡)]: To bound E[(n� ⌧

⇡)], first note by the definition of ⌧⇡ that there is some

good j 2 [m] for which the following inequality holds:
⌧⇡X
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p
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where p > 0 corresponds to a lower bound on the price in the update step of Algorithm 2 (see Lemma 7).

The above inequality implies that:
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},

where recall from the proof of Theorem 4 that Te = n
4/5 represents the period at which the step size of

Algorithm 2 is adjusted.

Next, subtracting ⌧
⇡
dj on both sides of the inequality in Equation (59) and rearranging, we obtain the

following upper bound on n� ⌧
⇡:
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Next, to bound the right hand side of the above equation, we note by the price update rule in Algorithm 2

that:
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, (61)

where (a) follows as p̄ represents an upper bound on the price at any stage of Algorithm 2 and (b) follows

by the triangle inequality.

From our earlier analysis (see Equations (51) and (52)) in the proof of Theorem 4, we have that the terms

E
⇥��p⌧⇡+1 �p⇤

��
2

⇤
and E [kpTe+1 �p⇤k2] on the right hand side of the above inequality can be bounded

as follows:

E
h��pTe+1 �p⇤��2

2

i
 kp1 �p⇤k22

�e⇣1Te
+

�e⇣2

⇣1
(62)
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E
���p⌧⇡ �p⇤

���
2

2

�


E
h
kpTe+1 �p⇤k22

i

�p⇣1(⌧⇡ �Te)
+

�p⇣2

⇣1
, (63)

where recall that ⇣1, ⇣2 are constants, �e =O( 1
n2/5 ) is the step size of the price updates in the first stage of

Algorithm 2, �p =O( 1
n3/5 ) is the step size of the price updates in the second stage of Algorithm 2, and Te

is the period at which the step size of Algorithm 2 changes.

Finally, plugging in Equations (62) and (63) into the right hand side of Equation (61), we get:

E
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(e)
= O(n2/5),

where (a) follows by Cauchy-Schwarz inequality and plugging in Equations (62) and (63) into the right

hand side of Equation (61), (b) follows as
p
a+ b

p
a+

p
b, and (c) follows by dropping the constants and

only retaining the terms that depend on the number of users n. Moreover, (d) follows as ⌧⇡ � Te =O(n),

as ⌧⇡ � Te �⌦(n) as noted earlier when n�max{1,
⇣

2w̄
pminj dj

⌘5

} and Te =O(n4/5). Finally, (e) follows

by plugging in the expressions for �p, �e, and Te (see proof of Theorem 4) and simplifying.

Then, combining the above inequality with Equation (60), we obtain that:

E [n� ⌧
⇡]

w̄
p
�
⇣
E
h
⌧
⇡
dj �

P⌧⇡

t=1 xtj

i⌘

dj
=O(n2/5). (64)

Final Regret Bound: Combining the above obtained relationship for E[(n�⌧
⇡)], we obtain the following

upper bound on the regret of ⇡f :

Rn(⇡
f )R⌧⇡(⇡)+O(E[(n� ⌧

⇡)] log(n))
(a)

 O((⌧⇡)2/5)+O(n2/5 log(n)),
(b)

 O(n2/5)+O(n2/5 log(n)) =O(n2/5 log(n)),

where (a) follows from Equation (64) and the fact that R⌧⇡(⇡)  O((⌧⇡)2/5) from the analysis in The-

orem 4. Furthermore, (b) follows from the fact that ⌧⇡  n. The above inequality establishes our desired

result that Rn(⇡f )O(n2/5 log(n)).
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K.4. Proof of Corollary 4

From Theorem 5, we have the following upper bound on the regret of the feasible variant of Algorithm 1:

Rn(⇡
f )R⌧⇡(⇡)+O(E[(n� ⌧

⇡)] log(n)), (65)

where ⇡ corresponds to Algorithm 1. To bound the terms on the right hand side of the equation, we first

recall that O(E[(n�⌧
⇡)] is constant for Algorithm 1 (see Equation (25) in the proof of Lemma 2). Next, fol-

lowing our analysis in the proof of Theorem 2, note that R⌧⇡(⇡)O(log(⌧⇡)). Thus, we get the following

upper bound on the regret of ⇡f :

Rn(⇡
f )R⌧⇡(⇡)+O(E[(n� ⌧

⇡)] log(n))
(a)

 O(log(⌧⇡))+O(log(n))
(b)

 O(log(n)),

where (a) follows as E[(n� ⌧
⇡)] is a constant for Algorithm 1 as noted above, and (b) follows as ⌧⇡  n.

The above inequality establishes our desired result that Rn(⇡f )O(log(n)).

Appendix L: Additional Details on Benchmarks

In this section, we provide more details on two of the benchmarks (i.e., the Stochastic Program and Dynamic

Learning SAA benchmarks) to which we compare our revealed preference algorithms in our experiments.

Both these benchmarks are akin to several classical algorithms developed in the online resource allocation

literature (Li and Ye 2022, Agrawal et al. 2014) and assume access to additional information on users’

utility and budget parameters. In particular, the first benchmark assumes knowledge of the distribution D

from which the budget and utility parameters are drawn, as is the case for an algorithm that sets expected

equilibrium prices. The second benchmark assumes that users’ utility and budget parameters are revealed

to the central planner when they enter the market and can be used to set prices for subsequent users. We

mention that these algorithms are solely for benchmark purposes, and thus we do not discuss the practicality

of the corresponding informational assumptions of these benchmarks. We also reiterate that, as opposed to

these benchmarks, the price updates in Algorithm 2 only rely on users’ revealed preferences rather than

relying on additional information on their budget and utility parameters.

Stochastic Program: We begin with the benchmark wherein the distribution D from which the budget

and utility parameters are generated i.i.d. is known. In this case, the SAA Problem (5) is related to the

following stochastic program

min
p

D(p) =
mX

j=1

pjdj +E(w,u)⇠D

✓
w log (w)�w log

✓
min
j2[m]

pj

uj

◆
�w

◆�
, (66)

which can be solved to give an optimal price vector p⇤. Note that this price vector p⇤ corresponds to the

static expected equilibrium price, as it takes an expectation over the distribution D. The corresponding

pricing policy ⇡ only depends on the distribution D is thus given by pt = p⇤ = ⇡t(D) for all users t 2



Jalota and Ye: Stochastic Online Fisher Markets
40 Article submitted to Operations Research

[n]. Given the price vector p⇤, all arriving users will purchase an affordable utility-maximizing bundle of

goods by solving their individual optimization Problem (1a)-(1c). Note here that the price vector p⇤ is

computed before the online procedure, which is possible due to the prior knowledge of the distribution

D. For numerical implementation purposes, we consider a sample average approximation to compute the

expectation in Problem (66), as elucidated in Section 7.2.

Dynamic Learning using SAA: In this benchmark, we consider the setting wherein users’ budget and

utility parameters are revealed to the central planner each time a user arrives. In this context, the prices are

set based on the dual variables of the capacity constraints of the sampled Eisenberg-Gale program with the

observed budget and utility parameters of agents that have previously arrived. That is, the pricing policy

⇡ depends on the history of users’ budget and utility parameters, i.e., pt = ⇡t((wt0 ,ut0)
t�1
t0=1). We note that

to improve on the computational complexity, we update the dual prices at geometric intervals, as in earlier

work (Li and Ye 2022, Agrawal et al. 2014). Users arriving in each interval observe the corresponding price

vector for that interval and solve their individual optimization problems to obtain their most favorable goods

under the set prices. This process is presented formally in Algorithm 3.

Algorithm 3: Dynamic Learning SAA Algorithm
Input : Vector of Capacities c

Set � 2 (1,2] and L> 0 such that b�Lc= n ;

Let tk =
⌅
�
k
⇧
, k= 1,2, . . . ,L� 1 and tL = n+1 ;

Initialize pt1 > 0 ;

Each user t2 [t1] purchases a bundle of goods xt by solving Problem (1a)-(1c) given the price pt1 ;

for k= 1, . . . ,L� 1 do
Phase I: Set Price for Geometric Interval

Set price ptk based on dual variables of the capacity constraints of the sampled social

optimization problem:

max
xt 2Rm

,8t2 [tk]
U(x1, ...,xtk) =

tkX

t=1

wt log

 
mX

j=1

utjxtj

!
,

s.t.
tkX

t=1

xtj 
tk

n
cj, 8j 2 [m],

xtj � 0, 8t2 [tk], j 2 [m],

Phase II: Each User in Interval Consumes Optimal Bundle

Each user t2 {tk +1, . . . , tk+1} purchases an optimal bundle of goods xt by solving

Problem (1a)-(1c) given the price ptk ;
end
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Appendix M: Additional Numerical Experiments

M.1. Numerical Validation of Lipschitzness Relation

In this section, we present the results of a numerical experiment to validate the Lipschitzness relation

established in Lemma 3. In particular, we consider the instance described in the proof of Theorem 1 with

n = 10,000 users, where all users have a fixed budget of one, and two goods, each with a capacity of

cj = n= 10,000. The utility parameters of users are drawn i.i.d. from a distribution D, where users have an

equal 0.5 probability of having the utility (1, 0) or (0, 1).

Figure 2 depicts the change in the dual prices of the certainty equivalent problem between subsequent

iterations of Algorithm 1 for this instance. To see that the Lipschitzness relation is satisfied, first note that

the norm of the difference between the average remaining resource capacities between subsequent time

steps is O( 1
n�t

), i.e., kdt+1 �dtk2 O( 1
n�t

) as dt+1 = dt +
dt�xk(pt)

n�t
. Then, Figure 2 implies that the two

norm of the change in the dual prices of the certainty equivalent problem, i.e., E[kpt+1 �ptk] is always

upper bounded by O( 1
n�t

) for all t2 [n� 1], which thus implies that the obtained Lipschitzness relation in

Lemma 3 is satisfied. We note that we present the results on a log plot for readability purposes.
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Figure 2 Validation of Lemma 3 for an instance with n= 10,000 users, where all users have a fixed budget
of one, and two goods, each with a capacity of cj = n= 10,000.

M.2. Numerical Experiments Comparing Static and Adaptive Variants of Expected

Equilibrium Pricing

In this section, we numerically evaluate the performance of the static expected equilibrium pricing algorithm

and its dynamic counterpart (Algorithm 1) on the counterexample in the proof of Theorem 1. In particular,

we considered a setting of n users, where all users have a fixed budget of one, and two goods, each with

a capacity of n. The utility parameters of users are drawn i.i.d. from a distribution D, where users have an



Jalota and Ye: Stochastic Online Fisher Markets
42 Article submitted to Operations Research

equal 0.5 probability of having the utility (1,0) or (0,1). For the experiments, we let the number of users n

range between 100 to 10,000 users.

Figure 3 depicts both the constraint violation and the regret of the two algorithms. From the figure, it

can be observed that the static expected equilibrium pricing approach achieves negative regret for a large

constraint violation, while Algorithm 1 achieves a small positive regret for almost no constraint viola-

tion. Recall here from the proof of Theorem 1 that the expected optimal social welfare objective E[U⇤
n] 2

[n log(2)�1, n log(2)], and thus a regret of less than five for 10,000 users is negligible. As a result, Figure 3

clearly depicts the benefit of adaptivity in online Fisher markets.

We also note that the regret of the static expected equilibrium pricing algorithm is in the range [�1,0],

as the accumulated online objective is n log(2), as each user obtains two units of the good for which they

have positive utility under the static expected equilibrium prices of (0.5,0.5) for this instance. As a result,

observe that the numerically observed regret in the range [�1,0] aligns with the tight bound for the expected

optimal social welfare objective obtained in the proof of Theorem 1, i.e., n log(2)� 1E[U⇤
n] n log(2).
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Figure 3 Comparison between the static expected equilibrium pricing algorithm and its dynamic counter-
part (Algorithm 1) on regret and constraint violation metrics.

M.3. Numerical Comparison between the Additive and Multiplicative Price Updates in

Algorithm 2

We now compare Algorithm 2 (with a fixed step size) that has an additive price update step to a correspond-

ing algorithm with a multiplicative price update step (see Section 5.2). To this end, we consider instance

two described in Section 7.2 with a step size of � = 1
10

p
n

.

Figure 4 depicts the regret and constraint violation for algorithms with the two price update steps given

an initial price of 0.5 for all goods. We can observe from Figure 4 that Algorithm 2 with an additive price

update rule has a higher regret but a lower constraint violation as compared to the corresponding algorithm
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with a multiplicative price update rule. This observation highlights the fundamental trade-off between the

regret and constraint violation metrics. Yet, we note that since the multiplicative price update rule achieves

a lower regret (despite achieving a higher constraint violation) compared to the additive price update rule

in Algorithm 2, our results motivate a deeper study of the regret and constraint violation bounds under the

multiplicative price update rule.
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Figure 4 Comparison between Algorithm 2 that has an additive price update step to a corresponding
algorithm with a multiplicative price update step on regret and constraint violation metrics.

M.4. Numerical Validation of Positivity of Prices in Algorithm 2

In this section, we present the results of a numerical experiment to validate that the prices remain strictly

positive throughout the operation of Algorithm 2 with a fixed step size. To this end, we consider two market

settings: (i) the setting described in the counterexample in the proof of Theorem 1, and (ii) instance two

described in Section 7.2. For the experiments, we let the number of users n range between 500 to 10,000

users, consider a step-size of the price updates as � = 1
200

p
n

, and compute the minimum prices across

all goods for 300 instances. In particular, Figure 5 depicts the minimum prices of all goods across 300

instances, which validates the positivity of the prices during the operation of Algorithm 2.

Appendix N: Relation to Approximate Equilibria

In this section, we present the connection between our studied performance metrics and market equilibria.

To this end, we first note that our regret and constraint violation metrics approximate the optimal offline

Eisenberg Gale aggregated social objective and constraint satisfaction, respectively, which, as beautifully

proven, corresponds to perfect Pareto efficiency and envy-freeness under complete information of the utility

and budget parameters of users. As a result, obtaining sub-linear guarantees for our regret and constraint

violation metrics serves as a proxy for a solution corresponding to an approximate market equilibrium, as the
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Figure 5 Numerical validation of the positivity of prices during the operation of Algorithm 2 in two market
settings: (i) the market instance in the proof of Theorem 1 (left), and (ii) instance two described in
Section 7.2 (right). The y-axis denotes the minimum price across all goods across 300 problem
instances, i.e., 300 runs of Algorithm 2 on different instances drawn from the specified distribution
corresponding to each market setting.

distance to the optimal offline objective and constraint satisfaction of an algorithm indicate its proximity to

the optimal offline equilibrium solution. For instance, we note that the per-period regret of Algorithm 2 with

a fixed step size of O( 1p
n
) is 1p

n
, which decays and approaches zero as the number of users becomes large.

This fact suggests that, on average, the allocations made by the online algorithm approach that of the optimal

offline solution as the number of users becomes large, further suggesting that the price-iterates approach

the market equilibrium in expectation. Furthermore, we reiterate that achieving low regret corresponding to

the Eisenberg Gale objective implies that no user can suffer too much, i.e., receive very low utilities, as the

objective is a (weighted) product of all users’ utilities.

Our studied problem setting and corresponding performance metrics directly relate to notions of Pareto

efficiency and envy-freeness. To this end, we first note that our constraint violation metric can serve as a

measure of Pareto inefficiency, which is typically related to the extent to which the capacity constraints

are not satisfied (e.g., see Sinclair et al. (2022)), i.e., the number of unsold goods, as when certain goods

are unsold some users can become better off without making others worse off. Noting that our theoretical

guarantees for constraint violation hold for both the settings of over or under-consumption of resources,

our constraint violation bounds thus serve as a measure of the degree of Pareto inefficiency of our obtained

solution, which is sub-linear in the number of users for our proposed algorithms.

As for envy-freeness, we first note that our proposed algorithms correspond to posted-price mechanisms,

wherein users observe the posted prices and freely (and truthfully) choose which goods to purchase to

obtain their most favored bundle of goods given the set prices. In this regard, our proposed algorithms are

envy-free by design as all users obtain their most favored bundle of goods, given the set prices upon their
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arrival. Furthermore, even though under our algorithms, users typically observe different prices, we note

that most users observe prices that are similar to other users implying an envy-freeness with regards to the

prices faced by users, i.e., there is little that users can gain by swapping their observed prices with that faced

by most other users. To elucidate this point, we conducted numerical experiments of Algorithm 2 with a

fixed step size under the two market settings: (i) the setting described in the counterexample in the proof of

Theorem 1, and (ii) instance two described in Section 7.2. For the experiments, we let the number of users

n be 5,000 and consider a step-size of the price updates as � = 1
5
p
n

. Figure 6 depicts the evolution of the

prices of the goods under both our market instances and demonstrates that a majority of (about 90% of) the

users observe prices within a small price band under both market instances. In general, we note that given

the O( 1p
n
) step-size of the price updates in Algorithm 2, one can expect that it will take about O(

p
n) steps

for the price to move from the initial price vector to a new price vector that, from that point on, stabilizes

in a particular band. Thus, Algorithm 2 (with a fixed step size) can be interpreted as achieving approximate

envy-freeness where only O(
p
n) users observe arbitrary prices, while the remaining users observe prices

within a small price band.
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Figure 6 Evolution of the price vector of Algorithm 2 (with a fixed step size) with the number of users on
the instance two described in Section 7.2 (left) and the setting described in the counterexample
in the proof of Theorem 1 (right). In both market instances, the price vectors stabilize in a small
band after the arrival of the first few users.
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