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Technical Proofs and Additional Results

Appendix A: Limitations of DP for Finding Markovian Stopping Rules in Non-Markovian
Optimal Stopping Problems

In the context of non-Markovian optimal stopping problems, a subtle but important challenge
is that the exercise policies which define the best Markovian stopping rule cannot be found in
general using backwards recursion. Intuitively, this problem arises because Bellman’s dynamic
programming equations no longer hold when the stochastic process is non-Markovian. This fact
is illustrated numerically in §5.1 and motivates the development of methods which optimize over
the exercise policies in all time periods simultaneously. For the sake of completeness, we provide
the following example in which there is a Markovian stopping rule that is optimal for the non-
Markovian stopping problem but is not obtained using backwards recursion.

ExaMpPLE EC.1. Consider a three-period optimal stopping problem with a one-dimensional non-
Markovian stopping process that obeys the following probability distribution:

9 1
P($1:3,$2:2,l‘3:1):§; P<$1:17$2:27x3:3):§.

Let the reward of stopping on each period t be equal to the current state x;, and recall that our
goal is to find a stopping rule which maximizes the expected reward. We observe that there is
an optimal stopping rule for this non-Markovian stopping problem that is a Markovian stopping
rule, defined by exercise policies pj(x;) = STOP if and only if z; = 3, pi(x2) = CONTINUE for
all x9, and pi(x3) = STOP for all x3. Applying this stopping rule yields an expected reward of
23x3+13x3=3.

We now show that the best Markovian stopping rule which is obtained using backwards recursion
will have a strictly lower expected reward. Indeed, assume that the reward from not stopping
on any period is equal to zero. Then, starting on the last period, it is clear from the dynamic
programming principle that the optimal exercise policy for the last period is uP¥(z3) = STOP.
Hence, conditioned on x5 = 2, the expected reward from stopping on the third period is 1 x P(z3 =
1z =2)+3xP(xz=3|2y=2)=1x2/3+3x1/3=5/3. Because the reward from stopping on the
second period (2) is greater than the conditional expected reward of not stopping on the second
period (5/3), the dynamic programming principle says that the exercise policy in the second period
should be chosen to satisfy u2F(2) = STop. Finally, unfolding to the first period, we conclude that
the exercise policy obtained from dynamic programming is ¥ (z,) = STop if and only if x; = 3.
All together, the Markovian stopping rule for the non-Markovian optimal stopping problem that
is obtained using backwards recursion yields an expected reward of 2/3 x 3+1/3 x 2=2.66. [

Appendix B: Comparison of Robust Optimization Formulations

As described in §2.2, our formulation of the robust optimization problem (RO) deviates from that of
(RO’), which followed from BSS23. In this section, we show that all of the main results from §2.4 and
our characterization of optimal Markovian stopping rules in §3 also hold for formulation (RO’) with
only minor modifications to the proofs. We will then discuss the advantages of using formulation
(RO) in the context of our algorithmic techniques that are developed in §4.
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B.1. The Relationship Between (RO) and (RO’)

Before proceeding further, let us develop intuition for the relationship between the two formula-
tions (RO) and (RO’) by comparing them in a simple example. Speaking informally, the following
Example EC.2 shows that if the reward functions ¢(1,-),...,g(7T,-) are well behaved functions of
stochastic process, and if the radius of the uncertainty sets is small, then the two robust optimiza-
tion formulations are essentially equivalent. As we will see afterwards, this intuition will extend to
general classes of reward functions.

ExamMpLE EC.2. Consider an optimal stopping problem in which the state space is one-
dimensional and the reward functions satisfy g(¢,x) =z, for all periods t. In this case, we observe
that the following equalities hold:

N

) 1 :
(RO?) =sup - > inf g(7u(y).y)

N

1
:sgpNz; inf Zytﬂ {r.(y) =t}
T
_supfzylégzz —xy) +ay) I{7.(y) =t}. (EC.1)
H :

Indeed, the first equality follows from the definition of (RO’), the second equality follows from the
fact that g(t,x) =z, for all periods ¢, and the third equality follows from algebra.

For notational convenience, let J, ~.e(p) denote the objective value of the robust optimization
formulation (RO) corresponding to exercise policies . Moreover, we recall from the definition of
the uncertainty sets in §2.2 that the inequality |y, — x%| < € is satisfied for all sample paths i €
{1,...,N}, periods t € {1,...,T}, and y = (y1,...,yr) € U'. Therefore, it follows from line (EC.1)
and algebra that

1« =
(RO’) <sup NZ ggzz e+ ) [{r,(y) =t} =Te+sup Jy. (1) =Te+ (RO), and
Hn i=1 Yy H

~

N

1 , ~

(RO’) >sup N Z inf Z (—e+a}) I{r.(y) =t} = —Te+sup Jy.(u) = —Te+ (RO).
W n

We have thus shown that if the robustness parameter € > 0 is small, then the two formulations will
be close to one another with respect to optimal objective value. Moreover, it follows by identical
reasoning that for all exercise policies p,

N

Tt =5 2 nf gl () 9)| < Te.

Z/{Z
—1 V€

Therefore, we conclude that if the robustness parameter € > 0 is small, then the objective values of

the two formulations will be close to one another, uniformly over the space of all exercise policies.
O

The above example is insightful because it reveals, at least for problems with linear reward
functions, that the robust optimization formulations (RO) and (RO’) become essentially equivalent
in the asymptotic regime in which the robustness parameter converges to zero. We will see shortly
that the same intuition from Example EC.2 will extend to a broad class of reward functions.
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We emphasize that the above intuition, of course, does not imply that the two formulations
(RO) and (RO’) are guaranteed to have identical performance on any fixed collection of simulated
sample paths. Indeed, we do not preclude the possibility that one of the two formulations (RO) and
(RO’) may have better finite-sample performance than the other formulation in finding Markovian
stopping rules which perform well with respect to (OPT). Fortunately, in the particular setting of
the present paper in which the joint probability distribution of the underlying stochastic problem
is known, any potential differences in finite-sample performance between the two formulations can
be decreased arbitrarily by simulating larger number of sample paths when constructing the robust
optimization problem and then choosing a smaller robustness parameter.

B.2. Optimality Guarantees for (RO’)

In view of the above intuition, we proceed to prove that the convergence guarantees from §2.4 will
also hold if we opted instead to use formulation (RO’). Our convergence guarantees in the following
Theorem EC.1 will be developed by extending the intuition from Example EC.2, that is, by showing
that the gap between the objective values for formulations (RO’) and (RO) converges to zero, almost
surely, uniformly over the space of all exercise policies. We establish these convergence guarantees
for formulation (RO’) when the reward function in the optimal stopping problem satisfies the
following assumption:

AssumpTiON EC.1. lir%Qe(x) =0 almost surely, where
e—

Q. (z) 2 max { sup g(t,y) — g(t,ac)} .

LEL T | yex T y—allco<e

We readily observe that above assumption, in conjunction with Assumption 1, is equivalent to
requiring that the reward functions ¢(1,-),...,g(7T,-) are continuous functions of the stochastic pro-
cess almost surely. Hence, Assumption EC.1 can be viewed as a mild assumption that is frequently
satisfied in the applications of optimal stopping to options pricing. In the following theorem, as
in §2.4, we let Jy (u) denote the objective value of the robust optimization problem (RO) corre-
sponding to exercise policies L.

THEOREM EC.1 (Uniform convergence for robust optimization formulations). If
Assumptions 4 and EC.1 hold, then the gap in objective values between formulations (RO) and
(RO’) converges to zero, almost surely, uniformly over the space of all exercise policies:

N
~ 1
limsup limsupsup |Jy (@) — — Z inf g(7,(y),y)| =0 almost surely.
e—0 N—oo p N i—1 yeu?
Proof. Consider any arbitrary sample path z‘ = (z¢,...,z%) and robustness parameter e > 0.

We first observe from algebra that

< sup l9(Tu(v), ) — 9(7u(y), "))

< t,y) —g(t, '
_teg%i(T}sgbll)i ‘g( ’y) 9( " )’

inf g(7.(y),y) — inf g(7.(y),2")
yeUr yeu®

< max { sup g(t,y)—g(t,xi)}

Pl T | yea T ly—oilloo<e

=Q,(z1), (EC.2)



ecd e-companion to Sturt: A nonparametric algorithm for optimal stopping based on robust optimization

where the last inequality follows from the definition of the uncertainty sets. Therefore,

N
lim sup lim sup sup fN,e(u) inf g(7,(v),v)
e—0 N—oco p N QEUZ
N
<limsuplimsupsupiz inf g(7.(y),y) — inf g(7.(y), xl)‘
T 0 N—oo p N yeu? a yeut a

<limsuplimsup — Z Q. (

e—0 N—o0
i=1

=limsupE[Q.(z)] almost surely
e—0
=0.

where the first inequality follows from triangle inequality, the second inequality follows from (EC.2),

the first equality follows from the strong law of large numbers, and the second equality follows

from the dominated convergence theorem and Assumption EC.1. We note that the strong law of

large numbers and dominated convergence theorem can be applied in both cases because of the

boundedness of the reward function (Assumption 4). This concludes the proof of Theorem EC.1.
O

Using standard proof techniques from stochastic programming (see, for example, Shapiro et al.
(2014, §5.1.1)), Theorem EC.1 readily implies that the alternative formulation (RO’) enjoys iden-
tical convergence guarantees as those in Theorems 1-3 under Assumptions 1-4 and EC.1.

B.3. Characterization of Optimal Markovian Stopping Rules for (RO’)

Next, we show that our characterization of the structure of optimal Markovian stopping rules
for formulation (RO) from §3 can be readily extended to the alternative formulation (RO’) using
similar proof techniques to those used in Theorem 4. Our following analysis in Theorem EC.2 uses
the following additional but relatively mild assumption on the reward functions in the optimal
stopping problem:

AssumMPTION EC.2. For each period t, the reward function satisfies g(t,z) = h(t,z;).

The above assumption says that the reward function depends in each period only on the current
state. This is a common assumption in the optimal stopping and options pricing literature and
is often without loss of generality. With this assumption, the following theorem establishes the
structure of optimal Markovian stopping rules for formulation (RO’).

THEOREM EC.2. Under Assumption EC.2, there exists p € M that is optimal for (RO’).

Our proof of Theorem EC.2 follows the same pruning technique that was used in the proof of
Theorem 4 in §3.2. Specifically, our proof of Theorem EC.2 makes use of the following four lemmas,
which are essentially restatements of Lemmas 1-4 from §3.2.

LEMMA EC.1. The optimal objective value of (RO’) is equal to the optimal objective value of

w o A s
(RO77)
subject to for each i€ {1,..., N}, there exists t € {1,...,T}

such that p,(y;) = SToP for all y, €U
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Proof. The proof of Lemma EC.1 is identical to the proof of Lemma 1. [
LEMMA EC.2. Let Assumption EC.2 hold, consider any p = (p1,...,ur) that satisfies the con-
straints of (RO7’), and define
o'Zmin{te{1,...,T}: p(y,) =StoP for all y, €U;} Vie{l,...,N}.
Then the following equality holds for each i€ {1,...,N}:

inf g(7,(y),2")= min inf {h(t,y;): p:(y:) = STOP}.
yeU? te{l,...,0%} y; eu;}

Proof. Let Assumption EC.2 hold, consider any = (i1, ...,ur) that satisfies the constraints
of (ROr’), and define

o'2min{te{l,...,T}: p(y)=Stop for all y, €U} Vie{l,...,N}.

It follows from identical reasoning as in the proof of Lemma 2 that the following equality holds for
each sample path i € {1,...,N}:

{r.(y):yeU’'} ={te{1,...,0'}: there exists y, € U] such that p(y,) = STOP} . (EC.3)
We thus conclude for each sample path i € {1,..., N} that

inf g(7,(y),y)= min inf {A(t,y:): pe(y:) = STOP},

yeUr te{l,....,0t} ypeld}

where the equality follows from Assumption EC.2 and line (EC.3). This completes our proof of
Lemma EC.2. 0O

LemMA EC.3. If Assumption EC.2 holds and if i1/ is a pruned version of ju, then inf g(7.(y),y) >
yeur

inf g(7,(y),y) for allie{1,...,N}.

yeur

REMARK EC.1. We observe that (RO7’) and (RO7) have identical constraints. Thus, we use the
same definition of pruning in Appendix B.3 as given by Definition 1.

Proof of Lemma EC.3. Let Assumption EC.2 hold, and let ' be a pruned version of u. Let
1

ol,...,o" satisfy the following equalities for each i € {1,...,N}:
o' =min{te€{l,....,T}: p(y;) =SToPVy, €U} =min{t € {1,...,T}: py(y;) = STOPVy €U} .
(EC.4)

Then it follows from the fact that u is feasible for (ROz’) that o',...,0™ € {1,...,T}. Therefore,
for each i € {1,..., N},

inf g(7/(y),y)= min inf {h(t,y.): p;(y;) = STOP}
yeU? te{l,...,0%} ys €U}

> min inf {A(t,y:): u(y;) =STOP}
te{Lon0} yocll]

= inf g(7.(v),¥)-
yeUu?

Indeed, the two equalities follow from Lemma EC.2 and line (EC.4). The inequality follows
from the fact that y' is a pruned version of p, which implies that {y, € X : u}(y;) = STOoP} C
{ye € X : i (y¢) = Stopr} for all t € {1,...,T}. Our proof of Lemma EC.3 is thus complete. [
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LemMA EC.4. Consider any pu= (p1,...,ur) that satisfies the constraints of (ROz’), and define
o'Zmin{te{1,...,T}: p(y,) =Stop for all y, eU;} Vie{l,...,N}.

1 N . .
Then p° % is a pruned version of (.

Proof. The proof of Lemma EC.4 is identical to the proof of Lemma 4. [

In view of the above Lemmas EC.1-EC.4, we now present the proof of Theorem EC.2.

Proof of Theorem EC.2. Lemma EC.1 shows that the robust optimization problem (RO’) is
equivalent to the robust optimization problem (ROr’). Moreover, for any arbitrary exercise policy
w that is feasible for (RO7’), Lemmas EC.3 and EC.4 together show that there exists an exercise
policy u' € M such that the objective value associated with p is less than or equal to the objective
value associated with p'. Since p was chosen arbitrarily, our proof of Theorem EC.2 is complete.

O

B.4. Computational Tractability of (RO’)

Finally, we now discuss our primary motivation for using formulation (RO) instead of formu-
lation (RO’). As we have shown up to this point, these two robust optimization formulations
are essentially equivalent with respect to convergence guarantees and characterization of optimal
Markovian stopping rules. However, as we will show momentarily, we find that formulation (RO)
is significantly more amenable than (RO’) from an algorithmic perspective. Our subsequent dis-
cussion on the computational tractability of formulation (RO’) makes use of the following The-
orem EC.3, which, analogously to Theorem 5 from §3.3, provides a reformulation of (RO’) as a
finite-dimensional optimization problem over integer decision variables.

THEOREM EC.3. Under Assumption EC.2, the alternative formulation (RO’) is equivalent to

maximize — min  min inf At y). (IP”)
ol ,oNe{1,.,T} —te{l0t} jiod =ty euinud

Proof. Our proof of Theorem EC.3 is essentially identical to the proof of Theorem 5. Indeed,
let Assumption EC.2 hold. With this assumption, our proof of Theorem EC.3 is split into the
following two intermediary claims:

Cramm EC.1. The optimal objective value of (RO’) is less than or equal to the optimal objective
value of (IP7).

Proof of Claim EC.1. Consider any arbitrary exercise policy u € M, and define the integers
o' 2min{te{1,...,T}: p(y:) =STOPVy, €U}, Vie{l,...,N}. (EC.5)
It follows from the definition of M that p satisfies the constraints of (ROz’), and so Lemma EC.4

implies that /fl““’N is a pruned version of p. Therefore, it follows from Definition 1 and line (EC.5)
that the following equalities hold:

o' = min {te (1,...,T}: uo" " (y,) = STop for all y, eug} vie{l,...,N}. (EC.6)
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Therefore, we observe that

=N min  inf {h(t Yi)t A 1""’N(yt) :STOP}

= min  min inf At y;), (EC.7)

Niz te{l,...,ot} jioi= tytelxllﬁl/l]

where the first inequality follows from Lemma EC.3, the first equality follows from Lemma EC.2
and line (EC.6), and the second equality follows from the fact that pf T (y:) = SToP if and only
if there exists a sample path j such that y, € 4] and o/ =t. Because yu € M was chosen arbitrarily,
we conclude from line (EC.7) and Theorem EC.2 that the optimal objective value of (RO’) is less

than or equal to the optimal objective value of (IP’). Our proof of Claim EC.1 is thus complete.
O

Cramv EC.2. The optimal objective value of (RO’) is greater than or equal to the optimal objective

value of (IP’). Furthermore, for any choice of integers o*,... o™ € {1,...,T}, the corresponding
1 N 1 N 1 N

exercise policy p 7 = (ug 7 ,...,pug 77 ) satisfies

N
NZ inf g( N(y),y) 2]1/, min  min inf At y).

yeut - el o} jiod =ty cuinud

Proof of Claim EC.2. Consider any integers o',...,0" € {1,...,T}. For each sample path i €
{1,..., N}, we observe that

min {t e{l,....T}: ,ufl'”"N(yt) = StopP for all y, GZ/IZ}

= min {t e{l,...,0'}: ,ujl"“’N (y:) = StopP for all y, EUZ}
o' (EC.8)

IN

where the equality follows from the fact that u"l"“’N =(ug R e, M"Tl"“’N) by construction sat-

)

isfies ,ugj'”"N(ygi) = Stop for all y,: €U’;, and the inequality follows from algebra. Therefore,

=1 yeut
1 X
> — min  inf {h(t,yt) 1y () STOP}
lel te{l,...,01} yeel}
| X

= min  min inf At y;), (EC.9)

N i te{l,...,ot} jioi= tyteuzmuj

where the mequality follows from Lemma EC.2 and line (EC.8), and the equality follows from the
fact that uy ""N(yt) = Stop if and only if there exists a sample path j such that vy, € U/ and
ol =t. Because o',...,0" € {1,...,T} were chosen arbitrarily, we conclude from line (EC.9) that
the optimal obJectlve value of (RO’) is greater than or equal to the optimal objective value of
(IP’), which concludes our proof of Claim EC.2. [
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Combining Claims EC.1 and EC.2, our proof of Theorem EC.3 is thus complete.
O

Equipped with the above Theorem EC.3, we now explain why formulation (RO) is more amenable
from an tractability perspective than (RO’). Indeed, we recall from Theorem 5 in §3.3 that the
robust optimization problem (RO) is equivalent to

1 , . , .
maximize — min  {g(¢,2"): there exists j such that U NU} #0 and o’ =t}, (IP)
ol,..,oNe{1,.,T} N Py te{l,...,0%}

vi(o)

where we observe for each sample path i € {1,..., N} that the quantity v;(o) satisfies

vi(o) € [ Jfg(t.a)}.

In contrast, we showed in the above Theorem EC.3 that (RO’) is equivalent to

N

o 1 . . .
maximize — min  min inf At y), (IP”)
ol oNe{1,.,T} N i1 t€{1,...,a'”}j:o’J:tyteug'mug

V(o)

where we observe for each sample path i € {1,..., N} that the quantity v/(c) satisfies

vi(o) € U U { inf .h(t,yt)} )

= . yeeuinu?
=1 gaginud 2o VT

Hence, for each sample path i € {1,..., N}, we observe that the number of possible values for /(o)
can be a factor of O(N) greater than the number of possible values for v;(c). This demonstrates
that (RO) is more amenable to compact reformulations than (RO’) and concludes our motivation
for using formulation (RO) instead of formulation (RO’) throughout the paper.

Appendix C: Proofs of Theorems 1, 2, and 3

Establishing the convergence guarantees from §2.4 for the robust optimization problem (RO) can
be organized into two high-level steps. The first high-level step, comprised of Theorem 3, consists
of showing that the objective function of the robust optimization problem (RO) converges almost
surely to a (conservative) lower bound approximation of the objective function of the stochastic
optimal stopping problem (OPT), uniformly over the space of all exercise policies. The second
high-level step, comprised of Theorems 1 and 2, consists of showing that the conservativeness of
the robust optimization problem (RO) disappears almost surely as the robustness parameter tends
to zero and the number of sample paths tends to infinity. We present the first high-level step in
Appendix C.1, and the second high-level step can be found in Appendix C.2.

Let us reflect on the novelty of the results in the present Appendix C. The first high-level
step in Appendix C.1 (i.e., the proof of Theorem 3) is not novel and follows immediately from a
uniform convergence result established by BSS23. Rather, the significant novelty of Appendix C
is found in the second high-level step in Appendix C.2 (i.e., the proofs of Theorems 1 and 2).
Stated succinctly, the second high-level step is challenging to establish because it requires showing
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that (a) the limit of the optimal objective value of the robust optimization problem (RO) exists
almost surely as e — oo and N — oo, and showing that (b) there always exists an arbitrarily near-
optimal Markovian stopping rule p for the stochastic optimal stopping problem (OPT) that almost
surely satisfies 7,(y) = 7, (z) for all sufficiently close realizations of y = (y1,...,yr) to the stochastic
process = = (z1,...,27).

For the general classes of stochastic dynamic optimization problems considered by BSS23 and
Sturt (2020), the authors were unable to identify simple and verifiable conditions under which
the aforementioned properties (a) and (b) are guaranteed to hold. Consequently, the authors only
presented upper bounds on the gap between the optimal objective value of the robust optimization
problem and the optimal objective value of the stochastic dynamic optimization (BSS23, Theorem
1). In certain cases, the authors alternatively assumed that the stochastic dynamic optimization
problem happened to have arbitrarily near-optimal control policies with convenient structure (Sturt
2020, Assumption 15). The authors of BSS23 reflect on the weaknesses of these results in the
literature at the end of their §4.3, saying that “future work may identify subclasses of [stochastic
dynamic optimization problems| where the equality of the bounds can be ensured.”

In Appendix C.2 of this paper, we resolve this gap in the literature by showing that the afore-
mentioned properties (a) and (b) are guaranteed to hold for the specific class of stochastic dynamic
optimization problems (OPT) under the mild assumptions that the stochastic problem has a
bounded objective function (Assumption 4) and that the random variables in the stochastic prob-
lem have a continuous joint probability distribution (Assumption 3). Specifically, we establish in
Lemma EC.6 of Appendix C.2 that property (a) holds by combining Assumption 4 with McDi-
armid’s inequality, and we establish in Lemma EC.7 of Appendix C.2 that property (b) holds by
combining Assumptions 3 and 4 with elementary techniques from topology and measure theory.
These lemmas allow us to establish the proofs of Theorems 1 and 2 at the end of Appendix C.2.

C.1. Proof of Theorem 3

In Appendix C.1, we establish the proof of Theorem 3 by using a uniform convergence result
from BSS23. We begin by presenting some preliminary notation. Recall that x = (x4,...,z7),
ot =(z1,...,2k), 22 = (22,...,22%),... € XT=R7? are sample paths drawn independently from an
identical joint probability distribution. We will make use of the following additional notation:

Oy & N T U'(Bn) & {y € X7 Iy — o'l <O}
' i o1
UE{yeX:|ly—a'|w <e}; My & N~ @TEDTTF Jog N.

We now state the uniform convergence result from BSS23, which has been adapted to the notation
of the present paper.

LEMMA EC.5 (Theorem 2 of BSS23). Let Assumption 2 hold. Then there exists a finite N € N,
almost surely, such that the following inequality holds for all N > N and all measurable functions
f:RT4 5 R:

N

E[f@{zr Ul U G0} >+ it f@)-My  sw |7y

7 .
1 yeU'On) yeUN | Ui(sy)

i=

In view of the above notation and lemma, we are now ready to present the proof of Theorem 3.
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Proof of Theorem 3. Consider any arbitrary choice of the robustness parameter ¢ > 0, and
recall that the reward function satisfies g(co,y) =0 (see §2) and 0<g(1,y),...,9(T,y) <U for all
trajectories y € X7 (Assumption 4). With this notation, we observe that

lim inf inf {J*(u) - fN,E(u)}

=1;Vn;iogfigf{xa[< (@), )1—JN,e<u>} (BC.10)
>hnl>10r<1>f1%f IE x){zeul Z/{‘((SN)H—jN,e(u)} (EC.11)

1 ~
— inf g(T#(y) y) — MyU — JN7£(M)} almost surely (EC.12)

> hm inf inf
N < yeui (o)

N—oo

= liminf 1nf{ inf  g(7,(y),y) — jN7e(u)} (EC.13)

N—oo yew (6n)

N—oo p yeUs

>11m1nf1nf{NZ inf g(7,(v),y) — JNE( )} (EC.14)

(EC.10) follows from applying the definition of J*(u); (EC.11) holds because the reward function
is nonnegative; (EC.12) follows from Lemma EC.5 and the boundedness of the reward function;
(EC.13) holds because My — 0; (EC.14) holds because dy — 0 implies, for any arbitrary e > 0,
that the inequality inf, < g(7.(y),y) <inf,cyisy) 9(7.(y),y) is satisfied for all i € N, for all p, and
for all large NV € N. Moreover:

(EC.14) =liminfinf { ]1[ Zz: inf {g(1.(v),2") + g(7.(v),v) — 9(1u(y),2") } — jN,e(M)} (EC.15)

Nooo u < yeu
1« -
> liminf inf {N 3 (ylg;g(m(y) @)+ inf {9(7.(v),9) —g(m(y),xl)}> — Ine(n)
(EC.16)
L&
S liminfi 1 i : : _ i — 7
2 lim inf inf { N z_; (ylglflg(m(y),x )+, pin {ylgbfig(t,y) gtz )}) JN,e(u)}
(EC.17)
|
> 1 . . L . 4 i _ T
> llNIHHIOIéfI%f { N ; (ylélzfig(T”(y)’$ )+ Az )) JN,E(M)} (EC.18)
- nNrgiogfnjf{ (1) — T (e } +liminf Z A (EC.19)
=E[A.(z)] almost surely. (EC.20)

(EC.15), (EC.16), and (EC.17) follow from algebra; (EC.18) follows from the definition of A.(z")
(see Assumption 1); (EC.19) follows from the definition of Jy (1); (EC.20) follows from the strong
law of large numbers.

Since € > 0 was chosen arbitrarily, we have shown that

lim lim inf inf {J* (n) — fN’E(u)} > lin%IE [Ac(z)] >0 almost surely,

e=0 N—=oo pu

where the first inequality holds almost surely from lines (EC.10)-(EC.20), and the second inequality
holds almost surely due to the dominated convergence theorem and Assumption 1. Note that the
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above limits exist because € — liminf y_, o inf, {J* (1) — Jy. (1)} and € — E[A (z)] are monotonic
functions. This concludes the proof of Theorem 3. [

C.2. Proofs of Theorems 1 and 2

We begin Appendix C.2 by presenting the two novel intermediary results, Lemmas EC.6 and
EC.7, that were discussed at the beginning of Appendix C. In the first novel intermediary result,
denoted below by Lemma EC.6, we prove that the limit of the optimal objective value of the robust
optimization problem (RO) exists almost surely as e — oo and N — oo. The proof of the following
lemma is based on McDiarmid’s inequality.

LEMMA EC.6. Let Assumption 4 hold. Then for all e >0,

lim inf sup Jy (1) = lim sup sup J; Ne(p) almost surely.
N—o0 m N —00 n

Proof. Consider any fixed € > 0, and, for notational convenience, define the following function:

he(xlv te 7$N) = sSup jN,e(iu)‘
I

We will utilize the following intermediary claim:
CramMm EC.3. The function he : X7 x---x XT — R has the following ‘bounded differences’ property:
forallzt,....aN € XT and z',..., " € X7 that differ only on the jth coordinate (' =z fori#j),
U
ho(z',...,zY) = h (2, ..., 2| < =.
(QZ, ,l‘) ((L‘, L )‘—N

Proof of Claim EC.3. For any arbitrary n > 0, let the exercise policies ji7 be chosen to satisfy

N

1 ,
AT inf ) g(Tﬁ"(y%i’Z) Zhe(‘%lv"'viN) -1 (ECQl)
N & yexT: |y-i|co<e

We observe that
he(z,...,2Y) —h(zh,...,2"Y)

< (;]z:: inf g(Tn (y), &) +77> - (;IZ inf 9(Tan (y), i))

T yeXT: ly—it|oo<e 3 veXT: ly—at [l <e
1 o

1 .
— inf T ') — — inf T , @) +
NyEXT:Hy*i’jHooSeg( () &) NyeXT:Hy*inoogeg( i (), &) 41

8

LU,

SN n.
Indeed, the first inequality holds because of line (EC.21) and because [i" is a feasible but possi-
bly suboptimal solution to the optimization problem sup, * Zf\;l inf e xr. |jy—zifw<e 9(Tu(y), T°) =

he(z',...,zY), and the second inequality follows from Assumption 4. Because 7 > 0 was chosen
arbitrarily, we have shown that

It follows from symmetry that

which concludes our proof of Claim EC.3. [
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Because the above Claim EC.3 holds, it follows from McDiarmid’s inequality that

2

he(z',...,a™) = E [h(a',...,a™)]| > 1) < 2exp <—277 N> v > 0.

P

U2

It follows from the above line that
> P (
N=1

and so the Borel-Cantelli lemma implies that

he(azl,...,:ﬂN)—IE[he(xl,...,a:N)H>17)<oo Vn >0,

lim
N —o0

he(xt,...,aV)—E [he(xl, . ,acN)] ‘ =0 almost surely. (EC.22)

We observe from identical reasoning as in the proof of Shapiro et al. (2014, Proposition 5.6)

that E[h.(x!,...,2")] is monotonically decreasing with respect to N € N. Since the random vari-
ables h.(x!',... ") are also contained in the interval [0,U] for all N € N, we conclude that
limy oo E[he (2}, ..., 2")] exists, and thus it follows from line (EC.22) that limy . hc(z',...,2")

exists almost surely. This concludes the proof of Lemma EC.6. [

In the second novel intermediary result, denoted below by Lemma EC.7, we show that there
always exists an arbitrarily near-optimal Markovian stopping rule u for the stochastic optimal stop-
ping problem (OPT) that almost surely satisfies 7,(y) = 7, () for all sufficiently close realizations
of y = (y1,...,yr) to the stochastic process x = (x1,...,zr). The proof of the following lemma is
based on elementary techniques from topology and measure theory.

LEMMA EC.7. Under Assumptions 8 and 4,

supE [¢g(7,(x),z)] =supE |liminf g(7,(y), z)
I3 Iz YT

Proof. Our proof of Lemma EC.7 is organized into the following steps. In our first step, we
will show that any feasible exercise policy to the stochastic optimal stopping problem (OPT) can
be approximated to arbitrary accuracy by an exercise policy with exercise regions that are open
sets. In our second step, we will show that these exercise policies from the previous step can
be approximated to arbitrary accuracy by an exercise policy with exercise regions that are the
union of finitely many open balls. Finally, we will then invoke Assumption 3 to conclude that the
probability of a random state lying a strictly positive distance from the boundary of finitely many
open balls is equal to one, which implies that the corresponding Markovian stopping rule almost
surely satisfies 7,(y) = 7, (z) for all sufficiently close realizations of y = (y1,...,yr) to the stochastic
process & = (x1,...,z7). From this, the desired lemma will follow readily.

In view of the above organization, we now present our proof. Choose any arbitrary exercise
policy i = (fi1,...,fr) which is feasible for the stochastic optimal stopping problem (OPT), and
choose any arbitrary constant n > 0. In our first claim, we show that this exercise policy can be
approximated by an exercise policy with exercise regions that are open sets.

Cram EC.4. There exists an exercise policy p" = (g, ..., i) such that:

(a) Elg(an(z), x)] = Elg(7(2), )] — n;
(b) For each period t € {1,...,T}, A} =& {y, € X :[i"(y,) = STOP} is an open set.

Proof of Claim EC.4. Because fiy,...,jir : R — {STOP, CONTINUE} are feasible for the opti-
mization problem (OPT), it follows from §2.1 that fiy,...,fur : R? — {STOP, CONTINUE} are
measurable functions. Thus, it follows for each period t € {1,...,T} that the set A, =
{y: € R?: py () = STOP} is a Borel set in R%. Now, for each period ¢ € {1,...,T}, let P, ,(-) £
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P(x; € ) denote the marginal probability law of the stochastic process on period t. Since A; is a
Borel set, it is a well known result from measure theory (Rudin 1964, Remark 11.11(b)) that there
exists an open set A7 C R? which satisfies A, C A7 and P, (A7 \ A;) < 2. Using these sets, we
define an exercise policy on each period ¢ by

- A | STOP, if y, € A},
fif (ye) = .
CONTINUE, otherwise.
It follows from the above construction that the new exercise policy " = (if,..., [l ) satisfies

property (b) of Claim EC.4. To show that property (a) of Claim EC.4 holds, let us first define the
following set for notational convenience:

B2{y=(y1,...,yr):y: ¢ A} \ A, for all t€ {1,...,T}}

We observe that B is a Borel set in R7¢, since B is comprised of a finite number of complements
and intersections of Borel sets. Then,

Eflg(7n (2),2) — 9(7a(2), z)]

=E[lg(man(2),2) — 9(7a(), 2)| I{z ¢ B} + E[|g(7an (), 2) — g(7a(2), x)|I{z € B}]
=E[|g(ran(2),2) — 9(a(2),2)|I{x ¢ B} +0

<UP(z ¢ B)

< 3 P(z; € A7\ Ay)

t=1

n.

IN

The first equality follows from the law of total expectation. The second equality holds because
9(1an(z),x) = g(75(z),x) when = € B. The first inequality follows from Assumption 4. The second
inequality follows from the union bound and the definition of the set B. The third and final inequal-
ity holds because P(x, € A} \ Ay) =P, (A} \ A;) < 7. This concludes our proof of Claim EC.4.

O

In the above Claim EC.4, we showed that we can construct a new exercise policy i"7 = (i7,. .., i)
which is close to the original exercise policy i = (fiy,..., A7) with respect to expected reward.
However, the new exercise policy is comprised of exercise regions in each period which are open
sets. We now use this open set property, along with Assumption 3, to show the following second
claim.

Cram EC.5. There exists an exercise policy " = (i, ..., ) such that:
(a) Elg(mun (), 2)] = Elg(7m (2), )] —n;
(b) lim, ., Tjn (y) = Tin (z) almost surely.

Proof of Claim EC.5. For each period t € {1,..., T}, consider the exercise region A} = {y, € X :
4" (y;) = STOP} corresponding to the exercise policy fi7. Since A} is an open set, it is a well-known
result from measure theory (Rudin 1964, Remark 11.11(a)) that A} is the union of a countable
collection of open balls. That is, there exists a countable set of tuples {(yg,z7€?,£)}£€N such that
e’ >0 for all £ € N and the following equality is satisfied:

k
. N4 N4
A?:klggop {yt eR: ly: — v [loo < €/ }
=1

n,k
Ct
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We observe from the above construction that C{"*, k € N, is an increasing sequence of sets which
converges to Af. Consequently, we have lim;_, . P (z; € A?\Ct"k) =0, and so it follows from the
definition of a limit that there exists a k' € N such that

n n,k? Ui
}P’(xt € AT\ C! )g = (EC.23)
Using these sets, we define an exercise policy on each period t by

n

on/ \a JSTOP, if y, € O

i (ye) = .
CONTINUE, otherwise.

Since the inequality (EC.23) holds for each period ¢, it follows from identical reasoning as the proof
of property (a) of Claim EC.4 that the new exercise policy 1" = (f7,. .., fi1) satisfies property (a)
of Claim EC.5. "

Moreover, since the exercise regions C;' *t are unions of finite numbers of open balls, and since
the Lebesgue measure of the boundaries of a finite number of open balls is equal to zero, it follows
from Assumption 3 that the random state in each period z, € R? will be a strictly positive distance
from the boundary of C with probability one. This concludes our proof of property (b) of
Claim EC.5, and thus concludes the proof of Claim EC.5. [

We now combine Claims EC.4 and EC.5 to conclude our proof of Lemma EC.7. Indeed, it follows
from these claims that

Eg(7(2), 2)] <E[g(7in (2), 2)] + 1 S Elg(7n (2), 2)] 4 20 = E[hmmfg(m( ); )] + 2,

where the first inequality follows from property (a) of Claim EC.4, the second inequality follows
from property (a) of Claim EC.5, and the third inequality follows from property (b) of Claim EC.5.
Since the exercise policy it = (fi1, . . ., fir) and constant 7 > 0 were chosen arbitrarily, we have proven
that

supE [g(7a(x),z)] <supE [liminfg(m(y),x)] .

Iz Iz y—

The other direction of the inequality obviously holds, and so our proof of Lemma EC.7 is complete.
O

We now combine the above novel intermediary lemmas to establish our proofs of Theorems 1
and 2.

Proof of Theorem 1. We first show that the optimal objective value of (RO) is an asymptotic
lower bound on the optimal objective value of (OPT). Indeed,

0> liné lim sup sup {JANVE(,u) —J" (,u)} almost surely (EC.24)
€70 Nosoco p
> lim lim sup <Sup jN7e(u) —sup J*(u)) (EC.25)
e=0 N 500 w u
= —supJ*(u )—i—hmhmsupsupJNE( ) (EC.26)
“w N—o00 “w
=—supJ*(u)+ hn& J\}lm sup JN () almost surely, (EC.27)
e—

K K

where (EC.24) follows from Theorem 3, (EC.25) and (EC.26) follow from algebra, and
(EC.27) follows from Lemma EC.6. Note that all of the above limits exist because €
limsupy _, . sup, {Jn.c(p) —J*(p)} and e limsupy_, . sup, Jy (i) are monotonic functions.
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We next show that the optimal objective value of (RO) provides an asymptotic upper bound on
the optimal objective value of (OPT). Indeed, we observe that

N

lim lim sup Tne(p) = lim lim inf sup % z; yigbfig(m(y)y a')
> 113% lelp IIJVIILIOEf — Z 1;1; 9(1.(y),z") (EC.28)
= 113(1) sng LexT:ilef—xngeg(T”(y)’ x)] almost surely (EC.29)
=suplkE [ligl_}infg(m(y),x)] almost surely. (EC.30)
" @
:Sllltp]E[g(TH(‘T)?x)] (EC.31)

(EC.28) follows from algebra; (EC.29) follows from the strong law of large numbers; (EC.30) follows
from the dominated convergence theorem. We note that the strong law of large numbers and
dominated convergence theorem can both be applied because of Assumption 4. Finally, (EC.31)
follows from Lemma EC.7. Combining the above, our proof of Theorem 1 is complete. [

Proof of Theorem 2. We observe from Theorems 1 and 3 that for every arbitrary n > 0, there
exists a finite €(n) > 0 almost surely such that the following statements hold for all 0 < € < €(n):

A}lm JNe(MNe) —supJ*(p)| <n almost surely; (EC.32)

—00 ©

li]\Ifninf (J*(,&N’E) - fN’E(ﬂN,e)) > —n almost surely. (EC.33)
—00

Therefore,

sup J*(p) > limsup J* (fin,c) > hmlan (in.e) > hmlanN (fin,e) —n>sup J*(u) — 2,
n N —oc0 ”w

where the first inequality holds because each f[iy . is a feasible but possibly suboptimal solution to

(OPT), the second inequality is obvious, the third inequality follows from (EC.33), and the final

inequality follows from (EC.32). Rearranging the above line, we have shown that the following

statements hold for all 0 < e < €(n):

limsup J*(fiy,e) —sup J* (u)‘ <27n almost surely;

N—00 n

liminf J*(fiy.) —sup J* (p )‘ <2np almost surely.

N—o00 w

Since n > 0 was chosen arbitrarily, our proof of Theorem 2 is complete. [J

Appendix D: Proofs from §3

Proof of Lemma 1. We recall from §2.1 that a Markovian stopping rule satisfies 7,(y) = oo for
a trajectory y = (y1,...,yr) € X7 if and only if u;(y;) = CONTINUE for each period t € {1,...,T}.
Therefore, we observe the robust optimization problem (RO7) is equivalent to the following opti-
mization problem:

sup N Z inf g(7,(y),z") (RO")

Iz yeu?

subject to Tu(y) <oo forallie{l,...,N}and yeU’
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Now consider any arbitrary exercise policy u = (u1,...,ur), and let p/ = (¢/,..., ') be an exercise
policy that is defined for each period t € {1,...,T'} and state y; € X as

/ iy Mt(yt)a lftE{l,,T—l},
Hye) = {STOP, ift="T.

We readily observe that 7,/(y) <T for each i € {1,...,N} and y € U, which implies that ;" satisfies
the constraints of (RO”). Moreover, we observe for each i € {1,..., N} and y € U’ that

) mly), i Tu(y) <oo,
7w (Y) = {T, if 7,(y) = oo.

Since the reward function satisfies g(1,),...,9(T,y) >0 and g(oo,y) =0 for all y € X7, we have
shown for each i € {1,...,N} and y € U’ that

9(1u(y),2") = g(7 (y),2") if 7,(y) < 0o, and

9(1u(y),2") =0 < g(T,2") = g(7w (y), 2") if 7,(y) = oo.
We thus conclude that the objective value =+ PR inf, i (70 (y), ") associated with the
new exercise policy ' = (ui,...,p4) is always greater than or equal to the objective value
1 N . i . . .. . . _ . _
~ 2icq infy i g(7u(y), ") associated with the original exercise policy p = (pi1,...,pur). Since p =
(41, ..., ) was chosen arbitrarily, our proof of Lemma 1 is complete. [

Proof of Lemma 2. Consider any p = (p1,...,ur) that satisfies the constraints of (ROr), and
define

o'Zmin{te{l,...,T}: p(y)=Stop for all y, €U} Vie{l,...,N}.

It follows from the fact that p is feasible for (ROr) that o',...,0 € {1,...,T}. Moreover, for each
sample path i € {1,..., N} and trajectory y € U, we observe that

7.(y) =min{t € {1,...,T}: p;(y;) = STOP} < 0*,

where the equality is simply the definition of a Markovian stopping rule and the inequality follows
from the fact that y,i(y,:) = STOP for all y,: € U’,. Therefore, we observe for each sample path
ie{l,...,N} that

. . there exists y €U’ such that . (yy) = CONTINUE
yeU' t=4qtedl,...,0'}:
{mw):y J { { o'} for all t' € {1,...,t — 1} and p,(y) = STOP
={te{1,...,0'}: there exists y, €U/ such that y,(y,) = STOP}.

Indeed, the first equality follows from the definition of a Markovian stopping rule and from the fact
that 7,(y) <o’ for all y € Y*. The second equality follows from the fact that U] is not a subset of
{y: € X : p:(y;) = STOP} for each period t € {1,...,0" — 1}, which implies for each t € {1,...,0" —1}
that there exists a y; € U] that satisfies y;(y;) = CONTINUE. We thus conclude for each sample path
ie{l,...,N} that

yléllfl g(ru(y),z") = te{rlmnai} {g(t,z") : there exists y, € U such that p(y;) = STOP},

which completes our proof of Lemma 2. [
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Proof of Lemma 3. Let p/ be a pruned version of p, and let ol,..., 0" satisfy the following
equalities for each i € {1,..., N}:

o'=min{te{l,...,T}: p(y;) =STOPVy, €U} =min{t € {1,...,T}: p;(y,) = STOPVy, €U} .
(EC.34)

Then it follows from the fact that p is feasible for (RO7) that o,...,0" € {1,...,T}. Therefore,
for each 1 € {1,..., N},

inf g(7,4(y),2") = min {g(¢t,2") : there exists y, €U, such that p;(y;) = STOP}
yeus tef

> min {g(t,2") : there exists y; € U, such that ,(y,) = STOP}

te{l,...,o%}
= inf g(7.(y),2")
eur

Indeed, the two equalities follow from Lemma 2 and line (EC.34). The inequality follows
from the fact that y' is a pruned version of p, which implies that {y, € X : u}(y;) = STOoP} C
{y: € X : uy(y:) = Stopr} for all t € {1,...,T}. Our proof of Lemma 3 is thus complete. [

Proof of Lemma 4. Consider any p = (p1,...,ur) that satisfies the constraints of (ROr), and
define

o'Zmin{te{l,...,T}: p(y;) =STOP for all y, €U} Vie{l,...,N}.

Our proof that ,u"l”"’N is a pruned version of p is split into the following two intermediary claims.
Cram EC.6. {y, € X: g " () =STOP} C {1, € X : pue () = STOP} for all t € {1,...,T}.
Proof of Claim EC.6. Indeed, we observe for each period t € {1,...,T} that

N
{yt eXx: ,u;’l”'” (ye) = STOP}

:{yt€X3yt€ U utl}

itot=t

- {yte)(:yte U {ygeX:ut(y;):STOP}}

itot=t
) {y: € X : () =Stop}, if there exists i € {1,...,N} such that o’ =t,
10, otherwise

C {y: € X : puu(y:) = STOP},

where the first equality follows from the definition of uf 1"“’N, the first inclusion follows from the
fact that U C {y; € X : us(y;) = STOP} for each sample path i that satisfies o' =, the second

equality follows from algebra, and the second inclusion follows from algebra. This concludes our
proof of Claim EC.6. [

Cram EC.7. For eachie€{l,...,N},
min{t e{1,....T}: ufl"‘”N(yt) = STOP Yy, EU:} =min{te{1,...,T}: p(y:) =STOPVy, €U} .
Proof of Claim EC.7. Consider any sample path i € {1,..., N}. We first observe that

min{te {1,...,T}: ufl""’N(yt) = STOP Vy, eu;’} <o’
=min{¢te{1,...,T}: p(y:) =STOPVy, €U},
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where the inequality follows from the fact that ngl ol (y,:) = Stop for all y,: € U’;, and the
equality follows from the definition of o?. Moreover, it follows immediately from Claim EC.6 that

min {t e{l,...,T}: ,ufl'""N(yt) = SToP Yy, EUZ} >min{te{l,...,T}: p(y,) =STOPVy, €U} .

Our proof of Claim EC.7 is thus complete. [ .
Combining Claims EC.6 and EC.7 with Definition 1, we conclude that % **“ is a pruned version
of u, which completes our proof of Lemma 4. [

The following proof follows the identical reasoning as discussed in §3.2, and is stated formally
here for the sake of completeness.

Proof of Theorem 4. Lemma 1 shows that the robust optimization problem (RO) is equivalent
to the robust optimization problem (ROr). Moreover, for any arbitrary exercise policy p that is
feasible for (RO7), Lemmas 3 and 4 together show that there exists an exercise policy p' € M such
that the objective value associated with u is less than or equal to the objective value associated
with p/. Since pu was chosen arbitrarily, our proof of Theorem 4 is complete. [

Proof of Theorem 5. We split our proof into the following two intermediary claims.

Cramv EC.8. The optimal objective value of (RO) is less than or equal to the optimal objective
value of (IP).

Proof of Claim EC.8. Consider any arbitrary pu € M, and define the integers
o' 2min{te{l,...,T}: p(y,) =Stop for all y, €Uy} Vie{l,...,N}. (EC.35)
It follows from the definition of M that p satisfies the constraints of (ROz), and so Lemma 4
N
implies that ' " is a pruned version of y1. Therefore, it follows from Definition 1 and line (EC.35)
that the following equalities hold:

ai:min{te{L...,T}: e (y,) = STOP for all ¥, eu;} Vie{l,...,N}. (EC.36)

Therefore, we observe that

NZ mfg T, (y l)

yeur
| X
<37 2 8 9 (oo 5
N
_1 Z min { (t,x") : there exists y, € U such that 7 (ye) STOP}
N p te{l ’’’’’ a'l} g yt t l’Lt
— Z min {g (t,z'): there exists j such that U; NUJ # 0 and o’ =t} , (EC.37)
te{l ..... ot

where the first inequality follows from Lemma 3, the first equality follows from Lemma 2 and
line (EC.36), and the second equality follows from the fact that pu¢ R (y:) = Stop if and only if
there exists a sample path j such that y, € U} and o7 =t. Because u € M was chosen arbitrarily,
we conclude from line (EC.37) and Theorem 4 that the optimal objective value of (RO) is less than
or equal to the optimal objective value of (IP). Our proof of Claim EC.8 is thus complete. [
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Cram EC.9. The optimal objective value of (RO) is greater than or equal to the optimal objective

value of (IP). Furthermore, for any choice of integers o',..., o™ € {1,...,T}, the corresponding
exercise policy u® %

e

E(uf{l“ N,...,u"Tl“'“N) satisfies

—Z inf g< N (Y), x’)

yelﬂ

> —Z min {g t,x'): there exists j such that U NUJ # () and o? =t}.

te{l ..... ot

Proof of Claim EC.9. Consider any arbitrary integers o!,...,0" € {1,...,T}. For each sample
path i € {1,..., N}, we observe that

min {t e{l,....,T}: u?l"'UN(yt) = STOP for all y, EUZ}
= min {t c{l,...,0'}: ,u?l""’N (y.) = Stop for all y, EZ/IZ}
<o, (EC.38)

where the equality follows from the fact that u"l""’N = (ug 1""’N, e, u‘}l"“’N) by construction sat-
isfies ,qu""’N(yJi) = Stop for all y,: €U’;, and the inequality follows from algebra. Therefore,

N
~ Y inf g (T o (y),x’>
=1 yeu: g
N
> 1 Z min { (t,x") : there exists y, € U} such that 7 (y) STOP}
=N Lttty g Ye t Hy
Z min {g(¢,2") : there exists j such that U/} NU! # 0 and 07 = t}, (EC.39)
te{l,...,a

where the inequality follows from Lemma 2 and line (EC.38), and the equality follows from the
fact that ,u‘tfl'“"N(yt) = Stop if and only if there exists a sample path j such that vy, € U/ and
o) =t. Because o',... ;0" € {1,...,T} were chosen arbitrarily, we conclude from line (EC.39)
and Theorem 4 that the optimal objective value of (RO) is greater than or equal to the optimal
objective value of (IP), which concludes our proof of Claim EC.9 is complete. [
Combining Claims EC.8 and EC.9, our proof of Theorem 5 is thus complete. [

Appendix E: Proof of Theorem 7

Our proof of the computational complexity of (IP) consists of a reduction from MIN-2-SAT, which
is shown to be strongly NP-hard by Kohli et al. (1994):
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MIN-2-SAT

The optimization version of MIN-2-SAT is to compute the optimal objective value of the
binary linear optimization problem

K
9 A e
’UMIN 2-SAT & minimize E Zk
b,z
k=1

subject to  z > by Vke{l,...,K},Vle I}
w>1-b, Vke{l,... K}Veel,
boe{0,1} Vee{l,....L},

where the given sets I,", I,” C{1,..., L} satisfy || +|I, | =2 for each k€ {1,...,K}.

Note that the following equality is obtained by replacing each decision variable z;, with 1 — z:

K
pMIN-ZSAT — ma)%i’gnize kz: 2k
=1
subject to 2z, <1—b, Vke{l,...,K},\V{el
2, < by VEe{l,...,K},\Vlel,
boe{0,1} Vee{l,...,L}.
We now show that any instance of the above maximization problem can be equivalently reformu-

lated as polynomially-size instance of (IP) with 7"= 3 periods.
Proof of Theorem 7. Consider any arbitrary instance of the binary linear optimization problem

K
ma)%%glize kz 2k

=1
subject to 2z, <1—b, Vke{l,...,K},Vlel (mMIN-2-SAT)

2<b,  Vke{l,... K}VleI
boe{0,1} Vee{l,... L},

and let e, € REF! denote the /-th column vector of the identity matrix. We construct an instance
of (IP) defined as follows:

e The number of periods is T'= 3.

e The state space is X = REF1,

e The reward function for each period ¢t € {1,2,3} is g(t,y) =v; - er1 + K.

e The robustness parameter in the uncertainty sets is e = %

e The number of sample paths is N = L + K, and the sample paths are defined as follows:
—For each £ € {1,...,L}, let 2t =28 =¢, and 25 = —Kep ;.
—TFor each k€ {1,...,K}, let o7 = %ZZQJ e, oyt =13, — e, and zi T =epy.

In the remainder of the proof, we show that the above instance of (IP) is equivalent to
(=MIN-2-SAT). Indeed, it follows immediately from the above construction that the values of
g(t,z") for each sample path i and period ¢ are:
g(1,2%) = K; g(2,2") = K; g(3,2%) =0, Vee{l,...,L},
gL, 2" =K; ¢(2,2""")=K; ¢@B,2"™) =K+1, Vke{l,...,K}.

We require two intermediary claims:
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Cramm EC.10. There exists an optimal solution for (IP) which satisfies
oly..ote{1,2} and ot =... =0t TE =3,

Proof of Claim EC.10. We observe that the optimal objective value of (IP) is greater than or
equal to K, since this objectivle value would be achieved by setting o' = --- = o = 1. Now consider
any solution to (IP) where o* =3 for some ¢ € {1,...,L}. For that solution,

1

N mm {g(t,xi) : there exists j such that U NU # () and o7 = t}

te{l,..

Z‘HHMZ

Z {g (t,z): there exists j such that U NUJ #0 and o/ =t}

ted{l,...
Ce{1, . L}lAl e{ 7

min {g(t,xf/) : there exists j such that Z/{f/ NU # 0 and 07 = t}

TN el
1 |
N Zte{l L+k} g(t,xL+lc) : there exists j such that U MU/ #0 and 07 = t}
k= yeees O
1 K
St Y KH0+Y (K41
0e{1,...,L}:4#£4" 1
=K.

Because the objective value associated with this solution is never better than the objective value
obtained by the solution o' =--- = ¢ =1, we have shown that there exists an optimal solution
for (IP) that satisfies o',..., 0% €{1,2}.

Consider any arbitrary solution o',... 0" € {1,2,3} that satisfies ¢',...,0" € {1,2}, and sup-
pose that o&** € {1,2} for some k € {1,...,K}. To perform an exchange argument, we construct
an alternative solution &',...,6" € {1,2,3} defined as

s of, ifi£L+k,
13, ifi=L+k.

We observe that the inclusion {j: 07 < o'} D {j:57 <5’} holds for all i € {1,...,N}\ {L + k}.
Moreover, we observe that

min  {g(t,z""*): there exists j such that U™ NU/ #0 and 0/ =t} = K, and

min  {g(t,z""*): there exists j such that U™ NU} #0 and 67 =t} € {K, K +1}.

Therefore,

N min  {g(¢,2"): there exists j such that U] NU; #0 and o7 = t}
- te{l,...,0%}
i=1

1 ) ) ) )
< N min {g(t,2"): there exists j such that U; NU; #0 and 7 =t}
T te{l ot}

Because o',...,0" was chosen arbitrarily, we conclude that there exists an optimal solution for

(IP) which satisfies ¢?,...,0" € {1,2} and o/*! =... = ¢%*X = 3. This concludes our proof of
Claim EC.10. O
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Cram EC.11. If ot =...=a"tK =3 then the following equality holds for each k€ {1,...,K}:

min  {g(t,z"**): there exists j such that U ™*NU/ #0 and o/ =t}

=K+I{c'=2forall (€]} and o’ =1forall (€I, }.

Proof of Claim EC.11. For each ¢ €{1,...,L} and k€ {1,..., K}, we observe that

1 +
¢ L+k|| 1 )3 iflel,
$1 — .’L'l = ||€r — = (7 = X
oo 2 1, otherwise.
vert
(o)
1 . —
¢ Ltk||  _ 1 )5 itlel,
Ty — Ty =|l€r— = (7 = X
oo 2 1, otherwise.
vel,;
o0

This implies that the set

2 2
0 = {on R~ ol <5 0 {on € Ry - et < 3

is nonempty if and only if £ € I;7, and the set

2 2
et = {n R oo < 5 0 {o € R - b < 3 )

+1

is nonempty if and only if ¢ € I,_. Consequently, since o**! = ... = ¢E*X =3 we conclude that the

following equalities hold for all k € {1,..., K}:

min  {g(t,z"**): there exists j such that U ™* NU} #0 and 0/ =t}

= min min K, min K K+1
ZEI;::UZZI ZEIk_: ot=2

:K—FH{UZ:QfOI"aHgEI; andazzlforallﬁelk_}

This concludes the proof of Claim EC.11. [
We now combine Claims EC.10 and EC.11 to complete our proof of Theorem 7:

(IP) (EC.40)
L+K
1 , . , .
= I?Laéc o ITK Z te{?i.?ai} {g(t,"): there exists j such that U NU; #0 and o/ =t}
eole(12) —
SL+1 L+K _g (EC.41)
A1
L
1
= m. —_—
ol ole{1,2} {L—I—K;
- +1 L+K_3 -
K

1 . Ltk . b Ltk ~747 i_
+ 1K ;teu?}&ﬂ} {g(t,2"**): there exists j such that U/ ™" NUY #0 and o7 =t}

(EC.42)
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LK 1 & )
:al,...{n?é({m}{L—i—K t L+ K £ (K‘HI{U@:Q for all £€ I,” and ¢° =1 for all £ € I, })
(EC.43)
1 K
_ _ . B
T ———
1
=k <L+K> % (-MIN-2-SAT). (EC.44)

Indeed, (EC.41) follows from Claim EC.10; (EC.42) holds because g(1,z*) = g(2,2°) = K for all
¢e{l,...,L}; (EC.43) follows from Claim EC.11; (EC.44) follows from algebra and setting b* = 0 if
and only if o = 2. We have thus shown that any instance of MIN-2-SAT can be reduced to solving
a polynomially-sized instance of (IP) with 7'= 3, which concludes our proof of Theorem 7. [

Appendix F: Reformulation of (BP) as Mixed-Integer Linear Optimization Problem

Zero-one bilinear programs can be transformed into equivalent mixed-integer linear optimization
problems by introducing auxiliary decision variables (Adams and Sherali 1986). In numerical exper-
iments in §5, we perform such a linearization of the bilinear program (BP) by introducing auxiliary
continuous decision variables f;, which obey the constraints

fl, <l forallie{l,..., N}, te{l,...., T}, £e{l,...,Li -1}
fi,<1—wi, forallie{1,..., N}, te{1,....,T}, £e{l,...,Li -1}

and replacing the objective function of (BP) with

N TLt

maximize E E E (Kps1 — K)) [ho-
bw,f

lltl:

To strengthen this linear relaxation of (BP), we also add the valid constraints:

wi ;=0 forallie{1,...,N}
b, 4w, =w,,, forallie{l,.... N}, te{l,....T—1}
by +why =1 forallie{1,...,N}.

Indeed, the validity of the above constraints for (BP) follows from the fact that there is an optimal
solution to this zero-one bilinear program which satisfies ZtT:1 bi =1 for each sample path i. In

summary, this linearization procedure transforms (BP) into the following equivalent mixed-integer
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linear optimization problem:

T Li-1 _ o

maximize ZZ 3 (Ko — K0 fiy

subject to  f}, < b forallie{l,...,N}, te{l,....,T}, £e{l,...,Li—1}
fl<1—wi, forallie {1,...,N},te{l,...,T}, £e{l,...,Li -1}
wh, <wiyy, forallie{1,...,N}, te{l,....,T—1},£e{l,...,|K'|}
why <wj forallie {1,...,N},te{l,...,T}, £€{1,...,|K'| -1}
wi ;=0 forallie{1,...,N}

by+w;, =wi,, forallie{l,..., N}, te{l,...., T—1}
by +wi, =1 forallie{1,...,N}

by <wiii, forallie{l,...,N}, te{l,..., T —1}

bl < wi, for all 4,5 € {1,...,N} and t € {1,...,T} such that g(¢,z') = k|
and U U £

b€ {0,1} forallie{1,...,N}, tc{1,...,T}

wi, €R forallie{l,...,N}, te{l,....,T}, £e{l,...,|K'|}.

Appendix G: Proofs of Theorem 8, Lemma 5, and Lemma 6

Proof of Lemma 5. Our proof of Lemma 5 is split into two intermediary steps.

In the first intermediary step of our proof of Lemma 5, we show that every feasible solu-
tion for (IP) can be transformed into a feasible solution for the (BP-1) with the same objective
value. Indeed, consider any feasible solution o!,... 0" € {1,...,T} for the optimization prob-
lem (IP). From these integers, we can define binary variables b! = 1{c’ =t} for each sample path
ie€{l,...,N} and period t € {1,...,T}. With this definition of a binary vector b, we observe for
each sample path i € {1,..., N} that

W(b)

= Zbl H (1-0%) mln {g s,x') : there exists j such that U, NUJ #0 and b =1} (EC.45)
i se{1

,,,,

= {mln {g(s,2") : there exists j such that U, NU! #0 and b =1} (EC.46)
se{l,...,

= {mm {g(s,2") : there exists j such that U!NUJ #0 and o/ = s}, (EC.47)
se{l,...,

where line (EC.45) follows from the definition of ¢*(b), and lines (EC.46) and (EC.47) follow from
the fact that we have defined the binary variables to satisfy b} =1{c7 =t} for each sample path
j€{l,....,N} and period t € {1,...,T}. Because the above reasoning holds for each sample path
i€{l,...,N}, we have shown that

N

1 , , .

N E g min {g (t,z'): there exists j such that U; NU} #0 and o/ =t} .
i=1

te{l ..... ot

(EC.48)

Therefore, we conclude that every feasible solution for (IP) can be transformed into a feasible
solution for (BP-1) with the same objective value.
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In the second intermediary step of the proof of Lemma 5, we show that if b is a feasible solution
for (BP-1) and if o £ min{min{t € {1,..., T} :b: =1}, T} for each i € {1,..., N}, then

N N
1 L ; ; ; 1 Z i
N E mm {g (t,x'): there exists j such that U NU} #0 and ¢/ =t} > N — ¥'(b)

(EC.49)

Indeed, consider any feasible solution b for (BP-1), and let us define a new binary vector b as

G2 bi, ifte{l,...,T—1},
E 1, ift=T

It follows immediately from the above definition of b and from the definition of the function 7 (-)
for each sample path i € {1,..., N} that

77777

“(b) -
{I?mT {g s,2") : there exists j such that U NUI #P and b/ =1} —0, if b =---=bl.=0,
se
otherwise
> 0.

where the inequality holds because the reward function is nonnegative, that is, g(¢,z*) > 0 for each
sample path ¢ € {1,..., N} and period s € {1,...,T} (see §2.1). Therefore, we have proven that b
has the same or better objective value as b in the optimization problem (BP-1), i.e

]1VZ¢ (b) < ;]Zlﬁ (). (EC.50)

Now, for each sample path i € {1,..., N}, let us define the following integer:

mln {t b’ = 1}

te{l,..

.....

Uiﬁmin{te{r{nn {t bl—l} T}

Given the integers o',..., 0V € {1,...,T} defined above, it follows from identical reasoning as in
lines (EC.45), (EC.46), (EC.47), and (EC.48) that

N

N
1 . . A
i E =5 E mm {g (t,"): there exists j such that U; NU; #0 and o/ =t} .

Combining the above equality with (EC.50), we have proven that line (EC.49) holds, thereby
completing our proof of the second intermediary step.

In conclusion, we have shown through the above two intermediary steps that every feasible
solution for either (IP) or (BP-1) can be transformed into a feasible solution for the other problem
with the same or better objective value, which implies that the optimal objective values of (IP)
and (BP-1) are equal. Moreover, the inequality in Lemma 5 follows immediately from the second
intermediary step. Thus, our proof of Lemma 5 is complete. [
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Proof of Lemma 6. Consider any sample path i € {1,..., N} and binary vector b. For the sake
of convenience, let us repeat below the linear optimization problem that is found in the statement
of Lemma 6 for the given sample path ¢ and binary vector b:

T Li-1
maximize Z Z (Kjyr — Kp)by (1 —wy,)
vt t=1 =1
subject to wj, <wj,,, forallte{l,....T—1},Le{l,...,|K']}
wi, <wi,., forallte{l,...,T}, £e{l,...,|K| -1} 3)

b <w, forall je{1,...,N}and te{1,...,T}
such that g(t,z') = x} and U NUJ #0)

bi§w§+1,1 forall te{l,...,T—1}

wi, €R for all te{1,...,T}, £e{l,....|K'|}.

In the remainder of this proof, we show that the optimal objective value of (3) is equal to ().
To this end, we begin by characterizing the decision variables w’ in (3) at optimality. Indeed, it
follows from the construction of the constants j that each quantity s}, , — &} is strictly positive.
Therefore, since each b! is binary, we readily observe that there always exists an optimal solution w’
for (3) where the following equality holds for each period t € {1,...,T} and each ¢ € {1,...,|K|}:

0, if =0forall je{l,...,N} and s€{1,...,t} such that g(s,z") < k) and U NUI # (]
Wy = and [b =0 for all s€ {1,...,t—1}],

1, otherwise.
(EC.51)

Now consider any optimal solution w® for the optimization problem (3) for which the equality
in (EC.51) is satisfied for each period ¢t € {1,...,T} and each ¢ € {1,...,|K'|}. For each period
te{l,...,T}, let £! be defined as the smallest integer such that there exists a sample path j €
{1,...,N} and a period s € {1,...,t} that satisfy b} =1, g(s,2°) = k%, and U N U] # (."? In

- t
particular, we observe from (EC.51) that the quantity ¢} is equal to the smallest integer such that

wzgi = 1. Hence, the optimal objective value of the optimization problem (3) is equal to:
t

= > D (R R —wj) (EC.52)

_ I Ry — R (L= wy), iEb=---=bi_ =0 and bj=1for te {1,...,T}, (EC.53)
0, otherwise

S ki ), b= =b =0 and bi=1for t€{L,....T}, (EC.54)
0, otherwise

_ R ifbi=---=b,_;=0and b, =1forte{l,...,T}, (EC.55)
0, otherwise

2 1f no such integer exists, then we assign Z@ to be equal to L.
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T t—1
=) b <H (1- b;)) K (EC.56)
t=1 s=1
T t—1
= Zbi < (1 —bi)) ?rllin }{g(s ') : there exists j such that U!NUJ #0 and b =1}
seql,..., t
t=1 s=1
(EC.57)
= ' (b).
Indeed, we observe that the optimal objective value of (3) is equal to 3_,_, Ltl Y(khyy — Kb —

w;,) because w' is an optimal solution for (3). Line (EC.52) follows from algebra. Line (EC.53)
follows from (EC.51), which implies that if b} = 1, then w!, =1 for all s € {¢t+1,...,T} and all
te{l,...,|K[}. Line (EC.54) follows from the deﬁmtlon of £i and from (EC. 51) Line (EC.55)
follows from the fact that x{ = 0. Line (EC.56) follows from algebra Line (EC.57) follows from the
definition of EZ and the definition of the constants ¢, . | i The final equality follows from the
definition of 1%(b). This completes our proof of Lemma 6. D

Proof of Theorem 8. The proof of Theorem 8 follows immediately from Lemmas 5 and 6. [

Appendix H: Proofs from §4.2

H.1. Proofs from §4.2.1

_ Proof of Proposition 1. Let b, denote an optimal solution for (BP), and let the set TiL {t:
bi =1} be defined for each sample path i. We will henceforth consider the optimization problem (H)
in the case where the linear objective function f(b,w) is defined equal to the following function:

HOOEES 0 D) WERERAICERTA}

We readily observe that the function f (b,w) is linear in b and w. Moreover, it follows from algebra
that f(b,w) is less than or equal to the objective function of (BP) for all feasible solutions of
(BP); that is, the linear function f(b,w) satisfies the condition from line (4)."® Thus, we conclude
that solving the optimization problem (H) with objective function f(b,w) = f(b,w) will provide a
lower-bound approximation of the optimization problem (BP), and any optimal solution for (H)
will be a feasible solution for (BP). For notational convenience, we henceforth let J* denote the
optimal objective value of (H) with objective function f(b,w) = f(b,w), and we let JB® denote the
optimal objective value of (BP).

We first show that the optimal objective value of (H) with objective function f(b,w) = f(b,w)
is equal to the optimal objective value of (BP). Indeed, it follows from the fact that (H) and (BP)
have the same constraints that the optimal solution b, for (BP) is a feasible solution for (H).
Therefore,

1
1:

1 & .
NZZ (Fign = 1) (B — 0},

(=1

13 To see why f(b7 w) is a lower bound on the objective function of (BP), consider any arbitrary vectors b, w that satisfy
the constraints of (BP). Since feasibility for the optimization problem (BP) implies that b is a binary vector, we observe
that the equality b;(1 —wj,) = max{b§ — wze,O} holds for each i € {1,...,N},te€{1,...,T}, and L€ {1,...,|K"|}.
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N Li—-1 Li—-1
1 i i ~i 1 i i
= Nz Z (Kt _"éz)(l_wtz)'i"ﬁz Z(K’E—H — )0
i=1 tbiZI /=1 i=1 t:B%:O =1
A Li-1
NZZ (K1 — )b (1 —1dy,)
i=1 t=1 (=1
:JBP

where the first inequality holds because l;, W is a feasible but possibly suboptimal solution for (H),
the first equality follows from the construction of the sets T1,..., TN C {1,...,T}, the second
equality follows from algebra, and the final equality follows from the fact that b,% is an optimal
solution for (BP). Since the optimal objective value of (H) is always less than or equal to the
optimal objective value of (BP), we have proved that the optimal objective value of (H) is equal
to the optimal objective value of (BP).

We conclude the proof of Proposition 1 by showing that every optimal solution for (H) with
objective function f(b,w) = f(b,w) is an optimal solution for (BP). Indeed, let b, denote an
optimal solution for (H). Then,

T = f(b,m) < % S S (ki — KB (1 ) < I

i=1 t=1 /¢=1

where the first equality follows from the fact that b, w is an optimal solution for (H) and from the
fact that the objective function of (H) is f(b,w) = f(b,w), the first inequality follows from the
fact that the linear function f(b,w) satisfies the condition from line (4), and the final inequality
follows from the fact that b,w is a feasible but possibly suboptimal solution for (BP). Since we
have previously shown that the optimal objective value J% of (H) is equal to the optimal objective
value JE¥ of (BP), we have thus proven that b,w is an optimal solution for (BP). This concludes
our proof of Proposition 1. [

H.2. Proofs from §4.2.3

Proof of Lemma 7. Let f(b,w)= f(b,w), and consider any binary vector b that is optimal for
the optimization problem (H). Since b is binary, we readily observe that there exists an optimal
choice for the remaining decision variables w in the optimization problem (H) in which the following
equality holds for each sample path i € {1,..., N}, period t € {1,...,T}, and £ € {1,...,|K|}:

0, if p=0forallje{l,...,N}and s€{1,...,t} such that g(s,z") <k, and U NU? # (]
wi, = and [b:=0 for all se{1,...,t—1}],
1, otherwise.
(EC.58)

We will now construct a new solution for (H) that has the same or greater objective value than
b, w. Indeed, let b,w be a solution for (H) defined by the following equalities for each sample path
ie{l,...,N}, period te{1,...,T}, and L€ {1,...,|K"}:

A 1, if pi=1and t=T"] or [t=1T],

k 0, otherwise;

0, if [BZ=0forall je{1,...,N} and s€{1,...,t} such that g(s,a’) <k} and U NUI # 0]
and [b! =0 for all s€ {1,...,t—1}],

1, otherwise.

-

(1>
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We observe for each sample path i € {1,..., N} that b;- =1 and b/ =0 for all t € {1,..., T} \ T".
Moreover, we readily observe from inspection that the solution b, is feasible for (H). Therefore,
it remains for us to prove that b,w is an optimal solution for (H).

To show that b, is an optimal solution for (H), we observe for each sample path i € {1,..., N},
period t € {1,...,T}, and £€{1,...,Li —1},

| 0, if [b},;=0for all j€{1,...,N} such that 79 <t, g(T7,2") <k}, and Ui, NU3,; # 0]
Wy, = and [b, =0if T e {1,...,t—1}],
1, otherwise
< (EC.59)

where the equality follows from the definition of b,w, and the inequality follows from line (EC.58).
Therefore,

I R AR i o
fow) =53 > (i —ni) (b — i)
i=1 te7i £=1
1 N Li—l
ZN Z (K1 — Kp) (b —wy)
i=1 Tt £=1
= f(b,w)

Indeed, the first equality follows from the definition of f(-,-). The inequality follows from
line (EC.59), from the facts that bl > b, and b} > bi., and from the fact that each quantity
Ky, — K} is strictly positive. The final equality follows from the definition of f(-,-). Since b, w was
an optimal solution for (H), our proof of Lemma 7 is complete. O

Proof of Lemma 8. Let f(b,w) = f(b,w). In this case, we recall from Lemma 7 that there exists
an optimal solution b, w for (H) that satisfies b} =---=bY =1 and b =0 for each sample path i €
{1,...,N} and period t € {1,...,T}\ T*. Therefore, we can without loss of generality impose those
equality constraints into the optimization problem (H). That is, (H) can be rewritten equivalently

as

N Li—1

maimize jlvz_j; RICHETICETS
subject to wj, <wj,,, forallie{l,....N}, te{l,...,T—1}, Le{l,....|K'[}

wy, <wj,,, forallie{l,....N} te{l,....T}, (e{l,...,|K'| -1}

by <wi,, forallie{l,....N}, te{l,...,T—1}

b < wi, for all 4,5 € {1,...,N} and t € {1,...,T} such that g(¢,2') = k|

and U NUJ £

b =1 forallie{1,...,N}

bi=0 forallic{1,...,N},te{l,..., TI\T*

bie{0,1} forallie{l,...,N}, te{l,...,T}

wi, €ER forallie{l,...,N}, te{l,....,T}, £e{l,...,|K'|}.

(H-1)
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After substituting out the decision variables b that have been set to zero or one, it follows from
algebra that the above optimization problem can be rewritten equivalently as

1 N Lih-1
CI z % i
MAXImIZE E E (Kop1 — — W) + E E (K1 — — Wry)
i€{1,....,N}: Ti<T {=1 i=1 (=1

subject to wjggwiﬂ’z forallie{l,..., N}, te{l,...., T—1}, L€ {1,...,|K'|}
wy, <wj,., forallie{l,.... N}, te{l,....,T}, (e{l,...,|K'|-1}
i <whi,,, forallie{l,...,N} such that T* <T
bj i <why, for all 4,5 € {1,...,N} such that 77 < T, g(T7,2") = k},, and U%,; ﬂZ/l%j;éQ)
L, =1 forallie{1,...,N}
b €{0,1}  forallie{l,...,N} such that 7" < T
wi, €ER forallie{l,...,N}, te{l,....,T}, £e{l,....|K'|}.

’LU

(H-2)
Let us make three observations about the above optimization problem. First, we observe from

inspection that the constraints in the above optimization problem of the form wT i = =1 for all

i€{l,...,N} can be removed from the above optimization problem without aﬁ'ectmg its optimal
objective value. Second, we observe that the decision variables w;, for each t € {1,...,T}\ 7" do
not appear in the objective function of (H-2). Third, since each term xj,, — &} is strictly positive,
we observe that there exists an optimal solution for (H-2) that satisfies the following equality for
each sample path i € {1,..., N}, period t € T*, and £ € {1,...,|K|}:

| 0, if [b},=0forall j€{1,...,N} such that 7V <¢, T9 < T, g(T7,z") < x}, and Ui, NUL, # 0]
Wy, = and [if T* <t, then b., =0],
1, otherwise.

It follows from the aforementioned three observations that (H-2) can be rewritten equivalently as

Li;—1 L&H—1
. 1 S i i (i i . ) i
Maxnuze Z Z (Kisr — i) (bTi - szz N Z Z K1 — Ky) wTe)
' ie{1,..,N}:Ti<T f=1 i=1 (=1
subject to wj, <wj,., forallie{l,....N}, teT" (e{l,...,|K'|-1}
b <wy,  foralli€{l,...,N} such that 7" <T (H)

bjfj <wi, for all 4,5 € {1,...,N} and ¢t € T such that g(7”,z") =},
TV <t, TV <T, and Up; NUL; #0
b €{0,1} forallie{l,...,N} such that T' < T
wi, €R forallie{l,..., N}, teT" £e{l,...,|K'}.
We have thus shown that the optimal objective value of (H) is equal to the optimal objective value
of (H) when f(b,w)= f(b,w). Moreover, it follows from the above reasoning that any optimal
solution b,w for (H) can be transformed into an optimal solution for (H) using the following
equality:
bi, ift=T" and T"<T,
bi=<1, ift=T
0, otherwise.

This concludes our proof of Lemma 8.  [J
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Proof of Proposition 2. We observe that (H) is equivalent to a binary linear optimization prob-
lem with O(NT) binary decision variables and O(N? 4+ NT') constraints, with each constraint of
the form \; > A;. It thus follows from Picard (1976, §3) that the optimization problem (H) is
equivalent to a problem of computing the maximal closure of a directed graph with O(NT') nodes
and O(N? + NT) edges. Furthermore, Picard (1976, §4) shows that any maximal closure problem
can be solved by computing the maximum flow in an augmented graph of identical size. Applying
the algorithm of Orlin (2013) to compute the maximum flow in this augmented graph, we obtain
an O(N?T(N +T)) algorithm for solving (H). Finally, the output of the maximal closure problem
can be transformed into an optimal solution for (H) using Lemma 8. This concludes our proof of

Proposition 2. [

H.3. Proofs from §4.2.4

Proof of Proposition 3. Suppose that the number of periods is T'= 2. We recall from Remark 2
that the optimal objective value of (H) is less than or equal to the optimal objective value of (BP).
Therefore, it remains for us to show that the optimal objective value of (BP) is less than or equal
to the optimal objective value of (H).

We begin by restating the optimization problem (BP) when T =2 for the sake of convenience:

NL1 NL2

. . 7 1
maximize —g g (Kpe1 — Kb (1 —wi,) + E g (Kps1 — Kp)b5(1 —why)

i=1 (=1 i=1 (=1
subject to wi, <wj,  forallie{1,....,N}, £e{l,....|K'}
wj, <wj ., forallie{l,...,N}, te{1,2}, £e{1,...,|K'| -1}
b <wi, forallic{1,...,N} (BP)
v <wl, for all 4,5 € {1,..., N} such that g(1,z") = &) and Ui NUJ # )
b, < wl, for all 4,5 € {1,..., N} such that g(2,z") = & and Ui NUJ # )
bie{0,1} forallie{l,...,N}, te{1,2}
wi, €R forallie{1,...,N}, te{1,2}, L€ {1,...,|K'|}.
We readily observe from inspection of the optimization problem (BP) that there exists an optimal
solution b, w for (BP) that satisfies the equalities b} =---=0Y =1 and b° =0 for all i € {1,..., N}
such that T = 2. Therefore, we observe that those equality constraints can be added to the opti-

mization problem (BP) without changing its optimal objective value. That is, the optimization
problem (BP) can be rewritten equivalently as

N Ll—l N L2—1
maximize — E g RZH Z wlg g g Hg+1 Z — Why)
b,w
’ i=1 ¢=1 =1 £=1

subject to wiegwéz forallie{1,...,N}, EE{l,...,\ICﬂ}
wy, <wj,,., forallie{l,...,N}, te{l1,2}, fe{1,...,|K'|-1}
b <wi, forallie{1,...,N}

v <wi, for all 4,5 € {1,..., N} such that g(1,2") = k) and U NU] #0
b, < wi, for all 4,5 € {1,..., N} such that g(2,2") =k} and U NUJ #0
by =1 forallie{1,...,N}

b, =0 for all i € {1,..., N} such that T" =2

bie{0,1} forallie{l,...,N}, te{1,2}
wj, €ER forallie {1,...,N}, te{1,2}, £ {1,...,|K}.
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After eliminating the decision variables b that have been constrained to be equal to zero or one,

the above optimization problem can be rewritten equivalently as

Li-1 N Li-1
. 1 . i iNgi i 1 . i i i
maxtze E E (Kiyr — Kby (1 —wiy) + N E E (Koy1 — k) (1 —wy)
' i€{l,..,N}:Ti=1 £=1 i=1 =1

subject to wi, <wi,  forallie{l,..., N} £e{l,....|K'}
wy, <wy ., forallie{l,....N}, te{1,2}, Le{l,...,|K'| -1}
b, <wh, for all i € {1,..., N} such that 7" =1
v <wi, for all 4,5 € {1,..., N} such that g(1,2%) = s}, T9 =1, and Ui NUI # ()
wh o, =1 forallie{1,...,N}

2,L}
b, €{0,1} forallie€{l,...,N} such that T =1
w;, €R forallie{l,...,N}, te{1,2}, L€ {l,...,|K'|}.

Let us make two observations about the above optimization problem. First, we observe from

inspection that the constraints in the above optimization problem of the form w; ;i =1 for all
)
i€{l,...,N} can be removed from the above optimization problem without affecting its optimal

objective value. Second, since each term kj, | — &} is strictly positive, we observe that there exists an

optimal solution for the above optimization problem in which the equalities wi, =--- = wi i =0
|
are satisfied for each sample path i € {1,..., N}. Therefore, the above optimization problem can

be rewritten equivalently as

Li-1 Lh—1
. 1 . i i pi i 1 S i i i
maximize - E . E (K1 — m)bY (1 —wi,) + N E (Kp1 — #p) (1 — why)
ic{l,....,N}:Ti=1 £=1 i=1 £=1

subject to wi, <wi,  forallie{l,...,N},£e€{l,...,|K'}
wi, <wi,,, forallie{l,...,N}, te{l,2}, Le{l,....|K|-1}
b, <wh, for all i € {1,..., N} such that 7" =1
v <wl, for all 4,5 € {1,..., N} such that g(1,2") = s}, TV =1, and Ui NUJ # 0

wi, =0 for all i € {1,...,N} and £ € {1,..., L} —1}

bi€{0,1} forallic{1,...,N} such that 7" =1

wi, € R forallie{1,...,N}, te{1,2}, L€ {1,...,|K'|}.
Because the above optimization problem has the constraint that w?, =0 for all i € {1,..., N} and
te{l,...,L! — 1}, we can without loss of generality replace each term b (1 — wj,) in the objective

function of the above optimization problem with b} —w?,. That is, the above optimization problem
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is equivalent to

1 Li-1 } . } N Li—1 } }

ma%;nize N Z Z (Kppr — ) (by —wi) + N Z Z K — R (1= wh)

ie{l,...,N}:Ti=1 £=1 i=1 (=1

subject to w!, <wi,  forallic{l,..., N} £e{1,....|K'}
wy, <wy,,., forallie{l,....N}, te{1,2}, Le{l,...,|K'| -1}
b, <wh, for all i € {1,..., N} such that 7" =1
v <wi, for all 4,5 € {1,..., N} such that g(1,2%) =k}, T7 =1, and Ui NU #

wi, =0 forallic{1,...,N}and £€{1,..., L} —1}
bi€{0,1} forallie{1,...,N} such that T" =1
wi, € R forallie {1,...,N}, te{1,2}, L€ {1,...,|K'|}.

Finally, we can relax the above optimization problem by removing the constraint that wt, =0 for all
ie{l,...,N}tand £€{1,..., L} —1}. That is, the optimal objective value of the above optimization
problem is less than or equal to the optimal objective value of the following optimization problem:

1 Li-1 N Li—1
rna>§illunize N E E (%H — ) (by _wu § E "Wﬂ k) (1 —wsy)
' i€{1,... ,N}:Ti=1 {=1 i=1 (=1

subject to  wj, <wj,  forallie{l,...,N}£e{l,....|K'|}
wi, <wy .y, forallie{l,...,N}, te{1,2}, fe{l,...,|K'| -1}
b <wi, for all i € {1,..., N} such that 7" =1
Y <wi, for all 4,5 € {1,..., N} such that g(1,2) = &%, T9 =1, and U NUJ # 0
b, €{0,1} forallie€{l,...,N} such that T'=1
w;, €R forallie{1,...,N}, te{1,2}, L€ {1,...,|K'|}.
We observe that the above optimization problem is equivalent to (H) for the case where T = 2.

Therefore, we have shown that the optimal objective value of (BP) is less than or equal to the
optimal objective value of (H), which concludes our proof of Proposition 3. [

Our proofs of Propositions 4 and 5 will make use of two intermediary results, denoted below
by Lemmas EC.8 and EC.9. These intermediary lemmas establish an upper bound on the optimal
objective value of (BP) and a lower bound on the optimal objective value of (H), respectively.
Throughout the proofs, we let JBF denote the optimal objective value of (BP) and J" denote the
optimal objective value of (H).

LeEmMMA EC.8. JBP < LSV (T 2).

Proof of Lemma EC.8. By removing constraints from the optimization problem (BP), we
obtain the following optimization problem:

N T
. 1 i\pi i
maximize N Z Z "‘W+1 k)b, (1 —wy,)

by

subject to wi, z for allie{l,...,N}, te{l,..., T -1}, Le{1,...,|K'}
w; ;M forallie{l,...,N}, te{l,....,T}, £e{l,...,|K| -1}

by<wj,,, forallie{l,....N}, te{l,...,T—1}

bie{0,1} forallie{l,....,N}, te{l,...,T}

wi, €R forallie{l,...,N}, te{l,....,T}, Le{l,...,|K'|}.
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In greater detail, we observe that the above optimization problem is identical to (BP), with the
exception that the above optimization problem does not include the constraints of the form b} <wy,
for all i,j € {1,...,N} and t € {1,...,T} such that g(¢t,2") = k), and U} NU] # 0. Consequently,
the optimal objective value of the above optimization problem is greater than or equal to the
optimal objective value of (BP). Moreover, it follows from inspection and from the fact that each
term kj,, — K} is strictly positive that there exists an optimal solution for the above optimization
problem that satisfies b: =1{t=T"} for each sample path i € {1,..., N}. Therefore, the optimal
objective value of the above optimization problem is equal to

1 L , | &L |
NZZ “z-s-l_"f;)]l {t:TZ}(l_wte NZ Z K’K—H rp) (1= wrip)
i=1 t=1 =1 i=1 (=1
N Lpi—l
NZ1 ; K1 —

where the first equality follows from algebra, the inequality follows form the fact that each decision
variable w},,, must be greater than or equal to zero, and the final equality follows from the definitions
of the constants x}, and L!. This concludes our proof of Lemma EC.8. [

LEMMA EC.9. J% is greater than or equal to the optimal objective value of the following optimiza-
tion problem:

maximize Kl — K. bz —w
o N E 1 E 041 o) (b7 T’Z)
1= /=1

subject to  whi, < wh. for all i€ {1,...,N}, L€ {1,...,|K'| -1}
bjTj <wl, for all 4,5 € {1,..., N} such that g(T7,2") = &},
ki< g(T'a), TV < T, and Uiy U, £0)
b €40,1} forallie{1,...,N}
wh, €R forall i€ {1,...,N}, £€{1,...,|K"|—1}.

(H-LB)

Proof of Lemma EC.9. We begin by rewriting (H) as the following equivalent optimization
problem:

N L1 Li—1
. 1 i N i 1 i i i
maximize Z Z (Kppq — Kp) (e —wieiy) + N Z Z (Kppq — kp) (1 —why)
’ i=1 (=1 ie{l,...,.N}:Ti<T £=1
subject to wj, <wj,., forallie{l,....N}, teT' (e{l,...,|K'|-1}
b <wl,  forallie€{l,...,N} such that T° < T (H)

vl <wi, for all 4,5 € {1,..., N} and t € T* such that g(T?,2") = &},
TV <t, TV <T, and Uy, NUL; #0

bi,€{0,1} forallie{l,... N}

wi, €R forallie {1,..., N} teT' Le{l,...,|K'|}.

We claim that the optimal objective value of the above optimization problem (I_{/) is equal to the
optimal objective value of (H). To see why this is true, we first observe that the above optimization



e-companion to Sturt: A nonparametric algorithm for optimal stopping based on robust optimization ec3d

problem is identical to (H), except for the fact that the term (1 —w?,) in the objective function of
(H) has been replaced with (bi, — wi,) in the objective function of (H') for each i € {1,..., N} such
that T* = T'. Because the new decision variables b%,, € {0,1} for each i € {1,..., N} such that T* =T
do not appear in any inequality constraints, and because each term xj, , — xj is strictly positive, we
observe that there exists an optimal solution for the above optimization problem in which b7, =1
for each i € {1,..., N} such that T = T. Hence, we conclude that the optimal objective value of
(H') is equal to the optimal objective value of (H).

We now construct a lower bound approximation of (ﬁ/) by modifying its objective function and
adding constraints. Indeed, we first observe for every feasible solution for (f{/) that the objective
function of (H') satisfies

Li—1

~ Z Z (K1 — p) bl Ti wzﬁe) + % Z Z (K1 — £7) (1 - wé“e)

=1 ie{1,...,.N}:Ti<T £=1

Lt
T -1

=1
N
Z (Kier — Ky) (bZTz - w;“ié) )
=1

2 \

where the inequality holds because each term k., — £} is strictly positive and because the decision
variables wi, are always nonnegative. Therefore, a lower bound on the optimal objective value of
(H') is given by the optimal objective value of the following optimization problem:

Lt

1 L
. . 7 7
maximize — (Kjpr — le Wiy

b,w

subject to wi, Swt,ul forallie{1,...,N},teT' (e{l,...,|K| -1}
boi <wh,  foralli€{l,...,N} such that Tf <T . | (H-LB-1)
bj <wi, for all 4,5 €{1,...,N} and t € T* such that ¢(7”,z") = K},
TI <t, TV <T, and Ui, NUY, #0)

b, €{0,1} forallie{l,...,N}

wi, €R forallie {l,..., N}, teT' £e{1,....|K'}.
Moreover, we observe from inspection that the optimal objective value of the above optimization
problem would not change if we added the constraints w, =1 to the above optimization problem
for each sample path i € {1,..., N} and £ € {1,...,|K'|} that satisfies T" < T. By eliminating these
decision variables w, that can be constrained without loss of generality to be equal to one, it

follows from algebra that the optimal objective value of the optimization problem (H-LB-1) is equal
to

maximize — E E "W+1 Ky) b;“i _w;iz)
=1 (=1

b,w
subject to whi, <wh ., forallie{l,....N}, £e{l,...,|K| -1}
bjTj <wl, for all 4,5 € {1,...,N} such that g(T7,2") = K,
TI<T! T <T, andL{}]ﬂUJ #0
b €40,1} forallie{1,...,N}
whi, €R foralliec{1,...,N}, £ {l,...,|K'|}.

We further observe from inspection that the optimal objective value of the above optimization
problem would not change if we added the constraints w? =1 to the above optimization

(H-LB-2)

T, ||



ec36 e-companion to Sturt: A nonparametric algorithm for optimal stopping based on robust optimization

problem for each sample path i € {1,..., N}."* By eliminating these decision variables w, i that
can be constrained without loss of generality to be equal to one, and by observing that the above
optimization problem has a constraint of the form b, < w}, if and only if £ = |[K'| and t =T" =T,

we conclude that the optimal objective value of the optimization problem (H-LB-2) is equal to

L L™t o 4
maximize N Z Z (Kpy1 — Kp) (szZ - w}ie)

b,w

i=1 (=1
subject to w}iegw}i,@rl forallie{1,...,N}, £€{l,...,|K'| -1} B
b;j <wh,, for all 4,5 € {1,..., N} such that g(T7,2") = &k}, (H-LB)

Ky <g(T',2"), TV <T', and Us; NUL; #0
b € {0,1} forallie{1,...,N}
whi, €R for all i€ {1,...,N}, £e{1,...,|K'| —1}.

This concludes our proof of Lemma EC.9. [

In view of the above Lemmas EC.8 and EC.9, we now present the proofs of Propositions 4 and 5.
Proof of Proposition 4. In the above Lemma EC.8, we showed that JBF < %Ziilg(Ti,azi).

Therefore, it remains for us to show that J% > (& SN (T, 27)). Tndeed, let
t* £ arg max Z g(T", x")

1,... .
te{lo T ey NYiTi=

be defined as any period that maximizes the sum of the rewards g(T* z") over all of the sample
paths i € {1,..., N} that satisfy T* =¢*. We observe from algebra and from our construction of ¢*
that the following inequality must hold:

% Z g(T", x") > % (]17 Zg(Ti,:I:i)> . (EC.60)

ic{l,...,N}:Ti=t*

Moreover, we recall from the above Lemma EC.9 that J¥ is greater than or equal to the optimal
objective value of the optimization problem (H-LB). Consider the solution b, w for the optimization
problem (H-LB) that satisfies the following equalities for each sample path i € {1,..., N}, period
te{l,...,T},and Le{1,...,|K'|—1}:

i 1, ifThe{t,...,T}, ; 1, ifTe{t+1,...,T},
bri = e i 1. Wrip = e i *
0, ifT"e{l,...,t"—1}; 0, ifT"e{l,...,t*}.

We observe from inspection that the solution b,w defined by the above equalities is a feasible
solution for the optimization problem (H-LB). Therefore, the optimal objective value of (H-LB) is
greater than or equal to

Lt —1
1T _ : :
NZ (ki — k) (L{T e {t",...,T}} —I{T" € {t" +1,...,T}})
i=1 {4=1
) X . ,
=52 X (e — )T =1"}
i=1 (=1

4 We note that the equality L. = V|ICi|vh01ds for each sample path i € {1,...,N}. This equality can be verified by
simply applying the definitions of Lj, K, and T".
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Lt.—1

1 I ) .

N Z Z (K1 — Kg)
ic{l,...,N}:Ti=t* £=1

1 i

=y 2 9T,

ic{1,...,N}:Ti=t*

where the last equality follows from the definition of the constants x). Combining the above equal-
ities with line (EC.60), our proof of Proposition 4 is complete. [J

Proof of Proposition 5. Let Assumption 5 hold. Our proof of Proposition 5 is split into the
following two intermediary claims.

Cram EC.12. Assume without loss of generality that g(T",z') > --- > g(TN,z"). Then,

> _ _
J _iefﬁ%.},(zv} Ng(T ,x') —2€L,

where € is the radius of the uncertainty sets (see §2.2) and L is the constant from Assumption 5.

Proof of Claim EC.12. Assume without loss of generality that g(T",z) > --- > g(T",z"), and
consider any arbitrary i* € {1,..., N}. In the remainder of the proof, we will show that

-5k

Jo > Ng(Ti*,xi*) — 2¢L.

To begin, we recall from the above Lemma EC.9 that J¥ is greater than or equal to the optimal
objective value of the optimization problem (H-LB). Next, consider the solution b,w for the opti-
mization problem (H-LB) that satisfies the following equalities for each sample path i € {1,..., N},
period t € {1,...,T}, and £ € {1,...,|K}|—1}:

: 1, ifie{l,...,i*}, ; 1, if wi>g(T",2") —2Le,
b = e . . Wrip = e i *
0, ifee{i*+1,...,N}; 0, ifT"e{l,...,t*}.

We will now prove that the solution b,w defined by the above equalities is a feasible solution
for the optimization problem (H-LB). Indeed, we readily observe from inspection that the solu-
tion b,w defined by the above equalities satisfies the first set of constraints in the optimization
problem (H-LB), i.e.,
Wiy <whi .y forallie{l,...,N}, £e{l,...,|K'|-1}.

To show that the solution b,w satisfies the second set of constraints in the optimization prob-
lem (H-LB), consider any sample paths i, € {1,...,N} such that g(77,2") = &}, s, < g(T",z"),
T’ <T*, and U}; NUJ,; # 0. We have two cases to consider. First, suppose that the sample path j
satisfies j € {i* +1,...,N}. In this case, it follows from the fact that b7,; =0 that the inequality
b, < w},, is satisfied. Second, suppose that sample path j satisfies j € {1,...,7*}. In this case, we
observe that

g(T7,2") =k} > g(T7,27) — 2eL > g(T" , 2" ) — 2¢L,

where the first inequality follows from Assumption 5 and from the fact that U, mu;j # (), and
the second inequality follows from the fact that j € {1,...,i*}. Therefore, we conclude that from

our construction of the solution b,w that w, , =1, which implies that the inequality bg,j <wl, .18
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satisfied. We have thus shown that the solution b,w satisfies the second set of constraints in the
optimization problem (H-LB), i.e.,
b, <wi,, foralli,je{l,...,N} such that g(T7,2") =k},
ky<g(T' '), TV <T', and Up; NUJ,; #0.
This concludes our proof that the solution b,w is a feasible solution for the optimization prob-

lem (H-LB). )
Since b,w is a feasible solution for the optimization problem (H-LB), we have the following:

JH > ]lvi Ti (ki — k) (H{i e{l,...i" )} —1 {,@; > g(T%,27") - 2Le}> (EC.61)

i=1 {4=1
) i LiTF1 _ _ ) N LiTF1 ‘ o | |
=D ) = >0 D k2 g1 2") — 2L} (ki — ) (EC.62)
i=1 {4=1 i=1 (=1
1 & R Bt - , ,
S DN ARIEEDY H{mzzg(T’ @ )—2Le}(n}+1 ki) (EC.63)
=1 i=1 f4=1

i=1
1 N
_ NZH{EIEE {1,..., L — 1} such that x} > g(T" ,z") —2Le} (g(Ti,xi) — <g(Ti*,xi*) —2Le>>
=1
(EC.64)
i* N
> 3 g0t~ o S (T ) 2 g1 0 2Le} (oI a") — g1 2" + 2Le)
— ') — — x z' ) —2Le x x €
=N 2 gL, N - g4, g ) A g )
(EC.65)
_ly (91" ,a") ~ 2L¢) ! 3 (91", 2) = (", 2") + 2Le)
- N . g y L € N - . . g y L g y L €
i=1 ie{i*+1,...,N}: g(T?,x1)>g(T? 2t )—2Le
(EC.66)
Jly ( (T, 2"") 2L) e 3 oL (EC.67)
=y 2\ ‘)=~ > o € :
i=1 ie{i*+1,...,N}: g(T%,xt)>g(T? 2t )—2Le
1 - N —i’
>~ (g(TZ 7 )—2Le) ALY (EC.68)
i=1
- Zﬁg(Ti* ') — 2€L, (EC.69)

Indeed, (EC.61) holds because JM is greater than or equal to the optimal objective value of
the optimization problem (H-LB) and because b,w is a feasible but possibly suboptimal solution
for the optimization problem (H-LB). Lines (EC.62), (EC.63), and (EC.64) follow from algebra.
Line (EC.65) follows from the fact that { <--- <x’; . Line (EC.66) follows from rearranging

-k
?

T *
terms. Line (EC.67) follows from the fact that ¢(7",z") — g(T" ,z" ) <0 for all i € {i* +1,...,N}.
Lines (EC.68) and (EC.69) follow from algebra.
Since i* € {1,..., N} was chosen arbitrarily, our proof of Claim EC.12 is complete. [
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Cram EC.13. JH >

N i i
logN+1 (% Zi:l g(T y L )) _26L

Proof of Claim EC.13. Assume without loss of generality that g(T*,z') >--- > g(TV,z"). In
Claim EC.12, we showed that

JH> — (T, ") — 2¢L.
> max (T a") — 2

For notational convenience, let us define 7' £ £ g(T", 2") for each sample path i € {1,...,N}. With
this notation, we observe from algebra that

1 & 1 Al
logN—Fl(NZ ) 26L_10gN+1<iZi7>_26L

=1

1 iy
< — : —~ —2¢L
“logN +1 (mﬁlaXN}V)zZ:z ‘

=1
< max ’y ' — 2¢LL

ie{l,...,

7
= ma —qg(T? —2elL
ie{l,..i(N}Ng( ') = 2€
<J"

where the last line follows from Claim EC.12. This completes the proof of Claim EC.13. [
Combining Claim EC.13 with Lemma EC.8 completes our proof of Proposition 5. [

Appendix I: Additional Numerical Results

In this appendix, we present numerical results for additional parameter settings which were omitted
from §5.2 due to length considerations.
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ec40 e-companion to Sturt: A nonparametric algorithm for optimal stopping based on robust optimization

Table EC.1 Barrier Option (Asymmetric) - Expected Reward.

Initial Price

d Method Basis functions =90 z =100 =110 # of Sample Paths

8 RO  maxprice 57.53 (0.16) 67.25 (0.27) 69.10 (0.42) 10° training, 10° validation
8 LS one, pricesKO, KOind, payoff 56.44 (0.11)  65.52 (0.16)  68.34 (0.09) 10°

8 LS one, pricesKO, payoff 56.54 (0.12)  65.74 (0.17)  68.31 (0.08) 10°

8 LS payoff, KOind, pricesKO 56.44 (0.11)  65.52 (0.16)  68.34 (0.09) 10°

8 LS pricesKO, payoff 56.51 (0.12) 65.75 (0.18)  68.31 (0.08) 10°

8 LS one, prices, payoff 55.56 (0.09)  61.92 (0.09)  60.07 (0.12) 10°

8 LS  one 45.80 (0.06)  52.84 (0.07)  48.56 (0.08) 10°

8 LS  one, KOind, prices 52.33 (0.09)  61.85 (0.10)  63.88 (0.08) 10°

8 LS one, prices 48.49 (0.11)  53.03 (0.09)  50.83 (0.06) 10°

8 LS  one, pricesKO 51.67 (0.08)  61.49 (0.10)  63.14 (0.09) 10°

8 LS  maxprice, KOind, pricesKO  52.63 (0.09)  61.97 (0.10)  64.14 (0.12) 10°

8 PO  payoff, KOind, pricesKO 53.61 (0.18)  58.29 (0.36)  52.96 (0.30) 2 x 10® outer, 500 inner
8 PO prices 53.90 (0.16)  60.66 (0.28)  58.14 (0.12) 2 x 10% outer, 500 inner
8 Tree  payoff, time 55.75 (0.13) 62.78 (0.31)  63.95 (0.52) 10°

8  Tree maxprice, time 55.75 (0.13)  62.78 (0.31)  63.95 (0.52) 10°

16 RO  maxprice 72.56 (0.15) 77.44 (0.29) 69.74 (0.30) 10° training, 10° validation
16 LS one, pricesKO, KOind, payoff 70.94 (0.08)  76.10 (0.10) 70.59 (0.13) 10°

16 LS one, pricesKO, payoff 71.06 (0.08)  76.14 (0.08)  70.05 (0.12) 10°

16 LS  payoff, KOind, pricesKO 70.94 (0.08)  76.10 (0.10) 70.59 (0.13) 10°

16 LS pricesKO, payoff 71.06 (0.08)  76.14 (0.08)  70.04 (0.12) 10°

16 LS one, prices, payoff 67.57 (0.08)  67.07 (0.16)  56.36 (0.14) 10°

16 LS one 59.09 (0.05) 56.20 (0.11)  45.55 (0.05) 10°

16 LS one, KOind, prices 66.78 (0.06)  71.06 (0.14)  63.54 (0.20) 10°

16 LS one, prices 59.35 (0.07)  57.68 (0.08)  49.67 (0.07) 10°

16 LS  one, pricesKO 66.51 (0.05)  70.70 (0.13)  62.53 (0.16) 10°

16 LS maxprice, KOind, pricesKO 67.00 (0.06)  71.27 (0.13)  64.04 (0.19) 10°

16 PO  payoff, KOind, pricesKO 65.14 (0.31)  62.12 (0.34)  47.16 (0.37) 2 x 10% outer, 500 inner
16 PO prices 66.69 (0.18) 66.23 (0.23) 53.84 (0.26) 2 x 10% outer, 500 inner
16 Tree payoff, time 68.88 (0.15)  71.11 (0.19)  55.05 (0.11) 10°

16  Tree  maxprice, time 68.88 (0.15)  71.11 (0.19)  55.05 (0.11) 10°

32 RO  maxprice 84.12 (0.28) 79.14 (0.40)  60.66 (0.57) 10° training, 10° validation
32 LS one, pricesKO, KOind, payoff 82.38 (0.09) 79.17 (0.10) 62.92 (0.15) 10°

32 LS  one, pricesKO, payoff 82.45 (0.10)  78.91 (0.10)  62.27 (0.14) 10°

32 LS  payoff, KOind, pricesKO 82.38 (0.09) 79.17 (0.10) 62.92 (0.15) 10°

32 LS pricesKO, payoff 82.45 (0.10)  78.91 (0.10)  62.27 (0.14) 10°

32 LS  one, prices, payoff 73.46 (0.19)  62.81 (0.17)  48.79 (0.17) 10°

32 LS  one 64.26 (0.12)  50.78 (0.09)  44.32 (0.05) 10°

32 LS one, KOind, prices 77.53 (0.11)  71.06 (0.12)  56.06 (0.21) 10°

32 LS  one, prices 64.63 (0.11)  55.21 (0.12)  46.58 (0.05) 10°

32 LS  one, pricesKO 77.36 (0.10)  70.44 (0.16)  55.11 (0.24) 10°

32 LS  maxprice, KOind, pricesKO  77.67 (0.11)  71.53 (0.13)  56.30 (0.22) 10°

32 PO  payoff, KOind, pricesKO 70.79 (0.49)  55.67 (0.31)  35.36 (1.21) 2 x 10° outer, 500 inner
32 PO  prices 73.86 (0.32)  62.09 (0.22)  44.23 (0.29) 2 x 10® outer, 500 inner
32 Tree payoff, time 77.64 (0.44)  63.91 (0.13)  50.95 (0.04) 10°

32 Tree maxprice, time 77.64 (0.44)  63.91 (0.13)  50.95 (0.04) 10°

Optimal is indicated in bold for each number of assets d € {8,16,32} and initial price Z € {90,100,110}. Problem parameters are T'= 54, Y = 3,
r=0.05, K =100, By =150, § =0.25, 0, =0.1+ 5224 p, ., =0forall aa’.
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ecdl

Table EC.2

Barrier Option (Asymmetric) -

Computation Times.

Initial Price

d Method Basis functions =90 =100 =110 # of Sample Paths

8 RO  maxprice 710 (0.37)  8.62 (1.09)  18.38 (4.59) 10° training, 10° validation
8 LS one, pricesKO, KOind, payoff  3.29 (0.2) 3.20 (0.31) 3.24 (0.15) 10°

8 LS one, pricesKO, payoff 3.16 (0.2) 3.05 (0.25) 3.13 (0.21) 10°

8 LS payoff, KOind, pricesKO 3.76 (0.63) 3.29 (0.58) 3.05 (0.44) 10°

8 LS  priceskKO, payoff 3.03(0.14) 289 (0.23)  2.87 (0.12) 10°

8 LS one, prices, payoff 3.31 (0.56) 2.97 (0.29) 2.90 (0.24) 10°

8 LS one 0.89 (0.07)  0.93 (0.06)  0.94 (0.08) 10°

8 LS one, KOind, prices 3.39 (0.55) 2.99 (0.26) 2.98 (0.21) 10°

8 LS one, prices 2.63 (0.19) 2.71 (0.22) 2.72 (0.19) 10°

8 LS one, pricesKO 2.78 (0.35) 2.62 (0.18) 2.53 (0.21) 10°

8 LS maxprice, KOind, pricesKO 3.01 (0. 13) 2.85 (0.26) 2.87 (0.08) 10°

8 PO  payoff, KOind, pricesKO 18.75 (0.71)  18.12 (0.41)  16.23 (0.71) 2 x 10% outer, 500 inner
8 PO prices 23.31 (0.45) 23.57 (0.36)  22.69 (0.29) 2 x 103 outer, 500 inner
8  Tree payoff, time 13.80 (0.28)  15.72 (5.51)  57.70 (10.81) 10°

8  Tree maxprice, time 13.47 (0.19)  15.04 (5.42) 55.45 (10.47) 10°

16 RO  maxprice 6.80 (1) 10.15 (1.4)  51.58 (9.06) 107 training, 10° validation
16 LS one, pricesKO, KOind, payoff 5.55 (0.61) 5.30 (0.34) 5.01 (0.42) 10°

16 LS  one, pricesKO, payoff 550 (0.78) 523 (0.33)  5.24 (0.33) 10°

16 LS  payoff, KOind, pricesKO 474 (0.72) 462 (0.54) 455 (0.41) 10°

16 LS pricesKO, payoff 5.29 (0.37) 5.18 (0.38) 4.87 (0.26) 10°

16 LS  one, prices, payoff 5.57 (0.55)  4.93 (0.29)  5.10 (0.32) 10°

16 LS  one 117 (0.11)  1.26 (0.08)  1.24 (0.05) 10°

16 LS one, KOind, prices 6.21 (1.46) 5.72 (0.76) 5.16 (0.51) 10°

16 LS  one, prices 6.02 (1.63)  5.11 (1.25)  4.86 (0.73) 10°

16 LS one, pricesKO 4.61 (0.62)  4.58 (0.52) 4.67 (0.58) 10°

16 LS maxprice, KOind, pricesKO 5.11 (0.64) 4.90 (0.6) 4.73 (0.27) 10°

16 PO  payoff, KOind, pricesKO 32.13 (1.23) 2851 (0.96)  25.56 (0.48)  2x 10% outer, 500 inner
16 PO  prices 43.73 (0.61) 43.75 (0.67)  41.84 (0.65) 2 x 10® outer, 500 inner
16  Tree payoff, time 14.24 (0.4)  48.39 (0.94) 7.89 (0.09) 10°

16 Tree maxprice, time 13.35 (0.3)  47.49 (0.74)  8.31 (0.19) 10°

32 RO  maxprice 7.88 (1.21)  22.32 (7.25) 154.12 (29.91) 107 training, 10° validation
32 LS  one, pricesKO, KOind, payoff 15.07 (2.97) 11.55 (1.37)  13.68 (2.69) 10°

32 LS one, pricesKO, payoff 15.29 (2.15) 12.20 (1.68)  13.04 (3.25) 10°

32 LS  payoff, KOind, pricesKO 13.13 (2.59)  10.96 (1.81)  11.30 (1.81) 10°

32 LS  priceskKO, payoff 15.11 (3.27)  11.39 (1.91)  11.62 (1.44) 10°

32 LS one, prices, payoff 16.78 (4.89) 10.68 (1.52)  11.92 (3.11) 10°

32 LS  one 1.62 (0.6) 151 (0.16)  1.69 (0.74) 10°

32 LS  one, KOind, prices 14.61 (2.44)  10.77 (0.79)  11.48 (1.94) 10°

32 LS  one, prices 12.49 (3.23)  10.42 (0.57)  10.47 (0.84) 10°

32 LS  one, pricesKO 13.61 (3.66) 10.55 (0.43)  11.02 (1.31) 10°

32 LS  maxprice, KOind, pricesKO  12.63 (0.86) 10.82 (1.36)  11.60 (1.09) 10°

32 PO  payoff, KOind, pricesKO 61.15 (1.43) 52.57 (4.38)  52.56 (1.89) 2 x 10® outer, 500 inner
32 PO  prices 108.40 (2.23) 108.40 (3.02) 97.29 (2.01) 2 x 10% outer, 500 inner
32 Tree payoff, time 44.24 (19.71) 15.35 (0.31)  9.41 (0.32) 10°

32 Tree  maxprice, time 43.92 (20.08) 16.22 (0.62) 10.92 (0.4) 10°

Problem parameters are T'=54, Y =3, »r =0.05, K =100, By, =150, § =0.25, 0, =0.1 +s%d, Pa,ar =0 forall a#a’.
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Table EC.3 Barrier Option
(Asymmetric) - Best Choice of Robustness
Parameter.

Initial Price
d =90 z =100 =110
8 8.2(1.75) 5.9 (1.73) 4.0 (1.33)
16 6.2 (1.69) 4.6 (1.26) 3.4 (1.17)
32 5.5 (1.27) 4.0 (1.05) 2.3 (0.95)

Best choice of robustness parameter € found
using the validation method from §2.5 in the
robust optimization problems constructed from a
training dataset of size N = 10® and validation
set of size N = 103. The remaining parameters
are the same as those shown in Table EC.1.
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Figure EC.1 Barrier Option (Symmetric) - Visualization of Robust Optimization Stopping Rules.
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Note. Each plot shows the exercise policies obtained from solving the heuristic (H) constructed from a training
dataset of size N = 10 and with the robustness parameter selected using a validation set of size N = 103. The problem
parameters are the same as those shown in Table 1.
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Figure EC.2 Barrier Option (Asymmetric) - Visualization of Robust Optimization Stopping Rules.
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Note. Each plot shows the exercise policies obtained from solving the heuristic (H) constructed from a training
dataset of size N = 10 and with the robustness parameter selected using a validation set of size N = 103. The problem
parameters are the same as those shown in Table EC.1.



e-companion to Sturt: A nonparametric algorithm for optimal stopping based on robust optimization ecdb

Figure EC.3  Barrier Option (Symmetric) - Impact of Robustness Parameter on Reward.
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Note. Each plot shows the robust objective value and expected reward of policies obtained by solving the heuristic (H)
constructed from training datasets of size N = 10®. The problem parameters are the same as those shown in Table 1.
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Figure EC.4  Barrier Option (Asymmetric) - Impact of Robustness Parameter on Reward.
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Note. Each plot shows the robust objective value and expected reward of policies obtained by solving the heuris-
tic (H) constructed from training datasets of size N = 10°. The problem parameters are the same as those shown in
Table EC.1.
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Figure EC.5 Barrier Option (Symmetric) - Impact of Robustness Parameter on Computation Time.
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Note. Each plot shows the computation times from solving the heuristic (H) constructed from training datasets of
size N =10%. The problem parameters are the same as those shown in Table 1.
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Figure EC.6 Barrier Option (Asymmetric) - Impact of Robustness Parameter on Computation Time.
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Note. Each plot shows the computation times from solving the heuristic (H) constructed from training datasets of
size N =10%. The problem parameters are the same as those shown in Table EC.1.



