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Appendix A Proofs of the Results in Section
A.1 Proof of Theorem

Preliminary Results

We first show some preliminary results, which are used in the proof of Theorem [I| In our analysis, we use a

common quantitative measure of uncertainty known as the KL divergence.

Definition A.1 (Definition 2.26 in Cover and Thomas 1999). For any probability measures Qy and Q1 on a

discrete sample space ), the KL divergence of Qo and Q1 is

Qo(y)
K(Qo; Q1) = )  Qo(y)log :
0 UZE;, 0 <Q1(y))

Broder and Rusmevichientong] (2012)) show the following properties of the problem class Crp defined in the
statement of Theorem [T] which are used to prove Lemmas and below.

Lemma A.1 (Lemma EC.1.1 of|Broder and Rusmevichientong|2012) For allp € P and z € Z,

1. p*(z) = 422

2. p*(20) = 1 for zo = 1/2.

3. d(p*(20);2) = 1/2 for all z € Z.

4o (07 (2);2) = r(p;2) = 5(0"(2) —p)*.
5. p*(2) — p*(20)| = 1|z — 20l.

6. |d(p;z) — d(p;z0)| < |p*(20) — pl|z — 20].

We recall that th is the random price in period ¢ under policy ¥. For notational simplicity, we henceforth

drop the superscript ¥ from th.
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Lemma A.2 Forzy=1/2, z€ Z, T > 1, and any policy 1,

T-1

PTTIQE™ Q07 + (1= p) D ' K(QY™: Q1)

t=1

Regret(zy,Crp, T Z e 2
egre (Z()) LB,1L,pP, ¢) - 16(20 —Z)2

Proof of Lemma To show the lemma, we use the following Chain Rule for KL divergence (Theorem
2.5.3, Cover and Thomas 1999):

T
( P,20, sz):Z’C( wzo7Qt ¥

t=1

Yi-1),

b2 )2 P,z Q¢720(yt‘yt—1) . .. . Lo

where K( Q7 Q77| Yi—1) :i= D 77 (ye) log | 24— "2t=22 | is the conditional KL divergence. Similar
y:€{0,1}* QY " (yelye—1)

to Broder and Rusmevichientong| (2012)), we show that

K(Q)*; Q)| Yee1) < 16(z0 — 2)*Elr(p*(20); 20) — (P 20))-
Thus, we have

Regret(z0,CrB, T, p, )

T
=Y P TElr(p" (20); 20) — (P 20)]
t=1

T
> t—1 IC "[)7750; _
= ;p ZO 7 2)2 ( t )
1 T T
_ P,z0., _ _ Tlhzo. _
- 16(20—2)2 ZK( t ) - ) Z(l p)K:( t ’ - )
t=1 t=2
T
> (o= PK(Q)™: Q17| Yema) — "-—Z(pT‘Q—p DE(QY™; Q1| Y 1)]
t=3 P
_ 1 V.20, iz N V.20, i2) _ (O, )Y
- 16(2’0 _Z)2 | ( 5QT ) (1 p)( ( 7QT ) ]C(Ql ﬂQl ))
(0 07 (K(Q™: Q%) — K(QE™5 Q) — -+ — (7% = P )(K(Q™; Q") — K(Q™: @47
1 r T—1
_ T—1 ’L[) 20, -1 _ t—1 d/' 20, \Z
The third equality holds by the Chain Rule for KL-divergence. ]

Lemma A.3 Forzo=1/2,z€ Z, T > 2, and any policy v,

Regret(z0,Crp, T, p,¥) + Regret(z,Crp, T, p,¢) > 20— 2) Z p e~ R(@:Q7)

_6(

Proof of Lemma [A.3] uses Lemma [A-4] below.
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Lemma A.4 (Theorem 2.2, Tsybakov 2009) Let Qo and Q1 be two probability distributions on a finite space
Y, with Qo(y),Q1(y) >0 for ally € Y. Then for any function J : Y — {0,1},
1
Qo{J =1} +Qu{J = 0} = e (@@,
where K(Qo; Q1) denotes the KL divergence of Qo and Q1.

Proof of Lemma We first define two intervals C,, C P and C, C P by

N 1
Ceo = {19"(e0) = 11 < glz0 — ol | amd €2 = {s1p(2) =5l < G50 - 21}

By property 5 in Lemma ie., |p*(z0) — p*(2)| = ilz0 — 2|, C., and C. are disjoint. By property 4 in
Lemma for each 2 € {zp,2}, if p € P\ C;, then

1 2

r(p(2);2) = r(pi2) 2 s (0~ )

(p—p*(2)* >

co\»—u

Let Py, Ps,- -+, Pr denote the sequence of random prices under policy ¢. Let Pr,{A} (resp., Pr.,{A}) denote

the probability that event A occurs when the underlying parameter is z (resp., zp). Then

Regret(zo, Cre, T, p,¢) + Regret(z,Crp, T, p, )

T-1
> Z P'E[r(p*(20); 20) — 7(Pit1; 20)] + Z P'Blr(p*(2); 2) — 7(Pry1; 2)]
t=1
1 T-1
> 3(12)2 (z0 — 2)2 P (Proyg{Pit1 ¢ Cyy} + Pro{Piy1 ¢ C.})
t=1
1 T-1
> 3(12)? (20 —2)*) p'(Pro{Py1 € C.} + Pr.{Py1 ¢ C.})
t=1
1 —1
> (20 — 2)* Z pte—’C(le’zo;Qf’z)_
6(12 t=1
The last inequality holds by Lemma [A-]] =

Proof of Theorem

1/4
Let z1 = 29 + (FT") . Then for p > %g, we have z; € Z. Using Lemmas and we have

2(Regret(z0,CrB, T, p, 1) + Regret(z1,Crp, T, p,v))

v

Regret(z0,Crp, T, p,%) + (Regret(z0,Crp, T, p,¥) + Regret(z1,Crp, T, p,¢))

T-1
1 P — F1 z — 52 3%
> % 1_p[pT UCQF Q) + (L= p) Y o R(QP Q)| +
t=1

16

1 1 pT71 " v
_ - = F to—K( t)ﬁz()? t 721)
6122\ " p g”
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T-1 T-1
1 _ 2 2 _ P, z0 P,z1
= 6(12)2\/(1—p)pl§ PIR(QY Q1) + ) pt e M@ )]
t=1 t=1
1 = ¥, v,
_ 2 z _ 20,Q¥>"1
= 6(12)2 V(L=p)p E Pt ! [IC 1[} Owa ")+ rQ )]
t=1
>

] T-1 ~
W\/(l—p)p;p !

1 p

= sazz\ 1=, - Ay

The second inequality holds by Lemmas [A72] and [A33] The third inequality holds by the the fact that the KL

divergence is nonnegative. The last inequality holds since z 4+ e™* > 1 for all x > 0.

an1/4
Let zo0 = 29 + (%) . Note that

_ T2\ 1/4
lim lim w =0.
T—o00 p—1 1— prl

1/4
Thus, there exists p € (12,1) and T € N such that for all p > p and T > T, (%) <1/2and 2z € Z.

Note that for z € Z, K(QV"*; Q¥"*) is non-decreasing in ¢ because

K(QP™;Q07%) = K(QU7:Q174) + K(QY™; Q17| Y1) > K(QT: Q).

The equality holds by the Chain Rule for KL divergence (Theorem 2.5.3, Cover and Thomas 1999). The
inequality holds since K(QY*; QV**

Y:_1) is nonnegative (Theorem 2.6.3, Cover and Thomas 1999).
Using Lemmas and we have

2(Regret(’20) CLBv Tv P w) + Regret(zg, CL37 Ta P 7/’))

> Regret(z0,Crs, T, p, ) + (Regret(zo0,Crp, T, p,¢) + Regret(22,Crs, T, p, 1))

: 17PT7 z z . — 2 z
Z 16 71“2 PT 1]C( #70; #’2)+(1*P)Zpt 1’C( vzb,o; ;/,7 )|+
1_ T 2T ! 7/120 P, zg
- Qe %)
T Hzpe
1 T 1 b, w 1 T_o T—1 K(QL70;0%2)
> 0 K ZO z2
— 16 (17p)pT2 (@r )+6(12)2 T1 Zpe

_ 1 pT<1 -pr ) (Q¢ 120, YYs 22) + 1 (1- p)pT_2 p(1 — pTil)eflC(Qi’zO;Qgi’ZQ)

16 1—p 6(12)2 1—pT-1 1—p
> 1 pT(l - pTil) { ( ,z0 , Qw 22) K(Qf’zO;Qi’zz)]
6(12)2 1—p
1 T(] _ -1
> prd—p—t) (A-2)
6(12)2 1—p
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The second inequality holds by Lemmas and The third inequality holds by the the fact that the KL

¥,z0, MYY,22
t

divergence is nonnegative (see Theorem 2.6.3 in Cover and Thomas 1999) and K( ; Q7 77*) is non-decreasing

in ¢t. The last inequality holds since = + e™* > 1 for all z > 0.

Combining (A-1) and (A-2)), we have

2(}{‘?fgret(ZOa CLBa Ta P, w) + Regret(zl 5 CL37 T7 P w) + Regret(ZQa CL37 Ta P ’(/)))

2 (Regfet(ZO7CLB, Tv P ’(/}) + Regret(zl, CL37 T7 P, ¢)) + (Regret('zOvCLBa T7 P, 1[1) + R‘egret(’ZQaCLBv T7 P, 1/}))
T _ -1
5 1 P (1— T+ pt(1—pT1)
(123 \ V1-p 1—p

Then we have

max  Regret(z,Crp, T, p, )

2€{z0,21,22}

> Regret(z()a CLB7 Ta 12 ’(/)) + Regret(zla CLBa T7 P, w) + Regret(z27 CLB) Ta 12 w)

- 3
T(1_ 71
> Ko 71fp(1—,0T_1)+ p(l_/; ) ;

1
2)3 "

601
Let f(p,T) = Ko (, /5501 - pT =1 + q/pT(ll_ppT_l)). Then we have

lim f(p,T) = KoVT —1 = Q(VT), and

where Ko =

: _ P _ 1
Jim f(p,T) = Ko 1_p—ﬂ( ).

A.2 Proof of Theorem

Lemmas [A75] and [AZ6] below are used in the proof of Theorem [2] Similar to the proof of Lemma 3.7 in [Broder
and Rusmevichientong2012]), it is straightforward to obtain Lemma using the tail inequality for MLE based

on IID Samples in Theore

Lemma A.5 (Mean-Squared Errors for MLE Based on IID Samples, |Borovkov 1998) For any
T > 1, there exists a constant K,,;e depending only on the exploration prices p and the problem class C such

that
Kmle

E[IZ(r) - 2| < ==

Lemma is reproduced verbatim from Corollary 2.4 of Broder and Rusmevichientong| (2012)).
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Lemma A.6 For any problem class C = (P, Z,d) satisfying Assumption and for any z,2 € Z,
r(p*(2);2) —r(p*(£);2) < e L2z — 2%

Proof of Theorem First, we show an upper bound on the regret incurred during the exploration phase.
Recall from Assumption [I] that the revenue function is twice differentiable. In addition, the pricing interval P is
compact; thus, there exists a constant K7 depending only on the problem class C such that r(p*(2); z) —r(p; z) <

K for all p € P and z € Z. Thus, the regret incurred during the exploration phase satisfies

T k
DD PETIRIE(p* (2); 2) — r(pis 2)] < 11_—pp o A

s=11=1
Next, we show an upper bound on the regret incurred during the exploitation phase. During the exploitation
phase, we use price p*(Z(7)) and we offer this price for all T — k7 periods. It follows from Lemmas and
that

E[r(p"(2);2) — (0" (2(r)); 2)] < e, L°E [}z — Z(7)|] < e, 17,

Thus, the regret incurred during the exploitation phase satisfies

kT T

N FTEFp(2);2) (07 (Z(1)i2)] < TP L K e (A-4)
t=kr+1 (1 p)T

Let Ky = ¢, L?K,,;.. Combining (A-3)) and (A-4)), the cumulative regret under policy ¥ satisfies

. 1— kT kt _ T
Regret(z,C, T, p,¢) < K3 P +K2u.
1—p (L—p)7

p(iT:p%T , where 7 = { 17PT}- Then we have lim, ;7 = [V'T] and

_ kT
Let g(p, T) = K172 + K>

lim g(p, T) = Tim | Ky = PV, P =0T E[VT] + K (T k:) OWT)
1n I = lim + == + — = .
AT T T ) T v
Note that limp_,oo 7 = [\/1/(1 — p)]. Thus, we have
1 pFVIT=p)] pevareEn) I
lim ¢(p,T) = K4 + Ko :O( )
T L=p (1= p)[V1/(1 = p)] V1i-p

A.3 Proof of Theorem

Proof of Theorem [3; Note that the MLE-CYCLE policy ¢) operates in cycles. Broder and Rusmevichientong

(2012)) show that the regret incurred in each cycle is bounded from above by a constant, denoted by K3. Note
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2
that cycle h starts in period w

and the total number of cycles is no more than |v27T'| for T' > 2.

Thus, we have

Lver) ver)
Regret(z,C, T, p, ) < Y pMHhCH=D=2M/2pc, < {14 N~ )12 ) K.
h=1 h=1

and

) LvaT] , VaT V3T ,
Regret(z,C, T, p, ) < K3 + Z oKy < K +K3/ P 2dh =K +K3/ elos(P)h”/2gp,

h=1 0 0
e 1
Ly
2 Jo T
The last equality holds by letting x = h?/2. When T — oo,

. 1 r log(p)x 1 1 1 > —w, —1/2
lim K3 |144/= e °8\P —dr | = K3 |1+4\/=4/—— e Yw dw
T—o0 2 Jo x 2V —logp Jo
™ 1
=Ks(1 —
(V5 )
1 1
_O<\/—10gp)_0< 1—0)'

The first equality holds by letting w = —log(p)x. The second equality holds since [, e~%w~/2dw = I'(1/2) =
Vm. When p — 1,

[V2T]
2
lim (14 30 pM2 Ky < Ka(V2T +1) = 0 (VT).
h=1

Appendix B Proofs of the Results in Section

B.1 Proof of Theorem

Let p; denote the random price in period ¢ under policy 7 and F; = Zi:l [ P ;} denote the Fisher information
S s

matrix. It is straightforward that Lemma holds using Lemma 1 in |Keskin and Zeevi (2014)), which is used

to show Theorem [l

Lemma A.7 There exist positive constants pug and p1 such that

. A t—1 2 - t—1 H
= {Zp R } > e CORFICET .

0€0 =2 t—2

where C(+) is a 1 X 2 matriz function on © such that C(0) = [—(0) 1].

AT



Proof of Theorem 4t By the definition of C(6), we have C()E[F;_1]C(8)T = S.'_L E(ps — ¢(6))?. Thus,
inequality (A-5)) in Lemma is equivalent to the following:

T
sup {Z P E(py — (9))2} >y it a ( : (A-6)

oo 1= = s+ supgeo{d o1 E(ps — ©(0))%}

By the definition of regret, we have

T
A™(T,p) = sup {Zpt E(r —re(pt))}

0cO
_ o tflE ; — I} 2
Sgg{ 5;0 (pe — ¢(0)) }
T
> |bmax| sup {Zp“E(pt - 90(9))2} :
t=1

The second equality holds since rj — 79(p) = ¢(0)(a + Bp(8)) — pi(a + Bpr) and we replace a with —25¢(6).
Using (A-6), we have

T
1
Aﬂ(Tv p) 2 b12nax:u’0 pt_l -1
; p1 Bnax| + [bmax| supgee {321 E(ps — ¢(6))?}
d 1
> Kig Z pt

= Kitlbmax|supgeo {01 E(ps — ¢(9))2}
2t—3

wz i
3 K11 [bmax| suDgeo {3 a2) P 2E(ps — ©(0))2}

2t—3

K z v
Kll‘bmaX| SuPeeO{Zs 1P 1E(ps — ¢(6))?}

2t—3
p

> K —_—
0 Z < KiA™(t—1,p)

> Ky Z P Kw  p= )
- — KuA™(T, p)  EKnA™(T,p) 1-p?

and K11 =1+ >1+ £ -~ > 14+ £L . The last

supgco {E(P1—¢(0))2} = suppeo {2 =1 E(ps—2(0))?}

where K19 = pob?

4pn
max (u—1)2
inequality holds since A™(¢, p) increases in ¢.

Then, we have A™(T, p) > %w. Thus, A™(T, p) > K4 w, where Ky = /K19/K11.

1-p 1—p
When T — oo,
1- 1
lim A™(T,p) > hm Ky M:KQ P _q — .
T—o0 1-— p2 1— p2 1— 0
When p — 1,
) ) p(1 — p2T-2)
lim A™(T, p) > lim Ky | —————= = K;v/T —1=Q(VT).
p—1 p—1 1—p2?
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B.2 Proof of Theorem

We show Theorem [5| using Lemma below, which is reproduced verbatim from Lemma 3 of [Keskin and Zeevi

(2014).
Lemma A.8 There exist finite positive constants \ and v such that, under any pricing policy 7,

g{||ét — 0] >4, J; > m} < ~ytexp(—A(d A (52)m) (A-7)
for all 5,m >0, and t > 2.

Proof of Theorem 5| l: Using Lemma and condition (i), Keskin and Zeevi (2014) show that, there exists a

constant K15 such that

Kislogt
E(p(8) — pr1)? < 220 4 2E(p(9) — pryr)? for all ¢ > N,
)\Iio\/i

where N satisfies kN exp(—2 AoV N) < 1. For N > exp, we have

T—1
PtE(Sﬁ(Q) —pt+1)2
t=N
=, logt
<K ¢ +2 E(p
S 12;0 )\HO\[ ZP pt+1)
i log t i logt -1
Z g 1zzp & +2 k1N + Ko Z p°s -1/2
=N t=N? s=k3 N2
N 2log N p 2(1 —pT*N2) ko pnsNz(]_ _prnSNQ)
<4Ki5logN— + K 2% N
1208 NN TR TN 1=, NI UEN 1-p

logN1— pT’N2

< Ki3NlogN + Ky N 11—,

where Kq3 = 4K12 + 2k and K14 = 2K12 + \2/”2 The third inequality holds since logt/+/t decreases in ¢ for

t > exp?. Since B € [bmins bmax), we have

T—1
A™(T, p) = sup {—,3 > P E(pei — <ﬂ(9))2}
t=0

)
N-—1 T—1
< |bmin| sup { Z P'E(pey1 — 0(0))” + Z P'E(pis1 — }
90 | =0 t=N
1—pV 9 logN' 1 — -N?
< |bmin —1 Ki3Nlog N + Kq4
< |{1 p(u )* + K13Nlog N + N 1—,0
1—pN log N 1— pT—N°
= Ks—L 1+ KgNlog N + K72 P
1-— N 1—p
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where K5 = |bmin|(u — 1)2, Kg = |bmin‘K13, and K; = |bmin‘K14~ Let h(p,T) = K51;fj =+ KﬁNlogN—I—
N2
IG%FPT ~ and N = b/ lffleJ. When p — 1, we have N = |v/T'| and

1-p

(T - IVT]?)

W = O(VTlogT).

ng1 h(p,T) = K5 VT + K¢ VT | log | VT ] + K7 log| VT

When T' — oo, we have N = ,/ﬁJ and

Jim h(p,T) = Ky 11—_p;V + Kg N:J log WEJ +K7mlog { l—lpJ

B.3 Proof of Theorem @

We first show Lemma which will be used to show Theorem [6]

Lemma A.9 Let @ denote our policy. Then there exist positive constants K15, T € N, and p € [0,1) such that,
under policy &, for allT > T and p > p, we have E(p(0) — ¢(9;))* < K152 for t > 2ca7.

Proof of Lemma For t > 2co1, we have J; > Ziff(ps —pp)? > 2l (g — P2)? = ki7, where

ky = 2(p1 — p2)®. By the mean value theorem, we have |p() — @(0¢)] < V2k||0 — 0], where ky =

max;e (1,23 {maxe{(9p(0)/00;)*}}. By monotonicity of expectation, we have
E(p(0) — o(01))?
< 2k B[ — 9 ?
< 2k5E)|0 - 6,

= 2k2/ P(|0 — 6, > z, J; > ky7)dz
0

4k >
< 2220 4 o, / ytexp(—A(vz A z)ki7)dz
)\]ﬁT )\in
e
4]{:277 1 o)
< + 2k, ~texp(—AxkiT)dx + ytexp(—A\VxkiT)dw
Ak T 2n 1
 4dkon 4ok [vtexp(—2n) ~texp(—Ak1T)  2ytexp(—Aki7)
T Ner T Mar Ny T A2k272
4kan (YT exp(—2n)  ~Texp(—Ak17) = 29T exp(—Ak17)
S + 2k2 P}
ey T I ey T Mk T A2k272

The third inequality holds by Lemma Note that

lim Texp(—2n) = T~ ! <logT = lim n for T > 2.
p—1 p—1
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lim lim T exp(—Aki7) = Tlim T exp (—)\kl {\/T}) =0< hm log7T = lim lim n,
—00

T—oo p—1 T—o00 p—1
lim lim T exp(—Ak17)/7 = lim T exp (—>\k’1 {\/TD / ([\/>D =0< lim log7T = lim lim 7.
T—o0 p—1 T—o0 T—o0 T—o0 p—1

Thus, there exists 7€ N and p € [0,1) such that for all 7> T and p > p, we have

E(p(0) — o(94))?

< Ao Lok YT exp(—2n) YT exp(=Ak17) = 29T exp(—Ak17)
=~ )\le 2 )\le )\le )\Qk%TQ
il o mn 2vn
2k
RRCTA {Akﬂ T Nt VR
< K10ﬂ7
-
where Kis = 332 + 527 + 5 .

Proof of Theorem [6; Under policy 7, we have

T—1 . ) T—1 . ) T-1 tn 77p2C2T(1 _ pT—QCQT)
S E@O) - pn) = Y 0B — p0)* < Kis Y o' = Kig” =
t=2coT t=2coT t=2coT

Then, we have

2¢coT—1 T—1
AX(T, p) < |bmin| sgp{ PE(pei —9(0)*+ Y p'E(pir — 90(9))2}

t=0 t=2coT
1— 2CoT 2¢oT 1— T—2coT
S |bmin|(u - Z)Q 1_ p + |bmm|Kla77p ( 1 i )
—p
1— 2coT 2cor _ T
Ky g P
1—p T 1—p

where Kg = [buin|(u — 1) and Ko = |buin|K15. When p — 1, we have 7 = {ﬁ} n=logT, and

lirri AT(T, p) < 2coKgT + Kgﬂ(T —2¢y7) = O(VTlogT).
p— T

When T — oo, we have 7 = [,/%p}, 1 = log (ﬁ), and

N 1_ 2627' 1 1 1
lim A™(T,p) < Ks—F— + Kol =0 ( " log ()) ,
T—o00 1—p Tl_p

|
Proof of Lemma |1} Using Lemma and condition (i), Keskin and Zeevi| (2014) show that, there exists a
constant K19 such that

Kiologt
E(p(0) — pra1)? < =282 L 9R(p(8;) — pusa)? for all ¢ > N,
)\Iio\/i

where N is a constant which satisfies kN exp(—4Akgv/N) < 1. Using condition (ii), we have

T-1

Z E(p(6) = per1)?

t=N

All



logt 9
< K —F+2 E(p(ds) —
= 12t:ZN Y t:ZN (p(Vt) = Prs1)

2K
)\;2 ﬁlogT + 2k VT.
0

IA

Since B € [bmin, bmax], We have

0e®

A™(T, p) = sup {—/5 z_: P'E(prs1 — <P(9))2}
t=0

IN

|bmin| sUp { z_: E(pr1 —¢(0))* + z_: E(pe1 — 90(9))2}

€O | =0

2K
< B {N(u — )%+ \ 22 VTlogT + zmﬁ}
Ko

< K16VTlogT,

where K16 = [bumin|(N (u — 1) + 2512 4 95,). [ |

)\I{g
Appendix C Proofs of the Results in Section

In this section, we consider the setting in Section [] where the effective discount rate per decision period is
p(T) = (po)Y/T for py € (0,1). We show that for the models in BR and KZ, the regret under any policy is
Q(\/T ) (Propositions and . For the model in BR, we show that the regret under our policy as well that
under the MLE-CYCLE policy in BR is O(v/T) (Propositions and . For the model of KZ, we show that
the regret is O(log T \/T) under three policies — namely, the two variants of the greedy Iterated-Least-Squares
policy in KZ and a different policy that we propose (Propositions and .

Proposition A.1 Consider the problem class Crp defined in Theorem 1. For any policy 1 and p(T) = (po)*/7,

there exists a parameter z € Z, such that
Regret(z, Cre, T, p(T)v ¢) = Q(\/T)

Proof of Proposition Recall from Theorem 1 that there exists a parameter z € Z such that

T(]_ ,T-1
Regret(z,Crp, T, p,9) > Ko L(1 -+ Pa=ph)
1—p 1—0p
For T > 2 and p(T) = (po)*/", we have
Regret(z,Crp, T, p(T), )
(po) ¥/ T (1-1/T) po (1= (po)1=1/1)

> K, — (1 -
=20V 1= ()T ( (po) ) * 1— (po)/T
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> K, ( (po)1/? (1 - (m)“’””) m+ \/Po (1= (po)1=1/2) 1_(},}0)1”)

— K, ( (po) /2 (1 _ (po)(171/2)) + \/po (1 — (po)(11/2))> ﬁ

|
Proposition A.2 For any problem class C satisfying Assumptions 1 and 2 with corresponding exploration prices
D€ PF and p(T) = (po)™T, our policy ¢ (defined in Section satisfies
Regret(z,C, T, p(T),?,Z) =0 (\/f) .

Proof of Proposition Recall from Theorem 2, our policy 1& satisfies

. L—p Pt —p
Regret(zaC7Ta Pﬂ/’) < Kli + K277
l1—p (L—p)7

where 7 = {,/ 111,3;}. For p(T) = (po)"/", we have

1— (po)k™/T (p0)*™/™" — po

1— (po)t/T +KQ(lr(po)l/T)T

o 1— (po)—2kv T—po+/1—(po)*/T / log po o 1
= —+ —
1 — (po)t/* 1— (po)'/T

Regret(z,C, T, p(T),¥) < K,

1
o (st o (1)

Proposition A.3 For any problem class C satisfying Assumptions 1 and 2 with corresponding exploration prices

P €PF and p(T) = (po)*/T, the MLE-CYCLE policy 1) in BR satisfies
Regret(z,C, T, p(T),9) = O (\/T) .

Proof of Proposition Recall from Theorem 3, the MLE-CYCLE policy ¢ satisfies

[VaT| )
Regret(z,C, T, p,v) < K3 | 1+ Z Pl /2
h=1

For p(T) = (po)"/", we have

LV2T) ,
Regret(z,C, T, p(T),¢) < K3 + Z (po)" /CT Ky

h=1
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viT
< Ks +K3/ (po)" /T dh
0

VaT
Ky K / Glog(po)h?/(2T) g
0

1T, s /1
= K5+ K5 §/ elog(po)z/ de_
0

The last equality holds by letting 2 = h%/2. When T' — oo,

e 1 1 1 —log(po)
lim K31+ */ elog(r)/T [ 2z ) = lim K3 [1+4/= 7ﬁ/ e w2 dw
T—o0 2 Jo x T—00 2\ —log(po) 0
1+¢
( 108 Po
—(’)(

The first equality holds by letting w = —log(po)x/T. The inequality holds since

—log(po) o0
/ e w2 dw < / e Yw Y 2dw =T(1/2) = V7.
0 0

| /\

Next, we consider the model in KZ with discounting where the discount factor p(T') = (po)"/7.

Proposition A.4 For any policy © and p(T) = (po)"/T, we have
A™(T, p(T)) = Q (\/T) :

Proof of Proposition Recall from Theorem 4, we have

A™(T, p) > Ky /)(11__'02;_2) for any policy 7, p € [0,1), and T > 3.
For p(T) = (po)"/", we have
A™(T, p(T))
> K, \/ (1701 @03;?2)/@

\/pol_po \[ p() 2/T

:Q

Proposition A.5 Let w be a pricing policy that satisfies the conditions in Theorem 5. Then, we have
A™(T, p(T)) = O (\/:Flog T) .
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Proof of Proposition Recall from Theorem 5 that the regret under policy  satisfies

1—pN log N 1— pT—N° 1—p7
P KsNlog N + K,-8 p _for N = p
1—p N 1—0p 1—p

AW(T7 P) < KS

For p(T) = p(l)/T, we have

A™(T, p(T))
1= (po)™'" 1ogN1—( 0)T=N/T
— (po)"/T ~(po)/T

1
1
1 — (po)~2VI-PoV1- (p0)/T [ log po 1 , 1 N
oo [ — =
V=T L= ()T

S K5 +K6NIOgN+K7

1 — (po)¥/T Po

1
; (ng T )

1
Wlog 7T ) (9 1ong)

Proposition A.6 Our policy 7 in Section satisfies
AT(T, p(T)) = O (\/:Flog T) .

Proof of Proposition Recall from Theorem 6 that our policy 7 satisfies

1— 2coT 2cor _ T
Lpr e np ot

AT(T, p) < K,
(ap)— 8 1_p - 1_p

)

where 7 = [ 11__”:] and 1 = log ( ) For p(T) = (po)"/", we have

AT(T, p(T))

1 — (po)*™/" o (P0)**™/™ — po
L= ()T 707 1= (po)/7

o)~ 4e2vT=p0\/1=(p0) /T / log po 1 1—po

- 1 — (po)

T ()
! 1

:(’)( 1_(p0)1/T10g<1_(p0)1/T)> Z(')(logT\/T)_

< Kg

Appendix D Number of Exploration Periods as a Function of the Discount Factor

Table below shows the number of exploration periods as a function of the discount factor p for our policies,

for policy MLE-CYCLE in BR, and for policy ILS-d in KZ.
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Table A.1: The number of exploration periods as a function of p under our policy, policy MLE-CYCLE
in BR, and policy ILS-d in KZ, for T' = 40, 000.

log;o (flp) p our policy | MLE-CYCLE | ILS-d
1 0.9 6 562 399
2 0.99 20 562 399
3 0.999 64 562 399
4 0.9999 198 562 399
5 0.99999 364 562 399
6 0.999999 396 562 399

We do not report the number of exploration periods for CILS in KZ because there is no clear boundary
between exploration and exploitation under the CILS policy, thus making it difficult to determine the exact
length of exploration. We now elaborate. Recall that under the CILS policy, in each period ¢, we first compute
the difference between the greedy ILS price ¢(¥;—1) in period ¢ and the average price p;—1 in the first t—1 periods,
denoted by 6; = @(9;_1) — py_1. Then, for a positive constant ¢y, the CILS policy charges ;1 +sgn(d;)cit~/*
if |6, < ert~/* and @(9;_1) otherwise. When |§;| > ¢;t~/4, the CILS policy uses the greedy price ¢(J;_;) for

1/4 1/4

exploitation. However, when |§;| < ¢1¢~ /%, it is unclear whether the price p;—1 + sgn(d;)eit~/* is used purely
exploration or exploitation. On the one hand, we exploit the average price p;_1, which is dynamically updated
as time t increases and is sufficiently close to the greedy price when ¢ is large. On the other hand, while we
use a price deviation (sgn(d;)cit~'/*) from the average price p,_; for exploration, this deviation decreases with
time t and is relatively small, so that the deviation from the greedy or “exploitation” price is not too much.
That is, the CILS policy focuses more on exploitation and less on exploration as time ¢ increases. When t is
sufficiently large, the offered price can be very close to the greedy price. Therefore, there is no clear or simple
answer to whether the price is used for exploration or exploitation. Alternatively, one can say that the price is

used for both exploration and exploitation, and balances the tradeoff between the two. Since there is no clear

definition for exploration periods in CILS, we do not report that number for the CILS policy in Table
Appendix E Additional Numerical Experience

We show the robustness of the superior performance of our policy when p is sufficient close to 1. In particular,
for p = 0.999999, we numerically examine the behavior of the regret under different policies with respect to
the time horizon T' by varying T' from 5000 to 40000, in increments of 5000, in the settings of both BR (see
Section and KZ (see Section . Figure (resp., Figure plots the relative difference between the
average regret under policy MLE-CYCLE in BR and that under our policy for the linear (resp., logit) model.
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Figure A.1: The relative percentage difference between the average regret under policy MLE-CYCLE
and that under our policy for a linear model (p = 0.999999).
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Note: Regret, is the average regret under MLE-CYCLE and Regret, is the average regret under our policy.

Figure (resp., Figure|A.4)) plots the relative difference between the average regret under policy ILS-d (resp.,
CILS) in KZ and that under our policy. We also provide a companion table (Table [A.2]) to Figures
and to show the number of exploration periods as a function of T for our policy, for policy MLE-CYCLE

in BR, and for policy ILS-d in KZ. As seen in Table [A-2] the exploration length of our policy is similar to that
of ILS-d. As seen in Figures[A] [A72] [A73] and [A74] our policy consistently performs better when p is sufficient

close to 1.

Table A.2: The number of exploration periods as a function of T" under our policy, policy MLE-CYCLE
in BR, and policy ILS-d in KZ, for p = 0.999999.

T our policy | MLE-CYCLE | ILS-d
5000 142 196 140
10000 200 278 199
15000 244 342 244
20000 282 396 282
25000 314 444 316
30000 344 486 346
35000 370 526 374
40000 396 562 399
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Figure A.2: The relative percentage difference between the average regret under policy MLE-CYCLE
and that under our policy for a logit model (p = 0.999999).
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Note: Regrets is the average regret under MLE-CYCLE and Regret, is the average regret under our policy.

Figure A.3: The relative percentage difference between the average regret under policy ILS-d and that
under our policy (p = 0.999999).
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Note: Regrety is the average regret under ILS-d and Regret, is the average regret under our policy.
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Figure A.4: The relative percentage difference between the average regret under policy CILS and that
under our policy (p = 0.999999).
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