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Appendix A: Proof of Theorem 2.1 (Random Utility Representation)

Recall that a random variable x follows a Gumbel distribution with a location parameter p and a

scaling parameter S if for all x e R, P{x <z} = p—e @Tm/P

, and we denote this by x ~ Gumbel(y, 3).
We say that x follows a standard Gumbel distribution if x ~ Gumbel(0, 1). The proof of Theorem 2.1

makes use of the following standard results about the Gumbel distribution (Gumbel 2004).

Lemma A.1 (Gumbel Properties) Suppose x ~ Gumbel(u,3), and let xy, ..., x, be independent
Gumbel random variables with x; ~ Gumbel(u;, 8) for all j. Then,

1. E[x] = pu+ By where v=0.57721... is the Euler-Mascheroni constant and Var[x] = w232 /6.
2. For any b>0 and a € R, bx+ a ~ Gumbel(by + a,bp).

3. The random wvariable x; — xo follows a Logistic distribution with a location parameter pu, — o

1

and scale parameter 3; that is, for all t € R, P{x; —xp <z} = FEp e ey Vi

4. The random wvariable max;—i . ,x; follows Gumbel distribution with location parameter
e#j/ﬁ

Bln (Z?:l e“j/ﬂ) and scale parameter B, and P{x; > max,z; x,} = STRTTIEE

5. The random variable max{xi,xa} is independent of 1{x; > x> }.

The next lemma shows that there exists a unique distribution such that when a random variable
following this distribution is added to an independent Gumbel(0, 3) random variable, with 5 < 1,

the resulting sum is a standard Gumbel random variable.
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Lemma A.2 (Theorem 2.1 in Cardell 1997) Suppose x ~ Gumbel(0,3) with 0 < 8 <1 and

there is another random variable y independent of x. Then, x+y has a standard Gumbel distribution

if and only if y has a density function fs(y)= 3 LS o (k,;)( eﬁk) for all y € R.

As an immediate corollary, there exists an independent random variable that can be added to

another Gumbel random variable to obtain a Gumbel distribution with a higher scaling parameter.

Corollary A.3 (Changing scale through addition) Suppose x ~ Gumbel(u,v), with peR
and v >0, and we are given A >0 such that A > v. Then, there exists a random variable y such

that y is independent of x and x +y ~ Gumbel(p, A).

The requirement that v < X in the above corollary is necessary. Since x and y are independent, we
have that Var(x +y) = Var(x) + Var(y), which implies that 72)\?/6 = 721?/6 + Var(y). Because the

variance of a random variable is always non-negative, it must always be true that A > v.

For each leaf node £ € N and each node j that is an ancestor of ¢, recall that path(j, ] denotes
the nodes on the unique path from j to ¢, excluding j. Define

Zjy=Vj+ Z Vi, + e,

kepath(j,4]

where we define v,ooy = 0. The following lemma describes the distribution of z;,

Lemma A.4 For each leaf node £ and its ancestor j such that j # root, z; , ~ Gumbel (,U/g,/\pa(j)).

Proof: Fix an arbitrary leaf node £. We prove this result by induction on the height'! of the
ancestor j. The base case is when the height of j is zero, which means that j = ¢. By definition,
zjo=Vvy+pe ~ Gumbel (Mz: )\pa(j)), which is the desired result.

To establish the induction step, we assume that z; , ~ Gumbel(jtg, Apa(;)) for all ancestors j of £
whose heights are at most H. Consider an ancestor j with height H 4 1. Let k& denote the child of j
that is also an ancestor of ¢; note that the height of k is at most H. By definition, z; , = v; + z; ;.
Since k has a height of H, it follows from the induction hypothesis that z; , ~ Gumbel(f, Apa(r))-
As j is the parent of k, we have that A,y = A; and z,, ~ Gumbel(u, A;). The definition of v;
then implies that z; , = v; + z; ¢ ~ Gumbel(jt¢, Apa(j)), completing the induction step. This completes
the proof. |

1 Recall that the height of a node is the number of edges on the longest path between that node and a leaf.
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For each S C N and each node j € T[S], let the Z;(S) denote the maximum of random variables

z; 0 over all the leaf nodes in T[S] that are descendants of j; that is,
Z;(S) < max {zj¢: £ is a leaf node in T,[S]} ,

where we define the maximum over an empty set to be minus infinity. The next lemma characterizes

the distribution of Z;(S).

Lemma A.5 For each subset & C N and each node j € T[S] such that j # root,

ZJ(S) ~ Gumbel (W]<S,[,L,A) s )\pa(j))'

Proof: 'Without loss of generality, we prove the result for the case S =N, so T[S] = T. The proof
for a general subset S follows from an identical argument applied on the sub-tree T[S]. Since we
consider the full assortment, we will drop references to S, and simply write Z; and T;. We will
prove the result by induction on the height of node j. For the base case, suppose that the height

of j is zero. So, j is a leaf node. Then,
Z;=max{z;,: {is a leaf node in T,;} =z;; =p; +v; ~ Gumbel (W;(p,X) , i)

where we use the fact that if j is a leaf node, then v; ~ Gumbel (0, A\pa(;)) and W;(p, X) = ;. This
completes the base case.
To establish the induction step, we assume that the result holds for all nodes

with height of at most H. We now consider node j with height of H + 1. Since

Z; = max{z,: ¢ is aleaf node in T,}, it follows that that
Z; = vi+ max { max{z.:{¢isaleafnodein Tx} } = v;+ max Z.

ke Children(j) ke Children(k)

For each k € Children(j), the height of k is at most H. So, invoking the induction hypothesis, we
obtain that for all £ € Children(y),

Z, = max{z,: ¢ is aleaf node in T} ~ Gumbel (W (1, ), ;)

because Apa(k) = A;. Further, because the vertex sets of T;, and T,/ are disjoint for any k # k' such
that {k, K’} C Children(j), we have that Z is independent of Z;. It then follows from the properties
of the Gumbel distribution that

max  Z, ~ Gumbel | \;log z WX DS | = Gumbel (W, (1, A) , ;)

ke Children(k) ke Children(j)

where the equality follows from the definition of W;(p, X). It thus follows from the defition of v;
that Z; ~ Gumbel(W; (g, X), Apaj))- This establishes the induction step, completing the proof. M
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The next lemma allows us to simplify the conditional probability involving Z;(S).

Lemma A.6 For each subset S CN and each node j € T[S] such that j # root,

keSibling(j)\{s7} v€eSibling(4)\ {7}

- P{Zj(s) ” kesw?nl?é\{j}zk(s)} ’

where Sibling(j) ={k € T[S] : pa(k) =pa(j)} denote the siblings of j in the tree T[S].

}P’{Zj(S) > max  Zx(S) ’ Z,(S) > max  Z,(S) ViEpath(root,pa(j)]}

Proof: Without loss of generality, assume that S = A . The proof for the general S is essentially
the same. Since we consider the full assortment, we will drop references to S. Fix an arbitrary
node j € T such that j # root. Let x; = Z; and x, = maxXycsiping(j)\{;} Zk- Note that x; and x, are

independent of each other. We will first establish the following claim by induction.

Claim: For every node i € path(root, pa(j)], there is a deterministic function f; such that Z;, =

fi (max{xy,x2}, U;), where the random vector U; is independent of x; and x,.

We will prove the claim by induction on node i. For the base case, consider i = pa(j). Then, by

definition,

Zosti) = Vouls AR z 7Y = v
P = Vo) T mmax Lk = Vea(j) +maX{ i peshax k} Voa(j) + max{xi, %} ,
and the result follows because vp,(j) is independent of x; and x,. This proves the base case.

For the induction step, assume the result holds for some node i € path(root, pa(j)]. We will now

prove that it also holds for node pa(i). By definition,

Zai = Vpa(i ma Zv:Vai ma Zl ma. ZU
pa(i) pa(i) ve Chndreﬁpa(i)) pa(i) X{ ’ vESiinng()i()\{i} }

= Vpa(s) +max {fi (max{xy,x2}, U;) , Ueswﬁg@_{)\{i} Zv}
and the desired result follows because v,,;) is independent of x;, x;, and U,;. Moreover,
MAaX,csibling(i)\{i} Zv 1 also independent of x; and x, because for each v € Sibling(i) \ {i}, the sub-tree
T, rooted at v is completely separate from the sub-tree T, for all k € Sibling(j). This completes
the induction, establishing the claim.

It follows from the above claim that

P {Zj > max  Zj

keSibling(7)\{;}

max Z, YV 1€ path (root,pa(j
veSibling(i)\ {i} path ( P (J)]}

= IP’{X1 > X ‘ fi (max{xy,x2}, U;) Z, ViEpath(root,pa(j)]}

max
v€eSibling(4)\{i}

= P{x > x},
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where the last equality follows from Lemma A.1, which shows that 1{x; > x»} is independent of
max{x;,x}. Also, note that for all i € path (root, pa(j)], max,csiing(i)\{i} Z» is independent of x;

and xy. This completes the induction, proving the desired result.

Finally, here is the proof of Theorem 2.1.
Proof of Theorem 2.1: First note that since \; < A..(j), it follows from Corollary A.3 that
v; exists for all non-leaf nodes j. Next, fix an arbitrary subset & and ¢ € S. Recall that
Sibling(j) ={k € T[S] : pa(k)=pa(j)} denote the siblings of j in the tree T[S]. Let root — j; —
Jo =+ — jm — £ denote the unique path from root to ¢ in T[S]. Note that

{0} = TSNS € T, [SINS C T, ,[SINS -+ C T,[S]NS C Trt[S]NS =S

Im—1 —

Note that the event utility, > maxycs\ (o utility, happens if and only if for every node

Jj € path(root, ¢], we have MaXkeT, [S]NS utility,, > maX;esipling(j)\{j} MaXpeT,[s]ns Utility,. Therefore,
P< utility, > max utilit
{ Ye Kes\q) }/k}

=P max utility, > max max utilit Y 4 € path(root, ¢
{kETj[S]HS Yk ieSibling()\{j} kET;[S)NS L J € path(root, ]}

= [[D{Zj(S) > Z,(S) VjEpath(root,Z]} ,

max
i€Sibling(7)\{s}
where the last equality follows because for each i € Sibling(j)

(e utility, D vt max oz Y. v+ Z(S),
vEpath(root,pa(j)] vEpath(root,pa(j)]

and the term ) v, is common for all nodes i € Sibling(j).

vEpath(root,pa(j)]

For any collection of random variables xi, ..., x,, P{x1,...,x,} = H;Zl P {xj | Xj_1,... ,xl}. Thus,
P<Z(S) > max Z;(S) V j € path(root,?
{29 > o 265) vicpatnioon.d]

_ H P {Zj(S) > max  Z;(S) ’ Z,> max Z, Vke&path(root, pa(j)]}
i€Sibling(5)\ {5}

jEpath(root, (] veSibling(k)\ {k}
) jEpa;l;Jrzoot,Z]]P){Zj(S) g ieﬁbﬁ&%\{j}zi(‘s)}
where last equality follows from Lemma A.6.
By Lemma A.5, Z;(S) ~ Gumbel (W;(S;p,A) , Apa()), and for each i € Sibling(j) \ {j},
Z/(S) ~ Gumbel (Wi(S; 11, A) , Apaci))- Since Apaciy = Apa(y) for all i € Sibling(j),
Wi (S Xpa ()

> max Z;(S) = ,
icSibling(7)\ {7} ( )} ZiGSib“ng(j) €Wi(3;ﬂ,)\)/)\pa(]')
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which implies that

Wi (St X)/ Xpa ()

P < utility, > max utilit =
{ Yo kes\ﬁ} Yk} H

j€path(root, /) ZieSibling(j) € P
and this completes the proof. |
Finally, we show that the error terms (¢,: £ € ) are identically distributed but are not inde-

pendent of each other:

Lemma A.7 (Distribution of error terms) For all{ € N, g, ~ Gumbel(0, \oor). Moreover, for
all 0,0 e N such that £ # ¢’

COV(ZE[,&@/) _ 1 _ ( )\j >2

Corr(gp,ep) =
( ‘ Z) Var(€g)var(8gl) >\root

where j is the nearest common ancestor of £ and €' in T.

Proof: Tt follows from the definition of the random variables (z;,: j € T\ N) before Lemma A.4
that ) = Zore — e for all £ € N. Further since vioor = 0, it follows from Lemma A.4 that zee s ~
Gumbel( g, Aroor). Combining this with property 2 of Lemma A.1, it follows that e, ~ Gumbel (0, Ao0t)
for all £ € N. This establishes the first part of the lemma.

Next, since e,=3)_, . path(root, ] Vk for any ¢ € N, and all the v;’s are independent, it follows that
Cov(er,er) =D 1 cpath(root.j] COV(Vis Vi) = D cpath(rootj Var (Vi ), where j is the common ancestor near-
est to both ¢ and ¢'; that is, {¢,¢'} CT; but {(,¢'} € T), for all k € Children(j). Note that if
j =root, then Cov(ey,er) =0 which is consistent with the expression in the statement of the
lemma. So suppose j # root. Then, it follows from our definitions that Var(v,) =72 (A2, ) — A\¥)/6
for each non-leaf node k € T \ (root UN'). Then, we obtain by telescoping that the covariance
Cov(e,ep) = - (Aoor — A7) /6. Finally, since Var(e;) = Var(ey) = 7° A,

root root

/6, the result follows. M

Appendix B: Properties of the Weight Function

The following lemmas establish important properties of the weight function W;(S; p, X), which we
will use repeatedly to establish properties of the negative log-likelihood function. We first state
all the lemmas and then provide their proofs. The first lemma establishes positive homogeneity

and additivity.

Lemma B.1 (Positive Homogeneity and Additivity) For each subset S C N, node j € T[S],
a>0, and £ e R, W;(S;ap,aX) =aW;(S;pu,A) and W;(S;p+ e, X)) =&+ W;(S; u, A), where e

is the vector of all ones.

Wi (S;mN) /X = wroot—M(S;/J'vA) :PZ (87 uaA) )
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The next lemma establishes convexity, and under additional assumptions, strict convexity. Recall
that for each node j € T[S], T,[S] denotes the sub-tree of T[S] rooted at j; that is, T;[S] consists
of the node j and all of its descendant in T[S].

Lemma B.2 (Convexity and Strict Convexity) For each subset S C N and j € T[S|, the
function (p,A) — W;(S; pu, X) satisfies the following properties:

(a) It is conver in (p,\).
(b) For each XA and 0 <0< 1,

W, (S: 0+ (1= 0)fa, A) = OW, (S 1, ) + (1 0)W,(S: 1, A)

if and only if there exists £ € R such that fip = pe + & for all leaf nodes £ € T;[S]NS.
(c) For each a € R and A, the function p— Weo (N5, A) is strictly convex on the set {p: 1 = a}.

The next lemma establishes the monotonicity of the weight function.

Lemma B.3 (Monotonicity and Strict Monotonicity) For each S CN and j € T[S], the
function (p,A) = W;(S; p, X) satisfies the following properties.

(a) It is increasing in (@, A); that is, if (pu,A) < (@1, A) where the inequality holds componentwise,
then W;(S; u, X) < W;(S; 3, A).

(b) It is strictly increasing in p, for each leaf node ¢ € T,;[S]NS.

(c) It is strictly increasing in Ay, for each k € T;[S] such that k has at least two children in T;[S].

Finally, the following lemma provides an expression for the derivative of the weight function with

respect to the model parameters.

Lemma B.4 (Derivatives of the Weight Functions) For each S CN and j € T[S],

W, (S;,A) = Y50 (Sip, A) VeieN
Opue
%‘ZJ (S;,A) = Yok (S5, A) Ap (S; 1, A) VkeT\WN, k#root .

where for each non-leaf node k such that k # root,

_ ZieChiIdren(k)r‘lT[S] O R A CHTIPY

Ap(S;p,A) = log Z eWi(Sit ) /Ay, ML
iECthren(k)ﬂT[S] >\k ZiEChildren(k)mT[s] (& 2( L, )/ k
WS, A) = X chitren(i) 1Sy r—si (S5, A) X Wi (S5 1, A)
= o |

We now present the proofs of these four lemmas.
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B.1 Proof of Lemma B.1

Proof: Consider an arbitrary subset S. We prove both results by induction on the height of node j.
For the base case, suppose the height of j is zero. This means that j is a leaf node of T[S], so
W;(S; , A) = p; and the result is trivially true. Suppose that the results holds for all nodes at
height at most H. Now consider a vertex j € T[S] of height H + 1. By the induction hypothesis,
the results are true for all children k& of node j because the height of k is at most H. Therefore, by
definition of W; and the inductive hypothesis,

W;(S;ap,al) = aljlog Z e@Wr(S /(X)) = aT;(S; u, A) and

ke Children(j) N T[S]
W;(S;pu+&e,A) = Ajlog Z el WRSmNI/N | = ¢ 4 W,(S; 1, ).
k€ Children(j) N T[S]

We have thus established the result for nodes at height H 4 1, completing the induction step. The

result of the lemma now follows. [ |

B.2 Proof of Lemma B.2
Proof: Fix an arbitrary subset S. We prove each of the three parts separately. Throughout
this proof, we make use of the following observation: for each j € T[S], the function W;(S;u, X)

only depends the parameters associated with nodes in the sub-tree T,[S] rooted at j; that is,

W;(S;pu,A) = W; (S;I'LTJ-[S]7AT]'[$])7 where pr 159 = (pe : L€ T;[S]) and Arjis7= (A : k€ T4[S]).

Proof of part (a): We use induction on the height of node j. For the base case, suppose that the

height of j is zero, so j is a leaf node. Then, the result is trivially true by definition. Suppose that
Wi.(S; i, ) is convex in (p, A) for all nodes k with height at most H. Now, consider an arbitrary
non-leaf node j at height H + 1. By the induction hypothesis, Wy (S; u, A) is convex in (u, A) for
all children k of node j. Then, the function

(p, ) — log Z Wi (Si\)
k€ Children(j) N T[S]

must also be convex in (@, A) because it is a composition of the log-sum-exp function, which
is increasing and convex, with a collection of convex functions (p,A) — Wi(S;u,A), for
k € Children(j) N T[S]. Note that for each k € Children(j) N T[S], the function Wy (S; s, A) is inde-
pendent of \; because j ¢ T;[S], so

O T ) R (R SRR

k€ Children(5) N T[S] ke Children(j) N T[S]
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Therefore, the perspective of the above function is given by

HTRIS] ATyls)
(s A) = A log > eW’“<S’ FET) ) A;log 3 Wk (Siwryis ATy 1s1)/ %

ke Children(5) NT[S] ke Children(j) N T[S]

= Wj(S;M7A) s

where the first equality follows from the positive homogeneity property in Lemma B.1. Because
the perspective of a convex function is also convex (Boyd and Vandenberghe 2004), it follows that

W;(S; 1, A) is convex in (p, X), completing the induction step. This proves part (a).

Proof of part (b): We prove part (b) by induction on the height of node j. Consider the base

case where j has a height of zero, so j =/ for some leaf node ¢ in T[S]. In this case, T,[S] = {¢}
and W,(S; pu, A) = . Because T,[S] NS contains only the node ¢ in it, the condition fiy = py + &
can be trivially satisfied by choosing & = jiy — pe. Further, the relationship

Wi S;0m+ (1 — 0)fa, X) = OW,(S: j, X) + (1 — 0)Wi(S; 1, A)

is also trivially satisfied by defnition for all € (0,1). Therefore, the base case is true.
Suppose that the result holds for all nodes with height at most H. Consider an arbitrary non-leaf
node j at height H + 1. By the induction hypothesis, we have that for each k € Children(j),

if and only if there exists &, € R such that p, = i, + &, for all £ € T,[S]NS. We will now prove the
result at node j.

We will first prove the sufficiency. Suppose that there exists £ € R such that g, = i, + £ for all
leaf nodes ¢ € T,;[S|NS, or equivalently Bt ;sins = M, (s)ns T &€, where is e is a vector of ones of

an appropriate dimension. Then,

Wi(S;0p+ (1= 0)p,X) =W;(S; pr 159+ E(1 - O)e, A) [W; only depends on pr ()]
— 61— 0)+ W (S: pr 5, A) by Lemma B.1]
= QWj(S;NTj[S]7>‘) +(1-90) <f+ Wj(‘S;NTj[S]a)‘))

= OW;(S; 1, A) + (1 — )W, (S; 1, A),

where the last equality follows because Py iis1ns = M7 s)ns T &e. This gives the desired result.

We will now prove the necessity. Suppose that p, @&, and 6 € (0,1) are such that

Wi(S;0p+ (1= 0), A) = O0W;(S; 1, A) + (1 = O)W;(S; 1, A). (EC.1)
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Our goal is to exhibit a £ € R such that fir (gns +& = ) 5)ns- If we have that fir (5ns = t1 (5105
then the result is trivially true. Therefore, we assume that fir(sns 7 K, (s)ns- T0 simplify notation,
let a=1/\;, m=|Children(j)|. Further, let LSE: R™ — R, be defined as LSE(x) =1log (", e™),
for each & € R™. Note that LSE(+) is the standard log-sum-exp function. Also, define the following

three vectors in R
y' = (Wi(S;0u+(1—0)m,\): k€ Children(j) N T[S])
y> = (Wi(S;um,A): k € Children(j) N T[S])
y® = (Wi(S;ix,\): k € Children(5) N T[S])

By convexity of W, from part (a), we have that y' < 6y? + (1 — 0)y®, where the inequality holds

componentwise. By definition,

1

J

< LSE (fay® + (1 —6)ay®) [LSE is strictly increasing]
< OLSE (ay®) + (1 — O)LSE (ay®) [LSE is convex]

= WS )+ W (S

_ jjwj(s;eu (1= 0) ) [by hypothesis (EC.1)].

Because the left and right hand side expressions are equal to each other, it must be true that both

inequalities hold with equalities. We have thus shown that
LSE (ay') = LSE (Gay®+ (1—0)ay®) = OLSE (ay®) + (1 — O)LSE (ay?)

We now derive the implications from the above two equalities. Because the LSE function is strictly
increasing, the first equality implies that y' = 6y? + (1 — 0)y>. In other words, we have that for
each k € Children(j),

yr =0y +(1=0)y; = Wi(S;0u+(1—-0)a,\)=0Wi(S;u,A)+ (1 - 0)Wi(S; 1, A) .

It now follows from the induction hypothesis, applied to Wy, that for each k € Children(j), there
exists & € R such that i, = p, + & for all £ € T[S]NS. To establish our result, it is now sufficient
to show that & = & for all k # k' such that {k,k’} C Children(j). For that, we first note that

because fit, (sjns = Sk T K1, (s)ns: We have that

yl% = Wk(‘s, w, >‘) =W (Sa ﬁTkﬂS7 )‘) = fk + Wk(87 K, >‘) =&+ y}% ) (ECQ)
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where third equality follows from Lemma B.1. Now, if y? = y3, then it follows that &, =0 for all
k € Children(j), establishing the result. Therefore, we assume that y? # y®.

Then, we focus on the second equality above:
LSE (ay” + (1 —0)ay®) = OLSE (ay®) + (1 — 0)LSE (ay®) . (EC.3)

It is a well-known result that the the function ¢ — LSE(x + tz) is strictly convex if and only if

z # e. In other words, for some x, z € R™, and for any ¢;,t; € R, we have that
LSE(x + (6t1 + (1 —0)ts)z) =OLSE(x + t12) + (1 —0)LSE(z + t5z) if and only if z=e.
Now choosing x, z, t;, and ¢, to satisfy
x+tiz = ay? and x+tz = ay’,

we obtain from (EC.3) that LSE(x + (6t; + (1 — 0)t2)z) = OLSE(x + t12) + (1 — O)LSE(x + t22).
Therefore, we must have that z = e. Solving for z, we get that e = z = a(y* — y®)/(t, — to); this
equality is well defined because y? # y> ensures that t; # t,. As a result, for an appropriately
defined constant §, we obtain that y? —y; = § for all children k € Children(j). Because we also
have that y5 —y5 =& from (EC.2), it must be that &, = 4§ for all k € Children(j). Consequently,
we have shown that fi, = pp + 6 for all leaf nodes ¢ € Uye chidren(j) Tk[S] N'S. Because T;[S]NS =
Wrke chitdren(j) Tk[S] NS, we have shown that fi, = p, + £ for all leaf nodes £ € T;[S]NS and £ =4,
which is the desired result. This completes the necessity part and finishes the induction. Therefore,
part (b) holds for all nodes j € T[S].

Proof of part (c): Part (c) follows immediately from parts (a) and (b). [ |

B.3 Proof of Lemma B.3

Proof: We will prove each of the three parts separately by induction on the height of node j.

Proof of part (a): The base case where j has a height of zero is trivially true by definition.

Suppose the result is true for all nodes of height at most H. Then, consider node j with height
H + 1. By definition,

W;(S; 1, A) = A, log > e
k€ Children(5) N T[S]
Note that W;(S; p, A) only depends on (p, : £ € S), (Ar,(s) : k € Children(j)), and A;. By induction,
for each k € Children(j), W;(S; p, A) is increasing in p and Ar,|s). Moreover, taking the derivative
of the above expression with respect to A;, we get

o,

. Wi (Si,X) /A5
—1o 2: VRSN /A | _ i D e Children(j)NS Wi (S; p, A) x e J >0

& A Z eWk (S X) /A =
ke Children(j) NT[S] J ke Children(j) NT[S]
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» ;. This shows that W;(S; p, A) is

where the inequality follows because log (>,_, €"1) > max;_;

.....

increasing in (pu, ), completing the induction and proving part (a).

Proof of part (b): By using induction on the height on node j, we will establish that W;(S; &, X)

is strictly increasing in p, for all £ € T;[S]NS. For the base case, suppose that j has a height of
zero, so j = £ for some leaf node ¢ € T[S|NS. We have by definition that W,(S; u, A) = p,, which
is clearly strictly increasing in p,. Because T,[S] NS = {{}, we have established the base case.
Suppose the result is true for all nodes k& with height at most H. Consider a non-leaf node j at
height H + 1. By definition, W;(S; g, A) = A, log (Zkecm,dren(jmm ewkw;u,»/xj), Now consider a
leaf node £ € T;[S]|NS. There exists some child node k of j in T,[S] such that £ € T,[S]NS. Since
the height of k € Children(j) is at most H, it follows from the induction hypothesis that Wy (S; i, A)
is strictly increasing in p,. Moreover, because the log-sum-exp function is strictly increasing, it
follows from the expression for W;(S; p, X) that it is strictly increasing in p,. This completes the

induction, establishing the monotonicity in p for all nodes j € T[S].

Proof of part (c): Now, consider the last result that W;(S;u,A) is strictly increasing in A, if

node k has at least two children in T,[S]. For the base case, consider node j with height one, so
its children are leaf nodes. By definition, W;(S; p, A) = A, log (Zeecmldren(j)ms e“f/’\j>. Taking the

derivative of the above function with respect to \;, we get

o X e.U'Z/Aj

1 ildren(j
~ log Z bt/ B 7'Z£6Chld ()ns # . (EC.4)

Be/Xj
ns €Y

O\,

£€ Children(j)NS J Eze Children(5)

Because | Children(j) NS| > 2, we have that log(}_,, Children(})NS ert/A3) > maxye children(j)ns fe/ ;. Fur-
ther, since the second term in the expression above is a weighted average of the set of numbers
{pe/A;: € € Children(j) NS}, it follows that OW;(S; , X)/OA; > 0, which establishes the base case.

Suppose that the result is true for all nodes k& with height at most H. Consider a non-leaf
node j at height H + 1. Consider an arbitrary non-leaf node i € T,;[S] such that i has at least
two children. If ¢ # j, then ¢ € T;[S] for some child £ of j in T[S]. Because ¢ has at least two
children in T[S], it follows from the induction hypothesis that W} (S; s, A) is strictly increasing in
;. Moreover, because the log-sum-exp function is strictly increasing, it follows from the expression
for W;(S; p, A) that it is also strictly increasing in \;.

Now suppose i = j. Because Wy (S; p, A) are independent of A; for all children k of j in sub-tree
T[S], we can compute the partial derivative of W; with respect to \;, as done for the base case.
Using identical arguments, we can conclude that OW;(S; u, A)/0A; > 0, establishing the induction
step. This completes the proof. |
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B.4 Proof of Lemma B.4

Proof: Fix an arbitrary S C N. We first consider the derivative with respect to u, and prove it
using induction on the height of the node. For the base case, we consider a leaf node ¢ of sub-tree
T[S]. We have by definition that W, (S; g, A) = pe. Therefore, OW,(S; o, X) /0o = 1 = 10o—0(S; o, A).
We have thus established the base case.

Now suppose the result is true for all nodes of height at most H. In other words, suppose that
OW,(S; e, X) /O = y—y0(S; , A) for all nodes v of height at most H and all leaf nodes ¢ in T[S].
Now consider a non-leaf node j at height H + 1. We have by definition that

Wi (S;,A)/As  OWg(SipA)
ALEST i Z WS N /N | ZkEChi'dfe“(j)ﬂT[Sl e e kaw

= —A\;log Wi (S;m,A) /A

Opue O

ke Children(5) N T[S] Zke Children(j) N T[S] €

Since ¢ is a leaf node in T,[S], there exists exactly one child node i € Children(j) N T[S] such that ¢
is a leaf node in T,[S]. For any other child node k # i, we must have that OW}(S; u, X)/Iu, = 0.

Therefore, we obtain

OW,(S; p, X) eWi(SiA) /X OWi(S: 1, )
A D ke Children(j) N T[S] WSt/ Olbe J

where the first term in the second equality above follows from the definition of
¥j5i(S;m,A) and the second term follows from the induction hypothesis. Because
Vi (S, A) X Vi o(S; e, X) =1;0(S; w,A) by definition, we  have  shown  that
OW;(S; 1, N) /0o = 0 (S; , ), as desired. We have thus established the induction step. The
first result now follows by induction.

We now consider the derivative of W;(S; p, A) with respect to A, for some non-leaf nodes j and k
in T[S]. We prove the result by induction on the height of j. For the base case, we start with a
non-leaf node j at height one, so all children of j are leaf nodes. As shown in Equation (EC.4) in

the proof of Lemma B.3, we have that

- wj—ﬁ' <87 M, A) X AJ(‘S‘a M, A)a

WS A) o e 1 2 e chidren(iyns He XWV/AJ’
O ¢€ Children(j)NS A Lee chitgren()ns et/
where the second equality follows from the definition of A;(S;u,A) and the fact that
¥j;(S; w, A) =1. We have thus established the base case.
For the induction step, we suppose that OW;(S; p, A) /0N, = k(S5 p, A) X Ap(S; p, A) for all
nodes j of height at most H and for all non-leaf nodes k € T;[S]. Now consider a node j of
height H + 1. First, suppose that k # j. We then have by definition that

eWi(SimN) /N PUACHTR)
Oy,

OW;(S;p,A) 0 Z WS/ _Zz’eChildren(j)ﬂT[S]

Oy O\ Aslog eWi(Sim,N) /X

i€ Children(j) N T[S] Zie Children(5) N T[S]
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Because of the property of a tree, the non-leaf node k belongs to the sub-tree T;[S] of exactly
one child node i of node j. For any other child node v # ¢, we have that OW,(S; p, A)/O\, =

Therefore, we can now write

GWJ (S, M, )\) eWi(Si,A)/Aj oW, (S, u, A)
O D_ic Children() 1 T[S] VSN O Vi (S5 1, A) X Vi (S5, A) X Ak (S5 1, A)

where the first term in the second equality above follows from the definition on
¥j5i(S;p,A) and the second and third terms follow from the induction hypothesis.
Because ;1 (S5, A) =05 (S; 0, A) X ;5 (S; ,A) by definition, we have shown that
OW(S; 6, X)JONe = 5k (S; 6, A) X Ag(S; p, A), as desired. This completes the induction step,
completing the lemma. The final expression for A, (S; u, A) follows from plugging in the definitions

of Wi(S; s, A) and ¢y _;(S; p, A) for all i € Children(k) N T[S]. [ |

It follows from the above lemma that aW""’t (S5, A) = Yroorse (S; 4, A) =Py (S5 o, A), and this
is consistent with the result from McFadden (1978), which provides an expression of the choice
probability in terms of the derivative of the generating function for Generalized Extreme Value

choice models.

Appendix C: Proofs of Theorem 2.2, Theorem 2.4 and Theorem 2.5

C.1 Proof Of Theorem 2.2

The negative log-likelihood value of the data is equal to i qu1 —log ¥l i ea(pt, N). The expres-

sion in the statement of the lemma is obtained by 1nv0k1ng the expression in Equation (2) for

—logvl . ... and then re-arranging the terms. More precisely, we have

; Wiy (s X) = Wi (e, A)
Z B log wgootac‘l (u'a )‘) = Z Z Pa(y) )\' J
g=1 q=1 j€path(root,c] pa(J)
> > LY
= Wr(g)ot ( A) + Wq (H’ A) ( > B = b
a=1 j€E€path(root,c?) )\J )‘pa(j) )\pa(cq)

where the last equality follows from a straightforward re-arrangement of the terms of the inner

summation. A slightly different re-arrangement yields the following expression:

< < qua(k)(ll’a)‘) - ng(l“l’a)‘)

Z - log ngoot—)cq (H’ A) = Z Z

q=1 q=1 ke&path(root,c9]

Apa(k)
wa

Q
@ z Z ]I{CqGTk} pa(k Z z ]l{cquk}ng(N,)\) )

q=1 k€T\{root} )\ a(k) a=1 keT\{root} )‘Pa(k)

(2 ZZ ]l{cqu }WJq ZZ ]l{cqu }WQ(H’)\)

g=1 jeT q=1 jeT Apa(i)
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where the equality (a) follows because k € path(root, ¢?] if and only if ¢? belongs to the sub-tree
rooted at k; that is, ¢? € T;. The first term in the last equality (b) follows from the change of
variable j = pa(k). With this change of variable, as k is varied over the set of nodes T \ {root}, the
variable j varies over the set T\ N. Because A\, = 400 for each leaf node £ € N, we can extend the
summation to cover the entire set of nodes in T, resulting in the first term. The second term is

obtained by replacing k with j, and including root in the summation, since Ap,(roor) = +00. |

C.2 Proof of Theorem 2.4

To facilitate the proof of Theorem 2.4, let us introduce the following function b:D; — R, defined
by: for each ¢ € Dy,

b(¢) = max max  ((—Cea)

q=1,....Q (e89\{cq}
where we use the convention that the maximum of an empty set is 0. Further, we let
b* =min¢ep,na () where A= {p | |||, =1}. In other words, b(¢) denotes the maximum possible
loss in mean utility from the choices made in the data under the mean utility vector {. Maximizing
the log-likelihood requires us to make this loss negative, if possible. If the loss is made negative
for some ¢, then scaling all the mean utility values by a contant makes the loss diverge to —oo,
resulting in unbounded optimal solutions. As we shown below, the assumption of strong connect-
edness of the comparison graph prevents this from happening. In particular, strong connectedness
ensures that the loss is always positive for any ¢. We formalize this intuition next. The first lemma
shows that b* is positive when the comparison graph Comp is strongly connected. Recall that, given
transaction data {(S%,¢?):q=1,...,Q}, a comparison graph Comp = (N,E) is a directed graph
whose nodes correspond to the products, and there is a directed edge (¢1,¥-) € E if there exists an

offer set 87 such that {¢;,0,} CS? and ¢? =/;.

Lemma C.1 (Positive Gap) If the comparison graph Comp is strongly connected, then b* > 0.

Proof: We start with the observation that because A N D; is compact, the minimum
ming,eanp, b(p) is attained at some p* € ANDy, so that b* = b(u*). Therefore, to show that b* > 0,
it is sufficient to show that b(u) > 0 for every u € AND;. We prove this result by contradiction.
Suppose on the contrary that b(¢) <0 for some ¢ € AN D;. Because b(¢) <0, it follows from
definition that ¢, < (. for all £ €S, and for all g=1...,Q. Consider an arbitrary directed edge
(j, k) in Comp. By our construction, there exists a ¢ € {1,...,Q} such that j =c? and k € §7\ {c?}.
Therefore, we must have that ¢, < ;. But, Comp is strongly connected, which implies that there
is a directed path kK — sy — s — -+ s, — j in Comp from node k to j. Applying the result that

¢t < (s whenever there is a directed edge from s to ¢, we obtain that ¢; <(,,, <--- <(,, < (x, which
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implies that ¢; < (;. This inequality together with the result that (, < (;, implies that ¢, = (;.

Because j and k are arbitrary nodes and any two nodes are connected by directed paths, we have
shown that (; =( =---=(,. But (€ ANDy, so {; =0, and consequently that 0 € A. This is a
contradiction! Thus, b(p) >0 for all p € AND;. This completes the proof. |

The next lemma gives an upper bound on the selection probability in terms of the mean utilities.

Lemma C.2 For each {1 €S, b, €S, and (p,X), —logPs, (S; p, ) > foe, — fe, -

Proof: By Equation (2),
Whea(j) (S5, A) = W5 (S, A)

- log PQ (S 3 M A) = - log Q7Droot—>51 (Sa K, )‘) = Z Aoali
j€path(root, (1] pa(j)
> Y W (S A) =W (S A) = Wieat (Si,A) = Wi, (S, )

jEpath(root, 1 ]
where the inequality follows because Wi,y (S5, A) > W, (S5, A) and Ay,(jy) < 1 for each node j
such that j # root. The last equality follows from the telescoping sum.

Now, we claim that Wi, (S; 6, A) > W, (S; e, A) for any leaf node ¢ € S. To see this, con-
sider the path root — j; — -+ — j,, — £ from the root node to the leaf node ¢ in tree T[S].
Because W) (S;p,A) > W; (S;, A) for all nodes j, we have the sequence of inequalities
Wioot (S5, A) > W, (S5, A) > - > W, (S5, A) > W, (S; i, A), which establishes the claim.

By choosing £ =/¢,, we get

—logPs, (S5, A) = Wieor (S5, X) = Wy (S5, ) > Wy (Ss s X) = Wey (Si 0 A) = ey — ey
where the last equality follows because both ¢; and ¢, are in S. |

The next lemma establishes an upper bound on the Neglog(0,A) for all A.

Lemma C.3 For each XA € Dy, Neglog(0,A) <|T|log|T|.

Proof: Consider an arbitrary XA € D, and S CN. We will first establish the following claim.
Claim: For each node j € T[S], W;(S;0,X)/\; <log|T;[S]].

We will prove the claim by induction on the height of node j. For the base case where node j
has a height of zero, then j = ¢ for some leaf node ¢ € §. Since A\; = +00 by definition, we have
Wi(S;0,X\)/A; =0 =1og|T,[S]| because T,[S] = {¢}. This establishes the base case. Suppose the
claim holds for all nodes with height at most H. Consider an arbitrary node j with height H 4+ 1. By
the inductive hypothesis, the claim holds for all children of j; that is, for each k € Children(j)NT[S],
Wi(S;0,X) /A, <log|Tk[S]|, and thus, Wi.(S;0,A)/\; <log|Tx[S]| because A\, < A;. Therefore,

W,(S;0,) : .
JT _ log Z VRSO | < og Z ITe[S]| | < log|T,[S]]

J k€ Children(j) N T[S] k€ Children(j) N T[S]
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which completes the induction argument. So, the claim holds for all nodes j € T[S].

To establish the lemma, note that by Equation (2), for each transaction (S9,c?),

Wpa(j) (Sq’ 0, )‘) — Wj (Sq; 0, )‘)

—logPes (Sq ; 0, A) = — 108 Yroot—sca (Sq; o, >‘) - ) Z )\pa(j)
jEpath(root,cd]
Wea(j) (5750, A)
< ) Apa(s) < D g ‘Tga(j) < [Tlog|TY] ,

j€Epath(root,cd] j€Epath(root,cd]

where the first inequality follows because W;(-) is non-negative, and the second inequality fol-
lows from the above claim. Therefore, NeglLog(0,A) < éZqQ:l |T?) log |T9] < |T|log|T|, which is the

desired result. [

Here is the proof of Theorem 2.4.

Proof of Theorem 2.4: Fix an arbitrary A € D,. Recall that D; ={pe€R" : u; =0 }.

ProOOF OF NECESSITY: We will first prove the necessity, so suppose that the optimization prob-
lem min,ep, Neglog(pt, A) admits a unique and bounded optimal solution, and let p* € D; denote
the unique optimal solution. We will prove by contradiction that the comparison graph Comp must
be strongly connected.

Suppose on the contrary that Comp is not strongly connected. This means that there exist
vertices ¢; and ¢4 such that ¢4 is not reachable from ¢,. Let A; denote the set of vertices that are
reachable from ¢;, and let A, =N\ A; denote the remaining vertices in Comp. Note that ¢; € A,
and /5 € Ay, so both A; and A, are nonempty, disjoint, and A, J A, = N. By definition, there is no
directed path from a node in A; to a node in A,. Without loss of generality, assume that 1 € Ay;
the argument for the case where 1 € A, is analogous.

Consider an arbitrary £ > 0. Define a i as follows:

_ w if fe A,

’”:{umf if (€A,
It is easy to verify that g € D;. Now, consider an arbitrary transaction (S?,¢?). There are 3 cases
to consider: 1) STC Ay, 2) STC Ay, and 3) STNA; # & and STN Ay # 2.

Case 1: S? C A;. Then, we have that W, (S%p,A) = W;(S%Gu*, ) for all j € T[S
because the weight function only depends on the utility of the products in the offer
set SY and by our construction, we have that g, = p; for all £ € §7 C A,. Therefore,
—108 Proot—sea (S5 1, A) = =108 Yroot—sca (ST 17, A).

Case 2: §7C A,. By Equation (2), we have that

Z Wga(j) (/:l‘v A) - W]q <ljl’7 A)

- 10g wrootﬁcq (Sq; ﬂa )‘) = )
pa(j)

jEpath(root,cd]
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@ Wioot (S8, A) . I 1
)\root * Z Wj (S e ) )\ /\Pa(] ’

j€Epath(root,cq]

o

(B) Wroot (Sqau’*a)\) q. i
P VLl by

j€path(root,cd]

¢ £ ¢
+ AI'OOt + Z < B y )

jEpath(root,cq] )\J )‘pa(])

© Wioot (ST 6%, X) (1 1 )
= + W, (S ) [~ —
>\root Z ! ( H ) )‘j )\pa(v)

j€Epath(root,cq]

= - log wroot—mq (Sq; “'*7 >‘) .

where the equality (a) follows from collecting terms and (b) follows because because fi, = pj + & for
all £ € A, and from Lemma B.1 on the invariance under translation by a constant, which implies
that W; (8% @, X) =&+ W, (8% p, A). The last equality (c) follows by the telescoping sum and the
fact that Ay = +o00 for all leaf nodes ¢ € N.

Case 3: S’TN A, # @ and SN Ay # &. In this case, |S?] > 2, and thus, by our construction of the
comparison graph Comp, there is a directed edge from c¢? to all other elements in §9. Since there
is no directed path from A; to A,, it must be the case that ¢? € A,. By re-arranging the terms in

Equation (2) and using the fact that A, = +oo for all leaf nodes ¢ € N/, we can write

Wroo Sq;—’A — 1 1 WC Sq;—’A
- logwroot—wq (Sq’ ﬁ? A) = M + Z Wj (Sq;“’ >‘) ( - > - . ( a )
>\root )\j APa(j) )\Pa(cq)

j€path(root,cq)

Wioot (S5 11, A _ 1 1
R DS Wj(Sq;u,A)( )

)\root j€Epath(root,c?) )\j )\pa(j)
CWa (ShpsN) €
Apa(ea) Apa(ca)
©) Wio (S7 17, X L1
> Wj<sq;u*,x>(— )

A A Apa
root je€path(root,cd) J pa(j)

Ly <£_ ¢ )_ch(Sq;u*J\)_ ¢

root Aj )‘Pa(j) )‘Pa(cq) )\Pa(cq)

—~
5

j€Epath(root,c?)

= - log ¢root%cq (Sq; H*7 A) .

where (a) follows because ¢, € Ay for all g, so W (8% 1, X) = [ice = piig + €. The inequality (b)

above follows from the fact for all j € path(root, c?),

1 1 1 1 1 1
W; (Sq;ﬂ'?A) <_ > < W; (Sq;u*,k) <— > + & <— >
! i Apals) ! A Apa) A Apal)

A

because 0 < \; < Apy(j) and by Lemma B.3, the weight function is increasing in p, so for all j € T[S,
W; (S4Gp,A) < W, (S4hp*+Ee,A) = &+ W;(S%p*, ), where the equality follows from the
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translation variance property. The final equality (c) above follows from collecting terms in the
telescoping sum.

Therefore, we observe that in all three cases,

- 10g wroot—wq (Sq; l]w A) S - 10g "/}root—mq (Sq; /J'*7 )‘) .

Since the transaction (S7,¢?) is arbitrary, it follows that Neglog(zt, A) < NeglLog(p*,A), but this
contradicts the fact that p* is the unique optimal solution! Hence, it must be the case that Comp

is strongly connected. This completes the proof of the necessity.

PROOF OF SUFFICIENCY: We will now prove the sufficiency, so assume that the comparison graph
Comp is strongly connected. Fix an arbitrary A. Consider p € D; such that ||| > 2 Neglog(0,\).
Note that b* >0 by Lemma C.1. Then, p = ||p|| ¢ where ||{]|. = 1. By definition, there exists a
transaction (S7,¢?) such that b(¢) =, — (u for some ¢ € §?\ {¢?}. Then, by Lemma C.2

Neglog(p,A) = —logPes (85 1, A) /Q = (e —prea) /Q = (G —Cea) |1l /@ = 0(C) 1]l /@

and it follows that NegLog(p,X) > |lu|l b(¢)/Q > ||l b"/Q > Neglog(0,A), which shows
that min,cp, Neglog(p,A) = min {NeglLog(p, A !,u €Dy, |pll, <35 9 Neglog(0,\) )}, so the opti-
mization problem has a bounded solution.

We now show that the optimal solution must be unique by establishing that the mapping
p— Neglog (s, A) is strictly convex over the set D;. For that, we first note from Theorem 2.2 that

1 1 Pe
NegLog ,U,, Q Z root >‘) + Z W_/q (“7 A) <>‘] - ] > - :

j€path(root,cq) >‘Pa(3) )‘pa(dI)

Because W(u,A) is convex in p for each ¢ and A (by Lemma B.2) and 1/\; —1/Ap.¢;) > 0 for all
Jj €T\ N, it follows that the function above is convex in p.
We are left to show that the convexity is strict, for which it is sufficient to show that the following

def

function is strictly convex: f(u) = Q=1 Wil (e, A). We show strict convexity through a direct

application of its definition. The function f(-) is strictly convex if for p # @ such that u; =p; =0
and 6 € (0,1), we have f(Opu+(1—-0)) <6f(p)+(1—0)f(@). To arrive at a contradiction, suppose
that for some p # @ and 0 € (0,1), we have that

f(9u+(1— 0)i) =01 (1) + (1 —9)f(ﬂ)
= Z ot (1-0 Ze Sor(14: ) + (1= )WL (11, A) - (EC.5)

By Lemma B27 for each q € {17 et Q}7 Wr%ot(ep‘ + (1 - 9)[1’)5 A) S HWr%ot(y” A) + (1 - Q)Wr%ot(ﬁa )‘))

with equality occurring if and only if p, = i, + k¢ for all £ € §9, where k? € R is some constant.
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Therefore, for Equation (EC.5) to be satisfied, we must have equality occurring for each ¢ €

{1,...,Q}. As a result, there exists x!, k%, ..., k9 such that for each g€ {1,...,Q},
e = fig + k? for all £ € S9.

To arrive at a contradiction, we now establish that k? =0 for all ¢, which implies that p = @ since
N =U,4e(q)S?. This contradicts our assumption that p # f!
To show that k?=0 for all ¢=1,...,Q, we first prove the following claim.

Claim: k' =k%?=...-=kC.

To prove the claim, it suffices to show that x' = k2. Exactly the same argument applies to
show that k9 = k9 for all q; # qo. If S'NS? # @, the result is trivially true because there exists
¢ € 8! N S?, which implies that x' = p, — fip = k2, which is the desired result. So, suppose that
S'NS? = @. Pick ¢, € S! and ¢, € S2. Since Comp is strongly connected, there exists a path
bi=F0—=J1 = = Jm1—> Jm =4¥s in Comp from ¢; to ¢,. By our construction of Comp, for each
edge (j;_1,7j:), there exists a set S" € {S',...,89} such that {j;_1,5;} C S". Therefore, for each
t=1,...,m, j; € 8" NS"+1 and thus, k" = p;, — fi;, = £"++1. Since this is true for all t=1,...,m,
it follows that

hy _

KM =g =...=ghm |

Since ¢, € S'NSM and 4, € S?NS"", we have that k' = k"1 = k" = k2. This is the desired result,
proving the claim.

We will now use the above claim to show that x? =0 for all ¢. Consider the subset S? that
contains product 1. Because p; = ji; = 0, it follows that k7 = 0. Because x! = ... k%, it follows that
k=0 for all g=1,...,Q. This completes the proof of sufficiency.

|

C.3 Proof of Theorem 2.5
Proof: We will show that for each non-leaf node j € T\ N such that j # root, the function Neglog

function varies with respect to \; if and only if there exists a transaction ¢ € {1,...,Q} such that
node j has at least two children in sub-tree T¢. Consider an arbitrary non-leaf node j # root. The
sufficiency follows immediately from Lemma B.3. To establish the necessity, assume that Neglog
function varies with respect to \;. Suppose, on the contrary, that for every transaction ¢, node j

has at most one child in the tree T9. Then, by definition, for every g,

Wi, A) = A;log oo NI = N (S, A

k€ Children(j) N T4 ke Children(j) N'TY
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where the last equality follows because there is at most one term in the summand. Therefore, for
every q, W (u,A) is independent of \;, which implies that —log . .. (i, A) is independent of \;,
which implies that NeglLog function is also independent of );. Contradiction! Therefore, there must
be at least one transaction ¢ such that node j has at least two children in the tree T9. This proves

the necessity. ]

Appendix D: Derivatives of the negative log-likelihood function Neglog(p,\)

The following lemmas show that the partial derivatives (ONeglLog(p, )/, : £€N) and
(ONeglLog(p, X)/ON; : 7€ T\ (N U{root})) can be computed efficiently via a recursion that starts
at the root node and ends at the leaf nodes of the tree T. To facilitate our exposition, for each
transaction ¢, define the set of values (Dg(u, A):je T) recursively starting from root as follows:

Initialize D (e, A) =1 and for all j € T \ {root},

1 1
D M) = e, (5

) N Dl (X
J pa(j)

We emphasize that the values Dg(,u,)\) can be computed efficiently through a simple recursion
starting from the root node. We will use the values Df(u,A) to compute the derivative of the log-

likeihood function; see Lemmas D.2 and D.3. The following lemma gives an equivalent expression

for Df(p,X).

Lemma D.1 (Equivalent Expression for D}(u,\)) For each transaction q and for all k€T,
DE(1A) = Yoy Derery (55 = 52 ) 0l ).

pa(j)

Proof: We prove the result by induction on the height of node k. When k = root, the RHS in the

equality above reduces to

1 1 1
Z ]l{CqET } < ) _;I—Hoot(HJ A) = <)\ . - > : w?oot%root(l"’? A)

=  Aei) Apa(root)

:wgootﬁroot(pﬂA) =1= D:]oot( )‘)a

where the first equality follows since 97, ,..(1t, A) =0 for all j # root, and the second follows since
Apa(root) = +00. This establishes the base case. Now, suppose the claim is true for all nodes k of
height H. Consider any node k with height H — 1. Using the definition of D (s, ), it follows that

1 1
)‘k )\pa(k)

1 1 1
~ticen () 0 (St (=52 ) 9 0

Apa() = )

DY) = Lysacr, - ( ) (B A) - DY (1, A)
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1 1 1
= ]l{cquk'} : <)\ - )\ > +wga(k)4)k(u? A) : Z ]l{('qéT } < )\ ] > : qu*)pa(k) (I’l’7 A)
k pa(k) pa(j)
JGT\{k}
1 1 .
=Lesery | - + Y laery b 7 (e, )
k pa(k) JET\{k} pa(y)
1
- Z]l{chT } ( )\ (})) ;Iak(:u’a)‘)v
palg

JET
where the second equality follows from the induction hypothesis, the third since v pa(h) (p,A) =0,
the fourth since ¢, ) (1, A) X Y0y (s A) =], (1, A) for all j € path[root, k), and the final
since ¥}, (p, A) = 1. This completes the induction. |

Here is the derivative of the negative log-likelihood function with respect to u.

Lemma D.2 (Derivatives with Respect to p) For all e N,

ONegL ) 1 |
eglog(p X Q ZDq (1, A Z Z ]1{0’16T I ( _ ) ;Z—M(Hu)‘) i

Ope q 1 jeTW )‘Pa(J) Apa(0)

Proof. From Theorem 2.2, it follows that

NeglLog (s, A g Z {Z Lcact,) ( ! , > W;’(M,A)}-

JeT Apa(J)

Now, noting that oW}/ (s, X)/0u, is equal to ¥, ,(p,A) (from Lemma B.4 in Appendix B), it
follows that for all £ € N:

Q
—aNegLog o) Q Z {Z ]l{c‘IET } ( ¥ ! _ >¢g~>f Ho A } @Z

8/M jeT )\Pa (])

where the second equality follows from Lemma D.1. Finally, we note that

le:D"( )\)_Z{le ( ! ) < A)}
Qq:1 o\ 0 {caeT;} Y N SRV

=1 JET pa(j
1 Q 1 1 .
- @ Z Z :ﬂ{chT } )\ J%Z H’) + Z ]l{cqu } )\ _ 7%((“7)‘)
q=1 | jJET\WNV pa(j) JEN pa(j)
DNPIE ( 1)q< - b
- {ct€eT;} A, A) — ———
Q q=1 | jeT\W )‘pa(J) JH )\pa(e)
1 S Aeassy
]l{chT } ( > l H,
Q Z JGTZ\_/\/ )\Pa(j) 7 )\pa(é)
1 sales,
Tjeac)y - ( > 7o (1, X) — :
Q ;jeTZ\N )‘pa(a‘) - )\pa(z)

where the third equality follows since \; = +oo for all j € N and %7 ,, =0 for all j € N;j # ¢, and

the last follows from the definition of sales,. |
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The next lemma gives the derivative with respect to A.

Lemma D.3 (Derivatives with Respect to A) For all k€ T\ (N U{root}),

ONeglLog(p, A
—_— Al( Dl (p, N+ El(p, A
a)\k Q Z y’v IJ“a ) + k(“v )7

where for all q, AL (p,A) := Ap(S% p,A) is as defined in Lemma B.4, and
Dic Children(k) Licaet,y log (Y, (1, A))

El(p,\) =
Proof. From Theorem 2.2, it follows that
Wi (u, Wi (e, A)
NegLog l'l’a ZZ ]l{quT YT N A ZZ ]I{CQET YT~
Q Q pa(J)

g=1 jeT q=1 j€T

From the quotient rule of derivatives, it follows that

0 (WA L WY Wi
O, Aj ey O\ {j=k} 22
0 <Wf(u7>\)>_ LW W)
a/\k )\pa(j) )\pa(j) 0)\k {pa(j)=k} )\%
oWl (p,X)

Using the above and the expression for ng) from Lemma B.4, it follows that

ONeglog(u, V5 (s M)A (e, A Wi (1, A
eglog(pe, A QZZ Ueacr,) < j k(1 N AL (1, A) 1 k(B ))

— Hk=5}
Oy = ]ET )\j )\i
@Dqﬂk(ﬂ,)\)A%(M,)\) Wq(u,)\)
- ]l cdcT ( J — ]l k—pa(j _ g7
Q ;; {caeT;} - Apas) {k=pa(5)} A2
1 @ q 1 .
= @ZAk( Z Licaer;y N XURA(TIDN
q=1 jET pa(4)
Ly q q 1
o @ Z Lycacr)y Wy (1, A) — Z Lcact ;Wi (1, A) 5Vl
q=1 i€ Children(k) k
1., ” q .
ZQZAk(M,A)-Dk [T QZ Z Licaer,y - (Wi (1, A) — W, (“’A))'F
a=1 q=1 i€ Children(k) k
Q
! —log (i (1, A)) - A
= a AZ(/"H)‘) ' DZ /J‘v Q Z Z ]l{cqe'r } k_:\2 k
a=1 g=1 ie Children(k k

_éZAZ(% )-Di(p,A) + fZE" A
g=1

where the third equality follows from the expression for D} (g, A) in Lemma D.1 and the fact that
Nicaer,y =D ic Children(k) L{caeT,} for all ¢, the fourth equality follows from the definition of Vi (e, A)
and the last follows from the definition of E}(p,A) in the statement of the lemma.



e-companion to Jagabathula et al.: Estimating Large-Scale Tree Logit Models ec2b

Appendix E: Proofs of claims and results from Section 3

E.1 Non-convexity of Neglog in A

Suppose N = {1,2,3} and the tree structure is shown in the figure

to the left, where root has two children: a leaf node 1 and a non-
leaf node 4. Node 4 has two children: leaf nodes 2 and 3 . The
e parameters of the model consist of py, pe, ps, and A\y. Suppose we
@ @ offer the full assortment, and for each ¢ € N, let s, € Z,, denote
the number of customers who select product £. Then,
et

wrootﬁl (M? )\4) = d}root%l (H, )\4) —

ert + [er2/ra 4 6/‘3/)‘4])\4

[elt2/>\4 + eus//\4] A eh2/ M

roo s A1) = Yroo yAg) X ;A = X
Vroot 2 (15 As) Yroot—sa (K A1) X Pasa (1, Ag) eu1+[eﬂ2//\4+eﬂ3/’\4]’\4 eh2/M | ems/Aa

eh2/Xa 1 ena/ra M eh3/ A4
wrootHB (“’7 )\4) = wrootﬁél ([,L, )\4) X ¢4~>3 (H, )\4) = [ ]

X
ert 4 [eu2/>\4 + eu3/>\4])‘4 en2/r 4 ens/Aa

which implies that
Neglog(p, A1) = ((31 + 53+ s3) log (e“l + [er2/?e 4 e*‘?’“‘l]“) + (s2+83)(1— \y) log (e#2/*s  ers/M4)

)\z - ii) /(51+82+83)-

Suppose we have five customers, with (s, s2,s3) = (1,1,3). For p = (1, 2, p3) = (0,1,1.03), we
have Neglog(p, Ay =0.1) =1.0116 and NeglLog(u, Ay =0.3) =1.0381, and we have that

— S1f1 — S2

NegLog(pe, \s = 0.1) + NeglLog (s, Ay = 0.
NegLog(ps, Ay = 0.2) = 1.0317 > Negtos(kAi=0 );“ eglog(p: \i=03) ) 049

which shows that A\, — Neglog(p, \4) is not convex in A,.

E.2 Proof of Theorem 3.1

The first part of the theorem follows from the PROOF OF SUFFICIENCY argument in the proof of
Theorem 2.4 in Appendix C.2 above.
For the second part, note that from Theorem 2.2, it follows that
Wq

NeglLog(t, A ZZ laery——~—> o - ZZ Laery—— LA
Q Aj Q /\ a(d)

q= 1J6T J q= 1J6T

Wi (u, Wi, A)

QZZ Lcact)y J)\ QZ Z Leaery——— Ny

q=1 jeT\N q=1 j€T\{root}

A)

where the second equality follows since by definition, A\, = 400 for all £ € N and Aps(roor) = +00.
Then, substituting A, = e~°Ul for all j € T\ N, it follows that NeglLog(u,8) = F (s, 8) — Fa(p, 8).
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Next, we need to show that F} and F; are strictly convex in 6 for any fixed pu. We first show
that the function F}(u,d) is convex in d and then establish later that it is strictly convex. By the

homogeneity property of the weight function in Lemma B.1 above, we have

1,0 QZ D Lpeaery Wi (1, A(6) QZ 7 Bgaer,y WY (1 €%, X(8) - €%l

q=1j;eT\N g=1 jET\N

where recall that the vector A(8) = (exp (—dy;) : 7 € T\ N). Then, for each term in the above
summation, the mapping 6 — W;’ (,u - el A(d) - e‘;[ﬂ'l) is convex because it is a composition of an
increasing convex function W}(-,-) (by Lemmas B.2 and B.3) with a collection of convex functions,
fe - €1 = pup - e2kepathloor. 1% and e 0 . Ol = X hepathlroot.j] Oh 2 hepathirootkl °h - Note that gy - €l
and e °l - %l are convex in & because the expressions in the exponents are linear functions of 4.
Therefore, F;(p,d) is convex in 4.

To establish strict convexity, we show that one of the terms in the summand is strictly convex.

Consider the term corresponding to the root node:

Z root /1’ ’ eé[moq ) A(a ’ mOt] Z root ) since 5[root] = Oroot = 0.

We now show that f(u,d) is strictly convex in 8. For any & # & and scalar = € (0,1), we want to
show that

Since Wr%;t(u,)\(d)) is convex in 4 for all ¢’ € {1,...,Q}, it suffices to exhibit one ¢ such that
Wiker (1 A28+ (1= 2)8)) < 2Wiker (11, A(8)) + (1 — ) Wiee (12, A(8)).

Now, since & # §, there must exist a non-leaf node j such that dj; # d;. From the condition
in Theorem 2.5, there exists a g € {1,...,Q} such that j has at least two children in T?. It then
follows from Lemmas B.2 and B.3 that Wl (u,A) is convex and increasing in A, and strictly
increasing in \;. Further, because of the strict convexity of the exponential function, we have that
e (0 +=2)(=04) < 267%U) 4 (1 — x)e %), Together, these facts imply that

wa

root

( JA(xd+ (1 —x)5)) < Wi (u , xA(d)+ (1 —x))\(s))
< AW (1 A8)) + (1 - 2) Wi, (1, A(5)) -

Consequently, F; 1is strictly convex. The proof of the strict convexity of Fy fol-

lows from an almost identical argument, but with the function f re-defined as

f(l'l’7 6) = qul Zje Children(root)NTY W]q(l"l’7 A(5)) u
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E.3 Step 2 of A-MM algorithm can be solved in closed form

We first show that the partial derivatives (ONeglLog(u,d)/0d;, : k€ T\ (N U{root})) can also be
computed efficiently:

Lemma E.1 For all k€ T\ (N U{root}), it follows that

ONeglog(ps,0) ONeglog (i, A)
0y, == 2 X O\, ’

jGTk\N

Proof. The result follows by invoking the multi-variable chain rule of derivatives:

ONeglog(p,d) 3 d)\; ONeglog(p, )

06, =yt 00y, O\
_ Z 0\; ONeglog(p,A)
W d? 0y, O\
ONeglog(p, A)
S N,
jGTk\N J
where the second inequality follows since \; = e~ Zicpathiootil % and the last since % = —), for all
j €T \N. The claim then follows. [ |

+
Next, define the function J(a):= H® {6(8) —a- VsNeglog(p(s+1) 5(5))} > for all a € R,.

The following lemma establishes the piecewise convexity of J(-):

Lemma E.2 For each j € T\ (N U{root}), let d; = 2Nc8-e <,u(5+1),5(5)) and define t; as
J

__{+m if d; <0
T 5](.5)/dj otherwise
Next, let 0 = to < tay < ... < tgy = +oo denote the sorted wvalues 1in the set
{t; : j€T\ (N U{root})}U{0,+00}.
Then, for each i € {0,1,...,1—1}, the function J(«) is either constant or strictly convex

on the interval [t(i),t(iﬂ)]. In particular, J(-) is piecewise convex on Ry with I pieces, where

I<|T\N|.

+
Proof. Define the vector M (a) = {5(8) —ozd} for any a > 0. Then, for any « € [t(i),t(iﬂ)]
and any j € T\ (MU {root}), it can be verified that

0 otherwise

Now, suppose the function J(«) is not constant on the interval [t(i),t(iﬂ)]. In other words, there

exists &, & € [t),ti11)] with @ # & such that J(@) # J(&). Since J(a) = H® (M (c)), we must
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have M (@) # M (&). From (EC.6), this further implies that there exists j; € T\ (M U {root}) such
that d;, 0 and M;, (o) =" —a - d;, for all a € [tu), tei]-

We show that J(«) must be strictly convex on [t(i),t(iﬂ)]. For that, consider a;y, s € [t(i),t(iﬂ)}
with oy # oy and w € (0,1). From (EC.6), it can be verified that

Mw-oa;+(1—w) o) =w-M(ay)+ (1 —w) - M(az) (EC.7)
Moreover, since M, (o) # M, (aw) it follows that M (ay) # M (o). Then, it follows that

J(w-og+(1—w)-ay)=H (M(w-o1 4+ (1 —w)-ay))
=H (w- M)+ (1 —w) - M(a))
<w-H® (M(ay))+ (1 —w)- H (M(ay))

=w-J(ag)+ (1 —w)-J(a),

where the second equality follows from (EC.7) and the inequality follows since M (ay) # M ()
and the fact that H®)(.) is strictly convex as established in Lemma 3.8. This establishes the strict
convex of J(-) on [t(i),t(iﬂ)]. The result then follows from observing that U!Z; [t(i),t(iﬂ)] =R,.

Finally, note that the number of pieces I satisfies

I=[{t; : €T\ (NU{root))}U{0,+00}| —1
<Ht; : jeT\(NU{root})}+2—-1
={t; : JeT\WU{root})}[+1
<[T\N]

|
The above lemma can be leveraged to efficiently compute the step size a(®) in Step 2 of the

A-MM algorithm as follows: we first obtain ag,a1,...,a;_; as the following
a;= argmin J(«),
a€lti) tirn)]
which can be done efficiently since J(«) is either constant—in which case any « is optimal—or

strictly convex—in which case well-known algorithms such as the golden-section search (Kiefer

1953) can be used—on each interval [t(i),t(iﬂ)] Then, we compute o®) as the following

al®) = argmin  J(«).
aE{ao,al ..... Otl—l}
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E.4 Proof of Theorem 3.3

We begin with the following key lemma that will be useful in the proof.

Lemma E.3 For any p € Dom; and § € Dom,, it follows that

D ar (1, 8) x exp (Spaey) = Y salese x exp (Gpa(oy))
LeN LeN

where a,(p,d) is as defined in (5).

Proof. We leverage the fact that Neglog(u,d) is shift-invariant in the variable p. Specifically,

for any x € R, we have that
Neglog(p,8) = Neglog(p +z - €,9),

where e € RY denotes the vector of all ones. In other words, for any p and 8, the function g: R — R
defined as g(z) = Neglog(p + = - €,d) is a constant as a function of x. Therefore, the derivative
g'(z) of g(x) with respect to x is zero everywhere.

We can compute the derivative of g(-) using the chain rule as follows:

d ONeglo +x-e,6) d ONeglo +x-€,0
g_y glog(p +z-e,9) (et a) =Y glog(n+z-e,0)

gle)= dz Opue dz Opue

LeN LeN
Equating the above derivative to zero at x =0 yields ), ., ONeglog(p,8)/0p, = 0. We now use

the definition of the constant a,(u,d) for each £ € N to obtain

= Z 8Negl_aog(u,6) Z (ae(p,8) — sales) - exp (Opa(ey))
LeN fe LeN

The result of the lemma now follows. |

We are now ready to prove Theorem 3.3. Below, we denote A = X(6*)) to simplify certain
expressions. In Theorem 3.7, we show that }_,_\ G, <W | (), 5(8)) is a majorizing surrogate [see
Definition 3.6] for the mapping p — NegLog(u,d(s)) at pu®. From this, it follows that for all
u € Dom;y:

NegLog(t,8) < 3 G (1ue| ), )

LeN
s s s s 1% M e — [
= ZC[(M( ), 5 ))—1—2&4 (u( ), 8¢ )) exp ( Z)\(S) ¢ ) — Zsalesg < B ¢ )
LeN LeN pa(f) LeN pa(¥)
(EC.8)

and,

NeglLog(p Z Co(u®, 6@+ Z ay (u(s), 5(S)> (EC.9)
LeN LeN
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Combining equations (EC.8) and (EC.9), we obtain that for all g € Dom;:

Neglog (s, 6*)) — Neglog(uu*),6)

(s) (s e — 1" — "
< E ay ([L 8§ ) exp E sales, -
) (s) (s)
LeN Apa(i) LeN )\pa(ﬁ)

Now, noting that f{*"" = pu{¥ + A )e) log (salesg/ag( S),(S(S))) for all £ € N, we get (we show
in the proof of Theorem 3.7 below that a,(p(), ) > 0 for all s)

Neglog(f“*",6)) — NeglLog(p*), 5

les sales
< (s) 5(8 _ salesy | ] ¢
D arln an(p),6) =D sales - log a8

LeN LeN
I
= Z (salesg — ag(,u(s),&(s)) —sales, - log (saesg(s)>> ) (EC.10)
LEN af(“(s)7 0 )

We first establish that in each iteration, the MM update makes a non-positive
improvement (recall that we are minimizing the objective function) by showing that the
upper bound in equation (EC.10) above is always mnon-positive. In fact, we establish a
stronger result that each term in the upper bound summation is non-positive; that is,
sales, — a,(u'®),8) — sales, - log (salese/ag(p(“"), 5(8))> <0 forall feN.

To that end, for each ¢ € N, note that [LES—H) is the minimizer of Gy(- | p®,8) by definition.

Therefore, we have that
Geljy™ [, 89) < Gu(” | n), 6)

A D 0
= ay(u®, 6% exp [ H——— | —sales, - —— < a,(u®,8)

(s) (s)
)\pa(é) )\pa(é)
sales sales
:>az(u(s),6(s))7z(s)—sales@-log 72(5) Saf(u(S)ya(S))
ag(p®,8%) ar(p®,8")

I
— sales, — a, (), 8)) — sales, - log LSE() <0.
ae(1,8)

It now follows from the arguments above that

NeglLog(i*™,6') — NegLog(p*, 8))

sales
<sa|esg—a,3 (5)75(5)) —sales, - log (%))
=2 ar (1, 8)

ower s sales
Z A [sales@ —a,(p (S),é( )) — sales, - log <Z>]

ten A ar(p®,8%)
sales; — a,(u®), 8% sales, sales,
= )\Iower . (Z (S()’*l’ ) — )‘lower . Z T . IOg W
teN )‘pa(Z) LeN \pa(e) ar(p'),86")
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I
e (3 o6 (320) ) < e st (55 ) 1 (- )
LeN

eN Qg “(5)76(5))
B sales,
=—\ ZSBIES@ - exp <6( ) ) -log ()
ower a(£) s s ?

i re) as(p),6%)

(s) "
where the first inequality follows because )\(:)(( = e Zkepathlrootpa(0)) O > o (height(root) —1) X dupper . —

Alower for all £ € NV and the last equality follows from the result of Lemma E.3 which implies
2 een {Sa'esf - az(u(s),é(s))} X exp (‘5[(:3(@1) =0

The last expression on the right hand side above has the form of KL-divergence between two
probability distributions, except that the corresponding terms in the expressions do not sum to

1. To address that, we normalize (a,(u(®,8®): £ € N') and (sales,: £ € N) as follows. We let

T(pu®,8®) denote the sums Y N ag(p),8%)) x exp (5[(”([)]) =Y e sales, X exp (5 pg([)) and
define
ar(p®,8%)) - ex (6(3) ) sales; - ex (6 ) )
(i 5 = (1 )-exp (020 Al (), 6¢)) = ¢ CXP \ Oppae)]
) (s) ) AV N (s)
T(p),06™) T(p),06™)
It is clear from our definitions that @(p®,8") = (Eg(u(s),d(s)): EE/\/’) and

sales = <sa|esg(u(s), 8 :teN ) are valid distributions over the set A. It now follows from these
definitions that

NegLog (71", 5*)) — NeglLog(p,5)
[ (s) §)
< -T(u,5%) >\|owerZsales ) log sales,(p ’(‘z) )
teN (), 6')
=T (), 8 - Nower - D1, (@(H@)’é(s)) @, 5<s>)) '

We can simplify the above expression further by invoking Pinsker’s inequal-
ity (Csiszdér and Korner 2011), which states that Dy (sales(u(s),5(8))”6(”(5),5(5))) >
- 2
1/2 Hsales(u(s), 5 —@(u,869)

1

. We now obtain

Neglog (""", 6")) — NegLog(pn'”,8")

. 1|— i NIk
< =T (", 6")  Nower - 3 Hsales(u(s), 8 —a(u®,8)

1

2
>\Iower ‘{ (s) (s)
=_—— salesg—ag(u(s),é‘ )}xexp<(5 i )‘
2‘T(H(s)75( )) (g%\:/ [pa(0)]

_ A|0wer Z aNegLOg([,L(S),(s(S))
2-T(p,6%) \ & e

where the second equality follows from the definition of a,(u(, (5(8)).

)\Iower

2
- _ Negl () §)
) 2 T([J/(S),(s(q)) HVM €g Og(l’l’ ’ ) 1

)
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To complete the proof, we note that

sales sales sales 1
s) 5(9) ZsaleSgX -exp <5[(pa l)]) Z ¢ Z 0 Zee/\/ o

EN LEN )\pa 0 leEN )\Iower )‘Iower )\Iower

The inequality follows because )\[()Z)(e) > Alower for all £ € M. The last equality follows from the defini-
tion of sales,, which denotes the fraction of sales of product £ in the dataset, so that ), ,-sales, = 1.

Putting everything together, we obtain

—)\2
NegLog(f"**",6")) — NegLog(u(s),é(S))g%

2
V“NegLog(u(s),é(s)) H1 .

The improvement bound for the MM update follows from observing that NegLog(pt?,8®) =
NeglLog(f (s+1) 5(5)) since Neglog is shift-invariant w.r.t. . [

E.5 Proof of Theorem 3.4

We begin with the following lemma:

Lemma E.4 If \; > Aower for all j € T\ N, then the mapping p— Neglog(p,A) is L-smooth with
L<1/)M

lower *

Proof.  'We use the definition of smoothness stated in (Bubeck 2015, Section 3.2). A continuously

differentiable function f: R™ — R is L-smooth if its gradient V f is L-Lipschitz continuous, i.e.
IVf(@)=Vi@l,<Llz-yl, vVe,yeR"

For a twice continuously differentiable function, the above condition is equivalent to V2f(x) < LI,
for all € R", where I,, is the n X n identity matrix. In other words, all the eigenvalues of the
Hessian are bounded above by L. We will use this definition to derive the smoothness constant L.

In our context, f(p)=Neglog(u,A). We use the fact that the trace (sum of diagonal elements)
of a matrix is equal to the sum of its eigenvalues. Consider the sum of the diagonal entries of the

Hessian matrix V2f(u):

sales,

1
]I{FqET I < )\ ] > jq—>f(l"l’7A) -
W pa(j)

1 1 1 0
202 w““q““' (% ) e

Apa(e)

)‘Pa(j)
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(b) 1 1 1o}
O S S e (i ) T heade
teN Q q=1 jET\N A Away /) Ohe kepath(5,4] ’
Q
c 1 1 o, a(k)—k (1, A
:Z*Z Z ]l{cqu'}. <_ ) ;‘I—m(ﬂa)\)' Z - /¢ a(k)—k N,
@ JET\W ’ Aj Apa(s) kepath(j,{] Opue i
Q q q
(d) 1 1 @Z)kaé(”a >‘) - 711 a(k)—¢ (uv )‘)
U0 X vy () Ve | 5 v
leN Q =1 jeT\W )\j )\PB(J) ! kepath(5,] )\pa(k)
Q q q
(e) 1 1 wka[(”’v )‘> - ¢ a(k _>é(l*l’7 >‘)
< éz Z {caeT;} <)\» T > V(s ) Z \ .
LeEN =1 jeT\N J pa(4) kEpath(4,£] lower
o 11 , ,
- 0O Z Z ]l{cquj} Y - b\ . wjﬁl(p”}\) : (wl—)l(u’? ) wjﬁe l’l’v ) /)\Iower
¢ NQ =1 jeT\W J pa(j)
Q
(f) 1 1
S A ]l{pqu }e < q_> IJ’y )\Iower
eN Q z:: ZT: Aj )‘ a(4) = /
Q
1 1 ) ZZEN wj*)f(“? )‘)
- cdeT; -
“Q z:: ET: ety < Ai Apag) Mower
) 1
e (121
Q >\Iower ; ETZ\N < Apa(j)
(h) 1 < 1
Q : >\Iower =1 )\pa(cq)
i 1
< e

where the justifications for the equalities and inequalities in (a) - (i) are given below.

(a) The equality follows from the expression for W from Lemma D.2 with A= X(4).
(

The equality since ¥, (1, A) = I T} cpatn(j) Yooty (H: A)-

— _w4 q
The equality follows since ¢ga(k)_>k(u,>\) =e (w; () (BN W N) Apai) and awgil(:,)\)

)
(¢) The equality follows from the product rule of derivatives.
)
P, (u,A) for all k€ T\ N from Lemma B.4.
(e) The inequality follows since \; > Aouer for all j € T\ N by assumption and 7 (¢, X) >
ma(ky e (1, A) for all k € path(j, £].

The equality follows since 97, ,(p, A) =7, (1, A) < 1.

The equality follows since ,.\ 9§ ,,(p, A) =1 for any j such that c¢? € T;.

= +400.
pa(root)

)
)

(h) The equality follows since —
)

The inequality follows since Aya(ca) > Aower Dy assumption.
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Since f(p) is convex on R™ (see proof of Theorem 3.1 above), all the eigenvalues of the Hessian

V2 f(u) are non-negative, for any p € R™. Then, it follows that:

max eigenvalue of V?f(u) < sum of eignvalues of V?f ()

= trace of V2f(u)

This establishes the smoothness of f(u). O

We are now ready to prove Theorem 3.4. Since § J(-s) < upper for all j € T\ (N U{root}) by assump-
tion, it follows that )\;S) > Nower for all j € T\ N, where A = )\(5(3)). Then, it follows from
Lemma E.4 that Neglog(u,8") is L-smooth. We then leverage the standard quadratic upper
bound property (Bubeck 2015, Lemma 3.4) for smooth functions to obtain:

NegLog(ptn ", 8)

s s s L s s
< Neglog(p”,8") + (V,.NegLog(n™,8), piy™ = ) + 5 HME;J” —p

2

2

S 1 S S S S 1 S S 2
= NeglLog(p®,8®) — 7 <V”NegLog(u( ), 8¢ )),V,,NegLog(u( ), 8¢ ))> + o HV“NegLog(u( ), 6¢))
(using the definition of p&™)

2

a1
= NeglLog(p®,8)) — Y

2
V,.Neglog(p®,5") H
2

|

E.5.1 Tightness of improvement bound. We now present an instance where both the upper

bound on the smoothness constant L in Lemma E.4 and the ¢;-¢, norm inequality are tight, so
that the improvement bound in Theorem 3.4 is the best possible bound.

For that, we consider the special where each offer set has exactly two products and customers

make choices according to the MNL model. Specifically, suppose that we are given the following

dataset consisting of @ =2-(n —1) transactions:

(87, 1) = {1,q+1},q+1) for1<g<n-—-1 (EC.11)

{l,g—n+2},1) forn<g<@Q
Tightness of upper bound for L. In the special case when each offer set has exactly
two products, the MNL model is equivalent to the Bradley-Terry model. For the Bradley-Terry
model, Vojnovic et al. (2020, Lemma 3.1) showed that the negative log-likelihood function is L-
smooth on R”, where L = A\,ax(Ln)/4Q."? Here, M is an n x n matrix with M, ; equal to the

12 Vojnovic et al. (2020) consider the un-normalized negative log-likelihood function, and therefore, do not have the

normalization by the total number of transactions @ in their result.
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number of times offer-set {i,j} is observed in the transaction data, and Ay.x(Ln) is the largest
eigenvalue of the Laplacian matrix Ly; = Dy — M, where Dy, is a diagonal matrix whose diagonal
elements are the row sums of M.

For the above dataset, it is easy to check that the product co-occurrence matrix M = 2M’ where
M’ is the adjacency matrix of the undirected version of the comparison graph Comp defined in
Definition 2.3, obtained by replacing the pair of directed edges {(1,7), (4,1)} by the undirected edge
{1,5} for all j € '\ {1}. We refer to this graph as Comp’. Now, since the degree of the node corre-
sponding to product 1 in Comp’ is equal to n — 1, it follows from Zhang (2011, Theorem 3.19) that
)\max(LM/) = n. Further, since Ly = 2Ly, it follows that L = A\ (Liv ) /4Q = 2 max (L) /4Q =
2n/4Q = —"—. For large n, we have that L ~ 1/4. Finally, note that A = 1 for the MNL model.

This shows that the upper bound 1/\2 . is tight up to constant factors.

lower
Tightness of the ¢,-¢, norm inequality. To establish this result, we exhibit an initial solution
©) for which the inequality is tight. First, note that for the dataset described in Equation (EC.11),
361y = 1/2, whereas sales, = 51— for all £ € A\ {1}. Further,

from Lemma D.2 it follows that for all £ € N/

it is easy to check that sales; =

ONeglog(p
_— | EC.12
8,u Q Z qbrootaf — salesy, ( C )

where note that we have dropped the A term because we are working with an MNL model. Now,
supposing that n is even, consider an initial solution p(*) of the following form:
0 if¢=1
p =log(2n—1)  if1<f<n/2
—log(2n—1) o.w.
Next, consider any 1 < ¢ <n/2. Then, it follows that for the dataset described in in Equa-
tion (EC.11):

D Zwm% ) = G (o) 4 3353 )
2 exp(p”)
Q1 +exp(u”)
C2.(2n-1)
=5 1) 2n
_ 2n—1
2n-(n—1)
1 1
T2 =1 2

1
~ales + L EC.13
sales; + o - ( )
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In a similar fashion, it can be verified that

root— ¢

Q

1 1

0 g Pl (u?) =sales, — o foralln/2</f<n (EC.14)
q=1

Then, combining (EC.12), (EC.13), and (EC.14), it follows that

Neglog(u®) | & if1<e<n/2
ONeglog(n”) _ )5 1 <n/ (EC.15)
Ot —5= ifn/2<l<n

Further, from the proof of Lemma E.3, it follows that
"L ONeglL © ONegL ©
y- ONee og(u') _ _ ONeglog(n™)

Oty - Oy
ONeglog(pn®) 1
Finally, given (EC.16) and (EC.15), it can easily be verified that HVMNegLog(u(o))Hz =
2
© IV uNegLog(n) . u
E.6 Proof of Theorem 3.5

We first establish that the constant D is finite, for which it is sufficient to show that the set U =

+(n/2—-1)-1/2n—(n/2)-(1/2n) =0

{=1

{u € Dom; : Neglog(u) < NegLog(,u(O))} is bounded. From the PROOF OF SUFFICIENCY argument
in the proof of Theorem 2.4 in Appendix C.2 above, it follows that for all 4 € Dom; (since Dom; =
D,):

Neglog(pe) > [|ul|.. 0"/ Q,
where b* is as defined in Appendix C.2 and b* > 0 by Lemma C.1. Therefore, it follows that for
any pu€U:

Neglog(p®) - Q

Neglog() < Neglog(p®) = [|p], < b

and therefore the set ¢ is bounded.

Next, we derive the convergence rates. We begin with the guarantee for the MM algorithm. The
proof follows from existing results, see e.g., Allen-Zhu and Orecchia (2014, Fact B.1 in Appendix
B). We reproduce the arguments here for completeness. For each s’ > 0, define NegLogGap(s,) =
NeglLog(p*") — Neglog(p*). Note that NegLogGap(S,) >0 for all 8/ > 0. Moreover, since the result
is trivially true for any s > 1 such that NeglogGap'® =0, we suppose that NegLogGap(S/) >0 for
all 0 < s’ <s.

Now, recall that NeglLog(p) is convex in p. Then, it follows that for any s’ > 0:
NegLogGap(S/) = NegLog(,u(S/)) — Neglog(p™)
< <VNegLog(u<S/)),u“/) - u*>

< HVNegL<>g(:v~t(s'))H1 : Hu(s" AR

< HVNegLog(u(S/))H -D (EC.17)
1
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where the first inequality follows from the subgradient inequality for convex functions (note that
we write the gradient as VNeglog instead of V,Neglog), the second follows from the Holder’s
inequality, and the final follows since the MM algorithm guarantees an improving solution in each
iteration and using the definition of D in the statement of the theorem.

Next, by plugging in Ajqwer = 1 in the improvement bound from Theorem 3.3, it follows that for
all 0 < s’ < s:

4 i 1 , 2
Neglog(ps* ")) — Neglog(n*)) < —3 HVNegLog(p(s >)H
1
’ , 1 2
— NeglogGap™ V) — NeglLogGap' < -3 HVNegLog(u(s ))H
1

! ’ 1 ! 2
— NeglogGap"’ — NeglLogGap"® ™" > 5 HVNegLog(u(s )
1

S/ 2
(NegLogGap(b )>
2D2
NeglogGap"*’ — NeglogGap NeglogGap"®’
NeglLogGap"*” - NegLogGap"*'*" ~ 2D2. NeglogGap™' ™™

= NegLogGap(S/) — NegLogGap(SIH) >

(s"+1)

1 1 S NegLogGap(S,)
NeglLogGap"“' " NeglogGap"*’ ~ 2D? - NeglogGap'*' ™"

1) S/ 2 ’
NeglogGap® ™  NeglogGap"®’ — 2D?
where the third implication follows from (EC.17), the fourth follows from diving both sides by

("9 and the final follows since NeglogGap*’ > NeglLogGap" ™ as the

NegLogGap(s/) -NeglLogGap
MM algorithm guarantees an improving solution in each iteration.

Summing the last inequality above from s’=0 to s — 1 (note that we have s > 1), it follows that

s—1 1 1 s—1 1
> cE @ ) < 223
NeglLogGap NeglogGap =0

s'=0
1 1 ]
s) 0) 2 2
NeglLogGap'®  NeglogGap' 2D
s

Z 5

NeglLogGap'® — 2D

2 2

— NeglogGap® < ==
s

2D?

S

— Neglog(u') — Neglog(pn") <

The result then follows.
For the GD algorithm, starting from the improvement bound in Theorem 3.4 and using the fact
that GD with step size 1/L also guarantees an improving solution in each iteration, the above

sequence of arguments can be repeated to show that for all s > 1

2LnD?
s

Neglog(pcy) — Neglog(p*) <
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The result then follows.

E.7 Proof of Theorem 3.7

The proof of the theorem makes use of the following lemma:

Lemma E.5 Given any é € Dom,, for each ¢=1,...,Q and each nonleaf node j € T9\ S%, a

J ) St
Zke Children(j)NT4 ek (1 A(®)) xexp(37;1)

majorizing surrogate for the function p— at 1 is given by the

W (R, X(8))xexp(dy;
k€ Children(j)nT4a € £ (7 2(8)) xexp(31;))
following separable function:

o Cla,8) + exp (3) D exp (—Opaen) X 1, (2, A(8)) x el (Tpmion)
LeN

where C(f1,8) is a constant depending only on (j,8) that is irrelevant for our optimization.

Proof. Fix an arbitrary ¢ and let A = X(8). We will prove the result by induction on the height
of j. For the base case, suppose j has a height of one, that is, it is a parent of some leaf node. In

this case, note that for each ¢ € Children(j), exp (5[ ]) X exp( 5[,03(@]) =1. Then,

W, X8 5.
ZkGChildren(j)mqu ¥ (1 A@) ) xexp(3);))

Wi (1, A(8)) xexp(~dp;))

D ke Children(j)nTa €

e/ X
(a) > ee Children(j)nse €77

i/ Nj

ZiEChildren(j)ﬂSq emrrd
Be/X; <
— E ¢ ! w eHe=Re)/Apa(e)

{6 Children(j)ns i€ Children(j) NS ei/As

- Z e (s A) x (=) Xpa(e)
€€ Children(j)NS4

O ST, (1 X) x et A
LeN

= Z¢j—>f ) « e\He= 7ie) xexp (852 ) ’
LeN

where (a) follows from the definition of the weight function at leaf nodes and because A = A(4),
and (b) follows because if £ ¢ Children(j) NS, then £ ¢ T%, so ¢?_, (i, A) = 0. This completes the
base case.

To establish the induction step, suppose that the result holds for all nodes k of height at most H.
In other words, for every nonleaf node k£ € T? of height at most H, there is a constant C, that
depend only on ji and & such that for all p,

W (e, X(8 K
ZmEChildren(k)r]Tq € (“ ( ))Xexp( [k])

Wi (i, A(8 5
ZmEChildren(}’c)ﬁTq € (” ( ))Xexp( [k])

< G+ exp (uy) D exp (—Opacey) X Yo (1 A()) x ele 0 xe2 (o)
LeN
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and the above inequality is tight at g = . Now, consider a nonleaf node j of height H + 1. Letting
C denote a constant that depend only on (fz,4), we have

D ke Children(5)nTa €

w
k
> ke Children(5)nTa €

@) EkeChiIdren(j)ﬁTq Wi () /3

ke Children()nTa Vi 2) /%
(b) Z <Zm€Children(k)r‘|Tq eWm A)/;\’“))\k//\]
- k€ Children(j)NT4 D o Children(j)Ta Ve (R2)/%;

NN
(<C) C + Z & X (ZmEChildren(k)ﬂT‘I GW%(EA)/_M? o 2 me Children(k)riTa 6Win(‘j7?)/?k
R ke Chidren(riTa 2 oc Children()nTa (BRI D me Chidren(iria €' A Ak
Dy Z & X ewk(M’A)//\Jq ___x 2 me Children(k)riTa ewfz(’jvf‘)/f‘k
ke Children(;)NT4 A ZséChildren(j)ﬂTq e (#2X)/% ZmEChildren(k)mTq eWm B2/

Wi (X /2
q

e A N Zm ildren
(__) C + Z ,—k % ?ﬁk(ﬂ,A) % € Children(k)NT

—
K€ Children(j)nTa 7 D me Children(k)NT4 eWm B2/

< j\k H 1 (e—Ee)/ Xpa(e

<= C+ Z Cr + 5\7 x /l/]j—)k(l'l’ Z Apa ) X wk—w (p‘a ) X e pa(¢)
k€ Children(j)NTa Y k en

B 1 _ 5 3 5 —ag)/
£ Cj + Z 5\7 X ?Hk (ﬂa )‘) Z )‘Pa(l) X @bgaz (u’v )‘) X e(w e Ppace)
J

keChildren(j)mTq LesanTy
(h) 3 —e) /A
= CJ 5\7 Z pa(E) X T/’jﬁe (MaA) X e(ué 71e)/ Apa(e)
O ¢ 1 N) x e(Be=7i0)Apa(e)
=4 TZ X (B A) x e ’

eN
2G4 exp (87) D exp (<Tpaiey) X Vi (7 A()) x el rxer )
LeN

where the justifications for the equalities and inequalities in (a) - (j) are given below.
(a) The equality follows because A = A(d).
(b) The equality follows from the definition that for each k € Children(j) N T9, W (u,A) =

W (1, A) /X
Ak log (ZmEChildren(k)ﬂTq e N/ k)v 50

eW;g(#,j\)/S\j — E Wi (1.2)/ X
mé Children(k)NT4

(¢) For the inequality (c), we apply the following sub-gradient inequality: for all o € (0,1] and
ryeR,, <y +ay* Hrz—y) =1-a)y*+ oy s, with equality if and only if  =y. The



ecd0 e-companion to Jagabathula et al.: Estimating Large-Scale Tree Logit Models

inequality (c) follows from the application of the sub-gradient inequality where for each k €
Children(k) N T4, we let

q X) /X 9= XY/ N
T = E eWm(u-A)//\k7 yp = E eWm(u,A)//\k’ and ap, =
mé Children(k)NT4 mé Children(k)NTY

pel

22

and note that oy, € (0,1] because A, < A; since k € Children(j). Also, the constant C corresponds
t0 D4 chitdren(jynra (1 — @)y ", which only depends on f1 and A

(d) This follows from the definition of " (#:%)/%

(e) This equality follows from the definition of ¢7_, (1, A).

(f) The inequality (f) follows from an application of the inductive hypothesis to the children of j,
and these children have height of at most H, and from collecting terms.

(g) This follows from defining C; =C + >~ _ cigren(jynte C and use the fact that Pl (1, A) =0
for all £¢ SINTY.

(h) The equality (h) follows because 9§ , (ﬁ,i) =i (u, ) x i, ( )

(i) The equality (i) follows by noting that for all £ ¢ STNT?, ¥¢_ (@, A) =0.

(j) Finally, the last equality (j) again follows because A = A(8).

This completes the induction step. Therefore, the result holds for all nodes j. |

We are now ready to prove the theorem. For each £ € N, define G,(-| iz, §): R— R as
GZ(:L‘ | o, (_S) = e(wf’lé)xexp(g[lf’a(e)]) . (Zg(ﬂ, (_S) — (:L' — ,L_Lg) - exp (S[l,a(z)]) -sales, (EC.18)

Then, letting A = A(8), it follows from Theorem 2.2 that

Neglog(ys, 0 QZ e (X)) + > W A) (/N = 1 i) = e [ oaceny

jéE€path(root,c?)

For each nonleaf node j € T\ N, let fj = (1/5\j) — (1/5\pa(j)) and we set (oo = 1. Note that fj >0
for all j because 0 < A; < Ay Then, we have

Neglog(u,d)

Q Q
1 . _ _
= @ Z Wr%ot (lJ/v A) + Z Cj WJq([,L, )\) Z pa (c9)
q=1 jEpath(root,cq) g=1
@ 1 e ( Q
- @ Z Z ]l{cq eTj}Cj Wj I’l’7 Z 127 / )\pa(Z) Z {ci=¢}
9=1jeT\W eeN g=1
Q
1 _ _
= @ Z ]l{cq €T, }CJ ( K, ) - Z(W — i) '53|eSe/)\pa(e) - Z (ﬁg/)\pa(g)) -salesy ,

JET\WNV LeN LeN

where the equality (a) follows because, for each j € T\ N, ¢? € T, if and only if j € path[root, c?)

and equality (b) follows from the definition of sales,.
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Let H(p Z Z 1 {ereT }C] ( ) We will apply Lemma E.5 to construct a majoriz-
9=1jeT\NV _
ing surrogate functlon for H(p). Let C denote a constant that depend only on (@, ). Then,

H (p)
9IS S d e Y e
Q q=1 jeT\N ke Children(j)NT4
I, X) /2
@) Zke Children( j)ﬂTq W (H 7
= C+QZ > Mery Gy Wi(m ) /5
= 1J€T\N ke Children(j)NT4 ek !
(© s
S ) Z D et A x — kaa(@ X P, (2, A) x el 0 [ Sont
q=1jeT\N J LeEN
0 S . 5
= C+ QZ (=i [ St X Xa0) D D Leaery G (8, A)
LeN q=1jeT\WN
(€] _
= C+ Q Z (re—Fip) /Apa pa(f)z Z ]l{cqu } 1/)\ _]-/)\pa ) ]*)Z( )\)
LeN g=1 jeT\N

where the justifications for the equalities and inequalities in (c) - (g) are given below.

(¢) The equality follows from the definition of W/ (g, A).

(d) The inequality follows from applying the subgradient inequality for logarithm, which shows
that for all x € Ry and y € Ry, log(x) <log(y) + i(m —y)= §+log(y) — 1, with equality if and
only if x =y. Here, for each ¢=1,...,Q and j € T\ N,

! = Z eWi(mX) /% and y§ = Z Wi (2) /3

J
ke Children(j) ke Children(j)

and the constant C = Zqul > et (log(y!) — 1), which only depends on (i, ).
(e) The inequality follows from Lemma E.5, and the constant C is updated accordingly.
(f) The equality follows from algebra and rearranging terms.
(g) The equality follows from the definition of Ej and the fact that Xpa(mot) = 400.
Putting everything together, we have the following majorizing surrogate for u > Neglog(u,d):

Ze(’“’ 0 [ Ao) Apa(t) Z > Mty (/X =1/ i) ¥4, (B, A)

Zex\/ q=1 jeT\WNV
- Z fte — fle) - salesy / Apago)
LeN
1 —i exp (8 N < N = _ <
= C+*Z€(”‘ me)xexp(paen) x | exp (=paen) D D Ageaer;y (exp (3151) — exp (Spaii)) 7, (B, A(9))
Q LeN g=1jET\N

— Z (e — fie) X exp (Ojpa(ey)) X sales,
LeN
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= C+ Y el () x exp (— ) X {al\legl_ogm’é)

+sales; - exp (Opa
7 ) ¢ - exp (Oppa(e)])

LeN pn=p, =48
- Z (1te — fie) X exp (Oppacey) x sales,
LeN
— C+ Z e (He—Tip XEXP( [pa(0)] ) . az(ﬁ73) — z (/M — )ELE) X exp (S[pa(f)]) X salesZ
LeN LeN
= C+ Y Gilpe| s, 8)
LeN

where the first equality follows since A = A(8), the second follows from Lemma D.2, the third from
the definition of a, (fz,6), and the final from the definition of G¢(u |, 8) in (EC.18).
To show that G(-|f, &) is strictly convex, it suffices to show that a,(j,8) > 0. Using the

expression for %}W from Lemma D.2, it follows that

_ Sia Q _
a (fa, 8) _ 2 (Oie) DD Tgeaeryy (exp (5) — exp (Spaiy))) ¢ie (2, A(S))

Q q=1 jeT\NV

I
Q

—1/Xpai)) Ve (2 A)

Apa( Q _
> Z {c9€Troot } 1/)\root - 1/)\pa(root)) Tﬁroot_m (p‘ A)
5\ Q
= Z root%f
> 0,

where the first inequality follows since each term inside the summation is non-negative, the last
equality follows because Ijcaet, o0} = 1, Aot = 1 and ;\pa(mot) = +00, and the final inequality follows
because S\pa(@ > 0 and the identifiability condition in Theorem 2.4 ensures that ¢ € S¢ for some §
so that wroot—% (,u, 5\) > 0.

Finally, the expression for the minimizer follows from setting OG¢ (i, | i, 8)/Ope =0

E.8 Proof of Lemma 3.8

Recall from Theorem 3.1 that Neglog(f,d) = Fi(t,8) — F»(fr,0) for all § € Dom,, where both
Fi(@,-) and Fy(p,-) are strictly convex on Dom,. By applying the sub-gradient inequality to the
strictly convex function Fy(jx,d) at § =4, it follows that

_ OF. _ _
NegLog(ﬂ,5) S Fl(ﬂ,(s>—F2(l1,6)_ Z 8752(!7’76) (63—5J) V(SEDomg
jeET\(WU{root}) ~ 7

with equality if and only if §=4 . (EC.19)

The result then follows from the definition of a majorizing surrogate. |
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E.9 Improvements via MM and PGD updates for 6

As mentioned in the main text, the improvement guarantee for Step 2 of the A-MM algorithm
follows from existing results. In particular, it follows from the standard guarantee for the projected
gradient descent (PGD) algorithm for constrained smooth problems, which we reproduce here for

completeness. Consider the optimization problem

min f(x), (EC.20)

reX

where f is L-smooth on X and X C R? is a convex set. We define the gradient mapping (Nesterov

2013, Section 2.2.3) of f over X, denoted by G v: X —R? as
1
Grx(x)=L- (:B—Pron (w—LVf(w))> , (EC.21)

where Proj,(-) is the projection operator onto X, i.e. Proj, () = argmin,, . y || — Z||> for all & € R

The gradient mapping plays the role of the gradient in unconstrained optimization problems since

it can be shown that =* is a stationary point for problem (EC.20) if and only if |G x(x*)||, =
Now, starting from an initial solution z®) € X, consider solving problem (EC.20) using PGD

with step size 1/L, that is, for each s> 0:

1
) = Proj,, <zc(s) - LVf(a:(s)))

Then, using the quadratic upper bound for smooth functions, it follows that

L 2
f(a:(s+1)) S f(w(s)) + <vf(x(s)),w(s+l) IE(S >+ Hx(SJrl) (s) ,

(EC.22)

Next, for any & € X, denote D(z) = & — () — 1V f(z®) )H and note that ztY) =

argmin, , D(z). The optimality of £**!) implies that there is no descent direction from z+1):
(VD(z"t),z -2ty >0 VaeeX
By plugging in the gradient of D(-) and choosing & = =), it follows that

<Vf(m(s))’ 2+ _ m(s)> <-L Hm(sH) _

Substituting the above in (EC.22), it follows that

(s4+1) () 1) _ N2 2 Ly e ))?
Fat) < f@) = Lt — 2@ 4 2 2 2

:fwwg_ﬁuﬁwn_

= f(z®) _7Hgf){ S))Hz, (EC.23)
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where the final equality follows from the definition of G; x(x()).

We adapt the above improvement guarantee to our context. Define the domain Dom, as:
Dom, = {§ € RIMWVUteothl 0 < §; < §pper V5 € T\ (VU {root})} (EC.24)

Then, we can establish the following:

Lemma E.6 (Improvements via MM and PGD updates for §) Suppose 6) € Dom, and
let v,v6p > 0 denote the smoothness constants of the mappings 6 — H (5!;1 (s+1) 6(s)> and § —
NegLog(p(s+D,8), respectively, over the domain Doms. If 8" € Dom,, then the MM update guar-

antees the following improvement in the negative log-likelihood objective:

s S s S 1 S 2
Neglog(p*™,6") — Neglog(p*™,8")) < % HQH,WQ@( )

2

Similarly, let 5(”1) denote the PGD update with step size 1/vgp. If 6(6“) € Dom,, then the PGD
update guarantees the following improvement in the negative log-likelihood objective:

1
276D

Proof. We start with the MM update. First, it can be shown—using an argument analo-

2
(s)
) 2

Neglog(n**", 8¢5 ") — NegLog(p*+",8') <

gNegLog,DomQ (6

gous to that in the proof of Theorem 3.3 above—that the eigenvalues of the Hessian matrix
V2H (8| utD), §) are bounded above by a constant v > 0 that depends on dypper, for all & € Doms,.
This ensures that H (8| puGt, §*)) is v-smooth on Dom,. Now, define 6" € Dom, as follows:

1

fVH((;(S) \M(S“), 5(5))) ,

S(S—H) = Projm (5(6) -
0%

Then, it follows from (EC.23) that

<(s+1) s s s s s
HE o), 60) < H(8W |+, ) - *HQHDW(&“)HQ

@)

2

,Domy ’

= NeglLog(ptV, @) — % HQH

where the equality follows since H(&|p®Y, 6(3)) is a majorizing surrogate. The improvement

bound then follows since
NegLOg(u(s+1)’ 5(s+1)) < H(5(S+1) |“(S+1)7 5(8)) < H(S(Hl) ’H(S+1)7 5(8))7

where the second inequality follows since VH (8™ | ptD), §®)) = VsNeglog(pt1,6*)) and the
fact that the MM update 6+ c Dom, corresponds to the optimal step size.

The improvement bound for the GD update Jgg Y follows in an identical fashion by leveraging the
smoothness of NeglLog(p**%,§). In particular, we can show that NeglLog(u**V),§) is y¢p-smooth
on Dom,, for some constant ygp > 0 that depends on §ypper- The result then follows from (EC.23).
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E.10 Sublinear convergence rate of the A-MM algorithm

As stated in the main text, the improvements bounds from Theorem 3.3 and Lemma E.6 can be
combined to establish a sublinear rate of convergence of the A-MM algorithm, as shown in the

following theorem, where we leverage the notations introduced above:

Theorem E.7 (Sublinear convergence of A-MM to a stationary point) Suppose that

6 € Dom, for all s > 0. Then, the sequence of iterates <(u(s),5(s)) : sZO) converges to a

stationary point of the MLE problem. Moreover, we can establish the following guarantee

) P 2. (NegLog(u(o),é(O)) — NegLog*)
6" <

1+HgH’D°m2( ) 2} - R-(s+1) ’

where NegLog™ is the optimal objective for the MLE problem, and R =min (A2, 1/7).

min [HVMNegLog <u(s’)7 5(sf)>

0<s'<s

Proof. The first part of the theorem follows from the fact that the A-MM algorithm guarantees
an improving solution as long as the current solution is not a stationary point. For the second part,

we leverage the improvements from Theorem 3.3 and Lemma E.6 to obtain, for each s’ > 0:

Neglog <u(5/+1),6(51+1)> — Neglog (u(sl), 6(Sl)>

= [NegLog( (s’+1)’5(5’+1)) — Neglog (M(s’+1)’5(s/)):| + [NegLog (M(SIH)’&(S)) _ Neglog (H(S/)ﬁ(s/))]

o )\Iower

2 2
/ i 2

+ HVuNegLog(u“),é(“)H ] :
1

S 2
V,.NeglLog(p ) 80y

1

<5 [Guoam(6 )

B —

where the second inequality follows from the definition of R. Summing the above from 0 to any

iteration s > 0, we get

i {NegLog (H(S’+1)’5(s/+1)> — Neglog (IL(S,),(S(S/))} < ,E i {HQH,M(‘S(S/))

2
s'=0 s'=0
The left hand side of the inequality above is a telescoping sum, and it is equal

to NegLog(u(s+1),5(s+1)) — Neglog (p(o),é(o)), which is bounded below by Neglog® —
Neglog (,u(o), 6(0)>. We thus have

(M(S’)7 5(5'))

|

R
Neglog” — NeglLog ( 5(0)> <—— [HQH Boms ( 5(5

S/_

Finally, using (EC.25) it follows that

7 ! 2 !
min [HV‘LNegLog (u(s),5(5)>H + ‘QHDomQ(J(S))
L :

\_/
(V] [\v)

T (EC.25)

1

0<s’<s
1 / INNIE: o2
s (s") (s")
<7 2 |[Taestos (1.6 [+ o]
<E L[NegLog( ©) 6(0))—NegLog*]
"R s+1 ’ '

(n,8¢)

]
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Appendix F: Tree structure used in SUSHI Dataset study
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The figure above depicts the tree structure employed in our real-world study on the SUSHI

Heavy

Preference Dataset; since there are 100 products (= the number of sushi varieties), we only show
the non-leaf nodes. At the root node, the customer either decides to purchase a sushi variety or

leave without a purchase. If the customer decides to make a purchase, she first chooses the style
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of the sushi type: maki or not maki. Then, for each style, she decides to purchase a sushi variety
based on whether or not it contains seafood. If the sushi contains seafood, she further chooses from
nine minor groups: aomono (blue-skinned fish), akami (red meat fish), shiromi (white-meat fish),
tare (something like baste; for eel or sea eel), clam or shell, squid or octopus, shrimp or crab, roe,
and other seafood. Otherwise, she chooses from three minor groups: egg, meat other than fish, and

vegetables. Lastly, she determines whether to purchase a sushi type with heavy/oily or light taste.

Appendix G: Additional Performance Measure

Here, we compare the PGD, Knitro and A-MM benchmarks on the root mean square error
(RMSE) metric. For the simulation study, let (S™:i=1,2,...,700) denote the sampled offer-sets
for instance m. Then, we compute the average RMSE value across all the 100 instances for each

algo € {A-MM,Knitro,PGD} as follows:

100
1

m . rue,m rue,m m . algo.m algo,m 2
100 £~ 602\8’”! Y (P (S; pimem X Py (S petsern, X))

tesm

RMSE?&° =

true,m ytrue,m
™o\ )

where for each instance m, P, (Sm, n is the ground-truth purchase probability,

and Py (S/"; ualgo’m,)\algo’m) is the estimated purchase probability by method algo, of product
¢ in offer-set S]*. We report the RMSE values as well as the percentage improvements 100 x
(RMSE*#* — RMSE*"™) /RMSE™*° for algo € {PGD,Knitro} in Figure EC.1. Similar to the
NeglLogGap values in the main text, the A-MM method achieves significantly lower RMSE than the
benchmarks for all ground-truth problem sizes except the two smallest ones.

For the Sushi dataset study, let (S:i=1,2,...,700) denote the training offer-sets for instance
m, and (S8": i="701,702,...,1000) denote the test offer-sets. Then, we compute the average RMSE

value on the training and test offer-sets for each method algo € {A-MM, PGD,Knitro} as follows:

1 400 700 . 9
algo __ - mY _ m . algo,m algo,m
RMSETram - 400 — 700 Z |Sm egm SalesZ (Sz ) PE (Sz y & 7A ))
1 400 1000 9
algo & m . al o,m algo,m
RMSELE = 100 mz_l 300 Z;I Z;n (sales,(S™) — Py (SI" 5 pelzom, A )

where sales,(S") is the fraction of observed sales for product ¢ in offer set S, and
P, (S ualg"’m,)\algo’m) is the probability that a customer purchases product ¢ from the offer
set S under the parameters estimated by algo in instance m. We report the RMSE num-
bers as well as the percentage improvements 100 x (RMSE}, — RMSE}MY) /RMSERY, and
100 x (RMSETZ, — RMSEGL") /RMSESE, for algo € {PGD,Knitro} in Figure EC.2. Similar to
the Negloglmp values in the main text, the A-MM method achieves lower RMSE values than the

benchmarks on both training and test data, and is robust to initialization.
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Degree Height # Prods. # Nodes Aower

RMSE (x1075) RMSE Impr. % better

over over over over

A-MM PGD Knitro PGD Knitro PGD Knitro

5 4 625 781 0.50 5.02 6.52 7.21 23.0% 30.4% 72 91
0.10 8.60 7.73 9.32 -11.2% 7.8% 40 74

0.01 9.75 9.49 9.89 -2.8% 1.4% 50 68

5 3,125 3,906 0.50 1.18 2.40 2.12 50.6% 44.1% 100 99

0.10 2.15 2.87 3.45 25.1% 37.5% 95 100

0.01 2.68 3.53 3.95 24.1%  32.2% 100 100

6 4 1,296 1,555 0.50 2.38 5.54 5.89 56.9%  59.5% 100 100
0.10 4.32 6.45 6.95 33.0% 37.8% 90 100

0.01 5.04 8.15 7.45 38.2% 32.4% 100 100

5 7,776 9,331 0.50 0.46 1.57 3.19 70.8%  85.6% 100 100

0.10 0.87 1.84 6.01 52.5% 85.5% 100 100

0.01 1.09 2.32 6.57 53.2% 83.5% 100 100

7 4 2,401 2,801 0.50 1.26 4.42 2.99 71.6%  58.0% 100 100
0.10 2.36 5.62 6.22 58.1% 62.1% 90 100

0.01 2.80 6.39 6.56 56.2% 57.4% 100 100

5 16,807 19,608 0.50 0.20 0.99 — 79.8% — 100 —

0.10 0.40 1.11 — 63.8% — 100 —

0.01 0.50 1.38 — 63.7% — 100 —

8 4 4,096 4,681 0.50 0.85 3.59 — 76.3% — 100 —
0.10 1.37 4.28 — 68.0% — 100 —

0.01 1.63 5.07 — 67.9% — 100 —

5 32,768 37,449 0.50 0.10 0.62 — 83.9% — 100 —

0.10 0.17 0.78 — 78.2% — 100 —

0.01 0.23 0.91 — 74.7% — 100 —

Figure EC.1 Comparison of the performances of PGD, Knitro, and our proposed A-MM method in fitting tree

logit models to choice data. The columns “Degree”, “Height”, and Ajower report the degree of each
non-leaf node, the height of the tree, and the lower bound on the nest dissimilarity parameters,
respectively. The columns “# Prods.” and “# Nodes” report the number of products and the
number of nodes in the tree, respectively. The columns under A-MM, PGD and Knitro report
the average RMSE for each method. The columns under “RMSE Impr.” reports the percentage
improvement in the average RMSE value that our A-MM method achieves over the benchmarks.
Finally, the columns under “% better” reports the percentage of instances in which the A-MM
method obtains a lower RMSE value than the corresponding benchmark. The Knitro benchmark is

“—” to denote such

unable to complete even a single iteration for large problem sizes, and we use
instances. All numbers under the “RMSE Impr.” columns are significantly different from zero at

the 1% significance level under a paired samples t-test.
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o Train RMSE (x107) Test RMSE (x107) Impr. over PGD  Impr. over Knitro
Initialization

A-MM Knitro PGD A-MM Knitro PGD Train Test Train Test

0/1 start 13.64 13.72 14.35 13.69 13.78 1440 5.23% 5.20% 0.59% 0.61%

warm start  13.64 13.67 13.79 13.69 13.73 13.85 1.16% 1.15% 0.27% 0.27%

Figure EC.2 Comparison of the performances of PGD, Knitro and our proposed A-MM method in fitting tree logit
models to the Sushi Preference Dataset. The first (resp. second) row reports the performance when
the methods are initialized using 0/1 start (resp. warm start). The second, third and fourth columns
report the RMSE value of A-MM, Knitro and PGD on the training data, while the fifth, sixth
and seventh columns report the corresponding RMSE values on the test data. The eight and tenth
columns report the percentage improvement in the average RMSE of the A-MM method over the
PGD and Knitro benchmarks, respectively, on the training data. The corresponding improvements
on the test data are reported in columns nine and eleven. All numbers under the “Impr.” columns

are significantly different from zero at the 1% significance level under a paired sample t-test.

Appendix H: Performance of Alternating GD method

As mentioned in the main text, we evaluate the performance of our method, A-MM, against the
alternating gradient descent (A-GD) method to tease apart the effect of the MM approach from
effect the variable transformation procedure on the overall performance. Starting from an initial
solution <u§£2§D,55\0_23D>, the A-GD method performs the following two updates in each iteration

s>0:

() ol =plhy — B9 -V, Neglog(pl )y, 65%,)  for some step size B > 0;

s+1 ~(s+1 ~(s+1
(128 = ()~ (8, v e
] , +
(ii) éﬁzé) = {6(A‘S_)GD — ) -VaNegLog(uf\s_Jgé), 55\‘(’_)6,3)} for some step size ¥* >0

We use backtracking linesearch to choose the step sizes in each iteration and run 300 iterations
of the A-GD method starting from the initial solution ;LQ)GD =0, 523)@ = 0, which resulted in
comparable runtime to the A-MM method (avg. 6-hr runtime per instance for A-GD compared to
5.9-hr for A-MM for instances with degree 8 and height 5).

The NeglogGap values for both methods are presented in a table shown in Figure EC.3. While
the magnitude of improvement is lower compared to the Knitro and the PGD benchmarks in
Section 4, our proposed A-MM method still outperforms A-GD across all problem sizes, obtaining
significantly lower negative log-likelihood values for the (harder) problem instances with smaller
values of the nest dissimilarity parameters.

To further understand the source of these improvements, in Figure EC.4, we plot the NegLogGap

values (on a log-scale) for both methods as a function of the iteration number on a sample problem



ecH0

e-companion to Jagabathula et al.: Estimating Large-Scale Tree Logit Models

Degree Height # Prods. # Nodes \jower

NeglogGap Neglog % better
A-MM A-GD Impr.

4 625 781 0.50 2.6 2.7 0.1 64
010 7.8 155 7.7 100
001 99 272 173 100
5 3,125 3,006 050 3.6 45 0.9 100
0.10 132 243  11.1 100
0.0l 21.6 49.0 274 100
4 1,296 1,555 0.50 2.5 2.7 0.2 70
0.10 85 16.1 7.6 100
0.0l 11.1 308  19.7 100
5 7,776 9,331 050 3.3 38 0.5 100
0.10 12.8 19.6 6.8 100
0.0l 209 43.0 221 100
4 2,401 2,801 0.50 24 2.9 0.5 99
0.10 86 14.7 6.1 100
0.0l 114 296 182 100
5 16,807 19,608 0.50 2.9 3.3 0.4 100
0.10 121 16.7 4.6 100
0.0l 19.0 37.8  18.8 100
4 4,096 4,681 050 2.2 26 0.4 100
0.10 80 13.0 5.0 100
0.0l 105 283  17.8 100
5 32,768 37,449 050 25 28 0.3 100
0.10 10.7 146 3.9 100
0.0l 172 342 170 100

Figure EC.3

Comparison of the performances of the A-GD benchmark and our proposed A-MM method in fitting
tree logit models to choice data. The columns “Degree”, “Height”, and Aower report the degree of
each non-leaf node, the height of the tree, and the lower bound on the nest dissimilarity parameters,
respectively. The columns “# Prods.” and “# Nodes” report the number of products and the
number of nodes in the tree, respectively. The columns under A-MM and A-GD report the average
NeglLogGap for each method. Recall that smaller values for the gaps are preferred. The “Neglog

Impr.”

column reports the average improvement in the negative log-likelihood value that our A-MM
method achieves over the A-GD benchmark, and the “% better” column reports the percentage of
instances in which the A-MM method obtains a lower Neglog value than A-GD. All the “NeglLog
Impr.” numbers are significantly different from zero at the 1% significance level under a paired

samples t-test.
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103

NeglLogGap

102

0 25 50 75 100 125 150 175 200
Iteration number

Figure EC.4 NeglLogGap as a function of the iteration number for our proposed A-MM algorithm as well as the
A-GD and PGD benchmarks on a sample problem instance under ground-truth parameters degree

= 8, height = 5, and Ajower = 0.01. Note the y-axis is on a log-scale.

instance under ground-truth parameters r =8 (degree), H =5 (height), and Agwer = 0.01. The
NeglLogGap values achieved by the PGD method are also shown for comparison. It can be seen
that the A-MM method consistently achieves a lower NeglogGap compared to both benchmarks.
In particular, our proposed method makes rapid progress during the first few iterations, which is
in line with the theoretical results. In contrast, the two benchmarks make more gradual progress
leading to a larger NeglogGap for the same number of iterations. Moreover, an interesting thing
to note is that the A-GD method converges faster than PGD, although PGD eventually achieves a
lower NeglogGap value for this instance. This could be because PGD utilizes the “full” gradient of
the negative log-likelihood, whereas A-GD alternates between gradient descent steps for the mean

utility and nest dissimilarity parameters. Future work can investigate this difference in more detail.
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Appendix I: Code and Data

The data and source code used in all the numerical studies in the paper can be downloaded at

https://github.com/ashwin90/TreelogitEstimation.
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