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Appendix A: Proof of Theorem 2.1 (Random Utility Representation)

Recall that a random variable x follows a Gumbel distribution with a location parameter µ and a

scaling parameter β if for all x∈R, P{x ≤ x}= e−e−(x−µ)/β
, and we denote this by x ∼Gumbel(µ,β).

We say that x follows a standard Gumbel distribution if x ∼Gumbel(0,1). The proof of Theorem 2.1

makes use of the following standard results about the Gumbel distribution (Gumbel 2004).

Lemma A.1 (Gumbel Properties) Suppose x ∼Gumbel(µ,β), and let x1, . . . , xn be independent

Gumbel random variables with xj ∼Gumbel(µj, β) for all j. Then,

1. E[x ] = µ+βγ where γ = 0.57721... is the Euler-Mascheroni constant and Var[x ] = π2β2/6.

2. For any b > 0 and a∈R, bx + a∼Gumbel(bµ+ a, bβ).

3. The random variable x1 − x2 follows a Logistic distribution with a location parameter µ1 − µ2

and scale parameter β; that is, for all x∈R, P{x1− x2 ≤ x}= 1

1+e−[x−(µ1−µ2)]/β
.

4. The random variable maxi=1,...,n xj follows Gumbel distribution with location parameter

β ln
(∑n

j=1 e
µj/β

)
and scale parameter β, and P{xj >maxℓ ̸=j xℓ} = e

µj/β∑n
ℓ=1 eµℓ/β

.

5. The random variable max{x1, x2} is independent of 1l{x1 > x2}.

The next lemma shows that there exists a unique distribution such that when a random variable

following this distribution is added to an independent Gumbel(0, β) random variable, with β < 1,

the resulting sum is a standard Gumbel random variable.
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Lemma A.2 (Theorem 2.1 in Cardell 1997) Suppose x ∼ Gumbel(0, β) with 0 < β < 1 and

there is another random variable y independent of x. Then, x+y has a standard Gumbel distribution

if and only if y has a density function fβ(y) =
1
β

∑∞
k=0

(−1)ke−ky

k!Γ(−βk)
for all y ∈R.

As an immediate corollary, there exists an independent random variable that can be added to

another Gumbel random variable to obtain a Gumbel distribution with a higher scaling parameter.

Corollary A.3 (Changing scale through addition) Suppose x ∼ Gumbel(µ,ν), with µ∈R

and ν > 0, and we are given λ > 0 such that λ≥ ν. Then, there exists a random variable y such

that y is independent of x and x + y ∼Gumbel(µ,λ).

The requirement that ν ≤ λ in the above corollary is necessary. Since x and y are independent, we

have that Var(x + y) =Var(x)+Var(y), which implies that π2λ2/6 = π2ν2/6+Var(y). Because the

variance of a random variable is always non-negative, it must always be true that λ≥ ν.

For each leaf node ℓ ∈N and each node j that is an ancestor of ℓ, recall that path(j, ℓ] denotes

the nodes on the unique path from j to ℓ, excluding j. Define

zj,ℓ = vj +
∑

k∈path(j,ℓ]

vk + µℓ,

where we define vroot = 0. The following lemma describes the distribution of zj,ℓ.

Lemma A.4 For each leaf node ℓ and its ancestor j such that j ̸= root, zj,ℓ ∼Gumbel
(
µℓ, λpa(j)

)
.

Proof: Fix an arbitrary leaf node ℓ. We prove this result by induction on the height11 of the

ancestor j. The base case is when the height of j is zero, which means that j = ℓ. By definition,

zj,ℓ = vℓ +µℓ ∼ Gumbel
(
µℓ, λpa(j)

)
, which is the desired result.

To establish the induction step, we assume that zj,ℓ ∼ Gumbel(µℓ, λpa(j)) for all ancestors j of ℓ

whose heights are at most H. Consider an ancestor j with height H+1. Let k denote the child of j

that is also an ancestor of ℓ; note that the height of k is at most H. By definition, zj,ℓ = vj + zk,ℓ.

Since k has a height of H, it follows from the induction hypothesis that zk,ℓ ∼ Gumbel(µℓ, λpa(k)).

As j is the parent of k, we have that λpa(k) = λj and zk,ℓ ∼ Gumbel(µℓ, λj). The definition of vj

then implies that zj,ℓ = vj +zk,ℓ ∼Gumbel(µℓ, λpa(j)), completing the induction step. This completes

the proof.

11 Recall that the height of a node is the number of edges on the longest path between that node and a leaf.
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For each S ⊆N and each node j ∈T[S], let the Zj(S) denote the maximum of random variables

zj,ℓ over all the leaf nodes in T[S] that are descendants of j; that is,

Zj(S)
def
= max{zj,ℓ : ℓ is a leaf node in Tj[S]} ,

where we define the maximum over an empty set to be minus infinity. The next lemma characterizes

the distribution of Zj(S).

Lemma A.5 For each subset S ⊆ N and each node j ∈ T[S] such that j ̸= root,

Zj(S) ∼ Gumbel
(
Wj(S;µ,λ) , λpa(j)

)
.

Proof: Without loss of generality, we prove the result for the case S =N , so T[S] =T. The proof

for a general subset S follows from an identical argument applied on the sub-tree T[S]. Since we

consider the full assortment, we will drop references to S, and simply write Zj and Tj. We will

prove the result by induction on the height of node j. For the base case, suppose that the height

of j is zero. So, j is a leaf node. Then,

Zj =max{zj,ℓ : ℓ is a leaf node in Tj}= zj,j = µj + vj ∼ Gumbel
(
Wj(µ,λ) , λpa(j)

)
,

where we use the fact that if j is a leaf node, then vj ∼Gumbel
(
0, λpa(j)

)
and Wj(µ,λ) = µj. This

completes the base case.

To establish the induction step, we assume that the result holds for all nodes

with height of at most H. We now consider node j with height of H + 1. Since

Zj = max{zj,ℓ : ℓ is a leaf node in Tj}, it follows that that

Zj = vj + max
k∈Children(j)

{ max{zk,ℓ : ℓ is a leaf node in Tk} } = vj + max
k∈Children(k)

Zk.

For each k ∈ Children(j), the height of k is at most H. So, invoking the induction hypothesis, we

obtain that for all k ∈ Children(j),

Zk = max{zk,ℓ : ℓ is a leaf node in Tk} ∼ Gumbel (Wk(µ,λ), λj)

because λpa(k) = λj. Further, because the vertex sets of Tk and Tk′ are disjoint for any k ̸= k′ such

that {k, k′} ⊆ Children(j), we have that Zk is independent of Zk′ . It then follows from the properties

of the Gumbel distribution that

max
k∈Children(k)

Zk ∼Gumbel

λj log

 ∑
k∈Children(j)

eWk(µ,λ)/λj

 , λj

=Gumbel (Wj(µ,λ) , λj) ,

where the equality follows from the definition of Wj(µ,λ). It thus follows from the defition of vj

that Zj ∼Gumbel(Wj(µ,λ), λpa(j)). This establishes the induction step, completing the proof.
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The next lemma allows us to simplify the conditional probability involving Zj(S).

Lemma A.6 For each subset S ⊆N and each node j ∈T[S] such that j ̸= root,

P
{
Zj(S) > max

k∈Sibling(j)\{j}
Zk(S)

∣∣∣∣ Zi(S) > max
v∈Sibling(i)\{i}

Zv(S) ∀ i∈ path (root,pa(j)]
}

= P
{
Zj(S) > max

k∈Sibling(j)\{j}
Zk(S)

}
,

where Sibling(j) = {k ∈T[S] : pa(k) = pa(j)} denote the siblings of j in the tree T[S].

Proof: Without loss of generality, assume that S =N . The proof for the general S is essentially

the same. Since we consider the full assortment, we will drop references to S. Fix an arbitrary

node j ∈ T such that j ̸= root. Let x1 = Zj and x2 =maxk∈Sibling(j)\{j} Zk. Note that x1 and x2 are

independent of each other. We will first establish the following claim by induction.

Claim: For every node i ∈ path(root,pa(j)], there is a deterministic function fi such that Zi =

fi (max{x1, x2} , U i), where the random vector U i is independent of x1 and x2.

We will prove the claim by induction on node i. For the base case, consider i= pa(j). Then, by

definition,

Zpa(j) = vpa(j) + max
k∈Children(pa(j))

Zk = vpa(j) +max

{
Zj , max

k∈Sibling(j)\{j}
Zk

}
= vpa(j) +max{x1, x2} ,

and the result follows because vpa(j) is independent of x1 and x2. This proves the base case.

For the induction step, assume the result holds for some node i∈ path(root,pa(j)]. We will now

prove that it also holds for node pa(i). By definition,

Zpa(i) = vpa(i) + max
v∈Children(pa(i))

Zv = vpa(i) +max

{
Zi , max

v∈Sibling(i)\{i}
Zv

}
= vpa(i) +max

{
fi (max{x1, x2} , U i) , max

v∈Sibling(i)\{i}
Zv

}
and the desired result follows because vpa(i) is independent of x1, x2, and U i. Moreover,

maxv∈Sibling(i)\{i}Zv is also independent of x1 and x2 because for each v ∈ Sibling(i)\{i}, the sub-tree

Tv rooted at v is completely separate from the sub-tree Tk for all k ∈ Sibling(j). This completes

the induction, establishing the claim.

It follows from the above claim that

P
{
Zj > max

k∈Sibling(j)\{j}
Zk

∣∣∣∣ Zi > max
v∈Sibling(i)\{i}

Zv ∀ i∈ path (root,pa(j)]
}

= P
{
x1 > x2

∣∣∣ fi (max{x1, x2} , U i) > max
v∈Sibling(i)\{i}

Zv ∀ i∈ path (root,pa(j)]
}

= P{x1 > x2} ,
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where the last equality follows from Lemma A.1, which shows that 1l{x1 > x2} is independent of

max{x1, x2}. Also, note that for all i ∈ path (root,pa(j)], maxv∈Sibling(i)\{i} Zv is independent of x1

and x2. This completes the induction, proving the desired result.

Finally, here is the proof of Theorem 2.1.

Proof of Theorem 2.1: First note that since λj ≤ λpa(j), it follows from Corollary A.3 that

vj exists for all non-leaf nodes j. Next, fix an arbitrary subset S and ℓ ∈ S. Recall that

Sibling(j) = {k ∈T[S] : pa(k) = pa(j)} denote the siblings of j in the tree T[S]. Let root→ j1→

j2→ · · ·→ jm→ ℓ denote the unique path from root to ℓ in T[S]. Note that

{ℓ} = Tℓ[S]∩S ⊆ Tjm [S]∩S ⊆ Tjm−1
[S]∩S · · · ⊆ Tj1 [S]∩S ⊆ Troot[S]∩S = S

Note that the event utility ℓ >maxk∈S\{ℓ} utilityk happens if and only if for every node

j ∈ path(root, ℓ], we have maxk∈Tj [S]∩S utilityk > maxi∈Sibling(j)\{j}maxk∈Ti[S]∩S utilityk. Therefore,

P
{
utility ℓ > max

k∈S\{ℓ}
utilityk

}
= P

{
max

k∈Tj [S]∩S
utilityk > max

i∈Sibling(j)\{j}
max

k∈Ti[S]∩S
utilityk ∀ j ∈ path(root, ℓ]

}
= P

{
Zj(S) > max

i∈Sibling(j)\{j}
Zi(S) ∀ j ∈ path(root, ℓ]

}
,

where the last equality follows because for each i∈ Sibling(j)

max
k∈Ti[S]∩S

utilityk =
∑

v∈path(root,pa(j)]

vv + max
k∈Ti[S]∩S

zi,k =
∑

v∈path(root,pa(j)]

vv + Zi(S) ,

and the term
∑

v∈path(root,pa(j)] vv is common for all nodes i∈ Sibling(j).

For any collection of random variables x1, . . . , xn, P{x1, . . . , xn}=
∏n

j=1 P
{
xj
∣∣ xj−1, . . . , x1

}
. Thus,

P
{
Zj(S) > max

i∈Sibling(j)\{j}
Zi(S) ∀ j ∈ path(root, ℓ]

}
=

∏
j∈path(root,ℓ]

P
{
Zj(S) > max

i∈Sibling(j)\{j}
Zi(S)

∣∣∣∣ Zk > max
v∈Sibling(k)\{k}

Zk ∀ k ∈ path(root,pa(j)]
}

=
∏

j∈path(root,ℓ]

P
{
Zj(S) > max

i∈Sibling(j)\{j}
Zi(S)

}
where last equality follows from Lemma A.6.

By Lemma A.5, Zj(S) ∼ Gumbel
(
Wj(S;µ,λ) , λpa(j)

)
, and for each i ∈ Sibling(j) \ {j},

Zi(S)∼Gumbel
(
Wi(S;µ,λ) , λpa(i)

)
. Since λpa(i) = λpa(j) for all i∈ Sibling(j),

P
{
Zj(S) > max

i∈Sibling(j)\{j}
Zi(S)

}
=

eWj(S;µ,λ)/λpa(j)∑
i∈Sibling(j) e

Wi(S;µ,λ)/λpa(j)
,
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which implies that

P
{
utility ℓ > max

k∈S\{ℓ}
utilityk

}
=

∏
j∈path(root,ℓ]

eWj(S;µ,λ)/λpa(j)∑
i∈Sibling(j) e

Wi(S;µ,λ)/λpa(j)
= ψroot→ℓ(S;µ,λ) = Pℓ (S ; µ,λ) ,

and this completes the proof.

Finally, we show that the error terms (εℓ : ℓ∈N ) are identically distributed but are not inde-

pendent of each other:

Lemma A.7 (Distribution of error terms) For all ℓ∈N , εℓ ∼Gumbel(0, λroot). Moreover, for

all ℓ, ℓ′ ∈N such that ℓ ̸= ℓ′

Corr(εℓ, εℓ′) =
Cov(εℓ, εℓ′)√
Var(εℓ)Var(εℓ′)

= 1 −
(
λj

λroot

)2

,

where j is the nearest common ancestor of ℓ and ℓ′ in T.

Proof: It follows from the definition of the random variables (zj,ℓ : j ∈T \N ) before Lemma A.4

that εℓ = zroot,ℓ− µℓ for all ℓ ∈N . Further since vroot = 0, it follows from Lemma A.4 that zroot,ℓ ∼

Gumbel(µℓ, λroot). Combining this with property 2 of Lemma A.1, it follows that εℓ ∼Gumbel(0, λroot)

for all ℓ∈N . This establishes the first part of the lemma.

Next, since εℓ =
∑

k∈path(root,ℓ] vk for any ℓ ∈N , and all the vk’s are independent, it follows that

Cov(εℓ, εℓ′) =
∑

k∈path(root,j]Cov(vk, vk) =
∑

k∈path(root,j]Var(vk), where j is the common ancestor near-

est to both ℓ and ℓ′; that is, {ℓ, ℓ′} ⊆ Tj but {ℓ, ℓ′} ⊈ Tk for all k ∈ Children(j). Note that if

j = root, then Cov(εℓ, εℓ′) = 0 which is consistent with the expression in the statement of the

lemma. So suppose j ̸= root. Then, it follows from our definitions that Var(vk) = π2 · (λ2
pa(k)−λ2

k)/6

for each non-leaf node k ∈ T \ (root ∪ N ). Then, we obtain by telescoping that the covariance

Cov(εℓ, εℓ′) = π2 · (λ2
root−λ2

j)/6. Finally, since Var(εℓ) =Var(εℓ′) = π2λ2
root/6, the result follows.

Appendix B: Properties of the Weight Function

The following lemmas establish important properties of the weight function Wj(S;µ,λ), which we

will use repeatedly to establish properties of the negative log-likelihood function. We first state

all the lemmas and then provide their proofs. The first lemma establishes positive homogeneity

and additivity.

Lemma B.1 (Positive Homogeneity and Additivity) For each subset S ⊆N , node j ∈T[S],

α > 0, and ξ ∈ R, Wj(S;αµ, αλ) = αWj(S;µ,λ) and Wj(S;µ+ ξe,λ) = ξ +Wj(S;µ,λ), where e

is the vector of all ones.
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The next lemma establishes convexity, and under additional assumptions, strict convexity. Recall

that for each node j ∈T[S], Tj[S] denotes the sub-tree of T[S] rooted at j; that is, Tj[S] consists
of the node j and all of its descendant in T[S].

Lemma B.2 (Convexity and Strict Convexity) For each subset S ⊆ N and j ∈ T[S], the

function (µ,λ) 7→Wj(S;µ,λ) satisfies the following properties:

(a) It is convex in (µ,λ).

(b) For each λ and 0< θ < 1,

Wj(S;θµ+(1− θ)µ̄,λ) = θWj(S;µ,λ)+ (1− θ)Wj(S; µ̄,λ)

if and only if there exists ξ ∈R such that µ̄ℓ = µℓ + ξ for all leaf nodes ℓ∈Tj[S]∩S.
(c) For each a∈R and λ, the function µ 7→Wroot(N ;µ,λ) is strictly convex on the set {µ : µ1 = a}.

The next lemma establishes the monotonicity of the weight function.

Lemma B.3 (Monotonicity and Strict Monotonicity) For each S ⊆ N and j ∈ T[S], the

function (µ,λ) 7→Wj(S;µ,λ) satisfies the following properties.

(a) It is increasing in (µ,λ); that is, if (µ,λ)≤ (µ̄, λ̄) where the inequality holds componentwise,

then Wj(S;µ,λ) ≤ Wj(S; µ̄, λ̄).
(b) It is strictly increasing in µℓ for each leaf node ℓ∈Tj[S]∩S.
(c) It is strictly increasing in λk for each k ∈Tj[S] such that k has at least two children in Tj[S].

Finally, the following lemma provides an expression for the derivative of the weight function with

respect to the model parameters.

Lemma B.4 (Derivatives of the Weight Functions) For each S ⊆N and j ∈T[S],

∂Wj

∂µℓ

(S;µ,λ) = ψj→ℓ (S;µ,λ) ∀ ℓ∈N

∂Wj

∂λk

(S;µ,λ) = ψj→k (S;µ,λ)∆k (S;µ,λ) ∀ k ∈T \N , k ̸= root .

where for each non-leaf node k such that k ̸= root,

∆k(S;µ,λ) = log

 ∑
i∈Children(k)∩T[S]

eWi(S;µ,λ)/λk

 −
∑

i∈Children(k)∩T[S] e
Wi(S;µ,λ)/λk ×Wi (S;µ,λ)

λk

∑
i∈Children(k)∩T[S] e

Wi(S;µ,λ)/λk

=
Wk(S;µ,λ)−

∑
i∈Children(k)∩T[S] ψk→i (S;µ,λ)×Wi (S;µ,λ)

λk

.

We now present the proofs of these four lemmas.
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B.1 Proof of Lemma B.1

Proof: Consider an arbitrary subset S. We prove both results by induction on the height of node j.

For the base case, suppose the height of j is zero. This means that j is a leaf node of T[S], so

Wj(S;µ,λ) = µj and the result is trivially true. Suppose that the results holds for all nodes at

height at most H. Now consider a vertex j ∈ T[S] of height H + 1. By the induction hypothesis,

the results are true for all children k of node j because the height of k is at most H. Therefore, by

definition of Wj and the inductive hypothesis,

Wj(S;αµ, αλ) = αλj log

 ∑
k∈Children(j)∩T[S]

eαWk(S;µ,λ)/(αλj)

= αWj(S;µ,λ) and

Wj(S;µ+ ξe,λ) = λj log

 ∑
k∈Children(j)∩T[S]

e[ξ+Wk(S;µ,λ)]/λj

= ξ+Wj(S;µ,λ).

We have thus established the result for nodes at height H +1, completing the induction step. The

result of the lemma now follows.

B.2 Proof of Lemma B.2

Proof: Fix an arbitrary subset S. We prove each of the three parts separately. Throughout

this proof, we make use of the following observation: for each j ∈ T[S], the function Wj(S;µ,λ)

only depends the parameters associated with nodes in the sub-tree Tj[S] rooted at j; that is,

Wj(S;µ,λ) = Wj

(
S;µTj [S],λTj [S]

)
, where µTj [S] = (µℓ : ℓ∈Tj[S]) and λTj [S] = (λk : k ∈Tj[S]).

Proof of part (a): We use induction on the height of node j. For the base case, suppose that the

height of j is zero, so j is a leaf node. Then, the result is trivially true by definition. Suppose that

Wk(S;µ,λ) is convex in (µ,λ) for all nodes k with height at most H. Now, consider an arbitrary

non-leaf node j at height H +1. By the induction hypothesis, Wk(S;µ,λ) is convex in (µ,λ) for

all children k of node j. Then, the function

(µ,λ) 7→ log

 ∑
k∈Children(j)∩T[S]

eWk(S;µ,λ)


must also be convex in (µ,λ) because it is a composition of the log-sum-exp function, which

is increasing and convex, with a collection of convex functions (µ,λ) 7→ Wk(S;µ,λ), for

k ∈ Children(j) ∩ T[S]. Note that for each k ∈ Children(j) ∩ T[S], the function Wk(S;µ,λ) is inde-

pendent of λj because j /∈Tk[S], so

log

 ∑
k∈Children(j)∩T[S]

eWk(S;µ,λ)

= log

 ∑
k∈Children(j)∩T[S]

eWk(S;µTk[S],λTk[S])

 .
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Therefore, the perspective of the above function is given by

(µ,λ) 7→ λj log

 ∑
k∈Children(j)∩T[S]

e
Wk

(
S;

µTk[S]
λj

,
λTk[S]

λj

) = λj log

 ∑
k∈Children(j)∩T[S]

eWk(S;µTk[S],λTk[S])/λj


= Wj(S;µ,λ) ,

where the first equality follows from the positive homogeneity property in Lemma B.1. Because

the perspective of a convex function is also convex (Boyd and Vandenberghe 2004), it follows that

Wj(S;µ,λ) is convex in (µ,λ), completing the induction step. This proves part (a).

Proof of part (b): We prove part (b) by induction on the height of node j. Consider the base

case where j has a height of zero, so j = ℓ for some leaf node ℓ in T[S]. In this case, Tℓ[S] = {ℓ}

and Wℓ(S;µ,λ) = µℓ. Because Tℓ[S]∩ S contains only the node ℓ in it, the condition µ̄ℓ = µℓ + ξ

can be trivially satisfied by choosing ξ = µ̄ℓ−µℓ. Further, the relationship

Wℓ(S;θµ+(1− θ)µ̄,λ) = θWℓ(S;µ,λ)+ (1− θ)Wℓ(S; µ̄,λ)

is also trivially satisfied by defnition for all θ ∈ (0,1). Therefore, the base case is true.

Suppose that the result holds for all nodes with height at most H. Consider an arbitrary non-leaf

node j at height H +1. By the induction hypothesis, we have that for each k ∈ Children(j),

Wk(S;θµ+(1− θ)µ̄,λ) = θWk(S;µ,λ)+ (1− θ)Wk(S; µ̄,λ)

if and only if there exists ξk ∈R such that µℓ = µ̄ℓ+ ξk for all ℓ∈Tk[S]∩S. We will now prove the

result at node j.

We will first prove the sufficiency. Suppose that there exists ξ ∈R such that µ̄ℓ = µ̄ℓ + ξ for all

leaf nodes ℓ ∈ Tj[S]∩S, or equivalently µ̄Tj [S]∩S = µTj [S]∩S + ξe, where is e is a vector of ones of

an appropriate dimension. Then,

Wj(S;θµ+(1− θ)µ̄,λ) =Wj(S;µTj [S] + ξ(1− θ)e,λ) [Wj only depends on µTj [S]]

= ξ(1− θ)+Wj(S;µTj [S],λ) [by Lemma B.1]

= θWj(S;µTj [S],λ)+ (1− θ)
(
ξ+Wj(S;µTj [S],λ)

)
= θWj(S;µ,λ)+ (1− θ)Wj(S; µ̄,λ),

where the last equality follows because µ̄Tj [S]∩S =µTj [S]∩S + ξe. This gives the desired result.

We will now prove the necessity. Suppose that µ, µ̄, and θ ∈ (0,1) are such that

Wj(S;θµ+(1− θ)µ̄,λ) = θWj(S;µ,λ)+ (1− θ)Wj(S; µ̄,λ). (EC.1)
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Our goal is to exhibit a ξ ∈R such that µ̄Tj [S]∩S + ξ =µTj [S]∩S . If we have that µ̄Tj [S]∩S =µTj [S]∩S ,

then the result is trivially true. Therefore, we assume that µ̄Tj [S]∩S ̸=µTj [S]∩S . To simplify notation,

let a= 1/λj, m= |Children(j)|. Further, let LSE : Rm→R++ be defined as LSE(x) = log (
∑m

i=1 e
xi),

for each x∈Rm. Note that LSE(·) is the standard log-sum-exp function. Also, define the following

three vectors in Rm
+ :

y1 = (Wk(S;θµ+(1− θ)µ̄,λ) : k ∈ Children(j) ∩ T[S])

y2 = (Wk(S;µ,λ) : k ∈ Children(j) ∩ T[S])

y3 = (Wk(S; µ̄,λ) : k ∈ Children(j) ∩ T[S])

By convexity of Wk from part (a), we have that y1 ≤ θy2 + (1− θ)y3, where the inequality holds

componentwise. By definition,

1

λj

Wj(S;θµ+(1− θ)µ̄,λ) = LSE
(
ay1
)

≤ LSE
(
θay2 +(1− θ)ay3

)
[LSE is strictly increasing]

≤ θLSE
(
ay2
)
+(1− θ)LSE

(
ay3
)

[LSE is convex]

=
θ

λj

Wj(S;µ,λ)+
1− θ
λj

Wj(S; µ̄,λ)

=
1

λj

Wj(S;θµ+(1− θ)µ̄,λ) [by hypothesis (EC.1)].

Because the left and right hand side expressions are equal to each other, it must be true that both

inequalities hold with equalities. We have thus shown that

LSE
(
ay1
)

= LSE
(
θay2 +(1− θ)ay3

)
= θLSE

(
ay2
)
+(1− θ)LSE

(
ay3
)

We now derive the implications from the above two equalities. Because the LSE function is strictly

increasing, the first equality implies that y1 = θy2 + (1− θ)y3. In other words, we have that for

each k ∈ Children(j),

y1k = θy2k +(1− θ)y3k ⇐⇒ Wk(S;θµ+(1− θ)µ̄,λ) = θWk(S;µ,λ)+ (1− θ)Wk(S; µ̄,λ) .

It now follows from the induction hypothesis, applied to Wk, that for each k ∈ Children(j), there

exists ξk ∈R such that µ̄ℓ = µℓ+ ξk for all ℓ∈Tk[S]∩S. To establish our result, it is now sufficient

to show that ξk = ξk′ for all k ̸= k′ such that {k, k′} ⊆ Children(j). For that, we first note that

because µ̄Tk[S]∩S = ξk +µTk[S]∩S , we have that

y3k =Wk(S; µ̄,λ) =Wk(S; µ̄Tk∩S ,λ) = ξk +Wk(S;µ,λ) = ξk + y2k , (EC.2)
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where third equality follows from Lemma B.1. Now, if y2 = y3, then it follows that ξk = 0 for all

k ∈ Children(j), establishing the result. Therefore, we assume that y2 ̸= y3.

Then, we focus on the second equality above:

LSE
(
θay2 +(1− θ)ay3

)
= θLSE

(
ay2
)
+(1− θ)LSE

(
ay3
)
. (EC.3)

It is a well-known result that the the function t 7→ LSE(x+ tz) is strictly convex if and only if

z ̸= e. In other words, for some x,z ∈Rm, and for any t1, t2 ∈R, we have that

LSE(x+(θt1 +(1− θ)t2)z) = θLSE(x+ t1z)+ (1− θ)LSE(x+ t2z) if and only if z = e.

Now choosing x, z, t1, and t2 to satisfy

x+ t1z = ay2 and x+ t2z = ay3,

we obtain from (EC.3) that LSE(x+ (θt1 + (1− θ)t2)z) = θLSE(x+ t1z) + (1− θ)LSE(x+ t2z).

Therefore, we must have that z = e. Solving for z, we get that e= z = a(y2 − y3)/(t1 − t2); this
equality is well defined because y2 ̸= y3 ensures that t1 ̸= t2. As a result, for an appropriately

defined constant δ, we obtain that y2k − y3k = δ for all children k ∈ Children(j). Because we also

have that yk2 − yk3 = ξk from (EC.2), it must be that ξk = δ for all k ∈ Children(j). Consequently,

we have shown that µ̄ℓ = µℓ + δ for all leaf nodes ℓ ∈ ∪· k∈Children(j)Tk[S] ∩ S. Because Tj[S] ∩ S =

∪· k∈Children(j)Tk[S] ∩ S, we have shown that µ̄ℓ = µℓ + ξ for all leaf nodes ℓ ∈ Tj[S] ∩ S and ξ = δ,

which is the desired result. This completes the necessity part and finishes the induction. Therefore,

part (b) holds for all nodes j ∈T[S].
Proof of part (c): Part (c) follows immediately from parts (a) and (b).

B.3 Proof of Lemma B.3

Proof: We will prove each of the three parts separately by induction on the height of node j.

Proof of part (a): The base case where j has a height of zero is trivially true by definition.

Suppose the result is true for all nodes of height at most H. Then, consider node j with height

H +1. By definition,

Wj(S;µ,λ) = λj log

 ∑
k∈Children(j)∩T[S]

eWk(S;µ,λ)/λj


Note thatWj(S;µ,λ) only depends on (µℓ : ℓ∈ S),

(
λTk[S] : k ∈ Children(j)

)
, and λj. By induction,

for each k ∈ Children(j), Wj(S;µ,λ) is increasing in µ and λTk[S]. Moreover, taking the derivative

of the above expression with respect to λj, we get

∂Wj(S;µ,λ)
∂λj

= log

 ∑
k∈Children(j)∩T[S]

eWk(S;µ,λ)/λj

− 1

λj

·
∑

ℓ∈Children(j)∩SWk(S;µ,λ)× eWk(S;µ,λ)/λj∑
k∈Children(j)∩T[S] e

Wk(S;µ,λ)/λj
≥ 0 ,
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where the inequality follows because log (
∑

i=1 e
xi)≥maxi=1,...,n xi. This shows that Wj(S;µ,λ) is

increasing in (µ,λ), completing the induction and proving part (a).

Proof of part (b): By using induction on the height on node j, we will establish that Wj(S;µ,λ)

is strictly increasing in µℓ for all ℓ ∈ Tj[S]∩ S. For the base case, suppose that j has a height of

zero, so j = ℓ for some leaf node ℓ ∈ T[S]∩S. We have by definition that Wℓ(S;µ,λ) = µℓ, which

is clearly strictly increasing in µℓ. Because Tℓ[S] ∩ S = {ℓ}, we have established the base case.

Suppose the result is true for all nodes k with height at most H. Consider a non-leaf node j at

height H +1. By definition, Wj(S;µ,λ) = λj log
(∑

k∈Children(j)∩T[S] e
Wk(S;µ,λ)/λj

)
. Now consider a

leaf node ℓ∈Tj[S]∩S. There exists some child node k of j in Tj[S] such that ℓ∈Tk[S]∩S. Since

the height of k ∈ Children(j) is at most H, it follows from the induction hypothesis thatWk(S;µ,λ)

is strictly increasing in µℓ. Moreover, because the log-sum-exp function is strictly increasing, it

follows from the expression for Wj(S;µ,λ) that it is strictly increasing in µℓ. This completes the

induction, establishing the monotonicity in µ for all nodes j ∈T[S].

Proof of part (c): Now, consider the last result that Wj(S;µ,λ) is strictly increasing in λk if

node k has at least two children in Tj[S]. For the base case, consider node j with height one, so

its children are leaf nodes. By definition, Wj(S;µ,λ) = λj log
(∑

ℓ∈Children(j)∩S e
µℓ/λj

)
. Taking the

derivative of the above function with respect to λj, we get

∂Wj(S;µ,λ)
∂λj

= log

 ∑
ℓ∈Children(j)∩S

eµℓ/λj

 − 1

λj

·
∑

ℓ∈Children(j)∩S µℓ× eµℓ/λj∑
ℓ∈Children(j)∩S e

µℓ/λj
. (EC.4)

Because |Children(j)∩S| ≥ 2, we have that log(
∑

ℓ∈Children(j)∩S e
µℓ/λj )>maxℓ∈Children(j)∩S µℓ/λj. Fur-

ther, since the second term in the expression above is a weighted average of the set of numbers

{µℓ/λj : ℓ∈ Children(j)∩S}, it follows that ∂Wj(S;µ,λ)/∂λj > 0, which establishes the base case.

Suppose that the result is true for all nodes k with height at most H. Consider a non-leaf

node j at height H + 1. Consider an arbitrary non-leaf node i ∈ Tj[S] such that i has at least

two children. If i ̸= j, then i ∈ Tk[S] for some child k of j in T[S]. Because i has at least two

children in T[S], it follows from the induction hypothesis that Wk(S;µ,λ) is strictly increasing in

λi. Moreover, because the log-sum-exp function is strictly increasing, it follows from the expression

for Wj(S;µ,λ) that it is also strictly increasing in λi.

Now suppose i= j. Because Wk(S;µ,λ) are independent of λj for all children k of j in sub-tree

T[S], we can compute the partial derivative of Wj with respect to λj, as done for the base case.

Using identical arguments, we can conclude that ∂Wj(S;µ,λ)/∂λj > 0, establishing the induction

step. This completes the proof.
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B.4 Proof of Lemma B.4

Proof: Fix an arbitrary S ⊆N . We first consider the derivative with respect to µℓ and prove it

using induction on the height of the node. For the base case, we consider a leaf node ℓ of sub-tree

T[S]. We have by definition thatWℓ(S;µ,λ) = µℓ. Therefore, ∂Wℓ(S;µ,λ)/∂µℓ = 1=ψℓ→ℓ(S;µ,λ).
We have thus established the base case.

Now suppose the result is true for all nodes of height at most H. In other words, suppose that

∂Wv(S;µ,λ)/∂µℓ =ψv→ℓ(S;µ,λ) for all nodes v of height at most H and all leaf nodes ℓ in T[S].
Now consider a non-leaf node j at height H +1. We have by definition that

∂Wj(S;µ,λ)
∂µℓ

=
∂

∂µℓ

λj log

 ∑
k∈Children(j)∩T[S]

eWk(S;µ,λ)/λj

=

∑
k∈Children(j)∩T[S] e

Wk(S;µ,λ)/λj × ∂Wk(S;µ,λ)

∂µℓ∑
k∈Children(j)∩T[S] e

Wk(S;µ,λ)/λj

Since ℓ is a leaf node in Tj[S], there exists exactly one child node i∈ Children(j) ∩ T[S] such that ℓ

is a leaf node in Ti[S]. For any other child node k ̸= i, we must have that ∂Wk(S;µ,λ)/∂µℓ = 0.

Therefore, we obtain

∂Wj(S;µ,λ)
∂µℓ

=
eWi(S;µ,λ)/λj∑

k∈Children(j)∩T[S] e
Wk(S;µ,λ)/λj

× ∂Wi(S;µ,λ)
∂µℓ

=ψj→i(S;µ,λ)×ψi→ℓ(S;µ,λ),

where the first term in the second equality above follows from the definition of

ψj→i(S;µ,λ) and the second term follows from the induction hypothesis. Because

ψj→i(S;µ,λ)×ψi→ℓ(S;µ,λ) =ψj→ℓ(S;µ,λ) by definition, we have shown that

∂Wj(S;µ,λ)/∂µℓ =ψj→ℓ(S;µ,λ), as desired. We have thus established the induction step. The

first result now follows by induction.

We now consider the derivative ofWj(S;µ,λ) with respect to λk for some non-leaf nodes j and k

in T[S]. We prove the result by induction on the height of j. For the base case, we start with a

non-leaf node j at height one, so all children of j are leaf nodes. As shown in Equation (EC.4) in

the proof of Lemma B.3, we have that

∂Wj(S;µ,λ)
∂λj

= log

 ∑
ℓ∈Children(j)∩S

eµℓ/λj

 − 1

λj

·
∑

ℓ∈Children(j)∩S µℓ× eµℓ/λj∑
ℓ∈Children(j)∩S e

µℓ/λj
= ψj→j(S;µ,λ)×∆j(S;µ,λ),

where the second equality follows from the definition of ∆j(S;µ,λ) and the fact that

ψj→j(S;µ,λ) = 1. We have thus established the base case.

For the induction step, we suppose that ∂Wj(S;µ,λ)/∂λk = ψj→k(S;µ,λ)×∆k(S;µ,λ) for all
nodes j of height at most H and for all non-leaf nodes k ∈ Tj[S]. Now consider a node j of

height H +1. First, suppose that k ̸= j. We then have by definition that

∂Wj(S;µ,λ)
∂λk

=
∂

∂λk

λj log

 ∑
i∈Children(j)∩T[S]

eWi(S;µ,λ)/λj

=

∑
i∈Children(j)∩T[S] e

Wi(S;µ,λ)/λj × ∂Wi(S;µ,λ)

∂λk∑
i∈Children(j)∩T[S] e

Wi(S;µ,λ)/λj
.
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Because of the property of a tree, the non-leaf node k belongs to the sub-tree Ti[S] of exactly
one child node i of node j. For any other child node v ̸= i, we have that ∂Wv(S;µ,λ)/∂λk = 0.

Therefore, we can now write

∂Wj(S;µ,λ)
∂λk

=
eWi(S;µ,λ)/λj∑

i∈Children(j)∩T[S] e
Wi(S;µ,λ)/λj

× ∂Wi(S;µ,λ)
∂λk

=ψj→i(S;µ,λ)×ψi→k(S;µ,λ)×∆k(S;µ,λ),

where the first term in the second equality above follows from the definition on

ψj→i(S;µ,λ) and the second and third terms follow from the induction hypothesis.

Because ψj→k(S;µ,λ) =ψj→i(S;µ,λ)×ψi→k(S;µ,λ) by definition, we have shown that

∂Wj(S;µ,λ)/∂λk = ψj→k(S;µ,λ) × ∆k(S;µ,λ), as desired. This completes the induction step,

completing the lemma. The final expression for ∆k(S;µ,λ) follows from plugging in the definitions

of Wk(S;µ,λ) and ψk→i(S;µ,λ) for all i∈ Children(k)∩T[S].

It follows from the above lemma that ∂Wroot
∂µℓ

(S;µ,λ) = ψroot→ℓ (S;µ,λ) = Pℓ (S ; µ,λ), and this

is consistent with the result from McFadden (1978), which provides an expression of the choice

probability in terms of the derivative of the generating function for Generalized Extreme Value

choice models.

Appendix C: Proofs of Theorem 2.2, Theorem 2.4 and Theorem 2.5

C.1 Proof Of Theorem 2.2

The negative log-likelihood value of the data is equal to 1
Q

∑Q

q=1− logψq
root→cq(µ,λ). The expres-

sion in the statement of the lemma is obtained by invoking the expression in Equation (2) for

− logψq
root→cq and then re-arranging the terms. More precisely, we have

Q∑
q=1

− logψq
root→cq (µ,λ) =

Q∑
q=1

∑
j∈path(root,cq ]

W q
pa(j)(µ,λ)−W

q
j (µ,λ)

λpa(j)

=

Q∑
q=1

W q
root (µ,λ)+

∑
j∈path(root,cq)

W q
j (µ,λ)

(
1

λj

− 1

λpa(j)

)
− µcq

λpa(cq)

 ,

where the last equality follows from a straightforward re-arrangement of the terms of the inner

summation. A slightly different re-arrangement yields the following expression:

Q∑
q=1

− logψq
root→cq (µ,λ) =

Q∑
q=1

∑
k∈path(root,cq ]

W q
pa(k)(µ,λ)−W

q
k (µ,λ)

λpa(k)

(a)
=

Q∑
q=1

∑
k∈T\{root}

1l{cq∈Tk}
W q

pa(k) (µ,λ)

λpa(k)

−
Q∑

q=1

∑
k∈T\{root}

1l{cq∈Tk}
W q

k (µ,λ)

λpa(k)

,

(b)
=

Q∑
q=1

∑
j∈T

1l{cq∈Tj}
W q

j (µ,λ)

λj

−
Q∑

q=1

∑
j∈T

1l{cq∈Tj}
W q

j (µ,λ)

λpa(j)

,
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where the equality (a) follows because k ∈ path(root, cq] if and only if cq belongs to the sub-tree

rooted at k; that is, cq ∈ Tk. The first term in the last equality (b) follows from the change of

variable j = pa(k). With this change of variable, as k is varied over the set of nodes T \ {root}, the

variable j varies over the set T \N . Because λℓ =+∞ for each leaf node ℓ∈N , we can extend the

summation to cover the entire set of nodes in T, resulting in the first term. The second term is

obtained by replacing k with j, and including root in the summation, since λpa(root) =+∞.

C.2 Proof of Theorem 2.4

To facilitate the proof of Theorem 2.4, let us introduce the following function b :D1→R+ defined

by: for each ζ ∈D1,

b(ζ) = max
q=1,...,Q

max
ℓ∈Sq\{cq}

(ζℓ− ζcq) ,

where we use the convention that the maximum of an empty set is 0. Further, we let

b∗ =minζ∈D1∩∆ b(ζ) where ∆= {µ | ∥µ∥∞ = 1}. In other words, b(ζ) denotes the maximum possible

loss in mean utility from the choices made in the data under the mean utility vector ζ. Maximizing

the log-likelihood requires us to make this loss negative, if possible. If the loss is made negative

for some ζ, then scaling all the mean utility values by a contant makes the loss diverge to −∞,

resulting in unbounded optimal solutions. As we shown below, the assumption of strong connect-

edness of the comparison graph prevents this from happening. In particular, strong connectedness

ensures that the loss is always positive for any ζ. We formalize this intuition next. The first lemma

shows that b∗ is positive when the comparison graph Comp is strongly connected. Recall that, given

transaction data {(Sq, cq) : q= 1, . . . ,Q}, a comparison graph Comp = (N ,E) is a directed graph

whose nodes correspond to the products, and there is a directed edge (ℓ1, ℓ2)∈ E if there exists an

offer set Sq such that {ℓ1, ℓ2} ⊆ Sq and cq = ℓ1.

Lemma C.1 (Positive Gap) If the comparison graph Comp is strongly connected, then b∗ > 0.

Proof: We start with the observation that because ∆ ∩ D1 is compact, the minimum

minµ∈∆∩D1
b(µ) is attained at some µ∗ ∈∆∩D1, so that b∗ = b(µ∗). Therefore, to show that b∗ > 0,

it is sufficient to show that b(µ)> 0 for every µ ∈∆∩D1. We prove this result by contradiction.

Suppose on the contrary that b(ζ) ≤ 0 for some ζ ∈ ∆ ∩ D1. Because b(ζ) ≤ 0, it follows from

definition that ζℓ ≤ ζcq for all ℓ ∈ Sq and for all q = 1 . . . ,Q. Consider an arbitrary directed edge

(j, k) in Comp. By our construction, there exists a q ∈ {1, . . . ,Q} such that j = cq and k ∈ Sq \{cq}.

Therefore, we must have that ζk ≤ ζj. But, Comp is strongly connected, which implies that there

is a directed path k→ s1→ s2→ · · ·sm→ j in Comp from node k to j. Applying the result that

ζt ≤ ζs whenever there is a directed edge from s to t, we obtain that ζj ≤ ζsm ≤ · · · ≤ ζs1 ≤ ζk, which
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implies that ζj ≤ ζk. This inequality together with the result that ζk ≤ ζj, implies that ζk = ζj.

Because j and k are arbitrary nodes and any two nodes are connected by directed paths, we have

shown that ζ1 = ζ2 = · · ·= ζn. But ζ ∈∆ ∩D1, so ζ1 = 0, and consequently that 0 ∈∆. This is a

contradiction! Thus, b(µ)> 0 for all µ∈∆∩D1. This completes the proof.

The next lemma gives an upper bound on the selection probability in terms of the mean utilities.

Lemma C.2 For each ℓ1 ∈ S, ℓ2 ∈ S, and (µ,λ), − logPℓ1 (S ; µ,λ)≥ µℓ2 −µℓ1 .

Proof: By Equation (2),

− logPℓ1 (S ; µ,λ) = − logψroot→ℓ1 (S;µ,λ) =
∑

j∈path(root,ℓ1]

Wpa(j) (S;µ,λ)−Wj (S;µ,λ)
λpa(j)

≥
∑

j∈path(root,ℓ1]

Wpa(j) (S;µ,λ)−Wj (S;µ,λ) = Wroot (S;µ,λ)−Wℓ1 (S;µ,λ) ,

where the inequality follows because Wpa(j) (S;µ,λ)≥Wj (S;µ,λ) and λpa(j) ≤ 1 for each node j

such that j ̸= root. The last equality follows from the telescoping sum.

Now, we claim that Wroot (S;µ,λ) ≥ Wℓ (S;µ,λ) for any leaf node ℓ ∈ S. To see this, con-

sider the path root→ j1 → · · · → jm → ℓ from the root node to the leaf node ℓ in tree T[S].
Because Wpa(j) (S;µ,λ) ≥ Wj (S;µ,λ) for all nodes j, we have the sequence of inequalities

Wroot (S;µ,λ)≥Wj1 (S;µ,λ)≥ · · · ≥Wjm (S;µ,λ)≥Wℓ (S;µ,λ), which establishes the claim.

By choosing ℓ= ℓ2, we get

− logPℓ1 (S ; µ,λ) ≥ Wroot (S;µ,λ)−Wℓ1 (S;µ,λ) ≥ Wℓ2 (S;µ,λ)−Wℓ1 (S;µ,λ) = µℓ2 −µℓ1 ,

where the last equality follows because both ℓ1 and ℓ2 are in S.

The next lemma establishes an upper bound on the NegLog(0,λ) for all λ.

Lemma C.3 For each λ∈D2, NegLog(0,λ)≤ |T| log |T|.

Proof: Consider an arbitrary λ∈D2 and S ⊆N . We will first establish the following claim.

Claim: For each node j ∈T[S], Wj(S;0,λ)/λj ≤ log |Tj[S]|.
We will prove the claim by induction on the height of node j. For the base case where node j

has a height of zero, then j = ℓ for some leaf node ℓ ∈ S. Since λℓ = +∞ by definition, we have

Wℓ(S;0,λ)/λℓ = 0 = log |Tℓ[S]| because Tℓ[S] = {ℓ}. This establishes the base case. Suppose the

claim holds for all nodes with height at most H. Consider an arbitrary node j with height H+1. By

the inductive hypothesis, the claim holds for all children of j; that is, for each k ∈ Children(j)∩T[S],
Wk(S;0,λ)/λk ≤ log |Tk[S]|, and thus, Wk(S;0,λ)/λj ≤ log |Tk[S]| because λk ≤ λj. Therefore,

Wj(S;0,λ)
λj

= log

 ∑
k∈Children(j)∩T[S]

eWk(S;0,λ)/λj

 ≤ log

 ∑
k∈Children(j)∩T[S]

|Tk[S]|

 ≤ log |Tj[S]| ,
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which completes the induction argument. So, the claim holds for all nodes j ∈T[S].

To establish the lemma, note that by Equation (2), for each transaction (Sq, cq),

− logPcq (Sq ; 0,λ) = − logψroot→cq (Sq;0,λ) =
∑

j∈path(root,cq ]

Wpa(j) (Sq;0,λ)−Wj (Sq;0,λ)

λpa(j)

≤
∑

j∈path(root,cq ]

Wpa(j) (Sq;0,λ)

λpa(j)

≤
∑

j∈path(root,cq ]

log
∣∣∣Tq

pa(j)

∣∣∣ ≤ |Tq| log |Tq| ,

where the first inequality follows because Wj(·) is non-negative, and the second inequality fol-

lows from the above claim. Therefore, NegLog(0,λ)≤ 1
Q

∑Q

q=1 |Tq| log |Tq| ≤ |T| log |T|, which is the

desired result.

Here is the proof of Theorem 2.4.

Proof of Theorem 2.4: Fix an arbitrary λ∈D2. Recall that D1 = {µ∈Rn : µ1 = 0 }.

Proof of Necessity: We will first prove the necessity, so suppose that the optimization prob-

lem minµ∈D1
NegLog(µ,λ) admits a unique and bounded optimal solution, and let µ∗ ∈D1 denote

the unique optimal solution. We will prove by contradiction that the comparison graph Comp must

be strongly connected.

Suppose on the contrary that Comp is not strongly connected. This means that there exist

vertices ℓ1 and ℓ2 such that ℓ2 is not reachable from ℓ1. Let A1 denote the set of vertices that are

reachable from ℓ1, and let A2 =N \A1 denote the remaining vertices in Comp. Note that ℓ1 ∈A1

and ℓ2 ∈A2, so both A1 and A2 are nonempty, disjoint, and A1∪· A2 =N . By definition, there is no

directed path from a node in A1 to a node in A2. Without loss of generality, assume that 1 ∈A1;

the argument for the case where 1∈A2 is analogous.

Consider an arbitrary ξ > 0. Define a µ̄ as follows:

µ̄ℓ =

{
µ∗
ℓ if ℓ∈A1,

µ∗
ℓ + ξ if ℓ∈A2,

It is easy to verify that µ̄∈D1. Now, consider an arbitrary transaction (Sq, cq). There are 3 cases

to consider: 1) Sq ⊆A1, 2) Sq ⊆A2, and 3) Sq ∩A1 ̸=∅ and Sq ∩A2 ̸=∅.

Case 1: Sq ⊆ A1. Then, we have that Wj (Sq; µ̄,λ) = Wj (Sq;µ∗,λ) for all j ∈ T[Sq]

because the weight function only depends on the utility of the products in the offer

set Sq, and by our construction, we have that µ̄ℓ = µ∗
ℓ for all ℓ ∈ Sq ⊆ A1. Therefore,

− logψroot→cq (Sq; µ̄,λ) =− logψroot→cq (Sq;µ∗,λ).

Case 2: Sq ⊆A2. By Equation (2), we have that

− logψroot→cq (Sq; µ̄,λ) =
∑

j∈path(root,cq ]

W q
pa(j) (µ̄,λ)−W

q
j (µ̄,λ)

λpa(j)
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(a)
=

Wroot (Sq; µ̄,λ)

λroot

+
∑

j∈path(root,cq ]

Wj (Sq; µ̄,λ)

(
1

λj

− 1

λpa(j)

)
,

(b)
=

Wroot (Sq;µ∗,λ)

λroot

+
∑

j∈path(root,cq ]

Wj (Sq;µ∗,λ)

(
1

λj

− 1

λpa(j)

)
+

ξ

λroot

+
∑

j∈path(root,cq ]

(
ξ

λj

− ξ

λpa(j)

)
(c)
=

Wroot (Sq;µ∗,λ)

λroot

+
∑

j∈path(root,cq ]

Wj (Sq;µ∗,λ)

(
1

λj

− 1

λpa(v)

)
= − logψroot→cq (Sq;µ∗,λ) .

where the equality (a) follows from collecting terms and (b) follows because because µ̄ℓ = µ∗
ℓ +ξ for

all ℓ ∈A2 and from Lemma B.1 on the invariance under translation by a constant, which implies

that Wj (Sq; µ̄,λ) = ξ+Wj (Sq;µ,λ). The last equality (c) follows by the telescoping sum and the

fact that λℓ =+∞ for all leaf nodes ℓ∈N .

Case 3: Sq∩A1 ̸=∅ and Sq∩A2 ̸=∅. In this case, |Sq| ≥ 2, and thus, by our construction of the

comparison graph Comp, there is a directed edge from cq to all other elements in Sq. Since there

is no directed path from A1 to A2, it must be the case that cq ∈A2. By re-arranging the terms in

Equation (2) and using the fact that λℓ =+∞ for all leaf nodes ℓ∈N , we can write

− logψroot→cq (Sq; µ̄,λ) =
Wroot (Sq; µ̄,λ)

λroot

+
∑

j∈path(root,cq)

Wj (Sq; µ̄,λ)

(
1

λj

− 1

λpa(j)

)
−Wcq (Sq; µ̄,λ)

λpa(cq)

(a)
=

Wroot (Sq; µ̄,λ)

λroot

+
∑

j∈path(root,cq)

Wj (Sq; µ̄,λ)

(
1

λj

− 1

λpa(j)

)
−Wcq (Sq;µ∗,λ)

λpa(cq)

− ξ

λpa(cq)

(b)

≤ Wroot (Sq;µ∗,λ)

λroot

+
∑

j∈path(root,cq)

Wj (Sq;µ∗,λ)

(
1

λj

− 1

λpa(j)

)
+

ξ

λroot

+
∑

j∈path(root,cq)

(
ξ

λj

− ξ

λpa(j)

)
−Wcq (Sq;µ∗,λ)

λpa(cq)

− ξ

λpa(cq)

(c)
= − logψroot→cq (Sq;µ∗,λ) .

where (a) follows because cq ∈ A2 for all q, so Wcq (Sq; µ̄,λ) = µ̄cq = µ∗
cq + ξ. The inequality (b)

above follows from the fact for all j ∈ path(root, cq),

Wj (Sq; µ̄,λ)

(
1

λj

− 1

λpa(j)

)
≤ Wj (Sq;µ∗,λ)

(
1

λj

− 1

λpa(j)

)
+ ξ

(
1

λj

− 1

λpa(j)

)
because 0<λj ≤ λpa(j) and by Lemma B.3, the weight function is increasing in µ, so for all j ∈T[Sq],

Wj (Sq; µ̄,λ) ≤ Wj (Sq;µ∗ + ξe,λ) = ξ +Wj (Sq;µ∗,λ), where the equality follows from the
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translation variance property. The final equality (c) above follows from collecting terms in the

telescoping sum.

Therefore, we observe that in all three cases,

− logψroot→cq (Sq; µ̄,λ) ≤ − logψroot→cq (Sq;µ∗,λ) .

Since the transaction (Sq, cq) is arbitrary, it follows that NegLog(µ̄,λ)≤ NegLog(µ∗,λ), but this

contradicts the fact that µ∗ is the unique optimal solution! Hence, it must be the case that Comp

is strongly connected. This completes the proof of the necessity.

Proof of Sufficiency:We will now prove the sufficiency, so assume that the comparison graph

Comp is strongly connected. Fix an arbitrary λ. Consider µ∈D1 such that ∥µ∥∞ > Q
b∗NegLog(0,λ).

Note that b∗ > 0 by Lemma C.1. Then, µ= ∥µ∥∞ ζ where ∥ζ∥∞ = 1. By definition, there exists a

transaction (Sq, cq) such that b(ζ) = ζℓ − ζcq for some ℓ∈ Sq \ {cq}. Then, by Lemma C.2

NegLog(µ,λ) ≥ − logPcq (Sq ; µ,λ)/Q ≥ (µℓ−µcq)/Q = (ζℓ− ζcq)∥µ∥∞ /Q = b(ζ)∥µ∥∞ /Q,

and it follows that NegLog(µ,λ) ≥ ∥µ∥∞ b(ζ)/Q ≥ ∥µ∥∞ b∗/Q > NegLog(0,λ), which shows

that minµ∈D1
NegLog(µ,λ) = min

{
NegLog(µ,λ)

∣∣µ∈D1, ∥µ∥∞ ≤
Q
b∗NegLog(0,λ)

}
, so the opti-

mization problem has a bounded solution.

We now show that the optimal solution must be unique by establishing that the mapping

µ 7→NegLog(µ,λ) is strictly convex over the set D1. For that, we first note from Theorem 2.2 that

NegLog(µ,λ) =
1

Q

Q∑
q=1

W q
root (µ,λ) +

∑
j∈path(root,cq)

W q
j (µ,λ)

(
1

λj

− 1

λpa(j)

)
− µcq

λpa(cq)


Because W q

j (µ,λ) is convex in µ for each q and λ (by Lemma B.2) and 1/λj − 1/λpa(j) ≥ 0 for all

j ∈T \N , it follows that the function above is convex in µ.

We are left to show that the convexity is strict, for which it is sufficient to show that the following

function is strictly convex: f(µ)
def
=
∑Q

q=1W
q
root(µ,λ). We show strict convexity through a direct

application of its definition. The function f(·) is strictly convex if for µ ̸= µ̄ such that µ1 = µ̄1 = 0

and θ ∈ (0,1), we have f(θµ+(1−θ)µ̄)< θf(µ)+(1−θ)f(µ̄). To arrive at a contradiction, suppose

that for some µ ̸= µ̄ and θ ∈ (0,1), we have that

f(θµ+(1− θ)µ̄) = θf(µ)+ (1− θ)f(µ̄)

⇐⇒
Q∑

q=1

W q
root(θµ+(1− θ)µ̄),λ) =

Q∑
q=1

θW q
root(µ,λ)+ (1− θ)W q

root(µ̄,λ) . (EC.5)

By Lemma B.2, for each q ∈ {1, . . . ,Q},W q
root(θµ+(1− θ)µ̄),λ)≤ θW q

root(µ,λ)+ (1− θ)W q
root(µ̄,λ),

with equality occurring if and only if µℓ = µ̄ℓ + κq for all ℓ ∈ Sq, where κq ∈ R is some constant.
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Therefore, for Equation (EC.5) to be satisfied, we must have equality occurring for each q ∈

{1, . . . ,Q}. As a result, there exists κ1, κ2, . . . , κQ such that for each q ∈ {1, . . . ,Q},

µℓ = µ̄ℓ +κq for all ℓ∈ Sq.

To arrive at a contradiction, we now establish that κq = 0 for all q, which implies that µ= µ̄ since

N =∪q∈[Q]Sq. This contradicts our assumption that µ ̸= µ̄!

To show that κq = 0 for all q= 1, . . . ,Q, we first prove the following claim.

Claim: κ1 = κ2 = · · ·= κQ.

To prove the claim, it suffices to show that κ1 = κ2. Exactly the same argument applies to

show that κq1 = κq2 for all q1 ̸= q2. If S1 ∩S2 ̸=∅, the result is trivially true because there exists

ℓ ∈ S1 ∩ S2, which implies that κ1 = µℓ − µ̄ℓ = κ2, which is the desired result. So, suppose that

S1 ∩ S2 = ∅. Pick ℓ1 ∈ S1 and ℓ2 ∈ S2. Since Comp is strongly connected, there exists a path

ℓ1 = j0→ j1→ · · ·→ jm−1→ jm = ℓ2 in Comp from ℓ1 to ℓ2. By our construction of Comp, for each

edge (jt−1, jt), there exists a set Sht ∈ {S1, . . . ,SQ} such that {jt−1, jt} ⊆ Sht . Therefore, for each

t= 1, . . . ,m, jt ∈ Sht ∩Sht+1 , and thus, κht = µjt− µ̄jt = κht+1 . Since this is true for all t= 1, . . . ,m,

it follows that

κh1 = κh2 = · · ·= κhm .

Since ℓ1 ∈ S1∩Sh1 and ℓ2 ∈ S2∩Shm , we have that κ1 = κh1 = κhm = κ2. This is the desired result,

proving the claim.

We will now use the above claim to show that κq = 0 for all q. Consider the subset Sq that

contains product 1. Because µ1 = µ̄1 = 0, it follows that κq = 0. Because κ1 = . . . κQ, it follows that

κq = 0 for all q= 1, . . . ,Q. This completes the proof of sufficiency.

C.3 Proof of Theorem 2.5

Proof: We will show that for each non-leaf node j ∈T\N such that j ̸= root, the function NegLog

function varies with respect to λj if and only if there exists a transaction q ∈ {1, . . . ,Q} such that

node j has at least two children in sub-tree Tq. Consider an arbitrary non-leaf node j ̸= root. The

sufficiency follows immediately from Lemma B.3. To establish the necessity, assume that NegLog

function varies with respect to λj. Suppose, on the contrary, that for every transaction q, node j

has at most one child in the tree Tq. Then, by definition, for every q,

W q
j (µ,λ) = λj log

 ∑
k∈Children(j)∩Tq

eWk(S;µ,λ)/λj

=
∑

k∈Children(j)∩Tq

Wk(S;µ,λ) ,
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where the last equality follows because there is at most one term in the summand. Therefore, for

every q,W q
j (µ,λ) is independent of λj, which implies that − logψq

root→cq (µ,λ) is independent of λj,

which implies that NegLog function is also independent of λj. Contradiction! Therefore, there must

be at least one transaction q such that node j has at least two children in the tree Tq. This proves

the necessity.

Appendix D: Derivatives of the negative log-likelihood function NegLog(µ,λ)

The following lemmas show that the partial derivatives (∂NegLog(µ,λ)/∂µℓ : ℓ∈N ) and

(∂NegLog(µ,λ)/∂λj : j ∈T \ (N ∪{root})) can be computed efficiently via a recursion that starts

at the root node and ends at the leaf nodes of the tree T. To facilitate our exposition, for each

transaction q, define the set of values
(
Dq

j (µ,λ) : j ∈T
)
recursively starting from root as follows:

Initialize Dq
root(µ,λ) = 1 and for all j ∈T \ {root},

Dq
j (µ,λ)≡ 1l{cq∈Tj} ·

(
1

λj

− 1

λpa(j)

)
+ψq

pa(j)→j(µ,λ) ·D
q
pa(j)(µ,λ) .

We emphasize that the values Dq
j (µ,λ) can be computed efficiently through a simple recursion

starting from the root node. We will use the values Dq
j (µ,λ) to compute the derivative of the log-

likeihood function; see Lemmas D.2 and D.3. The following lemma gives an equivalent expression

for Dq
j (µ,λ).

Lemma D.1 (Equivalent Expression for Dq
j (µ,λ)) For each transaction q and for all k ∈ T,

Dq
k(µ,λ) =

∑
j∈T 1l{cq∈Tj}

(
1
λj
− 1

λpa(j)

)
·ψq

j→k(µ,λ).

Proof: We prove the result by induction on the height of node k. When k= root, the RHS in the

equality above reduces to

∑
j∈T

1l{cq∈Tj}

(
1

λj

− 1

λpa(j)

)
·ψq

j→root(µ,λ) =

(
1

λroot

− 1

λpa(root)

)
·ψq

root→root(µ,λ)

=ψq
root→root(µ,λ) = 1 = Dq

root(µ,λ),

where the first equality follows since ψq
j→root(µ,λ) = 0 for all j ̸= root, and the second follows since

λpa(root) = +∞. This establishes the base case. Now, suppose the claim is true for all nodes k of

height H. Consider any node k with height H− 1. Using the definition of Dq
k(µ,λ), it follows that

Dq
k(µ,λ) = 1l{cq∈Tk} ·

(
1

λk

− 1

λpa(k)

)
+ψq

pa(k)→k(µ,λ) ·D
q
pa(k)(µ,λ)

= 1l{cq∈Tk} ·
(

1

λk

− 1

λpa(k)

)
+ψq

pa(k)→k(µ,λ) ·

(∑
j∈T

1l{cq∈Tj}

(
1

λj

− 1

λpa(j)

)
·ψq

j→pa(k)(µ,λ)

)
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= 1l{cq∈Tk} ·
(

1

λk

− 1

λpa(k)

)
+ψq

pa(k)→k(µ,λ) ·

 ∑
j∈T\{k}

1l{cq∈Tj}

(
1

λj

− 1

λpa(j)

)
·ψq

j→pa(k)(µ,λ)


= 1l{cq∈Tk} ·

(
1

λk

− 1

λpa(k)

)
+

∑
j∈T\{k}

1l{cq∈Tj}

(
1

λj

− 1

λpa(j)

)
·ψq

j→k(µ,λ)

=
∑
j∈T

1l{cq∈Tj}

(
1

λj

− 1

λpa(j)

)
·ψq

j→k(µ,λ),

where the second equality follows from the induction hypothesis, the third since ψq
k→pa(k)(µ,λ) = 0,

the fourth since ψq
j→pa(k)(µ,λ)×ψ

q
pa(k)→k(µ,λ) = ψq

j→k(µ,λ) for all j ∈ path[root, k), and the final

since ψq
k→k(µ,λ) = 1. This completes the induction.

Here is the derivative of the negative log-likelihood function with respect to µ.

Lemma D.2 (Derivatives with Respect to µ) For all ℓ∈N ,

∂NegLog(µ,λ)

∂µℓ

=
1

Q

Q∑
q=1

Dq
ℓ (µ,λ) =

1

Q

Q∑
q=1

∑
j∈T\N

1l{cq∈Tj} ·
(

1

λj

− 1

λpa(j)

)
·ψq

j→ℓ(µ,λ)−
salesℓ
λpa(ℓ)

Proof. From Theorem 2.2, it follows that

NegLog(µ,λ) =
1

Q

Q∑
q=1

{∑
j∈T

1l{cq∈Tj}

(
1

λj

− 1

λpa(j)

)
W q

j (µ,λ)

}
.

Now, noting that ∂W q
j (µ,λ)/∂µℓ is equal to ψq

j→ℓ(µ,λ) (from Lemma B.4 in Appendix B), it

follows that for all ℓ∈N :

∂NegLog(µ,λ)

∂µℓ

=
1

Q

Q∑
q=1

{∑
j∈T

1l{cq∈Tj}

(
1

λj

− 1

λpa(j)

)
ψq

j→ℓ(µ,λ)

}
=

1

Q

Q∑
q=1

Dq
ℓ (µ,λ),

where the second equality follows from Lemma D.1. Finally, we note that

1

Q

Q∑
q=1

Dq
ℓ (µ,λ) =

1

Q

Q∑
q=1

{∑
j∈T

1l{cq∈Tj}

(
1

λj

− 1

λpa(j)

)
ψq

j→ℓ(µ,λ)

}

=
1

Q

Q∑
q=1

 ∑
j∈T\N

1l{cq∈Tj}

(
1

λj

− 1

λpa(j)

)
ψq

j→ℓ(µ,λ)+
∑
j∈N

1l{cq∈Tj}

(
1

λj

− 1

λpa(j)

)
ψq

j→ℓ(µ,λ)


=

1

Q

Q∑
q=1

 ∑
j∈T\N

1l{cq∈Tj}

(
1

λj

− 1

λpa(j)

)
ψq

j→ℓ(µ,λ)−
1l{cq=ℓ}

λpa(ℓ)


=

1

Q

Q∑
q=1

 ∑
j∈T\N

1l{cq∈Tj}

(
1

λj

− 1

λpa(j)

)
ψq

j→ℓ(µ,λ)

− 1

Q

Q∑
q=1

1l{cq=ℓ}

λpa(ℓ)

=
1

Q

Q∑
q=1

∑
j∈T\N

1l{cq∈Tj} ·
(

1

λj

− 1

λpa(j)

)
·ψq

j→ℓ(µ,λ)−
salesℓ
λpa(ℓ)

,

where the third equality follows since λj =+∞ for all j ∈N and ψq
j→ℓ = 0 for all j ∈N ; j ̸= ℓ, and

the last follows from the definition of salesℓ.
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The next lemma gives the derivative with respect to λ.

Lemma D.3 (Derivatives with Respect to λ) For all k ∈T \ (N ∪{root}),

∂NegLog(µ,λ)

∂λk

=
1

Q

Q∑
q=1

∆q
k(µ,λ) ·D

q
k(µ,λ)+Eq

k(µ,λ),

where for all q, ∆q
k(µ,λ) :=∆k(S

q;µ,λ) is as defined in Lemma B.4, and

Eq
k(µ,λ) =

∑
i∈Children(k) 1l{cq∈Ti} log (ψ

q
k→i(µ,λ))

λk

.

Proof. From Theorem 2.2, it follows that

NegLog(µ,λ) =
1

Q

Q∑
q=1

∑
j∈T

1l{cq∈Tj}
W q

j (µ,λ)

λj

− 1

Q

Q∑
q=1

∑
j∈T

1l{cq∈Tj}
W q

j (µ,λ)

λpa(j)

From the quotient rule of derivatives, it follows that

∂

∂λk

(
W q

j (µ,λ)

λj

)
=

1

λj

·
∂W q

j (µ,λ)

∂λk

− 1l{j=k}
W q

k (µ,λ)

λ2
k

∂

∂λk

(
W q

j (µ,λ)

λpa(j)

)
=

1

λpa(j)

·
∂W q

j (µ,λ)

∂λk

− 1l{pa(j)=k}
W q

j (µ,λ)

λ2
k

Using the above and the expression for
∂W

q
j (µ,λ)

∂λk
from Lemma B.4, it follows that

∂NegLog(µ,λ)

∂λk

=
1

Q

Q∑
q=1

∑
j∈T

1l{cq∈Tj} ·
(
ψq

j→k(µ,λ)∆
q
k(µ,λ)

λj

− 1l{k=j}
W q

k (µ,λ)

λ2
k

)

− 1

Q

Q∑
q=1

∑
j∈T

1l{cq∈Tj} ·
(
ψq

j→k(µ,λ)∆
q
k(µ,λ)

λpa(j)

− 1l{k=pa(j)}
W q

j (µ,λ)

λ2
k

)

=
1

Q

Q∑
q=1

∆q
k(µ,λ) ·

(∑
j∈T

1l{cq∈Tj}

(
1

λj

− 1

λpa(j)

)
·ψq

j→k(µ,λ)

)

− 1

Q

Q∑
q=1

1l{cq∈Tk}W
q
k (µ,λ)−

∑
i∈Children(k)

1l{cq∈Ti}W
q
i (µ,λ)

 1

λ2
k

=
1

Q

Q∑
q=1

∆q
k(µ,λ) ·D

q
k(µ,λ) −

1

Q

Q∑
q=1

∑
i∈Children(k)

1l{cq∈Ti} · (W
q
k (µ,λ)−W

q
i (µ,λ)) ·

1

λ2
k

=
1

Q

Q∑
q=1

∆q
k(µ,λ) ·D

q
k(µ,λ) −

1

Q

Q∑
q=1

∑
i∈Children(k)

1l{cq∈Ti}
− log(ψq

k→i(µ,λ)) ·λk

λ2
k

=
1

Q

Q∑
q=1

∆q
k(µ,λ) ·D

q
k(µ,λ) +

1

Q

Q∑
q=1

Eq
k(µ,λ)

where the third equality follows from the expression for Dq
k(µ,λ) in Lemma D.1 and the fact that

1l{cq∈Tk} =
∑

i∈Children(k) 1l{cq∈Ti} for all q, the fourth equality follows from the definition of ψq
k→i(µ,λ)

and the last follows from the definition of Eq
k(µ,λ) in the statement of the lemma.
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Appendix E: Proofs of claims and results from Section 3

E.1 Non-convexity of NegLog in λ

root

1 4

2 3

Suppose N = {1,2,3} and the tree structure is shown in the figure

to the left, where root has two children: a leaf node 1 and a non-

leaf node 4. Node 4 has two children: leaf nodes 2 and 3 . The

parameters of the model consist of µ1, µ2, µ3, and λ4. Suppose we

offer the full assortment, and for each ℓ ∈ N , let sℓ ∈ Z++ denote

the number of customers who select product ℓ. Then,

ψroot→1 (µ, λ4) = ψroot→1 (µ, λ4) =
eµ1

eµ1 + [eµ2/λ4 + eµ3/λ4 ]
λ4

ψroot→2 (µ, λ4) = ψroot→4 (µ, λ4)×ψ4→2 (µ, λ4) =

[
eµ2/λ4 + eµ3/λ4

]λ4

eµ1 + [eµ2/λ4 + eµ3/λ4 ]
λ4
× eµ2/λ4

eµ2/λ4 + eµ3/λ4

ψroot→3 (µ, λ4) = ψroot→4 (µ, λ4)×ψ4→3 (µ, λ4) =

[
eµ2/λ4 + eµ3/λ4

]λ4

eµ1 + [eµ2/λ4 + eµ3/λ4 ]
λ4
× eµ3/λ4

eµ2/λ4 + eµ3/λ4
,

which implies that

NegLog(µ, λ4) =
(
(s1 + s2 + s3) log

(
eµ1 +

[
eµ2/λ4 + eµ3/λ4

]λ4
)

+ (s2 + s3)(1−λ4) log
(
eµ2/λ4 + eµ3/λ4

)
− s1µ1 − s2

µ2

λ4

− s3
µ3

λ4

) /
(s1 + s2 + s3) .

Suppose we have five customers, with (s1, s2, s3) = (1,1,3). For µ = (µ1, µ2, µ3) = (0,1,1.03), we

have NegLog(µ, λ4 = 0.1) = 1.0116 and NegLog(µ, λ4 = 0.3) = 1.0381, and we have that

NegLog(µ, λ4 = 0.2) = 1.0317 >
NegLog(µ, λ4 = 0.1) + NegLog(µ, λ4 = 0.3)

2
= 1.0249 ,

which shows that λ4 7→NegLog(µ, λ4) is not convex in λ4.

E.2 Proof of Theorem 3.1

The first part of the theorem follows from the Proof of Sufficiency argument in the proof of

Theorem 2.4 in Appendix C.2 above.

For the second part, note that from Theorem 2.2, it follows that

NegLog(µ,λ) =
1

Q

Q∑
q=1

∑
j∈T

1l{cq∈Tj}
W q

j (µ,λ)

λj

− 1

Q

Q∑
q=1

∑
j∈T

1l{cq∈Tj}
W q

j (µ,λ)

λpa(j)

=
1

Q

Q∑
q=1

∑
j∈T\N

1l{cq∈Tj}
W q

j (µ,λ)

λj

− 1

Q

Q∑
q=1

∑
j∈T\{root}

1l{cq∈Tj}
W q

j (µ,λ)

λpa(j)

,

where the second equality follows since by definition, λℓ = +∞ for all ℓ ∈ N and λpa(root) = +∞.

Then, substituting λj = e−δ[j] for all j ∈ T \N , it follows that NegLog(µ,δ) = F1(µ,δ)−F2(µ,δ).
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Next, we need to show that F1 and F2 are strictly convex in δ for any fixed µ. We first show

that the function F1(µ,δ) is convex in δ and then establish later that it is strictly convex. By the

homogeneity property of the weight function in Lemma B.1 above, we have

F1(µ,δ) =
1

Q

Q∑
q=1

∑
j∈T\N

1l{cq∈Tj}W
q
j (µ,λ(δ)) ·eδ[j] =

1

Q

Q∑
q=1

∑
j∈T\N

1l{cq∈Tj}W
q
j

(
µ · eδ[j] ,λ(δ) · eδ[j]

)
,

where recall that the vector λ(δ) = (exp
(
−δ[j]

)
: j ∈ T \ N ). Then, for each term in the above

summation, the mapping δ 7→W q
j

(
µ · eδ[j] ,λ(δ) · eδ[j]

)
is convex because it is a composition of an

increasing convex function W q
j (·, ·) (by Lemmas B.2 and B.3) with a collection of convex functions,

µℓ · eδ[j] = µℓ · e
∑

k∈path[root,j] δk , and e−δ[k] · eδ[j] = e
∑

h∈path[root,j] δh−
∑

h∈path[root,k] δh . Note that µℓ · eδ[j]

and e−δ[k] · eδ[j] are convex in δ because the expressions in the exponents are linear functions of δ.

Therefore, F1(µ,δ) is convex in δ.

To establish strict convexity, we show that one of the terms in the summand is strictly convex.

Consider the term corresponding to the root node:

f(µ,δ) =

Q∑
q=1

W q
root

(
µ · eδ[root] ,λ(δ) · eδ[root]

)
=

Q∑
q=1

W q
root(µ,λ(δ)) since δ[root] = δroot = 0.

We now show that f(µ,δ) is strictly convex in δ. For any δ ̸= δ̄ and scalar x ∈ (0,1), we want to

show that

f(µ, x · δ+(1−x) · δ̄) < xf(µ,δ)+ (1−x)f(µ, δ̄).

Since W q′
root(µ,λ(δ)) is convex in δ for all q′ ∈ {1, . . . ,Q}, it suffices to exhibit one q such that

W q
root

(
µ,λ(xδ+(1−x)δ̄)

)
< xW q

root (µ,λ(δ))+ (1−x)W q
root

(
µ,λ(δ̄)

)
.

Now, since δ ̸= δ̄, there must exist a non-leaf node j such that δ[j] ̸= δ̄[j]. From the condition

in Theorem 2.5, there exists a q ∈ {1, . . . ,Q} such that j has at least two children in Tq. It then

follows from Lemmas B.2 and B.3 that W q
root(µ,λ) is convex and increasing in λ, and strictly

increasing in λj. Further, because of the strict convexity of the exponential function, we have that

ex·(−δ[j])+(1−x)·(−δ̄[j]) <xe−δ[j] +(1−x)e−δ̄[j] . Together, these facts imply that

W q
root

(
µ,λ(xδ+(1−x)δ̄)

)
< W q

root

(
µ , xλ(δ)+ (1−x)λ(δ̄)

)
≤ xW q

root (µ,λ(δ))+ (1−x)W q
root

(
µ,λ(δ̄)

)
.

Consequently, F1 is strictly convex. The proof of the strict convexity of F2 fol-

lows from an almost identical argument, but with the function f re-defined as

f(µ,δ) =
∑Q

q=1

∑
j∈Children(root)∩Tq W

q
j (µ,λ(δ)).
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E.3 Step 2 of A-MM algorithm can be solved in closed form

We first show that the partial derivatives (∂NegLog(µ,δ)/∂δk : k ∈T \ (N ∪{root})) can also be

computed efficiently:

Lemma E.1 For all k ∈T \ (N ∪{root}), it follows that

∂NegLog(µ,δ)

∂δk
=−

∑
j∈Tk\N

λj ·
∂NegLog(µ,λ)

∂λj

,

Proof. The result follows by invoking the multi-variable chain rule of derivatives:

∂NegLog(µ,δ)

∂δk
=
∑

j∈T\N

∂λj

∂δk
· ∂NegLog(µ,λ)

∂λj

=
∑

j∈Tk\N

∂λj

∂δk
· ∂NegLog(µ,λ)

∂λj

=
∑

j∈Tk\N

−λj ·
∂NegLog(µ,λ)

∂λj

,

where the second inequality follows since λj = e−
∑

i∈path[root,j] δi and the last since
∂λj

∂δk
=−λj for all

j ∈Tk \N . The claim then follows.

Next, define the function J(α) :=H(s)

({
δ(s)−α · ∇δNegLog(µ

(s+1), δ(s))
}+
)

for all α ∈ R+.

The following lemma establishes the piecewise convexity of J(·):

Lemma E.2 For each j ∈T \ (N ∪{root}), let dj = ∂NegLog
∂δj

(
µ(s+1),δ(s)

)
and define tj as

tj =

{
+∞ if dj ≤ 0

δ
(s)
j /dj otherwise

.

Next, let 0 = t(0) < t(1) < . . . < t(I) = +∞ denote the sorted values in the set

{tj : j ∈T \ (N ∪{root})}∪ {0,+∞}.

Then, for each i ∈ {0,1, . . . , I − 1}, the function J(α) is either constant or strictly convex

on the interval
[
t(i), t(i+1)

]
. In particular, J(·) is piecewise convex on R+ with I pieces, where

I ≤ |T \N |.

Proof. Define the vector M(α) =
{
δ(s)−αd

}+

for any α ≥ 0. Then, for any α ∈
[
t(i), t(i+1)

]
and any j ∈T \ (N ∪{root}), it can be verified that

Mj(α) =

{
δ
(s)
j −α · dj if t(i+1) ≤ tj
0 otherwise

. (EC.6)

Now, suppose the function J(α) is not constant on the interval
[
t(i), t(i+1)

]
. In other words, there

exists ᾱ, α̂ ∈
[
t(i), t(i+1)

]
with ᾱ ̸= α̂ such that J(ᾱ) ̸= J(α̂). Since J(α) =H(s) (M(α)), we must
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have M(ᾱ) ̸=M(α̂). From (EC.6), this further implies that there exists ji ∈T \ (N ∪{root}) such

that dji ̸= 0 and Mji(α) = δ
(s)
ji
−α · dji for all α∈

[
t(i), t(i+1)

]
.

We show that J(α) must be strictly convex on
[
t(i), t(i+1)

]
. For that, consider α1, α2 ∈

[
t(i), t(i+1)

]
with α1 ̸= α2 and w ∈ (0,1). From (EC.6), it can be verified that

M(w ·α1 +(1−w) ·α2) =w ·M(α1)+ (1−w) ·M(α2) (EC.7)

Moreover, since Mji(α1) ̸=Mji(α2) it follows that M(α1) ̸=M(α2). Then, it follows that

J (w ·α1 +(1−w) ·α2) =H(s) (M(w ·α1 +(1−w) ·α2))

=H(s) (w ·M(α1)+ (1−w) ·M(α2))

<w ·H(s) (M(α1))+ (1−w) ·H(s) (M(α2))

=w · J(α1)+ (1−w) · J(α2),

where the second equality follows from (EC.7) and the inequality follows since M(α1) ̸=M(α2)

and the fact that H(s)(·) is strictly convex as established in Lemma 3.8. This establishes the strict

convex of J(·) on
[
t(i), t(i+1)

]
. The result then follows from observing that ∪I−1

i=0

[
t(i), t(i+1)

]
=R+.

Finally, note that the number of pieces I satisfies

I = |{tj : j ∈T \ (N ∪{root})}∪ {0,+∞}|− 1

≤ |{tj : j ∈T \ (N ∪{root})}|+2− 1

= |{tj : j ∈T \ (N ∪{root})}|+1

≤ |T \N |

The above lemma can be leveraged to efficiently compute the step size α(s) in Step 2 of the

A-MM algorithm as follows: we first obtain α0, α1, . . . , αI−1 as the following

αi = argmin
α∈[t(i), t(i+1)]

J(α),

which can be done efficiently since J(α) is either constant—in which case any α is optimal—or

strictly convex—in which case well-known algorithms such as the golden-section search (Kiefer

1953) can be used—on each interval
[
t(i), t(i+1)

]
. Then, we compute α(s) as the following

α(s) = argmin
α∈{α0,α1,...,αI−1}

J(α).
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E.4 Proof of Theorem 3.3

We begin with the following key lemma that will be useful in the proof.

Lemma E.3 For any µ∈Dom1 and δ ∈Dom2, it follows that∑
ℓ∈N

aℓ (µ, δ)× exp
(
δ[pa(ℓ)]

)
=
∑
ℓ∈N

salesℓ× exp
(
δ[pa(ℓ)]

)
,

where aℓ(µ,δ) is as defined in (5).

Proof. We leverage the fact that NegLog(µ,δ) is shift-invariant in the variable µ. Specifically,

for any x∈R, we have that

NegLog(µ,δ) =NegLog(µ+x · e,δ),

where e∈RN denotes the vector of all ones. In other words, for any µ and δ, the function g : R→R

defined as g(x) = NegLog(µ+ x · e,δ) is a constant as a function of x. Therefore, the derivative

g′(x) of g(x) with respect to x is zero everywhere.

We can compute the derivative of g(·) using the chain rule as follows:

g′(x) =
dg

dx
=
∑
ℓ∈N

∂NegLog(µ+x · e,δ)
∂µℓ

d

dx
(µℓ +x) =

∑
ℓ∈N

∂NegLog(µ+x · e,δ)
∂µℓ

.

Equating the above derivative to zero at x= 0 yields
∑

ℓ∈N ∂NegLog(µ,δ)/∂µℓ = 0. We now use

the definition of the constant aℓ(µ,δ) for each ℓ∈N to obtain

0 =
∑
ℓ∈N

∂NegLog(µ,δ)

∂µℓ

=
∑
ℓ∈N

(aℓ(µ,δ)− salesℓ) · exp
(
δ[pa(ℓ)]

)
The result of the lemma now follows.

We are now ready to prove Theorem 3.3. Below, we denote λ(s) = λ(δ(s)) to simplify certain

expressions. In Theorem 3.7, we show that
∑

ℓ∈N Gℓ

(
µℓ |µ(s), δ(s)

)
is a majorizing surrogate [see

Definition 3.6] for the mapping µ 7→ NegLog(µ,δ(s)) at µ(s). From this, it follows that for all

µ∈Dom1:

NegLog(µ,δ(s))≤
∑
ℓ∈N

Gℓ

(
µℓ |µ(s), δ(s)

)
=
∑
ℓ∈N

Cℓ(µ
(s), δ(s))+

∑
ℓ∈N

aℓ

(
µ(s), δ(s)

)
exp

(
µℓ−µ(s)

ℓ

λ
(s)

pa(ℓ)

)
−
∑
ℓ∈N

salesℓ ·

(
µℓ−µ(s)

ℓ

λ
(s)

pa(ℓ)

)
(EC.8)

and,

NegLog(µ(s),δ(s)) =
∑
ℓ∈N

Cℓ(µ
(s), δ(s))+

∑
ℓ∈N

aℓ

(
µ(s), δ(s)

)
(EC.9)
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Combining equations (EC.8) and (EC.9), we obtain that for all µ∈Dom1:

NegLog(µ,δ(s))−NegLog(µ(s),δ(s))

≤
∑
ℓ∈N

aℓ

(
µ(s), δ(s)

)(
exp

(
µℓ−µ(s)

ℓ

λ
(s)

pa(ℓ)

)
− 1

)
−
∑
ℓ∈N

salesℓ ·

(
µℓ−µ(s)

ℓ

λ
(s)

pa(ℓ)

)

Now, noting that µ̃
(s+1)
ℓ = µ

(s)
ℓ + λ

(s)

pa(ℓ) · log
(
salesℓ/aℓ(µ

(s),δ(s))
)
for all ℓ ∈N , we get (we show

in the proof of Theorem 3.7 below that aℓ(µ
(s),δ(s))> 0 for all s)

NegLog(µ̃(s+1),δ(s))−NegLog(µ(s),δ(s))

≤
∑
ℓ∈N

aℓ(µ
(s),δ(s))

(
salesℓ

aℓ(µ(s),δ(s))
− 1

)
−
∑
ℓ∈N

salesℓ · log

(
salesℓ

aℓ(µ(s),δ(s))

)

=
∑
ℓ∈N

(
salesℓ− aℓ(µ(s),δ(s))− salesℓ · log

(
salesℓ

aℓ(µ(s),δ(s))

))
. (EC.10)

We first establish that in each iteration, the MM update makes a non-positive

improvement (recall that we are minimizing the objective function) by showing that the

upper bound in equation (EC.10) above is always non-positive. In fact, we establish a

stronger result that each term in the upper bound summation is non-positive; that is,

salesℓ− aℓ(µ(s),δ(s))− salesℓ · log
(
salesℓ/aℓ(µ

(s),δ(s))
)
≤ 0 for all ℓ∈N .

To that end, for each ℓ ∈ N , note that µ̃
(s+1)
ℓ is the minimizer of Gℓ(· |µ(s),δ(s)) by definition.

Therefore, we have that

Gℓ(µ̃
(s+1)
ℓ |µ(s),δ(s))≤Gℓ(µ

(s)
ℓ |µ(s),δ(s))

=⇒ aℓ(µ
(s),δ(s)) exp

(
µ̃
(s+1)
ℓ −µ(s)

ℓ

λ
(s)

pa(ℓ)

)
− salesℓ ·

µ̃
(s+1)
ℓ −µ(s)

ℓ

λ
(s)

pa(ℓ)

≤ aℓ(µ(s),δ(s))

=⇒ aℓ(µ
(s),δ(s))

salesℓ

aℓ(µ(s),δ(s))
− salesℓ · log

(
salesℓ

aℓ(µ(s),δ(s))

)
≤ aℓ(µ(s),δ(s))

=⇒ salesℓ− aℓ(µ(s),δ(s))− salesℓ · log

(
salesℓ

aℓ(µ(s),δ(s))

)
≤ 0.

It now follows from the arguments above that

NegLog(µ̃(s+1),δ(s))−NegLog(µ(s),δ(s))

≤
∑
ℓ∈N

(
salesℓ− aℓ(µ(s),δ(s))− salesℓ · log

(
salesℓ

aℓ(µ(s),δ(s))

))

≤
∑
ℓ∈N

λlower

λ
(s)

pa(ℓ)

[
salesℓ− aℓ(µ(s),δ(s))− salesℓ · log

(
salesℓ

aℓ(µ(s),δ(s))

)]

= λlower ·

(∑
ℓ∈N

salesℓ− aℓ(µ(s),δ(s))

λ
(s)

pa(ℓ)

)
−λlower ·

∑
ℓ∈N

salesℓ

λ
(s)

pa(ℓ)

· log

(
salesℓ

aℓ(µ(s),δ(s))

)
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= λlower ·

(∑
ℓ∈N

{
salesℓ− aℓ(µ(s),δ(s))

}
× exp

(
δ
(s)

[pa(ℓ)]

))
−λlower

∑
ℓ∈N

salesℓ · exp
(
δ
(s)

[pa(ℓ)]

)
· log

(
salesℓ

aℓ(µ(s),δ(s))

)

=−λlower

∑
ℓ∈N

salesℓ · exp
(
δ
(s)

[pa(ℓ)]

)
· log

(
salesℓ

aℓ(µ(s),δ(s))

)
,

where the first inequality follows because λ
(s)

pa(ℓ) = e−
∑

k∈path[root,pa(ℓ)] δ
(s)
k ≥ e−(height(root)−1)×δupper :=

λlower for all ℓ ∈ N and the last equality follows from the result of Lemma E.3 which implies∑
ℓ∈N

{
salesℓ− aℓ(µ(s),δ(s))

}
× exp

(
δ
(s)

[pa(ℓ)]

)
= 0.

The last expression on the right hand side above has the form of KL-divergence between two

probability distributions, except that the corresponding terms in the expressions do not sum to

1. To address that, we normalize (aℓ(µ
(s),δ(s)) : ℓ ∈ N ) and (salesℓ : ℓ ∈ N ) as follows. We let

T (µ(s),δ(s)) denote the sums
∑

ℓ∈N aℓ(µ
(s),δ(s))× exp

(
δ
(s)

[pa(ℓ)]

)
=
∑

ℓ∈N salesℓ × exp
(
δ
(s)

[pa(ℓ)]

)
and

define

aℓ(µ
(s),δ(s)) =

aℓ(µ
(s),δ(s)) · exp

(
δ
(s)

[pa(ℓ)]

)
T (µ(s),δ(s))

; salesℓ(µ
(s),δ(s)) =

salesℓ · exp
(
δ
(s)

[pa(ℓ)]

)
T (µ(s),δ(s))

.

It is clear from our definitions that a(µ(s),δ(s)) =
(
aℓ(µ

(s),δ(s)) : ℓ∈N
)

and

sales=
(
salesℓ(µ

(s),δ(s)) : ℓ∈N
)
are valid distributions over the set N . It now follows from these

definitions that

NegLog(µ̃(s+1),δ(s))−NegLog(µ(s),δ(s))

≤−T (µ(s),δ(s)) ·λlower

∑
ℓ∈N

salesℓ(µ
(s),δ(s)) log

(
salesℓ(µ

(s),δ(s))

aℓ(µ(s),δ(s))

)
=−T (µ(s),δ(s)) ·λlower ·DKL

(
sales(µ(s),δ(s))∥a(µ(s),δ(s))

)
.

We can simplify the above expression further by invoking Pinsker’s inequal-

ity (Csiszár and Körner 2011), which states that DKL

(
sales(µ(s),δ(s))∥a(µ(s),δ(s))

)
≥

1/2
∥∥∥sales(µ(s),δ(s))−a(µ(s),δ(s))

∥∥∥2
1
. We now obtain

NegLog(µ̃(s+1),δ(s))−NegLog(µ(s),δ(s))

≤−T (µ(s),δ(s)) ·λlower ·
1

2

∥∥∥sales(µ(s),δ(s))−a(µ(s),δ(s))
∥∥∥2
1

=− λlower

2 ·T (µ(s),δ(s))

(∑
ℓ∈N

∣∣∣{salesℓ− aℓ(µ(s),δ(s))
}
× exp

(
δ
(s)

[pa(ℓ)]

)∣∣∣)2

=− λlower

2 ·T (µ(s),δ(s))

(∑
ℓ∈N

∣∣∣∣∣∂NegLog(µ(s),δ(s))

∂µℓ

∣∣∣∣∣
)2

= − λlower

2 ·T (µ(s),δ(s))

∥∥∥∇µNegLog(µ
(s),δ(s))

∥∥∥2
1
,

where the second equality follows from the definition of aℓ(µ
(s),δ(s)).
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To complete the proof, we note that

T (µ(s),δ(s)) =
∑
ℓ∈N

salesℓ× · exp
(
δ
(s)

[pa(ℓ)]

)
=
∑
ℓ∈N

salesℓ

λ
(s)

pa(ℓ)

≤
∑
ℓ∈N

salesℓ
λlower

=

∑
ℓ∈N salesℓ

λlower

=
1

λlower

.

The inequality follows because λ
(s)

pa(ℓ) ≥ λlower for all ℓ∈N . The last equality follows from the defini-

tion of salesℓ, which denotes the fraction of sales of product ℓ in the dataset, so that
∑

ℓ∈N salesℓ = 1.

Putting everything together, we obtain

NegLog(µ̃(s+1),δ(s))−NegLog(µ(s),δ(s))≤ −λ
2
lower

2

∥∥∥∇µNegLog(µ
(s),δ(s))

∥∥∥2
1
.

The improvement bound for the MM update follows from observing that NegLog(µ(s+1),δ(s)) =

NegLog(µ̃(s+1),δ(s)) since NegLog is shift-invariant w.r.t. µ. □

E.5 Proof of Theorem 3.4

We begin with the following lemma:

Lemma E.4 If λj ≥ λlower for all j ∈T\N , then the mapping µ 7→NegLog(µ,λ) is L-smooth with

L≤ 1/λ2
lower.

Proof. We use the definition of smoothness stated in (Bubeck 2015, Section 3.2). A continuously

differentiable function f : Rn→R is L-smooth if its gradient ∇f is L-Lipschitz continuous, i.e.

∥∇f(x)−∇f(y)∥2 ≤L∥x−y∥2 ∀x,y ∈R
n

For a twice continuously differentiable function, the above condition is equivalent to ∇2f(x)⪯LIn

for all x ∈ Rn, where In is the n× n identity matrix. In other words, all the eigenvalues of the

Hessian are bounded above by L. We will use this definition to derive the smoothness constant L.

In our context, f(µ) =NegLog(µ,λ). We use the fact that the trace (sum of diagonal elements)

of a matrix is equal to the sum of its eigenvalues. Consider the sum of the diagonal entries of the

Hessian matrix ∇2f(µ):∑
ℓ∈N

∂2f(µ)

∂µ2
ℓ

=
∑
ℓ∈N

∂

∂µℓ

(
∂f(µ)

∂µℓ

)
(a)
=
∑
ℓ∈N

∂

∂µℓ

 1

Q

Q∑
q=1

∑
j∈T\N

1l{cq∈Tj} ·
(

1

λj

− 1

λpa(j)

)
·ψq

j→ℓ(µ,λ)−
salesℓ
λpa(ℓ)


=
∑
ℓ∈N

1

Q

Q∑
q=1

∑
j∈T\N

1l{cq∈Tj} ·
(

1

λj

− 1

λpa(j)

)
· ∂
∂µℓ

ψq
j→ℓ(µ,λ)
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(b)
=
∑
ℓ∈N

1

Q

Q∑
q=1

∑
j∈T\N

1l{cq∈Tj} ·
(

1

λj

− 1

λpa(j)

)
· ∂
∂µℓ

∏
k∈path(j,ℓ]

ψq
pa(k)→k(µ,λ)

(c)
=
∑
ℓ∈N

1

Q

Q∑
q=1

∑
j∈T\N

1l{cq∈Tj} ·
(

1

λj

− 1

λpa(j)

)
·ψq

j→ℓ(µ,λ) ·

 ∑
k∈path(j,ℓ]

∂ψq
pa(k)→k(µ,λ)

∂µℓ

/
ψq

pa(k)→k(µ,λ)


(d)
=
∑
ℓ∈N

1

Q

Q∑
q=1

∑
j∈T\N

1l{cq∈Tj} ·
(

1

λj

− 1

λpa(j)

)
·ψq

j→ℓ(µ,λ) ·

 ∑
k∈path(j,ℓ]

ψq
k→ℓ(µ,λ)−ψ

q
pa(k)→ℓ(µ,λ)

λpa(k)


(e)

≤
∑
ℓ∈N

1

Q

Q∑
q=1

∑
j∈T\N

1l{cq∈Tj} ·
(

1

λj

− 1

λpa(j)

)
·ψq

j→ℓ(µ,λ) ·

 ∑
k∈path(j,ℓ]

ψq
k→ℓ(µ,λ)−ψ

q
pa(k)→ℓ(µ,λ)

λlower


=
∑
ℓ∈N

1

Q

Q∑
q=1

∑
j∈T\N

1l{cq∈Tj} ·
(

1

λj

− 1

λpa(j)

)
·ψq

j→ℓ(µ,λ) ·
(
ψq

ℓ→ℓ(µ,λ)−ψ
q
j→ℓ(µ,λ)

) /
λlower

(f)

≤
∑
ℓ∈N

1

Q

Q∑
q=1

∑
j∈T\N

1l{cq∈Tj} ·
(

1

λj

− 1

λpa(j)

)
·ψq

j→ℓ(µ,λ)
/
λlower

=
1

Q

Q∑
q=1

∑
j∈T\N

1l{cq∈Tj} ·
(

1

λj

− 1

λpa(j)

)
·
∑

ℓ∈N ψ
q
j→ℓ(µ,λ)

λlower

(g)
=

1

Q ·λlower

Q∑
q=1

∑
j∈T\N

1l{cq∈Tj} ·
(

1

λj

− 1

λpa(j)

)
(h)
=

1

Q ·λlower

Q∑
q=1

1

λpa(cq)

(i)

≤ 1

λ2
lower

where the justifications for the equalities and inequalities in (a) - (i) are given below.

(a) The equality follows from the expression for ∂NegLog(µ,λ)

∂µℓ
from Lemma D.2 with λ=λ(δ).

(b) The equality since ψq
j→ℓ(µ,λ) =

∏
k∈path(j,ℓ]ψ

q
pa(k)→k(µ,λ).

(c) The equality follows from the product rule of derivatives.

(d) The equality follows since ψq
pa(k)→k(µ,λ) = e

−
(
W

q
pa(k)

(µ,λ)−W
q
k
(µ,λ)

)
/λpa(k) and

∂W
q
k
(µ,λ)

∂µℓ
=

ψq
k→ℓ(µ,λ) for all k ∈T \N from Lemma B.4.

(e) The inequality follows since λj ≥ λlower for all j ∈ T \ N by assumption and ψq
k→ℓ(µ,λ) ≥

ψq
pa(k)→ℓ(µ,λ) for all k ∈ path(j, ℓ].

(f) The equality follows since ψq
ℓ→ℓ(µ,λ)−ψ

q
j→ℓ(µ,λ)≤ 1.

(g) The equality follows since
∑

ℓ∈N ψ
q
j→ℓ(µ,λ) = 1 for any j such that cq ∈Tj.

(h) The equality follows since 1
λpa(root)

=+∞.

(i) The inequality follows since λpa(cq) ≥ λlower by assumption.
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Since f(µ) is convex on Rn (see proof of Theorem 3.1 above), all the eigenvalues of the Hessian

∇2f(µ) are non-negative, for any µ∈Rn. Then, it follows that:

max eigenvalue of ∇2f(µ)≤ sum of eignvalues of ∇2f(µ)

= trace of ∇2f(µ)

=
∑
ℓ∈N

∂2f(µ)

∂µ2
ℓ

≤ 1

λ2
lower

This establishes the smoothness of f(µ). □

We are now ready to prove Theorem 3.4. Since δ
(s)
j ≤ δupper for all j ∈T\ (N ∪{root}) by assump-

tion, it follows that λ
(s)
j ≥ λlower for all j ∈ T \ N , where λ(s) = λ(δ(s)). Then, it follows from

Lemma E.4 that NegLog(µ,δ(s)) is L-smooth. We then leverage the standard quadratic upper

bound property (Bubeck 2015, Lemma 3.4) for smooth functions to obtain:

NegLog(µ(s+1)
GD ,δ(s))

≤NegLog(µ(s),δ(s))+
〈
∇µNegLog(µ

(s),δ(s)),µ
(s+1)
GD −µ(s)

〉
+
L

2

∥∥∥µ(s+1)
GD −µ(s)

∥∥∥2
2

=NegLog(µ(s),δ(s))− 1

L

〈
∇µNegLog(µ

(s),δ(s)),∇µNegLog(µ
(s),δ(s))

〉
+

1

2L

∥∥∥∇µNegLog(µ
(s),δ(s))

∥∥∥2
2

(using the definition of µ
(s+1)
GD )

=NegLog(µ(s),δ(s))− 1

2L

∥∥∥∇µNegLog(µ
(s),δ(s))

∥∥∥2
2

E.5.1 Tightness of improvement bound. We now present an instance where both the upper

bound on the smoothness constant L in Lemma E.4 and the ℓ1-ℓ2 norm inequality are tight, so

that the improvement bound in Theorem 3.4 is the best possible bound.

For that, we consider the special where each offer set has exactly two products and customers

make choices according to the MNL model. Specifically, suppose that we are given the following

dataset consisting of Q= 2 · (n− 1) transactions:

(Sq, cq) =

({1, q+1} , q+1) for 1≤ q≤ n− 1

({1, q−n+2} ,1) for n≤ q≤Q
(EC.11)

Tightness of upper bound for L. In the special case when each offer set has exactly

two products, the MNL model is equivalent to the Bradley-Terry model. For the Bradley-Terry

model, Vojnovic et al. (2020, Lemma 3.1) showed that the negative log-likelihood function is L-

smooth on Rn, where L = λmax(LM)/4Q.12 Here, M is an n× n matrix with Mi,j equal to the

12 Vojnovic et al. (2020) consider the un-normalized negative log-likelihood function, and therefore, do not have the

normalization by the total number of transactions Q in their result.



e-companion to Jagabathula et al.: Estimating Large-Scale Tree Logit Models ec35

number of times offer-set {i, j} is observed in the transaction data, and λmax(LM) is the largest

eigenvalue of the Laplacian matrix LM =DM−M, where DM is a diagonal matrix whose diagonal

elements are the row sums of M.

For the above dataset, it is easy to check that the product co-occurrence matrix M= 2M′ where

M′ is the adjacency matrix of the undirected version of the comparison graph Comp defined in

Definition 2.3, obtained by replacing the pair of directed edges {(1, j), (j,1)} by the undirected edge

{1, j} for all j ∈N \{1}. We refer to this graph as Comp′. Now, since the degree of the node corre-

sponding to product 1 in Comp′ is equal to n−1, it follows from Zhang (2011, Theorem 3.19) that

λmax(LM′) = n. Further, since LM = 2LM′ , it follows that L= λmax(LM)/4Q= 2λmax(LM′)/4Q=

2n/4Q= n
4·(n−1)

. For large n, we have that L≈ 1/4. Finally, note that λlower = 1 for the MNL model.

This shows that the upper bound 1/λ2
lower is tight up to constant factors.

Tightness of the ℓ1-ℓ2 norm inequality. To establish this result, we exhibit an initial solution

µ(0) for which the inequality is tight. First, note that for the dataset described in Equation (EC.11),

it is easy to check that sales1 =
n−1

2·(n−1)
= 1/2, whereas salesℓ =

1
2·(n−1)

for all ℓ ∈N \ {1}. Further,
from Lemma D.2 it follows that for all ℓ∈N

∂NegLog(µ)

∂µℓ

=
1

Q

Q∑
q=1

ψq
root→ℓ(µ)− salesℓ, (EC.12)

where note that we have dropped the λ term because we are working with an MNL model. Now,

supposing that n is even, consider an initial solution µ(0) of the following form:

µ
(0)
ℓ =


0 if ℓ= 1

log(2n− 1) if 1< ℓ≤ n/2

− log(2n− 1) o.w.

Next, consider any 1 < ℓ ≤ n/2. Then, it follows that for the dataset described in in Equa-

tion (EC.11):

1

Q

Q∑
q=1

ψq
root→ℓ(µ

(0)) =
1

Q
·
(
ψℓ−1

root→ℓ(µ
(0))+ψn+ℓ−2

root→ℓ (µ
(0))
)

=
2

Q

exp(µ
(0)
ℓ )

1+ exp(µ
(0)
ℓ )

=
2 · (2n− 1)

2 · (n− 1) · 2n

=
2n− 1

2n · (n− 1)

=
1

2 · (n− 1)
+

1

2n

= salesℓ +
1

2n
(EC.13)
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In a similar fashion, it can be verified that

1

Q

Q∑
q=1

ψq
root→ℓ(µ

(0)) = salesℓ−
1

2n
for all n/2< ℓ≤ n (EC.14)

Then, combining (EC.12), (EC.13), and (EC.14), it follows that

∂NegLog(µ(0))

∂µℓ

=

 1
2n

if 1< ℓ≤ n/2

− 1
2n

if n/2< ℓ≤ n
(EC.15)

Further, from the proof of Lemma E.3, it follows that
n∑

ℓ=1

∂NegLog(µ(0))

∂µℓ

= 0 =⇒ ∂NegLog(µ(0))

∂µ1

+(n/2− 1) · 1/2n− (n/2) · (1/2n) = 0

=⇒ ∂NegLog(µ(0))

∂µ1

=
1

2n
(EC.16)

Finally, given (EC.16) and (EC.15), it can easily be verified that
∥∥∇µNegLog(µ

(0))
∥∥2
2
=

1
n

∥∥∇µNegLog(µ
(0))
∥∥2
1
.

E.6 Proof of Theorem 3.5

We first establish that the constant D is finite, for which it is sufficient to show that the set U ={
µ∈Dom1 :NegLog(µ)≤NegLog(µ(0))

}
is bounded. From the Proof of Sufficiency argument

in the proof of Theorem 2.4 in Appendix C.2 above, it follows that for all µ∈Dom1 (since Dom1 =

D1):

NegLog(µ)≥ ∥µ∥∞ b∗/Q,

where b∗ is as defined in Appendix C.2 and b∗ > 0 by Lemma C.1. Therefore, it follows that for

any µ∈ U :
NegLog(µ)≤NegLog(µ(0)) =⇒ ∥µ∥∞ ≤

NegLog(µ(0)) ·Q
b∗

,

and therefore the set U is bounded.

Next, we derive the convergence rates. We begin with the guarantee for the MM algorithm. The

proof follows from existing results, see e.g., Allen-Zhu and Orecchia (2014, Fact B.1 in Appendix

B). We reproduce the arguments here for completeness. For each s′ ≥ 0, define NegLogGap(s
′) :=

NegLog(µ(s′))−NegLog(µ∗). Note that NegLogGap(s
′) ≥ 0 for all s′ ≥ 0. Moreover, since the result

is trivially true for any s≥ 1 such that NegLogGap(s) = 0, we suppose that NegLogGap(s
′) > 0 for

all 0≤ s′ ≤ s.
Now, recall that NegLog(µ) is convex in µ. Then, it follows that for any s′ ≥ 0:

NegLogGap(s
′) =NegLog(µ(s′))−NegLog(µ∗)

≤
〈
∇NegLog(µ(s′)),µ(s′)−µ∗

〉
≤
∥∥∥∇NegLog(µ(s′))

∥∥∥
1
·
∥∥∥µ(s′)−µ∗

∥∥∥
∞

≤
∥∥∥∇NegLog(µ(s′))

∥∥∥
1
·D (EC.17)
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where the first inequality follows from the subgradient inequality for convex functions (note that

we write the gradient as ∇NegLog instead of ∇µNegLog), the second follows from the Holder’s

inequality, and the final follows since the MM algorithm guarantees an improving solution in each

iteration and using the definition of D in the statement of the theorem.

Next, by plugging in λlower = 1 in the improvement bound from Theorem 3.3, it follows that for

all 0≤ s′ < s:

NegLog(µ(s′+1))−NegLog(µ(s′))≤−1

2

∥∥∥∇NegLog(µ(s′))
∥∥∥2
1

=⇒ NegLogGap(s
′+1)−NegLogGap(s

′) ≤−1

2

∥∥∥∇NegLog(µ(s′))
∥∥∥2
1

=⇒ NegLogGap(s
′)−NegLogGap(s

′+1) ≥ 1

2

∥∥∥∇NegLog(µ(s′))
∥∥∥2
1

=⇒ NegLogGap(s
′)−NegLogGap(s

′+1) ≥

(
NegLogGap(s

′)
)2

2D2

=⇒ NegLogGap(s
′)−NegLogGap(s

′+1)

NegLogGap(s
′) ·NegLogGap(s′+1)

≥ NegLogGap(s
′)

2D2 ·NegLogGap(s′+1)

=⇒ 1

NegLogGap(s
′+1)
− 1

NegLogGap(s
′)
≥ NegLogGap(s

′)

2D2 ·NegLogGap(s′+1)

=⇒ 1

NegLogGap(s
′+1)
− 1

NegLogGap(s
′)
≥ 1

2D2
,

where the third implication follows from (EC.17), the fourth follows from diving both sides by

NegLogGap(s
′) ·NegLogGap(s

′+1), and the final follows since NegLogGap(s
′) ≥NegLogGap(s

′+1) as the

MM algorithm guarantees an improving solution in each iteration.

Summing the last inequality above from s′ = 0 to s− 1 (note that we have s≥ 1), it follows that

s−1∑
s′=0

(
1

NegLogGap(s
′+1)
− 1

NegLogGap(s
′)

)
≥

s−1∑
s′=0

1

2D2

=⇒ 1

NegLogGap(s)
− 1

NegLogGap(0)
≥ s

2D2

=⇒ 1

NegLogGap(s)
≥ s

2D2

=⇒ NegLogGap(s) ≤ 2D2

s

=⇒ NegLog(µ(s))−NegLog(µ∗)≤ 2D2

s

The result then follows.

For the GD algorithm, starting from the improvement bound in Theorem 3.4 and using the fact

that GD with step size 1/L also guarantees an improving solution in each iteration, the above

sequence of arguments can be repeated to show that for all s≥ 1

NegLog(µ(s)
GD)−NegLog(µ∗)≤ 2LnD2

s
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The result then follows.

E.7 Proof of Theorem 3.7

The proof of the theorem makes use of the following lemma:

Lemma E.5 Given any δ̄ ∈ Dom2, for each q = 1, . . . ,Q and each nonleaf node j ∈ Tq \ Sq, a

majorizing surrogate for the function µ 7→
∑

k∈Children(j)∩Tq e
W

q
k(µ,λ(δ̄))×exp(δ̄[j])∑

k∈Children(j)∩Tq e
W

q
k(µ̄,λ(δ̄))×exp(δ̄[j])

at µ̄ is given by the

following separable function:

µ 7→ C(µ̄, δ̄) + exp
(
δ̄[j]
)∑
ℓ∈N

exp
(
−δ̄[pa(ℓ)]

)
×ψq

j→ℓ

(
µ̄, λ(δ̄)

)
× e(µℓ−µ̄ℓ)×exp(δ̄[pa(ℓ)]) ,

where C(µ̄, δ̄) is a constant depending only on (µ̄, δ̄) that is irrelevant for our optimization.

Proof. Fix an arbitrary q and let λ̄=λ(δ̄). We will prove the result by induction on the height

of j. For the base case, suppose j has a height of one, that is, it is a parent of some leaf node. In

this case, note that for each ℓ∈ Children(j), exp
(
δ̄[j]
)
× exp

(
−δ̄[pa(ℓ)]

)
= 1. Then,∑

k∈Children(j)∩Tq e
W

q
k(µ,λ(δ̄))×exp(δ̄[j])∑

k∈Children(j)∩Tq e
W

q
k(µ̄,λ(δ̄))×exp(−δ̄[j])

(a)
=

∑
ℓ∈Children(j)∩Sq eµℓ/λ̄j∑
i∈Children(j)∩Sq eµ̄i/λ̄j

=
∑

ℓ∈Children(j)∩Sq

eµ̄ℓ/λ̄j∑
i∈Children(j)∩Sq eµ̄i/λ̄j

× e(µℓ−µ̄ℓ)/λ̄pa(ℓ)

=
∑

ℓ∈Children(j)∩Sq

ψq
j→ℓ

(
µ̄, λ̄

)
× e(µℓ−µ̄ℓ)/λ̄pa(ℓ)

(b)
=
∑
ℓ∈N

ψq
j→ℓ

(
µ̄, λ̄

)
× e(µℓ−µ̄ℓ)/λ̄pa(ℓ)

=
∑
ℓ∈N

ψq
j→ℓ

(
µ̄,λ(δ̄)

)
× e(µℓ−µ̄ℓ)×exp(δ̄[pa(ℓ)]) ,

where (a) follows from the definition of the weight function at leaf nodes and because λ̄= λ(δ̄),

and (b) follows because if ℓ /∈ Children(j)∩Sq, then ℓ /∈Tq, so ψq
j→ℓ

(
µ̄, λ̄

)
= 0. This completes the

base case.

To establish the induction step, suppose that the result holds for all nodes k of height at most H.

In other words, for every nonleaf node k ∈ Tq of height at most H, there is a constant Ck that

depend only on µ̄ and δ̄ such that for all µ,∑
m∈Children(k)∩Tq e

W
q
m(µ,λ(δ̄))×exp(δ̄[k])∑

m∈Children(k)∩Tq e
W

q
m(µ̄,λ(δ̄))×exp(δ̄[k])

≤ Ck + exp
(
δ̄[k]
)∑
ℓ∈N

exp
(
−δ̄[pa(ℓ)]

)
×ψq

k→ℓ

(
µ̄,λ(δ̄)

)
× e(µℓ−µ̄ℓ)×exp(δ̄[pa(ℓ)]) ,
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and the above inequality is tight at µ= µ̄. Now, consider a nonleaf node j of height H+1. Letting

C denote a constant that depend only on (µ̄, δ̄), we have∑
k∈Children(j)∩Tq e

W
q
k(µ,λ(δ̄))×exp(δ̄[j])∑

k∈Children(j)∩Tq e
W

q
k(µ̄,λ(δ̄))×exp(δ̄[j])

(a)
=

∑
k∈Children(j)∩Tq e

W
q
k(µ, λ̄) / λ̄j∑

k∈Children(j)∩Tq e
W

q
k(µ̄, λ̄) / λ̄j

(b)
=

∑
k∈Children(j)∩Tq

(∑
m∈Children(k)∩Tq eW

q
m(µ,λ̄)/λ̄k

)λ̄k/λ̄j

∑
s∈Children(j)∩Tq e

W
q
s (µ̄,λ̄)/λ̄j

(c)

≤ C +
∑

k∈Children(j)∩Tq

λ̄k

λ̄j

×

(∑
m∈Children(k)∩Tq eW

q
m(µ̄,λ̄)/λ̄k

)λ̄k/λ̄j

∑
s∈Children(j)∩Tq e

W
q
s (µ̄,λ̄)/λ̄j

×
∑

m∈Children(k)∩Tq eW
q
m(µ,λ̄)/λ̄k∑

m∈Children(k)∩Tq eW
q
m(µ̄,λ̄)/λ̄k

(d)
= C +

∑
k∈Children(j)∩Tq

λ̄k

λ̄j

× eW
q
k
(µ̄,λ̄)/λ̄j∑

s∈Children(j)∩Tq e
W

q
s (µ̄,λ̄)/λ̄j

×
∑

m∈Children(k)∩Tq eW
q
m(µ,λ̄)/λ̄k∑

m∈Children(k)∩Tq eW
q
m(µ̄,λ̄)/λ̄k

(e)
= C +

∑
k∈Children(j)∩Tq

λ̄k

λ̄j

×ψq
j→k(µ̄, λ̄)×

∑
m∈Children(k)∩Tq eW

q
m(µ,λ̄)/λ̄k∑

m∈Children(k)∩Tq eW
q
m(µ̄,λ̄)/λ̄k

(f)

≤ C +
∑

k∈Children(j)∩Tq

Ck +

(
λ̄k

λ̄j

×ψq
j→k(µ̄, λ̄)×

1

λ̄k

∑
ℓ∈N

λ̄pa(ℓ)×ψq
k→ℓ

(
µ̄, λ̄

)
× e(µℓ−µ̄ℓ)/λ̄pa(ℓ)

)
(g)
= Cj +

∑
k∈Children(j)∩Tq

1

λ̄j

×ψq
j→k(µ̄, λ̄)

∑
ℓ∈Sq∩T

q
k

λ̄pa(ℓ)×ψq
k→ℓ

(
µ̄, λ̄

)
× e(µℓ−µ̄ℓ)/λ̄pa(ℓ)

(h)
= Cj +

1

λ̄j

∑
ℓ∈Sq∩T

q
j

λ̄pa(ℓ)×ψq
j→ℓ

(
µ̄, λ̄

)
× e(µℓ−µ̄ℓ)/λ̄pa(ℓ)

(i)
= Cj +

1

λ̄j

∑
ℓ∈N

λ̄pa(ℓ)×ψq
j→ℓ

(
µ̄, λ̄

)
× e(µℓ−µ̄ℓ)/λ̄pa(ℓ)

(j)
= Cj + exp

(
δ̄[j]
)∑
ℓ∈N

exp
(
−δ̄[pa(ℓ)]

)
×ψq

j→ℓ

(
µ̄,λ(δ̄)

)
× e(µℓ−µ̄ℓ)×exp(δ̄[pa(ℓ)]) ,

where the justifications for the equalities and inequalities in (a) - (j) are given below.

(a) The equality follows because λ̄=λ(δ̄).

(b) The equality follows from the definition that for each k ∈ Children(j) ∩ Tq, W q
k

(
µ, λ̄

)
=

λ̄k log
(∑

m∈Children(k)∩Tq eW
q
m(µ,λ̄)/λ̄k

)
, so

eW
q
k(µ,λ̄)/λ̄j =

 ∑
m∈Children(k)∩Tq

eW
q
m(µ,λ̄)/λ̄k

λ̄k/λ̄j

.

(c) For the inequality (c), we apply the following sub-gradient inequality: for all α ∈ (0,1] and

x, y ∈ R+, x
α ≤ yα +αyα−1(x− y) = (1−α)yα +αyα x

y
, with equality if and only if x= y. The
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inequality (c) follows from the application of the sub-gradient inequality where for each k ∈
Children(k)∩Tq, we let

xk =
∑

m∈Children(k)∩Tq

eW
q
m(µ,λ̄)/λ̄k , yk =

∑
m∈Children(k)∩Tq

eW
q
m(µ̄,λ̄)/λ̄k , and αk =

λ̄k

λ̄j

,

and note that αk ∈ (0,1] because λ̄k ≤ λ̄j since k ∈ Children(j). Also, the constant C corresponds

to
∑

k∈Children(j)∩Tq(1−αk)y
αk
k , which only depends on µ̄ and λ̄.

(d) This follows from the definition of eW
q
k(µ̄,λ̄)/λ̄j .

(e) This equality follows from the definition of ψq
j→k

(
µ̄, λ̄

)
.

(f) The inequality (f) follows from an application of the inductive hypothesis to the children of j,

and these children have height of at most H, and from collecting terms.

(g) This follows from defining Cj = C +
∑

k∈Children(j)∩Tq Ck and use the fact that ψq
k→ℓ(µ̄, λ̄) = 0

for all ℓ /∈ Sq ∩Tq
k.

(h) The equality (h) follows because ψq
j→ℓ

(
µ̄, λ̄

)
=ψq

j→k

(
µ̄, λ̄

)
×ψq

k→ℓ

(
µ̄, λ̄

)
.

(i) The equality (i) follows by noting that for all ℓ /∈ Sq ∩Tq
j , ψ

q
j→ℓ(µ̄, λ̄) = 0.

(j) Finally, the last equality (j) again follows because λ̄=λ(δ̄).

This completes the induction step. Therefore, the result holds for all nodes j.

We are now ready to prove the theorem. For each ℓ∈N , define Gℓ(·| µ̄, δ̄) : R→R as

Gℓ(x | µ̄, δ̄) = e(x−µ̄ℓ)×exp(δ̄[pa(ℓ)]) · aℓ(µ̄, δ̄) − (x− µ̄ℓ) · exp
(
δ̄[pa(ℓ)]

)
· salesℓ (EC.18)

Then, letting λ̄=λ(δ̄), it follows from Theorem 2.2 that

NegLog(µ, δ̄) =
1

Q

Q∑
q=1

W q
root

(
µ, λ̄

)
+

∑
j∈path(root,cq)

W q
j

(
µ, λ̄

)
·
(
1/λ̄j − 1/λ̄pa(j)

)
− µcq

/
λ̄pa(cq)

 .

For each nonleaf node j ∈T \N , let ζ̄j = (1/λ̄j) − (1/λ̄pa(j)) and we set ζ̄root = 1. Note that ζ̄j ≥ 0

for all j because 0< λ̄j ≤ λ̄pa(j). Then, we have

NegLog(µ, δ̄)

=
1

Q

Q∑
q=1

W q
root

(
µ, λ̄

)
+

∑
j∈path(root,cq)

ζ̄jW
q
j (µ, λ̄)

 − 1

Q

Q∑
q=1

µcq
/
λ̄pa(cq)

(a)
=

1

Q

Q∑
q=1

∑
j∈T\N

1l{cq ∈Tj}ζ̄jW
q
j

(
µ, λ̄

)
− 1

Q

∑
ℓ∈N

(
µℓ

/
λ̄pa(ℓ)

)
·

(
Q∑

q=1

1l{cq=ℓ}

)
(b)
=

1

Q

Q∑
q=1

∑
j∈T\N

1l{cq ∈Tj}ζ̄jW
q
j

(
µ, λ̄

)
−
∑
ℓ∈N

(µℓ − µ̄ℓ) · salesℓ
/
λ̄pa(ℓ) −

∑
ℓ∈N

(
µ̄ℓ

/
λ̄pa(ℓ)

)
· salesℓ ,

where the equality (a) follows because, for each j ∈ T \N , cq ∈ Tj if and only if j ∈ path[root, cq)

and equality (b) follows from the definition of salesℓ.
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Let H(µ) =
1

Q

Q∑
q=1

∑
j∈T\N

1l{cq ∈Tj}ζ̄jW
q
j

(
µ, λ̄

)
. We will apply Lemma E.5 to construct a majoriz-

ing surrogate function for H(µ). Let C denote a constant that depend only on (µ̄, λ̄). Then,

H (µ)

(c)
=

1

Q

Q∑
q=1

∑
j∈T\N

1l{cq∈Tj} ζ̄j λ̄j log

 ∑
k∈Children(j)∩Tq

eW
q
k(µ, λ̄)/ λ̄j


(d)

≤ C+
1

Q

Q∑
q=1

∑
j∈T\N

1l{cq∈Tj} ζ̄j λ̄j

∑
k∈Children(j)∩Tq eW

q
k(µ, λ̄)/ λ̄j∑

k∈Children(j)∩Tq eW
q
k(µ̄, λ̄)/ λ̄j

(e)

≤ C+
1

Q

Q∑
q=1

∑
j∈T\N

1l{cq∈Tj} ζ̄j λ̄j ×
1

λ̄j

∑
ℓ∈N

λ̄pa(ℓ)×ψq
j→ℓ

(
µ̄, λ̄

)
× e(µℓ−µ̄ℓ)

/
λ̄pa(ℓ)

(f)
= C+

1

Q

∑
ℓ∈N

e(µℓ−µ̄ℓ)

/
λ̄pa(ℓ) ×

λ̄pa(ℓ)

Q∑
q=1

∑
j∈T\N

1l{cq∈Tj} ζ̄j ψ
q
j→ℓ

(
µ̄, λ̄

)
(g)
= C+

1

Q

∑
ℓ∈N

e(µℓ−µ̄ℓ)

/
λ̄pa(ℓ) ×

λ̄pa(ℓ)

Q∑
q=1

∑
j∈T\N

1l{cq∈Tj}
(
1/λ̄j − 1/λ̄pa(j)

)
ψq

j→ℓ

(
µ̄, λ̄

)
where the justifications for the equalities and inequalities in (c) - (g) are given below.

(c) The equality follows from the definition of W q
j

(
µ, λ̄

)
.

(d) The inequality follows from applying the subgradient inequality for logarithm, which shows

that for all x∈R+ and y ∈R+, log(x)≤ log(y)+ 1
y
(x− y) = x

y
+log(y)−1, with equality if and

only if x= y. Here, for each q= 1, . . . ,Q and j ∈T \N ,

xq
j =

∑
k∈Children(j)

eW
q
k(µ, λ̄)/ λ̄j and yqj =

∑
k∈Children(j)

eW
q
k(µ̄, λ̄)/ λ̄j

and the constant C=
∑Q

q=1

∑
j∈T

(
log(yqj )− 1

)
, which only depends on (µ̄, λ̄).

(e) The inequality follows from Lemma E.5, and the constant C is updated accordingly.

(f) The equality follows from algebra and rearranging terms.

(g) The equality follows from the definition of ζ̄j and the fact that λ̄pa(root) =+∞.

Putting everything together, we have the following majorizing surrogate for µ 7→NegLog(µ, δ̄):

C +
1

Q

∑
ℓ∈N

e(µℓ−µ̄ℓ)

/
λ̄pa(ℓ) ×

λ̄pa(ℓ)

Q∑
q=1

∑
j∈T\N

1l{cq∈Tj}
(
1/λ̄j − 1/λ̄pa(j)

)
ψq

j→ℓ

(
µ̄, λ̄

)
−
∑
ℓ∈N

(µℓ − µ̄ℓ) · salesℓ
/
λ̄pa(ℓ)

= C+
1

Q

∑
ℓ∈N

e(
µℓ−µ̄ℓ)×exp

(
δ̄[pa(ℓ)]

)
×

exp (−δ̄[pa(ℓ)]) Q∑
q=1

∑
j∈T\N

1l{cq∈Tj}
(
exp

(
δ̄[j]

)
− exp

(
δ̄[pa(j)]

))
ψq

j→ℓ

(
µ̄, λ(δ̄)

)
−
∑
ℓ∈N

(µℓ − µ̄ℓ)× exp
(
δ̄[pa(ℓ)]

)
× salesℓ
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= C+
∑
ℓ∈N

e(µℓ−µ̄ℓ)×exp(δ̄[pa(ℓ)])× exp
(
−δ̄[pa(ℓ)]

)
×
[
∂NegLog(µ,δ)

∂µℓ

∣∣∣∣
µ=µ̄,δ=δ̄

+ salesℓ · exp
(
δ̄[pa(ℓ)]

)]
−
∑
ℓ∈N

(µℓ − µ̄ℓ)× exp
(
δ̄[pa(ℓ)]

)
× salesℓ

= C+
∑
ℓ∈N

e(µℓ−µ̄ℓ)×exp(δ̄[pa(ℓ)]) · aℓ(µ̄, δ̄)−
∑
ℓ∈N

(µℓ − µ̄ℓ)× exp
(
δ̄[pa(ℓ)]

)
× salesℓ

= C+
∑
ℓ∈N

Gℓ(µℓ | µ̄, δ̄)

where the first equality follows since λ̄=λ(δ̄), the second follows from Lemma D.2, the third from

the definition of aℓ
(
µ̄, δ̄

)
, and the final from the definition of Gℓ(µℓ | µ̄, δ̄) in (EC.18).

To show that Gℓ(· | µ̄, δ̄) is strictly convex, it suffices to show that aℓ(µ̄, δ̄) > 0. Using the

expression for ∂NegLog(µ,λ(δ))

∂µℓ
from Lemma D.2, it follows that

aℓ
(
µ̄, δ̄

)
=

exp
(
−δ̄[pa(ℓ)]

)
Q

Q∑
q=1

∑
j∈T\N

1l{cq∈Tj}
(
exp

(
δ̄[j]
)
− exp

(
δ̄[pa(j)]

))
ψq

j→ℓ

(
µ̄, λ(δ̄)

)
=
λ̄pa(ℓ)

Q

Q∑
q=1

∑
j∈T\N

1l{cq∈Tj}
(
1/λ̄j − 1/λ̄pa(j)

)
ψq

j→ℓ

(
µ̄, λ̄

)
≥
λ̄pa(ℓ)

Q

Q∑
q=1

1l{cq∈Troot}
(
1/λ̄root− 1/λ̄pa(root)

)
ψq

root→ℓ

(
µ̄, λ̄

)
=
λ̄pa(ℓ)

Q

Q∑
q=1

ψq
root→ℓ

(
µ̄, λ̄

)
> 0,

where the first inequality follows since each term inside the summation is non-negative, the last

equality follows because 1l{cq∈Troot} = 1, λ̄root = 1 and λ̄pa(root) =+∞, and the final inequality follows

because λ̄pa(ℓ) > 0 and the identifiability condition in Theorem 2.4 ensures that ℓ ∈ S q̂ for some q̂

so that ψq̂
root→ℓ

(
µ̄, λ̄

)
> 0.

Finally, the expression for the minimizer follows from setting ∂Gℓ(µℓ | µ̄, δ̄)/∂µℓ = 0.

E.8 Proof of Lemma 3.8

Recall from Theorem 3.1 that NegLog(µ̄,δ) = F1(µ̄,δ) − F2(µ̄,δ) for all δ ∈ Dom2, where both

F1(µ̄, ·) and F2(µ̄, ·) are strictly convex on Dom2. By applying the sub-gradient inequality to the

strictly convex function F2(µ̄,δ) at δ= δ̄, it follows that

NegLog(µ̄,δ) ≤ F1(µ̄,δ)−F2(µ̄, δ̄)−
∑

j∈T\(N∪{root})

∂F2

∂δj
(µ̄, δ̄) ·

(
δj − δ̄j

)
∀ δ ∈Dom2

with equality if and only if δ= δ̄ . (EC.19)

The result then follows from the definition of a majorizing surrogate.
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E.9 Improvements via MM and PGD updates for δ

As mentioned in the main text, the improvement guarantee for Step 2 of the A-MM algorithm

follows from existing results. In particular, it follows from the standard guarantee for the projected

gradient descent (PGD) algorithm for constrained smooth problems, which we reproduce here for

completeness. Consider the optimization problem

min
x∈X

f(x), (EC.20)

where f is L-smooth on X and X ⊂Rd is a convex set. We define the gradient mapping (Nesterov

2013, Section 2.2.3) of f over X , denoted by Gf,X : X →Rd as

Gf,X (x) =L ·
(
x−ProjX

(
x− 1

L
∇f(x)

))
, (EC.21)

where ProjX (·) is the projection operator onto X , i.e. ProjX (x̄) = argminx∈X ∥x− x̄∥22 for all x̄∈Rd.

The gradient mapping plays the role of the gradient in unconstrained optimization problems since

it can be shown that x∗ is a stationary point for problem (EC.20) if and only if ∥Gf,X (x∗)∥
2
= 0.

Now, starting from an initial solution x(0) ∈ X , consider solving problem (EC.20) using PGD

with step size 1/L, that is, for each s≥ 0:

x(s+1) = ProjX

(
x(s)− 1

L
∇f(x(s))

)
Then, using the quadratic upper bound for smooth functions, it follows that

f(x(s+1))≤ f(x(s))+
〈
∇f(x(s)),x(s+1)−x(s)

〉
+
L

2

∥∥x(s+1)−x(s)
∥∥2
2

(EC.22)

Next, for any x ∈ X , denote D(x) =
∥∥x− (x(s)− 1

L
∇f(x(s))

)∥∥2
2

and note that x(s+1) =

argminx∈X D(x). The optimality of x(s+1) implies that there is no descent direction from x(s+1):

〈
∇D(x(s+1)),x−x(s+1)

〉
≥ 0 ∀ x∈X

By plugging in the gradient of D(·) and choosing x=x(s), it follows that

〈
∇f(x(s)),x(s+1)−x(s)

〉
≤−L

∥∥x(s+1)−x(s)
∥∥2
2

Substituting the above in (EC.22), it follows that

f(x(s+1))≤ f(x(s))−L
∥∥x(s+1)−x(s)

∥∥2
2
+
L

2

∥∥x(s+1)−x(s)
∥∥2
2

= f(x(s))− L
2

∥∥x(s+1)−x(s)
∥∥2
2

= f(x(s))− 1

2L

∥∥Gf,X (x(s))
∥∥2
2
, (EC.23)
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where the final equality follows from the definition of Gf,X (x(s)).

We adapt the above improvement guarantee to our context. Define the domain Dom2 as:

Dom2 =
{
δ ∈R|T\(N∪{root})| : 0≤ δj ≤ δupper ∀ j ∈T \ (N ∪{root})

}
(EC.24)

Then, we can establish the following:

Lemma E.6 (Improvements via MM and PGD updates for δ) Suppose δ(s) ∈ Dom2 and

let γ, γGD > 0 denote the smoothness constants of the mappings δ 7→H
(
δ |µ(s+1), δ(s)

)
and δ 7→

NegLog(µ(s+1),δ), respectively, over the domain Dom2. If δ
(s+1) ∈Dom2, then the MM update guar-

antees the following improvement in the negative log-likelihood objective:

NegLog(µ(s+1),δ(s+1))−NegLog(µ(s+1),δ(s))≤− 1

2γ

∥∥∥GH,Dom2
(δ(s))

∥∥∥2
2

Similarly, let δ
(s+1)
GD denote the PGD update with step size 1/γGD. If δ

(s+1)
GD ∈Dom2, then the PGD

update guarantees the following improvement in the negative log-likelihood objective:

NegLog(µ(s+1),δ
(s+1)
GD )−NegLog(µ(s+1),δ(s))≤− 1

2γGD

∥∥∥GNegLog,Dom2
(δ(s))

∥∥∥2
2

Proof. We start with the MM update. First, it can be shown—using an argument analo-

gous to that in the proof of Theorem 3.3 above—that the eigenvalues of the Hessian matrix

∇2H(δ |µ(s+1), δ(s)) are bounded above by a constant γ > 0 that depends on δupper, for all δ ∈Dom2.

This ensures that H(δ |µ(s+1), δ(s)) is γ-smooth on Dom2. Now, define δ̄
(s+1) ∈Dom2 as follows:

δ̄
(s+1)

= ProjDom2

(
δ(s)− 1

γ
∇H(δ(s) |µ(s+1), δ(s))

)
,

Then, it follows from (EC.23) that

H(δ̄
(s+1) |µ(s+1), δ(s))≤H(δ(s) |µ(s+1), δ(s))− 1

2γ

∥∥∥GH,Dom2
(δ(s))

∥∥∥2
2

=NegLog(µ(s+1),δ(s))− 1

2γ

∥∥∥GH,Dom2
(δ(s))

∥∥∥2
2
,

where the equality follows since H(δ |µ(s+1), δ(s)) is a majorizing surrogate. The improvement

bound then follows since

NegLog(µ(s+1),δ(s+1))≤H(δ(s+1) |µ(s+1), δ(s))≤H(δ̄
(s+1) |µ(s+1), δ(s)),

where the second inequality follows since ∇H(δ(s) |µ(s+1), δ(s)) =∇δNegLog(µ
(s+1),δ(s)) and the

fact that the MM update δ(s+1) ∈Dom2 corresponds to the optimal step size.

The improvement bound for the GD update δ
(s+1)
GD follows in an identical fashion by leveraging the

smoothness of NegLog(µ(s+1),δ). In particular, we can show that NegLog(µ(s+1),δ) is γGD-smooth

on Dom2, for some constant γGD > 0 that depends on δupper. The result then follows from (EC.23).
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E.10 Sublinear convergence rate of the A-MM algorithm

As stated in the main text, the improvements bounds from Theorem 3.3 and Lemma E.6 can be

combined to establish a sublinear rate of convergence of the A-MM algorithm, as shown in the

following theorem, where we leverage the notations introduced above:

Theorem E.7 (Sublinear convergence of A-MM to a stationary point) Suppose that

δ(s) ∈Dom2 for all s ≥ 0. Then, the sequence of iterates
(
(µ(s),δ(s)) : s≥ 0

)
converges to a

stationary point of the MLE problem. Moreover, we can establish the following guarantee

min
0≤s′≤s

[∥∥∥∇µNegLog
(
µ(s′),δ(s′)

)∥∥∥2
1
+
∥∥∥GH,Dom2

(δ(s′))
∥∥∥2
2

]
≤

2 ·
(
NegLog(µ(0),δ(0))−NegLog∗

)
R · (s+1)

,

where NegLog∗ is the optimal objective for the MLE problem, and R=min(λ2
lower,1/γ).

Proof. The first part of the theorem follows from the fact that the A-MM algorithm guarantees

an improving solution as long as the current solution is not a stationary point. For the second part,

we leverage the improvements from Theorem 3.3 and Lemma E.6 to obtain, for each s′ ≥ 0:

NegLog
(
µ(s′+1),δ(s′+1)

)
−NegLog

(
µ(s′),δ(s′)

)
=
[
NegLog

(
µ(s′+1),δ(s′+1)

)
−NegLog

(
µ(s′+1),δ(s′)

)]
+
[
NegLog

(
µ(s′+1),δ(s)

)
−NegLog

(
µ(s′),δ(s′)

)]
≤− 1

2γ

∥∥∥GH,Dom2
(δ(s′))

∥∥∥2
2
− λ

2
lower

2

∥∥∥∇µNegLog(µ
(s′),δ(s′))

∥∥∥2
1

≤−R
2

[∥∥∥GH,Dom2
(δ(s′))

∥∥∥2
2
+
∥∥∥∇µNegLog(µ

(s′),δ(s′))
∥∥∥2
1

]
,

where the second inequality follows from the definition of R. Summing the above from 0 to any

iteration s≥ 0, we get
s∑

s′=0

[
NegLog

(
µ(s′+1),δ(s′+1)

)
−NegLog

(
µ(s′),δ(s′)

)]
≤−R

2

s∑
s′=0

[∥∥∥GH,Dom2
(δ(s′))

∥∥∥2
2
+
∥∥∥∇µNegLog(µ

(s′),δ(s′))
∥∥∥2
1

]
The left hand side of the inequality above is a telescoping sum, and it is equal

to NegLog
(
µ(s+1),δ(s+1)

)
− NegLog

(
µ(0),δ(0)

)
, which is bounded below by NegLog∗ −

NegLog
(
µ(0),δ(0)

)
. We thus have

NegLog∗−NegLog
(
µ(0),δ(0)

)
≤−R

2

s∑
s′=0

[∥∥∥GH,Dom2
(δ(s′))

∥∥∥2
2
+
∥∥∥∇µNegLog(µ

(s′),δ(s′))
∥∥∥2
1

]
(EC.25)

Finally, using (EC.25) it follows that

min
0≤s′≤s

[∥∥∥∇µNegLog
(
µ(s′),δ(s′)

)∥∥∥2
1
+
∥∥∥GH,Dom2

(δ(s′))
∥∥∥2
2

]
≤ 1

s+1

s∑
s′=0

[∥∥∥∇µNegLog
(
µ(s′),δ(s′)

)∥∥∥2
1
+
∥∥∥GH,Dom2

(δ(s′))
∥∥∥2
2

]
≤ 2

R
· 1

s+1

[
NegLog

(
µ(0),δ(0)

)
−NegLog∗

]
.
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Appendix F: Tree structure used in SUSHI Dataset study

root

No purchase

Not maki

Seafood

Other
Heavy

Light

Roe
Heavy

Light

Shrimp
Heavy

Light

Squid
Heavy

Light

Clam
Heavy

Light

Tare Light

Shiromi
Heavy

Light

Akami Light

Anomono
Heavy

Light

Not seafood

Vege
Heavy

Light

Meat
Heavy

Light

Egg Heavy

Maki

Seafood

Roe Light

Clam Heavy

Tare Heavy

Akami
Heavy

Light

Not seafood Vege
Heavy

Light

The figure above depicts the tree structure employed in our real-world study on the SUSHI

Preference Dataset; since there are 100 products (= the number of sushi varieties), we only show

the non-leaf nodes. At the root node, the customer either decides to purchase a sushi variety or

leave without a purchase. If the customer decides to make a purchase, she first chooses the style
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of the sushi type: maki or not maki. Then, for each style, she decides to purchase a sushi variety

based on whether or not it contains seafood. If the sushi contains seafood, she further chooses from

nine minor groups: aomono (blue-skinned fish), akami (red meat fish), shiromi (white-meat fish),

tare (something like baste; for eel or sea eel), clam or shell, squid or octopus, shrimp or crab, roe,

and other seafood. Otherwise, she chooses from three minor groups: egg, meat other than fish, and

vegetables. Lastly, she determines whether to purchase a sushi type with heavy/oily or light taste.

Appendix G: Additional Performance Measure

Here, we compare the PGD, Knitro and A-MM benchmarks on the root mean square error

(RMSE) metric. For the simulation study, let (Sm
i : i= 1,2, . . . ,700) denote the sampled offer-sets

for instance m. Then, we compute the average RMSE value across all the 100 instances for each

algo∈ {A-MM,Knitro,PGD} as follows:

RMSEalgo =
1

100

100∑
m=1

√√√√ 1

60

60∑
i=1

1

|Sm
i |
∑
ℓ∈Sm

i

(
Pℓ

(
Sm
i ; µtrue,m,λtrue,m

)
−Pℓ

(
Sm
i ; µalgo,m,λalgo,m

))2
,

where for each instance m, Pℓ

(
Sm
i ; µtrue,m,λtrue,m

)
is the ground-truth purchase probability,

and Pℓ

(
Sm
i ; µalgo,m,λalgo,m

)
is the estimated purchase probability by method algo, of product

ℓ in offer-set Sm
i . We report the RMSE values as well as the percentage improvements 100 ×(

RMSEalgo−RMSEA-MM
)
/RMSEalgo for algo ∈ {PGD,Knitro} in Figure EC.1. Similar to the

NegLogGap values in the main text, the A-MM method achieves significantly lower RMSE than the

benchmarks for all ground-truth problem sizes except the two smallest ones.

For the Sushi dataset study, let (Sm
i : i= 1,2, . . . ,700) denote the training offer-sets for instance

m, and (Sm
i : i= 701,702, . . . ,1000) denote the test offer-sets. Then, we compute the average RMSE

value on the training and test offer-sets for each method algo∈ {A-MM,PGD,Knitro} as follows:

RMSEalgo
Train =

1

400

400∑
m=1

√√√√ 1

700

700∑
i=1

1

|Sm
i |
∑
ℓ∈Sm

i

(
salesℓ(Sm

i )−Pℓ

(
Sm
i ; µalgo,m,λalgo,m

))2
RMSEalgo

Test =
1

400

400∑
m=1

√√√√ 1

300

1000∑
i=701

1

|Sm
i |
∑
ℓ∈Sm

i

(
salesℓ(Sm

i )−Pℓ

(
Sm
i ; µalgo,m,λalgo,m

))2
where salesℓ(Sm

i ) is the fraction of observed sales for product ℓ in offer set Sm
i , and

Pℓ

(
Sm
i ; µalgo,m,λalgo,m

)
is the probability that a customer purchases product ℓ from the offer

set Sm
i under the parameters estimated by algo in instance m. We report the RMSE num-

bers as well as the percentage improvements 100 ×
(
RMSEalgo

Train−RMSEA-MM
Train

)
/RMSEalgo

Train and

100 ×
(
RMSEalgo

Test−RMSEA-MM
Test

)
/RMSEalgo

Test for algo ∈ {PGD,Knitro} in Figure EC.2. Similar to

the NegLogImp values in the main text, the A-MM method achieves lower RMSE values than the

benchmarks on both training and test data, and is robust to initialization.
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Degree Height # Prods. # Nodes λlower

RMSE (×10−5) RMSE Impr. % better

over over over over

A-MM PGD Knitro PGD Knitro PGD Knitro

5 4 625 781 0.50 5.02 6.52 7.21 23.0% 30.4% 72 91

0.10 8.60 7.73 9.32 -11.2% 7.8% 40 74

0.01 9.75 9.49 9.89 -2.8% 1.4% 50 68

5 3,125 3,906 0.50 1.18 2.40 2.12 50.6% 44.1% 100 99

0.10 2.15 2.87 3.45 25.1% 37.5% 95 100

0.01 2.68 3.53 3.95 24.1% 32.2% 100 100

6 4 1,296 1,555 0.50 2.38 5.54 5.89 56.9% 59.5% 100 100

0.10 4.32 6.45 6.95 33.0% 37.8% 90 100

0.01 5.04 8.15 7.45 38.2% 32.4% 100 100

5 7,776 9,331 0.50 0.46 1.57 3.19 70.8% 85.6% 100 100

0.10 0.87 1.84 6.01 52.5% 85.5% 100 100

0.01 1.09 2.32 6.57 53.2% 83.5% 100 100

7 4 2,401 2,801 0.50 1.26 4.42 2.99 71.6% 58.0% 100 100

0.10 2.36 5.62 6.22 58.1% 62.1% 90 100

0.01 2.80 6.39 6.56 56.2% 57.4% 100 100

5 16,807 19,608 0.50 0.20 0.99 — 79.8% — 100 —

0.10 0.40 1.11 — 63.8% — 100 —

0.01 0.50 1.38 — 63.7% — 100 —

8 4 4,096 4,681 0.50 0.85 3.59 — 76.3% — 100 —

0.10 1.37 4.28 — 68.0% — 100 —

0.01 1.63 5.07 — 67.9% — 100 —

5 32,768 37,449 0.50 0.10 0.62 — 83.9% — 100 —

0.10 0.17 0.78 — 78.2% — 100 —

0.01 0.23 0.91 — 74.7% — 100 —

Figure EC.1 Comparison of the performances of PGD, Knitro, and our proposed A-MM method in fitting tree

logit models to choice data. The columns “Degree”, “Height”, and λlower report the degree of each

non-leaf node, the height of the tree, and the lower bound on the nest dissimilarity parameters,

respectively. The columns “# Prods.” and “# Nodes” report the number of products and the

number of nodes in the tree, respectively. The columns under A-MM, PGD and Knitro report

the average RMSE for each method. The columns under “RMSE Impr.” reports the percentage

improvement in the average RMSE value that our A-MM method achieves over the benchmarks.

Finally, the columns under “% better” reports the percentage of instances in which the A-MM

method obtains a lower RMSE value than the corresponding benchmark. The Knitro benchmark is

unable to complete even a single iteration for large problem sizes, and we use “—” to denote such

instances. All numbers under the “RMSE Impr.” columns are significantly different from zero at

the 1% significance level under a paired samples t-test.
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Initialization
Train RMSE (×10−4) Test RMSE (×10−4) Impr. over PGD Impr. over Knitro

A-MM Knitro PGD A-MM Knitro PGD Train Test Train Test

0/1 start 13.64 13.72 14.35 13.69 13.78 14.40 5.23% 5.20% 0.59% 0.61%

warm start 13.64 13.67 13.79 13.69 13.73 13.85 1.16% 1.15% 0.27% 0.27%

Figure EC.2 Comparison of the performances of PGD, Knitro and our proposed A-MMmethod in fitting tree logit

models to the Sushi Preference Dataset. The first (resp. second) row reports the performance when

the methods are initialized using 0/1 start (resp. warm start). The second, third and fourth columns

report the RMSE value of A-MM, Knitro and PGD on the training data, while the fifth, sixth

and seventh columns report the corresponding RMSE values on the test data. The eight and tenth

columns report the percentage improvement in the average RMSE of the A-MM method over the

PGD and Knitro benchmarks, respectively, on the training data. The corresponding improvements

on the test data are reported in columns nine and eleven. All numbers under the “Impr.” columns

are significantly different from zero at the 1% significance level under a paired sample t-test.

Appendix H: Performance of Alternating GD method

As mentioned in the main text, we evaluate the performance of our method, A-MM, against the

alternating gradient descent (A-GD) method to tease apart the effect of the MM approach from

effect the variable transformation procedure on the overall performance. Starting from an initial

solution
(
µ

(0)
A-GD,δ

(0)
A-GD

)
, the A-GD method performs the following two updates in each iteration

s≥ 0:

(i) µ̃
(s+1)
A-GD =µ

(s)
A-GD−β(s) · ∇µNegLog(µ

(s)
A-GD,δ

(s)
A-GD) for some step size β(s) > 0;(

µ
(s+1)
A-GD

)
ℓ
=
(
µ̃
(s+1)
A-GD

)
ℓ
−
(
µ̃
(s+1)
A-GD

)
1
∀ ℓ∈N

(ii) δ
(s+1)
A-GD =

{
δ
(s)
A-GD− γ(s) · ∇δNegLog(µ

(s+1)
A-GD ,δ

(s)
A-GD)

}+

for some step size γ(s) > 0

We use backtracking linesearch to choose the step sizes in each iteration and run 300 iterations

of the A-GD method starting from the initial solution µ
(0)
A-GD = 0, δ

(0)
A-GD = 0, which resulted in

comparable runtime to the A-MM method (avg. 6-hr runtime per instance for A-GD compared to

5.9-hr for A-MM for instances with degree 8 and height 5).

The NegLogGap values for both methods are presented in a table shown in Figure EC.3. While

the magnitude of improvement is lower compared to the Knitro and the PGD benchmarks in

Section 4, our proposed A-MM method still outperforms A-GD across all problem sizes, obtaining

significantly lower negative log-likelihood values for the (harder) problem instances with smaller

values of the nest dissimilarity parameters.

To further understand the source of these improvements, in Figure EC.4, we plot the NegLogGap

values (on a log-scale) for both methods as a function of the iteration number on a sample problem
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Degree Height # Prods. # Nodes λlower
NegLogGap NegLog % better

A-MM A-GD Impr.

5 4 625 781 0.50 2.6 2.7 0.1 64

0.10 7.8 15.5 7.7 100

0.01 9.9 27.2 17.3 100

5 3,125 3,906 0.50 3.6 4.5 0.9 100

0.10 13.2 24.3 11.1 100

0.01 21.6 49.0 27.4 100

6 4 1,296 1,555 0.50 2.5 2.7 0.2 70

0.10 8.5 16.1 7.6 100

0.01 11.1 30.8 19.7 100

5 7,776 9,331 0.50 3.3 3.8 0.5 100

0.10 12.8 19.6 6.8 100

0.01 20.9 43.0 22.1 100

7 4 2,401 2,801 0.50 2.4 2.9 0.5 99

0.10 8.6 14.7 6.1 100

0.01 11.4 29.6 18.2 100

5 16,807 19,608 0.50 2.9 3.3 0.4 100

0.10 12.1 16.7 4.6 100

0.01 19.0 37.8 18.8 100

8 4 4,096 4,681 0.50 2.2 2.6 0.4 100

0.10 8.0 13.0 5.0 100

0.01 10.5 28.3 17.8 100

5 32,768 37,449 0.50 2.5 2.8 0.3 100

0.10 10.7 14.6 3.9 100

0.01 17.2 34.2 17.0 100

Figure EC.3 Comparison of the performances of the A-GD benchmark and our proposed A-MM method in fitting

tree logit models to choice data. The columns “Degree”, “Height”, and λlower report the degree of

each non-leaf node, the height of the tree, and the lower bound on the nest dissimilarity parameters,

respectively. The columns “# Prods.” and “# Nodes” report the number of products and the

number of nodes in the tree, respectively. The columns under A-MM and A-GD report the average

NegLogGap for each method. Recall that smaller values for the gaps are preferred. The “NegLog

Impr.” column reports the average improvement in the negative log-likelihood value that our A-MM

method achieves over the A-GD benchmark, and the “% better” column reports the percentage of

instances in which the A-MM method obtains a lower NegLog value than A-GD. All the “NegLog

Impr.” numbers are significantly different from zero at the 1% significance level under a paired

samples t-test.
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Figure EC.4 NegLogGap as a function of the iteration number for our proposed A-MM algorithm as well as the

A-GD and PGD benchmarks on a sample problem instance under ground-truth parameters degree

= 8, height = 5, and λlower = 0.01. Note the y-axis is on a log-scale.

instance under ground-truth parameters r = 8 (degree), H = 5 (height), and λlower = 0.01. The

NegLogGap values achieved by the PGD method are also shown for comparison. It can be seen

that the A-MM method consistently achieves a lower NegLogGap compared to both benchmarks.

In particular, our proposed method makes rapid progress during the first few iterations, which is

in line with the theoretical results. In contrast, the two benchmarks make more gradual progress

leading to a larger NegLogGap for the same number of iterations. Moreover, an interesting thing

to note is that the A-GD method converges faster than PGD, although PGD eventually achieves a

lower NegLogGap value for this instance. This could be because PGD utilizes the “full” gradient of

the negative log-likelihood, whereas A-GD alternates between gradient descent steps for the mean

utility and nest dissimilarity parameters. Future work can investigate this difference in more detail.
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Appendix I: Code and Data

The data and source code used in all the numerical studies in the paper can be downloaded at

https://github.com/ashwin90/TreeLogitEstimation.
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