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Behavior-Aware Queueing: The Finite-Buffer Setting with
Many Strategic Servers: Technical Appendix

Yueyang Zhong, Ragavendran Gopalakrishnan, and Amy R. Ward

In this technical appendix, we provide proofs for the results stated in the main body of the
manuscript titled: “Behavior-Aware Queueing: The Finite-Buffer Setting with Many Strategic
Servers”. The proofs of these results are in the order in which they appear in the main body.

Throughout, we use the notation p = %

EC.1. Preliminaries

Our analysis requires knowledge of the Erlang B and C formulae, which are arguably the most
fundamental formulae for studying queueing systems (Cooper| (1981)). The Erlang B formula rep-
resents the steady-state blocking probability in the M /M /N /N queue, given by

p" /N!
Zi\;o p'/i! ’

For a constant p >0, ErlB(N, p) satisfies the recursion

ErlB(N,p) = p>0. (EC.1)

pErIB(N —1,p)
N+ pErlB(N —1,p)’

ErlB(N,p) = (EC.2)

where ErlB(0,p) = 1; see, e.g., pp.82 of (Cooper| (1981). The Erlang C formula represents the
steady-state probability of delay in the M /M /N queue, given by

pN;L
ErlC(N,p) = —— N N=p . p>0. (EC.3)
f\iolpl%“‘pNﬁNpr

LEMMA EC.1 (Monotonicity of Erlang B and C). The following hold:
(a) ErlB(N,p) is strictly decreasing in N and strictly increasing in p;
(b) ErlC(N,p) is strictly decreasing in N and strictly increasing in p.

LEmMA EC.2 (More Properties of Erlang B and C). The following hold:
—1
(a) ErlC(N,p)=N <7E7ZB ) —i—p) )

<1, p<N
(b) ErlC(N,p){ =1, p=N. Moreover, lim, o ErlC(N,p)=0 and lim, ., ErlC(N,p)/p=1.
>1, p>N

(c) =R €(0,1), Vp >0,

N—p P

LEMMA EC.3 (Derivative of Erlang C). %/)(Np) ErlC(N,p) (M + &= p).
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EC.1.1. Proofs of Lemmas [ECIIEC.3

The proofs can be found in Zhong et al.| (2023) with consistent numbering.

EC.2. Proofs from Section [I.3

EC.2.1. Preliminaries

LEMMA EC.4 (Properties of Idle Time). I;(u; N\, k,N) satisfies the following monotonicity
properties.

(a) Ii(p; A\ k,N) is a strictly increasing function of pj, 1 <j<N.

(b) Li(p; N\, k,N) is a strictly decreasing function of k.

(c) Li(p; N\, k,N) is a strictly decreasing function of X.

EC.2.1.1. Proof of Lemma We begin by considering an M /M /1/k queueing system

with arrival rate A\ and service rate p. The birth-death process is shown in Figure Let P,

denote the steady-state probability of ¢ jobs in the system. Then, the balance equations are given

2 2 2 i 2
u u U I I

Figure EC.1  Birth-death process for the M /M /1/k system

by _>\P0+'[_,LP1:0’
— A+ )P+ AP +pPyy =0, 1<i<k-1

—/LP]C‘F)\Pk_l:O.

Solving the above system of equations yields the steady-state probabilities:

i 1
P = <’\> Py, 1<i<k, where Pp=—" . (EC.4)
I

T (2)
Here, P, is the idle time, i.e., the probability that the server is idle. It is straightforward that F,
is strictly increasing in u, strictly decreasing in A, and strictly decreasing in k.

Now, we extend the analysis to an M /M /N /k system with arrival rate A and heterogeneous
service rates p; (i =1,2,...,N). The birth-death process is demonstrated in Figure Note that
all the states framed in the red dashed square represent some servers are idle. Thus, it is plausible
to regard states {0,1,2,..., N — 1} as one “super” idle state and obtain an equivalent birth-death
process, as shown in Figurem The equivalent birth-death process for the M /M /N /k system can
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My + Iz_ﬂz

Figure EC.2  Birth-death process for the M /M /N /k system

) #l Z Ui Z Hi
i=1

Figure EC.3  Equivalent birth-death process for the M /M /N /k system

be viewed as an M /M /1/k system with arrival rate A, service rate Zil u; and a state truncation
at N. Thus, following the stationary result (EC.4)) in the M/M/1/k system, the steady-state

probabilities of this equivalent birth-death process can be written as

1
k—N+1 A i
Zi:l (Zﬁil M)

and Pj is the probability of the “super” idle state. Denote the probably that all servers are busy

(EC.5)

)\ 1—N+1
P = (Z:N> P, N<i<k, where Pj=
i=1Hi

with no jobs waiting in queue by Py, then it follows that

, LA 1
Py=F=x = - (EC.6)

: . k—N ¢
2= 2izo (Zf\gﬂi)

Next, we examine the idle probability of each individual server. Let Z C {1,2,..., N} be the set

of idle servers (Z = () when all servers are busy), and state @ = (a1, as, ..., az)) be the ordered vector
of idle servers where server j became idle before server k whenever 1 < j < k <|Z|. Denote by P(a)
the steady-state probability of state a. From Gopalakrishnan et al.| (2016), all idle-time-order-based

routing policies have the same steady-state probabilities as random routing, and satisfy

|Z(a)|

P;VH , for all @=(ay,as,...,a17()) with [Z(a)| >0,

where Z(a) denote the set of idle servers in state a. Then, the steady-state probability that server
i is idle (i.e., idleness fraction), denoted by I;, can be written as

[Z(a)l

L= Y Pa= Y P H“’f, for all i € {1,2,..., N}, (EC.7)

a:{i}€Z(a) a:{i}€Z(a)
From (EC.6)), it is straightforward to observe that
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e P} is strictly increasing in p; for all j € {1,2,...,N};

e P} is strictly decreasing in k.

e P} is strictly decreasing in A;
(a): As p; (j€{1,2,...,N}) increases, P}, increases, and from (EC.7), I; is also increasing in all
w;. Thus, I; is increasing in u; (j€{1,2,...,N}).
(b): As k increases, Py decreases, and from , k influences I; only through Pj,. Thus, it is
clear that I; is decreasing in k.
(c): As X increases, Py decreases, and from , I; is also decreasing in A. Thus, I; is decreasing
in A.

m

EC.2.2. Proof of Lemma [I]

We first observe that the steady-state probabilities when at least one server is idle have an identical
form to those for the infinite-buffer system given in (21) in |Gopalakrishnan et al.| (2016)). Then, it
is sufficient to verify the detailed balance equations of the corresponding Markov chain. Identical
to the proof of Theorem 9 in |Gopalakrishnan et al. (2016, one can show that, for any state
a=(a1,as,...,a,7), where T is the set of idle servers,

(i) Rate into state a due to an arrival = Rate out of state @ due to a departure; and

(ii) Rate into state @ due to a departure = Rate out of state a due to an arrival.

EC.2.3. Proof of Lemma

The proof is closely related to the proof of Theorem 1 in Gopalakrishnan et al.| (2016), which relies
on (Gumbel (1960), and utilizes the same techniques. The difference is that their results are for the
infinite buffer system (M /M /N). For the finite-buffer system (M /M /N /k), the Markov chain is
the same as that for the infinite-buffer system except that it is truncated at state k. As a result, the
balance equations for all the states except that for state k£ remain the same, and the normalization
constant is different.

We let (ay,as,...,a,) denote the state of the M /M /N /k system when there are ¢ jobs in the
system (0 < ¢ < N) and the busy servers are {aj,as,...,a,}, where 1 <ay; <ay <---<a; <N.
Let P(ay,as,...,a;) denote the steady-state probability of the M /M /N /k system being in state
(ar,as,...,ap). Also let P, denote the steady-state probability of ¢ jobs in the M /M /N /k system.
We first note that Equations (EC.1) and (EC.6) in |Gopalakrishnan et al.| (2016]) continue to hold
for the finite-buffer M /M /N /k system, and so
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e When there are £ € {1,2,...,N — 1} jobs in the system, and the tagged server (server 1) is
idle,
(N —O)Pyp’
N! ’
e When there are £ € {1,2,..., N} jobs in the system, and the tagged server (server 1) is busy,
(N =O)!Popip*!
N! ’
Combining (EC.8) and (EC.9), we can write down the steady-state probability of £ € {1,2,..., N —
1} jobs in the system as

P, = Z P(ay,aq,...,a0) + Z P(1,aq,...,a0)

P(ay,ag,...,ap) = 2<a; <...<a,<N. (EC.8)

P(1>a27"'7a2):

2<ay< ... <a;, <N. (EC.9)

2<a;<..<ar <N 2<as<..<a;<N
(EC.10)
_ (N —0)lp" (N = 0)lpip!
=P < Z N + Z N .
2<a1<...<ay<N 2<az<...<ay<N
Letting /= N in (EC.9)) implies
- Poprp P1p
Py=P(1,2,...,N)= N O?ﬁ

When there are £ > N jobs in the system, the system behaves as a single-server queue with service

rate (N —1)p+ py, and so, from the balance equations,

A\ =N =N
P, = Py <(N1)u+u1) o (’;1 ]pw (N_<f_p)> ) N<(<E. (EC.11)

P1
Thus, we can obtain the expression for P, using the normalization constraint, which yields

ko p -1
_ 2t
= (1 +> P0> .
=1
Note that the ratio % is independent of k, in both (EC.10)) and (EC.11f). Thus, letting k& — oo
in the above display implies that the steady-state probability of an empty infinite-buffer M /M /N

system, denoted by PM/ M/N , satisfies
1 k oo 1 oo 1
P, P, P,
PM/M/N <1+Z z) <1+Z Z z) (Po + Z e) .
t=k+1 b=k+1
Hence, we can express P, in terms of PM/ M/N a9
oo -1
| (prynay T L
Po= <(P 0 ) Z Po> '
1=k+1
M/M/N

Using the expression for P, , as shown in the display following (EC.8) in |Gopalakrishnan

et al. (2016), and substituting that equivalence and (EC.11)) into the above expression:

(058D E RS (i) 25 S () )

P1

(3025 (ot () )

—1

‘ hS)

—1

hs}

=
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Note that the term in red appearing in P, vanishes when k — 0o, recovering the expression for

PY/M/N in the infinite-buffer system, as given in (4) in (Gopalakrishnan et al| (2016). (This is a

sanity check.)
Next, we use the same manoeuver used to obtain (EC.9) in |Gopalakrishnan et al. (2016]) to
N _p

express P, in terms of ErlC(N,p); i.e., we add and subtract the term N NT and follow similar

algebraic simplifications to obtain

N-1 —1
P(): &e + LL
Pt ! N —p N!

Felrbrrenloig) et
(

Identical to Equation (EC.5) in |Gopalakrishnan et al.| (2016]), the formula for the tagged server’s

-1

idle time is

I(pa, Mk, N)=Po+ > > Play,as, ... ap).

=1 2<a;<---<ag<N

Following similar final steps as those in |(Gopalakrishnan et al.| (2016), we find:

I(p1, p; Ak, N)

N—-1 o N
_(1_L P N P
_<1 N)(H Z'+NpN'>PO

—1

LG O (el = ) I e )
k=N

| N i ErliC(N,p) 1 1 p ErliC(N,p)

(E D lwmmtg) s m) 7 its))

-1

k—N
B 1— ErlC(N, p) ErlC(N, p)
(o= (e) )il

which establishes ().
Finally, let = —2%4~. Note that (N — p) — (1—“—1> = [N—(l—“—lﬂ —p =

v ()] o5 ()] =0 v () e ”

,0) k N) ErliC(N, p) _ (1 _ mk—N) ErlC(N, p)
=) ) W-n-(1-%) (1=2) [N = (1-5)]

() e () men
i=0 (1-z) {N*(lfﬂ)} i=0 N—(lfﬂ)

—1

8
=

|

—~
/N

—

|

=

=

3 w

, i.e., x > 1. Thus, Zf:_ON_l ' >k— N — oo,

When A > (N — 1)u+ py, we have p > N — (1—“1
as k — oo. Hence, from and the above display, I(p1, ;A\, 00, N) :=1limy o0 I(pe1, 5 Ak, N) =0.
m
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EC.3. Proofs from Section
EC.3.1. Proof of Proposition [I]

From (1)), lim,, of(p1,1) = 0 for all p > 0. Together with ¢(0) = 0, this implies that
lim,,, 1o U(p1, ) =0 for all > 0. Thus, any equilibrium p* > 0 satisfies U (p*, p*) > 0. m

EC.3.2. Proof of Lemma[3

We first note that the cost function c is strictly increasing with ¢(0) =0, and is therefore invertible
in [0, 00). From Proposition[l] U(u*, pu*) = pp* + (v —pp*) I (u*, p*) — c(p*) > 0. Using this inequality
and the trivial bound I(u*, u*) < 1, we show the next claim, whose proof will appear at the end.

Cramt EC.1. Ife(p*) > pp*, then p* <2 and p* < (c')"*(v).

Case (I): If ¢/(0) > p, because c is strictly convex, we have c¢(u*) > ¢/(0)(p* —0) > pu*. Then, it
follows from Claim [EC.1fthat x* < min {%, (c’)*l(v)}.

Case (II): If ¢(0) < p, because c is strictly increasing and strictly convex with ¢(0) =0, and pu

is linear with zero intercept, there exists a unique pg > 0 such that

c(po) =ppo and c(p) <pp < p< po. (EC.12)

Next, we discuss two cases.

Case (II-1): If ¢(?) <wv, which can be equivalently written as ¢(2) <p- 7, then it follows
from (EC.12) that > <. We show that p* < g by contradiction. Suppose p* > g, then c(p*) >
pp* using (EC.12)), which implies p* < - from Claim m This contradicts pu* > pg > e

Case (II-2): If ¢(®) > v, which can be equivalently written as

A
p

B>c_1(v) S ov>p-c ) & c(ct(v) =p-cH(v).

p
Then, (EC.12) implies that ¢=!(v) > po. Thus,

po <c t(v) < —. (EC.13)

v
p
o If u* < g, then it follows from (EC.13) that p* < py <c*(v).

e If u* > g, then (EC.12) implies that ¢(p*) > pu*. Then, it follows from Claim that

p* < c7H(v), recalling from (EC.13) that ¢™'(v) < 2.
Combining all the cases above,
Hos c(0) <p and ¢(
S i (py0) = 4 €7 (0), ¢'(0) <p and ¢(
min{%,c‘l(v)}, (0) > p.

) <wv,

v
p
2) >0,



ec8 e-companion to Zhong, Gopalakrishnan, and Ward: Behavior-Aware Queueing: Strategic M /M /N /k System

Proof of Claim Since c(p*) > pp*, U(p*, 1) = pp* + (v —pu* ) I (p*, u*) — e¢(p*) > 0 holds
only if (v —pu*)I(p*, n*) >0, implying that v — pu* >0 (since I(p*, u*) >0), ie., pu* < 2.

In addition, since I(p*, u*) <1, U(p*, u*) =pp* + (v —pp* ) I (p*, n*) —c(p*) <v—c(p*) (recalling
that v — pu* > 0). Thus, U(u*, u*) = pu* + (v — pp*) I (pn*, 1*) — c(p*) > 0 holds only if its strict
upper bound is strictly positive; that is, v —c(u*) >0, i.e., u* < c (v).

]

EC.4. Proofs from Section 3

EC.4.1. Preliminaries

We start by providing closed-form expressions for the first two partial derivatives of the idle time

with respect to ;.

LEmMA EC.5 (Expressions for Derivatives of Idle Time). In an M /M /N /k system where
server 1 operates at rate p1 >0 and the other N — 1 servers operate at rate > 0, the first two
partial derivatives of I (py1,u; N\, k,N), from (1)), with respect to p, are given by

Ol (pa,p) _ il(lfI)Jr I (C (1 _ (i)kw> d% —(k—N) (dpl)k_N} + k;N ((Z)k_N c) , (EC.14)

o1 M1 p1 \ do
k—N oy (=< _ k—N
1_(d£) :| (1_2])_“7(1\7”)[ _rCk N(ﬁ)
1

2 2
071 (pa, 1) _Ir {—2(1—I)+ 2pC

op: 3 d3 da d2 dy dy
B 1-C _ B 1-C
2(1_21)+(2_1)/‘1_4M1 _pc(k_N)2(p)k " iﬂ_QLw]_%]
dg d1 12 dQ d1 d1 dz 12 dQ d% ’
(EC.15)

where

C:=ErlC(N,p), dy:=N — (1 — l;j) and dy :=d; — p.

CoORrROLLARY EC.1 (pu; = p in Lemmas 2| and [EC.5)).

() = <1 +p (W) + BrIC (N, p) kiv (;\’f)) B (EC.16)
_ <<1+NZ§JZ' (’;)N_i+§ (&)) ErlC <N2>>_ (EC.17)
- (1 - %) (1 — ErlC(N, p) (]@)k_NH) - , (EC.18)
algﬁl’ ) - :%I(My ) (L= I(p, ) + I(mu)QEHJC\r(;V’p) k_]:’ (%) (EC.19)
o Lk EACW) (- () (R 4 (- §)) ECa0)
Nu (1_(%)k N+1ElC(N7p))2 : )

Next, we present upper bounds on the derivative of idle time, which can help simplify proof.

LEmMMA EC.6. The following hold for all A>0 and k> N > 2:
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(a)

k—N

I(p, )% ErlC (N, 2) i (J\?u) <2VN, Yu>0.

=1

(b)

k—N

I(p, 1) ErlC (N, 2) >

)\ i+1
i = <2V/N, Vu>0.
=1 N“

COROLLARY EC.2. The following hold for all A >0 and k> N > 2:

(a)
oI (p1, 1) 2
2L <T(py ) (=T () + —=, Yu>0.
o . (s ) (L = I (g2, 1)) N
(b)
OI (1, 1) Al 2VN Vi 0
A _ P '
K p1=p

The next result expresses the derivative of idle time in terms of the partial derivative of idle

time, which is useful for some proof.
LEmma EC.7.

dlp,p) _  OL(pa, 1)

dp O

X
H1=p no Np 1— Np

CIuw) A (Nl—ErlC’(N,i))'

Finally, we provide a useful monotonicity property of the idle time.

LEMMA EC.8. The difference between the idle time in a finite-buffer M /M /N /k system and that
in an infinite-buffer M /M /N system, I(p,pu; A\, k,N) — (1 — A%ﬂ), is strictly decreasing in p for
we (0,00), for all A\>0 and k> N > 2, and satisfies I(p, ;X\, k,N) — (1 - ﬁ) >0, with equality
holding only when k = oo.

EC.4.1.1. Proof of Lemma [EC.5|

First-order derivative:
This is useful to first observe that taking the reciprocal of shows

1 ml 1-C C C(p>’“N
R ) [t EC.21
(I )up —p do dy \dy ( )
C(N—p)<p>'”v N—/)( 1>u1 ( m)C
AN =1+ —(1—= )=+ (1-—=) = EC.22
do dy P I) p ) do ( )

Differentiating I(jq, 1) using with respect to u yields

oI 1 |1-C o\ VY C©
_ —_ 2. - 1_(> -
O pu{ pi | N—p ( dy ds

Al )5 (-0l
M1 di dip | do dq d3p
2
:Lz A 1+C(N_P)_(1_%) C’(Np)(p)k_N<1+u11+plkN>
/,L%N—p d% dg d1 ,LLdQ 12 d1
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k—N
Substitution for €&=£) (£> using (EC.22|) and additional algebra shows

do di
-2 {6 R () () )
o YAV ds 4 \p \I P\N=p) T 4, '
Thus
p oI p 1Y /1 p(32) koN (w1 1-C\  pC
1 1 —-pP - 1
—(1+ ) (2-1) - Bofz q) o (p =)+ 22 EC.2
o () ) —a T G- C(5) %)) me

/1 1 k=N (1 p(¥2) koN/ f1-0\ pC
()G G = G )
Substitution for the second (1 — 1) using (EC.21) yields
m Ol (1Y, moR C+1_ﬁ’“’N£_@
IQG,ul_ I d2 1% —p d1 d2 d2
4 \” d2

(l—<;1>’“”)dz—<k—m(;>’“” S E) (5

Recall that d; — p = d,, which implies that Z—; (ﬁ — 1) =—1, and so

k—N k—N
por (LN O (P L ey (L
JENGITH I dz dy dsy dy
which establishes (EC.14)).

Second-order derivative:

From (EC.23)),

1wy 0T w1 P(%C) k- N 1-C\ pC
1 1 —p —

1+ 2 VYa-n- I+ 1-D—(p(—2)+2)1).
T om ( udz>( ) da dy (u( ) (p<N—p> dz) )

Set LHS (1, 1) and RHS(py, 1) equal to the left-hand and right-hand sides of the above equation,

k—N N
+ 7)) c
dy \d

respectively. Then,
OLHS(py ) _pn 0°1 1 l(u 3I>2_(u181)1

O I 8#1 Z 737#1 ;6/“

and

o & p d3 dy

+<kN>[N“ (N(lflv(f’) 0) I (1N(1Nc>+d0> 31]

dz 3 |

g 3y 0Ny (, 000 E)) g
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1-C 1-C
d3 H d3 K do I O

M1
1-C 1-C
o [N (NS e\, NORS) o)
d% H d% d% 1% dq ds I O

:1“1‘]—/)—1 - <N_l)_p(1+Ilv__c’;)lwr(k—N) (N_l : (N(l_}v__i) —C> I)

M1 d2 d2

_(k_N)<p(JY1;1) _pN(ld—% kii)[)}'(dtl:j) _{ (2_ (N—1)_22(1+ b‘i)) )
+(k—N) (1_W+Z)I}.</?§i>]. —_—

Additionally, (EC.23)) can be alternatively written as

p oL _, N—p=l_ (2(N1)p<1+}vc">>l+(kN) <1N_1 (1N<1}Vi> +C> I>,

T 6;11 da da

which implies

N7d271 - (N_l)_gz,(lﬂvc")u(kfv) (Nl V(- i) C) 1)

Substitution into yields
3RH§/E?MM) :;[{(k—N—FQ)(l—I)— (“—;a%) —(k—N) (”(Nd;l) o <1d_% N‘”>1)}-(;2‘Ll)
_{Q—N_T’:_lﬂk—N) (1—Nd:1)_‘?§/i}.(l‘[1§i)}
[ (g (S 2
(o) (G2 e () + ()|
R S (e () (o0 (1 (25) <))
(

&ﬂ) 2(&ﬂ)_2(1+i&>_k—N&>+<& o _ MWY
I 125} I 8,u1 dQ 12 d1 12 I 1251 I 125} ’
Hence,

((‘(j;;:lffr(ldgl)/ﬁ—’_k;l]\”:j((1_I)+<;2_;1> <’;1(1—I)— (p(zlv__cﬁ) —C) I))
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Substituting for ”1—1% from (EC.23|), and after additional algebra, we obtain

et o S )

o 2 > dy N—p
251 1-C T
+ o2+ (= — ) g AN gy () 2
1 ( ) <d2 d1> H ds ﬂ( )= N-p da

) (e 0 D) a0 () )1
+ B o (B g (A2 220 | [ Pra-n - (p (=2 )+ 22 1 b (Be2s
< dq ) [N w r N—p dsy ,u( ) P —p R ( )
We further simplify the two terms [%(1 —I)—p (ﬂ) I} and [ﬂ(l —I)— (p (ﬂ) + %) I] as
follows. Recall from (EC.22):

k—N
C(Np)<p> _1+Np(1_1)u1+<1_m)0,
d2 dl 1Y I 12 % d2
1 1-C\ , pC pC (p\V
—(1— — —_— —_— R — —_— .
L1-1) (p(Np)-l- d2)1 Z(2) (EC.26)

1 1—0) pC <p >k_N
—(1-0—p|—I=——|1—-| — 1. EC.27
H ( )=# (N_P 2 dy ( )
Substituting for |£1(1—1)—p (le;j; I} and [ﬂ(l —1I)— (p (ﬂ) + %) I} in (EC.25
using (EC.26|) and (EC.27)) respectively:
9’1 I 20C p\ N s (59)
MM{QOIH y: {1(d1) (12D~ e P

[2(1—21)+(2 _1)”1_4%[ _

which implies

and furthermore,

N—

do di) p d2

which establishes (EC.15|).
m

EC.4.1.2. Proof of Corollary
Idle time (EC.16[): From Lemma substituting u; = p into yields

= (1p (50D (1 (2 )

_ (1+p<1_E§Z€LN”°)) CEnoN, )N ) <1_N(§)p ] ))

(ﬁ;)) h . (EC.28)

k—N

(10 (FEHE0Y s e S
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Idle time (EC.17)): Using the relationship between ErlB and EriC (from Lemma [(a)),
note that

1o (e )
1— ErlC(N (N+> S ——
1+p(’rc(’p))1+p EriB(N,p) " P 1 EiB(N,p) -

=l+p—F=,
N-p N-—p ErlB(Np)+'D

1—ErlB(N,p) N N 1 _ ErlC(N,p)
N—-(1-=ErlB(N,p))p N—(1—EriB(N,p))p erpErlB( p) ErlB(N,p)

Substitution into (EC.28|) using the above display and by definition of ErIB(N,p) from (EC.1)):
1 k—N o -1
I(p,p) = ((EHB(M + ZZ:; (N) ) ErlC(N, P))

(£ 50 E @) me()

k2

Idle time (EC.18]): From Lemma substituting p; = p into (1)) yields
B 1— ErlC (N, p) p =N\ ErlC (N,p)\\
I(u,u)—<1+p(N_p +<1 (N) N,

:<1+p<N1_p_E7’ZC’]>/’V p) (L) ))1

(- 5) (1-eneona (5))

First-order derivative (EC.19)): From Lemma substituting p; = p into (EC.14) yields

] (1 SR (G o 906
+ % (%)kiNErlC(N,pO
:I(AZN) (1 (o )+ I ) - ErIC(N, p) ((pr)2 - (pr)2 (%)k_N — (k= N) %)“N m» .
Note that

- ((pr)2 N (pr)z (%)kw—% (j/\)f)k—zv+1>7

and thus W can be equivalently written as

e M_M”’:“) (1I<u,u>+f<u, W) ErlC(N }V;( ))
1 2ErlC’(N,p)kiN_ P\?
= ) (L= )+ 2 == 25 3 (£)"

First-order derivative (EC.20)): From (EC.14) in Lemma letting 11 = v and substituting
for 1 —I(u,p) using (EC.16|) in Corollary

algﬁl,u) :I (s 11) [pl—EJ(;lC’E)N,p) N (1_ (][\)f)k—N) pEziTC(ZZ,p)}

B1=p H
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()T s e )

_ k—N
+ % (%) ErlC’(N,p)]

_ () [p(A=EriC(N,p)) , pEriC(N,p) _pEriC(N,p) (g)’“—N pErIC(N, p)
nooL N-p N-p N-p N (N —p)?
ErlC(N, k=N ErlC(N, k=N k—N k=N

S )RR e m () R () )

_Pup) [ _p  pETIC(N,p) pETIC(N,p) (ﬁ)’“_N <1+ o k—Nﬂ

po [N-p  (N-p)? N—p N N—p N

o Py (PN LN
=W [V e BN ) (1 (N) 1+ =p)))|.
Substituting for I(u,p) using (EC.18) in the above display yields

oI (p1, p) __ P
a;ﬂ -

_ P

P sy [ (- (o)

&+ BACWN) (£ - ()" (& (- %))

2z

m
EC.4.1.3. Proof of Lemma [EC.6
(a): From (EC.18) in Corollary

1— -2
Np

1— ErlC (N,g) ( A

Np

I(p, p) =

)k)—N+1
A
0 1o

1-Enic (N, 2) [(NAH) ~(1- ) =i (ﬁ)]

ErlB (N, g)

1-EriC(N,2) 2 _ i
ErtB (N, 2) RGO s ) (v.2) Eric (N,2) SN (%)

RN i=1
Np

) ErlB (N, A)
(ﬁ) I

Enc (N,2) (1 +BriB (N, 2) i (ﬁ))
where (i) follows from the finite summation formula, and (ii) follows from the relationship between

ErlB and ErlC (from Lemma [EC.2|[(a)). Substitution for I(x, ) using the above display yields

N a0
I(p, QEMC(J\L) z()
(11, 12) " ; Vi

2

EriB (N, 2) N
= - ErlC (N) i (N>
Eric (N, 2) (1 s BB (N2) TN () ) n) I \Ne
 EriB (N, g)Q SR (NA#)
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w1 Yo (zvﬁ)i (EC.29)
et () '
i= I

(iv) 1
Enc (N,2) e
where (iii) follows by noting that EriB (N , ﬁ) 1 and (iv) follows because
£ () i) ()
(Zf:oN (§)>2 S ()7 R S e (R)'

i £ (3)
b o (R) + E N D e (R5)'

RN (N%) ; (EC.31)

) () SN 0= ) -0 ()

<1,

¢
noting that Z@:Ni (1\%) < Z (E—i— 1) ( ) .
Case (I): When 0<p< %, ie., ¥ = 1, we have ErlC ( ) >1 (from Lemma [EC.2 . Then,

from (EC29),

z<u,u>2Erz0( )kZ?( N,L)} EHCE N.2) (;ONZ<<f))>2

E-N 1
- < —<2VN >N>2
N1 g S2VN, Vh=N =2,

where (x) follows from the next claim, whose proof appears at the end.
k NZ N

CLAIM EC 2 FOT any )\ > 0 and k > N > 2 (kN((NH))>2 18 ’I;nCTeaSing m 1% fOT 1% € (07 %]

Zz 0 ﬁ '

) <1 (from Lemma [EC.2|((b)]).

Case (II): When p> %, ie., 0<7<1 wehaveO<ErlC’<

Using the finite summation formula,

PN AN
I(p, pn)*ErlC (N, ) i ()
(110 ) il
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=1I(y, )2 EriC (N, 2) (1NA‘;)2 [1 — (A?‘MYN (1+ (k—N) (1 - Aiy)ﬂ

w

A

<EriC (N, A) — N (EC.32)
2y

Nu

k—N
where the last inequality follows because I (p, 1) <1 and 1— (ﬁ) (1 +(k—N) ( — Niu)) <1
Combining (EC.30|) and (EC.32)) yields

I(M7u)2ErlC<N’/\>}€Z§VZ‘(/\>i§min l,ErlC(N,/\>N“2
k) \Nu ErlC’(N,%) K (-J\%)

o
S ) Erlc(zv,;) &
—2V A min QWETZC(N,%)y 2v/N (_ﬁ)Q

NG

where (x) follows from the next claim, whose proof appears at the end.

Cram EC.3. The following holds for all A\, k> N >2 and u > %

. ) Eric (N, 2) = _
2/NErC (N,2) 2VN (I_N%)Q ’

Therefore, together the above two cases establish that

k—N

I, p)2ErlC <N, :) > i (1\%) <2VN.

=1

(b): From (EC.29),

1+1
k—N i1 Zk_N’L A
1 i=
I(p, p)*ErlC (N,A> > i (;) < - . (N”). 5
M i=1 1% ErliC (N, E) zl'qfON (NL l>
i= w
(2;, (EC.33)
ErlC (N,g)
where (x) follows by noting, from (EC.31)), that
_ . i+1 _ . 41
Ti(F) 215 (%)
k—N

(2 () BN () + T 26 -0 (35)'
) Zf:—ONZ. (ﬁ)iﬂ
e () + () S k- N o ()
= T Zf_ONZ(A?‘L)Hk NI - < 1.
i () e () (R) T SN e N =i ()

i=1
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Case (I): When 0<p< %, ie., N%L > 1, we have EriC <N, %) >1 (from Lemma [EC.2 . Then,
from (EC.33)),

= A\ O\
I, )2 EriC (N, ) i () <
p 2 Nu ErlC (N, g)

<1<2VN, Vk>N3>2,

Case (II): When > %, ie.,0< N%L <1, we have 0 < ErlC (N, %) <1 (from Lemma [EC.2||(b)
Using the finite summation formula,

A k—N A i+1
T zErzc<N,) ( )
) " > a

i=1

=I(p, p)*EriC <N2) (1_13‘;)21\;\” ll_ (J\?u>k_N <1+(k_N) <1_J\;\“>>]

A

<EriC (N, A) e (EC.34)
(1)

where the last inequality follows because [I(u,pu) < 1, = < 1 and 1 —

()7 (w1 2)) <1 N
Combining and yields

N A N 1 A o
Horeric (82) S i) <min v (N3]
(1.0 Y% :

Enc (N,2) p 171%)2
. ) ErlC (N,ﬁ) 2
=2v/N - min ngrlO(N,ﬁy 2N ( 1%)2
YoV,

where (x) follows from Claim [EC.3] m

(Xtoa?)
f(z) is decreasing in x € [1,00). Using the finite summation formula in f(z) yields

_z+katt? — (k4 1)kt

Proof of Claim [EC.2; Let x:= N%L and define f(x):= M for > 0. It suffices to show

f(‘r) (1—xk+1)2
Consider the first-order derivative of the function f(x):
() = 1= (k+1)%a* + (B + 4k + a** — (k+ 1% 4 B2220HD - g(a)
(1—ak+1)® C(1— 2kt

We first evaluate f'(x) at © =1 by applying L'Hépital’s rule for three times and algebra:
[1— (k+1)%2% + (k% + 4k + 1)k — (k4 1)222k+1 4 2220+ D]"
[(1 _ J)k+1)3]m

k(k+1)2(k—1)  k(k—1)

= = — < > .
TR0 k) S0 TR

()=
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This means that f(x) is decreasing at = = 1. In what follows, we focus on z € (1, 00). Consider the

first-order derivative of the function g(x):
g () =(k+1)a* " [k 2" + k(k+1))(z — 1) — (3k+ 1)z(z* — 1)]

=(k+1)z" Yz —1) [21@%’”1 —(Bk+1)> 2" +k(k+1)

i=1

=:(k+ 12" (z—1) h(x), (EC.35)
where h) 212 — 4z + 2, ifk=1,
xX) = .
k2 — (3k+1) 8 2t F k(k+1), ifk>2.

If k=1, then it is clear that h(x) >0 for 2 > 1. If k> 2, then consider the first-order derivative of
the function h(x):

B (z) =2k*(k + 1)$k —(3k+1) (1 + Zmi_l> 7

which changes the sign of the coefficients exactly once. Descartes’ rule of signs for polynomials
implies that 2'(x) has at most one positive real root. Note that hA'(0) = —(3k+1) <0 and h'(1) =
W >0 for all k> 2, then the intermediate value theorem implies that h'(z) has at least
one root in (0,1). Therefore, h'(x) has one unique root, denoted by xy € (0,1), with A'(z) <0 for
all z € (0,z¢) and h'(z) > 0 for all z € (xg,00). This implies that h(z) is strictly increasing in x for

€ (1,00). Note that h(1) =0, thus h(z) > h(1) =0 for all z > 1.

Then, from (EC.35), h(z) >0 for all z > 1 implies that ¢/(z) > 0 for all z > 1, which means that
the function g(x) is strictly increasing in = for (1,00). Note that g(1) =0, thus g(x) > g(0) =0 for
all x > 1, implying that f/(x) <0 for all z > 1 (since 1 — 2! <0 for z > 1); that is, f(z) is strictly
decreasing in z for z € (1, 00).

Therefore, we conclude that f(z) is decreasing in [1,00). m

Proof of Claim Let f(z):= m and g(z) := %&S@M for x € (0,1). From
Lemma [EC.1| (b) and Lemma [(b)} it is clear that f(z) is strictly decreasing in z with
lim, o f(x) =00 and lim, ,; f(z) =1; and g(x) is strictly increasing in x with lim, ,og(z) =0 and
lim, ,; g(x) = co. This implies that f(x) and g(x) intersect once in (0,1). We denote the unique
solution to f(z) = g(z) by z* € (0,1), i.e.,
ErlC(N,Nx*) = \/% -V, (EC.36)
and it is straightforward that min{f(x),g(x) : z € (0,1)} < f(z*) = g(z*). Thus, to prove
Claim it suffices to show that
fz¥)

<1, or, equivalently, 2V NEriC(N, Nz*) > 1.
W q y. ( )
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Substituting for EriC(N, Nz*) using |D into the above display shows

\/? T TOUN
which after algebra implies
1 1
* 14+ —— =:VZ. EC.
Vs < + N Wi Vi (EC.37)

To show (EC.37) is true, we introduce an auxiliary function h(z):= ErlC(N,Nz) — o= + Ve for
€ (0,1). It is clear that h(z) is strictly increasing in z (from Lemma[EC.1] (b)). Thus, showmg z>
xz* (i.e., (EC.37)) is equivalent to showing h(z) > h(x*). Note that, by definition of z* in (EC.36]),
h(z*) =0, it suffices to show h(z) >0, i.e.,
ErlC(N,Nz) — % +vz >0,

or, equivalently,

» 1
ErlC(NNx)>ﬁ—\/§ PNk

where (x) follows by definition of Z. The remainder of the proof is devoted to verifying (EC.38)).
To show (EC.38)), we consider N =1, N =2 and N > 3 separately.
e When N =1, 2=0.7808 and (EC.38|) becomes to ErlC(1,0.7808) > %, which is true.

e When N =2, £ =0.8387 and (EC.38)) becomes to ErlC(2,2 x 0.8387) >
e When N >3, from Proposition 2 in Harel| (2010)),

ErlC(N,Nz)>1— (1—@2)\/% > 1—(1—x2)\/§.

To verify (EC.38|) stands, it is sufficient to show

1_(1_E2)\/§>2\}N’
>1_\/> V2N’

Plugging in the expression for z from (EC.37))

1 1 2 1
Vit ————F— ] >1 -\ +—F—=
( 16N 4\/N> N AN
which can be equivalently written as

\/JV<\/§ ; 1+161N>>\2—é. (EC.39)

It is clear that the left-hand side of the above display is strictly increasing in N and the
right-hand side of the above display is a constant. Note that, when N =3, the left-hand side
evaluates to 1.5745, which is greater than the right-hand side % — é =0.5821. Hence,
is true for all N > 3.

Therefore, combining the analysis in the above three bullet points establishes that holds
for all N >1, and thus the Claim is proved.

(EC.38)

5 ﬁ, which is true.

which after algebra implies
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EC.4.1.4. Proof of Corollary
From (EC.19) in Corollary

I (1, ) Erlc( )k < ( )
ZHLE) = I, ) (1 = I (g, 1) + I (1, .
o (tts 1) (1 = I (p, 1)) + I (2, 1) 2 "\ va
p1=p
(a): Using the bound in Lemma [EC.6] (a),
OI (1, ) 2VN 2
B < Ty ) (1= I(p, 1) + =T, p)(1 = I(p, ) + ——=, Y >0.
| (s ) (L= I (e, ) + —= = L, ) (L = I (1, 1)) Vil
(b): Using the bound in Lemma [EC.6] (b),
O (a1, 1) 1 Np 2uV'N
o | <TmQ— I w)+ 5 2VN < I(p ) + =
H1=
which implies that
oI (pu1, 1) PRICYIIN: Va0
Opa jz
p1=p
m
EC.4.1.5. Proof of Lemma From (EC.16]) in Corollary
- 142 +Bric (N2 2. EC.40
I(p, 1) u( N—ﬁ I ; Np ( )
Differentiating the above display on both sides yields
o1 di(pp)
I(p, ) dp
9ErIC(N,2
_( )1_Erl (v ﬁ) _2oeE) (v—2) - (1-Bric (N,2)) &
o i (v-3)

| OEriC (N, p) <_i) kN(A)i_ 3
dp 2 — \Np _%

On the other hand, note that

k—N i
NI_I(”’H)—&—lErlC(N,)\) l(A) _% 1 B 1 8ErlC’(N,p)+M
o I(pp) op p) = \Np) 2 (g, p) ErlC(N ;) dp A

1=
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1 BErlC(]\ﬂp)_g_’_ErlC(N’%) ’“‘Ni<A>i
ErlC (N, A) Ip p p =

X\ OErIC (N, p) kff( A ) p + N N+EHC<N’;) kivﬁ< > )
= ~ ] X o Nu
L dp = Np N—-2 Erzc,*(N,g) (Nfﬁ) K s =S
w2 2 [SH (Y o) Si(o)
112 dp | = Nu N—% Y P Np
A (1-ErC(NA) N2 N N
+ 2 Eric (N2 — + >
" N-2 i | Erc (N, 3) (N— ﬁ) a
— i A — ”
_aopicey) YAy 3 ] B SR oy o v 1o (i)
T op e \Np) N-2 wooom \Ne) oeN-S o Nog

where (i) follows from (EC.40)), and (ii) follows from Lemma [EC.3|

Comparing (EC.41) and (EC.42) finds that
I dl(pp) N1-I(pp) 1 ( A>kN.( A )
=— +—ErlC | N, — il —
I(p,p)? dp po I(pp)  p I ; Np
which implies that

A1 _ 1 OEriC (N, p) n Nu
w2 1)\ prc (N, A) p A
I (p, 1)

atip, ) :%I(M,u)(l —I(p, 1)) + iI(M»M)QETlC (N’ )\) k,Ni (A)

dp

g L _0BAC(N.p)  Na
p Eric(N,2) O A

T p
I(pp) A [ 1 OEriC(N,p)  Nu
Enc(N2) o A

L) A (N 1— EriC (N”*L)) |

@ (g, 1)
aul

H1=p Hop

@) 9, 1)
O

Ny 1—]\%“

H1=p K

where (i) follows from (EC.19) in Corollary and (ii) follows from Lemma [EC.3|
]

EC.4.1.6. Proof of Lemma Letting k = oo in (EC.18)) in Corollary yields
. A
T(p, p; A, 00, N) :kll)rrgol(u,u,)\,k,N) =1- Ny
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This implies that the difference between the idle time in an M /M /N /k system and that in an
M /M /N system is given by I(u, ) — (1 — 1\%) For any u € (0,00),

(-3

Al A
du Npu
_ A
(QN #31(/“““) G 171 ETlC’(N,M) ,i
O H1=H T N_% Np

() {—NI(AW) +I(p, p) ErIC (N%) kivz (A)i+N A, EHCE

i=1

r 2 k—N i
=TI, 1) {N (EZC(N”)1> I(p,p) + I(p, p)ErlC (N,%) Z(z’JrN) (NLM)

ErlB <N, g) ~

A A
-2 Z_EriC (N, 7)
p Np %

i i (53 55 (35) e ene (02) 35 (35) )

A
—mf(u,ﬂ)

(
{FETZCMNI(M’M) =N +1I(p,p)EriC (N’ i) k_N_l(NHJr D (L)Z

N i=0

“:“)i[(u,ﬂ) { [Nl_MC(N‘AL) _N_ iM — NEriC (N%) k_z (’\)] I(p, )

w L N 2\ Ny

et (v2) S i (25) e (v2) 5 (30) )
st (v ) [ (30) ~asn () Jrn-E (30)]
e () {Zeen () e ()

Nu

:%I(N,MFETZC <N, %) {N(kz\fﬂ)lmw ( A >kN+1 C(k+1) (A>kN

1—ErliC(N,2 k=N i
e () S )
=0

Np

() () e 3]
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) § O\ RN ) A A k—N+1 AR (AN
O (m) I(p, p)*ErlC (N,;) N+ ErlC (M ;) ENT) T NL 2 Z (N7) =0
where (i) follows from Lemma (ii) follows from 1’ in Corollary-aﬂd P LC(NP) -

% — 1 (using the relationship between EriB and ErlC from Lemma E., iii) follows

from (EC.17)) in Corollary and the definition of EriB in (EC.1)), (iv) follows from (EC.16|) in

1-EriC(N,p) _ ErlC(N,p) 1.
N—p ~ ErlB(N,p)

Corollary [EC.1{ and (v) follows from p

Hence, I(u, ;A\, k,N) — (1 — N%;) is strictly decreasing in u for p € (0,00). Moreover, note that
limy, oo I(p, g3 A K, N) — <1 — ﬁ) =1—-1=0 (from Lemma [EC.2/|(b)). Thus, I(u,p;\,k,N) —
(1 — ﬁ) > 0 for all 4 € (0, 00). Hence, the difference between the idle time in an M /M /N /k system
and that in an M /M /N system satisfies I(u, p; A\, k, N) — (1 - —) > 0 with equality holding only

when k = oo. m

EC.4.2. Proof of Theorem I

Since p # 0, the FOC in @ for a symmetric equilibrium is equivalent to

pe’ (1) ( p ) pd’ (ps )
= — + v — _
I(p, p) TG " S )
where I'(u, 1) denotes w . Set LHS(pu) and RHS(p) equal to the left-hand side and the

right-hand side of the above display, respectively. Since LHS(p) and RHS(p) are both continuous
functions of p € (0,00), a sufficient condition for the FOC to admit a solution for p € (0,00) is

lim LHS(u) <lim RHS(p) and lim p- LHS(p) > lim p- RHS(p). (EC.43)
0 10 uloo pntoo
Craim EC.4. The following hold:

Cl(l,l/) )\ k—N+1 ) 1 )\ k—N+1 k

1 A 1
lim g LHS(p) = lim p2¢ lim g RHS(0) = —=pA2+0v= —pp [ 1+ = .
lim p (1) Jim (k) lim p (1) = —5pA" v —pp ( + N)

By Claim “ m becomes

. C/(IU,) )\ k—N+1 1 A k—N+1 k

1 A 1
1 lim —=pA? — —pur |14+ —
fim i () > lim =5 p\* v 5 = pu ( +N)’
which can be equivalently written as

(1) — ko N\ 1 1
(p)—p N () , and liTm p2c (i) + pp <1 + ) > vi — —pA\?
pntoo

lim

wlo  pE-N N2 X N N 27

where the second condition is always true, and the first condition establishes .
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The second part of the theorem is established by applying to the Taylor expansion of ¢(u) and
c(u) at p=0, recalling that an entire function is equal to the sum of its Taylor series everywhere.

We first express ¢’(u) as a Taylor series at 0:

_ o~ (n) — 0) N
_Z(z’— —N_Z(i—l)!'u B

i=1 : i=1

Then, can be rewritten as

= cD(0) ko(N\FVH P
li i—(k—N+1) <yo— 2 li
Dyl Wy e

This inequality holds if and only if

(1) @ (0 i
{c (0) <p, and ¢(0) any for i >2,  if k>N, (EC.44)

¢M(0) < 2 +p, and ¢ (0) any for i >2, if k=N.

Next, we express c¢(u) as a Taylor series at 0:

) =c(0) +Z

Let integer ¢ > 0 be such that ¢V (0) =0 for all 1 <i < q and ¢@(0) # 0. Then, the above display

can be rewritten as

C()

+Z
o ) o) |
(O) + q!(O> W (1 + Z c(q)((?)i (z?!"uzq>

1=q+1

tbe +cpp - h(p),

(Q)

where by := ¢(0) = 0 (recalling that ¢(0) = 0), cp := <~ £ 0, and h(p) := IR DR 200 ¢ L= =

A (@) (0) 4!
h(0)+>22 1y h((zi_:))(!o) p' =7 is an entire function with h(O) =1.
e If ¢ > 2, then ¢ (0) = 0. Thus, condition (EC.44) is satisfied.

e If g =1, then condition (EC.44) holds if and only if

Cgp =

cW(0) if k>N
_ (D D, 1 )
—r = 0)< {§+p, if k= N.
Therefore, an entire function c satisfies if and only if it is of the form c(u) = cgpu? - h(p),
where cp €R, ¢g #0, ¢ € Zy; h is an entire function with h(0) = 1; and, either (a) ¢ =1 and
ce <p+31{k=N}, or (b) ¢>2. m

Proof of Claim Note that the building blocks for evaluating these limits are ;- and
s’ (o)

Ty 2 SO We first investigate their associated limits as u ] 0 and as p T oco.
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From (EC.17) in Corollary

N-—1 k—N i
£ __ Ny A A
I(p, 1) _“<1+; (%) +; (Nu) >E”C<N’u)
B NM k—N N-1 ' " N—i Nu k—N k—N )\ i N/,L k—N A k—N A
(T RO s @) (B3 ) e ()
B Nu\' o N o NU i) foa Y A
“(”Z(A> NE Y G ()\))(Nu) Eric (N,
i=k—N4+1
1 A\ PV ErlC’(N,%) k—N Nu i N k N i
See(y) T R () o R @)
H =1 i=k—N+1
which implies that
)\ —
TP L PN T A - NHMQH 1 A A (EC.45)
wbo Iy ) wdo pt=N-0 AN 2 wlo pk=N""\ N ’ '
. A
where (x) follows from lim,, o L lcgN’“) =1 (Lemma [EC.2||(b)), and
I

>k N+1 ETZCE ,%) . (g)k
I

_ .
wise ! (o)~ oo
N
N A * 3k —
=lim ? (§)" NErC <N) g lim 4 N : (EC.46)
M HToo N-1/(Xx) 1 A 1 N
Zi:O (ﬁ) ﬁ""(ﬂ) NIN—X\/u

ptoo

where (xx) follows from the expression for EriC in (EC.3)

From (EC.17) and (EC.19) in Corollary

I(p, 1) 3
. -2 (i) ) ()
CRE= <>Ni<xu>k—uzf_r<su>m_w> (o) o ()
k_NErlC’(N%)

= %ZW_NE? e
(N—l)'( )’7

f-i-ZkNl (A>+Nk NszN+1 (CED)
1+ (TH) FNRNYTE L N+1 (kN'z)' (%)

which implies that

ol (pp) K

_k EC.4

o I(up) N (ECAT)

and
' NF=N(N — 1)1 (&)
Vo)W
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When lim,, o k( 1) exists and is finite, (EC.45) implies that

u) (AT
E%LHS(H) = l}gr& N N (N> , (EC.49)
and (EC.46) implies that
N
. 2 N—-X/p ) 1. 2
hTm w-LHS(p) = hTm pc () ; = = hTm w’c (u), (EC.50)
) oo N—1 oo
" " C(2) 5+ (2) S
N

where (x) follows because ZZ].V:_Ol (%) £ =1, (%) %Ni

From (EC.45) and (EC.47)),

1 (1) ANV
lim RHS li li — LI Lk LA -——N | = — EC.51
i RS0 =l ol o - E )~ e (N) ey &
and from (EC.46) and (EC.48),
. . [ 2 . il (p, 1) T (ps )
S A (A U e S
N W
= lim _N=Mu 24y = —p. 2
#rmp”ZN_l(A)zl+(A>N1 v N PN
i=0 w 4! m N! N—=X/p
N (1_<A Nl)_ 1 A)’;
N—f “w N! i=0 “w 7!
= lim - , +(v—
fim p- i” SN (A)ll+(i>NL N (v=pny
i=0 o 4! m N! N—=X/p
N-2 , N-1
— i x-3 (“2_@) ?“>_(”2+A“+21!A2+ Eet i) (0 —pi) 2
=limp- - ~ + (v —pu
too - ‘ N
" S (2) 5+ (2) At
D Yim - (2 M2+)\LL+1)\2 —|—(v—pu)i
pnToo 2 N
A 1
= lim —=p\’> +v= — 1 EC.52
Lim —2 p)\ +UN p,u)\< +N> (EC.52)
h follows by noting that il L(2)" 2 0 1, AN_QAQ 0
where (x) follows by noting az =L N'N/\/u_>’N/\_> A 5 =0,

and i’\——i- +(N1 ,’\z 2y— — 0, as p— o0.

EC.5. Proofs from Section [4.1]
EC.5.1. Preliminaries

The expressions for I(u;, 1) and its derivatives simplify significantly for a loss system, i.e., when

k = N. We provide the expressions and their properties in the following lemmas.

LEmMA EC.9. In an M /M /N /N loss system, the steady-state probability that the tagged server

is idle, and its first two partial derivatives with respect to py satisfy the following expressions:

. 1— £ (1—ErlB(N,p))
(a) I(M1,M) - 17(17ﬁ)%(17ErlB(N,p))'
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(b) Ol (p1,1) :1(u17#)2< 1 _1> >0, Yu,p>0.

O 1 Iéﬂhu)
() 815(Z11N :_21(11;1#) (1_[(#1’M))<0, \V/,Ul,,UJ>O-

CorOLLARY EC.3 (1 = in Lemma [EC.9)).
(a) I(p,p) =1—=%(1—ErlB(N,p)).

Ol (1,11) B (V770 S N
) 2au1 p=p P <I§M7M) 1)>0’ Vi >0.
0“1 R I,
(c) #H . —2 10 (1 — I, 1)) <0, Vu>0.
=

LEmMA EC.10. In an M /M /N /N loss system, w is strictly increasing in p for p € (0, 23]
for all A\>0 and N > 6.

LemmA EC.11. In an M /M /N /N loss system, for any x € (0,1), >0, and N > 0, there exists
a unique A\ >0 such that I(u, ;A\, N) = x. Similarly, for any x € (0,1), u >0, and X\ >0, there
exists a unique (real-valued) N >0 such that I(p,pu; A\, N)=uz.

EC.5.1.1. Proof of Lemma [EC.9]
(a): From Lemma [2| substituting k= N into (1) yields
" 1—ErlC’(N,p)>)_1
)= (14 p 2 (2202000 .
(h1, 2) ( pm< N,
Using the relationship between EriB and ErlC from Lemma [(2)]

1——X\\ ! -
I, p) = (l-l-p:l (W)) ( +N;Zl—f@?1%§(lg(?\)f ))> 1
B 1—&(1—=EriB(N,p))
1—%(1—E7°ZB(N,;)))—&—%ﬁ(l—ErlB(]\ﬂp))
B 1—-£&(1—EriB(N,p))
- (1 — £) £(1-ErlB(N,p))
(b): From Lemma[EC.5| substituting k= N into (EC.14) yields

ol (pa,p) 1 - T, )" :
OL001) — L )1 = ) = T8 (L

because I(py, ) € (0,1) by definition.
(c¢): From Lemma substituting k= NV into (EC.15) yields

?I(pa, ) _zl(ul,u)Q(
oy I}

because I(uy, ) € (0,1) by definition.

—1) >0, Vui,u>0,
1)

1—1I(p,p)) <0, Ypq,p>0,

EC.5.1.2. Proof of Corollary This immediately follows from Lemma by sub-
stituting p, = p.
m
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EC.5.1.3. Proof of Lemma [EC.10] Note that

d(I(mu)):1df(u,u)_1(u7u):~7(u7u)( 7 df(u,u)_1>
du \ poodp p? 2 \I(p,p)  dp
From Lemma [EC.7]
A
poodpp) | Np 0I(u,p) A I_I_ETZC(N’E) 1
I(p,p)  dp I(,p) O |, -, K N-2

“w

" \ 1— ErlC (N, g)

=Np (1—I(u,u))—* 1- -1

o u
1— BriC (N, 2
Oy A (1_prp(N2)) -2 1 ( “> 1
Nu I t N-2

EriC (N2

@’\<1—ETZB(N,’\>>—A+(“>—1—1
I I ( A

e (N MM(N N
ErlB( ) p " ’
().

:

where (i) follows from Corollary [EC.3( ii) follows from Corollary [EC.3| (a), and (iii) follows

- E]TVZ(_J(% B Ziz(l\f — 1 (using the relationship between ErlB and ErlC

from Lemma (a))).
Note that we can use Lemma [(2)] to evaluate
Eric (N, 2

— “> 2B (N, A) —2
ErlB (N, 3) p 1

by noting that 2 m

)
)

B N
A (2+§Er13 (N 3)) (1—E7‘lB< g)) —N<1+§ErlB (N,%))
- N2 (1 — ErlB (N, g)) ’

where the denominator is strictly positive because, from Lemma [EC.2 ErlC <N,%) =
NEriB(N,2)

N2 3 BrB(N D) > 0 implies N — % + %ErlB (N, %) > 0. Thus, the above display implies that, to
, Py
show ;Ziggg AFErlB ( ;) — 2> 0, it suffices to show

2<2+2ETZB (]\Cf;)) (1—§TZB (N,j;))—N(l—szrlB (N,;)) >0
B mtng) G ()
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o H 2+%_N_2 p B S
AEriB (N, 2) woN e (N2)) AN
p A_N-2 2>(2—N)2+4(1+2>
u v 4(%—]\7)2
u 2oN-2 \/(Q—N)2+4(1+:)

AErB (N, g) P (@ N P (ﬁ f N)

"

. (N,A) ) ¢(;_N)2+4(1+;)+(;_N_2).

We prove (EC.53)) by induction. Suppose (EC.53|) holds, then we want to show that it holds with
N replaced by N 4+ 1; that is,

ETZB<N+1,;‘>< \/(ﬁ—<N+1))2+4(1+;)+(3—(N+1)_2)

& (EC.53)

(N+1)u 1 >i\/( (N“)) w1 )*
A ErlB(NA) ( (N +

(i <2\/(2—(N+1))2+4<1+ M4 (2-wv+n) (2+2)
' <u> %G“) ’

where (x) follows from 1) Suppose we can establish that, for all A >0, N > 6 and p € (0, 2],

74N

\/(2—N)2+4(1+2) +(2-N-2) 2\/(2—(N+1))2+4(1+2> +(2-v+1) (2+2)
n ) 2 (241) ’
ro\H
(EC.55)
then the induction hypothesis would imply that holds, as desired. To see ,

it is equivalent to show

(%H) \/(:—N)2+4(1+2)—2\/(:—(N+1))2+4(1+2)<2:—N (EC.56)

Note that, when p € (0, 2], the right-hand side of (EC.56) satisfies

(EC.54)

» AN
2\ 2\ 3N
— N> -N=—>0.
2 AN 5

o If the left-hand side of (EC.56) is non-positive, then (EC.56]) trivially holds.
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e If the left-hand side of ([EC.56|) is strictly positive, then squaring both sides of (EC.56) and

algebra yields
2 2
(5—1\7) (A—N—1> +4(5+1) <$ [(A—N) +4(1+5> [(’\—(NH)) +4<1+5) .
p p j j p p p
Note that the left-hand side of (EC.57|) satisfies
2
(571\/*) (57N71) +4<5+1> = <A—N> +N+32 4450,
w 0 j ju j
Then, squaring both sides of (EC.57)) and algebra implies
2 2 2
z(i_N) (é_N_l) < (LN) T (LN) + (i_N_l)
1 1 1 p 1
2 2
& (5—1\1—1) —1< (i—N—l) ,
1 I
which is clearly true. This concludes the induction step. Hence, (EC.53)) holds as desired.

We conclude that w is strictly increasing in g for p € (0, 2] for all A >0 and N > 6.

(EC.57)

EC.5.1.4. Proof of Lemma [EC.1]]
From Corollary - I(p, s A,N) =1 — —(1 — ErlB(N 7)), and from Lemma (c),

I(p, p; Ay N) is strictly decreasmg in \. In particular,

lim I(je, s A, N) = 1
lim (s s A, N) =1,

i -2 ii
because ErlB(N, ) © % “WoasA—0 (where (i) follows from the relationship between
EriCc(N,2) H
EriB and ErlC in Lemma ﬁ@, and (ii) follows from Lemma [EC.2|[(b))), and

;#rgof(u,u;k»N)=07
%—N .
because Ni(l — ErlB (N A)) (& =X Erlcj(\,Niﬁ) 1 as A > 0o (where (iii) follows from the
. Bric(nN,3) *

relationship between ErlB and ErlC in Lemma E@, and (iv) follows from Lemma E.
Since I(p, ;A\, N) is a monotonic and continuous function of A, it follows that for any = € (0, 1),
there exists a unique A > 0 such that I(u,u; A\, N)=x.

Using the continuous extension of the Erlang B formula (Jagerman (1974))), the definition of

I(p, p; Ay N) can be extended to all real-valued N > 0. Then, using the same technique as above,

0
E ch(VN A) N E lC(lN A) -t
because = (1 — ErlB (N, A)) =2l A >~ — 1 as N — 0 (noting that
Ny I Np —X -2 u -2
ErlC N,A) H ErlC N%) Z

EriC < ) — o0 as N — 0, from Problem 2 in [Whitt|2002, p.8), and

}}THOIOI(/«L,N;)\,N):L
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-1
because ErlB (N, %) = [% 1 67%74(1 +y)¥dy| —0as N— oo (from (1.5) and (1.16) in Whitt
(2002)). Since (the extended) I(u,p; A, N) is a monotonic and continuous function of N, it follows
that for any x € (0,1), there exists a unique (real-valued) N > 0 such that I(u, ;A\, N)=z.

m

EC.5.2. Proof of Theorem

Using Corollary (b), the FOC (6) simplifies to

¢ () =p (1 — I, A, N)) + (v _pﬂ)w

which can be equivalently written as
/ v
c(n)= (p(l —I(p, 5\, N)) + MI(M,M;A,N)> (1= I(p, 11X, N)),

which establishes .

Next, note that by definition, a solution pu* > 0 to the symmetric FOC is a symmetric
equilibrium if and only if x4y = p* is a global maximizer of the utility function U (i, x*) (obtained
by setting k= N in ({4])). To establish the latter, we show that for the loss system, U(u,p*) is
strictly concave; that is, %’?’“) <0, for all py, > 0. Note that

O*U(py,p) 02

(1_I<Maﬂ;)\aN))a (EC58)

(pp1 + (v = ppa ) I (g1, 1) — c(pa))

i o
o 0 - - aI(Mlap’) aI(NJlmu) o
~om <p(1 I(p, 1)) — pa o +v o ()

ail (pu ) —pm”’jjl’“) (1= T(r 1) +3fg;“> —C’(u1)>
9 (pa —I(ul,m)?walgjj;“) —c’(un)

OI(py, ) | 91y, )
+
O o

=—2p(1—I(p1, 1)) =" (1)

(i7)
< Oa \V//le, > 07

where (i) follows from Lemma W (b), and (ii) follows because ZZ4L) > () for all y1, > 0 (from

Oy
Lemma [EC.9| (b)), % <0 for all py, >0 (from Lemma [EC.9|(c)), and ¢’ > 0 (recalling that
1

¢ is strictly convex). Hence, the utility function for the loss system is concave, as desired.
Finally, when k = N, the sufficient condition of Theorem 1| that guarantees rge existence of
a solution to the symmetric FOC simplifies to ¢(0) <p+v/A.
m

EC.5.3. Proof of Proposition 2]

Suppose 7, p5 are symmetric equilibrium service rates such that pj > py > 0. Setting p; = p in

yields the server utility at any symmetric service rate p. Therefore,

U(py ) =pp (1= I(p, ) +0I (p, ) — e(p), for p= p3, ps. (EC.59)
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The service rates pj and pj satisfy the symmetric FOC from Theorem [2] that is,
puc! (1) = (U (p, ) + c(p)) (1= I(ps, 1)), for pu= pif, 5. (EC.60)
Moreover, strict convexity of ¢ implies that
c(py) —c(pz) < (py — p3)c' (p7) < pic'(uy) — psc’ (u3),
where the second inequality follows from ¢ (uy) > ¢ (u3) for pu} > ub. Thus,
c(py) = e(ps) < pyc (u7) — psc' (p3). (EC.61)

Substituting for pic/(p}) and pic (u3) using (EC.60), (EC.61) becomes

c(pi) = e(pz) < (Upi, i) +e(py)) (L= (3, 7)) — (U ez, p3) +cpz)) (1= (13, 113))

which, after algebra, can be rewritten as
Upi, 1)) = U(p, pz) > (U (pf, p7) 4 c(pq)) (g, 17) — (U (p3, p3) + c(p3)) I(ps, p3)- (EC.62)

Finally, we show that (U(u,u)+c(p))I(p,p) is a strictly increasing function of p > 0, so

that (EC.62) implies U (p1, u1) — U(p3, n3) > 0 for puy > 3.
Let f(p) := (U(p,p) +c(p)) I(p, p) for > 0. From (EC.59)) and Corollary (a),

0 = o1 = 20 + o1 o) T = (3 (1= 8018 (8.2 ) ) 41 ) 1)

where ErlB(N, p) is strictly increasing in p (from Lemma[EC.1| (a)), and thus is strictly decreasing

Al (p,p)
dp

using Corollary (a) or by applying Lemma [EC.4] (a) twice). Hence, using the fact that the

product of two strictly positive and strictly increasing functions is strictly increasing, f(u) is strictly

in p (since p=A/pu), and I(u,p) is strictly increasing in p (either by directly calculating

increasing in u, as desired.

EC.5.4. Proof of Proposition [3]

From Theorem [2 obtaining .« (p,v) (defined in ([5))) for loss systems is equivalent to maximizing
a solution to the FOC over all \, N. Let = I(u,pu; A\, N). For pu# 0, the FOC , after
multiplying by p on both sides, can be written as

e’ (1) = (pp(l —z) +vz) - (1 —x). (EC.63)

Given any x € (0,1), v >0, and p > 0, we observe that (i) the right-hand side of is
linear in p with a strictly positive y-intercept, vax(1 — z), and a non-negative slope, p(1 — x)?,
and (ii) the left-hand side of is a strictly increasing and strictly convex function (from
Assumption [1)) with zero y-intercept, thereby resulting in the existence of a unique solution

p(x;p,v) > 0. From Lemma |[EC.11] for any x>0 and = € (0, 1), there exists a pair (A, N) such that
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x=1I(p, ;A\, N). As a result, since we are optimizing over all (A, N), becomes equivalent to

Hinax (P, V) = SUP,¢ 0,1) (T3 P, V).

We study p/(x) and p”’(x) by differentiating twice with respect to x, and obtain the
following observations: (i) p/(z) <0 when p/(z) =0, and (ii) ¢'(x) =0 has at most one solution in
(0,3] and no solutions in (3,1). To see this, we first differentiate with respect to z and
after algebra we obtain

(e’ (1) +¢' (@) ' () = v(1 = 22) = 2pp(1 — ) +p(1 —2)* ' (z),

which implies
v(l—22) —2ppu(l —z) (o v(l—22) —2pp(l — )

I ) =
WO = iy o —p=2? e () + Za(1—2)
where (x) follows from (EC.63)). Note that the above display can be rewritten as
iz
1 v (f,w ) —pu(x)

5//(35)

3

9y (EC .64)

= w@)d (u(x)
£ 175 +v

w(z)
which is strictly negative when x > 1. Thus, 4/(x) = 0 has no solution in (3,1) and, if it has a

solution in (0,1), then that solution must lie in (0, 1]. To see this, we take the derivative of (EC.64)):

(z)c (u(x)) T v s—a d (@) (u(x)) z
L, (% +%<x>> (‘2(1—@2 _p“/@)) - <” (f—x) _p“(x)) dz (M e +”u(x>>
g (@)= (@)e" (1()) : ’
p(x)e! (u(x x
( " +”u(zm)

1.
which is strictly negative when p/(z) = 0, by noting that v(f_x> — pu(z) =

1

a7 (v(1 —2z) = 2pp(l — z)) = 0. Hence, p/(z) =0 has at most one solution in (0, 1] because

w1 (x) evaluated at two consecutive solutions to p'(x) =0 must have opposite signs, using the fact
that the derivative of a continuous function evaluated at its two consecutive roots have opposite

signs. From the above, the two properties (i) and (ii) are proved.

Based on (i) and (ii), we can argue that if a solution to p/(x) = 0 exists, denoted by z* € (0, 1],
then pr .. = p(x*); if not, then u(x) is strictly decreasing in x € (0,1), implying that p},. =
lim, o (). Substituting 2 =0 into (EC.63)), we define

0 |0, if 0<p<(0),
w(0):= léfél“(”’) N { ()" (p), otherwise .
Substituting x = 0 into (EC.64]), we define

w'(0) =lim u'(x) =

(EC.65)

v — 2ppu(0)
1(0)e” (1(0)) +vlimgyo 5655

Dividing (EC.63) by p on both sides and substituting for z = 0 yields lim, o 5 = LGO)=p Then,
substitution into the above display using this and (EC.65)) yields
- if 0<p<c(0),
1 (0) = v = 2pu(0) ) B if p —]Z’(O) v (EC.66)
:U’(O)CH(H(O)) + C/(:U’(O)) -p Ua_gp(cl)*l(p) 7 '

: /
@@ e P> ¢(0)
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Next, the intermediate value theorem implies that p/(x) =0 has a unique solution z* € (0, 3] if

and only if 14/(0) > 0, since p/(3) < 0 from (EC.64)). This condition, from (EC.66)), is equivalent to
Y (). (EC.67)

Given v > 0, let p*(v) be the unique solution for p > ¢/(0) to 5 = ()~ (p), or, equivalently,

c (%) = p. Note that 7 is a strictly decreasing function of p for p > ¢/ (0), with value at

2¢/(0)
p=¢/(0) and value 0 at p = oo; (¢/)~*(p) is a strictly increasing function of p for p > ¢/(0), with value
0 at p=¢/(0) and oo at p = oo. This implies that p*(v) must exist and is unique. Then, (EC.67)
is equivalent to 0 < p < p*(v). This allows us to characterize . and I(u%,., (th..) by considering
the two cases 0 < p < p*(v) and p > p*(v) separately.

Case (I): If 0 < p<p*(v), then z/(x) =0 has a unique solution z* € (0, 5]. From (EC.64)),
1 )
v (i_x) =pu(z”).

is a strictly decreasing function of z* € (0, 1], with value 1 at z* =0 and value 0 at
1

x* = 1; that is, 2_;: < 1 for all 2* € (0, 3]. Thus, the above equation implies that z,,, = p(z*) < -

*

1,
Note that 2

1—a*

1
Additionally, the above equation implies

v — 2pu;
I * * — * — max
(lu’max7/’(‘max) x 21}721)#;1&)(’

recalling that pf . = p(x*) and o* = I(uf ., 1.y )- Substituting the expression for z* into (EC.63)),
we obtain

'U2

raxC (Hay) = ——, EC.68
a (Iu ) 4 (U - p/j/:nax) ( )
equivalently, ur . solves
/ v2
(v = pu)ic' (5) = (EC.69)

In what follows, we verify that (EC.69|) has a unique solution in (0, %) Note that the right-hand
side of (EC.69)) is a constant, and the left-hand side of (EC.69|), denoted by LHS(u), is a strictly
increasing function of y for 1 € (0, 37). To see this, differentiating LHS(u) with respect to pi:

LHS'(11) =(v —pp) (uc” (1) + ¢ (1)) — puc’ (1)
=(v —pp)uc”(p) + (v —2pp)c’ (1) >0,

when p € (0,5%), noting that ¢ > 0 and ¢’ > 0. Moreover, note that LHS(0) =0 < %, and

LHS(%) =

v
2p

%%c’(;—p) > % because p < p*(v); therefore, it follows that (EC.69) admits a unique

solution in (0, 5=); that is, there exists a unique . in (0, 5=).

2p) ’ 2p
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When p increases, the left-hand side of (which is a strictly increasing function of p)

decreases for all p, and the right-hand side of remains unchanged for each u, so uk ..
(which is the solution to (EC.69)) is strictly increasing in p.
Case (II): If p > pt(v), implies that fi},,. = p(0) = (¢)~'(p) (since p > c'(3;) > ¢'(0)
where the first inequality follows from p > p*(v)), which is strictly increasing in p (since ¢ is
strictly increasing by strict convexity of ¢, and the inverse of a strictly monotone function is strictly
monotone). Hence, ¢/ (p}...) =p and I(p .o tha) = 0.

EC.6. Proofs From Section
From and , the server’s utility function is given by

U(p; Ak, p,v) = % +pp— c(p). (EC.70)
T (2)
EC.6.1. Proof of Lemma [4

The server’s utility function (EC.70)), after algebra, can be equivalently written as
v PA

1+3F (%) ’ 2+ (1 +35 (:)) i

Then, it is clear that lim, o U(u;\ k,p,v) = 0 and lim, o U(u; A k,p,v) = —oo. Since

U(M;/\,k‘,p,’l})z _C(:U’)'

U(p; A\, k,p,v) is a continuous function of > 0, if U(u; A, k, p,v) is non-negative for some g, it must
attain a global maximum for some p € (0,00), i.e., there exists an equilibrium.
m

EC.6.2. Proof of Proposition [4]

When p <'(0), (i) > (0) > p for all > 0, because ¢’ is a strictly increasing function (recalling
strict convexity of ¢). Thus, ¢(u*) > p for any equilibrium p* > 0. By definition, any equilibrium
n* > 0 satisfies the FOC , where ¢/(p*) > p ensures that the left-hand side of is strictly
positive, implying that the right-hand side of is also strictly positive. Hence, p* < %.
Suppose that p*(k) > 0 is a server equilibrium for an M /M /1/k queueing system for some
k € Zy U{oc}. Then, U(u*(k); A, k,p,v) > 0 (from Proposition . Note that, when p < 2, the
server’s utility function is strictly decreasing in k for all k € Z, U {oco}; in particu-
lar, limy o U(p; A\, k,p,v) < U(p; A\ k,p,v) for all k € Z, when pu < 2. Thus, for any 1 < k' <k,
U(p*(k); A K p,v) 2 U(p*(k); A k,p,v) > 0 (since p*(k) < %). Therefore, there exists some p >0
(namely, p*(k)) for which U(u; A\, k',p,v) > 0. From Lemma |4, we conclude that there exists an
equilibrium p*(k") >0 in the M /M /1/k" system.
m
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EC.6.3. Proof of Theorem 3
Differentiating U (u; A, k,p,v) in (EC.70]) with respect to u yields
Shai(2)

U'(ps Ak, p,v) = E—P o NZ C,(M)_P‘F% (EC.71)
() (Z.(2)) i (2)
_ (v—/\pu) kS (k1) (§)' (%)’“—1 P podu). (BC.72)

(13, @) RSN

(a): When k=1, from (EC.71)),
A 2
v m P A v
U'(us A 1L pv) = <—p> - <0’(u)—p+ ) = <> ~+p) =< (w),
I (14_%)2 1+% A (/\ )

which is strictly decreasing in p € (0,00), with value { +p—¢/(0) when p — 0 and value —oo when

w — oo. Therefore, p*(1) exists if and only if U'(u; A\, 1,p,v) at p =0 is strictly positive; that is,
p>c/(0) — 5. Hence, when p <¢/'(0) — §, p*(1) > 0 does not exist. Then, Proposition 4| implies that

w* (k) >0 does not exist for any k € Z, U {oo}, when p <c'(0) — §.
(b):  When ¢'(0) — ¥ < p < (0), we first note that p*(1) exists from the proof of (a) since
c'(0) — ¥ <p. Then, it suffices to derive the existence conditions for an M /M /1/k system when
k — oo, i.e., an infinite-buffer M /M /1 system. Then, Proposition guarantees that an equilibrium
exists for all k€ Z, U {oo}.

We begin by evaluating the derivative of limy,_ ., U(pu; A, k, p,v) with respect to p, denoted by

(limy, o0 U (3 X, k, p,v))". From (EC.70)),

— <\
Aim U(M;A,k,p,v)={p“ k) H=
— 00

v—&-p/\—%—c(u), w> A
Differentiating the above display with respect to p yields

. . l_ p—c’(,u), MSA’
(kli)r{olo U(,LL7>\,]€>P7U)) - {Zi\ _ C/(M)? u> .

It is clear that
o (limy_oo U(u; A\, k,p,v))" is strictly decreasing in p € (0, ], with value p — ¢'(0) at =0 and
p—c(A) at p=2X;
o (limy_oo U(p; A k,p,v))" is strictly decreasing in p € (A, 00), with value £ —¢/(X) as p— A+
and —oo as p — 00;

o limy_,o U(p; Ak, p,v) is not differentiable at 4= X when p # .

When p < ¢(0), p— c(u) < p—c(0) <0, ie., (limy_,o U(pu;\ k,p,v)) is strictly negative
for all p € (0,A]. This implies that limy . U(u; A, k,p,v) is strictly negative for all u € (0, )]
(recalling that limy_,., U(0; A\, k,p,v) = 0). Therefore, an equilibrium, if exists, must be under-
loaded. Recall that (limy_. U(i; A\, k,p,v))" is strictly decreasing in u € (), 00), the solution to
(limyoo U (s X\, kyp,v)) =0 in (X, 00), if exists, is unique, and a local maximizer. Hence, when

p <c(0), there exists an equilibrium p*(k) > A as k — oo if and only if
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(1) (limp_eo U(p; N, kyp,v)) >0 when g — M- (given that limy_, U(u; A, k, p,v) is continuous at
uw=2N\), and
(ii) The solution p** € (A\,00) that satisfies (limg_ oo U(p*";A, k:,p,v))l = 0 also satisfies
limy, oo U ("5 N kyp,v) > im0 U(0; N Kk, p,v).
Condition (i) can be equivalently written as

% —dN)>0 & v>AN).

For condition (ii), note that the solution y** € (A, o) to (limk_m U(p~"; Nk, p, v))/ = ( satisfies
VA

TERE — (") =0. (EC.73)
Then, limy,_,o U(u*"; A\ k,p,v) > limg_o U(0; X\, k,p,v) = 0 can be equivalently written as
VA

—= T c(u") <v+pA
Substitution using (EC.73)) yields
Pt () Fe(ut’) S vt pA.

(c): When p> /(0). From (EC.72)), note that

k w\? fo—
Hm U’ (p; A, k, p,v) =lim <v pﬂ) + T )(Az) (%) 1—%+p—c’(u)
140 140 1+El ) ‘;)) 1+3F (7)
_v. k (L
g () o
)
_’Uk . n k—1
—7-1;?3 X) +p—c(0)>0, forall k>1,

noting that lim,, (%) >0, and p — ¢(0) > 0 by assumption. Recalling that
lim,, 1o U(p; A, k,p,v) =0, lim, ;o U'(p; A, k,p,v) > 0 implies that there must exist some g > 0 for

which U(u; A\, k,p,v) > 0. Lemma 4] then guarantees an equilibrium.
m

EC.7. Proofs From Section
EC.7.1. Preliminaries A: Asymptotic Properties of Erlang Formulae Under Linear Staffing

We present the following asymptotic properties of the Erlang B and Erlang C Formulae, which are

useful for the proofs from Section

LEmMA EC.12 (Asymptotic Properties of Erlang Formulae). The following hold under lin-
ear staffing .
(a)

A + 1-&
11mErlB<NA,>:(1_M) :{ a H<a
A—00 0 a O, qua
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(b)

and, when p=a,

lim EriC (NA,)\> =
a

A—00

A_nNA

2
where 2 = limy-,oo 4750, 0°(2) = 7 [ e T dt and ¢(2) = e 4

LEmMA EC.13 (Asymptotic Properties of Functions of Erlang Formulae). The following

hold under linear staffing .

HC(NY, A
Bric(N5) = (“_2“)2. That is, EriC (N’\, %) converges to oo linearly fast

(a) If u < a, then limy_, o, S =

as A — 0.
(b) If i > a, then lim,_,., P(A)ErlC <NA,£> =0, where P(\) represents any polynomial in .
That s, ErlC (N’\, %) converges to zero super-polynomially fast as X — oo.

(c) If ’N’\—%’ € O(\ﬂ), then lim,\ﬁooﬁ<
limy e VA ErlB (N, 2) € (0,00).

1-BriC(N*,2)

1—ErlC(N/\,%)
—

> € (0,00) and

a

Proofs of Lemmas [EC.12F} [EC.13

The proofs can be found in Zhong et al.| (2023 with consistent numbering. In particular,
Lemma [EC.12| (b) when p = a requires a substantial amount of effort, which merits a stand-alone
paper |Gopalakrishnan and Zhong (2023).

EC.7.2. Preliminaries B: Limiting Idle Time and Derivative of Idle Time

Building on the asymptotic properties of the Erlang formulae in Section under linear
staffing we derive the limiting values of I*(uy,p) := I(p, s A\, k>, N*) and % as A — 0o
for any gy >0 and p > 0.

ProrosiTiION EC.1. Fizx py > 0. Under linear staffing ,

+
(1—2) 0, u<a,
lim F(Mlaﬂ)zuz{ >

Amroo 1—aya
.U_'_Itl
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ProrosiTION EC.2. Fiz p1y > 0. Under linear staffing ,

OIMNpr,p) 33 (1_7>+ 0, . p<a,

= ={ %(1-

A—00 8/1,1 (1_E+L)2 ”17;)2’ M>a'
Iz

A
For ease of presentation, we denote I*(ju, 1) and w simply by I* and %, respectively;

andletdi\::N’\—<l—%>,dg::di\—p’\:(]\f’\—p) <1——) and C* := ErlC(N*, p*), where
pr=1

Proof of Proposition From in Lemma [2]

A A -1
N N L1-cr  prer ~ ﬁ k2 =N
P = <1+ ™ (p ot (e . (EC.74)
W\ BN
Observe that yx=x >0 (from Lemma [EC.2 j and (1 — (%) > 0 (recalling the
2 1
definition d} := d% —p ) for all A, resulting in all the summands in (EC.74) being non-negative for

all X\. Therefore, I* would vanish in the limit as A — oo even if one of them grows unboundedly
with .
Case (I): If yu < a, then limy o fox = (£—1) " € (—00,0) and limy e C* = oo (from

Lemma [EC.12 @) Using these facts, (EC.74)) implies that lim,_,. I* = 0.

Case (II): If u > a, then lim,_, o, ﬁ = (- 1)_1 and limy_,o, C* =0 (from Lemma [EC.12|(b)).

_ AN
Moreover, lim)_,« Z—i =(£-1) te (0,00) and <Z—i> € (0,1] for all large enough A. Using
2 1
these facts, (EC.74) implies that

-1\ 7! 1—¢
hm]k=<1+u('u—1) > :aiua
A—o0 U1 \a 1—;—‘,—Z

Case (III): If pu=a, then limy . p*+ C = 00 (from Lemma [EC.13||(d)} recalling that when

p=a, p* =2). Thus, (EC.74) implies that hmAHOO I =0.

The proof of Proposition will rely on the asymptotic behavior of £* in relation to N*.

Y Y
k? —N
o€

This requires the following setup. Consider a subsequence X' on which b:=limy/_, d’\/

R U {—00,00}. If b =0, then consider a further subsequence \” on which d’\"% > 0 for all
1

large enough )\’ or dA ’“AT,],V < 0 for all large enough A”. Simply using A rather than A" or A" to
1

denote the subsequence, it is sufficient to consider four cases depending on the asymptotic behavior
A AN A A A A
of d)* d%N D (i) limy o d3 5= € {—00} U (—00,0) and dy* d%N € {—oo} U (—00,0) for all large
c\ e A A arh
enough A; (ii) limy ., dy = d% € (0,00)U{oo} and dj* d%N € (0,00)U{o0} for all large enough A;

(iii) limy 00 d3 kA;%NA =0 and d) kk;%NA € (—o0,0) for all large enough \; and (iv) limy_, ., d3 ’“AdANA =

0 and d} ’“k;XN % €(0,00) for all large enough A. For identical reasons, when p = a, it is sufficient to
1
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consider four cases depending on the asymptotic behavior of d3: (i) limy ., dj € {—00} U (—00,0)
and dj € {—oo} U (—00,0) for all large enough \; (ii) limy_,. dj € (0,00) U {cc} and dj € (0,00) U
{oc} for all large enough X; (iii) limy_ o dy = 0 and dj € (—o0,0) for all large enough A; and
(iv) limy o dy =0 and d3 € (0,00) for all large enough \.

To prove Proposition we need the following auxiliary lemmas, whose proofs will appear at

the end. These lemmas will also be used later, in the proof of Lemma [6]

KA NN
LEMMA EC.14. Under linear staffing , if p = a, then (i) limy <§7> =

>

iy

A A
)\)k —N
1-{ &5
. AN . AN - d
exp (—hmx—m dyk de ) Furthermore, if limy_, .. d) de =0, then (i) limy 0 —f—x— = 1.
1 1 dy =

dq
LeMMA EC.15. Under linear staffing , if p=a and limy_,. d kAgANA € RU{—o0}, then the
r 1
following holds: limy_, (kA_NA> I* =0 (i) for r =1 if limy_od) =0, or, (ii) for all r € N if

X
dl

limy . d3 € (R\ {0}) U{—00,00}.
LEMMA EC.16. Under linear staffing , if p=a and limy_, dg\% € (R\{0}) U{—o0, 0},

. Ao [ kKA —NA \
then Timy . £ (57) I € (—00,00).
2 1
LemMA EC.17. Under linear staffing ,if p=a and either (i) 0 < N* =2 € w(1) or (i) 0 <
2 - N*e O(VA)Nw(1), then limy_, o Y-2r—
2
LEmMA EC.18. Under linear staffing , if w=a and }Nk—g} € O(1), then the follow-
ing holds: limy_,oc(p*)"I* =0 (i) for r € [0,%) if limy_o d@’”;i;v* =0, or (i) for r €[0,1) if
1

12
limy o0 ) '“;%N* € (R\ {0}) U{—o0,00}.

AC)\ I)\
A
d2

LEMMA EC.19. Under linear staffing , ifp=aand0<2—-N*e w(V\), thenlimy_, o 2 €

=120

LemMA EC.20. Under linear staffing (14)), if p = a, limy.d) € (R\ {0}) U {—00,00}, and
T =N

lim ) o d%M =0, then limy_, o (kLNA) (pA) (I’\)2 =0 for all T €N.

A A A 2y
) dj dq dq

Proof of Proposition From (EC.14) in Lemma [EC.5]
A A A A
aIA_)\ A A2 c? PAkiN P)\ A A PAkiN
m Pa=r e (G (- (F) ) E-e - (F)
. 1 Ao AN AN (Y
o) ro-n|-[Grmer]- () e e
where (x) follows by recalling the definition d} := d; — p* and noting that

A A
o MU A Y-
N2 (P P Mgy P 2
") (1 ( ) B3 HI 1-17) BN (I")7, and then

AN AN AN
—C;(k*—N*)(é) At i (ﬁ) o= PO RN (ﬁ) :
i \dy dy dp \dp
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Case (I): If 1 < a, then lim,_,,, —x = 0 (recalling the definition dy := N* — p* — 1+ EL, where
2

N* = %—&— o(A) under linear staffing and p* := %), limy_,. I* =0 (from Proposition |EC.1)), and

lim)y 00 % = (- )_1 € (—00,0). Furthermore, % € [0,1] for all A (from Lemma [EC.2[|(c)).

Using these facts, the first two terms of (EC.75)) vanish in the limit as A — co. It remains to be

shown that the third term follows suit:

APA LA NA /AN RPN
li p C*k N <p ) (I/\)E

1m —
X X X
A—oo  df dy dy

EX—NA kXN EXN—NA 2
Amee @y 4 (1o (db +( (& 1)
PN P \ m=px \ 2% PN d3

. .. . . cr g CA/N _ (a—p)? 1 1)
because, in addition to the earlier facts, limy_, o 3= limy 00 B W/ i) = % —1e€

(—00,0) (using Lemma [EC.13 , limy o0 2% =% <1 (recalling the definition dj := N* — 1+ &1,

BN
where N* = 2 4+ 0(\) under linear staffing (14) and p* := %), (Z—i) <1 for all large enough A,

and limy_, . (k* — N*) (i—i) o < oo (because, even if limy_,, k* — N* = 0o, exponential decay
in terms of k* — N* would dominate its linear growth).

Case (II): If u > a, then the second and third terms vanish in the limit as A — oo, because
limy o é =0 (recalling the definition dj := N* — p* — 1+ ”71 and the linear staffing rule ),
limy oo N;%jp)‘ =(&- 1)71 € (0,00), limy_,,, C* =0 (from Lemma [EC.12 , I* €0,1] for all A,

FRNINSY
limy_, oo é =0 (recalling the definition d} := N* — 1+ %), and limy_, . (K* — N?*) (%) < 00
(noting that limy ;. Z—i =a<l= Z—i < 1 for all large enough A, and, even if limy_,., k* — N* = oo,

1 1

exponential decay in terms of k&* — N* would dominate its linear growth). Thus, (EC.75|) yields

A S(1-=

fim 28 =L g [(1 + i’“) (1 —IA)} = “(“)2
dy p (1 _ay L)
I 1221

recalling that limy_, ., é =0 and limy oo I* = (1-%)/(1 - % + %) (from Proposition [EC.1).
Case (III): If yu = a, then, recalling that N* = 2 4-0()) under linear staffing , it turns out that
|dy| = |(N* = 2) = (1= £1)| € o(X), unlike when y # a, leading to the possibility that limy_,. d3
could be finite. This complicates the analysis. To proceed, we need the following auxiliary claim,

whose proof is delayed until the end.

Cram EC.5. Under linear staffing , if limy,ood; = 0 (implying that u = a) and
im0 ) (k**NA) € (R\{0}) € {—00,00}, then limy .. 1+ = 0.
2

)
dl

We discuss three cases depending on the asymptotic behavior of N* — %
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Case (A): If0<N*—2cw (1) No(A), then limy_,., d3 = oo, which implies that d; > 0 for all
large enough A. Furthermore, ;M >0 for all A (from Lemma [EC.2 . Therefore, the second
and third terms of (EC.75|) are non-negative, which implies that

.o .1 1 p\ oy N
Z < S Y (5 PR} _ —
>\h—£noo Our — Algnoo I [(1 d} a > r-1 ) 0,

recalling that limy_,. d; # 0 and limy_,o, I* =0 (from Proposition [EC.1)). Hence, lim,_, % =0

by non-negativity (recalling from Lemma [EC.4| (a) that lim,_, % >0).
Case (B): If 0< 2 — N* € w(1) No(X), then lim,_,o d} = —oo, which implies that d3 <0 for all
large enough A. We investigate the three terms of (EC.75|) separately and show that each of them

converges to 0 as A — oo.
e The first term converges to 0 as A — oo, recalling that limy_, .. d3 # 0 and limy_,,, I* =0 (from

Proposition [EC.1]).

e For the second term, we further discuss two cases.
—Case (B-1): If0< 2 - N* e w(1) NO(V\), then, by regrouping the terms, we can write

i 2 L=C (e Hm(fl )(\/p—wck )P:o,

A—)oodANA—p

because limy_, % =0 (from Lemma [EC.17)), limy . \/pjj\lﬁ_f:k is finite (from
Lemma noting that p* = 2), and I* € [0,1] for all \.
—Case (B-2): If 0 < 2 — N* € w(VA) No()), then, by regrouping the terms, we can write
p/\ 1—-C*

i o (P = i (PG ) G e =0
because lirn,\HOO ”AS# is finite (from Lemma [EC.19)), lim,,,,C* = oo (from
Lemma [EC.12 , and o X € [0,1] (from Lemma [EC.2 @ and I* €[0,1] for all .

e For the third term, we further discuss two cases depending on the value of limy_, ., d L dAN *
—1If limy_, o dj "AdANA =0, then the third term converges to 0 as A\ — co by Lemma [EC.20|
—1If limy o0 d3 kA NA € {—o0} U(—00,0), then the third term converges to 0 as A — oo by

Lemmas m and [EC.I1dl

Case (C): If [N*—2| € O(1), we further discuss three cases depending on the value of limy_, . d3.

— Case (C-1): If limy . d3 € (0,00) U{oo}, the arguments are identical to those in Case (A).

— Case (C-2): If limy_, o, dj € {—00} U (—00,0), we investigate the three terms of
separately and show that each of them converges to 0 as A — oo.

e The first term converges to 0 as A — 0o, recalling that lim,_, ., dj # 0 and limy_,, I* = 0.
e The second term satisfies
A A
oA=L a2 1—0 1
Alinio@zkapk(]) _Alinio((p) I) VO a0
by applying Lemma [EC.18/ and Lemma [EC.13 and noting that limy_,.. d3 # 0.
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e For the third term, the arguments are identical to those in Case (B).

— Case (C-3): If limy_,,, dy =0, then we further discuss three cases depending on the value
of limy o0 351

o If lim, . dj kA N2 ¢ (0,00) U {00}, then

fim O < fim L 1+iﬂ "1 —1*) ¢ = lim iﬂ(1—ﬁ)+l(1 F)p =0
- da 1 A—o0 fiy t dy 7

where the inequality follows for the same reasons as those in Case (A) and the last

equality follows from limy_,.. I* =0 and Claim [EC.5, Hence, limy_, . % =0 by non-

negativity (recalling from Lemma [EC.4] (a) that limy_, . % >0).

o If limy . d} kA e {—o0} U (—00,0), we investigate the three terms of (EC.75|) sepa-

rately and show that each of them converges to 0 as A — oo.

* The first term satisfies

: ii P2 o SRR A1 TA Hi o o »n
lim (14 "1-I"=lm I"Q-IY+—01-I")—= =0,
A— 00 d2 17

A—o0 1 d3

recalling that lim,_,, I* =0 and by Claim [EC.5

* The second term satisfies
A A
PN 1-0* 1-C
)\h_)OO & N o~ (I)‘ = hm (\/ IA) <\/ A ) d>‘ =0,
by Lemma [EC.18| Lemma [EC.13 and Claim

x The third term converges to 0 as A — oo by Lemmas [EC.15] and [EC.16]

kAdXNA =0, then, from (EC.75)), when u=a,

o If lim,_, . dj

A A1 XA LA ATA AN k=N
(s k) - e 2R ()
H s 2 da dq

(I/\)2 p)\c)\
dy  dy

where (x) follows from (EC.74)).

Note that we can write

N AN N AN N
I _(1_9% _ A _dx
(&) =(-3)  =eo(te-v)m(-5))

=I'1-1")+

A A AN RPN
1- (1+ko o - N ) <27) ] , (EC.76)
1 1
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Using the properties (i) —1*= <In(l —2) < —x for all z <1 and (ii) exp(z) is an
increasing function of x for all z € R, we then obtain

A A
(R Nk) (pk)k -N ( R Vo)
A A
exp | —do——— | < | = <exp|—-dy———
( o dy R

o 2 AN RPN A A ad A AN 2
W BN =N e Ak — N2 p AN =N eo2 N
= 1-d; T+ o1 —dzT =< a& <1—dzT+ T G A e

o @71 d)‘kA NA d>\ dAkA N 2+6af ﬁ 2 d)‘kA N2 1+d)‘kA NA
P P4 A\ 4 2l \ p P4 a4
AN A 2
k)\ N)\ p)\ k N k)\ N/\ o2 k)\ _ N)\ k)\ N)\
A A A
(a0 () - (8F) ey (855 (ratF)
A A
BN~ N 2 £02 BN VA BN VA o k* =N
dy~— " 1+dy 22— )| <1—-(14+dy=—" =~
= (a5) [T (et ) = (a5 (5
A AT A by AN 2 al A A A
c@pF N B (pR NN et -
dipr P dy 2l p* dy
™2 Ao kA 2 ea/\ BN N
;s(dk) pdA (d2 = ) 1—7<1+d§7d )
2 2 1 1
AN
B o F
1 dA7 —
- (et5) (5)

R Vo) ([A)Q p’\C’\ > X N2 eai\ 2 R Yo
<o ~——rnr 2ldyt——) |1-=-—% dy——
<ro (S5 )+ G (45 o TR

where (}) follows from Taylor’s expansion for the function exp(z) at z =0 up to the

[)\)2 pAC/\

(
<
T ody 4

. (BC.7T7)

first two terms plus the remainder, according to which |a}| < |d} kA = . % and \aQ\ <
dy kA ‘ Since limy o d3 kL =0 (by assumption), it follows that elther BN S

for all large enough A or dj i

<0 for all large enough A. We complete the proof under
the former scenario; the proof under the latter is identical, except that the inequalities

in the next step are reversed.

Note that limy_,« dg\% = 0 (by assumption), limy_ . I* = 0 (from Proposi-
tion when p = a), limy_,., C* =1 (from Lemma Im'm recalling that ‘N’\ — 2‘ €
O(1)), limy_e0 ’f*;%N* =0 (from Lemma [EC.14| (i)), limy oo % =1, 0 < limy 0 [0} <0

and 0 < |ay| < 0. Moreover, from (EC.74)) when p = a,

2 A A 2
( )\)2 p/\C}\ )\k/\_NX o N )\k - N N
S S —JEEOC Vet
a1 CA NI Ny
= lim c* L + B \/ _|_ c? M (2 -0,
Ay 00 / k>‘ NA k>‘ NA NA ,Ul d)\ k>‘ N di\
(EC.78)

because all three terms within the square bracket in the above display are non-negative,
limy_, ., C* =1, and in particular, the third term satisfies

=N
A
lim C*v/p — | =
/le Ay 00 dk k)\ AN>\ )
a3
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\ EA—NA
1— %)
a1

A EA—NA
=X

Based on the above facts, (EC.77) implies that

A A

RN N2 p>‘ k? =N
1—(1+d) L =0.
<“ 2 )(d%) 0

Hence, from (EC.76)), limy_, % =0, recalling that limy_,., I* =0.

recalling that limy_,.. C* =1 and limy_, =1 (from Lemma [EC.14] (ii)).

A2 A A
lim ()" pC
A—00 d%‘ d%‘

Proof of Claim We first note that limy_,. d3 =0 implies p=a and limy oo N* — 2 €

(—o00,1) (recalling dj := N* — % — (1= %)), in turn, implying |N*—2| € O(1). We discuss the
AN
1

Case (I): If limy ., dj ’“A;ANA € (0,00) U{oo}. Then, from (EC.74), when p=a,
1

-1
pA]>\7 @_’_ a d2 1—0 —|—ic’>‘ . (IDA)kANA
N N*—p pi d? '

following two cases depending on the asymptotic behavior of d3

Note that limy_,. di 0, hIn)\_m—A 0 (since limy ;o dy = 0), limy o /p o
(0,00) (from Lemma [EC.13 m . notlng that |[N*—2| € O(1)), and limy o C* = 1 (from
A AN N

KA —N* —limy_,d
Lemma [EC.12[|(b)). Moreover, note that limy_,., (%) —e 774 ¢ [0,1) (from
1
Lemma [EC.14| (i)). Thus, it follows that lim, . ”Z—{ € [%1, oo). Then, it is clear that limy_, . ;—i =
2 2
hm)\—>oo %

=0.
P dy
Case (II): If limy_, . d3 ’“A N2 ¢ {— 50} U(—00,0). Then, from (EC.74), when y=a,

1-c* a ,0A RN
Ay A X XX
_ _ 1— (&
d dzp e k—i— 1C’ P ( ( A)

Note that the first two terms in the square bracket in the above display are negative and g’\ N 1
k* =N —limjy d%‘ EZ—N
— 00 dA

=e€ S

AI/\

—1
I>‘
dA N

A
dl

(from Lemma [EC.12)|(b)|) as A — oo. Moreover, note that lim_, ., (p—

d)

=3

AN
(1,00] (from Lemma [EC.14| (i)), which implies that limy_,., p* <1 - (—) ) = —oco. Then, it

is clear that lim,_, . (IT: =0.
2

Combining both cases, it follows that limy_, é—i =0. m
2

We now proceed to prove auxiliary Lemmas [EC.14HEC.20)
Proof of Lemma [EC.14k
(i): First, we recall the definition d} :=d} — p?*, Where d} = N* =145 =2 4+ 0(\) =1+ £L under
linear staffing . This implies that limy_, ., %2 E =0 (recalling that p* = % when = a). Next, we

can write
—d) EA—NA

p>\ kAN dA N dA ﬁ d/\
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AN —limaseo d "‘Ad}f"k
7 R ] : R N2
= (5) =l (%) =o (- Jim ).
(ii): First, we recall the definition dj := d} — p*, where d? := NA 1+ 5> 0 (since N* > 1, uy >0,
and g >0) and p* := 2 >0 for all A > 0. This implies that < 1 for all A > 0. Next, we can write

A\ KA A\ K- A
P ds d;
(@) (-8 - (“““W“ (-5)):

Using the properties (i) — % <In(1—x) < —z for all x < 1 and (ii) exp(z) is an increasing function
of z for all x € R, we then obtain

A A
K> — N> M K — N
A P A
exp( e )S(E) = oxp (_d2 4y )

A AP 2 Ay EN-NA A A ad A AT 2
_ak N)SL) <1—d§k N+e2(_d§k N)

4} 2!

P k*—N> < BN NN el 2 BN N\ 2
£ > o T
p : P

A A o) A A7 Ay AN A A A o) A ATA A
o (1—62(@'C N>><1—(") <a” Ndl(l—el(d;k Ndl)>7

dy dyp

(EC.79)
) at £ =0 up to the first two
and || < ‘d’\kLNA‘ Since

)

where (%) follows from Taylor’s expansion for the function exp(
k* > dp
X

terms plus the remainder, according to which |a}| < |d)

AN K>

=0 (by assumption), it follows that either d’\ 2> 0 for all large enough A

hm)\ﬁoo dA

or d’\k ;A N for all large enough A\. We complete the proof under the former scenario; the
proof under the latter is identical, except that the inequalities in the next step are reversed.

Dividing (EC.79) throughout by d”“ , we obtain, for all large enough A,

€2 [ k*— N 1*(71)]&_1VA &, ded [N

Recalling that df = N* — 1+ 5L =2 4 0()\) — 1+ under linear staffing ani th?t pr=2
when = a, it follows that lim,_,., 2 = 1. In addition, recalling that lim,_,. dkw =0 (by

=limy_, e o3 =1. Using these facts, li 1mplies that

assumption), it follows that limy_,. e

> AN A BN N
1<limL<l = hmdi\—:L
~ Ao dAEA=N* - Ao 00 A FA =N
2 d{‘ 2 di\

Proof of Lemma [EC.15; By assumption, we know that limy o dy 5 k 7NA € RU{—o0}. We discuss

three cases depending on the values of limy_,, d’\ * and lim,_,o. dé\.

d)\
Case (I): If lim) d’\’§ N £ R and limy_, o dy € (R\ {0}) U{—00, 00}, then, by multiplying and

dividing by (d3})", we can erte

= NM\" 1 VEN=NAMT
( 7 ) I :(d;)’“ <d2 7 ) I"=0 VreN,
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recalling that when p=a, limy_,o, I* =0 (from Proposition [EC.1]).
For the remaining two cases, we first use (EC.74) with p = a to expand

PRGN A1
NN (_d e 1-C @\, ha (Y T4
& N> ) TP N = ) \ B — N ’ m & 4 \FF— N '

(EC.81)

AN
Next, observe tha (from Lemma [EC.2 } and d% (1 — (Z—i) ) >0 (recall-
2 1

ing the definition d} :=d} — p*) for all A, resulting in all three terms within the square bracket
of being non-negative for all X\. Therefore, when A — oo, in order to show that the expres-
sion in vanishes, we need only show that one of these terms diverges to oo. For the
remaining two cases, we focus on the third term, which can be multiplied and divided by (d3)" and

EN—NA 2 —r
a oA\ U ﬁ k?i
A (d2) (1 (d%) ) (d2 & ) . (EC.82)

Case (II): Suppose limy_, o, d) kA NA € R and limy_,, dy =0. First, when r =1, (EC.82) becomes

expressed as

EN—N*
£ ACH —1_(5%) (EC )
. .83
u1p dg’“*;g‘”

Next, note that limy_,. d3 =0 implies that limy_,oc N* =2 =1—- £ = }N* — 2} € O(1) (recalling
that when p=a, dj = N* — 2 — (1—4)); therefore, limy oo C* =1 (from Lemma [EC.12{((b)).

A A
XN
AEN— dq

E R implies that lim,_, .

Furthermore, limy_, ., d5 0 (from Lemma [EC.14]|(i)).

1
2

Therefore, as A — 0o, the expression in diverges to inﬁlnity because p* — 0o, as desired.
Case (III): If limy .. d) kk;%N = —00, then d’\k > <0 and dy < 0 for all large enough A. The
latter implies that either 0 < g — N*ew(l) or ’NA 2’ € O(1); therefore, limy o, C* > 1 (from
Lemma [EC.12 . Furthermore, d3 < 0 for all large enough A also implies that % <0 and % >1

for all large enough A (recalling the definition dj :=d} — p*).

Next, we can write

AN\ KA—NA A A
P d; d
() =0-8) " e 5))

Using the properties (i) In(1 —x) > —3% for all z <1 and (ii) exp(z) is an increasing function of
x for all x € R, we then obtain

PN A AN ¢ at A AN 7L

P )\k 1 /\ N e /\k N

r_ > s — [ =

() zew(-a"5 ) Z'( ) e (8

A_ A r r r

S ((2Y T L)yt (- L= NEAY dL Ny
d} — il P r+1 o P

(%) 1 )\k./\
> EC.84
2 (o ) ( ) (B84
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where (%) follows from Taylor’s expansion for the function exp(z) at x =0 up to the first r + 1

B N
o

terms plus the remainder, according to which a* € (O, —d) >; and (xx) follows by recalling

that d3 kA;AN % <0 for all large enough A and noting that e > 1 for all large enough .
1

Recalling that Z—i >1 and d} kk;AN 2 <0 for all large enough A, it follows that both sides of the
1 1

inequality (EC.84) are strictly positive for all large enough A. Using (EC.84)), we can write

=) ) () ey
3 a d3 4

1 =N fa\ !
S CESY <*d2 2 ) <p7 | (HC.85)
A
Recalling that limy_, o dgktif\ﬁ = —oo (by assumption) and noting that lim,_,, i—i =1 (recalling
1

that df = N* —1+4 & = 240N -1+ 1 under linear staffing and that p* =2 when p=a),
the right-hand side of (EC.7.2) diverges to co in the limit as A — oo, implying that

1_<£ kA — NN (d)\k)\iN/\)*r
3 o
Recalling that limy_,., C* > 1 and using (EC.7.2), the expression in (EC.82)) diverges to oo

(i) for r =1 if limy o d3 =0 and (ii) for all r € N if limy ., d3 € (R\ {0}) U{—00, 00}, as desired.
m

- 0. (EC.86)

Proof of Lemma [EC.16; From (EC.74)), when u=a,
PO (AN [ @\ e a imer a N\ (a\Y\]
dy \d} e\ 1 CX N* —p> \ p? pr \ \

A AN BN=NA N N W\ BN =N -1
1—
- fﬂ(%) + = (dz’kkckﬂ) (d;> 1Y . (BECS8Y)
prC* \p p | \C* N> —p P

We first evaluate the limit of the second term within the square bracket in (EC.87). Note that

k" —N

a2 1—c> a2 1_cA 1 ar KA —N* limy 00 d%‘ Y
g2 1- — 2 - i 1 d
CX N A—p» N _px X — limy o0 o) 1 and <px) — e T, as A=~ (from

Lemma [EC.14] (i)). Then,

A A
) dy 1-¢c* d? kO=N ) 1 limy_, oo d B2 =N
i (Gwmt) (3) () b (FC:58)

In suffices to show:

i A A
. Ly limasee dg B
(i) (hnr1>\_>OO a) e £
AN AN . A kN—NA
(ii) lim & (4 =0, or lim 4 (4 and (lim =) A |
A—00 p>\0A p)\ 9 A—00 p)\cO\ p/\ A—00 CA

share the same the sign.

Recall that, by assumption, limy ., dj kA;ANA € (R\ {0})U{—00,00}. We discuss the following
1

three cases depending on the asymptotic behavior of N* — % These are Case (I) 0 < % — N*¢
w(1)No(A), Case (II) 0< |2 — N*| € O(1), and Case (III) 0 < N* — 2 € w(1)No(A).
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Case (I): If 0 <2 — N* € w(1) No(X), then limy_,oc C* € [1,00) U {oo} and limy_,. d3 kAdANA €
1 limy_, o0 dé\ k/\d)\NA

ox € [0,1] and e

{—o0} U (=00,0). Then, lim,
dé\k)‘ N)‘

5 B (o AN ‘
€ [0,1). Moreover, limy_,., —~ox (pj) < 0. Therefore, both (i)

€ [0,1), implying that

limy_; o0

(lim,\ﬁoo 5) e
and (ii) hold.
Case (II): If 0 < |2~ N*| € O(1), then limy ,.oC* =1 and limy .o d)"=N" NA e R\ {0} U

A A

. AkEN=N

1 limy o d3 )
-~ =1 and e 1

{—00,00}. Then, lim, . € [0,1) U (1,00) U {oo}, implying that

3 6

; Ak
limy ;o0 d ax
1

(imy—o ox) € €[0,1)U(1,00) U{o0}. Hence, (i) holds.

N N k)\ NA
o If lim,.od) € {-oo} U (—00,0], then hmHmp;%(%) < 0, and
li @) BN
L)elmkﬁoo 2 d>\

(llm)\—N)O CcA

A N
o If limy,.d) € (0,00) U {oc}, then anmi(@) > 0, and

€[0,1). Therefore, (ii) holds.

A A

: AET—N
1 limy_, o d2 ax
) e 1

(Hmy o0 25 € (1,00) U{oo}. Therefore, (ii) holds.

Case (III): If 0 < N* — 2 € w(1) No(}), then limy . C* € [0,1] and lim,_,. d} kAdXNA €

lim Hood)\ KA—NA
(0,00) U {00} Then, limy s s € [1,00) U{oo} and e TR 2 (1,00) U{oo}, implying that
limy oo d%‘kdf)\N

A A BN
(lim) 00 a) e € (1,00) U {oo}. Moreover, limy_, ;‘lCO‘ (i—i) > 0. Therefore,

both (i) and (ii) hold. m

Proof of Lemma From (EC.74)),

\/ip [\? 0 \FdA<NA k>+ Cx\ﬁ<1_(fl;)mw>1_l, (EC.89)

(i): If 0< N* — 2 € w(1), then d} >0 for all large enough X. We rewrite (EC.89) as

A_pNA -
Vor 1 |dy  a A( dy ) @ <P)‘)k

= 2. 21-c + 2o 1- (5
dy v lp* ul( ) NX=p*) dq

Note that limy . % = 0, limy e 2r = 1, limy o C* € 0,1] (from Lemma [EC.12{|(b)), and

A NN

kAN “limy oy d
limy o (%) —e 774 ¢ [0,1] (from Lemma [EC.14| (i)). Thus, the terms within

N
d3

(ii): If 0 <2 — N* € O(VA) Nw(1), then d) < 0 for all large enough A. Since dy = dy — p,
all three terms in (EC.89)) are non-positive for all large enough A. Furthermore, note that
limy 00 \/p* (]\1,;3;) € (0,00) (from Lemma [EC.13 , implying that the second term diverges

the square bracket in the above display are all finite, which implies that limy_, .

A
to —oo as A — oo (since |d;y| € w(1)). Therefore, limy o, i =0. m
2
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Proof of Lemma [EC.18: From (EC.74)), when u=a,

Y N -1
1 a 1-C* a c* p>\ e
AT — L& FI e N et T () . EC.90
) l(pA)T PRGRERD Ce SRR dy ( !

Note that limy ., C* =1 (from Lemma [EC.12 and |d3| € O(1), implying that limy_,. %; #
2
0. Note that 25 € [0,1] for all A (from Lemma [EC.2 and, since dy = d} — p*,

N/\,pA

EA—NA
L (1 — (”A> ) >0 for all A. As a result, all three terms within (EC.90|) are non-negative for

@ a
all \.
(i): If limy oo ) =N = 0, then, note that
1
1-C* 1-C* 1_ 1
. Ay1—r 1 X Ma2T" = -
i ) = i (VIR ()= e o).

since /p* ]\1];_0; € (0,00) (from Lemma [EC.13|(c)|). Thus, the second term of (EC.90)) diverges to

00 as A — 0o, which implies that lim,_,(p*)"I* =0 for all r € [0, 3).
(if): If limy o0 dg% € (R\ {0})U{—00, 00}, then, note that

O A\ RN
Alixr;o(p*)lfrd—A <1 - (ZA) =00, Vrelo,1),
2 1

A A
—limy 00 d% o

kAN
recalling that limy_ o %i %0 and lim,_, (Z—i) =e a # 1 (where the equality
2 1
follows from Lemma [EC.14| (i)). Thus, the third term of (EC.90)) diverges to oo as A — oo, which
implies that limy . (p*)" I* =0 for all r € [0, 1). m

Proof of Lemma [EC.19: From (EC.74)), when u=a,

A A AN RPN\
d%ix+i AdQ A(lx_l)"'a 1_<pA)
prC* g NA—pr \C H1 dy

-1
@1 af @ (1N ) oe (T
pr C* oy \N*—p* \ C* p \dp '

Note that i—% —0, C* = oo (from Lemma [EC.12|(b)| when 0 < 2 — N* € w(v/A) (by assumption)),
A KA =N —limjy d)‘ikA_NX
) —e TR ¢

PO !
dy

B (since 0 < 2 — N* € w(v/A) (by assumption)), and (”

N)‘—p)‘ 7‘1%
AOATA
CcI
€ [-4,0]. ||||
dy a

[1,00], as A — oo (from Lemma [EC.14| (i)). Hence, lim,_, ., 2

Proof of Lemma [EC.20; By multiplying and dividing by (d;)ri1 and regrouping the terms, we
can write

pACA k)\_N)\ T ﬁ kNN (IA)2:p>‘Ok k‘>‘—N>‘ E kNN (IA)2 d)\]{A—N)\ r—1 1
a\a ) \a B @ \d4 ) @
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r—1
Note that lim,_, (d% kA;ANA) € {0,1} (because limy_, 4, a@kkgifvA =0 by assumption and r € N),
1 1

and limy_, o —yo— € (—00,00) (because limy_,o d) # 0 and r € N). Therefore, to complete the

(d3)
AN
. . prcr AN [ )2
proof, it suffices to show limy_, 3D ax (I*)?*=0.

Using (EC.74]) and after algebra, when u = a,

-1
PCY RN - N (P*)kwx ()2
dy df  \d4}

A A A A
di\ kN—N ) ) di\ kN—N WA NA 2
(d3)? (PT> a 5 1-C* a A A (PT) o

PO |y 't NX—pr m =
A A
di\>k —N AN
a (pT p/\ a , 1-— c*
+2—d) | ~—L—— 1-— () <1—|— — | . EC.91
1 2 d%‘ kA;AN% ( di\ Mlp NA— ( )

Note that each of the three terms in the above display either has the same sign as dj = d} — p*

or is 0 for all A\. Furthermore, when examining the third term, we note that

(di‘ kAN PN A

21 —N A
N )i ([ a  1-C*
i\ | g (1 () )(“M N

3

(i)

W NP 1 o KN—N?

i\ - (dT) a y1-C*\|w

I A 1 1 PV SZEEH

—am |k <pA> dy B2 <1+M1p NA—M) e ’
1

1. 1-Cc*
dy [14+—\
2< +M1 N’\—P’\>

A—o0

p

lim)y o d) ’“A;AN — by assumption), from Lemma [EC.14] and by recalling that p* = %; and
1

(i) follows because limy ., d) # 0 (by assumption) and from Lemma [EC.13|[(d)} Therefore,

XA LA A A A -NA
pdg\j k ;}\N (ZT) ([A)2]—1 = oo, or, equivalently,
2 1 1

. . . d3 KA =N . N
where (i) follows by noting that limy . (—i) = exp (hm,\ﬁOo dy = ) = 1 (because
1
A

from (EC.91), it follows that [lim,_,

NeA A wd £ oA KA =N
linmy o 262 2= (P ) ()2 =0. n

A A ax
d2 dl dl

EC.7.3. Preliminaries C: Properties of the Limiting FOC

Recall the limiting FOC is
a2’ a al”
c/(,u)—p(l— [1—‘“2] ) —H)E [l—lu] . (EC.92)
Let

2
h(p; a,p,v) = % <p+ °- Z) , p>0. (EC.93)
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Then, (EC.92)) can be written as

] P, p<a,
_ EC.94
¢ ) {h(u;am,v), ©>a. ( )

()

; j /—'(m
c'(0) c'(0) c'(0)
h(@)=p r h(a) = p h(a) =p 3
h(w) Kh(ﬁl) h(u)
0 a évz 27';1/ # 0 W . o # 0 Vg !
W+ PG 2+ p+l p+2 Pty
M p<s D) sz <p<2 1D p= 2

Figure EC.4  Illustration of the left-hand side (solid blue curve) and the right-hand side (solid black and solid
red curves) of the limiting FOC (EC.94)), suppose p < ¢/(0).

The next lemma provides properties of h(u;a,p,v). We might suppress the dependence of

h(p;a,p,v) on a, p and v henceforth, when the context is clear.

LEMMA EC.21. The function h(u;a,p,v), defined in , satisfies the following properties:
(a) h(w) is strictly increasing in u for u € <0

3v
(52 00)

(b) h(w) is strictly concave in p for u € <0 2”2), and strictly convez in u for u € ( T ,oo).

’zpi”%v>, and strictly decreasing in p for u €

’ pt

2 ), and strictly increasing in a> 0

(¢) h(u;a,p,v) is strictly decreasing in a>0 when p € (0, B+ T

when | € ( Bpr T )
(d) h(p;a,p,v) is strictly increasing in p>0 for all p € (0,00).
(e) h(u;a,p,v) is strictly decreasing in v>0 when p € (0,a), and strictly increasing in v>0 when
we (a,00).
Proof of Lemma [EC.21}

(a): Differentiating h(u) yields

which is strictly positive when p < . This implies that

and strictly negative when u >

+2v7 +2v

h(p) is strictly increasing in p for pe€ (0

'3 +2v> and strictly decreasing in p for p € ( +2U ,oo)

(b): Differentiating h(u) twice yields
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which is strictly negative when u <

+u, . This implies that

h(p) is strictly concave in p for p € (0 and strictly convex in u for p € (p TT ,oo)

i +’U
(c): Differentiating h(u;a,p,v) with respect to a yields

Oh _ 2a v v 1 2av
— p—— | +—5= 2ap+v—— |,
da I N U I

2v
2p+2

which is strictly negative when u € ( , Gy

, and strictly positive when p € ( > This

implies that h(u;a,p,v) is strictly decreasing in a >0 when p € <0, ﬁ), strictly increasing in

a >0 when p € {2 +U,oo)

(d): Differentiating h(p;a,p,v) with respect to p yields

oh

on _a
Op 2”7

for all p € (0,00), which implies that h(u;a,p,v) is strictly increasing in p >0 for all p € (0, 00).
(e): Differentiating h(u;a,p,v) with respect to v yields

Oh _a® (1 _1
ov u2\a p)’

which is strictly negative when p € (0,a), and strictly positive when p € (a,00). This implies that
h(p;a,p,v) is strictly decreasing in v > 0 when u € (0,a), and strictly increasing in v > 0 when
we (a,00).

m

EC.7.4. Preliminaries D: Auxiliary Definitions

In this section, we introduce auxiliary results that will be heavily used in the proofs of all the results
from Section except that of Proposition [ Noting that they all rely on Assumption
throughout this section, we implicitly operate under this assumption whenever it is necessary.
We begin with u'(a,p), which is the unique value of pu € [a, ga) that simultaneously satisfies
c(p) = h(p) (the limiting FOC for underloaded or critically loaded equilibria) and ¢’ (u) =
h'(u), for a given a >0 and p € [0, (a)]. In other words, ¢/(u) and h(u) are tangent at pf(a,p), as
illustrated in Figure [EC.5] (I)(II). v'(a,p) is the unique value of v that induces uf(a,p).

DEerINITION EC.1.
(a) For any a >0 and p € [0,c(a)], p'(a,p) € [a,3a) is the unique solution for p € [a,00) that
solves
12

a3 [(3a—2p) ¢ () — (1 — a)puc” (1)) = p. (EC.95)
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(b) For any a >0 and p € [0, (a)],

(a 3
o (a,) = P (o0 (0, ) 4 ) 0 ,) (EC.96)

REMARK EC.1. For any a > 0, when p = ¢/(a), p = a solves (EC.95)); therefore, by uniqueness,
pi(a,d(a)) =a. Then, (EC.96|) yields v'(a,c'(a)) = 2ac (a) + a*c”(a).

REMARK EC.2. For any a >0 and p € [0, (a)], v'(a,p) > 2ap.

LEMMmA EC.22 (Validating Definition [EC.1)). For any a >0, the two equations h(u;a,p,v) =

() and b (p;a,p,v) =’ (1) are simultaneously satisfied (i.e., h(u;a,p,v) and () are tangent)
for some p>0, v>0, and u>a if and only if p<c'(a), v=2v'(a,p), and p=u'(a,p) € [a, %a).

i
LEmMA EC.23. For any a>0 and p€ [0, (a)], a < u'(a,p) < % < Za.
op+ 201 (@:p)

LEMMA EC.24. For any a >0 and p € [0,d(a)], ¢ (u) > h(p;a,p,v'(a,p)) for all p € [a,00), with
equality holding only at u= u'(a,p).

Next, we revisit the piece-rate payment thresholds p'(v) and p*(v), introduced in Theorem 4 and
Proposition [3| (and used in Proposition , respectively.

DEeFINITION EC.2.

(a) For any v >0, p'(v) is the unique solution for p € (¢/(0),00) that solves

N— 1 N — 17 _ v
p()(0) + 5 @) () ) = & (BC.07
This is identical to the definition in Theorem [l
(b) For any v >0, p*(v) is the unique solution for p € (p'(v),c0) that solves
\—1 v
p(c) ™ (p) =5 (EC.98)

This is equivalent to the definition in Proposition

REMARK EC.3. When v =0, (EC.97) is satisfied only when p = ¢/(0), due to the strict convexity
of ¢. As a result, lim,op'(v) =c/(0).
REMARK EC.4. pf (vi(a,d(a))) = ¢ (a), or, equivalently, v’ ((¢')~*(p(v)),p (v)) = v.

LemMmA EC.25 (Validating Definition [EC.2)). For any v >0,
(a) there exists a unique solution for p € (¢/(0),00) that solves .
(b) there exists a unique solution for p € (p'(v),00) that solves .

The following result provides some useful monotonicity properties of the quantities defined in

Definitions [EC.1] and [EC.2
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LEmMmA EC.26.

(a) p'(a,p) is strictly increasing in a >0 and strictly decreasing in p € [0, (a)].
(b) vi(a,p) is strictly increasing in a >0 and strictly decreasing in p € [0, (a)].
(c) p'(v) is strictly increasing in v > 0.
(

(d) p*(v) is strictly increasing in v > 0.
DEeFINITION EC.3. For any v > 0 and p € [0,p'(v)], @(p,v) is the unique a > 0 such that v'(a,p) = v.

REMARK EC.5. For any v >0 and p € (0, p'(v)], it follows, from Definition and Remark
that v > 2a(p,v), or, equivalently, a(p,v) < 3.

LEMMA EC.27. Fiz p>0. Let A(p):={a>0:c(a) >p} and V(p) :={v>0:p'(v) >p}. Then,
vi(a,p): A(p) = V(p), given by (EC.96), is an invertible function.

CorOLLARY EC.4 (Validating Definition [EC.3)). For any v >0 and p € [0,p'(v)], there ewists

unique a >0 such that v'(a,p) =v.

CoroLLARY EC.5. For any v>0 and p € [0,p'(v)], v <v'(a,p) if a >a(p,v); v=1vi(a,p) if a=

a(p,v); and v>v'(a,p) if a<a(p,v).

W

c'(w ¢

(0 |
b [ r'®)
i ¢(0)

h(w)

, 1 h(w)
0 ) / wr@p) ~n 3p 0 ﬁ(p*. v) = ut@ph o 3w 0 > I
2+ P @) =5

(D) p<pi(v) (ID) p=p'(v) (IIT) p=p*(v)
Figure EC.5 Illustration of uf(a,p), p'(v), p*(v) and @(p,v). Note that v = v’ (@(p,v),p) in (I) and (II).

Proof of Remark Recalling that c is strictly convex and puf(a,p) > a, from (EC.96)),

WC’(MT(a,p)) + WC”(MT(%?))

> 2ac'(a) + a*c’(u' (a,p)) > 2ac (a) > 2ap,

UT(QJ)) =

where the last inequality follows because p < ¢(a). m
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2

Proof of Lemma [EC.22: Recall, from (EC.93), that h(u;a,p,v) = . <p—|—§—ﬁ> for all

i) are equivalent to

/!

i > 0. Therefore, the two equations h(u;a,p,v)=c () and h'(p;a,p,v)=c

a? voow a? (3v 2w
Sttt wma (22 ) e, (EC.99)

respectively. Combining these two equations by eliminating v, we obtain
2
E (Ba—20) ¢/ (W)~ (= a)ue” (w)] = p,
which establishes (EC.95)). In order to study the properties of solutions to (EC.95)), we differentiate
its left-hand side with respect to u:

(25 13020000 - o= e )]

= % [(3a—2p) ¢ (1) — (1 — a) uc” ()]

W

+ 5 (726 () + (3a = 2p)c” (1) — pe” () = (n — @) (" (1) + pc™ ()]
= _7#(;;3— %) (6 (1) + 61" (1) + 12" ()]

which, under Assumption (1} is strictly positive for € (0,a), zero at u = a, and strictly negative
for pu € (a,00). This implies that the left-hand side of attains a global maximum value
of ¢(a) at u = a; therefore, is true for some p > 0 only if p < ¢/(a). Next, observe that
the left-hand side of is strictly decreasing in p for u € [a,00), becoming negative at some
1 € (a,2a); therefore, given any p € [0, (a)], admits a unique solution for u € [a,0),
denoted by uf(a,p) € [a, %a). Finally, combining the two equations in by eliminating p
(instead of v), we obtain
9o "
oz (2 (u) + pc” () =v,
which, after plugging in = pu'(a,p), establishes ; consequently, given p € [0, (a)], v'(a, p)

inherits its uniqueness from uf(a, p). m

Proof of Lemma [EC.23; From Lemma [EC.21| (a), it follows that h’(u;a,p,v) > 0 if and
only if pu < —2%-. By definition and from Lemma [EC.22, given a > 0 and p € [0,c(a)], when

2p+22
v=0'(a,p), u'(v,p) € [a, 2a) satisfies W' (1" (a,p); a,p,v") =" (u') > 0 (due to the strict convexity

30l
20t 7
a

of ¢); therefore, uf(a,p) < ; which is naturally no greater than 2 for any p > 0. m
P

Given a > 0 and p € [0, (a)], when v = o, it follows from

EC.24

Lemma [EC.23|that uf € |a, —32 > satisfies ¢/ (u) = h(u') and ¢’ (u') = ' (u'). Observe that:

2p+ 221

Proof of Lemma

e Under Assumption (1} ¢/(u) is convex in p for all p € (0, 00):

’ o
() < w <ps) Y 0< < g < 00 (EC.100)



e-companion to Zhong, Gopalakrishnan, and Ward: Behavior-Aware Queueing: Strategic M /M /N /k System ech7

e From Lemmas [EC.21| (b) and [EC.23| h(u) is strictly concave in p for all p € [a, 5 sof ]:
P

20t
a

h —h 3vf

First, for any p € [a,u'), we set pu; = p, pe = p', and use the fact that ¢’(u') = h/(u') to com-
bine (EC.100) and (EC.101f) and obtain
(ph) = () _ h(p') —h(p)
wh—p ph—p
L () > h(p) ¥ e faauh), (EC.102)

where (x) follows due to the fact that ¢/(uf) = h(u'). Similarly, second, for any € (/ﬂ, 2?:% ,
PT"a_
we set p; = pl, po = p, and use the fact that ¢’(u') = h/(u') to combine (EC.100) and (EC.101

and obtain

p— plf p—pt
3ot
2p+ 2ut

a

()

L) > hw) we(m, , (EC.103)

where (*) follows due to the fact that ¢/(u') = h(u'). Finally, since ¢/(u1) is strictly increasing in p,

/( ) > h’( ) 3U T ( C )
2p 2v

The proof is complete when combining (EC.102)-(EC.104)) and recalling that ¢/(u") = h(uf). W

Proof of Remark From Remark vi(a,d (a)) =2ac (a) +a*c’(a) > 0. Thus, from
Definition (a), p" (vf(a,d(a))) is the unique solution in p to

p(c)"Hp) + = ((c')fl(p))2 c’ ((c’)*l(p)) =ad (a) + %CLQCH(CL).

Note that p = ¢/(a) solves the above equation. By uniqueness, it follows that p' (vf(a,c(a))) = c'(a).

Similarly, when p = p'(v) > ¢(0) and a = (¢)"*(p'(v)), it follows from Remark that
"N — N — N — 2 n((\— ) v

v () (P (0)), P (v)) = 2p(v) () (PT(v)) + ()M (P (v))) "¢"((¢)7H(p(v))) =2+ 5 =, where

(*) follows from Definition [EC.2] (a). m

Proof of Lemma [EC.25L
(a): Denote the left-hand side of (EC.97) by LHST(p). We first note that LHST(p) is a strictly
increasing function of p (since ¢ is strictly increasing due to strict convexity of ¢, and ¢” is also

increasing by Assumption, and the right-hand side of (EC.97)), 7, does not depend on p. Moreover,

) 92
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note that when LHST(¢/(0)) =0 < ¥ and lim,_,o LHST(p) = 00 > 2. Hence, it follows that (EC.97)
admits a unique solution in (¢/(0), c0).
(b): Denote the left-hand side of (EC.98)) by LHS*(p). We first note that LHS*(p) is a strictly

increasing function of p (since ¢’ is strictly increasing due to strict convexity of ¢), and the

right-hand side of (EC.98|), %, does not depend on p. Moreover, note that LHST(p) > LHS*(p)

2
for all p > 0, while the right-hand sides of and are both 7. This implies that
LHS'(p*(v)) > LHS*(p*(v)) = £ = LHS'(p'(v)), and hence p*(v) > p'(v) > ¢(0) (recalling that
LHS'(p) is a strictly increasing function of p). Additionally, note that lim, . LHS*(p) =00 > %.
Hence, it follows that admits a unique solution in (p'(v),o0). m

Proof of Lemma [EC.26}
(a): By definition, u'(a,p) is given by (EC.95)), which can be rewritten as
12 [(3a—2p0)c' (1) — (p— a)uc” ()] = a’p. (EC.105)
Differentiating both sides of (EC.105|) with respect to a yields
ou

+f2a (3250 ) 0+ (a2 5 = (G =1 ) e = =) () e ) G ) | = 3.

2 [(3a —2p)c (1) — (n— a)pc” (1))

After algebra,

[—6p(p — a)c' () = 6p° (n—a)e” (1) — p* (= a)c” ()] %’; =3a’p —3p2c () — > (). (EC.106)

Thus, uf(a,p) satisfies (EC.106)). Note that the right-hand side of (EC.106)) at u= uf(a,p) satisfies

3a’p —3p’c () — p’c” (n) < 3a’p — 3p*c (1) <0,
noting that p'(a,p) > a and ¢ (u'(a,p)) > ¢'(a) > p (where ¢/(a) > p is by definition of uf(a,p) in
Definition m (a)). Thus, the left-hand side of (EC.106) is strictly negative. Moreover, the term
in the square bracket on the left-hand side of (EC.106)) is also negative, since uf(a,p) >a, ¢/ >0,
At (a,p)

¢’ >0 and ¢” >0 (Assumption |§I) Thus, 5= >0, i.e., uf(a,p) is strictly increasing in a > 0.

a

Similarly, differentiating both sides of (KC.105)) with respect to p yields

ngg [(3a— 20 (1) — (s — a)puc” ()]

ou ,, O Ou ou ou
2 _ 9 _ U - _ _ _ - / i -~ _ 3
+pt | =2 ap° (1) + (3a—2p)c" (1) ap ot (1) = (p—a) ( ap° (1) + pc” (p) an)| =

After algebra,

[—61% (1 — a)c’ () — 6p* (n— a)c” () — 1 (e — @) ()] %Z =a’.
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Thus, uf(a,p) satisfies the above equation. Note that the right-hand side of the above equation is
strictly positive, which implies that the left-hand side of the above equation is also strictly positive.

Moreover, note that the term in the square bracket on the left-hand side of the above equation is

negative, because u'(a,p) >a, ¢ >0, ¢’ >0 and ¢” >0 (Assumption El) Thus, %Z’p) <0, ie.,
ut(a,p) is strictly decreasing in p € [0,¢/(a)].
(b): Differentiating both sides of (EC.96|) yields
o' (a, 3(uh)22 62 — (ut)? - 24 , .
() ) 5 U2 o e )]
a a
W [ ot out 0 s ton 1y OB
o |2 (W) o+ e ) e (i)
_ (/’LT)Q et (/’LT)3 1"t (MT)4 1ot 87/'”_ (:UT)4 Ty (NT)4 "0t
_|:6 a2 C(,LL)-'—6 GQC(M)—i_ agc( ) aa 4a3 C(M) QGSC(M).
Substituting for %—‘fj from (EC.106|) into the above display, and after algebra, implies
6UT(a,p) _ pt N2 st N3 ot 2 (MT)g 1ot (MT)4 1yt
da  —a( —a) (3¢ (1) + (1) (u7) = 3a®p) = 45—/ (') = 25 5=" ()
C0oswh)? WD) 20 N (710 PN 1 5
_LLQ(MT—G) 4 e (") + T 2 el (1 7a2(m—a)3a p.  (EC.107)

Additionally, substituting for p in the last term of (EC.107)) using (EC.105) yields
t 3(ut)3
B30 =) (30— 21 (uf) — (uf — )T ()]

a?(ut —a) a’(pt —a)
3(MT)3(3G—2MT)C, ty w 7

Substitution into (EC.107)) yields

ovtlap) _[ 3>  (w)* 3@w)Ba-2u07 , ; (720 SN (70 SN (710 B
= e~ | ¢+ |y 2 3 )
)3 T4 4
[ B e

noting that ¢’ >0 and ¢” > 0. Hence, vf(a,p) is strictly increasing in a > 0.

Next, we investigate the monotonicity property of v'(a,p) in terms of p. From (a), ;ﬁ(a, p) is
strictly decreasing in p € [0, (a)]; that is, u'(a,p;) > p'(a, py) for any 0 < p; < py < (a). Recalling
that ¢ is a strictly increasing function and ¢” is also an increasing function (Assumption, it follows
that ¢ (u(a,p1)) > ¢ (u'(a,p2)) and ¢’ (u'(a,p1)) > ¢’ (uf(a,p2)). Therefore, vi(a,p;) > v'(a,ps)
for 0 < p; < p, <¢/(a); that is, v'(a,p) is strictly decreasing in p € [0,c(a)].

(c): As v increases, it is clear that the right-hand side of increases. To equate the left-hand
side of with the right-hand side of , p should increase (because the left-hand side
of is strictly increasing in p). Hence, p'(v) is strictly increasing in v > 0.

(d): Similar to (c), we can conclude that p*(v) is strictly increasing in v > 0. m
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Proof of Lemma Fix p > 0. First, we show that for any a € A(p), vf(a,p) € V(p).
Recall that v'(a,p) is strictly decreasing in p € [0,/ (a)] (Lemma (b)) and p'(v) is strictly
increasing in v > 0 (Lemma (c)). Thus, a € A(p) = p < (a) = vi(a,p) > vi(a,d(a)) =
p" (vi(a,p)) >p' (vi(a,cd(a))). Moreover, from Remark we know that p' (v'(a,c/(a))) = (a);
therefore, p' (v'(a,p)) > p' (vi(a,d (a))) = (a) >p=v'(a,p) € V(p).

Next, since v'(a,p) : A(p) = V(p) is a continuous and strictly increasing function of a > 0
(Lemma (b)), it follows that it is a one-to-one function. What remains to be shown is that

it is also an onto function. For this, we rely on the following claim, stated below without proof:

Cramm EC.6. A function f:[a,00) — [b,00) that is continuous and strictly increasing is an onto

function if and only if f(a)= f(b) and f(x) grows unboundedly with x.

In order to apply this claim to v'(a,p): A(p) — V(p), we need to understand the structure of
the sets A(p) and V(p), which depends upon the relationship between p and ¢/(0). If 0 <p < ¢/(0),
then A(p) =V (p) = (0,00); otherwise, A(p) = [(¢)~*(p),00) and V(p) = [(p')~*(p), 00). Therefore,
to complete the proof, we must show the following:

(i) limgpee v (a,p) = oo for all p > 0.
(i) If 0 <p < (0), then lim, o v'(a,p) =0.
(iii) If p>c'(0), then ¥ ((¢') "' (p),p) = (p") " (p), or, equivalently, p' (v" ((¢')"'(p),p)) = p.

Proof of (i): For any a >0 and p >0, ¢(a) > p for all large enough a due to the strict convexity
of ¢. Then, from Remark vi(a,p) > 2ap for all large enough a; therefore, lim o, v'(a,p) = cc.

Proof of (ii): For any a > 0 and p < ¢(0), ¢(a) > p for all a > 0. In order to evalu-
ate lim,ov'(a,p) using Definition [EC.1] (b), we must first evaluate lim, o uf(a,p) using Defini-

tionm (a), according to which xf(a,p) € [a, %); therefore, lim, o p'(a, p) = 0. Moreover, (EC.95)
of Definition (a) can equivalently be written as

& [3-8) - E-wria] s

1t (a,p)
a

Letting a — 0 in the above equation implies that, for any subsequence a’ for which lim,
exists, this limit must lie in the interval [1,%]. We simply use a rather than o' to denote the
subsequence. Then, it would follow from Definition [EC.1] (b) that

"(a,p)\’
lim vt (a,p) = (lim 22220 ) Jim pif 2¢ ( lim i lim pif (a,p) - " ( lim 't =0.
lim'(a,p) (Hn ; ) lim 1% (a,p) | 2¢' | lim ' (a, p) | +lim ' (a, p) - " | Limp(a, p)

al0

Proof of (iii): This follows immediately from Remark by substituting a = () "'(p). M

Proof of Corollary It immediately follows from Lemma [EC.27] that for any v > 0 and
p € [0,p'(v)], there exists a unique a such that v'(a,p) = v (by the invertible function v'(a,p)).
In particular, when a = (¢/)~'(p) and p = p'(v), Definitions [EC.1|(b) and [EC.2(a) imply that
vi(a,p) =vT ((¢)~L(p'(v)),p'(v)) =v. Equivalently, p' (vi(a,c'(a)) = (a). m
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Proof of Corollary By Definition vi(a,p) = v if a = a(p,v). Recall from
Lemma [EC.26 (b) that v'(a,p) is strictly increasing in a > 0. Then, if a > @(p,v), then
vi(a,p) > v'(a(p,v),p) =v. Similarly, if a < a(p,v), then vi(a,p) <v'(a(p,v),p) =v. m

EC.7.5. Proof of Lemma
(a): Setting py = p in Propositions [EC.1| and [EC.2| yields

+ A
I
lim I*(p,p) = [1 — a] and lim O (s 1)
A— 00 M A—r00 8/1/1

_ w
H1=p
(b): Suppose N* = f(A)+o(f(N\)) for f(X) €o(N)Nw(1l) or f(A) €w(N).

e When f()A) € o(A) Nw(1), let N3 =2 + N*. Then, it is clear that N* < Ng* for all a > 0 and
A > 0. From Lemma [EC.1|[(b)] it follows that

A A
ErlC (N*, u) > ErlC (NO*, u) . Va>0, YA>0,

A A
= lim EriC (N\) > lim ErlC (N@,) , VYa>0.
A— 00 1% 1%

A— o0

= lim EriC (Nk,)\) >sup lim EriC (N@,)\) =00,
A— o0 7 a>0 A—>00 7
where the last equality follows from Lemma [EC.12 @ when u < a.
e When f(\) € w(A), let N§ =2 for any a > 0, so that N3 € o(N*). Then, there exists A(a) >0

such that N* > N for all A > A(a). From Lemma it follows that

A A
ErlC (N*,u) < ErlC (N@,M), Ya >0, YA>0,
. A A . A A
= lim ErlC | N*,— ) < lim EriC | Ng,— |, VYa>D0.
A—o0 7 A—o0 )
: A A P A A
= lim ErlC | N*,— ) <inf lim ErlC | N§,— ) =0,
A—oc0 7 a>0A—o0 12

where the last equality follows from Lemma [EC.12 @ when p > a.
Therefore, we conclude that

im Er A A _Joo, fV) €0(N)Nw(1),
A1—>00EZC<N’/L) {o, fN) ewN). (EC.109)

Using (EC.109) to evaluate the limiting value of I*(u, i) from (EC.18) in Corollary

T 1) = {0, £V € 0(N) Nw(1),

1, f(A) ew(N).
Next, from Corollary (a),

. 5”(#17#) : A A 2
R T . < Jim 1) (1= 17 (0 ) + Nz
because limy ., N* = oo, and limy ., I*(pu, 1) (1 — I*(p, 1)) = 0 regardless of whether I*(u, u) =0
(when f(A) € o(A) Nw(1)) or 1 (when f(A) € w(A)). Hence, lim,_, O () =0 by non-

d
ol p=p

negativity (recalling from Lemma [EC.4| (a) that lim,_, w >0 for all y1y >0 and p > 0).
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EC.7.6. Proof of Lemma

Recall that the tagged server’s utility function in the finite system is given by . Using the
notation established in Section becomes

UM, 1) = ppa + (0 — ppa ) 1 (pa, 1) — ().

Differentiating with respect to u; yields

U (p, 1) A O (pa, 1)
=R -1 — R ).
o p( (1, 1) + (v = ppa) i (1)
Differentiating once more with respect to p; yields
U (pua, ) OI (p1, ) o*r
Z 2 PR 9,2t PP _ —
o2 ™ + (v —pp1) o ¢ (11)
021 (p1, ) (32—”(#17#) 2 ap(ul,u))
= — + — —c’ . EC.110
op ST pmo Om (i) ( )

For the remainder of this proof, we inherit the shorthand notation and the setup outlined around

the proof of Proposition in the preliminary Section [EC.7.2
To begin, we recall, from Propositions [EC.1] and [EC.2] that

0, p<a,
lim [ =¢ 1-¢ (EC.111)
A—00 %, ‘LL>0J,
and
0 nw<a
or ’ -
lim —=1¢ 5(1-3) (EC.112)
>‘_>008,U/1 ( 1a+a)2a n>a
Bnoop

Next, we recall, from (EC.15) in Lemma that

AN Bl A 170)‘)
rr_(ry —2(1—1*)+2'0WA (2 (1—21")— b (NL"X r
oy i (d3)? dy d3
—_c?
T <pk>k*w 2(1 21*)+<2 1)M1 ‘ﬁﬂ)k(ﬁx””)p
dy  d} dy dy dy) n da
_ 1 1—c?
e (FY () [ ), e,
d? d? dy p d3 (d3)?
. ™\ A PN SO
= {201 -1+t —t3 — 13}, (EC.113)
1
where
BN N B A 1—c* )
pao 2 (2 (1-2r) -~ bl (NA_”X »
ar | \a 4 |
—_c?
o PO =N o 21— 2P+ (= - &_4%+pA<;A"’A)F and
Tody 4y d d &) n da ’

A A B A c?
kA_NA)2(p>\>k N i&_Q m +p (NA_pA>I>\ QPACA]A
dy

tg\ = p)\C)\ ( dA
1
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From (EC.110)), and recalling that ¢”(u,) > 0 for all gy >0 (due to the strict convexity of ¢), it
A
follows that, in order to show that limy_, ., % is strictly less than 0, it suffices to show that
1
o limy_, %Q—I; <0, and

. 27
o limy o (8 L 222 >0,

To do this, in what follows, we evaluate lim,_, ., % under three cases: (I) u < a, (II) > a, and
1
(1) p=

AN
Case (I): If u < a, then ];; =~ € [0,1] for all A (from Lemma [EC.13 , (@) <1

for all large enough \; and, as A — oo, 57 — € (0,00), Z—i — (H - 1)7 € (—oo 0), d} — oo,
1 2

2
) Si = C,\A 2 =L —1€(-00,0) (from Lemma [EC.13{|(a)) c? _ / ( _ﬂ) ,

A
d2—>—OO 9 d)\

./ A\ F N
I =0 (from Proposition [EC.1)), limy_,« (k* — N*)" (& < oo for all €N (because even if
p
limsup, .. k*— N* = oo, exponential decay in terms of k&* — N* dominates its polynomial growth),
and

A_ A A_ A -2
o (21) 140 E Bl Y PO e
Aoo \ df wy \ N> —pr d? d3
. @ BN ﬁ kA_Nx—'_ )\M 1_0,\ ﬁ k*—N*—'_ ﬁ k>‘—N>‘_1 Q -
_/\EEO o o p NX — o o d%

AN KA=NA
recalling that (%) < 1 for all large enough A, NA7A €[0,1] for all A, and lim_, % e
Based on these facts, it can be shown that

BN NA B A 1-c*
. A &Q N2 ﬁ A2 oAy K P (N**PA) A
A A H«l 1—-c?
CO\ p)\ k* =N ) 1 M er ( p>‘>
: A 2A A A2 o7A A W N
)\li)n;o([ )2t d’\ z (k> =N )<d’\> (IM)* |21 -2+ (d% df) p 4t A 1 0,
A A AN RN B o) (1202 X A
1 P =
lim (Ik)thszCT(kkak)Q pT (IA)Q 7)\.“1 _9 I ()\NA p%)IA 2%%I>\ :O,
A—o0 dy djy d; d3 p d3 d3 dj
which, from (EC.113]), implies that
621)\ 2 . A 2 . N
Jim S =g (i 1) (1 Jim 1) =0 (EC.114)
Together with (EC.112)), it follows that
2 2 o1
im 21 290 (EC.115)

Ao 5M1 M1 8#1

Hence, from (EC.110)),

) & PP 29PN _ g
1m = 1m vVv——-x — ey —C
o o b o TP\ 0 T o =
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recalling that lirn,\_>Oo o 2 =0 (from (EC.114)), limy_, . ‘rgg + %% =0 (from (EC.115)), and

¢’ >0 (since c is strictly convex)
Case (II): If 4> a, then X< X € [0,1] for all A (from Lemma [EC.13 , I* €[0,1] for all A,

NA—

LA A B
(%) <1 for all large enough A; and, as A — oo, % =4¢€ (0,00), % — (f - 1) = (0,00),
kN —
d} — 00, dy — 00, C* — 0, and limy_, o, (k* — N*)" (Z—i) < oo for any r € N (noting that s L<1
1

for all large enough A, and, even if limsup, ,_ k* — N* = 0o, exponential decay in terms of /@A N*
dominates its polynomial growth). Based on these facts, it can be shown that

1—-c?

A\ BN ﬂ""pk( X )\)
_ pi _ )\_y, NA—p A _
(%) H< oy - 2 ]

W\ RPN JI 1-c*
2 1 P (755
lim £} := Per L NA('O) [2(1—21*)+(—)’“‘1—4“ (N ”)IA —0,

>\ CA
A [ —
,\lggo 1} =24 d} d3

A— 00 d>‘ d>‘

A
A 1 A\ =N g pA (71§_CA> 92 MO
lim £ =2 0 —— (=N (2 e N p 2O
A—o0 dy  (d7)? dy dy p da (d3)?
which, from (EC.113|), implies that
2
2a a
2[)\ 2 2 = (1 — *)
im O _2 ( lim F) ( lim J*) W_mA o, (EC.116)
A—o0 a/,Ll uy \A—o0 A— 00 a a
(ta)
TR

where (x) follows from (EC.111J), and the last inequality follows by noting that 1 — tae>>0
(when g > a). Thus, together with (EC.112)),

P 291 373(1*%)2 o &(1-2) g 1-o
S Tt g = (11_ - i)g o (1 1_ . L)Q =TI Iy +Hﬁ)3 >0, (EC.117)
M H1 H H1
where the last mequahty follows by noting that 1 — ¢ > Oand 1 -2 + ul .U% >0 (when p > a).

Hence, from (EC.110)),
02U . 021 » (821')‘ 2 o1*

lim = lim v—=% — —
Ao Op2 Amoo Opd ot Jrﬂl O

) — (1) <0,

. . . A
recalling that limy_, 8871% <0 (from (EC.116))), limy_, %2;2 + %% >0 (from (EC.117))), and

¢’ >0 (since c is strictly convex).
Case (III): If p=a, it suffices to show that if limy_,.c N* — 2 € {—00} U [1,00) U {oc}, then

lim,_, o % =0. Then, from (EC.110)),
1

lim

PUN _ L PP (PT 2 oD
A— 00 8/11 _>\—>oo aﬂ%

oz T p 8u1) —<m) <0,
1

recalling that limy_, (’d‘%l =0 (from (EC.112)) and ¢” > 0 (since c is strictly convex).

% =0 when limy_,c N* — 2 € {—o0} U[1,00) U {oo}, we need the following

To show lim,_,

auxiliary claims, whose proofs are delayed until the end.
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Cramm EC.7. Under linear staﬁing if w=a and 0 < N* — 2 € w(l), then
K*— N
limy_, o0 1/ p*C? (kA NA) (Z—%) I’ =0 for all r €N.

Cram EC.8. Under linear staffing (14), if p=a and lim,_,. d3 € (R\ {0}) U {—00,00}, then
2
limy oo 7 (22) =0,

O

CLAM EC.9. If limy ood) € (R\{0}) U {—00,00} and hmHoode;V* € R U {oc}, then

) DA (A BN NA
limy o0 ( ) (p—) €[0,00) for all r € N.

dp 4
Now, we are ready to complete the proof by dividing the condition limy_,., N* — % €{—o0}U
[1,00) U{oo} into three cases. Specifically, Case (A) limy_,oc N* — 2 =00, Case (B) limy_,oc N* —
2 €[1,00), and Case (C) limy_,oo N* — 2 = —o0.

a

Using Lemma [EC.5| and after algebra, one can check that, when p= %2
written as
PR 200 G[100 40PV Lpon P 1o (e
o3 R p1Opy I \ Oy Oy puad) | ad) Opy | prad)
L (0 3 (B =N =N 1) M\
— | =1 — 1. EC.11
e (") (@) “\a (BT

Case (A): If limy_,o, N* — % = 00. Note that the last term of (EC.118)) satisfies

A A
1<pkp) <kA—NA><kA—NA+1>CA<pA>’“ A

Hia @ (d})?

fIA \/>C/\ (B = NY)(k* = N* +1) (p:\\)kA_NAI’\ —0, as A — o0,
Mla ( &

by Lemma [EC.17 and Claim Using this, together with Claim and limy_,o, I* =0 and

limy o g =0 (from Propositions |[EC.1| and |[EC.2| when p = a), one can easily check that every

term in (EC.118)) converges to 0 as A — oo, implying that lim,_, . 3;—[; =0.
41

Case (B): If limy_,c N* — 2 € [1,00), we further discuss cases depending on the value of

=N
d)\

Case (B-1): If limy_, .. d3 kA*NA =0. One can easily check that every term in (EC.118]) con-

lim,\_,oo d)\

verges to 0 as A — oo, using hrn,\ﬁOO I* =0 and limy_, g 1 _ =0 (from Propositions [EC.1|and [EC.2

921 =0

8;1% —

Case (B-2): If lim,_, dé’“A;iANA € (0,00)U{oc}. Note that the last term of (EC.118) satisfies
1

when p=a), together with Lemma [EC.20 and Claim [EC.8 Hence, lim,_,,

L (p*p> (= N =N +1) (p) -~

fa \ d3 (d})? )

A A
1 1 2 (KX = NN (B> =N +1) [ p* EA—N
:m@ (\/E[*) ( > (di) C* =0, as \— oo,
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by noting that limy_, o, C* =1 (from Lemma[EC.12|(b))), and by Lemma ( i) and Claim[EC.9|

Using this, together with Claim [EC.8, and lim,_,., I* = 0 and lim,_,. 2& S = =0 (from Proposi-
tions [EC.1| and [EC.2| when = a), one can easily check that every term in 1 C.118)) converges to

0 as A — oo, implying that lim,_, % =0.
1

Case (C) If limy_ . N* — % = —o0, we further discuss cases depending on the value of

AN N2
d)\

Case (C-1): If limy_, d} kA_NA =0. One can easily check that every term in (EC.118|) con-

hn’b\_ﬂx; d)\

verges to 0 as A — oo, using hm,\ﬁOO I* =0 and lim,_, o, g 2 _ =0 (from Propositions [EC.1{and [EC.2

when p = a), together with Lemma [EC.20| and Claim [EC.8]
Case (C-2): If limy ., d ’“A N ¢ {—0o0}U(—00,0). Note that the term of (EC.118]) satisfies

(P ) B NYE N+ ce
pa \ da (d?)?
A A
N VA N WA NA) — N +1)
_ula<d§(d% 1 T ) I*) =0, as A — oo,
by Lemmas [EC.15( and [EC.16, Using this, together with Claim and limy_,.. [* =0 and
limy_, o0 g%: =0 (from Propositions |[EC.1| and [EC.2| when p = a), one can easily check that every

A
921 _0

term in (EC.118)) converges to 0 as A — oo, implying that lim, . el

Combining Cases (A)-(C), when p = a, if limy oo N* — 2 € {—00} U [1,00) U {oc}, then
hm,\_><>O a = 0. This concludes the proof of Case (III).

Together Cases (I)-(III) establish that, under the staffing rule , except when limy_,,, N* —
a U

a

Proof of Claim [EC.7: When 0 < N* — % w(1), it is clear that both dj and d’\k =N are non-

d/\
negative for all large enough . Furthermore, lim,_, ., dj = co. Then, by multiplying and dividing

by (d})" and regrouping the terms, we can write

A_ A A A

Y NM\" pA k*—N \/pTIA 1 BN N _a) AN
li A A P [A: li s . d)\ d'\ _
im P (S ) () e )@ |\ ) e >

A—o0 1

p>‘1)‘ . A
B 0 (from Lemma [EC.17)), lim,_,,, C* € [0,1] (from Lemma [EC.12(b))), and

X A
—dy PN o
4@ €[0,00) (because even if limy ;. dj

because lim)_,

=N
dA

(d)‘)% €{0,1} and limy_, (dA L= NA) e

P2
E
dl

= 00,

exponential decay in terms of dj would dominate its polynomial growth) for all » € N. m

Proof of Claim [EC.8t

We discuss two cases depending on the value of limy_,, d3.
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Case (I): If limy ., dy € (0,00) U{oo}, then dj > 0 for all large enough \. Then, recalling that
L-C% > 0 for all A (from Lemma [EC.2 , it follows from (EC.75|) that

N)‘—p)‘
8I>\ 1 1[1,1) A )\:|
<=1+ ) rra-r1
o1 ~— m K dy 1 ( )

AN 2 2 2
= fim (81) < 1imi<1+iﬂ) IA<1—IA> =0,

Moo TN O ) ~ xooeo a3 p

Op

2
recalling that limy_., I* = 0 (from Proposition [EC.1)). Hence, lim,\%ool% (@) = 0, by non-

negativity (I* > 0 for all \).
Case (II): If limy_,., dj € {—00} U (—00,0), then dj <0 for all large enough A, which implies that
(i) either 0 < 2 = N* € w(1) or [N* = 2| € O(1) and (ii) limy_,o0 d3 BN <,

d)x
It follows from (EC.75|) that '
2
1 81)‘ 2_ 11 1 M1 >\ >\ p/\ 1fC>‘ A2 p)\CA k')\fN)\ p)\ RN A2
w50 =g ([Ov i) -] - [ aeSes] - [ ()

A A
_1 1+iﬂ ([A)%(lfﬂ) [t 1=’ ([*)% _|PPCT R NP o (™)
i 3 p d3 N —p dy  dy  \d}

2

e

(BEC.119)

Note that the first term in square brackets on the right-hand side of vanishes in the

limit as A — oo, by recalling that limy_, .. dj € {—o00}U(—00,0) (by assumption) and limy ., I* =0

(from Proposition . To complete the proof, it suffices to show that the second and third terms
in square brackets follow suit.

Second Term: We further discuss three cases depending on the asymptotic behavior of N* — %
e Suppose 0 < % — N* € w(V/A). Then, the second term can be rearranged as follows:

pt1-c* ()% = prer 1y 1 ()2
d%\ N> —p> - d%‘ cA NA_% ’

which vanishes in the limit as A — oo by noting that lim,_, . 2

)\C)\IA

a3 € [_%7 0] (by
Lemma [EC.19) and lim,_,., C* = 0o (from Lemma [EC.12 and by recalling that % —N* e
w(v/A) and lim,_,o I* =0 (from Proposition [EC.1]).

e Suppose 0 < 2 — N* € O(V/A) Nw(1). Then, recalling that p* = 2 when p = a, the second
term can be rearranged as follows:
VoI 1 1-c*
) ( ) Va (ﬁN*—p*) 3

which vanishes in the limit as A\ — co by noting that limy_, . @ =0 (by Lemma [EC.17]
2
and limy_, o VAL ¢ (0,00) (from Lemma|[EC.13|/(c))) and by recalling that limy ., I* =0

N/\_p)\

(from Proposition [EC.1)).
A

e Suppose |NA — %{ € O(1). Then, recalling that p* = 2 when p = a, the second term can be

P 1-C*
@Nk—pk( )

[N
N[=

rearranged as follows:

A A 1 3 A
P 1-C A 2 1 A\ 3 21 1-C
BN =5 <(p> ) \/E(ﬁNA—pA ’
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which vanishes in the limit as A — oo by recalling that limy_, ., d3 # 0 (by assumption) and
by noting that limy ., (p*)% I* =0 (by Lemma [EC.18) and limy_,o VA2Es A € (0,00) (from
Lemma .

Third Term: We further discuss three cases depending on limy_, ., d3 kA;AN

1
behavior of N* — %

e Suppose limy ., d

A A A_ A 1
pAC,\ R Vo) ﬁ k? =N (]A)% _ p’\C)‘ ﬁ k? =N » BN N 21/\ 2
dy  dy  \d} dy \d} dy ’

Aed £ oA F N
which vanishes in the limit as A — oo by noting that lim,_,. % (%) I* € (—00,0)

~ and the asymptotic

k/\

e {—o0} U (—00,0). Then, the third term can be rearranged as
follows:

2
(by Lemma [EC.16) and limA_)Oo (kLNA> I* =0 (by Lemma [EC.15| (ii)).

dq
e Suppose limy_, ., dy =N _ () and 0 < % — N* € w(v/A). Then, the third term can be rear-

N
dq

ranged as follows:

A Y 1 Y A
o N T (i (PO (RPN e
dy dy  \d} d3 dy dy ’

which vanishes in the limit as A — oo by noting that limy_ ”A?IA € [—%,0] (by
2

oo 2 A BN =N
Lemma|EC.19), lim,_, (%) I* =0 (by Lemma[EC.15((ii)), and limy_, (%) =1
1 1
(from Lemma 4 (1)).

e Suppose limy_, d’\ _NA =0and [N* — 2| € O(VA). Then, recalling that dy <0 for all large
1
enough A, the third term can be expressed as follows:

4 b
A A A_nvr\ 3
PO =N (PN s | (LA RN (TN
dy  dy  \d} dy dy  \d} '
To complete the proof, we show that the expression within the square brackets above vanishes

in the limit (by showing that its reciprocal diverges to co) as A — oo. Using (EC.74) and

after algebra, when u=a,

PACN A — N [ N 3 . -
At N I
5 () o

M

di\ KM—N> % )
() Lo
- pACA dk k*d)\N’\ 1 P N — pA
a> M= N> 3
ey (@ () Lo O (Y
o dy PO =y e ! N dy

)K=V : AN 2
N a PO [ (@))? (7*) (7 e (EC.120)
251 d% prC* —OZMCA xNA . .

dy
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Observe that

s >0 (from Lemma [EC.2 } and é (1 - (Z;)MNA> >0 (recalling
the definition dj := d} — p*) for all \. As a result, each of the three terms on the right-
hand side of is non-negative for all A. Therefore, the left-hand side of
will diverge to co as A — co even if one of these three terms grows unboundedly with A. To

complete the proof, we show that the first term on the right-hand side of (EC.120]) diverges

to 0o as A — oco. Recalling that p* = % when p = a, this term can be rearranged as follows:

Wl

di\ EN—N?
wr (BN (o e
p>‘C>‘ dA k/\d)‘N/\ N —p
e ()N Nt
_ p(d3) P 1 +@ N5\ 1-C
o d>‘ kAdAN* p)‘ 11 NA —p)‘ ’
which diverges to co as A — oo by recalling that limy_ ., p* = oo, limy_ o d} # 0 (by
AN KA=NA
assumption), and limy ., d3 ’“AdA = 0; and by noting that limy_,. <Z—§> =1 (from
1

Lemma [EC.14{ (1)), limy ., C* € (0,00) (from Lemma [EC.12 recalling that |[N* — 2| €
O(VA)), and limy_, VALES c> —~ €(0,00) (from Lemma [EC.13|(c)).

Proof of Claim First, we recall the definition dj :=d} — p*, where d} := N* N 1+£>0

(since N* > 1, u; >0, and g > 0) and p* := % > 0 for all A > 0. This implies that Z—i <1 for all
1

A > 0. Next, we recall that limy_, ., dj # 0 (by assumption), which implies that dj # 0 for all large

enough \. By multiplying and dividing by (d})" and regrouping the terms, we can write

A
EX— N\ p\ N 1 X — NA\" )
<1 L =1 A 1— 22
o< () (%) Ai“iom (@ %) ( d%)
L 1 kY= NAT \ \ dy
—AILII;O @) (d2 A ) exp((k - N )ln 1_E

X
2

) 1 E* — NM\" kX — N*

< lim NG (d ) exp <—d§‘ )
2

A— o0 (

N>

(i)
< oo,

where (i) follows because In(1 —x) < —z for all x <1 and exp(z) is an increasing function of

x for all z € R; and (ii) follows by recalling that limy_.. d} # 0 and lim,_, ., d) *=~~ _NA e RU{oo}

A NA
d)\

(by assumption) and noting that, even if limy_,., d} = 00, exponential decay in terms of

dy =N would dominate its polynomial growth. m
1
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EC.7.7. Technical Details for Endnote [7]

When g = a and limy_o N* — 2 =: x € (—00,1), we exhibit a counterexample under which

a

2771\
limy_, oo %(%1’“) = oo for py =a(l —z) for a range of values of the parameters a, p, and v. We

inherit the shorthand notation and the setup outlined around the proof of Proposition in the

preliminary Section [EC.7.2

Consider the sequence of staffing levels N* = 2 — % and a corresponding sequence of system sizes

k* = N* + )2, Recalling that p* = EL when 1 = a, we begin by presenting the following observations
which form the building blocks of our argument:
e 0 <2 —N*eo(l), implying that limy_,.c C* =1 (from Lemma [EC.12 (b)), limy_ oo [* =0

(from Proposition|[EC.1|when = a), and lim g—ﬁ =0 (from Proposition[EC.2|when u = a);

. x:zlim,\_ﬂ”]\f}‘—gzm
pr=a(l—z)=gq;

. 7 A 1.
dy =N A—(l—%>—;—72’

° d)\ d)\_*:_rlﬂ
A NY 1 1 A /\k>‘ N/\
e d) R = ———, implying that lim,_,, p"d3 =-1

P 2

From |D when u =a,

SN
” AL B oap(1=C" [JIPS YN ™\"
Jim gy =l B ) 0 - (5

-1

i EA—NA
) 1-c* u A oA k=N 1_(%)
=1 dy + d _— — d =-1

PR Ay IS L) |
i (EC.121)
because limy_,o, dy =0, limy_,o \/p*dy =0, limy_,o \/p* A € (0,00) (from Lemma [EC.13|(c)),

)\)k)‘—NA
P
>
limy_, o C* = 1, limy o pAd)‘ k)\dAN)\ —1, and lim,_ o djb‘i—l\f)‘ =1 (fI‘OHl Lemma [EC.14 (ll))
27 g
From EC.76 in the proof of Proposition m '
i or:
Agrolo I>‘ 8/.14
N2
:AILII;OIA (1—I*+p*()*l*( 7 ) ) (EC.122)
) 2 k/\ _N>\ 2 k>\ _N>\ 4
:Ah_,néop (1 _]A> +2(1A)2 (1 _I>\> pAC)\ ( = ) _’_(px)z(cx)z(‘,x)g ( = )

o A A\ ? A) A P — N L\ a2 ([N s, ane (B — N M 2

= lim T (1—1) +2(1—1)c (\/pT 7 1) +(CY) (@) (@)% () ( = ) D 42,
(EC.123)
where (1) follows by recalling that limy . [* = 0, limy,,,C* = 1, limy_ o (% = -1

2

A 4
(from  (EC121)), Timyooo(d)(0")? (E52) = limy e (—55)" (2)° (QZ%) = —a and
a
lim ) o \/p’\"”;ikNAF =0 (from (EC.78|) in the proof of Proposition [EC.2).
1
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Next, from (EC.118)) and recalling that u, =a,
PEON A X AN 2 N A X A\ 2
i O (<200 [0 L (0P Lpor I L% (1)
Azoo Oy A—oo \ p1 O w1 Opr 1> \ O p1 Opr piady  ady Opr - paads

N 1 (pX I*) (k* = NM)(E* = N* H)CA (p>\)k/\1\rx p)

ma \ d3 (d})? dy
A A A A ATAYLA L ATA Ay FA =N
—o(1- L) g (ol DO (o) (B NI ZNTHL) o (2 r
a2 a A—oo d2 I>‘ 8/11 a d2 (dl )2 dl
2
) 1 1 xo I o (K= N
= 2(1 a2>+axlgr;o<2 {1 I +d§C’ p ds A

A A
L1 (£1A> (kA_NA)(kA_NA+1)CA(pA)k N F)
a

(d?)? dy

AN 2
B 1 1 N PR =N 1 (pM\" Mo (B =N

() 2(1_%>+ L (2a— (20— 1)(—o0)},

a?
where () follows from (EC.76) in the proof of Proposition [EC.2] and (xx) follows by recall-
ing that limy_, . I* =0, limy_,« fTi = —1 (from (EC.121))), limy_, . % =1 (since k* — N* =
2

A_NA
—limy o0 dp BT

@ =1 (from Lemma [EC.14{ (i)), limy_ . C* =1, and

A A
- AN
A?), limy o0 m =e

2 2
limy_, o p*d) (kA;ANX) =limy_, 00 % (—,\%) ( X A2 ) = —o0. Hence, the above display implies that
1 a

9?1
)\]1_)1{.10 alu% -

—o00, ifa< %7
400, ifa> %

—N— {-:‘"

Then, from (EC.110|), when u; = a and recalling that lim,_, % =0, it follows that, if p > 2ap > 2v

or p < 2ap < 2v, then

lim @—(U—a )@—2 a—l/\—c”(a)—oo
o3 Doz o o

A—o0 1

EC.7.8. Proof of Proposition [

From Lemma @, under the same restrictions on the staffing rules, the utility function U(uq,p) is
a concave function of u; for all g > 0, which implies that there exists a unique maximum. Thus,
any solution to the FOC @ (i.e., candidate server equilibrium) u*’ > 0 is a global maximizer
of U(uy,u*’), that is, candidate server equilibrium p*’ is actually a sever equilibrium. Therefore,

w** >0 is a server equilibrium if and only if it satisfies the FOC @ |

EC.7.9. Proof of Theorem [4

First, we state three lemmas concerning underloaded equilibria (whose proofs appear later) that

help simplify the proof of Theorem |4} Recall the definition of p'(v) in Theorem 4| (also in (EC.97)).
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LEMMA EC.28. If0<p<min{c(a),p’(v)}, then there exists a unique a(p,v) >0 such thatn, =0,

1, or 2 according to whether a >a(p,v), a=a(p,v), or a <a(p,v), respectively.
LEmMA EC.29. Ifp>d'(a) or p=dc'(a) <p'(v), then n, =1.
LEmMA EC.30. Ifp'(v) <p<d(a), then n,=0.

Next, we note that an overloaded or critically loaded equilibrium must lie in (0,a], and for this
interval, the limiting FOC reduces to /() = p. We are now ready to prove Theorem
(a) p<c(0): Here, n, =n.=0 because ¢’(u) > /(0) > p for all u € (0, a, recalling that ¢ is strictly
increasing (by strict convexity of ¢). For underloaded equilibria, we first note that p < ¢/(0) implies
p < ¢ (a). Furthermore, p'(v) > ¢/(0) by definition (see (EC.97)), so, p < ¢/(0) also implies p < p'(v).
Together, we have p < min {c'(a),p'(v)}, so, the result follows from Lemma [EC.28|
(b) p>c/(0): In this case, note that (¢/)~*(p) >0 is well-defined, since ¢’ is strictly increasing.
(i): If a> (')~ (p), then p < (a). Thus, ¢'(0) < p < ¢/(a). Recalling that ¢’ is strictly increasing,
it follows that ¢/ (1) = p must admit a unique solution in (0,a), i.e., n, = 1. On the other hand,
if a<(¢)7'(p), then ¢/(n) < /(a) <p for all u € (0,a). Therefore, ¢/(u) = p has no solution in
(0,a), i.e., n,=0.
(ii): If a= (<)~ *(p), then ¢/(a) =p, so = a is a solution to ¢/(u) =p, i.e., n. = 1. Otherwise, u=a
is not a solution to ¢'(u) =p, i.e., n.=0.
(iii): If p < p'(v), the result follows from combining the following two subcases:
(iii-1): If a < (¢/)"*(p), Lemma implies that n, = 1.
(iii-2): If a > (¢)~'(p), then p < ¢(a), so, from Lemma there exists a unique
a(p,v) > 0 such that n, =0, 1, or 2 according to whether a > a(p,v), a =a(p,v), or a <a(p,v),
respectively.
(iv): If p>pi(v).
(iv-1): If a < (¢')"'(p), then Lemma implies that n, = 1.
(iv-2): If a > (¢) "' (p), then Lemma implies that n, = 0.
m
We now set up the necessary tools for the proofs of Lemmas [EC.28| [EC.29] and [EC.30] Before
proceeding, we note that, throughout these proofs, we heavily reference the definitions and results
from the preliminary Sections [EC.7.3| and [EC.7.4L The reader might therefore find it useful to
review these sections first.

To begin, recall, from (EC.94)), that the limiting FOC can be equivalently written as:

: 2 p<a,
- EC.124
“w) {h(u;a,p,v), p=a, ( )
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where h(p;a,p,v) = ﬁ (p +2— ﬁ) is well-defined for all > 0. It follows from Lemmal|EC.21|(a)(b)
and the fact that

5 +2v p+v for any a >0, p >0, and v > 0; that h(u) is strictly increasing and

strictly concave in p€ (0

'3 +2v ; strictly decreasing and strictly concave in p € ( 2y )

2p+ 22 gl o

and then strictly decreasing and strictly convex in p € ( ) It is useful to investigate how

T2
these properties of h(u) affect the behavior of the right-hand side of (EC.124]). This is because,
in order to study the number of underloaded equilibria, it is important to understand how the
right-hand side of (EC.124]) interacts with ¢/(u), a strictly convex and strictly increasing function,

in the interval (a,00). We consider the following two scenarios, illustrated in Figure

e When p < 3, it is easy to see that > a, implying that h(u) is strictly increasing and

o +2'u

strictly concave in p € (a, m) strictly decreasing and strictly concave in p € ( QPi”QTU , pi—%),

), as shown in Figure [EC.6|(I).

+2

and then strictly decreasing and strictly convex in p € (
e When p > =, 2+2U
p € (a,00), as shown in Figure [EC.6| (II).

it is easy to see that

< a, implying that h(u) is strictly decreasing in

h(a) =p
h(a) =p
h(w)
h(w)
: u
0 a 3v 2v
2p+2_v pte 0 a #
D p<sz () p=3;

Figure EC.6 Tllustration of the right-hand side (solid black and solid red curves) of the limiting FOC (EC.124]).

To simplify the proof of Lemmas [EC.28 and [EC.29] we leverage the following generic result.

LemMA EC.31. Suppose f(x) is a convex function of x € (0,Z]. For any 0 < z; < x5 <T,
(a) If f(z1)f(zs) <0, then f(xz)=0 is obtained at exactly one x € (x1,x5).
(b) If f(z1) <0 and f(z2) <0, then f(z) <0 for all x € (x1,22).

Proof of Lemma [EC.31k

(a): Since f(x1)f(x2) <0, the intermediate value theorem implies that f(z) =0 is achieved at
at least one x € (x1,x2). We prove uniqueness by contradiction. Suppose there exist two distinct
Zg, o} such that x; < xg <z < x5 and f(zo) = z(xf) = 0. Since z; < zq < xj, there exists ag € (0,1)
such that zo = apx1 + (1 — ap)zy. Similarly, since zg < ) < 2, there exists af € (0,1) such that

x( = o+ (1 — af)zs.
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Case (I): Suppose f(z1) <0 and f(z2) > 0. Since f is a convex function, we have aq f(z1) +
(1 —ao)f(xp) > f(aprr+ (1 —ag)zy) = f(xo), which implies that f(x;) > 0 (recalling from the

assumption that f(zo)= f(z) =0), a contradiction.

(1 —ap)f(xe) > flagzo+ (1 —ap)xa) = f(xf), which implies that f(x2) > 0 (recalling from the

(
i

Case (II): Suppose f(z1) >0 and f(x2) <0. Since f is a convex function, we have of f(zo) +
(

assumption that f(xo) = f(z

) =0), a contradiction.

(b): Note that x = 2%z, + <1 — 2= ) Z9, then since f is a convex function, it follows that

To—T1 r2—T1
Fa)=f (222a+ (1- 252 ) ) < 252 f(an) + (1- 222 ) f(2) <0.
]

Now, we are ready to prove Lemmas [EC.28, [EC.29] and [EC.30]
Proof of Lemma [EC.28k

Suppose 0 < p < min{c/(a), p'(v)}. Since p < p'(v), due to Remark we can divide the inter-

val a € (a(p,v),0) into two subintervals a € <E(p,v), %) and a € [%,oo). In the latter subinter
val, p> o=, and so h(u) is strictly decreasing in u € (a,00) (recall Figure m (I1)); then, since
p < (a), we have () > ’(a) > p=h(a) > h(p) for all u > a, resulting in no underloaded equi-
libria, i.e., n, = 0. Therefore, for the remainder of the proof, we need only focus on the case of
0<p< 5 (recall Figure m (I)) in studying underloaded equilibria.

For any p < ¢(a), Lemma states that there exists a unique v > 0 such that p < p'(v),
given by v'(a,p). Recall the definitions of uf(a,p) and v'(a,p) from Definition p'(v) from
Definition and a(p,v) from Definition [EC.3|

When p < p'(v) for all v >0, by Corollary a>a(p,v), a=1a(p,v) and a<a(p,v) are equiv-
alent to v<v'(a,p), v="v'(a,p) and v>vi(a,p), respectively. In the remainder of the proof, we use
conditions in terms of v(a,p) instead of @(p,v), for ease of presentation.

e v < vf(a,p) (Figures [EC.7 (I)(IV)): First, recall from Lemma (e) that h(u;a,p,v)
is strictly increasing in v for all u > a. Therefore, when v < v'(a,p), h(u;a,p,v) <
h(u;a,p,vi(a,p)) for all u > a. Moreover, from Lemma when p < d(a),

h(p;a,p,v(a,p)) < (n) for all g > a. Thus, it follows that when v < vf(a,p), h(y;a,p,v) <

c(p) for all u>a,ie., n,=0.

e v=1'(a,p) (Figure EC.7] (II)(V)): From Lemma when p < d(a), h(p;a,p,v'(a,p)) =

(1) has exactly one solution in (a,00), namely, u'(a,p), i.e., n, = 1.

e v >vi(a,p) (Figure (III)(VI)): First, recall from Lemma (e) that h(u;a,p,v)
is strictly increasing in v for all g > a. Therefore, when v > v'(a,p), h(u;a,p,v) >
h(u;a,p,v(a,p)) for all p > a. Thus, h(u'(a,p);a,p,v) > h(u'(a,p);a,p,v’(a,p)) (since

ut(a,p) > a). Moreover, from Lemma [EC.24] when p < ¢/(a), h(u'(a,p);a,p,v(a,p)) =
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<'(u)

’/ 2
‘ < c'(w)
¢ ) Z0)
h(@) =p § h(a) =p . h(@) =p
h(u) h(w)
0 a u‘* 3 2 # 0 a !lf gv z‘v " 0 a ;lr 30 Z‘v K
i+ pig 2 pel 2+ ptg
(I) v <vi(a,p), p<(0) (1) v =o' (a,p), p<'(0) (III) v > v’ (a,p), p < (0)
“w o)
h(a) =p h(a) =p ha)=p
(0) (0) '
0 a ;‘U L 2711 K 0 a ;4* 31; 2‘1; H 0 a ,‘n %v zvv "
we vg w+il v wrZ peg
(IV) v <v'(a,p), p>c'(0) (V) v=v'(a,p), p>(0) (VI) v >v'(a,p), p>(0)

Figure EC.7  Illustration of the left-hand side (solid blue curve) and the right-hand side (solid black and solid
red curves) of the limiting FOC (EC.124) when p < 2~ and 0 < p < min {¢'(a),p' (v)}.

d(u'(a,p)). Thus, it follows that, when v > v'(a,p), h(u'(a,p);a,p,v) > ¢'(u'(a,p)). Since
h(a) =p < (a) and lim, o h(p) =0 < oo =lim, , ¢'(1), by the intermediate value theo-
rem, there must exist at least one underloaded equilibrium in (a,uf(a,p)) and at least one

underloaded equilibrium in (u'(a,p),00), i.e., n, > 2.

2v
pte

Recalling that h(u) is strictly concave in p for p € (0, ) and strictly decreasing in p for

Wwe [pi”i , oo), we discuss the following two cases.

Case (I): If there exists an underloaded equilibrium in ( 2y oo> (e.g., Figure|EC.7| (III)),

p+g’

2v
p+27

then it is unique in ( oo) because ¢’(p) is a strictly increasing function of p and h(p) is

T T
p+g p+g

mediate value theorem and by noting that lim, ., ¢'(1) =00 > 0=1lim, , h(p). Given that
d (pf:%) <h (pi%) and h(a) = p < ¢/(a), which implies that <c’ <pi”%) —h (pil)) (d(a) —
h(a)) <0, together with the fact that ¢ — h is convex in (a 2y ), Lemma [EC.31 (a) implies

) pt+2

a strictly decreasing function of y in this range. Moreover, ¢’ ( v ) <h ( v ), by the inter-

that ¢'(u) — h(pn) =0 at exactly one p € (a, pi”%). Hence, n, =2, where the smaller under-

loaded equilibrium lies in (a, u'(a,p)).
Case (II): If all the underloaded equilibria lie in (a, 2y ] (e.g., Figure [EC.7| (VI)), then

ptg
there are exactly two underloaded equilibria, because ¢’(u), a strictly convex function and

h(p), a strictly concave function cannot intersect more than twice, i.e., n, = 2, where the

smaller underloaded equilibrium lies in (a, u'(a,p)) and the larger underloaded equilibrium

lies in (/ﬂ(a,p), pivz]
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Therefore, n, =0 if a > a(p,v); n, =1 if a =a(p,v); and n, =2 if a <a(p,v). m

Proof of Lemma [EC.29t

We address the cases p > ¢/(a) and p=c/(a) < p'(v) separately.
Case (I): When p > ¢/(a), we consider two further subcases p > 7~ and p < 3~ separately.

Case (I-1): If p> = (Figure [EC.8|), then h(yu) is strictly decreasing in € (a,00). Since h(a) =
p>c(a), and lim,,_,. h(p) =0 < oo =lim,,_,, ¢/ (1), together with the fact that h is strictly decreas-
ing and ¢ is strictly increasing, it follows that there exists exactly one intersection point in (a,0),

i.e., n, =1.

W

h(@)=p

c'(0) /

h(w)

0 a

Figure EC.8  Illustration of the left-hand side (solid blue curve) and the right-hand side (solid black and solid

red curves) of the limiting FOC (EC.124) when p> 2% and p > ¢/(a).

Case (I-2): If p < 3= (Figure [EC.9), since h(a) = p > ¢/(a) and lim,_ . h(p) =0 < oo =

lim,,_,o ¢'(11), there must exist at least one underloaded equilibria in (a,0), i.e., n, > 1, by the

intermediate value theorem. Recalling that h(u) is strictly concave in p for p € (0, pi@) and strictly

2v

decreasing in u for p € [ oo), we discuss the following two cases.

pt+eo’
Case (I-2-a): If there exists an underloaded equilibrium in (pivg , oo) (Figure[EC.9|(I)), then
it is unique in (pivﬂ , oo) because /() is a strictly increasing function of p and h(u) is a strictly

pt+g pt+g

decreasing function of y in this range. Moreover, ¢’ ( 2u ) <h < 2v ), because, otherwise, ¢/(u) and

h(p) would not intersect in <pi”3 , oo), which contradicts the assumption. Then, Lemma [EC.31| (b)

implies no equilibrium in (a, pi—”g}, given that ¢'(a) — h(a) <0, c’( 2y ) - h( 2 ) < 0 and the

T T
ptg pt+g

fact that ¢ — h is convex in (a, pi”ﬂ). Therefore, n, = 1.
Case (I-2-b): If all the underloaded equilibria lie in (a, pivg} (Figure [EC.9| (II)), then
c (pivg) > h (pi”2>, because, otherwise, by the intermediate value theorem and the fact that

lim,, o, ¢ (1) = 00 > 0 = lim,, o h(p), there would exist at least one underloaded equilibrium

in < 2”2,00)7 which contradicts the assumption. Since ¢’ ( 22) > h( 21) and A’/ ( 21’2) <0<
ptg Pty Pty ptg

c”( 2 >, it follows that ¢ ( 2y —i—e) > h (1%4-6) for all small enough € > 0. Then, given

v v
P4 pt+g
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h(a) =p > (a) and ¢ ( = +e> > h( = +e) for all small enough € > 0, which implies that

pta pta
/ 2v 2v / . / . .
c <p+% —i—e) —h s +e)) (d(a) — h(a)) < 0, together with the fact that ¢ — h is convex in
a, pi—%), Lemma [EC.31| (a) implies that ¢/(u) — h(u) =0 at exactly one u € (a, pi”% +e) for all

small enough € > 0. Hence, n, =1.

<)
O]
h(a)=p h(a)=p
; h(w) 3 § h(p)
O —"1 HO] ‘
0 a 3v 2v # 0 a 3v 2v #
2p *271] vt 2p +%’ Py
() (D)

Figure EC.9  Illustration of the left-hand side (solid blue curve) and the right-hand side (solid black and solid

red curves) of the limiting FOC (EC.124) when p < 5~ and p > ¢/(a).

Case (II): If p=c/(a) <p'(v) (Figure [EC.10), then, recalling the definition of p'(v) in (EC.97),

p < p'(v) becomes

P 0)+ 5 ()7 0) () 0) < o
1 2.1 v
= pa+§a c (a)<§
= o) <-T4 D Ow ),

where (x) follows by substituting for u = a into h'(u) = —21%2 (p+2)+ 3Zi”. Given ¢(a) = h(a) and

"(a) < h(a), d(a+e€) <h(a+e) for all small enough € > 0. Then, the same proof from Case (I-2)

is applicable here, yielding a unique intersection of ¢/(u) and h(p) in (a+€,00) for all small enough

e>0,1ie,n,=1.

(W)

h(@) =p
c'(0)

h(w)

0 a 3v
2v
2p+ @

Figure EC.10  Illustration of the left-hand side (solid blue curve) and the right-hand side (solid black and solid
red curves) of the limiting FOC (EC.124) when ¢ (0) < p < p'(v) and a = (¢') "} (p).
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Proof of Lemma [EC.30k
If p'(v) < p<c(a), then, recalling the definition of pf(v) in (EC.97), p > p'(v) implies

P 0) + 5 ()7 0) () ) > 3,
which implies
pact 5% (@) 2 p(e) 7 (B) + 5 ()7 1) ¢ () ) > 3,
This above inequality implies that
pa+ %aZC”(a) > g
= )>-L 4 L Dw),

where (x) follows by substituting for y=a into h'(u) = —%2 (p+2)+ 32#. Thus, ’(n) > ' (a) >
h'(a) > h'(n), for all u > a, recalling that ¢ is strictly increasing, and h(u) is either (a) strictly
decreasing in p € (a,00) (Figure (I)), or (b) strictly increasing and strictly concave on p €
(0, %iiv%v), and strictly decreasing on p € (2piv27" , oo) (Figure [EC.11{ (II)). Together ¢’ (u) > h' (1)
for all p > a, and the fact that ¢/(a) > p = h(a), it follows that ¢/(u) > k() for all p > a, with

equality held only possible at = a. Thus, n, =0.

W
T c'(w)

h(a) =p

h(a) =p

c'(0)
h(0 c'(0)
h(w)

v
2+ 0 a

(D (IT)
Figure EC.11 Nlustration of the left-hand side (solid blue curve) and the right-hand side (solid black and solid
red curves) of the limiting FOC (EC.124) when p > pf(v) and a > (¢') "' (p).

EC.7.10. Proof of Proposition [o]

Suppose u7, ¢y are symmetric limiting equilibrium service rates such that pi > p > 0. From ,

the limiting utility function is given by

p/,L—C(,U), % < a,

UOO ) ; 9 9 =
(1, 3 0, p:v) {pa—i—v(l—Z) —c(pn), p>a.
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The limiting equilibrium service rates pf and pj satisfy the limiting FOC :
a2 + a a +
pl1-— {1— } +v— [1— } =c'(u), for p=p}, ps. EC.125
( 2 e . (w), for pu=pi,ps ( )
Moreover, strict convexity of ¢ implies that
c(uy) = e(ps) < (ui — p3)e (u]) < pic'(p}) — pse (u3),
where the second inequality follows from ¢ (uy) > ¢/ (u3) for py > pi. Thus,

0 <c(py) = clpz) < prc (py) — pac’ (p3)- (EC.126)

Recalling from Theorem [4] that there can be at most one overloaded or critically loaded equilib-
rium, we consider the following two cases.

Case (I): If pj, us satisfy py > a > ub, then

* * a * o0 * * * *
UGt =pacto (1= 5 ) <) and UG =g i) (EC120)

1

and, from (EC.125]),
/ * a a / *
c (lul) = (M*)z <U <1 - *> +pa> and c (,ug) =D. (E0128)
1

1
Substituting for ¢/(u}) and ¢ (u}) into (EC.126) using (EC.128):
* * a a * a *
0<c(u))—clps) < — \v{1——)+pa)—pu;<v|1l—— | +pa—puj,
M1 H M1

where the second inequality follows because p7 > a. Thus,

25

pus —c(p3) <pa+v (1 - a> —c(p1),
which, from , is equivalent to
U™ (u3, p3) <U™ (i, p7)-
Case (II): If uf, ub satisfy puf > ps > a, then
UGt =pato (1= %) o) and UG =pato (1% ) <o), (BC.120)

1 2

and, from (EC.125)),

¢ (ut) = (/g)? (u (1— Z) +pa> and  ¢(uf) = (/LZV (u (1— L) +pa) . (EC.130)
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Substituting for ¢'(u}) and ¢'(p3) into (EC.126)) using (EC.130):
0 elp) — et <2 (w(1= 2 ) pa) = 2 (o (1= ) )
231 231 M M
a a a
L (= i) o) = (0 5) o)
Ky Hy Ha
a a
< <v (1—*> +pa> — (v <1—*> +pa> ,
K1 Ha
where the second inequality follows because pj > pj, and the third inequality follows because
uy > a. Thus,

pa+v (1—(1*) —c(p3) <pa+v <1—a*> —c(p),

Mo M1
which, from (EC.129)), is equivalent to

U™ (3, 15) < U™ (i, p17)-

EC.7.11. Proof of Proposition [7]

Throughout the proof, we heavily reference the definitions in Section [EC.7.4. The reader might
therefore find it useful to review it first. Fix v > 0.
(a) Overloaded: From , the limiting overloaded equilibrium p*(a, p;v) € (0,a), when it exists,
satisfies ¢/(u) = p, implying that p*(a,p;v) = (¢)~*(p), which exists when ¢/(0) < p < /(a). Thus,
to(a,p;v) does not depend on a, and is strictly increasing in p, recalling that ¢ is strictly increasing
(by strict convexity of ¢) and thus (¢/)~! is strictly increasing.
(b) Underloaded:

Recall from that limiting underloaded equilibria, when they exist, satisfy

(1) =h(p;a,p,v), (EC.131)

where h(u;a,p,v) = Z—z (p+ 2 ﬁ)

e From Theorem {4 (a) and (b)(iii), when p < min{c'(a),p'(v)} and a < a(p,v) (corresponding
to Areas 1,2, and 12 in Figure @, n, = 2. Denote the two underloaded equilibria by uj(a,p;v) >
w3 (a, p;v) > a. Notice that p < 5=, because a < a(p,v) < 3 (from Remark . We assert that

wi(a,p;v) and pi(a,p;v) are continuously differentiable functions of a and p in this region.

REMARK EC.6. Although u(a,p;v) exists when a = a(p,v) (from Theorem [4] (b)(iii)), we exclude
it because p}(a,p;v) is not defined for a > a(p,v) and therefore its monotonicity in terms of a at
this boundary is meaningless. Also, although % (a,p;v) exists when p = (a)~!(a,v), we choose to

exclude it when discussing its monotonicity in terms of p, noting that uj(a,p;v) is not defined for

p<(@)(a,v).
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Cram EC.10. For any p <min{c(a),p'(v)} and a <a(p,v), a < pi(a,p;v) < u'(a,p) < ui(a,p;v).

e From Theorem {4 (b)(iii)-(iv), when p > ¢/(a) and either (i) p < p'(v) or (ii) ¢/(a) # p > p'(v)
(corresponding to Areas 5 and 51 in Figure @, n, = 1. Denote this unique underloaded equilibrium
by ui(a,p;v). We assert that u}(a,p;v) is a continuously differentiable function of a and p in this
region.

Later arguments will require that uj(a,p;v) is continuous in a and p across the boundary a =
()~ (p) for pe (<(0),p'(v)) when transitioning between Area 1 and Area 5. Specifically, we show

the following claim, whose proof appears later.

Cram EC.11. Fizing any a € (0,a(p'(v),v)), impyre(a) w5 (a, p;v) = pi(a,d (a);v). Fizing any p €
(c/(O)J)T (U)): liInai(t:’)*l(p) M;(a,p; 'U) = MI((C/)il(p)aﬁ 'U)'

We might suppress the dependence of pj(a,p;v) and pj(a,p;v) on a, p and v henceforth, when
the context is clear.
Since pj(a,p;v) is the larger or the unique underloaded equilibrium, it must satisfy h(uy) = ¢ (1})
and h'(u3) < c’(py) (see Figure (I)(II)), which can be equivalently written as
(552 (p+ - :1) —¢(u})  and é‘f; (23:1 -2 p> < (). (EC.132)
Since pi(a,p;v) is the smaller underloaded equilibrium, it satisfies h(u}) = ¢'(u3) and h'(u}) >
c’(u3) (see Figure (I)), which can be equivalently written as

a2 ( v v ) , 2a? ( v w > "
- pt+——— )=y and  —— |5 ———p)>c"(u3). EC.133
=) =) S (1) (BC.133)

(13)?

0 au; Iy 0 a i :
(I) Two underloaded equilibria (IT) One underloaded equilibrium

Figure EC.12  Illustration of the left-hand side (solid blue curve) and the right-hand side (solid black and solid
red curves) of the limiting FOC (EC.131]) when underloaded equilibria exist.

Before proceeding, the next result is useful for the rest of the proof.

Cramm EC.12. ' (u*) # b (w*) for any limiting underloaded equilibrium p* > a.
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Monotonicity in p:
(b)(i): Taking the partial derivative with respect to p on both sides of (EC.131) and due to
Claim [EC.12

o O, Op  Oh o %
() =h () — = = — %
(w) dp (k) dp = Op op () =N (p)
where
Oh a2 a? v 2a2( v v) va® 2 va® 2
—=—and W(p)=— ———(p+———)=— = Zh(p)=— — = ().
op p? (k) N N a p ptop (w) ptoop (w)

Substituting for % and h'(u) using the above expressions yields

W) - (s~ 2e)  a QOG0 FRe ) =5

o 7 1
o .

which implies that

AN
2 (77 _ 7 / 11 _
(%) =5 et ). (EC.134)
Substituting ¢'(uy) and ¢’(u}) using (EC.132) into (EC.134) yields
* 8 T a?p;v -t 1)? / * * I *
(e (PGP ) U oy e ) o

Ip

*\3 2 2 *\3 2 2 3

Sd)” 207 (v vy () 2 vV )) —e—o
a® (u7)? a  py a® (u1)? \2p1

Hence, %‘;’W) >0, i.e., puj(a,p;v) is strictly increasing in p.

Similarly, when pj(a,p;v) exists, substituting ¢'(u3) and ¢’(u3) using (EC.133) into (EC.134)
yields

(g (2 ) O o) 4 e ) — o

dp

)3 2a2 v )3 202 v w

<(,U22) *2(p+_*>+(ﬂ22) *2( *__p)_vzo_
a? (u3) a Mo a? (u3)

Hence, %‘;’W) <0, i.e., pus(a,p;v) is strictly decreasing in p.

(Non-)monotonicity in a:

Taking the partial derivative with respect to a on both sides of (EC.131)) and due to Claim [FC.12

() O — gy 28, OR on_ e
<) (#)8a+8a ~ da () —h(p)’ (EC.135)

Oa
where

oh  a? v 2a vow 2 v
@_z<_z)+z< _>:h(/~t)—2—cl(#)—zv and
o p a a p a w a

) ) , ) (EC.136)
, a® v 2a v va 2 va 2,
Wp)=—-———% ——— ) =—7——h(p)=—7——c(n)

T a u) ptoop pt o

Substituting for % and h'(p) using the above expressions yields

o0 _ w
00 or()— (22— 2o()) 2 [ e/ (n) + e () ]

22/
),L HC(M)_U
a
2
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which, together with (EC.134), implies that

2u2c/ (p)
e = plan)- 2, (BC.137)
@ 520 () + e () — o] P
where p(u;a,v):= w —v. Note that, for all u > a,
2u2¢ 202¢ -1
@(M;M):M_KH.M_KM (8/1) 7 (EC.138)
a a a dp

where the last inequality follows from ([EC.134)). Thus, one can leverage the results about %Z from

(b)(i) to study ¢(u;a,v).
(b)(ii): When a smaller underloaded equilibrium pj(a,p;v) exists, recall from (b)(i) that
%‘;’pm < 0. Then, (EC.138)) implies

ous(a,p;v)\ "
(13 (a,p;v);a,0) < (p3(a,p;v))° (’“‘2(6;?)> <0, (EC.139)

which, from (EC.137), implies that W = a%go(ug(a,p;v);a,v)%w >0, i.e., ui(a,p;v),

when it exists, is strictly increasing in a.

ey, . Apt (a,piv)
(b)(iii): Throughout the proof of (b)(iii), recall from (b)(i) that =7== > 0.

DEFINITION EC.4. For any v >0, and p € [0,p*(v)], a'(p;v) is the unique solution for a € (0, i]

to ¢(ui(a,p;v);a,v) =0, which simplifies to

(o N_a(p, 1Y
c (P+2’;> == <U+2a> . (EC.140)
REMARK EC.7. For any v >0 and p € [0,p*(v)], al(p;v) = 3, if and only if p=p*(v).

REMARK EC.8. ¢(uj(a,p,v);a,v) > 0 if a € (0,a'(p;v)), and ¢(uj(a,p,v);a,v) < 0 if a €
(aT(p; v), Qﬂ :
Note that a'(p;v) depends on p and v, but for simplicity, we may expose or suppress the depen-

dence. The following lemma provides conditions for the existence of af.

LEMMA EC.32 (Validating Definition [EC.4). There exists a solution for a € (0, %} that
solves (EC.140}) if and only if p € [0,+p*(v)], where p*(v) is defined in Deﬁnitz’on (b). Fur-

thermore, if such a solution exists, it is unique, and is denoted by a'(p;v).
LEMMA EC.33. For any v >0, af(p;v) is strictly increasing in p € [0,p'(v)].

Let

glaip,v) =19 52 )QC,( . ) 2> 0. (EC.141)
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Then, it is easy to see that (EC.140)) is equivalent to g(a;p,v) = v; that is, af(p;v) € (0, i], if it

exists, solves g(a;p,v) =v. Note that ¢ is continuous at a =0, and it is straightforward to see that
it is a strictly increasing function of a for a € (0, ;—p}

(b)(iii)(1): Using Remark [EC.7| to exclude p = p*(v) from Lemma when 0 <p <
pr(v), al(p;v) € (O, ;—p) Recall from (EC.137)) that W = a%go(u{(a,p;v);a,v)%‘;p;”), where
2uilere) 0 from (b)(i).

Case (I): If 0 <p < p'(v), considering Remark it suffices to show a'(p;v) < a(p,v),
where @(p,v) < 5> from Remark (Recall from Theorem (b)(iii) that ui(a,p;v) exists only

on (0,a(p,v)).) We first establish the following claim:

Cram EC.13. If0<p<p'(v), then g(a(p,v);p,v) > v, where g is defined in (EC.141]) and a(p,v)
is defined in Theorem [{}

Recalling that g(a;p,v) is a strictly increasing function of a for 0 < a < a(p,v) < 2, Wwith
9(0;p,v) =0 and g(a(p,v);p,v) > v (from Claim , it follows that there exists a unique
at(p;v) € (0,a(p,v)) such that g(a'(p;v);p,v) =v. Therefore, a'(p;v) <a(p,v).

Case (II): If p'(v) <p < p*(v), considering Remark it suffices to show that af(p;v) <
(¢)~H(p), where (¢')7'(p) < 55 when p < p*(v) from Definition W (b). (Recall from Theo-
rem {4 (b)(iv) that uj(a,p;v) exists only on (0,(c)"*(p)).) It is straightforward to see that the
right-hand side of is a strictly decreasing function of a for 0 < a < (¢/)7!(p) < 25+ and the
left-hand side of is strictly increasing in a > 0. Thus, in order to show a'(p;v) < (¢/)~*(p),

it suffices to show that the left-hand side of (EC.140)) is strictly greater than its right-hand side at
a= ()" (p), ie.,

pi(v)<p=c(a)<p(v) implies ¢ <C(a)”+2) > (Clia) + 21a>2 (EC.142)

By definition of p'(v) in Definition (a) and p*(v) in Definition (b), p'(v) <p<pt(v) is

equivalent to

p()7 ) < 2 <ple) 0+ 5 ()7 ) ¢ () 9)). (BC.143)
Using (EC.143)), (EC.142) is equivalent to
¢ (a) < 2% <d(a)+ %ac”(a) implies ¢/ (c(a)v—I—) > % (Cli") + 21a> . (EC.144)

Note that a < —*+ for any a € (0, %) Then, by convexity of ¢ (Assumption , for any a €

P+og
v
<Oa %)a

¢ () < v v
"(a) < 2a s ( — ) >c(a)+"(a) ( —— a) : (EC.145)
e ¢ P+t P+

a
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Moreover, 0 < 2= —¢/(a) < ac’(a) implies

c%@ZZ(gfde“X£<%gd@»>Q (EC.146)

where () follows by noting that ;- —¢’(a) > 0. Then, combining (EC.145) and (EC.146|) implies

that, when a = (C')fl(p)»

P+ P+ = 2 =~ +c(a)
3
= a | (& —(a) ( , v )2 a ( , v )2
= | —) | > —,
2v | 5=+ (a) * C(a)+2a 2v C(a)+2a

where (x) follows from algebra. Hence, is established.

(b)(iii)(2): When p > p*(v), it suffices to show that p(ut;a,v) > 0 for all a € (0, (¢')~!(p)), recall-
ing from (EC.137)) that W = a—é@(u{(a,p;v);a,v)%’i@, where %‘;pm > 0 from (b)(i).
(Recall from Theorem 4| (b)(iv) that p}(a,p;v) exists only for a € (0,(¢)7*(p)).) We discuss two
cases depending on whether there exists a > 0 that solves .

e Case (I): If there does not exist a > 0 that solves (EC.140), then ¢(uf;a,v) >0 for all
a € (0,(c)"*(p)), because lim, o p(u(a,p;v);a,v) = oo > 0.

e Case (II): If there exists a > 0 that solves (EC.140), then denote the smallest solution
by a'(p;v). Then, it suffices to show that a'(p;v) > (¢/)~'(p). Then, @(u};a,v) >0 for all a €

(0, ()" *(p)), because lim, o p(uf(a,p;v);a,v) =00 > 0.

— Case (II-1): If p=p*(v), Remark implies that a(p;v) = 55 = (¢)~'(p) by definition
of p*(v) in Definition [EC.2] (b).

— Case (II-2): If p > p¥(v), then it is straightforward that (¢)~'(p) > 5 (by definition of

p*(v) in Definition (b)). By Lemma [EC.32| and Remark when p > p*(v), a'(p;v), if

exists, must satisfy af(p;v) > %. This can be equivalently written as

v

T( .
a'(p;v) > T
p+2a*(p;v)

which implies that

v
c (aT(p; v)) >c () ,
pt 2a*sz;v)

recalling that ¢’ is a strictly increasing function (by strict convexity of ¢). Note that

2, v 2
. v_ @ af (piv)v <P+ Tl ) Ozmt(e, 1) _,
P+ 527Gy 2 v 2at(p;v) 2 \v 23

where (i) follows because af(p; v) solves (EC.140)), and (ii) follows because a'(p;v) > 5, and

a(p+22)*
2v

is increasing in a € (ﬁ, oo). Hence, from the above two displays,

dat(pv)>p < al(pv)> () p),
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which is desired.

Below we prove Lemmas [EC.32 Remarks and Claims [EC.10
Proof of Lemma [EC.32t By definition of a' in Definition o(pur;at,v) =0 implies

*\2 /(%
72(”1); i) _, (EC.147)

Since uj satisfies the limiting FOC (EC.131)), substituting for ¢/(u}) using in the above
display yields

v
Pt g
Recall from that when p(a, p;v) exists, p(u%; a,v) <0, including when p3(a', p;v) exists.

Substitution into (EC.147)) using (EC.148)) shows that a' satisfies

202 , ( v ) , < v ) av (p 1 >2
5C — |=v < ¢ =5 |-t
a (p-|- i) P+ %a P+ 24 2 v 2a
which establishes (EC.140)).

It is straightforward to see that g(a;p,v) is a strictly increasing function of a for a € (0

(EC.148)

pi(a’,pyv) =

CH
’ 2p

} with
g(0;p,v) =0. Thus, af € (O, %] that solves g(a;p,v) =v exists if and only if ¢ (%p;p, v) >, Le.,

g(v.p U)_vd(v)m,
2p’" p \2p) "7

which holds if and only if 0 < p < p*(v), recalling the definition of p*(v) in Definition m (b).

From Remark at(p;v) = 3, When p = p*(v). Moreover, from Lemma [EC.33| a'(p;v) is strictly
increasing in p € [0, p*(v)]. Hence, a'(p;v) < £ for p € [0, p*(v)].

— 2p
Finally, since g(a;p,v) is a strictly increasing function of a, a', which is a solution to g(a;p,v) = v,

must be unique, if it exists. m

Proof of Lemma By definition, af(p;v) solves . Denote the left-hand side
of by LHS(a,p;v), and the right-hand side of by RHS(a,p;v). Note that

(1) LHS(a,p;v) is strictly increasing in a € (0,00), and RHS(a,p;v) is strictly decreasing in

ac <0, 2%)) and strictly increasing in a € (%, oo);

(2) LHS(a,p;v) is strictly decreasing in p, and RH S(a,p;v) is strictly increasing in p.

Then, for any 0 < p; < py < pt(v), we have LHS(a'(pi;v),pi;v) = RHS(a'(p1;v),p1;v).
Then, (2) implies that LHS(af(pi;v),pe;v) < LHS(a(p1;v),pi;v) and RHS(al(p1;v), p2;v) >
RHS (a(p1;v), p2;v), implying that LHS (a(p1;v), pa;v) < RHS(al(p1;v),pe;v). Then, (1) implies
that af(p;;v) < a'(p2;v). Therefore, a'(p;v) is strictly increasing in p € [0, p*(v)]. m
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Proof of Remark |[EC.7; Plugging in a = i into (EC.140)) yields ¢ <2”—p> = p, which implies that
p=p*(v) by uniqueness and by the definition of p*(v) (in Definition [EC.2| (b)). m

Proof of Remark We evaluate the partial derivative of o(u}(a,p;v);a,v) with respect to

a at a=al(p;v):

_ 0 (2pi(a,piv)*e(pifa,piv))
weat Oa a
1 o (a,p;v)
_ T, * (% 1
_(aj)g |:a (4/,610 (Iul) aa

2 1l
= (GJT)Q (IU/I)2C (lu’l) <0,

a * . .
%@(Ml(avpvv%aa ’U) oot
i (a,p;v)

+2(p3)%¢" (1)) 5e

a:aT

) =20

a:aT

which implies that o(ut(a,p;v);a,v) is strictly decreasing in a at a = a'. Since a' is the unique
a € (0,%] that satisfies p(uj(a,p;v);a,v) = 0, it follows that o(uj(a,p;v);a,v) > 0 for all
a € (0,a'(p;v)), and o(u}(a,p;v);a,v) <0 for all a € (af(p;v), %} m
Proof of Claim We first note that 0 < a < a(p,v) is equivalent to v > v'(a,p)
(from Corollary . When v > v'(a,p), we have h(u'(a,p);a,p,v) > ¢ (uf(a,p)), because
h(ut(a,p);a,p,v) > h(u'(a,p);a,p,vf(a,p)) = ¢(ut(a,p)) (from Lemma [EC.24), recalling that
h(p;a,p,v) is strictly increasing in v when g > a (from Lemma (e)). Then, since
h(a) =p < d(a), h(p'(a,p);a,p,v) > (ul(a,p)) and lim, o h(p) =0 < 0o = lim,, o ¢/(1), the

intermediate value theorem implies that there exists pj(a,p;v) in (a,u'(a,p)) and pi(a,p;v) in

(1" (a,p),00); that is, a < ps(a, p;v) < p'(a,p) < pi(a,p;v). L

Proof of Claim We formally prove the first part of the statement, and the second

part follows by similar arguments. The proof follows three steps:
(i) wi(a,p;v) has a limit as p 1 (a);

(ii) limpre o) pi(a,p;v) solves the limiting FOC ;

(i) Tt o) 5 (a0, p50) = g1 (0, ¢ (a)50).

Proof of (i): Recall that u*(a,p;v) and uj(a,p;v) are continuous in p for p < min{c'(a),p’(v)}
when a € (0,a(p(v),v)) (i.e., within Area 1). This implies that u}(a, p;v) and u3(a, p;v) have limits
as p 1 (a), denoted by Ly :=limpyre o) i (a,p;v) and Lo :=limpre ) p5(a, p;v).

Proof of (ii): Let ¢(u,a,p;v) :=c(u) — Z—z <p+ 2 — ﬁ) Any limiting equilibrium must satisfy
the limiting FOC (EC.131), and so

o (1 (a,piv),a,pv) =0, j€{1,2},
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which implies

lim o (15 (a,p;v),a,p;0) =0, je{1,2}. (EC.149)
ptc! (a

Since ¢(u,a,p;v) is a continuous function of p, it follows that

lim (k) (a,piv),a,p;v) = (L, a,¢(a);0), j € {1,2). (EC.150)

ptc(a)

From and , we conclude that ¢(L;,a,c (a);v) =0, j € {1,2}, which implies that
both L; and L, solve the limiting FOC .

Proof of (iii): From Theorem | (b), when p=¢/(a) and p < p'(v) (i.e., Area 51), there exist an
underloaded equilibrium, namely, u}(a,c (a);v) > a, and a critically loaded equilibrium a. There-
fore, L; and L, must be either u}(a,c(a);v) or a.

e Suppose L; =a and Ly = pj(a,d(a);v). Then, since ui(a,c (a);v) > a, there must exist p <
d(a) such that pi(a,p;v) > pi(a,p;v), which contradicts the definition of u} as the larger
limiting equilibrium. Hence, L; = a and Ly = pj(a, (a);v) cannot happen.

e Suppose L = Ly = a. Then, limy. o) ps(a,p;v) = pi(a,c'(a);v), recalling from Theorem {4 (b)
that there exists an overloaded equilibrium *(a,p;v) < a when p < min{c'(a),p'(v)} and a €
(0,a(p'(v),v)) (i.e., within Area 1). Since 3 (a, ' (a);v) > a, there must exist p < ¢/(a) such that
wi(a,pyv) > wi(a,p;v) and pi(a, p;v) > ps(a,p;v), which contradicts the definition of p%(a, p;v)
as an overloaded equilibrium, and u}(a,p;v) and p}(a,p;v) as underloaded equilibria. Hence,
L, = Ly, =a cannot happen.

Therefore, we conclude that L; = uj(a,cd(a);v) and Ly = a, or Ly = Ly = pi(a,d (a);v). In either

case, L1 = pi(a,c (a);v), which completes Step (iii). m

Proof of Claim [EC.12: We prove by contradiction. Suppose that ¢’(u) — h'(p) = 0 for some
to > a. Then, from the left equation in (EC.135)), % =0 at p,. Using the expressions for h'(u) and

9% in (EC.136)), it follows that

va? 2 va?

(o) — A +*OC/(M0)=0 s i (1) = - —2u2c (o), and (EC.151)
%c’(,uo) — % =0 & p2d(u)= %av. (EC.152)
Substituting for p2c’(u,) using into yields
pic (o) = va® _ av =va (a — 1) <0,
o Ito

which contradicts ¢” > 0 (by strict convexity of ¢). Hence, ¢”’(u) # h'() for all p > a. m
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Proof of Claim [EC.13;: Substituting for uc” (1) using (EC.95|) in Definition (a) into (EC.96))

yields

vT(a,p)Z(m)?’ (2c’(m)+(3a_2’“‘) ¢ - <m>2)

a? ut—a

i
:m ((HT)ZC/(MT) —a2p)7

which implies

T T
(1) ‘ (uf) , av x(;: P) _ o (ap) +ap, Va>0,p>0. (EC.153)

Let ¢(u;a,v):= w2 () + . Then, note that

a

2 3
0! (s a,) = 5 (26 () 4 e () .

Plugging in a =@ into the above equation:

=22 o)t e ) — LGPV o 1 )+ ) ' 3,2))

where the second equality follows from v =v'(@,p) by the definition of @(p,v) when 0 < p <pf(v)
(see Definition and from the definition of v'(a,p) in Definition (b). Since £ ( (1) +
uc’(p)) is a strlctly increasing function of p, it is clear from the above display that qS’ (p;a,v) is
strictly negative when u < puf(@,p), and is strictly positive when u > uf(@,p). That is, ¢(u;a,v) is
strictly decreasing in u € (0, u'(@,p)), strictly increasing in u € (u'(a,p), 00), and thus, is minimized
at p=pu'(a,p). Hence,

o(p;a,v) > o(u' (@, p);a,v), Vu#p'(@,p). (EC.154)

Recall from Lemma [EC.22| and Definition that pf(a,p) satisfies h’( "(@,p);a,p,v ) =

c’ (/ﬂ(d,p)) > 0, hence u'(a,p) lies on the increasing portion of h(u;a, p, v); that is, uf(a,p) <
recalling from Lemma [EC.21| (a). Moreover, it is easy to see that o +2U <3 f%

from Remark EC.5} Thus, u'(a,p) > + - and hence, from {l

v
7;7a > Tiv ;77
¢<p+;; ) o' (@,0);3,0)

<p+v%)2d(p%%> av >(MT(6,p))Qf’(M(E7P))+ av

& +— —_—
—m a 1 (@,p)

2p+2v 9
given that @ < %

a
Then, from (EC.153) by plugging in a =a, the above display is equivalent to

_ _ v ti= _ _ _
~9(a;p,v)+ap+§>v(a,p)+ap=v+ap < g@p,v)>v

| —
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EC.7.12. Proof of Proposition

By definition in (7)), 12, (p, v) is the supremum (limiting) equilibrium service rate over all possible
values of a, given p and v. To determine this, we derive the supremum underloaded equilibrium and
the supremum overloaded equilibrium separately; then, u%,.. (p,v) is the maximum of these two.
(We do not consider the critically loaded equilibrium separately, because every critically loaded
equilibrium at a = (¢/)~*(p) is also an overloaded equilibrium for all a > (¢/)~*(p).)

(I) 0<p<p¥(v): From Proposition [7| (b)(iii)(1), the maximum underloaded equilibrium is
obtained at a = a'(p;v) € (0, 2“—;), which satisfies

t 2
, v a'v (p 1
=— =+ . EC.155
c<p+221) 2 <v+26”) ( )

Note that plugging p = UUT into the limiting FOC (EC.131)) with a = a' yields (EC.155)), which

means that yp=

. = is an underloaded equlhbrlum his can only be u} because even if u} exists,
MLI . >0 (from Theoremlﬂ ii)), contradicting the definition of a' for which this partial
derivative is zero. Thus, the maximum underloaded equilibrium is given by

v

pi(ah pyv) = ——-. (EC.156)
P 5.7
From Propos1t10nl ), the overloaded equilibrium p(a, p;v), when it exists, does not depend

on a, and is given by ,uo(a,p; v) = ()7 (p) (from the limiting FOC (16])).
It remains to compare the maximum underloaded equilibrium and the overloaded equilibrium.
We argue that the former is larger. To see this, it suffices to show that

ii atv 1\?
) @ p< 7 <p + 2(LT) s (EC157)

(@) ) < —2r 9 p<c'(

P+ a7
where (i) follows because ¢ is strictly increasing (by strict convexity of ¢), and (ii) follows
from (EC.155)). Using Remark [EC.7| to exclude p = p*(v) from Lemma [EC.32} af € (0, i) when

0 <p < p*(v). Additionally, it is straightforward to see that % (% + i)2 is strictly decreasing in a
for a € (O, %) Thus, it follows that

2
atv (p 1N’ _ vip 1
2<v+2a+) "o \eTaz) TP
which establishes (EC.157)).

Hence, the maximum equilibrium is the maximum underloaded equilibrium, namely,
v P 1 -1
* = (al v v)= _ (P
/’Lmax(pvv)_:ul(a ap,?])—p+2:i _(v+2aT> .

(IT) p > p*(v): From Proposition [7| (b)(iii)(2), the underloaded equilibrium u}(a,p;v), when it

exists, is strictly increasing in a € (0, (d )_1(p)). Using similar arguments that prove the first part
of Claim [EC.11} it can be shown that limaﬁ(cl 71@) i (a,p;v) solves the limiting FOC, which has
the unique solution y = a by Theorem [] (b)(ii). Thus, p}(a,p;v) — (¢')~*(p) when a — (<)~ (p).
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On the other hand, identical to the analysis in (I) above, the overloaded equilibrium p*(a,p;v),
when it exists, is given by u*(a,p;v) = (¢’)"*(p). Hence, the maximum equilibrium is given by
Hiax (P, v) = (<) 7H(p).

Finally, we verify the equivalence of this statement to Proposition

e When 0 < p<p*(v),

v 2
vy v () v aT(p-i-Taf) :ﬂT(p_FL)_
Pt \Ptms) ptgr 20 2

where (x) follows from (EC.155)). Moreover,

/“‘(’:naxc/(l’[’:nax)

2

v? v af ( LY )
4(1} 7pﬂ1)fnax) 4 (’U —p v ) 2 2at

T
Pt F

The above two displays imply that pf . ¢ (5 .) = Wi*) when 0 < p < p¥(v).
e When p > p¥(v), ¢(1ax) =P-
Therefore, ([18)) satisfies the equations that characterize p . for the loss system in Proposition
]

EC.7.13. Proofs of Theorems [b] and

From @, the prelimit FOC is given by

OI (pa, 1)

EC.158
o0 ( )

() =p (1 —1"(u,p) + (v —pp)

p1=p
Set LHS(u) and RHS*(u) equal to the left-hand side and right-hand side of the above display,
respectively. From , the limiting FOC is given by

() =p (1 - {1 - ZT) + (u—pu)% {1 - a] " (EC.159)

L
Recall the definition of A(p) from (EC.93) in Section [EC.7.3

a? v a
() 2 (p au) = p*HU*pME <1> >0
Then, (EC.159) can be written as
R 2 when u < a,
d(p)= { h(), when 1> a. (EC.160)

Set RHS(u) equal to the right-hand side of the above display. Observe that LHS, RHS, and
RHS* are all continuous functions of u for u € (0,00).

In order to analyze the convergence of prelimit equilibria (i.e., solutions to (EC.158)) to limiting
equilibria (i.e., solutions to (EC.159)), we rely on the uniform convergence of RHS* to RHS.

Formally, we need the next lemma, whose proof appears at the end.

LEMMA EC.34. RHS*(u) converges uniformly on [0,00) to RHS ().
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Proof of Theorem |5 (a): n. =n, =0 implies that LHS(u) # RHS(u) for all p € (0,a]. More-
over, LHS(0) = (0) # p= RHS(0). Therefore, LHS(u) # RHS(u) for all u € [0,a]. Then, due
to the uniform convergence of RHS* to RHS (from Lemma , for all large enough A,
LHS(u) # RHS*(u) for all p € [0,a], implying that there does not exist a solution to the prelimit
FOC in (0,al, i.e., n) =0.

Proof of Theorem [5] (b): Recall, from Lemma [3 that s, (p,v) is a finite, constant upper
bound on pre-limit equilibria for all A. n, =n. =0 implies that LHS(u) # RHS(u) for all p €
(@, 11,0 (P, v)]. Then, due to the uniform convergence of RHS» to RHS (from Lemma [EC.34)), for
all large enough \, LHS () # RHS*(u) for all p € [a, .. (p,v)], implying that there does not
exist a solution to the prelimit FOC in (a, s, (p,v)], ie., n) =0.

Proof of Theorem [5| (c): n.=0 implies that LHS(a) # RHS(a). Then, by continuity of LHS
and RHS, there exists § € (0,a] such that LHS(u) # RHS(u) for all u € [a — d,a + 0]. Then,
due to the uniform convergence of RHS* to RHS (from Lemma , for all large enough A,
LHS(u) # RHS*(p) for all pu € [a — 6,a+ 0]. Moreover, limy_, 25 = a implies that for all large
enough A, ﬁ € [a—0,a+ 0]. Therefore, for all large enough A, the critically loaded service rate ﬁ
is not a solution to the prelimit FOC , i.e., n}=0.

Proof of Theorem 5 (d): First, it follows from Theorem[d] (a) and (b)(iii)(iv) that when p < ¢/(a),
n, = 1 implies that (i) p < p'(v), and (ii) a =@, or, equivalently, from Definition [EC.3| v =1v'. Next,
recall, from Definition and Remark that when p < c/(a), u' € (a, %a) is the unique
limiting underloaded equilibrium for which ¢/(u') (i.e., LHS(u')) and h(u') (i.e., RHS(u')) are
tangent and v is the unique value of v for which this phenomenon occurs; see Figure (I) for
an illustration.

In order to prove Theorem [5| (d), it suffices to show that if limy_,., N* — % < 0, then there exists
some § € (0, u" —a) such that RHS*(u) — RHS(u) <0 for all p € [uf — 4§, ut + 6] for all large enough
A. This is because, from Lemma (noting that, when > a, /() and h(p) are the same as
LHS(u) and RHS(u) respectively), it would then follow that

e LHS(u)> RHS (1) > RHS*(u) for all p € [uf — 6, ut + 4] for all large enough A; and

o LHS(u) > RHS(u) for all p € [a,u’ — 0] U [uf + 6,00), implying that, due to the uniform

convergence of RHS* to RHS (from Lemma[EC.34), LH S(u) > RHS*(u) for all yu € [a, ut —
S]U [+ 6,00) for all large enough .

To proceed, we need the following result, whose proof appears at the end.

Cram EC.14. If limy_,oo N* — 2 <0, then there exists 6 € (0,u" —a) such that the following hold

for all p € [ut — 8, ut + 8], where u' is defined in Definition (a):
(1) I, 1) — (1 - 9) <0 for all large enough A, and

1%
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I (o) BriC (N2, *)Z’“A N, <N§ >1
(-5 P )

Claim [EC.14| guarantees the existence of some d; € (0, u' —a) such that for all p € [uf —d;, uf + 1],
the statements Claim 4 (1)(ii) are true. In addition, the following statements are also true:
o uf —4&; > 2 for all large enough A, and

=0.

o ul + 6 <2ut —a <2 (%a) —a=2a< %, where the last two inequalities follow from
Lemma and Remark respectively.

In other words, for all large enough A, in addition to the two statements guaranteed by

Claim [EC.14 (i)(ii), it is also true that

A vf
T T
W<M<; Ve [p' — o1, 1" +61]. (EC.161)

Next, by definition of RHS* and RHS,
a <1 _ a)
p=p M K

RHS (1) — RHS (1) = —p {I*(u,u)— <1_Z>} + <”T_p> [u oM pp)|
(EC.162)

w O

Using (EC.19) from Corollary [EC.1] we can evaluate the term multiplying <—T —p| in the above

display as Tollows:

)
(B B IC A aes o SRTE R T,

i=1

- {1*(,1,,@ = (1 - %)} (% —IA(MM)) +Ik(u7u)2}wcj<vwkkljxi (NAAJ
|

(=) [)-(on=(2)]

ErlC(N ) fz( )

i=1

81 (/’le )
8/.L1

2

+ Iy 1) (EC.163)

Substituting (EC.163) into (EC.162) yields

RHS*(u) — RHS(i) < —p {I*(u, p) - (1 - Zﬂ

() o= () 1G) - (o= (-5)

a a UT UT ’UT a
=[Pow- (-5 B (5 -5 r) - (5 -2) [Pom-(-5)],

ER N i
ot . ENC (NA, “) Ay
+(u_p)1 (i ———" 2 Z(N*u> ‘

=1

Claim [EC.14| (i) guarantees that (1 — %) — I*(u, 1) > 0; dividing throughout by this term yields

S (o) (4 - (1-3)
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(UT ) )2 EriC (N 2) S0 (2)
+{—-p
NA ((1— %) —P(u,u))
P )2EriC (N A) SN (A

= 2a (vt of of (k. p)*Er m i1l N
SRR NI L

BOAH N ((1—;)—1 (M,M))
where (x) follows from Claim [EC.14](i). Taking the limit as A — oo and applying Claim [EC.14] (ii),
we obtain, for all u € [uf — &y, ut + 61],

)

N Pt
Jim RHS*(p) RHS(M)Siza <U?2)p>
o (1—%)—1*(%#) BAR
_ 2 (1 B4\ (ol
o ou \p 3t 3u\ a P
2avt a
i Fw) = 39(n), (EC.164)

where f(u) = i - # and g(u) = i (% - 2p>. We resolve the signs of f(u) and g(u) as follows:
e From Lemma we know that f(u') > 0, which, due to the continuity of f, implies that
there exists a small enough ¢ € (0,d;) such that f(u) >0 for all p € [uf — &, u’ +4].
e From Remark we know that v > 2ap, which implies that g(u) > 0 for all u > 0.
Therefore, implies that

A _
li BHS(8) — RHS(p)

Jim - <0, Vpepu' -6 u"+4].
(lfg)*fk(u,u)

Then, using the guarantee from Claim|[EC.14|(i) that (1 — %) — I, p) >0 forall p e [uf =6, ut +4]
for all large enough )\, it follows that

RHS(u) — RHS(u) <0, Vue[u'—8,u"+48] for all large enough A,

as desired.

Proof of Theorem [6] (a): From Theorem [4] (a) and (b)(i), n, =1 if and only if ¢(0) < p < c/(a)
(Figure (a)); that is, LHS(0) = (0) <p=RHS(0) and LHS(a) = (a) >p= RHS(a).
Then, due to the uniform convergence of RHS* to RHS (from Lemma , for all large enough
A, LHS(0) < RHS*(0) and LHS(a) > RHS*(a); the intermediate value theorem then guarantees
the existence of at least one solution to the prelimit FOC in (0,a), i.e., n) > 1.

Proof of Theorem [6] (b) (i): From Theorem[d] (a) and (b)(iii)(iv), n, = 2 only if LHS(a) = ¢(a) >
p=RHS(a) (Figure (b)). Then, because there is more than one underloaded equilibrium,
Lemmas[EC.22|and [EC.24]together imply that LH S and RH S cannot be tangent at any u € (a,00).

Let po > pq > a be the two distinct limiting underloaded equilibria that solve LHS(u) = RHS(p).
Since lim,,_,o LHS(p) = 00 > 0 = lim,,_,.. RHS(p), it must be that LHS(u) > RHS(p) for all
[ > 9, and in particular, for some @ > u,. Together with LHS(a) > RHS(a), this means that
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N LHS () LHS () —

‘ | RHS (1) c'(@) P ;
p ! \ c'(0) LC)| !
i ' p c'(0) i RHS (1)
¢'(0) L
I S .
’ o 0 a :L‘lm Ho # 0 a #
(a) Theorem |§| (a) (b) Theorem |§| (b)(i) (¢) Theorem |§| (b)(it)

LHS ()

LHS(1)

P
c'(a)
(0
0 “ m g 0 " " 0 a I K
(d) Theorem |§| (b)(ii) (e) Theorem |§| (b)(ii) (f) Theorem |§| (b)(iii)

p=c(a

c'(0)

0 a
(g) Theorem |§| (c)
Figure EC.13 Existence of the solutions to the prelimit FOC (EC.158)) in Theoremﬁ

there must exist some p,, € (11, p2) for which LHS(p,,) < RHS(jt,,). Then, due to the uniform
convergence of RHS* to RHS (from Lemma , for all large enough A\, LHS(a) > RHS*(a),
LHS(jt,,) < RHS*pt), and LHS(i) > RHS*(Jz); the intermediate value theorem then guarantees
the existence of at least two solutions to the prelimit FOC in (a,n), i.e., n) >2.

Proof of Theorem [6] (b)(ii): Here, we are given that p > ¢/(a) and n, =1 (Figures (c)-
(e)). Let p1q > a denote the unique limiting underloaded equilibrium. Recall, from Lemmas
and (noting that, when > a, ¢ () and h(p) are the same as LHS(p) and RHS(u) respec-
tively), that LHS(u) and RHS(u) are tangent for some p > a if and only if p < ¢/(a) and p =
u'(a, p); moreover, when this happens, there are no solutions to LHS(u) = RHS(u) in [a,o0) other
than pf. Also recall, from Remark that p = c/(a) if and only if uf = a. Therefore, we can
conclude that if p > ¢/(a), then LHS(p) and RHS () are never tangent at any p € (a,00), and in
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particular, at p;. Since lim, oo LHS(p) =00 > 0=1lim, o RHS(p), it must be that LHS(p) >
RHS(u) for all g > py, and in particular, for some @ > p;. Therefore, there exists a small enough
d € (0,1 — a) such that LHS(u; —0) < RHS(p11 — 6). Then, due to the uniform convergence of
RHS* to RHS (from Lemma , for all large enough A\, LHS(p; — &) < RHS*(py — 6) and
LHS(;z) > RHS*(p); the intermediate value theorem then guarantees the existence of at least one
solution to the prelimit FOC (EC.158) in (u; —d,71), i.e., n) > 1.

Proof of Theorem [6] (b)(iii): The proof technique is similar to that of Theorem [] (d).

First, it follows from Theorem {4 (a) and (b)(iii)(iv) that when p < ¢(a), n, =1 implies that (i)
p<p'(v), and (ii) a =a, or, equivalently, from Definition v=wo!. Next, recall, from Defini-
tion and Remark that when p < c'(a), p' € (a, %a) is the unique limiting underloaded
equilibrium for which ¢(u') (i.e., LHS(u')) and h(u') (i.e., RHS(u')) are tangent and v' is the
unique value of v for which this phenomenon occurs; see Figure m (I) for an illustration. Also
recall, from Remark that v > 2ap.

In order to prove Theorem |§| (b)(iii), it suffices to show that if N* —2 >0 for all large enough
A, then RHS*(u') — RHS(u') > 0 for all large enough A. This is because, from Lemmas
(noting that, when p > a, ¢/(u) and h(u) are the same as LHS(u) and RHS(u) respectively), it
would then follow that

e LHS(u)> RHS(u) for all u> puf, and in particular, for some fi > pu';

o LHS(u")=RHS(u') < RHS*(u") for all large enough \; and

e LHS(a)=c(a) >p=RHS(a).

Then, due to the uniform convergence of RHS* to RHS (from Lemma , for all large
enough A\, LHS(a) > RHS*(a) and LHS(ii) > RHS*(1); together with LHS(u") < RHS*(u'), the
intermediate value theorem then guarantees the existence of at least two solutions to the prelimit

FOC (EC.158) in (a, ), i.e., n) > 2.

First, we observe that u' < (%)a < %% < %, where the first two inequalities follow from
Lemma and Remark respectively. In other words, we have

ot
i PO, (EC.165)
Next, by definition of RHS* and RH S,
* o1 (1, 1) o ( a
RHS*(u") — RHS(u") = — [I* t, T<1“>}+(”) P <1> .
(1" (u") ==p | (", ") o P N (o e N %
(EC.166)
Using (EC.19) from Corollary [EC.1| we can infer that u % > Iy ) (1 — I (p, 1)) for
1=n

all p € (0,00) and for all A\. This observation can be used to bound the term multiplying (% — p>

N
in the above display as follows:

oI (pq, pt a a a a
it g‘lL) -4 (1—T) zlk(uﬁu*)(l—l*(uﬂu*))—(1—)
[ R R 7
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- {p(m,,ﬁ) - <1 ;)] (;T I*(uﬂu*))
w23 (wr- (-2 o

Substituting (EC.167)) into (EC.166]) and given (EC.165]), we obtain:

RHS(u') = RHS(u") > —p {IA(M]L’MT) - (1 - ;ﬂ

() ()] [ ) - (- 2)
[ () B ) -]

In what follows, we want to divide both sides by I*(uf,u) — (1 — ﬁ) To single out the case

when I*(uf, ut) — (1 - ﬁ) =0, we consider a subsequence on which k* = co for all large enough
A, and a subsequence on which k* < oo for all large enough ), separately.

Case(I): 1If k* = oo for all large enough A, then Lemma implies that I*(uf,ut) —
(1 — M%) =0 for all large enough A (when k* = c0). Moreover, from (EC.19) in Corollary [EC.1

M AT (py )
Oy

00). This implies that (EC.168)) holds with strict inequality for all large enough A. Therefore,

RHS*u") — RHS(u') > 0 for all large enough .
Case(II): If k* < oo for all large enough A, the proof proceeds as follows. Note that, for all large

> Iy ) (1= I (py ) for all g€ (0,00) and for all large enough A (when k* =
1=H

enough A,
Mot — (1= 2 =Pty — (1 -2 @A
il (1 u*>_l (', 1) (1 N*/ﬂ>+(w NAW)
A a A
ot oty (11— A_A
', uh) <1 NMN) + Nt (N a) >0, (EC.169)
where I*(uf,ut) — (1 — ﬁm) >0 for all A (from Lemma [EC.8) and N* — 2 >0 for all large

enough A (by assumption). Then, (EC.168) implies that, for all large enough A,

M () (o3

Taking the limit as A — oo and applying Lemma [5| we obtain
RHS*(u") — RHS(u') S 20 (UT of —p)

o P(u*,/ﬂ)*(lfﬁ) a

(Q 2a [ 4 2p+ % vt 2a [ of

_ v [ pp—— PR
ut 3ot 2 P 3ut \ 2a P
(#4)

> 0,

©t 2a

where (i) follows from Lemma[EC.23|and (ii) follows from Remark Hence, recalling (EC.169)),
RHS*(u') — RHS(u') > 0 for all large enough .



ec98 e-companion to Zhong, Gopalakrishnan, and Ward: Behavior-Aware Queueing: Strategic M /M /N /k System

Proof of Theorem [6] (c): From Theorem [4] (a) and (b)(ii), n. = 1 if and only if p = ¢/(a).
Then, LHS(0) = ¢(0) < ¢/(a) = p = RHS(0). Moreover, since lim, ... LHS() = 0o > 0 =
lim,_,.. RHS(1), it must be that LHS(r) > RHS(ft) for some large enough 7z > a. Then, due
to the uniform convergence of RHS* to RHS (from Lemma , for all large enough A,
LHS(0) < RHS*(0) and LHS(u) > RHS*(); the intermediate value theorem then guarantees
the existence of at least one solution to the prelimit FOC in (0,), i.e.,, n)+n>+n) > 1.

m

Proof of Lemma It suffices to show that limy .. SUp,,c(g o) [RH S (1) — RHS ()| =

Recall from (EC.158) that

sup |RHS™(u) — RHS(p)|

nef0,00)

OI (1, alt a al*
= sup —p~1A(u,u)+(v—pu)% +p|l-——| —(v—pp)—|1-—
pEf0,00) o - I L

+ A +
a ol , a a
= sup |—p IA(M,N)_P—] + (v —pp) % _2{1_]
pef0,00) I pr . M s
+ A +
a a a
< s (P[] Pl o, o]
1E[0,00) I I 1

+ A +
. p<pw_[1_a] ) (awm o] )‘
p€E[0,00) H p=n M K

a + a +
=max{ sup |p | I*(up)— {1—] ,osup |p | I () — [1—}
pnel0,a] 1% uela,00) 1%
A +
+ma.X{ sup |U+p’u| (al('ul"u) _a2|:]__a:| > , sup — "( M _a|:1_
neo,a] Opr =y M I ue[a,o@ opr oy M Iz
a + a +
< p-max{ sup IA(M,N)P] , sup Ik(u,u){l]
nel0,a] H € la,00) 1
A + A +
+max{(v+pa) wp [P0 fy ol () gy | 200 sy
wel0,a] Opr |y M % a p€la,00) opr | M %

Thus, it suffices to show that all four suprema in the above display converge to zero, as A — oo:

+
(A) lim  sup |I*(u,p) — [1— a] =0 & lim sup ‘I (i, ,u)‘ 0
)\Hooﬂe[o a] 1% A—roo nel0,a]
I * I
(B) lim sup O (1, 1) - % {1 — a] =0 & lim sup O (. 1) =0
A0 1€(0,a] O p=p M 2 A0 4€(0,a] O pi=p

+
(C))\lim sup | I*(p, p) — [161 =0 & lim sup ‘Ik(u,u) <1a>‘0
—0 pela,00) 2 A0 i€ (a,00) H
I)\ + Ik
(D) lim sup uw _a[l_a} =0 < lim sup Mw a(l_a> =0
A=00 efa,00) 8/11 w1=p 1% 2 A= e a,00) a,U/I pi=p M 1%
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Proof of (A):

(i)

- ?

lim sup |[P(u,p)| 2 lim sup I () @ lim 1*(a,a)

A0 uel0,a] A0 uel0,a]
where (i) follows from the fact that I*(u,p) >0 for all A\, u > 0; (ii) follows because I*(j, 1) >0 is
strictly increasing in p € (0,00) for all A by applying Lemma [EC.4] (a) (N times iterating on each
i, i € [N]); and (iii) follows from Lemma
Proof of (B): The notation I*(uy,p) is a shorthand for I(puy, p; A\, k*, N?).

aI(MhM?)\,k}\vN)\)

lim sup
A—roo nel0,a] alu’l ni=p
7 8-[ 9 ;>\v k)\v NA
9] lim sup (11, 1 )
A—oc0 wel0,a) 6/,[,1 1 =p
(i4) I A kN N 2V N
S lim Sup (ILL7 u? ) ) ) +
A=00 ,€10,a] H A
(#44) I ‘A, N N 2V N
< lim sup (g s 2 N7, )—i—
A=00 1,€10,a] 2 A
(iv) I ‘A, NM N> 2v/ N
S lim (a)a’A7 b ) +
A— 00 a )\
@y,

where (i) follows from the fact that %W >0 for all A\, u >0 (Lemma [EC.4] (a)), (ii)
p1=p

follows from Corollary (b), (iii) follows from Lemma (b), (iv) follows from Lemma [EC.10]

noting that, for all large enough \, a < 2% and N* > 6, and (v) follows from Lemmaand because

AN
vV NA
J; —0as \— oo.

Hence,

alk(:ulhu)

=0.
8/11

lim sup
A=00 1€[0,a]

H1=p

Proof of (C): Consider a subsequence A\ on which limy/_,., sgn (N N %/) is either > 0 or
< 0. We simply use A rather than A to denote the subsequence. We discuss the following two
cases based on limy_,. sgn (N* — 2). For ease of presentation, let f*(u):=I*(u,p) — <1 — %) and
() =P o) = (1= 5 ) for € (0,00).

Case (I): Suppose limy_ o sgn (N*—2) >0, i.e., N* =2 >0 for all A> A for some A € (0,00),
then it follows that, for all u € (0, 00),

N N a A N*—24
-2 = e — >0, VA>A
) = g™ (1) . e 20 VA A,

which implies that

) > g™ () >0, YA> A,
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where the last inequality follows from Lemma for all X. In addition, note that

a . A NX—2 ¢
12 NAH27 NX  p2

Q>

() = (9*(w) =-

<0, VA> A,
which implies that
(S () < (9™ (1) <0, YA> A,

where the last inequality follows from Lemma for all \.
In summary, for all A > A, f*(1) > 0 and is (not necessarily strictly) decreasing in p for p € (0, 00).

Hence,

sup
pela,00)

Pl = (1-2)| = sw PG| =0 =Pl - (1-2).

n€la,00) a
which implies that
a
lim sup ‘IA S ) — <1)‘ lim I*(a,a) =0,
im | swp (ks 1) . Jim I%(a,a)
where the last step follows from Lemma
Case (II): Suppose limy_, ., sgn (N’\ — %) <0, ie., N*— g <0 for all A > A for some A € (0,00).

For all A > A,
A a
IA ’ _<1_a/>’: ' +(1_>_(1_>'
sup ’ (11, 1) . sup (g~ (1) g m

p€laoo) p€la,o0)
1 A
A
= sup |g (u)+<a—>‘

nEla,00) M N)\
1 A
< sup |gM(p)|+ sup —la— =
ue[a,OO)| | p€la,00) M NA

1/ A
=g*(a) + p (]\M —a> :
where the last inequality follows because ¢g*(u) is (not necessarily strictly) decreasing in u € (0, 00)
for all A from Lemma W i is strictly decreasing in u, and also a < ﬁ for all A > A. Then,

: A il A . A _ AN AN
)\hm g (Cl) + ( By a) = Ahm 1 (a, CL) (1 NA ) + (N)‘ 1) = 0,

from Lemma |5( and because limy_, o ﬁ =a.
Hence, we conclude
lim sup ’IA(,u,u) - (1 - a> ’ =0. (EC.170)
A—roo pela,00) 1

Proof of (D):

O (11, 1)

sup m

peEla,o00)

I

_a(l_a>’
p=n M H

9 sup I*(u,u)(lf*(u,u))+l*(u,u)2ErlC<NA,i) kki“é( ‘ )ia<1a)

1€la,o0) NA

i=1
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G BrlC (NY ) Ry oy N W/ a
2y [ o -2 (1)
[P Y (g () (1= () = 2 (1=

BriC (N*2) ¥t oy N
T . A A a a
= sup IMNpp)——5—= 2( >+I po ) (1= 17 (o —(1—)‘
R e ORI 7 () (L= () = & (1=
(i) 2v/NA a a
< sup A [T (g ) (1= I (g <1)‘
e 2 (1 12) ( (1 10)) . .
2 a a
=——+ sup ‘I*(u,u) 1= 1 (1, ) (1> 7
VN> ela,c0) ( ) % %

where (i) follows from (EC.19)) in Corollary (ii) follows from the triangle inequality, and

(iii) follows from Lemma W (a). Since \/JZV—A — 0 as A — oo, it suffices to show that the second

term in the above display converges to 0 as A — oco. From (EC.170)),
My, (1“)’0.
(s 1) m

Let ((z) :=2(1 —x) for € (0,1). Since ((z) is a continuous function,

lim sup
A0 ji€fa,00)

lim  sup ’C (I () = € (1 — Z) ’ =0,

A0 ig(a,00)

which can be equivalently written as

a a
lim  sup |1 (1—1*(p,p)) — — (1—)’:00’
A—ro0 pE[a,00) ( ) 14 1%
as required. Therefore,
oI
him sup |p ZDWLM| e (1_a>
A—=0 uea,00) o =y M 1

2 a a
< lim § ——+ sup ’I’\ pop) (1 =1, o —(1—)‘ =0,
Aroo { VN uefa,c0) (1) (h:12) I 0

noting that N* — oo as A — oo.

Hence,

lim sup
A=90 yefa,00)

m
Proof of Claim [EC. 14
(i): By definition of 4! (in Definition [EC.1| (a)), u! > a. Then, there exists 6 € (0, u! —a) such that

> a for all p e [t — 8, uf +6]. Then, for all large enough X, p > 2 for all p € [uf — 6, uf +6].
Note that

() — (1— Z) =1, p) — <1— NAA#) * (Z - NAAu)
Pl (1- )+ s (72
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(1 - NAA;L) A a A A
l—Erzc(NA A)( 2 )"‘LNA“ < N u) N> u a

A
X A
( A ATV g A
A A
o BHIC (zv ) ( 2 ) b (N - )

1—ErlC<N* A)( 2) a H " ¢

kX —N*41
(&) ()
N u N p a

where (i) and (ii) follow from (EC.18) in Corollary Thus, for all large enough A\, for all
€ [ut =6, ut + 4],

A_NAy1
A (@ A A A A \F a A
I, ) (1 M) =I"(u,pu)ErlC (N , ) (NA ) +NA/¢ (N .
A A a A
A A A_A
>, ) ErIC (N ) (NA )+ e (N a) (EC.171)

:]\}/\<2—N’\> A ErlC(N’\%)

» —

(“’“)Nm T3 u] ;

where (x) follows from the fact that k* > N* and A- <1 for all p € [uf — 4, uf 4 4], for all
A

~
.
NS

@ (u, u)ErlC’(

large enough . Since

x Eric(

N* > 0 for all large enough )\ (by assumption), it suffices to show
A
that I*(u, ) w5 M <4 for all large enough A, for which, in turn, it suffices to show that
N a
A

. ErlC(N*,2 a
limy_, o [’\(M’M)N/}HM < e Note that
N a

' N BrC(NN2) [ Eie(NN2)
All)ngo[)‘(u”u) :M(1—> lim W <;

N 5 (5 =N p) \roee 55 (5 -
A NA
& lim a >1-2, (EC.172)
22 NAEC (N, 2) g

which is true because the left-hand side is +o0, noting that N*EriC (NA, %) — 0 for all pu>

put =38 > a (from Lemma [EC.13 and limy_,oc 2 — N* > 0 (by assumption).
(ii): From (EC.171)), for all € [uf — 4, uf + 6] and for all large enough A,

(1-2) =Pz i (5 -3) - Pluwene (w.2) 5

PUPEC (V) S o (95) | Pt (V1) S ()
N ((1-5) = Do) TN = PN EC (N 2)

=

(EC.173)

Taking the limit as A — oo and observing that limy_, o Nﬁ , we obtain, for all € [u' — 8, u"+4],

P, ) EriC (N, 2) S0 () LD (u, p)PErC (NN, 2) S (54)
< lim

"

2)

lim

A—ea N (1= 2) = D) TATE (22 NA) = D ) N ErIC (N
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2 AN @
., (e ) (g (17 g) lity o0 DTN (N%) )

= 7_N)\ a
lim o0 N’\ErlC(N'\ 2) (1 - ﬁ)

T

=55

where () follows because I*(p,p1) =1 — % as A — oo (from Lemma [5), T = limy o0 5, To =
: sy

2 AN 7 "
122 (1 — %) hm)\_)oo Zk N (%) y and Tg = hmk_ﬂ)o WM — <]. - E) Clearly, T3 >0

a

from (EC.172)) and T} = 0. Using the finite summation formula,

1 a)> o A\ A
< = _ : 13 . A ATA o
0=tz a(l u> L (1_¢)2 ! <N*u) <1+(k N)(l N*u))
N> p
, A\ NN A
—a [1(1\7%) (H(k N )<1NW)>

< 00,

(EC.174)

N1
) < 0o because,

PRSP
since <ﬁ> <1 for all large enough A and limy_, . (k* — N*) <N§
even if limy_, . k* — N* = 0o, exponential decay would dominate linear growth in terms of k* — N*.

As a result, (EC.174)) implies that

I, ) ErlC (Nk’ %) il (Niﬂ)l <0

lim

Ao N ((1-2) =P w)

However, the left-hand side is non-negative, since I*(u, u) — (1 — %) < 0 for all large enough A
from Claim [EC.14] (i). Therefore, it must be that

lim I, p)?ErlC (Nk’ %) o (Nk*u)i —0.
A=>o0 NA ((1 - %) —F(u,u))

EC.8. Proofs from Section
EC.8.1. Proof of Proposition [9]
Under utility function , the FOC @, when k=N, p=0, v=1 and pu; = u, is given by

- w | =allu (=T (BC.175)

recalling Corollary (b). Note that the derivative of the right-hand side of (EC.175]) is

pc’ (p) = ol (p, p)*

ol (py 1)~ (I (1)) (1= T (g, 1)) = I (p2, 1))

Since (I(p, 1)) >0 (either by directly calculating U4 ysing Corollary [EC.3| (a) or by applying
Lemma [EC.4{ (a) twice), the above display is strictly posmve when I(u,p) € (0, %ﬂ) and strictly
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negative when I(u,p) € (QLH, 1). This implies that the right-hand side of (EC.175|) is maximized
a+1

o . . o
when I(p, 1) = ;%5 and the associated maximum value is { ;%5

Moreover, since the left-hand side of (EC.175), uc'(u), is a strictly increasing function of

(recalling_that c is strictly convex), the maximum candidate server equilibrium g’ | which sat-

a+1
isfies (EC.175)), is attained when p*’ c (u?l.) = <QL+1> , that is, px’ is the unique solution

a+1
’ _ (o]
ue (/’L)_(a_’_l) ’

a
Ca+1’

to

and satisfies

I(:“‘:r’fax?ﬂ:r‘fax) (EC]'76)

To complete the proof, it remains to be shown that p; = p?’ _ is a local maximum of U (p1, p2’,,)
for all @ >0 and a global maximum when « € (0,1]. For this, we investigate the second partial
derivative of the generalized utility function U (i1, ) with respect to p;. For ease of presentation,
we denote I(py,p), aléﬁ’”) and 8213(5%1’”) simply by I, I’ and I"”. Note that

(1) = (aI*7 1) = afa — D)I*2 (') + ol " = al* > {(a —1)(I")?+ U"} . (EC.177)

From Lemma [EC.9| (b)(c),

_ 2 _ /
p_l0-n 2 (12 n_ o
H1 251 H1
Substituting these expressions for I’ and I” into (EC.177)), we get
_ 2 a—17/ _
(I*)" = aI*=2]’ ((a _pf=D 21) __olat DIPT (1 i 1) . (EC.178)
M1 51 1 a+1
From (EC.176)) and (EC.178), it follows that
0? ”
= ) :r{ax “
o7 (211 Hia) ) -

o DI (s Pnas) ™ T (B Fonase) L )_a—l
max?’ max a_"_l

H1

NI *7 *7 a—l[/ *7 *7 —1

I Oé(Oé + ) (/‘Lmax’ Mmax) (Mmax? lumax) o _ « < O7 VO& > 0
s a+l a+1
Recalling that ¢”(u) > 0 for all x> 0 (since c is strictly convex),
U (k1 hase) 0? . ,
» M'max -~ (I , *7 «a — (i <0,
a‘u% MlZH,*n?ax au% ( (Ml /’[’max) ) (lu’max)

BA=H
which implies that u; = ', is a local maximum of U (uy,p%.). In particular, when « € (0,1],

EC.178) <0 because %ﬁ <0, implying that % <0 for all py,p >0, i.e., the utility function
1

*7
max

equilibrium if and only if it satisfies the FOC (EC.175|).

is concave and p}  is a global maximum, for a € (0,1]. Therefore, when « € (0,1], u* >0 is an





