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Supplementary Materials

Before starting with the proofs, we introduce some useful notations to be used later. Recall
I ={SC[n];:85=8,,8 € S\@} is the set of all non-empty offered assortments augmented by
the no-purchase option, and we denote S, by S for the convenience of notation. Define 7 = {S C
I :|S| =k} to be the subsets of 7 with cardinality equal to k, 2 < k < n+ 1. Correspondingly, we
let &, ={Sel;:E5=1}fork=2,3,...,n+1. Denote by I{-} an indicator function of statements,
which is equal to 1 if the statement inside {-} holds true and O otherwise. For a sequence of random
variables {X,,}> |, we write X, =op(1) if X, L 0, and we write X,, = Op(1) if for all € > 0, there
exists an M > 0 such that sup, P(|X,,| > M) < €. For a symmetric matrix M, we define Amin 1 (M)

to be its smallest eigenvalue restricted to the eigenvectors orthogonal to 1:

Amin,. (M) =min{A: 1 =v My, for all v such that ||v|l, =1 and v' 1=0}.

EC.1. Additional Empirical Evaluation Experiments

We conduct additional numerical experiments to assess the robustness of the proposed method with
respect to the connectivity structure of the observed assortment graph. Specifically, we first report
the values of kg under a range of data-generating schemes, from uniformly generated assortments
to revenue-ordered assortments and intermediate cases. We then examine how the connectivity
parameter kg in Assumption 1 affects the empirical coverage of the proposed confidence interval.
Finally, we report the corresponding weighted-connectivity quantities, including 4 and «g, for

several publicly available choice data sets.

EC.1.1. Empirical Values of Connectivity Parameter Across Historical-Assortment

Designs

To provide a more intuitive understanding of how kg varies across different data-generating regimes,
we conduct an additional simulation that varies only the historical-assortment generation process
and reports the corresponding values of kg. We set n = 30, as in the main simulation study, and
generate L = [10nlogn| =1,021 observed historical assortments in each Monte Carlo replication.
Each offer set includes the no-purchase option. Let pg € {0, 0.25,0.5,0.75, 1} denote the probability

that an offer set is revenue ordered. Conditional on pg, each historical offer set is generated
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independently as follows: with probability 1 — pg, we draw a nonempty subset of [n] uniformly
at random; with probability pg, we draw a revenue-ordered assortment [k] with k& uniformly
distributed on {1,...,n}. For each generated historical-assortment structure, we construct the
weighted comparison-graph Laplacian in Assumption 1 and compute kg. We use 200 Monte Carlo

replications for each value of py.

Table EC.1 Empirical Values of kg under Random, Mixture, and
Revenue-Ordered Historical-Assortment Designs

Historical-assortment design  po Mean of kg SD of kg

Uniform random 0.00 2.22 0.04
25% revenue-ordered 0.25 3.08 0.11
50% revenue-ordered 0.50 5.03 0.32
75% revenue-ordered 0.75 10.68 0.95
Revenue-ordered 1.00 98.90 17.72

Table EC.1 shows that kg increases substantially as the historical-assortment design moves
from uniformly random assortments toward revenue-ordered assortments. This pattern is consistent
with the role of kg in the theory: uniformly random assortments induce a relatively well-balanced
comparison graph, whereas revenue-ordered offer sets concentrate comparisons along a nested
structure and lead to a more ill-conditioned historical-assortment design. In the next section, we

further examine the robustness of the proposed tests with respect to changes in «g.

EC.1.2. Sensitivity to Observed-Assortment Connectivity

To examine the empirical role of the connectivity parameter kg, we conduct an additional experiment
under revenue-ordered historical assortments. We set n =30 and K* =7, and use the same total
sample-size scalings L/(nlogn) € {10,20,40,80} as in Section 4.3.

All historical assortments are revenue-ordered. To isolate the effect of the global connectivity
structure from the amount of local information near the true optimal assortment, we allocate 40%
of the observations evenly across the assortments [5],...,[9], which bracket [K*] = [7]. The
remaining 60% of the observations are allocated across the tail assortments [10],..., [30], with

30-k \where

the sample size assigned to prefix assortment [k] proportional to y
v €{0,0.1,0.25,0.5,0.75,0.9,0.98, 1}.

This design varies the conditioning of the weighted comparison graph while keeping the amount

of local boundary information approximately fixed. To make the threshold nontrivial to recover, we
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calibrate the two boundary revenue contrasts so that A7 = —0.02 and Ag = 0.02; thus, the adjacent
revenue contrasts around the true threshold are close to zero.

For each pair (y, L/(nlogn)), we run 200 Monte Carlo replications using the regularization rule
from Section 4.3 and 200 bootstrap draws. We evaluate the empirical coverage of the proposed

confidence interval by

{K* € [K.,Ky]}.

Across the designs considered here, the resulting values of kg range from 3.67 to 90.68. Figure EC.1
plots the empirical coverage probability against kg. The coverage remains close to the nominal 95%
level over the examined range of kg.

While the theoretical results in Section 3 show that the error bound and sample-size requirements
become more stringent as kg grows, such dependence serves only as a worst-case, nonasymptotic
diagnostic. It does not imply that empirical coverage must decrease monotonically with kg in every
finite-sample design. The present experiment shows that, across a broad observed range of «g,
the proposed confidence interval remains well calibrated. This stability is consistent with the fact
that the confidence-interval construction incorporates increased uncertainty through the estimated

standard errors and bootstrap critical values.

Figure EC.1 Empirical coverage of the proposed confidence interval as a function of kg. The coverage remains close to the

nominal level 0.95 across the examined range of kg.
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EC.1.3. Empirical Values of Observed-Assortment Connectivity on Public

Product-Choice Data Sets

We further evaluate xg on public product-choice data sets commonly used in demand-estimation
and choice-modeling applications, where observed choices are naturally modeled by multinomial-
logit-type demand models and observed prices serve as revenue proxies. For each data set, we
construct the weighted comparison graph from the observed or reconstructed choice sets, using the
multiplicity of each historical assortment as its weight and adding the no-purchase option to each
offer set, in accordance with (6).

The Tuna data set is a brand-choice data set for canned tuna. It is available through the Ecdat
package (Croissant 2023) and originates from the retail-pricing application in Kim et al. (1995).
The data contain prices and promotional variables for five tuna alternatives; under the standard
brand-choice construction, all five alternatives are available in each observed choice occasion. The
Ta Feng grocery data, accessed through the Choice-Learn construction (Auriau et al. 2024), provide
transaction-level grocery purchases and prices. The public assortment construction used in Choice-
Learn retains 25 products and marks all retained products as available in each unit-level choice.
The Hotel 1 data of Bodea et al. (2009), distributed through the CRAN RMM package (Kim et al.
2022), are the closest match to our revenue-management setting: each observation is a hotel booking
decision with an observed exposed room-type choice set and room-specific nightly rates. Finally,
the tablet conjoint data from the ColumbiaX business analytics course materials (ColumbiaX 2019)
consist of choice-based conjoint tasks in which respondents choose among tablet profiles described
by product attributes and price, and we treat each distinct product-price profile as a separate product.

Table EC.2 reports the resulting values of A and xg. The Tuna and Ta Feng constructions use
complete assortments; hence, their comparison graphs are fully connected and yield kg = 1. The
Hotel 1 data contain 12 distinct observed historical assortments and yield A = 0.0124 and «g =
12.41. The tablet conjoint data contain genuinely varying product sets and yield a much smaller
A=0.000304 and a much larger kg = 620.51, reflecting substantially weaker weighted connectivity
in the induced comparison graph.

Overall, the public-data evidence supports the role of kg as a diagnostic for the informativeness
of historical assortment variation. When the public construction exposes every product in every
choice occasion, as in Tuna and Ta Feng, the comparison graph is perfectly balanced and xg = 1.
In contrast, data sets with genuinely varying offer sets, such as Hotel 1 and the tablet conjoint data,

generate nontrivial and sometimes large values of kg, together with smaller values of A, reflecting
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weaker weighted connectivity. Together with the sensitivity experiment in Section EC.1.2, these
results provide an empirical interpretation of kg and illustrate how the proposed method behaves

across different connectivity regimes.

Table EC.2 Empirical Values of Observed-Assortment Connectivity on Public
Product-Choice Data Sets

Data set Assortment scheme  n L A Kg
Tuna Full assortment 5 13,705 0.1667 1.00
Ta Feng grocery  Full assortment 25 14,215 0.0385 1.00
Hotel 1 Partially observed 10 1,100 0.0124 12.41

Tablet conjoint  Partially observed 350 2,055 0.000304 620.51

EC.2. Proof of Theorem 2

The proof extends the results presented in Theorem 6 of Chen et al. (2019) to the context of the
multinomial logit model. The major technical difference lies in the characterization of the new
eigenstructure of the Hessian matrix, which is more complex than that of the BTL model. We
employ a different approach to control the degenerating rate of the eigenvalues of the Hessian matrix
and utilize the new eigenstructure to derive the convergence rate. Note that if we take 6’ = P 6,
then the convex problem (9) can be equivalently written as

o Lo(05x) = L(05x) + %ua'ng. (EC.1)
Later we will show that the minimizer of £(60’;x) + §||0’||% belongs to the subspace perpendicular
to 1, and thus we can simplify (EC.1) as

min L (6:x) ::£(0;x)+§||0||%. (EC.2)

It can be observed that the regularized MLE to (EC.2) will be 8’ := P8, where 8 is the regularized
MLE of problem (9). In the following proof, we will consider solving (EC.2) instead. We will show
the L, convergence rate of the resulting MLE of (EC.2), i.e., || - P62 = ||Pf§— P;6"||>. Since
6’ can be easily transformed back to 0 by taking 0; = 51’ - 56 for i € [n]4, the L, convergence rates
16" - P 672 and 16 — 6*||> will be different only by a factor of constant. Besides, since * and
P 6" essentially specify the same MNL model, without loss of generality, we will replace 6 by
PILO* throughout the proofs, and we will abuse the notation and let * denote 8™ = PfH* and let 0
denote 6 = Pfﬁ, i.e., the resulting regularized MLE solving problem (EC.2). Before delving into
the details, we need the following lemmas to help with the proof.

The following lemmas depict the smoothness and convexity of the log-likelihood function,
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LeEmMMA EC.1. Suppose that Assumption 1 holds. For all @ € R"*! such that || — 6*||« < C for some

C >0, we have

/lmin,J_ (V2~£T(0;x)) 2T+ m/&’ Amax (VZLT(O;x)) <7+ (ngZC)ZZ, (EC.3)

Please see Section EC.9.3 for the proof of Lemma EC.1.

LemMmA EC.2. Under Assumption I and the conditions that nAL 2 logn and T < \/Alogn/L, the

following event

| 1
ﬂg:={||VLT(0*;x)||2s z fg”} (EC.4)

occurs with probability at least 1 — O (n~10).

Please refer to Section EC.9.4 for the proof of Lemma EC.2.

LemmA EC.3. Under Assumption 1, we have that for any 6 € R™! the following event holds
Ap={IIVL:(0;%) |2 < 7+ (n+1)?2/4} . (EC.5)

Please see Section EC.9.5 for the proof of Lemma EC.3. Now we begin with the proof. As in the
proof of Chen et al. (2019), we let 87 be the output of the following gradient descent
* Initialize 6° = 9",
e forr=0,1,...,T -1,
0" =0" -V L (6" :x),

where 7 is taken to be 1/(7+ (n+1)21/4).

Step |
By Lemma EC.3, we know that £,(0;x) is (7 + (n+ 1)>1/4)-smooth and 7-strongly convex for
any 6 € R™!, then by Theorem 3.10 in Bubeck (2015) we have

16" — 8> < p'[|6" - 8|2,

where p=1 Note that since 176* =0 and 17 V.£(8;x) =0 for any 8 € R"*!, it follows

B T+(n+T1)22/4'
by simple induction that 178" =0 for all # > 1, and hence 81 =0 due to the convergence of 8 to

6. The following lemma provides an initial upper bound for ||6* — 0] I|2.

LEMMA EC.4. On the event A, as defined in (EC.4), there exists a constant ¢ > 0 such that

10— 6", < cvn.
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The proof is deferred to Section EC.9.6. Recall that 7 < 4/ /ikzgn , then with Lemma EC.4, under the

event Ay, for large enough 7" we have

T
0" -0, <p"16-6"<(1- LI n
167 -8l < o718 - 6°l1 ( r+@+1ﬂam) Vi
<ex I Vn <exp|—c3T logn \Vn
=P T+ (n+1)21/4 =P\ AL
nkglogn
SN~

Step Il

Now we show the convergence rate of ||§7 — 6*||, by induction. More specifically, we propose that
with probability at least 1 — O(n~'?), the following holds true for some constant C; > 0 for any

re [T]+’
nkglogn

0 -0, <C
10 =071l < Ci |75

(EC.6)

Note that the base case # = 0 holds true trivially because of our setting of #° = #*. Now suppose
that (EC.6) holds true for the z-th iteration, we will show that under the event A, (occurring with
probability at least 1 — O (n~1)), the following holds

16741~ 071> < € [2XE 108"
AL

First note that if (EC.6) holds for the z-th iteration, we have

logn
r_ *oo< r_ p* < nK‘S )
R A L T

The rest of the proof follows the proof of Lemma 14 in Chen et al. (2019) with modifications. From

the gradient descent algorithm we know that

0t+1 _0*:0t_77v-£7 (at,x) —9*
=0'—nVL (0:x) - [0 —nVL(0%:x)] -V L (07:x)

1
= {In - ’7/0 VZLT(O(V);x)dv} (0'—0")—nV L (0";x),
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where 0(v) := 6* + v(6" — 0*). Then we can see that if Ci/nkglogn/(AL) < € for a sufficiently
small constant €, we have that [|@(v) — 6"||c < v||6" — 6"||c < €. Then by Lemma EC.1 we have

that for all v € [0, 1]

1 _

T+ 2_2/_1 < Amin, 1 (VZLT(O(V);x)) < Amax (V2~£T(0(V);x)) ST+ 2K5/l-
K

(7]

Now we denote B = /01 V2L.(6(v);x)dy, then we have

1
Bl,. = / V2L (0(v);x)1,1dv=0;
0

1 1
Ains )= _min [ VL0 0w > [ (PLAOG)D) av

veS" vT1=0 J 0

1
>T+—A;

2 —
2/<(9

1
/lmaX(B):m%X / VIVZLA(O(v);x)vdy < T+2651.
veS? 0

Besides, by the definition of  we have that 1 —n (T + 2—11(5/_1) >1-n(r+ 2K3/i) > 0. Combining the

above results we have

. 1 . "
6! - 6|12 < (1—2—2@) 167 = 67112 +7lIVLe (67:x) |1

c n/<(glogn+C)7 ndlogn
AL N "L

nkglogn
AL

Kg

1
<|1-—=n4
( L

1

so long as Cj is large enough.

Step Il

Combining the results in Step I and Step II, as T goes to infinity we have that with probability at
least 1 —O(n~10),

nkglogn

0" — 67|, < :
167~ 6" i)
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and
— — I
10— 0"l < 167 = Bll2+ 107 — 6" ]2 < | —2—2"
AL
EC.3. Proof of Theorem 3

Before we begin with the proof, we first propose the following lemmas that provide bounds for

several terms to be used in the proof.

LemmA EC.5. Under the same conditions as Theorem 2, for any 8 € R"*! such that ||0 — 0*||. < C

for some constant C > 0, with probability at least 1 — O (n'0) we have the following bounds

(a1 1
IVL(O;x) |l < %+ Ofn, (EC.7)

~ . 5 . ~ Kénlogn
IVLO:x)-VLOx) -V L(O:x)(0 -0~ < — (EC.8)
—~ kEndlogn
IV L@ )~ VL0 )l 5 |2 (EC.9)
- -1 -1
V2L(6:x) 1 V2L(6%x) 1 n |kylogn
oo | o o) | SV (B

2

The proof of Lemma EC.5 is deferred to Section EC.9.7. The following corollary of Lemma EC.5

helps characterize the Moore-Penrose inverse of the Hessian matrix.

CoRoOLLARY EC.1. For any 6 € R"™!, we have that

-1

V2L(6;x) 1 V2L(6;x)" L1
- 1 ,
1m0 1m0

Besides, for 6 € R"™! such that || — 0*||.. < C for some constant C > 0, we have that

1 . 1 . 1
jg[vzz(o;x)i]jjsz for je[n+1], and |[v21;(¢sv;x)’],k|sz for j # k.

See Section EC.9.8 for the proof of Corollary EC.1. The following lemma provides a decompo-

sition of the error of the debiased MLE 6 into the leading term and the remainder term.

LemmA EC.6. Under the same conditions as Theorem 2, we have the following decomposition for
the debiased MLE
07 -0 =-V>L(0";x)'VLO" ;x)+Ry, (EC.11)
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where the residual term

K‘zgn\/ﬁlogn . nglogn
AL AL

IRoll2 < +1],

with probability at least 1 — O (n~'9).

See Section EC.9.9 for the proof of Lemma EC.6. Now we can begin with the proof. We abbreviate
L(0;x) to L() for the convenience of notation in the following proof. For k € [n], we define the

mapping vy (-) : R — R+

0 0 0 0 T
vi(®) = ((0=r)e®, (r = r)e, (ra=re)e®, ..., (i1 —r)e’1,0,...,0)

first k entries

and for the convenience of notation we let v; = v;(6*). Define the function

k
riexp(6) = () exp(6:)r,

i=0

gr(0) =

k
i=1
and we have Vg(0) = v, () and V2g(0) = diag (v« (8)), where

T
Vk(o):((o—rk)eeo,(l’] _rk)eela(rz_rk)egza---’(rk—l _rk)eek_lao,---,o) .

first k entries

Then we have

N Y * * 7Y * I~ * Yo Y *
A=Ak =gc(87) - gx(67) = Vg(0") (89 - 07) + (8- 0)TV’2(8) (8" - 6)

=vi(0°) T (-V2L(6") VL(O) +Ro) +11,

~ ~ kZnnlogn «3. logn
where [|8 — 0*|> < 169 — 6*||2, ||IRoll2 < -& y7) ( 84L

+ 1) with probability at least 1 —

O(n~'%) from Lemma EC.6, and
1 ~ * oY * Y *
1= (89 -6V (0)(8 = 0) < [Ivellll6 - 6715

Note that from the proof of Lemma EC.6 we can see that Rgl =0, and hence |VZR0| <

IRo[l2|IPy Vi |l2, where Py is the projection matrix to the perpendicular space of 1. Also from
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Lemma EC.5 and the proof of Lemma EC.6, we know that under the condition that AL > ngnz logn,

with high probability we have

||9d 6> < 1 /n/llogn nx/_logn Kgnlogn
/_1 L AL

and thus we have |r{| < kgnlogn||vi|le/(AL). Now we consider the term v, TV2L(6)VL(OY).
We have

. 0
L)L) ey Y {Z (xfs”“ - —) }
Se& =1 \ieS, ZjeS+e J
Ls

DN

Seé& (=1

where y(f) =v, TV2L(6%)T {Zl€S+ ( w0 Lﬁ,) e; } are independent for £ and S given . Then
2 €Sy € J
we have '

UL Py vell3

Var =
A

Z Zy(o) L-viV2L(0)'VLO )V LEO) v =L v]V>L(O) v,
Se& (=1

Now consider | yg) , and we have

1
4 * *
& < 1v2L@) Vil S IV LEO) P vell2 s S lIPFvel2,

o
(i.0) e
o I R
€S, D jes, €’

2

where the last inequality is due to the fact that V2£(6*)T1 = 0. Then in turn we also have

Ls
E) (g) max max
Z Z yS Seé& te[Lgs]

Seé& (=1

y3>)) D ZE‘yu’)

e t=1

L
STV v VL6 )TV1<||PLV1<||2~ ek IP3vll3-
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Thus under the condition that ng/ (AL) =0(1), we have

max(z ZVar( “)))3/2( ZE‘y(f) )_0(1).

Seé& =1 Se& (=1

Then by Lyapunov’s Central Limit Theorem, we have
VL(VIV2L(6%) v) ™2 (vgvzz(a*)TvL(a*)) < N(0,1), forall k € [n].

Besides, under the condition that

&N Kglognllvklloo Kg - n?
max ke.nlogn =o(1), (EC.12)
{ ghioe v \ az [~

we have \/Z(V;V2L(0*)Tvk)‘1/2(vZRo +r1) =op(1), and by Slutsky’s Theorem the claim follows.

Now to simplify the conditions, we turn to study the norm ||Pyv||> for k € [n]. First note that
Pivi = (n+1)"'A; - 1. Due to the non-decreasingness of Ag, we consider the scenarios of k < K*
and k > K™ separately.

* k < K*. From Theorem 1 we know that Ay <0 when k < K*. Besides, since (r; —ry)u; >0

for i < k, we know that |riug| > [Ax|. Thus we have that

AV & A V2 n—k+1
1 2 _ | _ *__k E L * k 2

k-1 AZ A2
%\ 2 * 2 k
:(rkuo) +;((ri_rk)ui) - >(rk 0) _I’L+1
(rrug)? (rrus)?
> #\2 0 2 0 )
z (reto)” == =7 n+1( ktg)” 2 —

e k> K* When k > K*, we know that Ax > 0 from Theorem 1. Then we have

k—1 2
1PVl = (—re +Z (ri=rou; - b LK g
17402 +1 (n+1)2 k

i=1
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Combining the above results we have that [Py vi|l2 2 rnUgy, and in turn we have that

v rimax; u’ r
Vil o Mo = ok < Ko

IPyvella ™ roug Tn

max

Therefore, under the condition that , < /i, the condition (EC.12) simplifies to

max {Kanlogn / +/<r/<5 logn

EC.4. Proof of Corollary 1

} < Kanlogn /l —0(1).

By Slutsky’s Theorem, it suffices for us to show that

max {lvk V2L(6;x) v, - v VEL(6%;x) v, |/V;V2.£(0*;x)%vk} =op(1).

—~ K?
From (EC.10), we know that ||[V2L(0;x)" — V2L(0";x)T|2 < RV 10 with high probability.
nkglogn o nd in turn

Also from Theorem 2, we know that [|6 — 6*||> < T
= N~ . -~ nkglogn
¥ = Vellz = 0 (IV°5(8") (8- ") 112) = O (Il diag(vi) 21 - 6 12) = O | Ivile j—Lg)

Combining the previous results, we have

Vi V2 L(O:x) Vi = Vi VELO"52) Vel < [V (V2 L(B:x)" = V2 L(6":2) ")V
+| (Vi = Vi) V2LO ) Vi + | (Vi = vi) V2 L(0%:x) TV |
=0p(IIV2 L(B:0) = V2L I IPEvl3 + IPL VAL IT2L(0°0) ¥ = vl

nIPyvill3 Kﬁslog”_l_”PkaHZ”Vk”oo nkglogn
- 4 AL A AL
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Recall from the proof of Theorem 3 that v, TV2L(0%x) v 2 ||Pka || /A, then under the condition
that x, < 4/n and I’lzkfg logn/(AL) = o(1), we have that with high probability

|V;V2.£(0 x) Vi = v V2L(0%;x) v
max
k v V2L(6%;x) v,

nIIPlvkllz K logn ||PLVk||2||Vk||oo anlognl
smax
AL AL IIPkall2
K logn - 1 1 1
— pnde jeslogn| o jrelogn s logn
4 ||P vill2 AL AL

Kg logn
S I’lK
AL

(EC.13)

o(1),

and by Slutsky’s theorem, the claim follows.

EC.5. Proof of Lemma 2

In the following proof, we denote £(6;x) by £L(8) for the convenience of notation. When & is
collected by a random scheme such that Assumption 1 holds with high probability (e.g., the setting
of Lemma EC.7), establishing (21) reduces to showing that, with high probability over &, the

following event holds.

Ag = {sup sup |Pg: (T > cw(a,E)|E) —al= 0(1)} . (EC.14)
9*€0 a<(0,1)

In the remainder of the proof, we work in this more general setting where Assumption 1 holds
with high probability with respect to the randomness of &. For the convenience of notation, for two
positive sequences x, and y,, we use x, S y, or x, = O(y,) to imply that there exists a constant
C > 0 independent of 8" such that x,, < Cy, for large enough n.

For a given 8" € O, we define the following two auxiliary statistics,

TV2£ 6" Ls . o;
Tp := max @) Z Z Z g’f)—e—e* e ¢, (EC.15)
keln] \/L TVZ.E(O )TVk Se& (=1 \ieS; Zj68+e /
and
L Tv2 =\ T LS *
\J \Y L(O ) . eez
Wo —Ignaxz Z Z {Z ( g’g) — 5 |eipiseq- (EC.16)
L \/LVTVZL(G Vv See =1 lies, 2jes, €
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We define y({’S) = ,W VZL(H )T {ZzeS+( (lf) 5 " (_,;)ei}, for S € 8, € =
ES+e

l,...,Lsand k=1,...,n. Then Wy = maxe[, \/_ 2.SeE Zf 1y§< é) - 28,0 We will show that the

following three conditions hold with high probability with respect to the randomness of & uniformly
for all 8" € O.
(1) There exist 1 and > independent of 6* with {; \/IOE+§2 =o(1)suchthatP (|T —Ty| > 1) <
O, PP (W =Wol > 41 |x) > ) < £,
(2) c<mingey 7 ZSE& Z [(y(f 3)) | for some constant ¢ > 0,
(3) maxge, |y([ S)| < B w1th B?*(log(nL))?/L = 0(1) where B is not necessarily a constant.
(€.8)>

We first verify condition (2). For any k € [n], since y, ™"’s are independent conditional on &, we

have

1 T * 2 i, 9;6
I Z ZE[(W )] = Lv{Vzﬁ(a*)Tvkvar VIVEL(O) ) ZZ('(S ’- ﬁ)e]

Sea =1 Se& (=1ieS, jeS, €
VZV2£(0*)TV]( _
v V2L(6%)Tv,

b

and thus condition (2) holds trivially. As for condition (3), with high probability with respect to the

randomness of &, we have that

o*
S| 1 To2 gt (i,0) e’
e —VIv2L(6%) PG S Y
k \/sz2£(0 ) vy Z S Yjes, el

€S,
=\/ e <vak)TV21:<0*)"'{ZX&”% ZLQ }
Vkv L(67)vi €S, €S, Z]ES e
1 . (i,0) ef
S ————[Pyvill2 [V2LO), || ), x5 ei = ), e
”PJ_VkHZ/\/_ lgg;r l;, Zj€S+e y 2
< Vkg/Ad.

Thus we can take B = \/kg/A. Note that

Ls

>
L |S+| Se& L

nd=n|Lglly=n- (Lg)iizn Z L,
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where the second inequality is due to the fact that 0 € S, for any & by definition. Then condi-
tion (3) holds uniformly for 8* € @ with high probability regarding & under the condition that
K% log’ n/(AL) = o(1).

Now we move on to verify condition (1). First recall from previous proof that the following hold

with probability at least 1 — O (n~10),

~ . kgnlogn - nkglogn
09 - 0"||r < || == - S oo | ——,
160l < T vl S vl |57

- 2nal
IVL@) VL) < | 222"

logn
L b
||PJ'Vk||2 Ky logn ||PLVk||2||Vk||oo anlogn
VIVZL(O) Vi -V VELO") v,
LEO TV L") m

IV2L() - V2LO") |2 <

I~1=

And based on the above upper bounds we have

1 ) 1 1 VI V2L(0) Vi~V V2L (6%) vy

<
N P N ~ TY2 #) T
VIV2L(O)V, \/VZVZL(O*)'V;( \/v;vu;(o*)*vk v V2L(6) Vi

3 1 kg logn L Vil [niglogn
S n 5
\/VTV2.£(0*)TV1< AL ”Pf"k”Z AL

INTV2LO) —vIVELO") |12 < |3k = vi) TVELO) |2+ [IV] (V2LO)T = VL0 )2

<||Vk||0<, nkglogn+”'||Pka||2 K?glog”
T AL A AL
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and in turn, we have

ViVLO)'  viVLE)T | IVEYLE) - v VL)
FIv L@ (V[ VLEO) 2 VL6 v
IViV2LEO) o IV V2LE) 2
+

NATIORS \/v;v%(a*)ka

< 1 Al nK610gn+"'||Pka||2 k3, logn
Mvzeyw| 4V & L\

Now we consider

~

S T) 3 ) CRAL UL AR

" §eg =1 i€S, \/L’V‘ZVZL(G)*Vk 2jes, el
- x| [eizs.
\/Lv;VZL(G*)Tvk 2jes, €

where the RHS is the maximum of n centered Gaussian random variables conditioning on the data

x and the comparison graph &. We have the following upper bound on the conditional variance

STV2L(0) ' é. VIV2L(0%)! o 2
LG a\s ,/VZWL((Q\)TV,{ Yies, €% ,/ TVZL(O )Tvk Zjes+€ J

) lzi A ]

max — =~ = = (€
: o

kelnl L $g i1 |15, LV v2L(09)Tve \Zjes, ¢ Ljes, e

1

2

ATVQ 5 T TVZ 0* T ) §L
. max 1 ZZ Z { A/ L(A) _ Vi L( ) (xg’g) _ e _ ) }e[

Lid |5 \/v;vzz(a)ka \/VZVQL(O*)"'V,( Yes, €’

I
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For term I, recall from previous proof that by the mean theorem, with probability atleast 1 — O (n

_ —10)
for all S € & and i € S we have that,
9; o 9
e’ e’i e’i —~
— — =| < 10— 0"l0 < —— 10— 6" |,
Z . e@j Z . e Z . e |S+|
jES, JES JES,

and thus with probability at least 1 — O(n~'°), we have

2
vIV2L(0")T b; 0;
I= maX—ZZ Z{ k ) ( ¢ — — ¢ 9*)}81'
keln] L £ i€S, \/vZVQL(H*)Tvk Yjes, € '

§:jeS+e J
& i\ ’
< I{réa’ﬁZ;S; VZ.E(G v {(Pka)T Z {( _ 9]) [V L£(6%) ] }}

i€S, EZjGJL.eej E:Jeéh.e
Sy
IPyv

PvillZ1V2 L6 11316 - 671%,

Seg =i ||/ﬂ
110 — 6112 _ K3nflogn
(ke l0-0"I% 5 kgn’logn
] AL

where the last but one inequality follows from

Sheny

g S e <neilgl=nd (EC.17)
Se& Se& *

and for term II we have

NATIORN TV2£(0 )*vk

]€S+egj
= = i
Se& =1 \/VZWL(O)TV,C \/VZVZ.[:(G*)TV/( 2jes. € Ties, @

2
X nd Vi Il o nKalogn+”'||Pka||2 nglogn
el v, V2L(O) v | 4 AL 4 AL
Villo [ 10gn K logn n3/< 1ogn
< nmmax ’
" e\ TPEvell, VAL

2

2
Ls ITV2L00)F 2 ¥
B 1 VkV L(O) V L(a ) (l 5) e
s 5 A ‘

leS
2 2
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3.5
n’kg logn

“—, and define the event

where the last but one inequality follows from (EC.17). Denote €)=

Eg to be

vIV2L(6)t . ol

= k (i,0) _

{max ZZ{Z{ ~ —— (XS gi)
seet=1 Lies, \\NTV2L()1V, Djes, €

2
vIVIL(6)T ' "
L VIVRL(9) (xg,o_e—m e <Coe,

\/VZV2£(0*)TV]< Zje&,e !

where the constant Cy is chosen properly such that supg..gPg- ((Eg)®) < n~'°. By maximal

inequality we have that under the event Eg, there exists a large enough constant C > 0 such that

e g S -2

Se& (=1 ieS, \/LVZVZL(g)TVk Yjes, ¥
vIV2L(O")T ; el
- k xfg’f) - | reizse 2 Cveylogn|x,&E| < n_10/2.
\/LVZVZ.[:(H*)TV]( Djes, €

Very similarly, under the event Eg, we can also show that

Pe- (WO —W > C+elogn |x,8) < n'10/2,

and in turn
P+ (IW—WOI > C\/eolognlx,a) <n 10

Combining the above results we have

sup Pg* (Pg* (
0" cO

W - Wo| = Ceologn | x, a) 0) < sup Py ((Eg)°) <n”
0*cO
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Now we consider |T — Ty|. Under the condition that , < /i, with probability at least 1 — O (n~1°),

we have that

Pvill2lIRoll2 + Ve lleo 169 — 6712
P 1 I S ) W L AL S G
k \/v;VZL(a)T’v‘k WEVRLO ) Ve EVRLO) v/ L
L L PvillalIRoll2 + Vil 164 — 6712
< o et VI VT | IPEulelRolb ¢l )
keln] VIV2L(8) TV, \/V;V%(e*)*vk \/VZVZL(a*)Tvk/L

/K nlogn K3 logn IVillo [nkglogn) 5 Kg 1
< + 1
kel { ( V FiPva T 4 TR AL
< I .

Ksn ogn [ /_lL

Thus if we take | = C1K nlogn / “and & = Con~ 19 with large enough constants C; and C;

independent of 8*, under the condltlon that K n 10g3/ 2 / =o0(1), condition (1) also holds, and
by Corollary 3.1 in Chernozhukov et al. (2013) we have that with high probability with respect to
& the event (EC.14) holds.

Then by Jensen’s inequality and the dominated convergence theorem, we have

lim sup sup |Pg- (T > cw(a,E)) —al
n.L=% ge@ ae(0,1)

/ Py (T > cw(@. 8) | &) du(E) —a

= lim sup sup
n.L—= gre@ ae(0,1)

= lim sup sup
n,L— g:c@ qe(0,1)

/ By (T > cw(@.8) | &)~ a) du(S)‘
< lim sup sup |Pg- (T >cw(a,&E)|E) —a|du(E)
nL—e ) gic@ ae(0,1)

= lim sup sup |Pg- (T >cw(a,E)|E)—aldu(E)
nL=eo JAg 60 ac(0,1)

+ lim sup sup |Pg- (T >cw(a,&E)|E) —a|du(E)
nL=e0 J A¢ g*€0 ae(0,1)

S/ lim sup sup |Pg (T >cw(a,E)|E)—aldu(E)
Ag ML gec@ ae(0,1)

+ lim du(&) =0.
n,L—o0 ﬂ:g

Thus supg-ce SUPe(0,1) IPo (T > cw(a, E)) —a|=0(1) as n, L — .
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EC.6. Proof of Theorem 4

We will first show that [E L, EU] is a valid confidence interval for K* based on Lemma 2. Note that

by definition, if Ky < n, we have that A > cw(a/2,8) ATVZL(O)TV;(/L Then we have

Pg- (K1 <K*<Ky) > 1-Pg- (K1 > K*)—Pg- (Ky <K*) = 1-Pg+ (K1 > K*)—Pg- (Ky+1 <K*)

= 1-Py-(Ag, 20) Py ({Ag, ,, <0} N {Ky <n})

=1-Pg- ({A >O}0{A <—cw(a/2,E) VL VZL(O)TV /L})

—Py- ({AK +1<0}ﬂ{KU<n Ag > cw(@/2,8) TU 1V2.£(§)TAEU+1/L})

Ap—A Ap—A
> 1—P9*(]£ni]§1 B <-cw(a/2,E) —Pg*(lrcna}{x B >cw(a/2,8)
>K* |~ e~ <K* |~ e~
VIV L@)V/L VIV L@)Ve/L
Ac—A Ap—A
Zl—Pg*(min i Ak S—cw(a/Z,S))—Pg*(max * Ak >cw(a/2, E).
K STV L@) /L K RTVRL@) /L

By Lemma 2, we know that

Ay —A
lim sup Pg- | max B >cw(a/2,8)|==

oo \KU 5Te2 £(8) /L

Also, following similar proof and the symmetry of Gaussian distribution we have

Ar—A
lim sup Pg+| min kK <—-cw(a/2,E)

oo\l 5Te2 £(9) /L

Ay —A
= lim sup Py- [ max — S >cw(a/2,8) ==

oo\ 5TV £(8)1,/L

Thus by taking limits and the supremum on both sides of the inequality, we have that (19) follows.
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Now we move on to show (20). By the equivalence of (1) and (5), we have that

su o+ (Reject Hp) = su o (Reject Hp) = su 0+ AL,AUﬂ 0=9
p Pg-(Reject Ho) p Po(Reject Ho) p Po([Kr,KulNKo=2)

S*e8Sy 0*:K*eKy 0*:K*eKy

= sup Pg*({K*eWO}n{[EL,EU]07(0:®})s sup Pg*({K*EWO}m{K*QE[EL,EU]})
0*:K*eKy 0*:K*eKy

<1- inf Py (K*€[K.,Ky]) <1- inf Pg(K* € [KL,Ky]).

<l- inf o- (K" € [K,Ku]) Jnf Po- (K™ € [K1, Kul)

Then from (19), by taking limits on both sides we have that (20) holds.

EC.7. Proof of Theorem 5

Similar as in the proof of Lemma 2, we work in this more general setting where & is allowed to be
random and Assumption 1 holds with high probability with respect to the randomness of &.

We will show the result in (1) first. We begin by establishing an upper bound for 7" and cyw (a/2, &)
with high probability. Conditional on &, define the matrix X € R™" as follows:

V]TVZL(H*)TV;{
\/(V]TVZL(H*)TVJ-) : (VZVZL(O*)TV;{)
andlet & = (&1,...,&,) T € R" be a multivariate Gaussian random vector conditional on &, such that

&~N(0,Zy)]E.

By the verification of conditions (1)-(3) in the proof of Lemma 2 and applying Theorem 2.2 in
Chernozhukov et al. (2013), with probability at least 1 — o (1) with respect to the randomness of &,
we have:

max {sup |P(T <t|&) —P(max &; <t|E)
teR j€ln]

, sup |P(W <t|&) —P(maxé&; < t|8)|} <pn, (EC.18)
teR j€ln]

where p, = 0(1) is a rate independent of &. Applying the maximal inequality for & and taking 7 =
2+/logn, we have that P(max ¢, & < 2\/@ |E) < n~!. Then applying the law of total probability
and (EC.18), with probability at least 1 —o(1), we have that max(7, W) < 2\/@, which also gives
cw(a@/2, &) < 2+flogn with high probability.

Next, we use the upper bounds for 7 and cy (a/2, E) to construct an upper bound for the Type

IT error. For any 8* € @ such that S* ¢ Sy and 6(0*,Ky) > C9,,, we have that

Pg- (Reject Ho) = Pg- (Ko N [K1, Kyl = @) > P ({KE < K.} n {KER > Ky }). (EC.19)
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We first consider the event {K} < K.}. Since Py- (K < K.)=1 when %Ky =—1, we focus on the
case where 7((])“ > 1. By the definition of Ky, if the following holds:

) o T L@
Agiyy <—cw (5. 8) T ’

2
then we have

_ - /vTvzzz 0)'v
KL:max{k:Ak < —cw(%,a) %()k} 27((])‘+1 >7((I)“.

This indicates that

VZL(H) f V7(L+1
L

—~ —~ ‘7(1‘ 1

R o T P LO T
=Pl Ageyy +Agetyy —Ageryy 2 —CW(E’ &) I

VZL(H)TV L
a (K'L 1 7( +1
<P| Ay z—(cW(§,8)+T)¢ 7

VGT((%H V2L(O) Vi

SP Aq((l;+12—4 lognq +0(1)

L

V2,£(0 )TV(](L_'_l

Ki+1
<P[Agi, 2 -5ylogn: \/ +o(1),

where the last inequality follows from (EC.13) under the condition that k. < +/n and

K s logn/(AL) = o(1). Furthermore, when supg..g kg+ = O(1), when Assumption 1 holds, we
have that supg..q ||[V2L(0)|l» < 27! and ||Vk||2 Zf (rj - r¢)? for all k € [n]. Hence there

exists a properly large constant C’ > 0 such that as long as C > C’ > 0, we have

7<L
1/2 , [logn
sup P((KL > KL) <P [Z(r] ”7<L+1) ] A7<(§+1 >-C 5
0*:5*¢80,0(6*,K0)2Cdp =0

+o(1)=o0(1).
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Next, we consider the event {(K(l; > I?U}. When K3 =n+ 1, we have Py (K3 > Ky) =1, and we

will focus on when 7((1){ < n. By the definition of EU, if the following holds:

a S)J )
2’ L ’

then we will have

_ - /VTVZL 0)'v
KU:min{k:Ak >cW(%,8) %()k}—l < KR -1 < KR,

which in turn indicates that

Vo V2L D) Vi

L

P(K§ < Ku) <P|Agr < cw(%, S)J

Then following similar arguments regarding the event {7(6“ <K L}, we have that

SUPg.S+¢.8.5(6°Ko)=C6), P(?((lf <Ky)=o(1). Combining with (EC.19), we have that

inf Py- (Reject Hyp) — 1.
0*:S*¢80,0(0*,K0)>Cé,,

Now we move on to show the results in (2). By Theorem 1, the optimal assortment estimate Sis
of the form S = {1,2,..., I?}, where K = max{k € [n] : Ay < 0}. Also, it can be checked that A is
also non-decreasing with respect to k € [n]. Hence we have the following equivalence

P(S =8 =P(K =K*) =P({Ag+ < 0} N {Agey1 > 0}).

By Theorem 3, we have that

~ L ~ L
P(Ag <0) =P (A*—A*)<—A* ,
(A <0) {\/ VIVIL(@)Tvg. K TR < TAK \/ v,;vu:w*rvm}
L
—AK* +0(l),
\/VIT(*VZL(G*)TVK* )
P(Agey; > 0) =P L (Z Ax- )> A L
e Ve V2L(0%) Vi Kol 7Ok = o Vi V2L(0%) Vi

L
=D |Ar- +o(l),
K +1\/V;*+1V2~£(0*)TVK*+1) ( )

=P
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where ®(-) denotes the cumulative distribution function of the standard normal distribution. Under

Assumption 1, for all k£ € [n], we have that

1
THPHvB < viVELO) v 71 ) (=), (EC.20)

k—
Jj=0

where P is the projection matrix to the perpendicular space of 1. Furthermore,

k

2 2 2
IPHvell3 = Ivills = IPrvill3 = ) v, = — <Z vij)?

j=1
&Lkl
. 7 n+1
J=1

where v;; denotes the j-th entry of vi, k :=[{j € [n] : r; > ri}| is the number of items with

(EC.21)

k
(222 iii)Zw—m

1

J

revenues larger than ry, and the last but one inequality follows from Cauchy—Schwarz inequality.

Combining (EC.20) and (EC.21) gives

_ k+1
A 1=
n+1

k—
)Z(rj—rk)2<VTV2£(0 Yvega Z (rj—ry)%  forall k € [n].

j=0
Therefore, when minge g+ 11} [Zf;é (rj - )27 Y2|Ax| = C6, for some large enough C > 0, by
Chernoff bound, we have that

P(S=8%)21-P(Ag 2 0) —P(Ag-31 <0) = 1-0(n"") —o(1) =1-0(1).

On the other hand, if minke{K*’K*H}[Zf.;é(rj — )72 Ar] < c(kglogn/[1 — (K +2)/(n +

1)])~1/26,, for some small enough constant ¢ > 0, where K := |{j € [n] : rj > rk+}|, we have that

P(S #8%) = max{P(Ag- > 0), P(Ag-+1 <0)} > 1/3.

EC.8. Analogous Result to the Bradley-Terry—Luce (BTL) Model

Lemma EC.7 establishes conditions under which Assumption 1 holds when the sets § € & are
sampled independently. We emphasize that this random-sampling assumption is not required, and

we include it solely to facilitate comparison of optimal scaling rates with prior work.
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LEMMA EC.7. Let S ={S C [n] : S # @} denote the family of all nonempty offer sets. Suppose
each S € 8 is included in & independently with probability ps and yields sample size Ls. Let

p :=mingegs ps and assume there exists a constant C > 1 such that

2SS pTS 1S: 7 {i € S, }
max = ETE
icln]s  Xses |S+|T I{i € 84}

<C, 2”2 > Cnlogn. (EC.22)

Define

n+l1 n+l
1 (n-2) 2" 1 (n—1) 2!
MfZﬁ(k_a)*ﬁ’ N":Zﬁ(k—z)*
Let L := minges Ls and L := maxges Ls. Then there exist absolute constants Cy > co > 0 and

Ci > 0 such that, with probability at least 1 — O(n~'0),

L - L
cof(nM,,+Nn)p <A< A< C—nNyp, kg < C

7 (EC.23)

[~

RemARK EC.1. The proof of Lemma EC.7 is deferred to Section EC.9.2. The lower bound on P
in (EC.22) guarantees that the comparison graph is connected with high probability. To understand
the heterogeneity condition in (EC.22), consider the simple sufficient case where maxses ps < C P
for some C > 1, then the first inequality in (EC.22) holds trivially. Moreover, consider a more
heterogeneous sufficient case where for each i € [n],, there exists a subset S ; C 8; with cardinality
|§i| < n, and suppose that maxg, 3. pS/B < 2"/n* and maxg g\ 3, pS/B < C’ for some constant

C’ > 1. Then, because Y, scs, (|S|+ 1)~ <2"/n for all i € [n],, we have that

(si+n" Ps Lses, (IS1+ n=- %+23esi\§i(|8| +1)7" pFS
max 0 < max = — P
<l 3, Lores, IS+ D70 p il Tses (IS1+1)
211
= +C s C'+1,
“n? 2%/n ~

and (EC.22) holds. Hence, the heterogeneity condition in (EC.22) allows for ps to differ by up to
an exponential order of n for a small proportion of sets S € S;, which can be useful in practical

scenarios where certain assortments are offered much more frequently than others.
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EC.9. Proof of Technical Lemmas
EC.9.1. Proof of Lemma 1

The matrix Lg can be rewritten as follows,

mpg—1 ..
Le=) ]le diag (KXi = 1,17, 0,41 %) ,

where 0,, denotes the m X m zero matrix. It is immediate that Lg1 =0 and 4,1 (Lg) =0.

We show A < m,,/n first. Recall Api, , is the smallest eigenvalue restricted to the eigenvectors
orthogonal to 1. Then A = A,,(Lg) = Amin.1 (Lg). For any v € R™! such that ||v||; =1 and v 1=0,
the following holds

(14 1) Ty = Lt 1 )V = = (n+ 1) 2 g/,

TL >
vohev (n+1)?2

= (n’j:nnz 'VT(

which implies that A > m,/n. On the other hand, taking v, = e+ — n—illnﬂ, we have that v, 1=0
and that v, Lgv, =e, Lge,s1 =m,/(n+1). Hence A = Anin 1 (Lg) S v, LgV, =m,/(n+1), which
in turn gives that A < m,/n

Next, we show that A < Y.} _, my/k. We have that the following holds

n+1

n n
3 Mg—1 T
mi/k < elLgey <A=2;(Lg) < |kl =11, |2 S ) my/k,

which gives A = Y7_, my/k.

When ZZ;} my [k < n,/n, A< A follows trivially, and the proof is complete.

EC.9.2. Proof of Lemma EC.7

LetAs=&Eg - ﬁ Yijes.(ei—e;)(e;—ej)T, where Eg =I{S € &}, then we have that
i<j

= Z Ag XLg =< Z Z Ags. (EC.24)
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Denote Lg = Y gc s As. Recall M, = Y0t} # (Z:g) and N, = Y7t} klz (4~ 2) and we have that

~ pS T nNn _an;ll'
E(Lg)=p ), == —= > (ei—ej)(ei—e) =p T
& | +| e ~N,1, (nM,+N,)1,—M,1,1]
i<j
_1;Z|'
=p|(n+ D)M,L1 — M1n+11n+1+(Nn_Mn)
B _ln In

p((n+1)M In+1_M 1n+11 1+(N M)( n+1+d1ag(n 1 1, ) 1n+11n+1))

((nM +Ny) L1 + (N, — My) diag(n,1,1,)) = Ny 1,1),) -

Consider the matrix (N, — M) diag(n,1,1;) = N,1,411],,. Definew; = (1,07) ", wy = (0,1, //n)T

and W = (w1, w»). Then it can be seen that 1,1 = w; +vnw, and we have that

Nn \/ﬁNn WT

(Nn— M,)diag(n,1,1,;) = N,1,11),, =n(N, — M,) WW'™ - W
VN, N,

n—1)N,, —nM, —\/nN,
=W ( ) Vi W' =WGdiag (n(N, — M,),-nM, - N,) GTWT,
—+/nN, —-nM,

(v
Ve |4

where G = and the last equality follows from the following eigendecomposition:

n

(n—-1)N, —nM, —+/nN,
—+/nN, —nM,

Then combining the above results we have that

= Gdiag (n(N, - M,),-nM, - N,)G".

E(Lg) = p ((nMy + Ny)L1 + WG diag (n(N, — M,,), —nM, — N,) GTWT) (EC.25)

which indicates that A, (E(Eg)) > (nM, + N,)p. Also since E(Lg)1,s1 = 0, we have that 1,4

corresponds to the (n + 1)-th eigenvalue of E(Lg). Moreover, we have the following upper bound

holds,
D (ei—ej)ei—e))T

i,j€S,
i<j (EC.26)

S - .
ﬁgz Ps . 1S, 'Is, = p - diag(so, 51, ..., 8n),
SeS —

B(Le) = pZ’;f

2
Ses £ | +|



e-companion to Shen et al.: Combinatorial Inference on the Optimal Assortment in MNL ec29

where Ig, is a diagonal matrix with (Is,); =1 for i € S; and (Is,); =0 for i ¢ S;, and s; =
YsesE |S,|~'I{i € S, } for i € [n],; the last inequality follows from the fact that for any S € S

we have

Z (e,- —ej)(ei — ej)T = |S+| 'IS+ — 15+1:rg+ = |S+| ‘IS+,
i,jeS+
i<j

where 1g, € R™! with (15,); =1 fori € S, and (1s,); =0 for i ¢ S;. When the condition (EC.22)
holds, we have that s; < C Y gc g |S:|"'I{i € Sy} < (n+ 1)N,, < 2"/n for any i € [n],, and in turn
we have 1 (E(Lg)) < (n+ 1)N,,p. Hence

("M + Ny)p < 2 (E(Lg)) < 41 (E(Lg)) S (n+1)N,yp.

Let Rg € R"DX" denote the stacking of the top n normalized eigenvectors of E(Eg), which is
unique up to rotation, and we have RERS =1, and Rg 1,;1 =0. Then from (EC.25) and (EC.26), it

can be seen that
diag ((n+ 1)Nyp., (nMy + Ny)pL,_1) < E(R;LgRg) =RLE(Lg)Rg < C'nNyp -1,
where C’ > 0 is a large enough constant. We have that
Amin(A8) 20,  Amax(As) < |Sil/IS: P =1/[S4| < 1,

and

/lmin(RgASRS) >0, /lmax(RgASRS) < /lmax(AS) <l

Then by Theorem 5.1.1 in Tropp (2015), under the condition that 2"p > Cnlogn for some large

enough constant C > 0, there exists a constant ¢ > 0 such that for large enough n we have

P (Amin (L) < (1M, +N2)p/2) <P (Amin(RILeRe) < dmin (E(RFLeRe) ) /2)

<nexp(-cnM,p) <n~1°,

and

P (Amar (L) 2 3CnN,p/2) < P Amax (L) = 3max (E(Le)) /2)

< (n+1)exp(-cnM,p) < n 1.

Then we know that (EC.23) holds with probability at least 1 — O (n~19) as the result of (EC.24).



ec30 e-companion to Shen et al.: Combinatorial Inference on the Optimal Assortment in MNL

EC.9.3. Proof of Lemma EC.1

First, we can rewrite

0; 01

e’te
V2L(8:x) = Z D, ———lei—en(ei—enT
Seé& l{'i% (Zj€8+ evli
Then we have
el 1 1 1 1

= = > =
0; 6;—6; 0;—0%)+(0"-07)+(07-0;) — I +2(|6*—0|| 2C"°
ZjeS+e ! ZjeS+e I §j€S+ e( J /) ( J P)+(0;=6i) §j€S+e og ko +2]| I |S+|ng

Similarly, we also have

eli 1 1 Kge

= < =
0; 0" (65 —0")+(07—0;) — _ 2|67 :
Tjes, € Yes, OO HE OG0 T Y o e—Togke=200-0lls T[S, |

2C

Since (e; —e;)(e; —e;)" = 0 for any i < [, we have that

eliet 1

2 2 2C\2
(Syes, ) S0

(e;—e)(ei—e) =0,

eliel (ngzc)2

S.P (ei—e)(ei—e)" 0.

Hence,

L eiel
ViL(0:x)= Z TS{ Z —z(ei—el)(ei—el)T}
Se& VIS, (ZjeS+ e“’f)
LS{ T
= 5 (ei—e))(e;—e)) }
S;S z;? IS, |2(K06'2C)2
i<l
1 LS{ T} 1
—e;)(e;—e =——7>>—=Lg,
2P e meeme) | =l
i<l

and similarly V2.£(6;x) < (kge>C)*Lg. Then by the fact that V2L (8;x) = V2 L(0;x) + 71,1, the
inequalities in (EC.3) follow.
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EC.9.4. Proof of Lemma EC.2

We know that

and we have E ( ) 0 and

0 K0 e ’ (1072 (e%)?
= B I CTCIEN o Cub I R
ze . Zj€S+e I i€S,

i€eS, (Z]ES e ]) ieS, Z]ES e
o 0
0) (¢ e’ie’l
B(z020T)= ). — S (ei—en(ei—enT 243 y Splementa-e)’
i1ES, (Z S ) iIES,
i<l JEo+ i<l

O (0) e’ e\
E(")= 0 - D || =b

i€S, Zje&e T ies, Zje&e /

and thus under Assumption 1 we have

) -
K LS 1 A
E(Z(az(m) <0 }‘ _{ § (e;—e;)(e;—e;) } ||Ls||2——
E, 2 [ C\ts s ~ 2 LT
SeSf 1 2 L Se& LSy ileS, L
i<l
a (s OT0 S|L s Ls)_|ntl Ls | o™y <—||L lh="2.
72 SlL4L L &L~ L UL
Seat’ 1 Se& Se&

Thus we can take V = "T’i and B =1/L, then by the matrix Bernstein inequality (Tropp 2012), with
probability at least 1 — O (n~'?) we have that

[nal 1 11
IV.Lo(87;x) — 76" [, <V Iogn+ Blogn =/ - Egn+ Ofns\/n zgn,
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where the last inequality follows by the condition that nAL > logn.

Thus when 7 < ’”zg", since we know that ||@*||> < Vn+ 1logky, with probability at least

1-0(n"'%) we have

. Alo
VL6l < 76" ]2+ VLo (6%5x) ~ 76 [[2 5 : Lgn'

EC.9.5. Proof of Lemma EC.3

Note that for any # € R”*! and any S € S, we have that

s (S s () (1- (X)) <1, vites,

JES: JjES, JES,

2

and thus

L efiel
VL= ) T Y (ei—en(ei-e)
Se& léi?+ (Z/e& el
1 L
232,71 2 imen(ei—e)T

Se& i,leS,
i<l

P
(n+1) Z Z(ei_el)(ei_el)T :M‘LS-
8 +

4
i,leS,
i<l

Thus under Assumption 1, we have that

(n+1)? (n+1)%22

IV2Le@:0)l < 7+ .

ILella=7+

EC.9.6. Proof of Lemma EC.4

By the optimality of 6 and Taylor’s expansion, we have

L:(0:x)= L(0%x)+ (0 -0 VLA(6%:x) + %(é‘— 0°) V2L (0;x)(0—6°) < L:(6%x),
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where 5 lies between 5 and 8*. Thus

. n * 1 ~ * n. n *

S (V2L (B:)) 10 - 0" 13 < 5 (8- 09TV Le(8:) (8- 0°)
<—(0-60")TVLA(0":x) < [VLAO":%) 12110 - 072,

Vn.

and thus by Lemma EC.2
20VL(0%x) ]l _ 2VL(6%x)]l2 _
< - <

16 - 6*||2 < —
/lmin (VZLT(H;x))

EC.9.7. Proof of Lemma EC.5
In this section, we provide the proof for the upper bounds given in Lemma EC.5.
EC.9.7.1. Proof of EC.7 Note that for any i € [n],, we have that xg’f) i = <1,
ZjeS.;.e J
Var(xy) < % /(Les, €] < 1/1S., and
0 7
e’ Ls 1 A
S —(Lgir1iv1 < T

6 L
Seé&:ieS,

(i.0) 1
X — < =
. 2jes, € ’) Z LS.~ L

1 <
Se&ieS, (=1
By Bernstein’s inequality, conditional on &, with probability at least 1 — O(n~!!), we have

) //llogn_'_logn.
L L

1 3 ix(m_ e’
S Zje&ree;

L
Seé&:ieS, (=1

Hence taking the union bound over i € [n],, with probability at least 1 — O (n~1?), we have

< //llogn+10gn.
L L

]
— X -
S B
ZjeS+egj

L
Se&:ieS, (=1

IVL(0";x)llc0 = max
i€[n]+
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EC.9.7.2. Proof of EC.8 We first consider VL(g;x) - VL(6%;x). Fori € [n],, by the mean

value theorem we have

~ . L eg'i e
[VL(O;x)—VL(O*;x)]' = Z TS( == 9%)
i+l Sc&:ieS, Zje& e’ ZjeS+ e’
— - T
Lo |€" (Zjes+\{i}€ ~’) 6i L0 —~
TS — 5 €~ Z %el (6-07),
Seé&:ieS, (Zje& egj) 1eS,\{i} (Zjes+ 691)
where @ lies on the line between 6 — @*. Then we have
[v£@0-vLEx) -V L@@ -09] |
1+
b; b = =
Ls | (Zresan ) * .
< - —Lei— ) —————er(— [V2LO0)]i|| 116 -6]|co.
Seé&:ieS, (ZjeS+ e@j) 1eS,\{i} (ZjeS+ eﬁj‘)

1

Now consider any S € & such that i € S... Under the condition that \/I’ZKS logn/(AL) < ¢ for some
small enough constant ¢ > 0, by Theorem 2 there exists a small enough constant € > 0 such that

10 — 6*||0 < € with probability at least 1 — O(n~'?). Then with probability at least 1 — O (n~'0), for

all @ lies between @ and 6" and all [ € S,, we have

0, 0:+(6,-67) - 0; 0; 0;
¢ __ ¢ <0l [ €1 | 2| < °

. (D —gry T 0* o= |~ 6% °
Zje&, eYi ZjeS+ 60j+(91 67) Zj€8+e J Zj€8+e J Z./€S+e J

Then for any / € S,, by the mean value theorem,

B el | e 7 0|+ el el 7 6|
~ |~ * - * [ — * * | /
Sies @ Sies @l Tjes. e\ Sjes )y, A
JES, JESH JjESs JES: JjESs JES\{I}4jes,

el ~ o
ST 10—l < —
jes. €’ jes. €’

0—0"|.
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In turn for any / € S;\{i}, by we have

o o0 o o < o o0 ( i ) ( efi )
2 2|~ —\2 g 0"
9 (o 0; . e’ : e’
(Z].E&e 1) (Zje&e ]) (ZjeS+e 1) Yjes, Yjes.

+ — J—
0; ) 0 w\ 2
ZjeS+6 ! Z]€S+e ! (ZjeS+ eej)

0% 07
e’i e’ —~
S( H’f)( 9%)”0_0*”00'
Z].€S+e j ZjeS+e J

Thus with probability at least 1 — O (n~'?), for all i € [n], we have that

7 G _
Ls | € (Zze3+\{i}€ ’) i o0 .
7 —5 @i~ DE—— —[V°L(0%;x)]in1
- 9 . 9
Seé&ieS, (ZjeSJ, e J) 1eS\{i} (Zj68+ eYi 1
Ls eg"egl elie?i

4L . 7\ -\ 2
Seé&,ieS, leS:\{i} ZjeS+e J Zje&e I

szﬁ

* o
e’ e’l —~
Scgies, T iesaqiy \Xjes, €7 ) \Xjes, €7

n * LS n * T nn *
SIB=0"e D, 7og 100 oo < 3166l
Se&,ieS, +

Putting the above analysis together, with probability at least 1 — O (n~1°), we have that for all

i € [n]4,

0. * 2 * n * by n %112 Kénlogn
Hvzz(a;x)—vz(o x) - V2L(6":x) (-6 )].H‘sa.uo—a 12 s

and hence (EC.8) holds.
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RemARK EC.2. Recall that

[VL(g;x) —VL(O*;x)]

i+1
i 7 wa |
Ls e’ (Zje&,\{i}e ") eliel ~
Seé&,ieS, (Zj63+ e‘gj) 1eS\{i} (Zj€S+ 69/)

where 8 lies on the line between 6 — 6*. Thus with probability at least 1 — O (n~'?), under the

condition that \/I’lKg logn/(AL) < c for some small enough constant ¢ > 0, for all i € [n]; we have

that

Hvz(é;x) —V.ZZ(H*;x)] (

i+1
Ls e (Zje&\{i} ee-f) eli el ~
< - ——e; - ——eip| 110-0"]
SeEies, (Z,-es 691) leSi) (Z ies ee,-)
+ + 1
bi g
LS ¢ (Zj€S+\{i} ¢ j) n * LS n *
= - ——10-0"los| >, 16— 6"l
Seé&.ieS, (Zje&, e J) Se&,ieS,
<110 - 0"lloo(Lg)istir s - 10— 67 |co.

Then with probability at least 1 — O (n~'°) we have

_ N xkxnllogn
HVL(G;x)—VL(G*;x)H <TI0l s |2 (EC.27)

EC.9.7.3. Proof of EC.9 For any i € [n],, very similar to the proof in Section EC.9.7.2, with
probability at least 1 — O (n~1°), for all i € [n], we have

I[V2L(0:%) i1 — [V2LO %) 1]
¥ (Sres 69’) i ehi

ei— ), ——————ep—[VPLO:x)]n

2 —
Se&ies, (Zje s, e@;) 1S\ (i) (2 jes. eej)

<210 -6,

1
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and hence by Theorem 2 with probability at least 1 — O (n~'°) we have

2 0. 2 * 2 0. 2 * K%n/_llogn
IV-L(0;x) - V- L(8%;x) | = ax I[V-L(;x)]iv1 = [V LO; %) ]ir1ll1 S T
i€[n

EC.9.7.4. Proof of EC.10 For the simplicity of notation, we let /Tl >...> /Tn > /T,Hl =0 be

the eigenvalues of V2£(0;x) in descending order, and let vy,...,v, and #11 be the normalized

Vn+1

eigenvectors corresponding to Ai,..., Aps1. From the proof of Lemma EC.1, we know that for any

6 € R™! such that ||§ — 8*||. < C for some constant C > 0, we have WL‘S < V2L(0;x) <

(kge?©)*Lg, which in turn gives that A < dand A, < A. Also recall that V2£(6;x)1 =0, and hence

for any constant C > 0, we have the eigen-decomposition

C17 0 0 0 170

T T

T
V2£(6:x) C1 (VZL(O;x)O [0 1) v\ (v,
= +

1 1 1

1
1 1 1
+CVn+ 1| V2D V2D | o 1| V2D | V20D
1

1 1 1

2 V2 V2 V2

It is not hard to verify by the relationship between v;’s and 1 that the above representation is

L . VZL(6;x) C1 :
a valid eigen-decomposition of . . Thus we can see that the n + 2 eigenvalues of
C1 0
-1
V2L£(0:x) C1 ~ ~ V2L£(0:x) C1
(6:x) are Aq,...,4, and £CVn+1, and (6:x) would take the following
C1T7 0 Cc1T7 0
form
) -1 T L L 4
\Y L(e,x) C1 _ /»fi_l viyv; + C_l(n+ 1)_1/2 \/2(n+1) \/2(n+1)
C1T 0 P 0 1 1

V2 V2
1 1 2 ) 1
_C—l(n+1)—l/2 V2(n+1) \/2(n+1)1 _ V2L(9:x)" C(n+1)1
1 1 1 _qT 0 ’

Y v C(ntl)
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where V2 L(0;x)" = ol lxll v;v].Thenforany @ € R”"*! such that ||@ — 6*||« < C for some constant

C > 0 and a constant C,, > 0 (dependent on n) such that 2 < C,+/n, we have

-1
V2L(0;x) C,1 1 1 1
=max( ) S 1

c1T 0 . A, (V2L(0:x)) C,\n+1

Thus by EC.9, with probability at least 1 — O (n~'%) we have

-1 -1

Vif a;x 1 VZL(0%x) 1 —~
(O 1) [VLO%x) :v%:(e;x)f—v%:(a*;x)*H
1T 0 17 0 2
2
. -1 -1
V2L(0;x) C,1 V2L(6%:x) C,1
c,1T 0 C,17 0 ,
—~ -1 -1 —
V2L(6:x)C,1 V2L(6%x)C,h1 V2L(0;x)C,1) [V2L(6";x)Cu1
<
N caT o oGm0 SN Gt oo c1T 0
<V L @)~ VL0 ) < 102
A2 A\ AL

EC.9.8. Proof of Corollary EC.1

From the proof of Lemma EC.5 it can be seen that

.
VIL(O:x) 1) [VEL(6; x)" -1

1™ o | L1t o

n+1

holds true for any # € R™*!, where V>£(0;x)" is the Moore-Penrose inverse of V2L (8;x). Now
define I'= (v1,vo,...,v,, Ll), and denote by y; = (y;1,. ..,yjn,\/L_) the j-th row of I, j €
[n+1]. Then since I is orthonormal, it can be seen that ||y ; ||2 D 17’]k =land };_ 17’]2~k = 1.

Thus for any # € R™*! such that |6 — 8*||. < C for some constant C > 0, for j,k € [n+1],j #k,
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we have

S [V2LO:x)"]j;=e]V2LO:x) e;=y]

PNOTE I
~1
<
~
1l
3o
=1
N
& | —

EC.9.9. Proof of Lemma EC.6

By Corollary EC.1 and the definition of 6, we have that

. _ L vV2L(0:x) 1| (I, _
0/ =60"-V>L(6:;x)'VL(O:;x) =60~ (I,41,0) (T ) v @x)
1 0
— — -1 —
0’ V2L(0;x) 1) [VL(O:x)
= (In+l,0) - (Il’l+170) 5

0 17 0 0

then left-multiply both sides by (I,..1,0)" we have
Y Y 2rep B 7y
) 0’ ) V-L(O;x) 1 VL(0;x)
=diag(I;+1,0)| |—diag(In1,0)
0 17 0 0

0\ [V2L£(@:x)1\ [VL(@:;x)

of \ 17 o0 o |

where the second equality is due to the fact that 1;+1 V.£(§ ;x) =0. Hence we can see that 6 can be
treated as the sub-vector for the first n+ 1 coordinates of an augmented Newton-debiased estimator.
Recall that we state in the proof of Theorem 2, we will abuse the notation and let 6 denote ' = Pll@\

and let 0* denote 8% =P 6*. Then we have the following decomposition
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. e -1
04 —0%\ [V>L(6;:x) 1
0 1™ 0
|

+(v21: (6%:x) 1)_1 (V.E (6%3x) = VL@;x) + V> L(B:x) (- 0*) )

-1 —~ —~ —~
V2L (6%:x) 1 —VL(a;x)+V2L(0;x)(0—0*
1m0 0

17 0 0

I
(VL@ " vr )
1™ 0 0 '

By Lemma EC.5, the following bounds for the terms /1 and I hold with probability at least
1-0(n719),

2

. —1
V2L(0:;x) 1 V2L(0%:x) 1

1l < -
1T 0 17 0

-1
) H—w:(ﬁ;x) +V2L(6%:x)(0 - 6%)
2

o0

. -1
V2L(6;x) 1 V2L(6%x) 1
1™ 0 17 0

3 = 2 2 3
k7 logn / kenlogn ken\nlogn k2 logn
s\/r_zxz & g /llogn+ & g < g\/_ g n & g +l,
A AL L L AL AL

-1
<Vh ( ) H-vz(é‘;xnvzz(e*;x)(é‘— )
2

and

L@ VL O7x) -V L@:0) + V2 L@ix) (8-
ek=|| T X

n+l 2

=|[PL @050 (VL@ 0 - VL @0 + V2 LB (6-0"))|
< V[V L (0750 IV L) -V LO70) - V2L ) G- 0

Kénlogn N K%n\/ﬁlogn
< — X — = _—
>TL il AL
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where the second equality is due to the fact that 1;1 VL(0;x)=0and IIHVZL(O;x) = 0 for any

0 € R™!'. Thus in turn we have that

Kkgn\nlogn i k3, logn
AL AL

IRoll2 < [[11ll2 + || 122 < +11.

EC.10. Complexity of Generating the Observed Offer Sets for Numerical Studies

ProposITION EC.1. Denote by Bg the complexity of generating & with the procedure in Section 4.
When p = nlogn/2", we have E(Bg) = O(n?logn). Furthermore, with probability at least 1 —

O(n~"), we have Bg < Cn?*logn for some constant C > 0.

Proof. Note that Step (1) only requires generating a scalar random variable, and its compu-
tational cost is dominated by Steps (2) and (3). We first show that E(Bg) = O(n?logn). Since
M ~ Binomial(2" — 1, p), we know that E(M) = (2" — 1)p = O(nlogn). Conditional on M, for
each j=1,...,M, denote by I; the number of sampling attempts for the j-th iteration, and we
have that /; follows a geometric distribution with success probability equal to (2" — j)/2", i.e.,

I; — 1~ Geometric(1, (2" —j)/2") and E(/;|M)=E(l;) =1+ j/(2" - j). Hence we have that

u M M .
E(Bg) < ”E(Z 1,-) - nE(E(Z 1]~|M)) :nE(M+Z 2"J_j)
=1 J=1 J=1

2 M? 2 np Nl 2"=1) oy 2"-M
<n logn+nE(2n_M):n logn+EMZ:1(M—1+1)(M_1)P (1-p)

< n*logn+npE(M) < n*logn.

Next, we move on to show that there exists a constant C > 0 such that Bg < Cn? log n with probability
at least 1 — O(n~!). By Hoeffding’s inequality (Hoeffding 1994), with probability at least 1 —n~!,

we have that

M <E(M)++2"p(1 - p)logn < Cnlogn, (EC.28)

where C > 0 is a constant independent of n. Besides, conditional on the event M < Cnlogn, the

probability that /; =1 forall j=1,...,M is

M .

o
[1 - L —1—02l0g?n/2Y) =1 - 0. (EC.29)
=2

Therefore, combining (EC.28) and (EC.29), with probability at least 1 — O (n~'), the total complexity

is Bg < Cn’logn. O
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