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Appendix A: Section 3 Omitted Proofs

A.1. Proof of Theorem 2

Proof. We first argue that offset-expiry implies feasibility of B/N . Consider the allocation schedule

which allocates goods in increasing order of perishing time (breaking ties arbitrarily), and is such that

Xt,θ = B/N for all t, θ, as long as there are resources remaining. Noting that (B/N)N<t is precisely the

cumulative allocation at the beginning of round t, this implies that we allocate (weakly) more than the

number of goods with perishing time before round t (i.e. P<t). Since we allocate goods in increasing order

of perishing time, this also implies that no unit ever perishes under this sequence of allocations. Thus, the

total allocation by the end of the horizon is B
N
·N =B, implying that B/N is feasible.

We now argue that offset-expiry is necessary for B/N to be feasible. To see this, consider the first period

t≥ 2 for which P<t/B >N<t/N (i.e., by the end of period t−1, there existed some unallocated goods that

had perished). Then, the remaining budget at the start of period t for any algorithm, denoted by Balg
t , is:

Balg
t ≤B−P<t <B−N<t ·

B

N
=N≥t ·

B

N
,

which implies that the remaining budget does not suffice to allocate B/N to all arrivals from t onwards.

Hence, B/N is not feasible. □

Appendix B: Section 4 Omitted Proofs

B.1. Tightness of bounds

Consider the random problem instance which achieves the lower bounds of Theorem 1 with probability 1/2,

and the lower bounds of Theorem 3 with probability 1/2. Putting these two bounds together, we have:

E [∆EF]≳Lperish +1/
√
T .

By Theorem 4, our algorithm achieves E [∆EF]≲max{LT ,Lperish +1/
√
T}. Letting LT ≲Lperish +1/

√
T

then, our algorithm achieves this lower bound. We now argue that our algorithm is tight with respect to

efficiency in this regime. Suppose LT = 0. By Theorem 1 and Theorem 3, any online algorithm incurs:

E [∆efficiency]≳ TLperish +
√
T ,

which is achieved by our algorithm.

Consider now the regime in which ∆EF = LT , i.e., LT ≳ Lperish + 1/
√
T . Again, randomizing between

the two lower bounds, we have:

E [∆efficiency]≳ TLperish +min{
√
T ,L−1

T }. (EC.1)
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Case 1: L−1
T +

√
TLperishL−1

T ≳
√
T . Here, our algorithm achieves E [∆efficiency]≲

√
T +TLperish.

If L−1
T ≳

√
T , we achieve the bound in (EC.1). Suppose now that L−1

T = o(
√
T ). Then, (EC.1) implies

that E [∆efficiency]≳ TLperish+L−1
T . We argue that, if L−1

T = o(
√
T ), then in this case TLperish ≳

√
T . TLperish

then dominates both the lower bound in (EC.1), as well as our upper bound, which gives us tightness.

Case 2: L−1
T +

√
TLperishL−1

T ≲
√
T . Here, our algorithm achieves E [∆efficiency]≲ L−1

T +
√

TLperishL−1
T +

TLperish. Since L−1
T ≲

√
T , (EC.1) reduces to E [∆efficiency] ≳ TLperish + L−1

T . It is easy to check that√
TLperishL−1

T ≲max{L−1
T , TLperish}, which completes the tightness argument.

B.2. Section 4.2 Omitted Proofs

B.2.1. Proof of Corollary 3
Proof. Consider first the case where TLperish ≲L−1

T . Then:

L−1
T +

√
TLperishL−1

T ≲L−1
T ≲

√
T ,

since LT ≳ 1/
√
T by assumption. Thus,

∆efficiency ≲min

{√
T ,L−1

T +
√

TLperishL−1
T

}
+TLperish ≲L−1

T ,

where again we’ve used the assumption that TLperish ≲L−1
T .

For the bound on ∆EF, we use the facts that LT ≳ 1/
√
T and Lperish ≲ 1/

√
T to obtain:

∆EF ≲max{LT ,Lperish +1/
√
T}≲LT .

Suppose now TLperish ≳L−1
T . In this case:

L−1
T +

√
TLperishL−1

T ≲ TLperish.

Using the fact that Lperish ≲ 1/
√
T , we obtain:

∆efficiency ≲min

{√
T ,L−1

T +
√

TLperishL−1
T

}
+TLperish ≲ TLperish.

For the bound on ∆EF, we similarly have ∆EF ≲LT , since Lperish ≲ 1/
√
T ≲LT , by assumption. □

B.3. Section 4.3 Omitted Proofs

B.3.1. Proof of Lemma 3
Proof. Fix t′ < t. Recall, for all τ ∈ [T ], ρτ,θ ≥ |Nτ,θ −E [Nτ,θ] |, which implies

Nτ,θ ∈ [E [Nτ,θ]− ρτ,θ,E [Nτ,θ] + ρτ,θ] .
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Thus, from a simple application of Hoeffding’s inequality (Lemma EC.1):

P(|N(t,t′] −E
[
N(t,t′]

]
| ≥ ϵ)≤ 2exp

(
− 2ϵ2∑

θ

∑
τ∈(t,t′] 4ρ

2
τ,θ

)
(EC.2)

We now consider our desired bound.

P(|N(t,t′] −E
[
N(t,t′]

]
| ≤ ϵ∀ t, t′)≥ 1−

∑
t,t′

P(|N(t,t′] −E
[
N(t,t′]

]
| ≥ ϵ)

≥ 1−
∑
t,t′

2exp

(
− 2ϵ2∑

θ

∑
τ∈(t,t′] 4ρ

2
τ,θ

)
≥ 1−

∑
t,t′

2exp

(
− ϵ2

2|Θ|ρ2max(t
′ − t)

)
where the first inequality follows from a union bound, the second inequality by plugging in Hoeffding’s

bound (EC.2), and the third inequality by upper bounding ρτ,θ by ρmax, for all τ ∈ (t, t′].

Solving for ϵ such that 2exp
(
− ϵ2

2|Θ|ρ2max(t
′−t)

)
= δ/T 2, we obtain our result. □

B.3.2. Proof of Lemma 5
Proof. The final high-probability bound follows from straightforward algebra, putting Lemmas 3 and

4 together. Indeed, we have that:

P(E) = 1−P(Ec) = 1−P((EN ∩EP )
c).

Moreover:

P(EN ∩EP ) = P(EP | EN)P(EN)≥ (1− δ)2 ≥ 1− 2δ =⇒ P((EN ∩EP )
c)≤ 2δ.

Plugging this in above, we obtain P(E)≥ 1− 2δ. □

B.3.3. Proof of Lemma 7
Proof. Consider first the case in which the algorithm always allocates X (i.e., t0 = T ). Then, the

inequality is trivially satisfied and it suffices to prove the lower bound for t0 <T . We have:

Balg
T =Balg

t0
−Nt0X − PUAalg

t0
−N(t0,T )X − PUAalg

>t0

<Nt0X +N>t0X +P t0 −Nt0X − PUAalg
t0

−N(t0,T )X − PUAalg
>t0

=Nt0LT +(N>t0 −N>t0)X +NTX −N(t0,T )LT +P t0 − PUAalg
≥t0

, (EC.3)

where the first inequality follows from the fact that Balg
t0

<Nt0X +N>t0X +P t0 since Xalg
t0

=X , and the

second inequality uses X =X +LT and re-arranges terms. Since X was allocated at T , Balg
T −NTX ≥ 0,

which then implies that Balg
T −NTX ≥NTLT . Plugging this fact into (EC.3) and re-arranging, we obtain:

Nt0LT +(N>t0 −N>t0)X −N>t0LT +P t0 − PUAalg
≥t0

> 0. (EC.4)
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We now upper bound the left-hand side of (EC.4). Using the facts that PUAalg
≥t0

≥ 0, X ≤ βavg by con-

struction, and P t0 ≤ P 1 =∆(X), we have, for C =
√

2|Θ|ρ2max log(2T
2/δ):

0<Nt0LT +(N>t0 −N>t0)X −N>t0LT +P t0 − PUAalg
≥t0

≤ ρmaxLT +2Cβavg

√
T − t0

−LT (T − t0)+∆(X). (EC.5)

Consider now the quadratic function f(x) =−LTx
2+2Cβavgx+ρmaxLT +∆(X), which has a positive

root at:

x+ =
2Cβavg +

√
4C2β2

avg +4LT

(
ρmaxLT +∆(X)

)
2LT

=
Cβavg

LT

+

√
C2β2

avg

L2
T

+
ρmaxLT +∆(X)

LT

≤ 2
Cβavg

LT

+

√
∆(X)

LT

+
√
ρmax

< c

 1

LT

+

√
∆(X)

LT

 ,

for some c ∈ Θ̃(1). Thus, for all x ≥ c

(
1

LT
+
√

∆(X)

LT

)
, f(x) ≤ 0. Letting x =

√
T − t0, we obtain that

the right-hand side of (EC.5) is non-positive for all t0 such that T − t0 ≥ c2
(

1
LT

+
√

∆(X)

LT

)2

⇐⇒ t0 ≤

T − c2
(

1
LT

+
√

∆(X)

LT

)2

, which would lead to a contradiction.

Concluding, we have t0 > T − c2
(

1
LT

+
√

∆(X)

LT

)2

≥ T − c̃2
(

1
LT

+
√

TLperish

LT

)2

, where the final

inequality follows from the fact that ∆(X)≤B−NX =NLperish ≲ TLperish. □

B.3.4. Proof of Lemma 8
Proof. We show the two properties by induction on t.

Base Case t= 1. By definition, Balg
1 =B=Bt(X). We now argue that PUAalg

1 ≤ PUA1(X). Suppose there

exists a resource b which perished at the end of t= 1. Then, either:

1. b was neither allocated by our algorithm, nor under the X allocation. Hence, it perished unallocated

under both allocations.

2. b was allocated by our algorithm but not by the X allocation. Hence, it perished unallocated under X

but not our algorithm.

3. b was allocated under the X allocation but not by our algorithm. This could never hold, since both

algorithms begin with the same set of resources and our algorithm allocated (weakly) more than X ,

and under the same ordering σ.
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(a) Case I (b) Case II

(c) Case III

Figure EC.1 Illustration of the three cases in the induction step of the proof of the fact that PUAalg
t+1 ≤ PUAt+1(X) (Lemma 8).

Here, we assume Balg
t+1 ⊆Bt+1(X). The squares across all three plots show the resources in Bt+1(X), ordered left

to right according to σ; the dashed squares correspond to Balg
t+1. The gray-shaded region corresponds to resource

fractionally allocated by the X process at the beginning of t + 1, and the cross-hatched region to the set of

resources allocated by our algorithm. Finally, the red arrow corresponds to the resource b considered in each case.

Step case t→ t+1. We first show that Balg
t+1 ⊆Bt+1(X). Let b∈Balg

t+1. Then b did not perish, and moreover

b∈Balg
t . Then, by the inductive hypothesis, b∈Bt(X). Consider the following cases:

1. b was not allocated under the X process. Then, b∈Bt+1(X), since it did not perish.

2. b was allocated under the X process. In this case, since the algorithm allocated (weakly) more than X

according to the same ordering, this resource must have been available to both the algorithm and the

X process. This then contradicts that b was not allocated by the algorithm.

We now argue that PUAalg
t+1 ≤ PUAt+1(X). Suppose there exists a resource b that perished at time t+1.

We consider the following cases (see Figure EC.1 for an illustration):

1. b was neither allocated by our algorithm, nor under the X allocation. Hence, it perished unallocated

under both allocations.

2. b was allocated by our algorithm but not by the X allocation. Hence, it perished unallocated under X

but not our algorithm.

3. b was allocated under the X allocation but not by our algorithm. Then, b must have either perished

or been allocated before t+ 1, since the set of remaining resources under our algorithm is (weakly)

nested in the set of remaining resources under the X for all t′ ≤ t, by the inductive hypothesis. Thus,

b could not have perished at the end of t+1 under our algorithm’s sample path.

□

B.4. Section 4.4 Omitted Proofs

For ease of notation, we let νt =E[P<t] for all t∈ {2, . . . , T}.

B.4.1. Proof of Proposition 1
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Proof. Let t∈ [T ] be such that E[P<t]> t− 1. Then:

P(P<t ≤ t− 1 ∀ t≥ 2)≤ P(P<t ≤ t− 1) = P

(∑
b∈B

1{Tb < t} ≤ t− 1

)
, (EC.6)

where the second equality is by definition.

Consider first the case where Brand
<t = ∅. In this case, if b perishes before t with strictly positive probabil-

ity, it must be that b∈Bdet
<t . Then:

P

(∑
b∈B

1{Tb < t} ≤ t− 1

)
= P

 ∑
b∈Bdet

<t

1{Tb < t} ≤ t− 1

= P
(
|Bdet

<t | ≤ t− 1
)
, (EC.7)

where the second equality follows from the fact that items in Bdet
<t perish before t with probability 1. By the

same reasoning:

t− 1<E[P<t] =
∑
b∈B

P(Tb < t) =
∑

b∈Bdet
<t

P(Tb < t) = |Bdet
<t | =⇒ P(|Bdet

<t | ≤ t− 1) = 0.

Plugging this back into (EC.6), we obtain P(P<t ≤ t− 1 ∀ t≥ 2) = 0.

Consider now the case where Brand
<t ̸= ∅. The goal is to show the existence of ϵ such that

P(P<t ≤ t− 1 ∀t≥ 2)≤ ϵ. Define the random variable:

Yb = 1{Tb < t}−P(Tb < t), b∈Brand
<t .

By construction, E[Yb] = 0,0<E[Y 2
b ]≤ 1, and E[|Yb|3]≤ 1. We have:

P(P<t ≤ t− 1) = P

 ∑
b∈Brand

<t

1{Tb < t} ≤ t− 1− |Bdet
<t |


= P

 ∑
b∈Brand

<t

Yb ≤ t− 1− |Bdet
<t | −

∑
b∈Brand

<t

P(Tb < t)

 .

By assumption, E[P<t] = |Bdet
<t |+

∑
b∈Brand

<t
P(Tb < t)> t− 1. Hence,

P(P<t ≤ t− 1)≤ P

 ∑
b∈Brand

<t

Yb ≤ 0

= P

 ∑
b∈Brand

<t
Yb√∑

b∈Brand
<t

E[Y 2
b ]

≤ 0

 .

Let Φ(·) denote the cdf of the standard normal distribution. By the Berry-Esseen Theorem,

P

 ∑
b∈Brand

<t
Yb√∑

b∈Brand
<t

E[Y 2
b ]

≤ 0

≤Φ(0)+

 ∑
b∈Brand

<t

E[Y 2
b ]

−3/2

·
∑

b∈Brand
<t

E[|Yb|3]
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=
1

2
+

 ∑
b∈Brand

<t

Var[1{Tb < t}]

−3/2

·
∑

b∈Brand
<t

E[|Yb|3]

=
1

2
+

Var

 ∑
b∈Brand

<t

1{Tb < t}

−3/2

·
∑

b∈Brand
<t

E[|Yb|3]

≤ 1

2
+Var[P<t]

−3/2 ·T

=
1

2
+Std [P<t]

−3 ·T.

Putting this all together, we obtain:

P(P<t ≤ t− 1 ∀t≥ 2)≤ 1

2
+Std [P<t]

−3 ·T.

As a result, the perishing process cannot be δ-offset-expiring for any δ < 1
2
−Std [P<t]

−3 ·T . □

B.4.2. Proof of Proposition 2
Proof. Recall, P<t = |Bdet

<t |+
∑

b∈Brand
<t

1{Tb < t}. By Chebyshev’s inequality:

P(P<t > t− 1) = P (P<t − νt ≥ t− νt)≤
(
Std [P<t]

t− νt

)2

.

Similarly, by Hoeffding’s inequality we have:

P(P<t > t− 1) = P

 ∑
b∈Brand

<t

1{Tb < t}−P(Tb < t)≥t− νt

≤ exp

(
−2 (t− νt)

2

|Brand
<t |

)
.

Then, via a straightforward union bound we have:

P(P<t ≤ t− 1 ∀ t≥ 2)≥ 1−
T∑

t=2

P(P<t > t− 1)≥ 1−
T∑

t=2

min

{(
Std [P<t]

t− νt

)2

, exp

(
−2(t− νt)

2

|Brand
<t |

)}
.

□

B.4.3. Proof of Proposition 3
Proof.

For all b∈B, we have:

P(Tb ≤ t− 1) = 1− (1− p)t−1 =⇒
{
νt = T (1− (1− p)t−1)

Var[P<t] = T (1− (1− p)t−1) (1− p)t−1.
(EC.8)

By Proposition 2, δ-offset-expiry holds for all δ≥∑T

t=2

(
Std[P<t]

t−νt

)2

. By (EC.8):

(
Std [P<t]

t− νt

)2

=
T (1− (1− p)t−1) (1− p)t−1

(t−T (1− (1− p)t−1))
2
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Using the fact that (1− p)t−1 ≥ 1− (t− 1)p, we have:

t−T (1− (1− p)t−1)≥ t−T (t− 1)p > 0,

where the final inequality follows from the assumption that p≤ 1/T . Taking derivatives, it is easy to show

that the function f(x) = (1−x)x

(t−T (1−x))2
is decreasing for t− T (1− x)> 0. Hence, leveraging the same lower

bound on (1− p)t−1 we have:(
Std [P<t]

t− νt

)2

≤ T (t− 1)p(1− (t− 1)p)

(t−T (t− 1)p)
2 ≤ Ttp(1− (t− 1)p)

t2 (1−Tp)
2 ≤ Tp(1− (t− 1)p)

(t− 1)(1−Tp)2

=⇒
T∑

t=2

(
Std [P<t]

t− νt

)2

≤ Tp

(1−Tp)2

T∑
t=2

(
1

t− 1
− p

)

=
Tp

(1−Tp)2

(
T−1∑
t=1

1

t
− p(T − 1)

)
≤ Tp

(1−Tp)2
· 2 logT.

Hence, the perishing process if δ-offset-expiring for all δ≥ 2 logT · Tp
(1−Tp)2

.

We conclude by showing the lower bound on X . By definition,

∆(X) = µ(X)+
1

2

(
log(3 log(T )/δ)+

√
log2(3 log(T )/δ)+ 8µ(X) log(3 log(T )/δ)

)
≤ µ(X)+

1

2

(
2 log(3 log(T )/δ)+

1

2 log(3 log(T )/δ)
· 8µ(X) log(3 log(T )/δ)

)
= 3µ(X)+ log(3 log(T )/δ),

where the inequality follows from concavity. Moreover:

µ(X) =
∑
b

P(Tb <min{T, τb(1 |X,σ)})≤
∑
b

P(Tb <T ) = T (1− (1− p)T−1)

=⇒ ∆(X)≤ 3T (1− (1− p)T−1)+ log(3 log(T )/δ)

≤ 3T (T − 1)p+ log(3 log(T )/δ).

Since any feasible stationary allocation X must satisfy X ≤ T−∆(X)

T
, it suffices to have:

X ≤ T − 3T (T − 1)p− log(3 log(T )/δ)

T
= 1− 3(T − 1)p− log(3 log(T )/δ)

T
. (EC.9)

Noting that the right-hand side of (EC.9) is non-negative for δ ≥ 3 logT · exp(−(T − 3T 2p)), and that

2 logT · Tp
(1−Tp)2

≥ 3 logT · exp(−(T − 3T 2p)) for p= o(1), we obtain the result. □
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B.4.4. Proof of Proposition 4
Proof. For ease of notation, we let µb = E [Tb]. For a stationary allocation X = 1− T−α, let µ(X) =∑

b P(Tb <min{T, ⌈σ(b)

X
⌉}), and µb =E[Tb]. By Chebyshev’s inequality, we have:

µ(X)≤
∑
b

P
(
Tb −µb ≤min

{
T, ⌈σ(b)

X
⌉
}
−µb

)
≤
∑
b

P
(
|Tb −µb| ≥ µb −min

{
T, ⌈σ(b)

X
⌉
})

≤
∑
b

Var [Tb](
µb −min{T, ⌈σ(b)

X
⌉}
)2 , (EC.10)

where we used the assumption that µb >min{T, ⌈σ(b)

X
⌉} for all b∈B. However, by assumption we have

µ(X)≤
∑
b

Var [Tb](
µb −min{T, ⌈σ(b)

X
⌉}
)2 ≤ 1

2
T 1−α

Moreover, by definition:

∆(X) = µ(X)+
1

2

(
log(3 log(T )/δ)+

√
log2(3 log(T )/δ)+ 8µ(X) log(3 log(T )/δ)

)
≤ µ(X)+ log(3 log(T )/δ)+

√
2µ(X) log(3 log(T )/δ).

Since any feasible X must satisfy X ≤ 1−∆(X)/T , we have that ∆(X) ≤ T 1−α for X = 1− T−α.

Thus, it suffices for µ(X) to satisfy

µ(X)+
√

2µ(X) log(3 log(T )/δ)+ log(3 log(T )/δ)≤ T 1−α

We have that µ(X)≤ 1
2
T 1−α satisfies this inequality for all δ≥ 3 log(T )e−

1
8T

1−α
. □

Appendix C: Simulation details

Computing Infrastructure. The experiments were conducted on a personal computer with an Apple M2,

8-core processor and 16.0GB of RAM.

Real-World Simulations. We use the dataset of Keskin et al. (2022), which contains detailed daily infor-

mation on orders, inventory, sales, prices, costs, and holiday indicators for a variety of perishable fruits

and vegetables across multiple stores, for a leading supermarket chain in China. Following Keskin et al.

(2022), we focus on “ginger” in store “A,” as this product experiences no stock-outs over the sample period.

The data span the full calendar year of 2013 and, for each day, include beginning inventory, replenishment

quantity, realized sales, ending inventory, price, and a holiday indicator. All inventory and sales quantities

are normalized in the dataset, so there is no explicit notion of physical “units.” Throughout, we treat these

normalized quantities as inventory units for modeling purposes.

As in Keskin et al. (2022), we assume demand is normally distributed and fit the mean and standard

deviation using the full year of data. Specifically, we treat observed daily sales as a proxy for demand
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Figure EC.2 Empirical distribution of daily ginger sales with fitted normal distribution using the sample mean and standard

deviation.

and fit a normal distribution to this data, obtaining mean µ = 3.2 and standard deviation σ = 1.85.4 See

Figure EC.2 for a histogram of the true sales data against the normal approximation.

To estimate the perishability rate, we fit a maximum likelihood estimator under the assumption that each

unit independently perishes each day with probability p. We compute the number of units that perish on

each day t as follows:

Perisht = BeginStockQtyt +Restockt −SalesQtyt −EndStockQtyt,

where Restockt is used to denote the replenishment quantity on day t. (The dataset reports the replenishment

quantity separately from the initial inventory level for each day t.) Under the assumption that each unit

perishes i.i.d. with probability p on each day, the number of perished units on day t is binomially distributed

with BeginStockQtyt trials and parameter p. Hence, the maximum likelihood estimate of p is given by:

p̂=

∑
t Perisht∑

t BeginStockQtyt

.

On the ginger dataset, this results in p̂= 0.0024.

4 This specification ignores potential effects from price changes, seasonality, or holiday-related demand shifts, as these effects are
not the focus of this work.
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C.1. Additional Results
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(b) Tb ∼ Geometric(T−1.5) :X = 1.03,
Lperish = 0.07,P(EOE) = 1
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(c) Tb ∼ Geometric(T−1.7) :X = 1.06,
Lperish = 0.03,P(EOE) = 1
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(d) Tb ∼ Geometric(T−1.9) :X = 1.07,
Lperish = 0.02,P(EOE) = 1
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Figure EC.3 Empirical trade-off between ∆efficiency and ∆EF for the different algorithms under various values of LT .
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(a) Tb ∼ Geometric(T−(1.3))
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(b) Tb ∼ Geometric(T−(1.5))
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(c) Tb ∼ Geometric(T−(1.7))
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(d) Tb ∼ Geometric(T−(1.9))

50 100
Number of Rounds

0.3

0.4

0.5

0.6

0.7

0.8

∆
E

F

50 100
Number of Rounds

0

10

20

30

40

50

60

70

∆
effi

ci
en

cy

50 100
Number of Rounds

0.0

0.2

0.4

0.6

0.8

1.0

E
nv

y

Static X Static B/N Perish-Guardrail Vanilla-Guardrail

50 100
Number of Rounds

5

10

15

20

25

30

35

P
U

A
≥

1

Figure EC.4 Numerical results for Tb ∼ Geometric(p) as described in Section 5.2.
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Appendix D: Useful lemmas

We use the following standard theorems throughout the proof. See, e.g. Vershynin (2018) for proofs and

further discussion.

LEMMA EC.1 (Hoeffding’s Inequality (Vershynin 2018)). Let X1, . . . ,Xn be independent random vari-

ables such that ai ≤Xi ≤ bi almost surely, with Sn =
∑

iXi. Then, for all t > 0:

P(|Sn −E [Sn] | ≥ t)≤ 2exp

(
− 2t2∑

i(bi − ai)2

)
.

The next is a Chernoff bound for Bernoulli random variables. See Mitzenmacher and Upfal (2017).

LEMMA EC.2 (Chernoff Bound for Sum of Bernoulli Random Variables). Consider a sequence of

Bernoulli random variables (Xi)i∈[N ], independently distributed with probability of success pi ∈ (0,1). Let

X =
∑

iXi, and let µ=E [X] =
∑

i pi. Then, for all ϵ > 0:

P(X ≥ (1+ ϵ)µ)≤ exp

(
− ϵ2

2+ ϵ
µ

)
.

COROLLARY EC.1. Consider a sequence of Bernoulli random variables (Xi)i∈[N ], independently dis-

tributed with probability of success pi ∈ (0,1). Let X =
∑

iXi, and let µ= E [X] =
∑

i pi. Then, for any

δ > 0, with probability at least 1− δ we have:

X ≤ µ+
1

2

(
log(1/δ)+

√
log2(1/δ)+ 8µ log(1/δ)

)
.

Proof. Setting the right hand side equal to δ in Lemma EC.2 and solving for ϵ, we have:

ϵ2

2+ ϵ
µ= log(1/δ) ⇐⇒ ϵ2µ− ϵ log(1/δ)− 2 log(1/δ) = 0

⇐⇒ ϵ=
log(1/δ)+

√
log2(1/δ)+ 8µ log(1/δ)

2µ
.

Plugging this value of ϵ into (1+ ϵ)µ we have the result. □
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