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Appendix A: Section 3 Omitted Proofs
A.1. Proof of Theorem 2

Proof. We first argue that offset-expiry implies feasibility of B/N. Consider the allocation schedule
which allocates goods in increasing order of perishing time (breaking ties arbitrarily), and is such that
X: o= B/N for all t,6, as long as there are resources remaining. Noting that (B/N)N_, is precisely the
cumulative allocation at the beginning of round ¢, this implies that we allocate (weakly) more than the
number of goods with perishing time before round ¢ (i.e. P.;). Since we allocate goods in increasing order
of perishing time, this also implies that no unit ever perishes under this sequence of allocations. Thus, the
total allocation by the end of the horizon is % - N = B, implying that B/N is feasible.

We now argue that offset-expiry is necessary for B /N to be feasible. To see this, consider the first period
t > 2 for which P_,/B > N_,/N (i.e., by the end of period ¢ — 1, there existed some unallocated goods that
had perished). Then, the remaining budget at the start of period ¢ for any algorithm, denoted by B} 9 is:

B B
Bf“’gB—P<t<B—N<t~N:NZt-N,

which implies that the remaining budget does not suffice to allocate B/N to all arrivals from ¢ onwards.
Hence, B/N is not feasible. [

Appendix B: Section 4 Omitted Proofs

B.1. Tightness of bounds

Consider the random problem instance which achieves the lower bounds of Theorem 1 with probability 1/2,

and the lower bounds of Theorem 3 with probability 1/2. Putting these two bounds together, we have:
E[Ags] > L +1/V/T.

By Theorem 4, our algorithm achieves E [Azr] < max{ Ly, £°"" +1/y/T}. Letting Ly < £PoS" +1//T
then, our algorithm achieves this lower bound. We now argue that our algorithm is tight with respect to

efficiency in this regime. Suppose L = 0. By Theorem 1 and Theorem 3, any online algorithm incurs:
E [Aeﬁﬁciency] z T'cperiSh + \/T)

which is achieved by our algorithm.
Consider now the regime in which Az = Ly, ie., Ly > £P®S" 4 1/4/T. Again, randomizing between

the two lower bounds, we have:

E [Acficiency] = TLP" + min{v/'T, L7'}. (EC.1)
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Case 1: L' + /T Lrerish -1 > /T, Here, our algorithm achieves E [A gicine,] < VT + T LPES",
If L' > /T, we achieve the bound in (EC.1). Suppose now that L' = o(+/T). Then, (EC.1) implies

that B [A gicieney] = TLPeM + L', We argue that, if L' = o(v/T), then in this case T'LPS" > /T, T £Perish

then dominates both the lower bound in (EC.1), as well as our upper bound, which gives us tightness.

Case 2: L' + /T Lrerish [ -1 < \/T. Here, our algorithm achieves E [A giciency] S Lyt + /T LPESNL 1 4
TLPe". Since Lyt < VT, (EC.1) reduces t0 E[A giiency] = TLP" 4+ L' Tt is easy to check that
VT Lreish ot < max{L;"', TLP}, which completes the tightness argument.

B.2. Section 4.2 Omitted Proofs
B.2.1. Proof of Corollary 3

Proof. Consider first the case where T/LP*™" < L', Then:

L'+ /Teeeish [t < LoV <VT,

since Ly 2 1/ /T by assumption. Thus,

Augiones < min {ﬁ L' 4/Tpeisn L7 } L TLPesh <

where again we’ve used the assumption that 7£Psh < [,1,

For the bound on A gy, we use the facts that Ly > 1/+/T and £P*s" < 1/4/T to obtain:

AEF 5 maX{LT, EperiSh + 1/\/T} g LT-

Suppose now T'LPh > [-1 In this case:

Ly +/TLpersn L1 < TP,

Using the fact that £P*"" < 1/1/T, we obtain:

A ficiency S min {ﬁ L' 4 /T Lrerish L;l} + TLPSN ST LPN,

For the bound on Ay, we similarly have Ay < Ly, since £P*" < 1/v/T < Ly, by assumption. [

B.3. Section 4.3 Omitted Proofs

B.3.1. Proof of Lemma 3
Proof. Fix t' < t. Recall, for all 7 € [T, p; g > |N, 9 —E [N, 4]

, which implies

NT,0 € []E [NT,Q] — P10, E [NTﬂ] + p'r,@] .
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Thus, from a simple application of Hoeffding’s inequality (Lemma EC.1):

2¢?
P(|N(t,t’} —-E [N(t,t/]] | Z E) g 2eXp <_ Z Z 4p2 ) (Ec'z)
0 LauTe(t,t'] *FT,0

We now consider our desired bound.

P(|Nwwy —E [New] | SVt t) > 1= P(INuwy —E [Now] | > €)

tt

2¢? €
21—5 2exp | — 21—5 2exp<— )
< 29 Zre(t,t/] 41072',0> , 2|®|p12nax (t/ - t)

t,t

where the first inequality follows from a union bound, the second inequality by plugging in Hoeffding’s
bound (EC.2), and the third inequality by upper bounding p, g by puax, for all 7 € (¢,t'].

Solving for € such that 2 exp (—W) =0/T?, we obtain our result. [

B.3.2. Proof of Lemma 5
Proof. The final high-probability bound follows from straightforward algebra, putting Lemmas 3 and

4 together. Indeed, we have that:
PE)=1-PE&°)=1-P(ExNEF)S).
Moreover:
P(ENNER) =P(Es | En)P(EN) > (1—-0)°>1-25 = P((ExNER)C) < 26.

Plugging this in above, we obtain P(£) >1—26. O
B.3.3. Proof of Lemma 7

Proof. Consider first the case in which the algorithm always allocates X (i.e., o = T'). Then, the

inequality is trivially satisfied and it suffices to prove the lower bound for ¢, < T". We have:

B%lg — Btaolg _ Ntox . PUA%Q _ N(tO,T)Y o PUAalQ

>t

< NyyX + Nty X + Py — Ny X — PUAYY — Ny 1y X — PUAZY

>t

= NyyLr + (N sty — Notg) X + Ne.X — Ny 1)Ly + Py — PUALY (EC.3)

where the first inequality follows from the fact that Bfolg < N;yX + N+ X + P,, since Xfolg = X, and the
second inequality uses X=X+ Ly and re-arranges terms. Since X was allocated at T, B;lg — Ny X >0,

which then implies that B;lg — NrX > NrLz. Plugging this fact into (EC.3) and re-arranging, we obtain:

NigLr+ (Nsyy — Nog)X — Neyy Ly + Py, — PUAYS >0, (EC.4)
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We now upper bound the left-hand side of (EC.4). Using the facts that PUA‘ng >0, X < B,,4 by con-
struction, and Py, < P, = A(X), we have, for C' = /2|0|p2,,. log(272/5):

0< NyoLr+ (Nsty = Nutg)X — Noyo Ly + Py — PUAYY < pria Ly + 20 Bavg /T — Lo

—Ly(T—t))+A(X).  (EC.5)

Consider now the quadratic function f(z) = — L72? +2C B4y + pmax L + A(X), which has a positive

root at:

n 2C(ﬂavg + \/402531;_(] + 4LT (pmaxLT + Z(l))

X

2L

_C,Bayg+ CQ!BEvg_i_pmaxLT +Z(X)
Ly L2 Ly

CBav AX
<&y B )+\/pmax

Lt Ly

cof L+ /B

“Az: Lr |’

Ly

for some ¢ € (:)(1) Thus, for all = > ¢ (LlT + MX)), f(z) <0. Letting © = /T — t,, we obtain that

2
the right-hand side of (EC.5) is non-positive for all ¢, such that T' — ¢, > ¢? (LlT + Aé?) = 11 <

2
T—c2 (LIT + Aé?) , which would lead to a contradiction.

— 2 2
Concluding, we have t, > T — c? <L1T+ Aé?) >T — ¢ (ﬁ—h/%:mh) , where the final
inequality follows from the fact that A(X) < B — NX = NLPeish < perish - 7]

B.3.4. Proof of Lemma 8
Proof. We show the two properties by induction on .
Base Case ¢ = 1. By definition, B = B = B,(X). We now argue that PUA{" < PUA, (X). Suppose there
exists a resource b which perished at the end of ¢ = 1. Then, either:
1. b was neither allocated by our algorithm, nor under the X allocation. Hence, it perished unallocated
under both allocations.
2. b was allocated by our algorithm but not by the X allocation. Hence, it perished unallocated under X
but not our algorithm.
3. b was allocated under the X allocation but not by our algorithm. This could never hold, since both
algorithms begin with the same set of resources and our algorithm allocated (weakly) more than X,

and under the same ordering o.
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(a) Case I (b) Case 11
A

Figure EC.1 Ilustration of the three cases in the induction step of the proof of the fact that PUA?f1 < PUA;+1(X) (Lemma 8).

Here, we assume ij_gl C Biy1(X). The squares across all three plots show the resources in B:41 (X)), ordered left

(c) Case III

to right according to o; the dashed squares correspond to Bffrgl. The gray-shaded region corresponds to resource

fractionally allocated by the X process at the beginning of ¢ + 1, and the cross-hatched region to the set of

resources allocated by our algorithm. Finally, the red arrow corresponds to the resource b considered in each case.

Step case ¢ — ¢ -+ 1. We first show that B;"4 C B, (X). Let b € B{'%,. Then b did not perish, and moreover
b e B9, Then, by the inductive hypothesis, b € B,(X). Consider the following cases:
1. b was not allocated under the X process. Then, b € B, (X), since it did not perish.
2. b was allocated under the X process. In this case, since the algorithm allocated (weakly) more than X
according to the same ordering, this resource must have been available to both the algorithm and the
X process. This then contradicts that b was not allocated by the algorithm.
We now argue that PUA‘t‘f1 < PUA,;1(X). Suppose there exists a resource b that perished at time ¢ 4 1.
We consider the following cases (see Figure EC.1 for an illustration):
1. b was neither allocated by our algorithm, nor under the X allocation. Hence, it perished unallocated
under both allocations.
2. b was allocated by our algorithm but not by the X allocation. Hence, it perished unallocated under X
but not our algorithm.
3. b was allocated under the X allocation but not by our algorithm. Then, b must have either perished
or been allocated before ¢ + 1, since the set of remaining resources under our algorithm is (weakly)
nested in the set of remaining resources under the X for all ¢’ < ¢, by the inductive hypothesis. Thus,

b could not have perished at the end of ¢ 4+ 1 under our algorithm’s sample path.

O

B.4. Section 4.4 Omitted Proofs

For ease of notation, we let v, = E[P;| forall t € {2,...,T}.

B.4.1. Proof of Proposition 1
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Proof. Lett € [T] be such that E[P.,] >t — 1. Then:

IP’(P<t§t—1Vt22)gIP’(P<t§t—1)_IP>(Z]I{Tb<t}§t—1>, (EC.6)

beB

where the second equality is by definition.
Consider first the case where B74"¢ = (). In this case, if b perishes before ¢ with strictly positive probabil-

ity, it must be that b € B%!. Then:
P(Zn{Tb<t}§t—1>_P YTy <th<t—1 | =P(IBX|<t—1), (EC.7)
beB beBiett

where the second equality follows from the fact that items in 5% perish before ¢ with probability 1. By the

same reasoning:

t—1<E[Po]=) P(T,<t)= Y P(T,<t)=[BY| = P(B|<t—1)=0.

det
bes beBL

Plugging this back into (EC.6), we obtain P(P_, <t —1Vt>2)=0.

Consider now the case where Br%"* = (). The goal is to show the existence of e such that

P(P., <t—1Vt>2)<e. Define the random variable:
Y, =1{T, <t} -P(T, <t), beB.

By construction, E[Y;] = 0,0 < E[Y?] <1, and E[|Y,|3] < 1. We have:

P(P,<t—1)=P| > WT<t}<t—1-|BY

d
beBTan

=P| > W<t—1-|BY|- ) P(T,<t)

d d
beBTan beBTan

By assumption, E[P_;] = |[B%}| + 2 vesrana P(Ty <t) >t — 1. Hence,

Z rand }/b
P(P<t§t—1)§]}» Z YZ-JSO -P beBLY 2 S()
beB 2 enrand E[Y)]
Let ®(-) denote the cdf of the standard normal distribution. By the Berry-Esseen Theorem,

-3/2

ZbeB"a"dYE)
= <o) <o+ > ENA| - Y E[W[]

2
ZbEBQatnd E[n ] bEBQ%nd bEBQC%nd
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ec’/

—3/2

==+ Y Var[l{T, <t}]

d
beBTn

N | =

_l’_

Var Z 1{T, < t}

d
beBran

N =

(AN
l\D\P—‘[\D\H

+ Var[P,]3/%.T

+ Std [P<t] ° T.

Putting this all together, we obtain:

1 _
P(Poy <t—1Vt>2) <o +5td [Pe] ST

As a result, the perishing process cannot be d-offset-expiring for any ¢ < % — Std [P]

B.4.2. Proof of Proposition 2

>

d
beBTAn

-3/2

>

~and
beBran

Proof. Recall, Py = [B¥} |+ 3, Brand 1{T, < t}. By Chebyshev’s inequality:

P(P<t>t—].):]P)(P<t—l/tZt—l/t)S(

Similarly, by Hoeffding’s inequality we have:

P(Po>t—1)=P| Y 1{T,<t}-P(T,<t)>t—wv | <exp

d
beBTan

Then, via a straightforward union bound we have:

T
I
P(Py <t—1Yt>2) >1fZ[P>P<t>t71 Z {<Std<t]

t—u;

t=2 =

O

B.4.3. Proof of Proposition 3
Proof.
For all b € B, we have:

P(T,<t—1)=1-(1-p)'" = {

Vs :T(l (l—p)tfl)
Var[P.,] =T(1—(1—p)"~

5
) e

t—1uy

2(t —
‘B?a

H(-p)

2
By Proposition 2, §-offset-expiry holds for all § > 2322 (Stfﬁft]) . By (EC.8):

(Std [P<t] > C_TA-(1-pH(-p)*

= (=T~ (1-p))

E[|Y, "]

B[V

ST,

l/t)2> .

1

2(t —vy)?
B

)}

(EC.8)
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Using the fact that (1 —p)*~! > 1 — (¢t — 1)p, we have:
t—T(1—(1—=p) " )Y>t—T(t—1)p>0,

where the final inequality follows from the assumption that p < 1/7'. Taking derivatives, it is easy to show

(1—z)x

=T0a))? is decreasing for t — T'(1 — x) > 0. Hence, leveraging the same lower

that the function f(z) =

bound on (1 —p)'~! we have:

(Std [P«])Q _T(t=Dp(l—(t=1)p) _ Ttp(l—(t=1)p) _ Tp(1—(t=1)p)
t—v, (t—T@t—-1p)° ~ £2(1-Tp> ~ (t-1)(1-Tp)?

=2 () < ()

t=2

Hence, the perishing process if d-offset-expiring for all § > 2log T - ufrfpp)g.

We conclude by showing the lower bound on X. By definition,

A(X) = p(X) + % (10g(310g(T)/<5) + \/10g2(310g(T)/5) +8u(X) log(3 log(T)/5))

1
2log(3log(T)/d)

< () + 5 (2log(3lon(r)/6) + S (X) log(31oe(7)/5))

=3u(X) +log(3log(1)/6),
where the inequality follows from concavity. Moreover:

p(X) =Y P(T, <min{T,7(1| X,0)}) <Y P(T,<T)=T(1—(1-p)" ")

— A(X) <3T(1— (1—p)™") +log(3log(T) /3)

<3T(T —1)p+log(3log(T)/9).

Since any feasible stationary allocation X must satisfy X < %, it suffices to have:
X< T-37(T—- 1)p; log(3log(T")/9) 13T —1)p— log(3lo§(T)/5)' (EC.9)

Noting that the right-hand side of (EC.9) is non-negative for § > 3logT - exp(—(T — 3T?p)), and that
2log T - 22— >3log T - exp(—(T — 3T?p)) for p=o(1), we obtain the result. [

(1-Tp)?



e-companion to Banerjee, Hssaine, and Sinclair: Online Fair Allocation of Perishable Resources ec9

B.4.4. Proof of Proposition 4
Proof. For ease of notation, we let 1, = E [T}]. For a stationary allocation X =1 —T7"2, let u(X) =

> P(T, < min{T, [%1 }), and p, = E[T}]. By Chebyshev’s inequality, we have:

M(X)§;P<Tb_,ub§min{T,[U)((b)—|}— ) ZIP’<|Tb Mb|>ub_mm{ (ﬁ })

< Z Var [Tb] - (EClO)
v (1 — min{T, 727}

where we used the assumption that y, > min{7, [”(b)} } for all b € B. However, by assumption we have

IN

Var [Tb] 1 _
X) S Z 5 *Tl a
7 (o —minfT, 7727}) 2

Moreover, by definition:

A(X) = p(X) + % (log(Blog(T)/5) + \/10g2(310g(T)/5) +8u(X) log(3 log(T)/5))

< p(X) +1log(3log(T)/5) + v/2u(X) log(3log(T) /6).

Since any feasible X must satisfy X <1 — A(X)/T, we have that A(X) < T for X =1 - T,
Thus, it suffices for (X ) to satisfy

+1/20(X) log(3log(T) /8) +log(3log(T) /6) < T'~*
We have that (X ) < 177~ satisfies this inequality for all § >3 log(T)e 3T *. O

Appendix C: Simulation details

Computing Infrastructure. The experiments were conducted on a personal computer with an Apple M2,
8-core processor and 16.0GB of RAM.

Real-World Simulations. We use the dataset of Keskin et al. (2022), which contains detailed daily infor-
mation on orders, inventory, sales, prices, costs, and holiday indicators for a variety of perishable fruits
and vegetables across multiple stores, for a leading supermarket chain in China. Following Keskin et al.
(2022), we focus on “ginger” in store “A,” as this product experiences no stock-outs over the sample period.
The data span the full calendar year of 2013 and, for each day, include beginning inventory, replenishment
quantity, realized sales, ending inventory, price, and a holiday indicator. All inventory and sales quantities
are normalized in the dataset, so there is no explicit notion of physical “units.” Throughout, we treat these
normalized quantities as inventory units for modeling purposes.

As in Keskin et al. (2022), we assume demand is normally distributed and fit the mean and standard

deviation using the full year of data. Specifically, we treat observed daily sales as a proxy for demand
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Figure EC.2  Empirical distribution of daily ginger sales with fitted normal distribution using the sample mean and standard
deviation.
and fit a normal distribution to this data, obtaining mean p = 3.2 and standard deviation o = 1.85.* See
Figure EC.2 for a histogram of the true sales data against the normal approximation.
To estimate the perishability rate, we fit a maximum likelihood estimator under the assumption that each
unit independently perishes each day with probability p. We compute the number of units that perish on

each day ¢ as follows:
Perish, = BeginStockQty, + Restock; — SalesQty, — EndStockQty,,

where Restock; is used to denote the replenishment quantity on day ¢. (The dataset reports the replenishment
quantity separately from the initial inventory level for each day ¢.) Under the assumption that each unit
perishes i.i.d. with probability p on each day, the number of perished units on day ¢ is binomially distributed
with BeginStockQty, trials and parameter p. Hence, the maximum likelihood estimate of p is given by:

>, Perish,
>, BeginStockQty, -

On the ginger dataset, this results in p = 0.0024.

A~

* This specification ignores potential effects from price changes, seasonality, or holiday-related demand shifts, as these effects are
not the focus of this work.
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C.1. Additional Results
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=== Vanilla-Guardrail ===+~ Perish-Guardrail e Static B/N e Static X * Lp=T70%
Figure EC.3

Empirical trade-off between Agiciency and Agp for the different algorithms under various values of L.
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Figure EC.4  Numerical results for T}, ~ Geometric(p) as described in Section 5.2.
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Appendix D: Useful lemmas

We use the following standard theorems throughout the proof. See, e.g. Vershynin (2018) for proofs and

further discussion.

LEMMA EC.1 (Hoeffding’s Inequality (Vershynin 2018)). Let X,..., X, be independent random vari-
ables such that a; < X; <b; almost surely, with S,, = . X,. Then, for all t > 0:
(IS, —E[S,]| > t) <2 2t
' — W >1) <2exp| —~—=———— .
P S —a)?

The next is a Chernoff bound for Bernoulli random variables. See Mitzenmacher and Upfal (2017).
LEMMA EC.2 (Chernoff Bound for Sum of Bernoulli Random Variables). Consider a sequence of

Bernoulli random variables (X;);cn), independently distributed with probability of success p; € (0,1). Let
X=> X, andlet u=E[X] =", p;. Then, forall e > 0:

P2 (1) Sewp (5 5on).

COROLLARY EC.1. Consider a sequence of Bernoulli random variables (X;);c(n), independently dis-
tributed with probability of success p; € (0,1). Let X =Y. X, and let p =E [X] = )", p;. Then, for any
0 > 0, with probability at least 1 — § we have:

X <p+ % <10g(1/5) +/log?(1/6) + 8ulog(1/5)> .

Proof. Setting the right hand side equal to § in Lemma EC.2 and solving for €, we have:

2
2+¢€

 log(1/8) + \/og*(1/8) + 8ulog(1/5)
—— e= 2,u .

p=1log(1/8) <= €*u—elog(1/8) —2log(1/6) =0

Plugging this value of € into (1 4 €)x we have the result. [
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