E-Companion A: Context-Specific Independence

A decision tree represents a function f : S — R as a tree that branches upon the values of some of
the components of s € § and that contains the function values f(s) as leaf nodes. We can exploit
context-specific independence in the transition probabilities p,(s], | s,a) by constructing a separate
tree for each sub-state n € [N], each possible value ], € S,, of that sub-state and each action a € A.
Likewise, we can exploit context-specific independence in the rewards r(s,a) by constructing a
separate tree for each reward component r;, j € [J], and each action a € A. The size of a decision
tree’s description scales with its number of (internal and leaf) nodes.

An algebraic decision diagram (ADD) f : B! — R of binary vectors x = (x1,...,z) is defined
recursively as follows: An empty function f: ¢ — R satisfying f() = ¢, for any c € R, is an ADD.
If two functions f’, f” : B/~ — R are ADDs of binary vectors (z;.1,...,27), then the function
f Bl o Rosatisfying f(zg,...,27) = @ f' (@541, ..., 21) + (1 —23) - f'(2i41,. .., 27) is an ADD
of binary vectors (z;,...,zy). For each sub-state n € [N] and each possible value s/, € S,, of that
sub-state, the associated one-step transition probabilities p,(s],|s,a) can be represented as a col-
lection of ADDs of the state s, one for each action a € A. Likewise, we can exploit context-specific
independence in the rewards r(s, a) by constructing a separate ADD for each reward component 7,
j € [J], and each action a € A. To facilitate an efficient representation, the order in which the com-
ponents of s are inspected can vary across different transition probabilities and reward components.
The size of an ADD’s description scales with the number of functions employed in its definition.

Finally, a rule system represents a function f : S — R via a number of mutually exclusive and
jointly exhaustive conjunctions that involve (negations of) some of the components of the state s,
together with the associated function values f(s) if the respective conjunctions are satisfied. We
can exploit context-specific independence in the transition probabilities p, (s, | s,a) by constructing
a separate rule system for each sub-state n € [IN], each possible value s/, € S,, of that sub-state, and
each action a € A. Likewise, we can exploit context-specific independence in the rewards (s, a)
by constructing a separate rule system for each reward component r;, j € [J], and each action
a € A. The size of a rule system’s description scales with the number of conjunctions employed in
its definition.

Figureprovides representations of the transition probabilities pn(s’m =1|s,a) from Example

as trees, ADDs and rule systems.
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(a) Tree representation

fl(snfl,l, ceey 5n,i+1) = Sn—-1,1 'gl(Sn,i, 8n,z’+1) + (1 - Sn71,1) : f2(5n71,27 e ,Sn,z‘+1)
T2(Sn=1,25 -+ Snit1) = Sn—12" 9 (Snyis Snyi41) + (1 — S$n—12) - f2(Sn—1,3,- - Sn,i+1)
f3(5n71,3> ceey Sn,iJrl) = Sp—-1,3" gl(sn s Sn z+1) + (1 - 5n71,3) bt (Sn,i7 Sn,z’Jrl)
gl(sn,ia Sn,i-‘rl) = Sn,i"P1 + (1 — Sn z) : (Sn z+1)

G*(Sn,i+1) = Snit1 P2+ (1 —8p41) -0

hl(sn,ivsn,i-‘rl) = Sp,i-q1+ ( — Sn z) h2(3n,i+1)

B2 (Sp,i41) = Snit1-q2 + (1= Spit1) -0

(b) ADD representation

Sn—11=1 A spi=1 = p1; sp_11=1 A spiz1=1 = po
Sn12=1 A sp;=1 = p1; Sp_12=1A spi01=1 = p2
Sp—13=1 A spi=1 = p1; Sp-13=1 A spis1=1 = po
Sn—11=0 A Sp—12=0 A 8$,_13=0 A sps=1 = @
Sn-11=0 A 8p_12=0 A 5,213=0 A 8501 =1 = ¢

Sn,i:() AN smH:O = 0

(c) Rule-based representation

Figure 8. Different representations of the transition probabilities p,(sn; = 1]s,a),
n>1,i€[9] and a, = 0, for the FMDP from Example [5| In part (b), we assume that

Pn(Sn: =1]s,a) = f1(s).

In contrast to trees, ADDs and rule systems, MILP-based feature representations can exploit

parsimony in both the state and the action space.

Example 7 (Predictive Maintenance, Cont’d). Consider a variant of our maintenance problem

that comprises N machines in total, out of which m should be repaired in each period. In this case,
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the action space satisfies |A| = (Z) Since the representations of trees, ADDs and rule systems grow
linearly in the number of actions, they grow exponentially in a natural problem description: for N =
100 machines and m = 20 repairs per period, for example, we have approzimately 5.4-10%° actions.
In contrast, for each transition probability pn(sim- = 1|s,a) the MILP-based feature representation of
Example [ can readily accommodate this setting through the inclusion of a single additional feature

04(s,a) = 1]a, = 1] for each machine n € [N].

Recall that our MILP-based features can be naturally represented in size F, - (F + F} + Fy),
the number of feature constraints times the number of features and auxiliary (continuous and bi-
nary) variables. We next show these MILP-based feature representations are at least as efficient
and sometimes significantly more efficient than trees, ADDs and rule systems in characterizing
context-specific independence. To see this, consider a variant of our maintenance problem where
the transition probabilities of each machine n > 1 depend on whether or not at least 50% of its
predecessor machines are in states 8, 9 or 10. In this case, any representation of the transition prob-
abilities via trees or rule systems would necessarily grow exponentially in the problem description
since every subset of at least half of each machine’s predecessors needs to be covered either by a path
from the root node to a leaf (in the case of trees) or a probability rule (in the case of rule systems).
In contrast, ADDs as well as MILP-based feature representations can handle this variant efficiently,
the latter through the inclusion of n — 1 features ¢n(s, a) = 1[Xc,(sis + si9 + sin0) = n/2],
n € [N —1]. More formally, we can establish that any of the three representations from the

literature is dominated by our MILP-based feature representation in the following sense.
Theorem 5 (Complexity of Representing Context-Specific Independence).

(i) For any description of a function f : B — R as a tree, ADD or rule system, there is an
equivalent description as an MILP-based feature representation whose size is polynomially

bounded in the original description.

(ii) There are descriptions of functions f : B! — R as MILP-based feature representations for
which any equivalent description as a tree, ADD or rule system requires a size that is expo-

nential in the original description.
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E-Companion B: Proofs

Proof of Theorem In view of the first assertion, fix any feature map ¢ : S x A — B and
define ®; = {(s,a,¢;) € S x A X B : ¢i(s,a) = ¢;} as the graph of the [-th component of ¢. We
then note that for all (s,a) € S x A and [ € [F], we have that

di(s,a) =9 = (s,a,0) P < (s,a,p) # (s,d,¢) V(s d,¢)) e[S xAxB\P,.

The latter condition holds precisely when

[s#s va#d v o #¢] V(s',d', ) €[S x A x B]\®,
— \/ \/ Sni # Shi V \/ Um # Ay, NV QL F P V(s',d' @) e[S x A x B|\®,
(V] el
— Sni _am QDE_QDI r
Z Z m _1/1 v Z 2a >1 v 2%_121 V(s',a',¢p) €[S x A x B\,
[N]:€[Sn]
— Z Z Si = Sni Z 2a “m 920; _9"11 1 (s, d, ) € [S x A x B\&.
!

In summary, for each [ € [F] the constraint ¢;(s,a) = ¢; can be represented by a system of at
most 2 - |S x A| linear constraints, together with the bounds 0 < ¢; < 1, and with all coefficients
in {—1,0,1}. The encoding size of this representation is therefore polynomial in F, |S x AJ, and
Zne[ N] Sn + A, which proves the first assertion.

As for the second assertion, we reduce from 3SAT, which is known to be NP-hard (M. R. Garey
and D. S. Johnson, 1979). Given a 3SAT instance encoded in d bits, we construct an FMDP with
Al = 1 and S = {0,1}%, so that each state encodes a candidate instance and log|S| = d. The
remaining components of the FMDP (g, p, r, ) are not relevant for our construction and are thus
omitted. We choose the feature ¢ to evaluate the satisfiability of the 3SAT instance encoded by
each state, that is, ¢(s, a) evaluates to 1 if and only if the instance encoded by s is satisfiable.

Suppose that ¢ admits a linear representation without auxiliary variables and with total en-
coding size L. Then ¢ can be evaluated by solving a linear program with input size L, which takes
time poly(L). If L were polynomial in d = log |S|, this would yield a polynomial-time algorithm for
3SAT, contradicting P # NP. Thus, the encoding size L must be super-polynomial in log [S|. O
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Proof of Proposition In view of the first assertion, note that

#(s,a) = 1[s, €8] = Z 1[s, = s,],

sl €Sl

and that each indicator function 1[s, = s},] can be expressed by a variable (s € R, satisfying

—1 " J€[Sn] QSn’] —

; . gt Sn; 1
1 + 2 j < CS/ < min {‘71} VS;I € S;L

This representation has F; = |S) | auxiliary variables and F, = 1 + [S),| + Sy, - |S},| constraints.

As for the second assertion, note that
é(s,a) = 1[s, €8, VneN|] «— (Z 1[s, € 57'1]) —(IN]=1) < ¢(s,a) < miNn 1[sn €S, ],
neN e

and that each indicator function 1[s,, € 8] can be represented using |S},| auxiliary variables and
(1+Sy) - |S}| constraints (cf. Assertion 1). The overall representation thus has Fj = > .\ |S;]
auxiliary variables and F. = >, _\/(1 +S,) - |S;,| + 1 + |V constraints as claimed.

In view of the third assertion, note that
é(s,a) = 1[Ane N : 5, €8] = 1—1[s, € S,\S,, Vne N,

and we can thus reuse the representation from Assertion 2.

As for the fourth assertion, note that

é(s,a) = 1[s, € S, for at least v different n e N| <= ¢(s,a) = 1 [Z 1s, €8] = 1/] ,
neN

and that the latter equation holds if and only if ¢(s,a) = 7 for the auxiliary variable n € B satisfying

(Z 1[3,165;1]) —(v—1)
<

neN
< < 1
N+ 1 L +

(Z l[sneS;l]> —v

neN
V]
Since each indicator function 1[s, € S)] can be represented using |S}| auxiliary variables and
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(1 4 Sp) - |Sy,| constraints (cf. Assertion 1), the overall representation has F; = > . |S;| and
Fy, = 1 auxiliary variables as well as Fi. = >, _\-(1+ Sy,) - |S;,| + 2 constraints.

In view of the last assertion, finally, note that

d(s,a) = 1[s, € S, for at most v different ne N| < ¢(s,a) = 1 [Z 1[s, € S]] < u] ,
neN

and that the latter equation holds if and only if ¢(s,a) = 7 for the auxiliary variable n € B satisfying

1/—(2 1[sne5;]—1> v— Y 1[sn €8]
neN < .

< 1+ neN
N+ 1 7 V]

Since each indicator function 1[s, € S]] can be represented using |S),| auxiliary variables and
(14 Sp) - |S;,| constraints (cf. Assertion 1), the overall representation has F; = > . |S;| and

Fy, = 1 auxiliary variables as well as Fi. = >, _\-(1 + Sy) - |S,,| + 2 constraints. O

Similar to Theorem 1 of M. L. Littman, (1997, our proof of Theorem [2| relies on a reduction to
a combinatorial game proposed by L. J. Stockmeyer and A. K. Chandra, [1979. In contrast to our
setting, however, M. L. Littman, 1997 studies propositional planning problems that are structurally
different from the FMDPs considered in this paper, and as a result our reduction, while relying on

the same combinatorial game, requires a different proof strategy.

Proof of Theorem [2| Since the feature map ¢ is assumed to be the identity, we will use Defini-
tion [1f (relating to FMDPs) rather than Definition [2| (relating to feature-based FMDPs) throughout
this proof. To see that computing the optimal expected total discounted reward of an FMDP is
EXPTIME-hard, we consider the following game proposed by L. J. Stockmeyer and A. K. Chandra,
1979:
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TwoO-PERSON COMBINATORIAL GAME Gy.
Instance. Given a 13-DNF forrnul : B¥ x B¥ — B and a starting position (z°,7%) €
B* x BE. Player 1 takes the first turn.
Game. The players take turns in switching at most one of their variables {z;}¥ ; (player
1) and {y;}¥_, (player 2). The player whose switch causes F(z,y) to evaluate to 1 wins.

Question. Does the starting position admit a winning strategy for player 1, that is, a

strategy under which player 1 always wins, no matter what player 2 does?

Game G4 is known to be EXPTIME-complete (L. J. Stockmeyer and A. K. Chandra, 1979, Theo-
rem 3.1).

Without loss of generality, we can assume that each player switches exactly one variable in each
turn. Indeed, the possibility to not switch any variable in a particular move can be catered for by
adding an auxiliary variable that does not impact the value of F'. Moreover, we will use the fact
that if there is a winning strategy for player 1, then there is a winning strategy under which the
player always wins in at most 2°*) steps (L. J. Stockmeyer and A. K. Chandra, 1979, p. 160).

For a given instance of G4, we first construct a simplified FMDP with scope O(k). We then
outline how the FMDP can be modified so that is has scope O(log k).

State Space. The state space is S = B2 x B* x B¥ x Blls2T1. A state (w,z,y,z) € S records
the status w of the game ((0,0) = open, (1,0) = player 1 won, (0,1) = player 2 won), the current
position (z,y) as well as the number z of completed turns (in binary representation).

Action Space. We set A = {e; : i € [k]} < B¥, where a € A records for each variable i € [k]
whether z; is being flipped (if a; = 1) or not (if a; = 0) by player 1.

Initial Distribution. The initial state is (w?, 2%, y", 2%) with v = (0,0) and 2" = (0,...,0).
Transition Probabilities. If the game status is (1,0) or (0,1), then the FMDP remains at the
current state with probability 1, independent of the selected action. If the game status is (0,0), on
the other hand, then the position z of player 1 transitions deterministically to x = z; + (1 —2x;) - a;,
i € [k], where a € A is the current action. The position y of player 2 transitions to each of the
states ¢ = y + (1 — 2y;) - e;, i € [k], with probability 1/k each. The turn counter z is increased by
one (in binary representation). The game status w, finally, is set to w’ = (1,0) if F(2/,y) =1, it is

set to w’ = (0,1) if F(x,y) =1or z = (1,...,1), and it remains w’ = w otherwise. Note that the

213-DNF: C1 v ...Chm, m € N, where each C; is a conjunction of at most 13 variables (or their negations).
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game status is backward looking with respect to the move of player 2, that is, a winning move of
player 2 in the z-th turn is only recognized by the new game status w’ at the end of turn z + 1.
Reward Function. We set r((w, x,y, 2),a) = —1 if w = (0,1) and r((w, z,y, 2),a) = 0 otherwise.
Discount Factor. We choose any discount factor v € (0,1).

We claim that the optimal expected total discounted reward of the above FMDP vanishes if
and only if player 1 has a winning strategy in game GG4. Indeed, one readily verifies that the FMDP
tracks the game’s evolution in a canonical way. Moreover, if player 1 has a winning strategy, then
player 2 cannot win the game, which implies that no non-zero rewards are earned under the winning
strategy, thus resulting in zero expected total discounted reward. If there is a policy earning zero
expected total discounted reward, finally, then it corresponds to a strategy under which player 1
wins in no more than T turns, irrespective of the moves of player 2 — this is, by definition, a winning
strategy.

The FMDP described above can be implemented with a scope of O(k), that is, a scope that
does not depend on the duration T of the game. Indeed, through a judicious choice of features, the
transition probabilities for each position z of player 1, i € [k], can be implemented with a scope of
4 as they depend on the game status w, the previous position z; as well as the action a; selected
for position z;. The transition probabilities for each position y; of player 2, i € [k], on the other
hand, require a scope of k + 2 as they depend on the game status w as well as all previous positions
{y; };?:1; this is needed to ensure that exactly one position is switched. The transition probabilities
for each bit 2, of the turn counter, i € [[log, T']], as well as the status w’ of the game, finally, can
be implemented with a scope of 2 since they evolve deterministically.

The above FMDP can be modified so that it has a scope of O(log k). To this end, we augment
the state space to S = B2 x B¥ x BF x Bllos2 k1 x Bllog2T1 A gstate (w, z,y,u, z) now additionally
records in the game status w whose turn it is ((0,0) = player 1’s turn, (0,1) = player 2’s turn,
(1,0) = player 1 has won, (1,1) = player 2 has won) as well as, if player 2 moves next, which of her
variables y;, j = lﬂzo? Fol-1 -uy, is switched. In that case, the scope of the transition probabilities
for each position y; of player 2, j € [k], can be reduced to log(k) since they become deterministic
functions of the components of u, while the transition probabilities of u have scope 0 since they do
not depend on any sub-state or action. For the sake of brevity, we omit the details of this tedious

but otherwise straightforward extension. O
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Proof of Proposition Replacing the value function v in with our basis function approxi-

mation results in the following LP:

minimize
w

subject to

H dn Sn)
Z wg - Vg (s) = Z r
ke[K]

jelJ]

D wg - v(s)
ke[ K]

o(s,a) +7 Y]

s'eS | ne[N

In view of the objective function of this problem, we note that

H Gn Sn)

PIETIDINEDY

Sn€ESnH:
nes[vi] n'e[N]\5[vs]

ZwkZ 2

5€6[vg]

Syt ESn/:

SES/

/e[ N\5[v]

Z Wy - Vi (8)
ke[ K]

vi(s) -

vk(s) -

= Z Wk Z Vi(s)

H pn n’gbsa))

Z wy, - Vg(s)
ke[K]

V(s,a)e S x A

H Qn(sn)

ke[K] seS ne[N|
H Qn(sn) H qn’ (Sn’)
sl | | welNTisind
1_[ Qn Sn H qn’ (Slnl) 5 (8)
| nes [ve] _nle[N]\g[Vk]

where the first identity applies standard algebraic manipulations, the second identity decomposes

each state s € S into its components s, n € 5[vg], and s,7, n’ € [N]\8[v%], and the third identity

utilizes our definition of &[v;] and the fact that vy does not depend on the components s,

n’ € [N]\&[vg]. We next observe that can be re-expressed as

g

| nes(vy]

2

s’n,ESTL/:
n'e[N]\s[v]

where the first row uses the distributive property of multiplication over addition, and the identity
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holds since the second multiplier in the first row evaluates to one. Similar arguments show that

Dol T pasnlotssa)) | | X5 wew(s) | = D3 wn | X ()| [ palshlo(s.a))
ke[K]

s’eS | ne[N] ke[K] PECEI nes(vg]
and we thus conclude that under our value function approximation, indeed simplifies to .
To prove the second part, we show that Problem is feasible and not unbounded. The
statement then follows from the fact that every feasible finite-dimensional LP attains its optimal

value if the latter is finite. To see that is feasible, fix C = (1 —v)~! - max{r(¢(s,a)) : (s,a) €
S x A} and let w! € RE be such that 2ke[K] w} - vg(s) =1 for all s € S. We then observe that

Z (C-w}) w(s) = C = L-max{’r(gzﬁ(s’,a)) : (s',a) e S x A}

ke[ K] -7

max {r(¢(s’,a)) : (s,a)eSx A} +~-C

\Y

max | 7(¢(s, a)) + 7 >, (C-wp) Z vi(s') H Pu(sy, | 6(s,a))
ke[K] s'€S[vy] nes[vy]

for all s € S, where the first two identities are due to the definitions of w' and C, respectively, the
third identity applies basic algebraic manipulations, and the inequality follows from the definition
of wl, the fact that max{r(¢(s,a)) : a € A} < max{r(¢(s';a)) : (s',a) € S x A}, as well as the
inequality Y. e, [ Inesping pn(sh, | ¢(s,a)) < 1, which holds for all (s,a) € S x A.

To see that Problem is not unbounded, finally, note that Problem bounds from below.
As we have discussed in Section [4, however, the optimal value of coincides with the expected

total discounted reward of an optimal policy to the FMDP, which is bounded by construction. [

Proof of Theorem To see that Algorithm [I] terminates in finite time, we note that by con-
struction of the algorithm, every constraint of Problem is added at most once. The claim now

follows from the fact that Problem comprises finitely many constraints.
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To see that o is feasible in Problem (3)), fix any (s,a) € S x A and observe that

. . €
S oinenls) = | X whomls) |+
ke[K] ke[K] v
> r(¢(s,a) +72 s'|p(s,a)) Ewi'l/k(s') —6-1—16
ses | kelK] -7
€
= r(¢(s,a) +72 s'|¢(s,a)) Zw;-yk(s’) +1—fy ,
s'eS | \k€[K]

where the first identity employs the definition of w, the first inequality exploits the e-feasibility of
w®, and the second identity reorders terms and uses that >.,.sp(s'| ¢(s,a)) = 1. Applying the

identity from the first row again to the term inside the square bracket in the last row, we obtain

Z W - vg(s) = r(o(s,a) ~|—72 s' | p(s,a)) Z Wy - Vi(8) V(s,a) € S x A,
s'eS
that is, 1 is indeed feasible in Problem (3). The feasibility of @ in (3]) and the fact that w* optimally
solves a relaxation of (3)) then implies that F(w®) < F* < F(w).

The upper bound for F'(w) can be proved as follows:

F(d)—F* < F(b)—Fw) = Y q(s)-| D) (br—wi) w(s)| = ,

seS ke[K]

where the first inequality holds since w® optimally solves the master problem of the last iteration of
Algorithm |1} which itself is a relaxation of Problem , the first identity employs formulation
and Proposition [2| to evaluate F'(w) and F'(w¢), and the last identity follows from the definitions

of @ and w' as well as the fact that Y, ¢ q(s) = 1.

To see that F(w®) = F* — ¢(1 —v)~!, we recall that 0 = w® + i -w'. Using this and the

linearity of the objective function F', we get

F(%) = F(wf) +
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The feasibility of w then yields the desired lower bound:

€

Fw®) = F(d) — > P -

11— 1—7

This completes the proof. O

Proof of Theorem [, As discussed in Algorithm [I} a maximally violated constraint can be

extracted from an optimal solution to the optimization problem

maximize 2 ri(p) + Z wy, - Ui(p) — Z wy, - vg(s)
SGe0 T ke[K] ke[K]

subject to  (s,a) € S x A, (¢,(;s,a)e F, ¢eRITx B,

The reward components 7;(¢), j € [J], in this problem can be reformulated as

rile) = X ()Ll = fi Vies[r]] = Y () g

fed[rs] fe6[ry]

for njy = 1[p; = fi Vi € s[rj]], j € [J] and f € S[r;]. One readily verifies that 7,y = 1[p; =
fi Vies[r;]] if and only if n;¢ € [0,1] and

0i — fi
21

nif < @2fi—1)pi+1—f; Yies[r;] aswellas n;r>1+

iES[T]'
Similar arguments show that
Telp) = > mlf)Llpi=fi Vies[ml] = D Tlf) &y
fEG[Pk] fEG[Pk]

for £,r = 1{p; = fi Vie s[vi]], k € [K] and f € &[7y], which holds if and only if &5 € [0, 1] and

0 — fi

& < 2fi—1D)pi+1—f; Vies[vy] aswellas &p>1+ Z o — 1
e

iES[ﬁk
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as well as

ve(s) = > (s 1[[sli = [ Vies[w]] = > wk(s) - Br
s'e6S[vi] s'e6[vy]
for Bry = 1[[s]; = [s']; Vi€ s[vk]], k € [K] and s’ € &[], which holds if and only if Sy € [0,1]

and

Brs < (2[s']i — V[s]i + 1 —[']; Vies[vg] aswellas Bry =1+ Z

1€5 [I/k]

The statement now follows if we replace 7;j(¢), 7k (¢) and v (s) in (9) with their reformulations. [

Proof of Proposition Theorem [4] determines a maximally violated constraint through the
solution of an MILP whose size is polynomial in the description of the feature-based FMDP. We
thus conclude that determining a maximally violated constraint is in NP. To see that the problem

is also strongly NP-hard, consider the following integer feasibility problem:

0/1 INTEGER PROGRAMMING.
Instance. Given are G € ZI*N and h e ZL.

Question. Is there a vector z € {0,1}" such that Gz < h?

For a given instance of the integer feasibility problem, we construct a feature-based FMDP with
the state space & = X e N] S, with S, = B, n € [N], the action space A = B, the feature map
¢ : S x A — B satisfying ¢(s,a) = 1|Gs < h], the reward function satisfying r(s,a) = ¢(s,a),
any scope-1 initial distribution ¢, any scope-1 transition kernel p as well as any discount factor; we
not specify those components further since they will not impact our argument. We set the basis
function weights w to zero so that the choice of basis functions for the value function is irrelevant
as well. In this case, any maximally violated constraint (s*,a*) simply maximizes ¢(s,a) over
S x A, and we conclude that the maximum constraint violation is 1 precisely when the answer
to the integer feasibility problem is affirmative. Since the integer feasibility problem is strongly
NP-complete (M. R. Garey and D. S. Johnson, 1979)), the statement of the proposition then follows.

It remains to be shown that the feature map ¢ : S x A — B admits a representation that is
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polynomial in the length of the integer feasibility instance. To this end, we claim that

1
ngs>hl+§—M-Q Vie L]
g's<h+M-(1-¢) Viel[L]
d(s,a) =@ < 0 < vie[L] | forsome (e BE, (10)

G
p = ( G|-L-1)
i le[L]

where g;" € Z is the I-th row of matrix G and M = maxe[y] [1 + [l + 2nepv \gln\]. To see this,
note that thanks to the integrality of G and h, the equation system ensures that (; = 1[g;" s <
hy] for all [ € [L] as well as ¢ = min{¢; : [ € [L]}. Thus, whenever ¢(s,a) = 1, that is, whenever
Gs < h, we have ( = 1 and thus ¢ = 1. In contrast, whenever ¢(s,a) = 0, that is, whenever

Gs € h, we have (; = 0 for at least one [ € [L], and thus ¢ = 0 as desired. O

Proof of Corollary The statement follows immediately from the optimization problem in
Theorem [4] if we fix the state s, disregard the last expression from the objective function and

remove the auxiliary variables {fgs }. O

Proof of Proposition 4. Let F* denote the minimum cardinality of any feature set that exactly

recovers p, and define

minimize Z Z Z Hpn( |s,a) — d)n(gbr(s,a))H;

0 = hy ne[N] s€S acA
subject to T'< ®, || < F* and ¢, : B"l — A(S,), n e [N]

as the minimum unregularized objective value of any feature selection I' with less that F™* features
in Problem . We claim that the statement of the proposition holds for Ay = §/F*. We prove our
claim by showing that (i) any feature selection with less than F* features attains an objective value
exceeding A - F* in Problem ; (7i) any feature selection with F™* features that exactly recovers p
achieves an objective value of exactly A- F™* in ; (#ii) any feature selection with F™* features that
does not exactly recover p, as well as any feature set with more than F™* features, attains an objective

value of exceeding A - F* in (5[)); and (iv) any feature selection I' attaining an objective value of
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A-F*in must have F* features and recover p exactly. The proof then concludes since § > 0,

for otherwise there would be a feature set with cardinality less than F™* that exactly recovers p.

In view of claim (%), note that any feature set I' € ® with |I'| < F™* must have an objective

value of at least § = Ao - F* > X\ - F* by definition of §. Claims (i) (iv) follow immediately from

the construction of the objective function in Problem . As for the last claim, note first that the

claims (i) and (%) imply that |I'| = F™*, for otherwise the objective value would have to exceed

A - F*. In that case, however, the objective value of I' satisfies

Z SN pal5.0) — Galér(s, )|z + A F* = A-F",

N]seSacA

which immediately implies that ¢r recovers p exactly.

Proof of Observation |1, Note that the objective function in Problem @ satisfies

Z 2 Z Hpn |5 a djn(@bFu{@}(S?a))H; = Z Z Z Hpn('|8aa)

SGS acA (beIB\FPrl (s a)eQ

and that the right-hand side of this equation can be expressed as

2

1
260 - || 575 n(15,0) = ¥n(9)]| +eal6) |
Z Z U9) (Sva)zeglw)p

T|+1
N ¢eBITI+ 9

where the term

2

NOEEY Hpn«rs,an\;—@- S pal]5,0)

(s,0)€Q2(¢) (5,2)€Q(e) 2

(11)

does not depend on v,,. The expression (11) has ¢ from the statement of the observation as an

unconstrained minimizer. Since ¥ (¢) € A(S,) for all n € [N] and ¢ € BI'I*1 it must also be the

constrained minimizer.

O

Proof of Theorem In view of statement (i), consider first a representation of the function
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f: B! - R as a rule system. Concretely, fix a representation of the form

/\ (r; =v) = f(x)=0c Vr e R,
(3,0)eA
where R is the set of rules to determine f, 2, is the set of antecedents (or premises) for rule r
and ¢, is the consequent (or conclusion) of r. This rule-based representation is equivalent to the
MILP-based feature representation under which f(x) = ¢, if and only if ¢,.(z) = 1, r € R, where

the MILP-based features ¢,(z) = 1| /\(i’v)e% (z; = v)] have the polynomial-size representation

Or(x) <1—a; V(3,0) €Ay op(x) <y V(i,1) €,
o@)=> Y (—z)+ Y a— (2] —1]

(4,0)eA (3,1)eA

Vr € fR.

This concludes statement (i) for rule systems. Since every decision tree can be represented as a
rule system with one rule for each path from the root node to one of the leaf nodes, our proof for
rule systems immediately applies to decision tree representations as well.

To see that statement (i) also holds for ADDs, we first observe that the empty function f :
& — R satisfying f() = ¢ has a trivial MILP-based feature representation. Assume now that
the two functions f/, f” : B/~ are ADDs of binary vectors (z;;1,...,27) with polynomial-sized
MILP-based feature representations f’(x;41,...,27) = ¢ if ¢ (xiy1,...,21) = 1, r € R/, and
@i, oyxp) =it @f(xig1, ..., xp) = 1, r € R”. This implies that there are polyhedra F', F”
as well as auxiliary vectors ¢’ € R x B and ¢” € RE x BV, all of polynomial size, such that
¢ (zis1,...,x1) = @ € B precisely when (¢, ¢; ziy1,...,27) € F and ¢ (zi11, ..., x1) = ¢ € B
precisely when (¢, (;%i41,...,27) € F”, respectively. We show that in this case, the function
[ BT satisfying f(@i, ..., 21) = i - f'(wig1, ..., 21) + (1 —2;) - f"(xit1, ..., 27) has an MILP-
based feature representation f(x;,...,x5) = ¢ if ¢p(xs,...,x71) = 1, 7 € R, of polynomial size.
Indeed, fix R = {(1,7) : " e R} U {(0,7") : " € R"}, ¢, = ¢, for r = (1,7") e R, ' € R, and
¢ =y for r = (0,7") € R, " € R'. The claim follows if we can show that the feature map ¢

satisfying

) =
)

Or(Tiy ..., 1x; =1 and ¢ (zis1,...,27) = 1] forr=(1,7") e R,r" e R
and  ¢p(z4,. .., 1[z;

xr
xr [z; =0 and ¢ (Tit1,...,27) =1] forr = (0,7") e R,r" e R"
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has an MILP representation of polynomial size. This is the case since we have

80290/—<1—33Z‘)-e, (p<¢/+(1_xi).e
> O — < .
Qs(l'i,...,l‘])zgoeBlsm — p=9 Li € PSP +x-e
(¢ s ivn, .)€ Fr
I ((p”’g//;xi-l-l"”"rl)G’FT” |
As for statement (ii), consider first the parity function f(z1,...,27) = 1if Zf;l x; is even; = 0

otherwise. This function cannot be computed without considering the value x; of each of its inputs
i € [I], and thus any representation of this function as a tree or rule system necessarily scales
exponentially in I. In contrast, we have f(x1,...,z7) = 1 if ¢(x1,...,27) = 1; = 0 otherwise for

the feature map ¢(z1,...,z7) = I[Zi[:l x; is even], which has the MILP representation

Y = 1-— ZJ, 21 = X1

Zi+1 = Zi T Tit1 — 2Yi+1
O(x1,...,21) =@ < . ,
Yitl < 2i,  Yitrl S Zigl Vie [l —1]

Yit1 = 2Zi + Zig1 — 1

¢ € B, that is of polynomial size. Note that in this formulation, we have y;+1 = 1[z; = 1 A 2,41 = 1]
forallie [l —1] and z = 1[22/:1 xy is odd] for all i € [I].

The argument from the previous paragraph does not extend to ADDs; in fact, ADDs can also
represent the parity function efficiently. To see that statement (7i) nevertheless extends to ADDs,
consider the function f(aq,...,as;b1,...,br) that computes one of the 2I bits of the result of
multiplying the binary numbers (ai,...,ar) and (by,...,br). It follows from R. E. Bryant, (1991
that ADDs cannot represent this function in polynomial size. In contrast, we show next that this

function can be represented efficiently via MILP-based features. To this end, consider the following

feature map, which computes the entire result of the multiplication:

Z 9211 . = Z 9iti=2. ¢,

¢(a1,...,a1;b1,...,b1) =p << i€[21] i,j€[I]
Gij < @iy Gj <bj, Gj=ai+bj—1 Vi,jell]

To see that the above representation is correct, observe first that for all 4, j € [I] we have (;; = a;-b;.
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The right-hand side of the first constraint therefore evaluates to

2 2i+j_2 syt bj = Z 2i_1ai Z 2j_1bj s
i,j€[I] ie[/] Jell]
where >y 20=1.q; and 2jelr] 29=1.p; are the numbers represented by the binary vectors (ay, ..., ar)
and (by,...,br), respectively. The left-hand side of the first constraint thus ensures that the number

represented by the binary vector (¢1,...,p2r) equals the product of (a1,...,ar) and (by,...,br),
as desired. Our constraints defining the feature map ¢ involve coefficients that are exponential
in the length 27 of its input; this can be avoided by emulating a binary multiplier through MILP

constraints. We omit the details of this tedious but otherwise straightforward representation. [
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