
E-Companion A: Context-Specific Independence

A decision tree represents a function f : S Ñ R as a tree that branches upon the values of some of

the components of s P S and that contains the function values fpsq as leaf nodes. We can exploit

context-specific independence in the transition probabilities pnps1
n | s, aq by constructing a separate

tree for each sub-state n P rN s, each possible value s1
n P Sn of that sub-state and each action a P A.

Likewise, we can exploit context-specific independence in the rewards rps, aq by constructing a

separate tree for each reward component rj , j P rJs, and each action a P A. The size of a decision

tree’s description scales with its number of (internal and leaf) nodes.

An algebraic decision diagram (ADD) f : BI Ñ R of binary vectors x “ px1, . . . , xIq is defined

recursively as follows: An empty function f : H Ñ R satisfying fpq “ c, for any c P R, is an ADD.

If two functions f 1, f2 : BI´i Ñ R are ADDs of binary vectors pxi`1, . . . , xIq, then the function

f : BI´i`1 Ñ R satisfying fpxi, . . . , xIq “ xi ¨f 1pxi`1, . . . , xIq ` p1´xiq ¨f2pxi`1, . . . , xIq is an ADD

of binary vectors pxi, . . . , xIq. For each sub-state n P rN s and each possible value s1
n P Sn of that

sub-state, the associated one-step transition probabilities pnps1
n|s, aq can be represented as a col-

lection of ADDs of the state s, one for each action a P A. Likewise, we can exploit context-specific

independence in the rewards rps, aq by constructing a separate ADD for each reward component rj ,

j P rJs, and each action a P A. To facilitate an efficient representation, the order in which the com-

ponents of s are inspected can vary across different transition probabilities and reward components.

The size of an ADD’s description scales with the number of functions employed in its definition.

Finally, a rule system represents a function f : S Ñ R via a number of mutually exclusive and

jointly exhaustive conjunctions that involve (negations of) some of the components of the state s,

together with the associated function values fpsq if the respective conjunctions are satisfied. We

can exploit context-specific independence in the transition probabilities pnps1
n | s, aq by constructing

a separate rule system for each sub-state n P rN s, each possible value s1
n P Sn of that sub-state, and

each action a P A. Likewise, we can exploit context-specific independence in the rewards rps, aq

by constructing a separate rule system for each reward component rj , j P rJs, and each action

a P A. The size of a rule system’s description scales with the number of conjunctions employed in

its definition.

Figure 8 provides representations of the transition probabilities pnps1
n,i “ 1 | s, aq from Example 5

as trees, ADDs and rule systems.
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(a) Tree representation

f1psn´1,1, . . . , sn,i`1q “ sn´1,1 ¨ g1psn,i, sn,i`1q ` p1 ´ sn´1,1q ¨ f2psn´1,2, . . . , sn,i`1q

f2psn´1,2, . . . , sn,i`1q “ sn´1,2 ¨ g1psn,i, sn,i`1q ` p1 ´ sn´1,2q ¨ f3psn´1,3, . . . , sn,i`1q

f3psn´1,3, . . . , sn,i`1q “ sn´1,3 ¨ g1psn,i, sn,i`1q ` p1 ´ sn´1,3q ¨ h1psn,i, sn,i`1q

g1psn,i, sn,i`1q “ sn,i ¨ p1 ` p1 ´ sn,iq ¨ g2psn,i`1q

g2psn,i`1q “ sn,i`1 ¨ p2 ` p1 ´ sn,i`1q ¨ 0
h1psn,i, sn,i`1q “ sn,i ¨ q1 ` p1 ´ sn,iq ¨ h2psn,i`1q

h2psn,i`1q “ sn,i`1 ¨ q2 ` p1 ´ sn,i`1q ¨ 0

(b) ADD representation

sn´1,1 “ 1 ^ sn,i “ 1 ñ p1; sn´1,1 “ 1 ^ sn,i`1 “ 1 ñ p2
sn´1,2 “ 1 ^ sn,i “ 1 ñ p1; sn´1,2 “ 1 ^ sn,i`1 “ 1 ñ p2
sn´1,3 “ 1 ^ sn,i “ 1 ñ p1; sn´1,3 “ 1 ^ sn,i`1 “ 1 ñ p2
sn´1,1 “ 0 ^ sn´1,2 “ 0 ^ sn´1,3 “ 0 ^ sn,i “ 1 ñ q1
sn´1,1 “ 0 ^ sn´1,2 “ 0 ^ sn´1,3 “ 0 ^ sn,i`1 “ 1 ñ q2
sn,i “ 0 ^ sn,i`1 “ 0 ñ 0

(c) Rule-based representation

Figure 8. Different representations of the transition probabilities pnpsn,i “ 1 | s, aq,
n ą 1, i P r9s and an “ 0, for the FMDP from Example 5. In part (b), we assume that
pnpsn,i “ 1 | s, aq “ f1psq.

In contrast to trees, ADDs and rule systems, MILP-based feature representations can exploit

parsimony in both the state and the action space.

Example 7 (Predictive Maintenance, Cont’d). Consider a variant of our maintenance problem

that comprises N machines in total, out of which m should be repaired in each period. In this case,
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the action space satisfies |A| “
`

N
m

˘

. Since the representations of trees, ADDs and rule systems grow

linearly in the number of actions, they grow exponentially in a natural problem description: for N “

100 machines and m “ 20 repairs per period, for example, we have approximately 5.4 ¨1020 actions.

In contrast, for each transition probability pnps1
n,i “ 1 |s, aq the MILP-based feature representation of

Example 5 can readily accommodate this setting through the inclusion of a single additional feature

ϕ4ps, aq “ 1ran “ 1s for each machine n P rN s.

Recall that our MILP-based features can be naturally represented in size Fc ¨ pF ` Fl ` Fbq,

the number of feature constraints times the number of features and auxiliary (continuous and bi-

nary) variables. We next show these MILP-based feature representations are at least as efficient

and sometimes significantly more efficient than trees, ADDs and rule systems in characterizing

context-specific independence. To see this, consider a variant of our maintenance problem where

the transition probabilities of each machine n ą 1 depend on whether or not at least 50% of its

predecessor machines are in states 8, 9 or 10. In this case, any representation of the transition prob-

abilities via trees or rule systems would necessarily grow exponentially in the problem description

since every subset of at least half of each machine’s predecessors needs to be covered either by a path

from the root node to a leaf (in the case of trees) or a probability rule (in the case of rule systems).

In contrast, ADDs as well as MILP-based feature representations can handle this variant efficiently,

the latter through the inclusion of n ´ 1 features ϕnps, aq “ 1r
ř

iPrnspsi,8 ` si,9 ` si,10q ě n{2s,

n P rN ´ 1s. More formally, we can establish that any of the three representations from the

literature is dominated by our MILP-based feature representation in the following sense.

Theorem 5 (Complexity of Representing Context-Specific Independence).

(i) For any description of a function f : BI Ñ R as a tree, ADD or rule system, there is an

equivalent description as an MILP-based feature representation whose size is polynomially

bounded in the original description.

(ii) There are descriptions of functions f : BI Ñ R as MILP-based feature representations for

which any equivalent description as a tree, ADD or rule system requires a size that is expo-

nential in the original description.
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E-Companion B: Proofs

Proof of Theorem 1. In view of the first assertion, fix any feature map ϕ : S ˆ A Ñ BF and

define Φl “ tps, a, φlq P S ˆ A ˆ B : ϕlps, aq “ φlu as the graph of the l-th component of ϕ. We

then note that for all ps, aq P S ˆ A and l P rF s, we have that

ϕlps, aq “ φl ðñ ps, a, φlq P Φl ðñ ps, a, φlq ‰ ps1, a1, φ1
lq @ps1, a1, φ1

lq P rS ˆ A ˆ BszΦl.

The latter condition holds precisely when

“

s ‰ s1 _ a ‰ a1 _ φl ‰ φ1
l

‰

@ps1, a1, φ1
lq P rS ˆ A ˆ BszΦl

ðñ

»

–

ł

nPrNs

ł

iPrSns

sni ‰ s1
ni _

ł

mPrAs

am ‰ a1
m _ φl ‰ φ1

l

fi

fl @ps1, a1, φ1
lq P rS ˆ A ˆ BszΦl

ðñ

»

–

ÿ

nPrNs

ÿ

iPrSns

s1
ni ´ sni
2s1
ni ´ 1

ě 1 _
ÿ

mPrAs

a1
m ´ am
2a1

m ´ 1
ě 1 _

φ1
l ´ φl

2φ1
l ´ 1

ě 1

fi

fl @ps1, a1, φ1
lq P rS ˆ A ˆ BszΦl

ðñ
ÿ

nPrNs

ÿ

iPrSns

s1
ni ´ sni
2s1
ni ´ 1

`
ÿ

mPrAs

a1
m ´ am
2a1

m ´ 1
`

φ1
l ´ φl

2φ1
l ´ 1

ě 1 @ps1, a1, φ1
lq P rS ˆ A ˆ BszΦl.

In summary, for each l P rF s the constraint ϕlps, aq “ φl can be represented by a system of at

most 2 ¨ |S ˆ A| linear constraints, together with the bounds 0 ď φl ď 1, and with all coefficients

in t´1, 0, 1u. The encoding size of this representation is therefore polynomial in F , |S ˆ A|, and
ř

nPrNs Sn `A, which proves the first assertion.

As for the second assertion, we reduce from 3SAT, which is known to be NP-hard (M. R. Garey

and D. S. Johnson, 1979). Given a 3SAT instance encoded in d bits, we construct an FMDP with

|A| “ 1 and S “ t0, 1ud, so that each state encodes a candidate instance and log |S| “ d. The

remaining components of the FMDP (q, p, r, γ) are not relevant for our construction and are thus

omitted. We choose the feature ϕ to evaluate the satisfiability of the 3SAT instance encoded by

each state, that is, ϕps, aq evaluates to 1 if and only if the instance encoded by s is satisfiable.

Suppose that ϕ admits a linear representation without auxiliary variables and with total en-

coding size L. Then ϕ can be evaluated by solving a linear program with input size L, which takes

time polypLq. If L were polynomial in d “ log |S|, this would yield a polynomial-time algorithm for

3SAT, contradicting P ‰ NP. Thus, the encoding size L must be super-polynomial in log |S|.
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Proof of Proposition 1. In view of the first assertion, note that

ϕps, aq “ 1rsn P S 1
ns “

ÿ

s1
nPS1

n

1rsn “ s1
ns,

and that each indicator function 1rsn “ s1
ns can be expressed by a variable ζs1

n
P R` satisfying

1 `
ÿ

jPrSns

sn,j ´ s1
n,j

2s1
n,j ´ 1

ď ζs1
n

ď min
jPrSns

#

s1
n,j ` sn,j ´ 1

2s1
n,j ´ 1

+

@s1
n P S 1

n.

This representation has Fl “ |S 1
n| auxiliary variables and Fc “ 1 ` |S 1

n| ` Sn ¨ |S 1
n| constraints.

As for the second assertion, note that

ϕps, aq “ 1rsn P S 1
n @n P N s ðñ

˜

ÿ

nPN
1rsn P S 1

ns

¸

´p|N |´1q ď ϕps, aq ď min
nPN

1rsn P S 1
ns,

and that each indicator function 1rsn P S 1
ns can be represented using |S 1

n| auxiliary variables and

p1 ` Snq ¨ |S 1
n| constraints (cf. Assertion 1). The overall representation thus has Fl “

ř

nPN |S 1
n|

auxiliary variables and Fc “
ř

nPN p1 ` Snq ¨ |S 1
n| ` 1 ` |N | constraints as claimed.

In view of the third assertion, note that

ϕps, aq “ 1rDn P N : sn P S 1
ns “ 1 ´ 1rsn P SnzS 1

n @n P N s,

and we can thus reuse the representation from Assertion 2.

As for the fourth assertion, note that

ϕps, aq “ 1rsn P S 1
n for at least ν different n P N s ðñ ϕps, aq “ 1

«

ÿ

nPN
1rsn P S 1

ns ě ν

ff

,

and that the latter equation holds if and only if ϕps, aq “ η for the auxiliary variable η P B satisfying

˜

ÿ

nPN
1rsn P S 1

ns

¸

´ pν ´ 1q

|N | ` 1
ď η ď 1 `

˜

ÿ

nPN
1rsn P S 1

ns

¸

´ ν

|N |
.

Since each indicator function 1rsn P S 1
ns can be represented using |S 1

n| auxiliary variables and
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p1 ` Snq ¨ |S 1
n| constraints (cf. Assertion 1), the overall representation has Fl “

ř

nPN |S 1
n| and

Fb “ 1 auxiliary variables as well as Fc “
ř

nPN p1 ` Snq ¨ |S 1
n| ` 2 constraints.

In view of the last assertion, finally, note that

ϕps, aq “ 1rsn P S 1
n for at most ν different n P N s ðñ ϕps, aq “ 1

«

ÿ

nPN
1rsn P S 1

ns ď ν

ff

,

and that the latter equation holds if and only if ϕps, aq “ η for the auxiliary variable η P B satisfying

ν ´

˜

ÿ

nPN
1rsn P S 1

ns ´ 1

¸

|N | ` 1
ď η ď 1 `

ν ´
ÿ

nPN
1rsn P S 1

ns

|N |
.

Since each indicator function 1rsn P S 1
ns can be represented using |S 1

n| auxiliary variables and

p1 ` Snq ¨ |S 1
n| constraints (cf. Assertion 1), the overall representation has Fl “

ř

nPN |S 1
n| and

Fb “ 1 auxiliary variables as well as Fc “
ř

nPN p1 ` Snq ¨ |S 1
n| ` 2 constraints.

Similar to Theorem 1 of M. L. Littman, 1997, our proof of Theorem 2 relies on a reduction to

a combinatorial game proposed by L. J. Stockmeyer and A. K. Chandra, 1979. In contrast to our

setting, however, M. L. Littman, 1997 studies propositional planning problems that are structurally

different from the FMDPs considered in this paper, and as a result our reduction, while relying on

the same combinatorial game, requires a different proof strategy.

Proof of Theorem 2. Since the feature map ϕ is assumed to be the identity, we will use Defini-

tion 1 (relating to FMDPs) rather than Definition 2 (relating to feature-based FMDPs) throughout

this proof. To see that computing the optimal expected total discounted reward of an FMDP is

EXPTIME-hard, we consider the following game proposed by L. J. Stockmeyer and A. K. Chandra,

1979:
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Two-Person Combinatorial Game G4.

Instance. Given a 13-DNF formula2F : Bk ˆ Bk Ñ B and a starting position px0, y0q P

Bk ˆ Bk. Player 1 takes the first turn.

Game. The players take turns in switching at most one of their variables txiu
k
i“1 (player

1) and tyiu
k
i“1 (player 2). The player whose switch causes F px, yq to evaluate to 1 wins.

Question. Does the starting position admit a winning strategy for player 1, that is, a

strategy under which player 1 always wins, no matter what player 2 does?

Game G4 is known to be EXPTIME-complete (L. J. Stockmeyer and A. K. Chandra, 1979, Theo-

rem 3.1).

Without loss of generality, we can assume that each player switches exactly one variable in each

turn. Indeed, the possibility to not switch any variable in a particular move can be catered for by

adding an auxiliary variable that does not impact the value of F . Moreover, we will use the fact

that if there is a winning strategy for player 1, then there is a winning strategy under which the

player always wins in at most 2Opkq steps (L. J. Stockmeyer and A. K. Chandra, 1979, p. 160).

For a given instance of G4, we first construct a simplified FMDP with scope Opkq. We then

outline how the FMDP can be modified so that is has scope Oplog kq.

State Space. The state space is S “ B2 ˆ Bk ˆ Bk ˆ Brlog2 T s. A state pw, x, y, zq P S records

the status w of the game (p0, 0q = open, p1, 0q = player 1 won, p0, 1q = player 2 won), the current

position px, yq as well as the number z of completed turns (in binary representation).

Action Space. We set A “ tei : i P rksu Ď Bk, where a P A records for each variable i P rks

whether xi is being flipped (if ai “ 1) or not (if ai “ 0) by player 1.

Initial Distribution. The initial state is pw0, x0, y0, z0q with w0 “ p0, 0q and z0 “ p0, . . . , 0q.

Transition Probabilities. If the game status is p1, 0q or p0, 1q, then the FMDP remains at the

current state with probability 1, independent of the selected action. If the game status is p0, 0q, on

the other hand, then the position x of player 1 transitions deterministically to x1
i “ xi`p1´2xiq¨ai,

i P rks, where a P A is the current action. The position y of player 2 transitions to each of the

states y1 “ y ` p1 ´ 2yiq ¨ ei, i P rks, with probability 1{k each. The turn counter z is increased by

one (in binary representation). The game status w, finally, is set to w1 “ p1, 0q if F px1, yq “ 1, it is

set to w1 “ p0, 1q if F px, yq “ 1 or z “ p1, . . . , 1q, and it remains w1 “ w otherwise. Note that the

213-DNF: C1 _ . . . Cm, m P N, where each Ci is a conjunction of at most 13 variables (or their negations).
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game status is backward looking with respect to the move of player 2, that is, a winning move of

player 2 in the z-th turn is only recognized by the new game status w1 at the end of turn z ` 1.

Reward Function. We set rppw, x, y, zq, aq “ ´1 if w “ p0, 1q and rppw, x, y, zq, aq “ 0 otherwise.

Discount Factor. We choose any discount factor γ P p0, 1q.

We claim that the optimal expected total discounted reward of the above FMDP vanishes if

and only if player 1 has a winning strategy in game G4. Indeed, one readily verifies that the FMDP

tracks the game’s evolution in a canonical way. Moreover, if player 1 has a winning strategy, then

player 2 cannot win the game, which implies that no non-zero rewards are earned under the winning

strategy, thus resulting in zero expected total discounted reward. If there is a policy earning zero

expected total discounted reward, finally, then it corresponds to a strategy under which player 1

wins in no more than T turns, irrespective of the moves of player 2 – this is, by definition, a winning

strategy.

The FMDP described above can be implemented with a scope of Opkq, that is, a scope that

does not depend on the duration T of the game. Indeed, through a judicious choice of features, the

transition probabilities for each position x1
i of player 1, i P rks, can be implemented with a scope of

4 as they depend on the game status w, the previous position xi as well as the action ai selected

for position xi. The transition probabilities for each position y1
i of player 2, i P rks, on the other

hand, require a scope of k`2 as they depend on the game status w as well as all previous positions

tyju
k
j“1; this is needed to ensure that exactly one position is switched. The transition probabilities

for each bit z1
i of the turn counter, i P rrlog2 T ss, as well as the status w1 of the game, finally, can

be implemented with a scope of 2 since they evolve deterministically.

The above FMDP can be modified so that it has a scope of Oplog kq. To this end, we augment

the state space to S “ B2 ˆ Bk ˆ Bk ˆ Brlog2 ks ˆ Brlog2 T s. A state pw, x, y, u, zq now additionally

records in the game status w whose turn it is (p0, 0q = player 1’s turn, p0, 1q = player 2’s turn,

p1, 0q = player 1 has won, p1, 1q = player 2 has won) as well as, if player 2 moves next, which of her

variables yj , j “
řrlog2 ks

l“1 2l´1 ¨ul, is switched. In that case, the scope of the transition probabilities

for each position y1
j of player 2, j P rks, can be reduced to logpkq since they become deterministic

functions of the components of u, while the transition probabilities of u have scope 0 since they do

not depend on any sub-state or action. For the sake of brevity, we omit the details of this tedious

but otherwise straightforward extension.
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Proof of Proposition 2. Replacing the value function v in (2) with our basis function approxi-

mation results in the following LP:

minimize
w

ÿ

sPS

»

–

ź

nPrNs

qnpsnq

fi

fl

»

–

ÿ

kPrKs

wk ¨ νkpsq

fi

fl

subject to
ÿ

kPrKs

wk ¨ νkpsq ě
ÿ

jPrJs

rjpϕps, aqq ` γ
ÿ

s1PS

»

–

ź

nPrNs

pnps1
n |ϕps, aqq

fi

fl

»

–

ÿ

kPrKs

wk ¨ νkps1q

fi

fl

@ps, aq P S ˆ A

w P RK .

In view of the objective function of this problem, we note that

ÿ

sPS

»

–

ź

nPrNs

qnpsnq

fi

fl

»

–

ÿ

kPrKs

wk ¨ νkpsq

fi

fl “
ÿ

kPrKs

wk
ÿ

sPS
νkpsq ¨

»

–

ź

nPrNs

qnpsnq

fi

fl

“
ÿ

kPrKs

wk
ÿ

snPSn:
nPsrνks

ÿ

sn1 PSn1 :
n1PrNszsrνks

νkpsq ¨

»

–

ź

nPsrνks

qnpsnq

fi

fl ¨

»

–

ź

n1PrNszsrνks

qn1psn1q

fi

fl

“
ÿ

kPrKs

wk
ÿ

sPSrνks

ÿ

s1
n1 PSn1 :

n1PrNszsrνks

νkpsq ¨

»

–

ź

nPsrνks

qnpsnq

fi

fl ¨

»

–

ź

n1PrNszsrνks

qn1ps1
n1q

fi

fl , (8)

where the first identity applies standard algebraic manipulations, the second identity decomposes

each state s P S into its components sn, n P srνks, and sn1 , n1 P rN szsrνks, and the third identity

utilizes our definition of Srνks and the fact that νk does not depend on the components sn1 ,

n1 P rN szsrνks. We next observe that (8) can be re-expressed as

ÿ

kPrKs

wk

¨

˝

ÿ

sPSrνks

νkpsq ¨

»

–

ź

nPsrνks

qnpsnq

fi

fl

˛

‚¨

¨

˚

˚

˚

˝

ÿ

s1
n1 PSn1 :

n1PrNszsrνks

ź

n1PrNszsrνks

qn1ps1
n1q

˛

‹

‹

‹

‚

“
ÿ

kPrKs

wk

¨

˝

ÿ

sPSrνks

νkpsq ¨

»

–

ź

nPsrνks

qnpsnq

fi

fl

˛

‚,

where the first row uses the distributive property of multiplication over addition, and the identity

EC-9



holds since the second multiplier in the first row evaluates to one. Similar arguments show that

ÿ

s1PS

»

–

ź

nPrNs

pnps1
n |ϕps, aqq

fi

fl

»

–

ÿ

kPrKs

wk ¨ νkps1q

fi

fl “
ÿ

kPrKs

wk

¨

˝

ÿ

s1PSrνks

νkps1q

»

–

ź

nPsrνks

pnps1
n |ϕps, aqq

fi

fl

˛

‚,

and we thus conclude that under our value function approximation, (2) indeed simplifies to (3).

To prove the second part, we show that Problem (3) is feasible and not unbounded. The

statement then follows from the fact that every feasible finite-dimensional LP attains its optimal

value if the latter is finite. To see that (3) is feasible, fix C “ p1 ´ γq´1 ¨ maxtrpϕps, aqq : ps, aq P

S ˆ Au and let w1 P RK be such that
ř

kPrKs w
1
k ¨ νkpsq “ 1 for all s P S. We then observe that

ÿ

kPrKs

pC ¨ w1
kq ¨ νkpsq “ C “

1

1 ´ γ
¨ max

␣

rpϕps1, aqq : ps1, aq P S ˆ A
(

“ max
␣

rpϕps1, aqq : ps1, aq P S ˆ A
(

` γ ¨ C

ě max
aPA

»

–rpϕps, aqq ` γ
ÿ

kPrKs

pC ¨ w1
kq

ÿ

s1PSrνks

νkps1q
ź

nPsrνks

pnps1
n |ϕps, aqq

fi

fl

for all s P S, where the first two identities are due to the definitions of w1 and C, respectively, the

third identity applies basic algebraic manipulations, and the inequality follows from the definition

of w1, the fact that maxtrpϕps, aqq : a P Au ď maxtrpϕps1, aqq : ps1, aq P S ˆ Au, as well as the

inequality
ř

s1PSrνks

ś

nPsrνks pnps1
n |ϕps, aqq ď 1, which holds for all ps, aq P S ˆ A.

To see that Problem (3) is not unbounded, finally, note that Problem (2) bounds (3) from below.

As we have discussed in Section 4, however, the optimal value of (2) coincides with the expected

total discounted reward of an optimal policy to the FMDP, which is bounded by construction.

Proof of Theorem 3. To see that Algorithm 1 terminates in finite time, we note that by con-

struction of the algorithm, every constraint of Problem (3) is added at most once. The claim now

follows from the fact that Problem (3) comprises finitely many constraints.
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To see that ŵ is feasible in Problem (3), fix any ps, aq P S ˆ A and observe that

ÿ

kPrKs

ŵk ¨ νkpsq “

»

–

ÿ

kPrKs

wϵk ¨ νkpsq

fi

fl `
ϵ

1 ´ γ

ě rpϕps, aqq ` γ
ÿ

s1PS
pps1 |ϕps, aqq

»

–

ÿ

kPrKs

wϵk ¨ νkps1q

fi

fl ´ ϵ`
ϵ

1 ´ γ

“ rpϕps, aqq ` γ
ÿ

s1PS
pps1 |ϕps, aqq

»

–

¨

˝

ÿ

kPrKs

wϵk ¨ νkps1q

˛

‚`
ϵ

1 ´ γ

fi

fl ,

where the first identity employs the definition of ŵ, the first inequality exploits the ϵ-feasibility of

wϵ, and the second identity reorders terms and uses that
ř

s1PS pps1 |ϕps, aqq “ 1. Applying the

identity from the first row again to the term inside the square bracket in the last row, we obtain

ÿ

kPrKs

ŵk ¨ νkpsq ě rpϕps, aqq ` γ
ÿ

s1PS
pps1 |ϕps, aqq

»

–

ÿ

kPrKs

ŵk ¨ νkpsq

fi

fl @ps, aq P S ˆ A,

that is, ŵ is indeed feasible in Problem (3). The feasibility of ŵ in (3) and the fact that wϵ optimally

solves a relaxation of (3) then implies that F pwϵq ď F ‹ ď F pŵq.

The upper bound for F pŵq can be proved as follows:

F pŵq ´ F ‹ ď F pŵq ´ F pwϵq “
ÿ

sPS
qpsq ¨

»

–

ÿ

kPrKs

pŵk ´ wϵkq ¨ νkpsq

fi

fl “
ϵ

1 ´ γ
,

where the first inequality holds since wϵ optimally solves the master problem of the last iteration of

Algorithm 1, which itself is a relaxation of Problem (3), the first identity employs formulation (2)

and Proposition 2 to evaluate F pŵq and F pwϵq, and the last identity follows from the definitions

of ŵ and w1 as well as the fact that
ř

sPS qpsq “ 1.

To see that F pwϵq ě F ‹ ´ ϵp1 ´ γq´1, we recall that ŵ “ wϵ ` ϵ
1´γ ¨ w1. Using this and the

linearity of the objective function F , we get

F pŵq “ F pwϵq `
ϵ

1 ´ γ
.

EC-11



The feasibility of ŵ then yields the desired lower bound:

F pwϵq “ F pŵq ´
ϵ

1 ´ γ
ě F ‹ ´

ϵ

1 ´ γ
.

This completes the proof.

Proof of Theorem 4. As discussed in Algorithm 1, a maximally violated constraint can be

extracted from an optimal solution to the optimization problem

maximize
s, a, φ, ζ

ÿ

jPrJs

rjpφq ` γ
ÿ

kPrKs

w‹
k ¨ νkpφq ´

ÿ

kPrKs

w‹
k ¨ νkpsq

subject to ps, aq P S ˆ A, pφ, ζ; s, aq P F , ζ P RFl ˆ BFb .

(9)

The reward components rjpφq, j P rJs, in this problem can be reformulated as

rjpφq “
ÿ

fPSrrjs

rjpfq ¨ 1 rφi “ fi @i P srrjss “
ÿ

fPSrrjs

rjpfq ¨ ηjf

for ηjf “ 1rφi “ fi @i P srrjss, j P rJs and f P Srrjs. One readily verifies that ηjf “ 1rφi “

fi @i P srrjss if and only if ηjf P r0, 1s and

ηjf ď p2fi ´ 1qφi ` 1 ´ fi @i P srrjs as well as ηjf ě 1 `
ÿ

iPsrrjs

φi ´ fi
2fi ´ 1

.

Similar arguments show that

νkpφq “
ÿ

fPSrνks

νkpfq ¨ 1 rφi “ fi @i P srνkss “
ÿ

fPSrνks

νkpfq ¨ ξkf

for ξkf “ 1rφi “ fi @i P srνkss, k P rKs and f P Srνks, which holds if and only if ξkf P r0, 1s and

ξkf ď p2fi ´ 1qφi ` 1 ´ fi @i P srνks as well as ξkf ě 1 `
ÿ

iPsrνks

φi ´ fi
2fi ´ 1

,
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as well as

νkpsq “
ÿ

s1PSrνks

νkps1q ¨ 1
“

rssi “ rs1si @i P srνks
‰

“
ÿ

s1PSrνks

νkps1q ¨ βks1

for βks1 “ 1rrssi “ rs1si @i P srνkss, k P rKs and s1 P Srνks, which holds if and only if βks1 P r0, 1s

and

βks1 ď p2rs1si ´ 1qrssi ` 1 ´ rs1si @i P srνks as well as βks1 ě 1 `
ÿ

iPsrνks

rssi ´ rs1si

2rs1si ´ 1
.

The statement now follows if we replace rjpφq, νkpφq and νkpsq in (9) with their reformulations.

Proof of Proposition 3. Theorem 4 determines a maximally violated constraint through the

solution of an MILP whose size is polynomial in the description of the feature-based FMDP. We

thus conclude that determining a maximally violated constraint is in NP. To see that the problem

is also strongly NP-hard, consider the following integer feasibility problem:

0/1 Integer Programming.

Instance. Given are G P ZLˆN and h P ZL.

Question. Is there a vector x P t0, 1u
N such that Gx ď h?

For a given instance of the integer feasibility problem, we construct a feature-based FMDP with

the state space S “
Ś

nPrNs Sn with Sn “ B, n P rN s, the action space A “ B, the feature map

ϕ : S ˆ A Ñ B satisfying ϕps, aq “ 1rGs ď hs, the reward function satisfying rps, aq “ ϕps, aq,

any scope-1 initial distribution q, any scope-1 transition kernel p as well as any discount factor; we

not specify those components further since they will not impact our argument. We set the basis

function weights w to zero so that the choice of basis functions for the value function is irrelevant

as well. In this case, any maximally violated constraint ps‹, a‹q simply maximizes ϕps, aq over

S ˆ A, and we conclude that the maximum constraint violation is 1 precisely when the answer

to the integer feasibility problem is affirmative. Since the integer feasibility problem is strongly

NP-complete (M. R. Garey and D. S. Johnson, 1979), the statement of the proposition then follows.

It remains to be shown that the feature map ϕ : S ˆ A Ñ B admits a representation that is
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polynomial in the length of the integer feasibility instance. To this end, we claim that

ϕps, aq “ φ ðñ

»

—

—

—

—

—

—

—

—

—

–

gl
Js ě hl `

1

2
´ M ¨ ζl @l P rLs

gl
Js ď hl ` M ¨ p1 ´ ζlq @l P rLs

φ ď ζl @l P rLs

φ ě

¨

˝

ÿ

lPrLs

ζl

˛

‚´ pL´ 1q

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

for some ζ P BL, (10)

where gl
J P ZN is the l-th row of matrix G and M “ maxlPrLs

”

1 ` |hl| `
ř

nPrNs |gln|

ı

. To see this,

note that thanks to the integrality of G and h, the equation system (10) ensures that ζl “ 1rgl
Js ď

hls for all l P rLs as well as φ “ mintζl : l P rLsu. Thus, whenever ϕps, aq “ 1, that is, whenever

Gs ď h, we have ζ “ 1 and thus φ “ 1. In contrast, whenever ϕps, aq “ 0, that is, whenever

Gs ę h, we have ζl “ 0 for at least one l P rLs, and thus φ “ 0 as desired.

Proof of Corollary 1. The statement follows immediately from the optimization problem in

Theorem 4 if we fix the state s, disregard the last expression from the objective function and

remove the auxiliary variables tβks1u.

Proof of Proposition 4. Let F ‹ denote the minimum cardinality of any feature set that exactly

recovers p, and define

δ “

»

—

—

–

minimize
Γ,ψ

ÿ

nPrNs

ÿ

sPS

ÿ

aPA

∥∥pnp¨ | s, aq ´ ψnpϕΓps, aqq
∥∥2
2

subject to Γ Ď Φ, |Γ| ă F ‹ and ψn : B|Γ| Ñ ∆pSnq, n P rN s

fi

ffi

ffi

fl

as the minimum unregularized objective value of any feature selection Γ with less that F ‹ features

in Problem (5’). We claim that the statement of the proposition holds for λ0 “ δ{F ‹. We prove our

claim by showing that (i) any feature selection with less than F ‹ features attains an objective value

exceeding λ ¨F ‹ in Problem (5’); (ii) any feature selection with F ‹ features that exactly recovers p

achieves an objective value of exactly λ ¨F ‹ in (5’); (iii) any feature selection with F ‹ features that

does not exactly recover p, as well as any feature set with more than F ‹ features, attains an objective

value of exceeding λ ¨ F ‹ in (5’); and (iv) any feature selection Γ attaining an objective value of
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λ ¨ F ‹ in (5’) must have F ‹ features and recover p exactly. The proof then concludes since δ ą 0,

for otherwise there would be a feature set with cardinality less than F ‹ that exactly recovers p.

In view of claim (i), note that any feature set Γ Ď Φ with |Γ| ă F ‹ must have an objective

value of at least δ “ λ0 ¨ F ‹ ą λ ¨ F ‹ by definition of δ. Claims (ii)–(iv) follow immediately from

the construction of the objective function in Problem (5’). As for the last claim, note first that the

claims (i) and (iii) imply that |Γ| “ F ‹, for otherwise the objective value would have to exceed

λ ¨ F ‹. In that case, however, the objective value of Γ satisfies

ÿ

nPrNs

ÿ

sPS

ÿ

aPA

∥∥pnp¨ | s, aq ´ ψnpϕΓps, aqq
∥∥2
2

` λ ¨ F ‹ “ λ ¨ F ‹,

which immediately implies that ϕΓ recovers p exactly.

Proof of Observation 1. Note that the objective function in Problem (6) satisfies

ÿ

nPrNs

ÿ

sPS

ÿ

aPA

∥∥pnp¨ | s, aq ´ ψnpϕΓYtφups, aqq
∥∥2
2

“
ÿ

nPrNs

ÿ

ϕPB|Γ|`1

ÿ

ps,aqPΩpϕq

∥∥pnp¨ | s, aq ´ ψnpϕq
∥∥2
2
,

and that the right-hand side of this equation can be expressed as

ÿ

nPrNs

ÿ

ϕPB|Γ|`1

¨

˝|Ωpϕq| ¨

∥∥∥∥∥∥ 1

Ωpϕq
¨

ÿ

ps,aqPΩpϕq

pnp¨ | s, aq ´ ψnpϕq

∥∥∥∥∥∥
2

2

` cnpϕq

˛

‚, (11)

where the term

cnpϕq “
ÿ

ps,aqPΩpϕq

∥∥pnp¨ | s, aq
∥∥2
2

´
1

|Ωpϕq|
¨

∥∥∥∥∥∥
ÿ

ps,aqPΩpϕq

pnp¨ | s, aq

∥∥∥∥∥∥
2

2

does not depend on ψn. The expression (11) has ψ‹
n from the statement of the observation as an

unconstrained minimizer. Since ψ‹
npϕq P ∆pSnq for all n P rN s and ϕ P B|Γ|`1, it must also be the

constrained minimizer.

Proof of Theorem 5. In view of statement (i), consider first a representation of the function
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f : BI Ñ R as a rule system. Concretely, fix a representation of the form

ľ

pi,vqPAr

pxi “ vq ñ fpxq “ cr @r P R,

where R is the set of rules to determine f , Ar is the set of antecedents (or premises) for rule r

and cr is the consequent (or conclusion) of r. This rule-based representation is equivalent to the

MILP-based feature representation under which fpxq “ cr if and only if ϕrpxq “ 1, r P R, where

the MILP-based features ϕrpxq “ 1r
Ź

pi,vqPAr
pxi “ vqs have the polynomial-size representation

ϕrpxq ď 1 ´ xi @pi, 0q P Ar; ϕrpxq ď xi @pi, 1q P Ar

ϕrpxq ě
ÿ

pi,0qPAr

p1 ´ xiq `
ÿ

pi,1qPAr

xi ´ r|Ar| ´ 1s

,

/

/

.

/

/

-

@r P R.

This concludes statement (i) for rule systems. Since every decision tree can be represented as a

rule system with one rule for each path from the root node to one of the leaf nodes, our proof for

rule systems immediately applies to decision tree representations as well.

To see that statement (i) also holds for ADDs, we first observe that the empty function f :

H Ñ R satisfying fpq “ c has a trivial MILP-based feature representation. Assume now that

the two functions f 1, f2 : BI´i are ADDs of binary vectors pxi`1, . . . , xIq with polynomial-sized

MILP-based feature representations f 1pxi`1, . . . , xIq “ c1
r if ϕ1

rpxi`1, . . . , xIq “ 1, r P R1, and

f2pxi`1, . . . , xIq “ c2
r if ϕ2

rpxi`1, . . . , xIq “ 1, r P R2. This implies that there are polyhedra F 1,F2

as well as auxiliary vectors ζ 1 P RF 1
l ˆ BF 1

b and ζ2 P RF 2
l ˆ BF 2

b , all of polynomial size, such that

ϕ1pxi`1, . . . , xIq “ φ P B|R1| precisely when pφ, ζ;xi`1, . . . , xIq P F 1 and ϕ2pxi`1, . . . , xIq “ φ P B|R2|

precisely when pφ, ζ;xi`1, . . . , xIq P F2, respectively. We show that in this case, the function

f : BI´i`1 satisfying fpxi, . . . , xIq “ xi ¨ f 1pxi`1, . . . , xIq ` p1 ´ xiq ¨ f2pxi`1, . . . , xIq has an MILP-

based feature representation fpxi, . . . , xIq “ cr if ϕrpxi, . . . , xIq “ 1, r P R, of polynomial size.

Indeed, fix R “ tp1, r1q : r1 P R1u Y tp0, r2q : r2 P R2u, cr “ c1
r1 for r “ p1, r1q P R, r1 P R1, and

cr “ c2
r2 for r “ p0, r2q P R, r2 P R2. The claim follows if we can show that the feature map ϕ

satisfying

ϕrpxi, . . . , xIq “ 1rxi “ 1 and ϕ1
r1pxi`1, . . . , xIq “ 1s for r “ p1, r1q P R, r1 P R1

and ϕrpxi, . . . , xIq “ 1rxi “ 0 and ϕ2
r2pxi`1, . . . , xIq “ 1s for r “ p0, r2q P R, r2 P R2
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has an MILP representation of polynomial size. This is the case since we have

ϕpxi, . . . , xIq “ φ P B|R| ðñ

»

—

—

—

—

—

—

–

φ ě φ1 ´ p1 ´ xiq ¨ e, φ ď φ1 ` p1 ´ xiq ¨ e

φ ě φ2 ´ xi ¨ e, φ ď φ2 ` xi ¨ e

pφ1, ζ 1;xi`1, . . . , xIq P Fr1

pφ2, ζ2;xi`1, . . . , xIq P Fr2

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

As for statement (ii), consider first the parity function fpx1, . . . , xIq “ 1 if
řI
i“1 xi is even; “ 0

otherwise. This function cannot be computed without considering the value xi of each of its inputs

i P rIs, and thus any representation of this function as a tree or rule system necessarily scales

exponentially in I. In contrast, we have fpx1, . . . , xIq “ 1 if ϕpx1, . . . , xIq “ 1; “ 0 otherwise for

the feature map ϕpx1, . . . , xIq “ 1r
řI
i“1 xi is evens, which has the MILP representation

ϕpx1, . . . , xIq “ φ ðñ

»

—

—

—

—

—

—

–

φ “ 1 ´ zI , z1 “ x1

zi`1 “ zi ` xi`1 ´ 2yi`1

yi`1 ď zi, yi`1 ď zi`1

yi`1 ě zi ` zi`1 ´ 1

,

/

/

/

.

/

/

/

-

@i P rI ´ 1s

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

,

φ P B, that is of polynomial size. Note that in this formulation, we have yi`1 “ 1rzi “ 1^zi`1 “ 1s

for all i P rI ´ 1s and zi “ 1r
ři
i1“1 xi1 is odds for all i P rIs.

The argument from the previous paragraph does not extend to ADDs; in fact, ADDs can also

represent the parity function efficiently. To see that statement (ii) nevertheless extends to ADDs,

consider the function fpa1, . . . , aI ; b1, . . . , bIq that computes one of the 2I bits of the result of

multiplying the binary numbers pa1, . . . , aIq and pb1, . . . , bIq. It follows from R. E. Bryant, 1991

that ADDs cannot represent this function in polynomial size. In contrast, we show next that this

function can be represented efficiently via MILP-based features. To this end, consider the following

feature map, which computes the entire result of the multiplication:

ϕpa1, . . . , aI ; b1, . . . , bIq “ φ ðñ

»

—

—

–

ÿ

iPr2Is

2i´1 ¨ φi “
ÿ

i,jPrIs

2i`j´2 ¨ ζij

ζij ď ai, ζij ď bj , ζij ě ai ` bj ´ 1 @i, j P rIs

fi

ffi

ffi

fl

To see that the above representation is correct, observe first that for all i, j P rIs we have ζij “ ai ¨bj .
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The right-hand side of the first constraint therefore evaluates to

ÿ

i,jPrIs

2i`j´2 ¨ ai ¨ bj “

¨

˝

ÿ

iPrIs

2i´1ai

˛

‚

¨

˝

ÿ

jPrIs

2j´1bj

˛

‚,

where
ř

iPrIs 2
i´1¨ai and

ř

jPrIs 2
j´1¨bj are the numbers represented by the binary vectors pa1, . . . , aIq

and pb1, . . . , bIq, respectively. The left-hand side of the first constraint thus ensures that the number

represented by the binary vector pφ1, . . . , φ2Iq equals the product of pa1, . . . , aIq and pb1, . . . , bIq,

as desired. Our constraints defining the feature map ϕ involve coefficients that are exponential

in the length 2I of its input; this can be avoided by emulating a binary multiplier through MILP

constraints. We omit the details of this tedious but otherwise straightforward representation.
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